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= Analyzing Linear ODEs (Day 1 & 2)
= Light Intro to Non-linear Systems (Day 2)

The philosophy: get as comfortable as possible with qualitative

behavior of linear systems(topic 2, requiring topic 1); then
understand how non-linear systems can quickly differ (topic 3).
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Commutativity

Why do we care about commutativity?

Remember the motivating problem (exponentiation).

If [A, B] = AB — BA =0, then

which might make the computation easier.
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Why do we care about commutativity?
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1 0
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b 1
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Why do we care about commutativity?

Remember the motivating problem (exponentiation).
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But there’s a deeper interpretation.

Problem 3 Show the following Little Fact 1: if A and B are diagonal
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Commutativity

But there’s a deeper interpretation.

Problem 3 Show the following Little Fact 1: if A and B are diagonal
matrices, then they commute.

Reason: because diagonal matrix multiplication is just like a
parallel version of regular number multiplication, separately on
each diagonal.
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Commutativity

But there’s a deeper interpretation.

Problem 3 Show the following Little Fact 1: if A and B are diagonal
matrices, then they commute.

Reason: because diagonal matrix multiplication is just like a
parallel version of regular number multiplication, separately on
each diagonal.

Problem 4 Show the following Little Fact 2: diagonal matrices with all the
diagonal numbers being the same commute with all matrices.
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Commutativity

But there’s a deeper interpretation.

Problem 3 Show the following Little Fact 1: if A and B are diagonal
matrices, then they commute.

Reason: because diagonal matrix multiplication is just like a
parallel version of regular number multiplication, separately on
each diagonal.

Problem 4 Show the following Little Fact 2: diagonal matrices with all the
diagonal numbers being the same commute with all matrices.

Reason: A(bI) = b(AI) = bA = (bI)A; i.e. the identity matrix
(obviously) commutes with everything.
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Rotation Matrices

Before we go on, a little aside.

Problem 5 What does the matrix

cos(f) —sin(09)

o = sin(0)  cos(0)

do?

Answer: it rotates the plane through angle 6.
What is its inverse? Well,

cos(—0) —sin(—0)

(Fo)™" = Rg = sin(—0)  cos(—0)

But remember cos(—0) = cos(f) and sin(—60) = —sin(0), SO

cos(0)  sin(0)

R, =
‘ —sin(6) cos(0)
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Rotation Matrices

rotations:

R

L,y __

g~ =

cos(0)
sin(6)
0

—sin(6)
cos(6)
0

R

Y,z
0

0
cos(0)
sin(6)

To rotate in three dimensions, we need three different

0
—sin(0)

cos(0)
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Rotation Matrices

rotations:

Ty _
Ry” =

and

cos(0)
sin(6)
0

—sin(d) 0
cos(f) O
0 1

R

cos(f) O

| sin(0) 0

Y,z
0

1
0
0
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Rotation Matrices

To rotate in three dimensions, we need three different

rotations:

Ty _
Ry” =

and

cos(0)
sin(6)
0

—sin(d) 0
cos(f) O
0 1

cos(0)
o= | o
| sin(0)

R

0
1

0

Y,z
0

1
0
0
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0

cos(0)
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There are higher-dimensional versions for each n.

0
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Commutativity

Back to commutativity. Let’s consider two 2x2 matrices.
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Commutativity

Back to commutativity. Let’s consider two 2x2 matrices.
First,

a 0
0O b

where a and b are real numbers.
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e A Simple Form

Commutativity

Back to commutativity. Let’s consider two 2x2 matrices.
First,

a 0
0O b

where a and b are real numbers.
A stretches the z axis by factor a and the y axis by factor b,
making a circle into an ellipse.
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Commutativity

Back to commutativity. Let’s consider two 2x2 matrices.
First,

a 0
0O b

where a and b are real numbers.
For example, if a < 1 and b > 1, then the picture is

ﬂ
’
.
,
,
>
,
,
.
,

N

radius 1
circle

Figure 1. Stretching action of a 2x2 diagonal matrix
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Commutativity

Back to commutativity. Let’s consider two 2x2 matrices.
First,

a 0
0O b

where a and b are real numbers.
Conversely, if a > 1 and b < 1, then the picture is

A
T
Zh S
g Lengthb
minor axis
radius 1 L’éhgtha_
circle major axis

Figure 1. Stretching action of a 2x2 diagonal matrix
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Commutativity

Back to commutativity. Let’s consider two 2x2 matrices.
First,

a 0
0O b

where a and b are real numbers.

