
SGD for large-scale SDP
Benjamin Recht 

University of California, Berkeley



Matrix Completion
!

!

!

!

• How do you fill in the missing data?

Mij known for black cells 
Mij unknown for white cells 

Rows index questions 
Columns index users

M =

M L
R*

p1 x r r x p2p1 x p2

p1p2 entries r(p1+p2) entries
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Heuristic for Matrix Completion

• Step 1: Pick (i,j) and compute residual:  
!

• Step 2: Take a mixture of current model and corrected 
model (𝛼,β>0):

       

r x n

=M L
R*

k x rk x n

minimize kXk⇤
subject to �(X) = b

IDEA: Replace rank with 
nuclear norm:

Some guy on livejournal, 2006 
Fazel, Parillo, Recht, 2007 
Candes and Recht, 2008

Succeeds when number of 
samples is Õ(r(k+n))
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Equivalent Formulations

• Semidefinite embedding: 
!

!

!

!

!

• Low rank parametrization:



X = U⌃V ⇤

L = U⌃1/2

R = V ⌃1/2

Low-rank parameterization

minimize kXk⇤ =
Pk

i=1 �i(X)
subject to �(X) = y

minimize 1
2 (kLk2

F + kRk2
F )

subject to �(LR⇤) = y

Method of Multipliers

Nuclear Norm minimization
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Theoretical Foundation

• Any local minimum of this nonlinear program is a 
global optimum of the nuclear norm minimization 
problem provided the nuclear norm has a rank 
smaller than r.

Burer and Monteiro, 2005
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JELLYFISH
• SGD for Matrix Factorizations. 

!

  
• Idea: approximate 

!

!

• Step 1: Pick (i,j) and compute residual:  
!

• Step 2: Take a stochastic gradient step:

X ⇡ LRT

Example:

       e = (LiR
T
j �Mij)
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Observation: With replacement sample=poor locality 
Idea: Bias sample to improve locality.

Algorithm: Shuffle the data. 
1. Process {L1R1, L2R2, L3R3} in parallel 
2. Process {L1R2, L2R3, L3R1} in parallel 
3. Process {L1R3, L2R1, L3R2} in parallel

Big win: No locks! 
(model access)

JELLYFISH

Recht and Ré, 2010



Netflix data-set 
100M examples 

17770 rows 
480189 columns

jfish • 100x faster than standard 
solvers 
!

• 25% speedup over 
HOGWILD! on 12 core 
machine 
!

• 3x speedup on 40 core 
machine



Extensions
• Other structured matrix problems 

• max-norm 
• NMF (with non-negativity or simplex 

constraint) 
• LDA? 

!

• Decoupling works for any algorithm where we 
can project the rows independently 

• However, those not arising from SDPs have 
anything resembling guarantees.



Quadratic Inverse Problems

• Blind deconvolution 

• Phase retrieval 

• Dictionary learning 

• Nonnegative matrix decomposition



Quadratic Inverse Problems

• Blind deconvolution 

• Phase retrieval 

• Dictionary learning 

• Nonnegative matrix decomposition
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Quadratic Inverse Problems

• Blind deconvolution 

• Phase retrieval 

• Dictionary learning 

• Nonnegative matrix decomposition

Ij = |f⇤
j s|2 = s⇤fjf

⇤
j s



Quadratic Inverse Problems

• Blind deconvolution 

• Phase retrieval 

• Dictionary learning 

• Nonnegative matrix decomposition

Xij =
X

k

DikCkj



Challenges and Ideas
• Extremely ill-posed 

✦ Impose additional structures 

✦ Diversify measurements

• Nonlinear, non-convex 

✦ Lift to a high-dimensional space 

✦ Enforce low-rankness



Blind Deconvolution with 
Subspace Knowledge

Ahmed, R, and Romberg, 2012

encode

decode
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Blind Deconvolution with 
Random Masks

Ii = s ⇤ (mi � h)

or (mi � s) ⇤ h
Sender ReceiverChannel
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Figure 3: The 1-D motion blur process. (Left) A time-to-space
projection for a moving object of size n, with blur of k pixels,
chopped with a binary code of length m and the intensity profile
of the n+k°1 blurred pixels. (Right) A linear system to transform
the unknown image into a blurred photo.

with § denoting convolution. In the ideal case, a good estimate of
the image, S0(x), can be recovered via a deconvolution filter P+(x).

S0(x) = P+(x)§ I(x). (2)

In the case of band-limited point-spread functions or point-spread
functions with incomplete coverage of the Fourier domain, infor-
mation is lost and therefore, deconvolution is not possible. For ex-
ample, capturing an image with exposure duration T is equivalent
to a convolution with a box filter in the temporal domain. We there-
fore call the resultant alteration a flat blur. In the frequency domain,
the signal is multiplied by a band-limited sinc function with zeros
at the intervals of 2p/T and significant attenuation at most other
frequencies (Figure 5). To overcome this problem, several previ-
ous algorithms choose their reconstruction from the range of possi-
ble solutions using an iterative maximum-likelihood estimation ap-
proach. A well-known class of techniques follow the Richardson-
Lucy algorithm [Richardson 1972][Lucy 1974] which uses a statis-
tical model for image formation and is based on the Bayes formula.
The Richardson-Lucy algorithm is a non-linear ratio-based method
that produces non-negative gray level values.