Problem 6 What are the eigenvalues and eigenvectors of A?
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Commutativity

Back to commutativity. Let’s consider two 2x2 matrices.
First,

a 0
0O b

where a and b are real numbers.

Problem 6 What are the eigenvalues and eigenvectors of A?

Answer: ([1 0],a) and ([0 1], b).
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Commutativity

Ok, so we have one matrix, A. Now for the second matrix, B.
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Commutativity

Ok, so we have one matrix, A. Now for the second matrix, B.

Problem 7 Find a 2x2 matrix B with eigenvalues o and (3, and whose
eigenvectors are rotated from x and y axis basis vectors by angle . Hint:
use Ry as a change-of-basis.
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e A Simple Form

Commutativity

Ok, so we have one matrix, A. Now for the second matrix, B.

Problem 7 Find a 2x2 matrix B with eigenvalues o and (3, and whose

Answer:

84

&

(Rg)™" =

acos?(0) + Bsin?(0)
(a0 — B)sin(0)cos(6)

eigenvectors are rotated from x and y axis basis vectors by angle . Hint:
use Ry as a change-of-basis.

(a0 — B)sin(0)cos(6)
asin?(0) + Bcos?(H)
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Commutativity

Ok, so we have one matrix, A. Now for the second matrix, B.

Problem 7 Find a 2x2 matrix B with eigenvalues o and (3, and whose
eigenvectors are rotated from x and y axis basis vectors by angle . Hint:

use Ry as a change-of-basis.

Answer:

a 0
0 p

B = Ry

(Rg)™" =

acos?(0) + Bsin?(0)
(a0 — B)sin(0)cos(6)

(a0 — B)sin(0)cos(6)
asin?(0) + Bcos?(H)

By construction, the eigenvectors and eigenvalues of B are
([cos(0), sin(0)] with value «) and [cos(0 + 7/2), sin(0 + 7/2)]

with value j3).
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Ok, so we have one matrix, A. Now for the second matrix, B.

Problem 7 Find a 2x2 matrix B with eigenvalues o and (3, and whose
eigenvectors are rotated from x and y axis basis vectors by angle . Hint:

use Ry as a change-of-basis.

Answer:

a 0
0 p

B = Ry

(Rg)™" =

acos?(0) + Bsin?(0)
(a0 — B)sin(0)cos(6)

(a0 — B)sin(0)cos(6)
asin?(0) + Bcos?(H)

By construction, the eigenvectors and eigenvalues of B are
([cos(0), sin(0)] with value «) and [cos(0 + 7/2), sin(0 + 7/2)]

with value j3).

Question: why is the 7 /2 there in the second eigenvector?
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Now let’s figure out when A and B commute. On the one

hand,
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accos?(0) + aBsin?(0)
b(a — B)sin(6)cos()
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Commutativity

Now let’s figure out when A and B commute. On the one
hand,

AB =

accos?(0) + aBsin?(0)  ala — B)sin(0)cos(H)
b(aw — B)sin(0)cos(0)  basin?(th) + bBcos?(0)|

On the other hand,

BA =

accos®(0) + aBsin?(0)  bla — B)sin(0)cos()
a(a — B)sin(0)cos(0)  basin?(th) + bBcos?(0)|

Problem 8 When are AB and B A equal?

Answer: When 1) a =b,0r2) a=p0r3)0 =0,7/2, 7, 31/2.
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Case 1: a = b. In that case, A = al,, where I, is the 2x2
identity matrix.
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Case 1: a = b. In that case, A = al,, where I, is the 2x2
identity matrix.

Claim:
lcos(0), sin(0)] and [cos(0 + 7/2), sin(0 + 7/2)]

are just as good eigenvectors for A as the original ones.
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Case 1: a = b. In that case, A = al,, where I, is the 2x2
identity matrix.

Claim:
lcos(0), sin(0)] and [cos(0 + 7/2), sin(0 + 7/2)]

are just as good eigenvectors for A as the original ones.

Problem 9 Why? (Don't give a computational proof.)
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identity matrix.

Claim:

lcos(0), sin(0)] and [cos(0 + 7/2), sin(0 + 7/2)]

are just as good eigenvectors for A as the original ones.

Problem 9 Why? (Don't give a computational proof.)

Answer: because the two original eigenvectors [0, 1] and [1, 0]
have the same eigenvalue, so linear combinations are also

eigenvectors.
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Case 1: a = b. In that case, A = al,, where I, is the 2x2
identity matrix.

Claim:

lcos(0), sin(0)] and [cos(0 + 7/2), sin(0 + 7/2)]

are just as good eigenvectors for A as the original ones.

Problem 9 Why? (Don't give a computational proof.)

Answer: because the two original eigenvectors [0, 1] and [1, 0]
have the same eigenvalue, so linear combinations are also

eigenvectors.

Hence: Case 1) = A and B have a common set of

eigenvectors.
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- p. 16/38




e Overview

More Linear Algebra

e Matrices Represent ALOT
e The Main Point

e A Practical Problem

o Commutativity

o Commutativity

o Commutativity

e Rotation Matrices

e Rotation Matrices

e Commutativity

e Commutativity

e Commutativity

e Commutativity

e Commutativity

e Eigenbases

e Eigenbases

e Eigenbases

e Behavioral Eigen-Analysis
e Behavioral Eigen-Analysis
e Behavioral Eigen-Analysis
e Behavioral Eigen-Analysis
e Behavioral Eigen-Analysis
e Behavioral Eigen-Analysis

Nilpotency
Nilpotency
Nilpotency
e Nilpotency
e A Simple Form

Commutativity

Now, Case 2. a = (.

In this case,

B:Rg()é

1 0
1

(R@)_l = &R@(R@)_l = als.
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Now, Case 2. a = (.

In this case,

B:Rg()é

But that means we're in the same situation as Case 1. Again,

1 0

common eigenvectors.

(R@)_l = &R@(R@)_l = als.
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Now, Case 2. a = (.

In this case,

B:Rg()é

But that means we're in the same situation as Case 1. Again,

1 0

common eigenvectors.

(R@)_l = &R@(R@)_l = als.

Finally, Case 3: 6 = 0,7/2, 7, or 37/2.
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But that means we're in the same situation as Case 1. Again,
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common eigenvectors.

(R@)_l = &R@(R@)_l = als.

Finally, Case 3: 6 = 0,7/2, 7, or 37/2.

Problem 10 What are the eigenvectors of B in this case?
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Now, Case 2. a = (.

In this case,

B:Rg()é

But that means we're in the same situation as Case 1. Again,

1 0

common eigenvectors.

(R@)_l = &R@(R@)_l = als.

Finally, Case 3: 6 = 0,7/2, 7, or 37/2.

Problem 10 What are the eigenvectors of B in this case?

Answer: [0 1] and [1 0].
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Now, Case 2. a = (.

In this case,

B:Rg()é

But that means we're in the same situation as Case 1. Again,

1 0

common eigenvectors.

(R@)_l = &R@(R@)_l = als.

Finally, Case 3: 6 = 0,7/2, 7, or 37/2.

Problem 10 What are the eigenvectors of B in this case?

Answer: [0 1] and [1 0].

Again! A and B have a common set of eigenvectors.
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Commutativity

Little Facts 1 and 2 above also say the same thing.
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Little Facts 1 and 2 above also say the same thing.

Problem 11 Show: if two matrices A and B can be diagonalized by the
same matrix S, then A and B commute.
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Problem 11 Show: if two matrices A and B can be diagonalized by the

same matrix .S, then A and B commute.

Reason:

AB = (XD XY (XDpX~1),
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same matrix S, then A and B commute.

Reason:
s AB = (XDAX—l)(XDBX—l),

= = XDy (X 'X)DpX~! by associativity
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Collect them in groups of equal eigenvalues, say, in decreasing

order:

1
’U>\1,

2
(5P
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Now, suppose that A is diagonalizable, and has {vy,...,v,}

as n = dim(A) independent eigenvectors.

Collect them in groups of equal eigenvalues, say, in decreasing

order:

1,2
Uy, s VN, s - -

1,2
Uy, V%, -

m 2
vy U A, -

., Uy. have eigenvalue \; = A4,

.., vy- have eigenvalue Ay < )\

,vy" have eigenvalue A\, = A\pin.
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Now, suppose that A is diagonalizable, and has {vy,...,v,}

as n = dim(A) independent eigenvectors.

Collect them in groups of equal eigenvalues, say, in decreasing
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1 2 n i
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But \! =£ 0 for all [,

which conflicts with N* = 0 for some k.
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So we might suspect: nilpotent matrices fill in the “hole” left by
the non-diagonalizable parts of arbitrary matrix.
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= Then Nz = Mg for all .
But \! =£ 0 for all [,
which conflicts with N* = 0 for some k.

So we might suspect: nilpotent matrices fill in the “hole” left by
the non-diagonalizable parts of arbitrary matrix.

The lack of eigenvectors of nilpotent matrices could make up
for the missing dimensions in a non-diagonal matrix.
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Theorem 3 All nilpotent matrices can be put into the standard form — that is
all zeros, except 1s on the “super-diagonal”.

That is, if an n-by-n matrix A is nilpotent of order n — 1, then
there is an invertible matrix S such that

0 1 00 ... 0
0 0 1 0 ... 0
A=S|: | S7'=SN,S.
0 ... 0 1
0 ... 0

Lower-order nilpotency = some smaller N; blocks.
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Theorem 3 All nilpotent matrices can be put into the standard form — that is

all zeros, except 1s on the “super-diagonal”.

That is, if an n-by-n matrix A is nilpotent of order n — 1, then
there is an invertible matrix S such that

0
0

0
0

1
0

0 O
1 0

0

0

1
0

0

S~ t=9N,5 1

Lower-order nilpotency = some smaller N; blocks.

To fill in the “missing eigenvector” gap, let’s add diagonal

matrices to nilpontent matrices.
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Ok, [1 0 ... 0] was the only eigenvector of J?, so it's not

diagonalizable, etc... but,

Problem 21 Compute

Fast.
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L) 1.
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Ok, [1 0 ... 0] was the only eigenvector of J?, so it's not
diagonalizable, etc... but,

Problem 21 Compute
(J) — N,)" L

n

Fast.

Answer: 0, b/c the stuff inside the parentheses is just N,,, the
nilpotent matrix.
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Ok, [1 0 ... 0] was the only eigenvector of J?, so it's not
diagonalizable, etc... but,

Problem 21 Compute
(J) — N,)" L

n

Fast.

Answer: 0, b/c the stuff inside the parentheses is just N,,, the
nilpotent matrix.

Hence, all vectors are “generalized"” eigenvectors; x Is a

generalized eigenvector Of A with generalized eigenvalue A if there is a
k such that (A — \I,,)*(z) = 0.
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Ok, [1 0 ... 0] was the only eigenvector of J?, so it's not
diagonalizable, etc... but,

Problem 21 Compute
(J) — N,)" L

n

Fast.

Answer: 0, b/c the stuff inside the parentheses is just N,,, the
nilpotent matrix.

Hence, all vectors are “generalized"” eigenvectors; x Is a
generalized eigenvector Of A with generalized eigenvalue A if there is a
k such that (A — \I,,)*(z) = 0.

(.... it a power of £ where there was 1 in the original definition)
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Let’s investigate the behavior of J.
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Let’s investigate the behavior of J.

Problem 22 Compute

(J3)'

S > =
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Let’s investigate the behavior of J.

Problem 22 Compute

(Il =10 x 1| |1

Answer:

(Aside: doesn’t it remind you of derivatives?)
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Problem 23 What angle does this make with the x-axis, as [ — 00?
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N
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Problem 23 What angle does this make with the x-axis, as [ — 00?

Answer:

lim cos™
l— o0

1

nAn—l

n

VA (V)R

ViZ 12

= cos (1) = 0.
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Now, if you compute
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You get

Just as above, as [ — oo, the angle with x-axis moves toward
Zero.
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Now, if you compute

(IO lol =10 X 1| |of,

You get

Just as above, as [ — oo, the angle with x-axis moves toward
zero. Conclusion: J “pushes"” all the generalized
eigenvectors down (asymptotically) to a true eigenvector.
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The most celebrated and powerful result of linear algebra is

now In reach.

Theorem 4 (The Jordan Normal Form) Given any matrix A, there is an
invertible matrix S such that A = SDS~!, where

—J,,?L‘l
0

0 0
A
I 0
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Putting it All Together

The most celebrated and powerful result of linear algebra is
now in reach.

Theorem 4 (The Jordan Normal Form) Given any matrix A, there is an
invertible matrix S such that A = SDS~!, where

JM 0 0 ... 0
0 Jy 0 ... 0

A
0 ... 0 J)k

l.e.: in the right basis, all matrices are of block-diagonal form,
where the blocks are sums of constant and standard nilpotent
matrices.
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Putting it All Together

The most celebrated and powerful result of linear algebra is
now in reach.

Theorem 4 (The Jordan Normal Form) Given any matrix A, there is an
invertible matrix S such that A = SDS~!, where

JM 0 0 ... 0
0 Jy 0 ... 0

A
0 ... 0 J)k

l.e.: in the right basis, all matrices are of block-diagonal form,
where the blocks are sums of constant and standard nilpotent
matrices.

D is the as-diagonalized-as-possible version of A.
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Putting it All Together

JM 0 0 ... 0

ni

0 Jy 0 ... 0

0o ... 0 Jik

nNgk 2

If A is actually diagonalizable, n;, = block size =1, \; are
actual eigenvalues; rows with same eigenvalues collect into
eigenspaces.
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If A is actually diagonalizable, n;, = block size =1, \; are
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Putting it All Together
JM 0 0 ... O
0 Jy 0 ... 0

0o ... 0 Jik

nNgk 2

If A is actually diagonalizable, n;, = block size =1, \; are
actual eigenvalues; rows with same eigenvalues collect into
eigenspaces.

In general, \; are generalized eigenvalues and like-valued
blocks collect into generalized eigenspaces.

Restated, all vectors in a given J-block correspond to a single
true eigenvector with eigenvalue A
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Putting it All Together
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If A is actually diagonalizable, n;, = block size =1, \; are
actual eigenvalues; rows with same eigenvalues collect into
eigenspaces.

In general, \; are generalized eigenvalues and like-valued
blocks collect into generalized eigenspaces.

Restated, all vectors in a given J-block correspond to a single
true eigenvector with eigenvalue A and multiplicity n;.
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Answer: k£ = number of blocks. o6
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- p. 38/38




e Overview

More Linear Algebra

e Matrices Represent ALOT
e The Main Point

e A Practical Problem

o Commutativity

o Commutativity

o Commutativity

e Rotation Matrices

e Rotation Matrices

e Commutativity

e Commutativity

e Commutativity

e Commutativity

e Commutativity

o Commutativity

e Eigenbases

e Eigenbases

e Eigenbases

e Behavioral Eigen-Analysis
e Behavioral Eigen-Analysis
e Behavioral Eigen-Analysis
e Behavioral Eigen-Analysis
e Behavioral Eigen-Analysis
e Behavioral Eigen-Analysis
e Nilpotency

e Nilpotency

e Nilpotency

e Nilpotency

e A Simple Form

The Final Eigen-Analysis

e

ni

0

0 0
A
I 0

The final behavioral analysis:

= Generalized eigenvectors get pushed “up" their .J-block,
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The final behavioral analysis:

= Generalized eigenvectors get pushed “up" their .J-block,
asymptotically collapsing to a corresponding true
eigenvector.

= Eigenvectors of real eigenvalues get stretched.

= Eigenvectors of complex eigenvalues get rotated and
stretched.

= Collapse, dilation, and rotation rates controlled by
eigenvalues.
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The final behavioral analysis:

= Generalized eigenvectors get pushed “up" their .J-block,
asymptotically collapsing to a corresponding true
eigenvector.

= Eigenvectors of real eigenvalues get stretched.

= Eigenvectors of complex eigenvalues get rotated and
stretched.

= Collapse, dilation, and rotation rates controlled by
eigenvalues.
These are the only possible behaviors of a linear system.
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