The iterative deconvolution technique is applicable for whole-
motion blur and assumes the complete signal I(x) is available, but it
fails to handle cases where different parts of the scene have different
PSFs. For example, in the case of a moving object on a static tex-
tured background, the background contribution to the blurred image
is different from the foreground object smear.

3. Coded Exposure

Rather than leaving the shutter open for the duration of the expo-
sure, we ‘flutter’ it open and closed in a rapid irregular binary se-
quence. We call the resultant alteration a coded blur. The fluttering
toggles the integration of motion on and off in such a way that the
resultant point spread function, P(x), has maximum coverage in the
Fourier domain. Although the object motion is unknown a priori,
the temporal pattern can be chosen so that the convolved (blurred)
image I(x) preserves the higher spatial frequencies of moving ob-
jects and allows us to recover them by a relatively simple decoding
process.

3.1. Motion Model

For greater generality, we describe convolution using linear algebra.
Let B denote the blurred input image pixel values. Each pixel of B
is a linear combination of the intensities in the desired unblurred
image, X and can be written as

AX = B+h . (3)
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(a) Blurred Photo (b) Blurred Photo

(c) Deblurred Image (d) Deblurred Image

(e) Photo of Test Setup (f) Photo of Test Target

Figure 4: Key idea behind coded exposure is to temporally sample
the motion with minimum loss of spatial frequencies. (a,b) Photos
of a moving target pattern with varying spatial frequencies show
that motion blur in conventional exposure loses high spatial fre-
quencies, but coded exposure preserves those frequencies with at-
tenuated magnitudes. (c,d) The deblurred results show recovered
spatial frequencies. (e,f) Images of the static scene.

The matrix A, denoted as the smearing matrix, describes the convo-
lution of the input image with the point spread function P(x) and h
represents the measurement uncertainty due to noise, quantization
error, and model inaccuracies. For two-dimensional PSF’s, A is
block-circulant while for one-dimensional PSF, A is circulant. For
simplicity, we will describe the coding and decoding process for a
one-dimensional PSF case.

Given a finite exposure time of T seconds, we subdivide the integra-
tion time into m time slices, called chops, so that each chop is T/m
seconds long. The on/off chop pattern then is a binary sequence
of length m. The motion blur process is a time to space projection
(Figure 3), where, in the one-dimensional motion case, the motion
in T seconds causes a linear blur of k pixels. Hence, within one
single chop’s duration, the smear covers k/m pixels.

Consider a simple case of an object moving downwards in front of
a black background and evaluated along a vertical scan line (Fig-
ure 3). If the PSF is length k in image pixel coordinates, a pixel at
a location (u,v) in the first chop is smeared linearly up to the pixel
(u,v+k°1). If the object length along the direction of motion is n
pixels, then the total blur width is w where w = (n+ k°1).

Our goal is to find the best estimate of the n pixels from the ob-
served n + k ° 1 pixels. The smear matrix A can be obtained as
follows. Each pixel in the unknown image X contributes to a total
of k pixels after smearing. The first column of circulant matrix A
is the PSF vector of length k followed by n° 1 zeros. And each
column is obtained from the previous one by cyclically shifting the
entries one step forward. Therefore, in case of a black background,
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Figure 3: The 1-D motion blur process. (Left) A time-to-space
projection for a moving object of size n, with blur of k pixels,
chopped with a binary code of length m and the intensity profile
of the n+k°1 blurred pixels. (Right) A linear system to transform
the unknown image into a blurred photo.

with § denoting convolution. In the ideal case, a good estimate of
the image, S0(x), can be recovered via a deconvolution filter P+(x).

S0(x) = P+(x)§ I(x). (2)

In the case of band-limited point-spread functions or point-spread
functions with incomplete coverage of the Fourier domain, infor-
mation is lost and therefore, deconvolution is not possible. For ex-
ample, capturing an image with exposure duration T is equivalent
to a convolution with a box filter in the temporal domain. We there-
fore call the resultant alteration a flat blur. In the frequency domain,
the signal is multiplied by a band-limited sinc function with zeros
at the intervals of 2p/T and significant attenuation at most other
frequencies (Figure 5). To overcome this problem, several previ-
ous algorithms choose their reconstruction from the range of possi-
ble solutions using an iterative maximum-likelihood estimation ap-
proach. A well-known class of techniques follow the Richardson-
Lucy algorithm [Richardson 1972][Lucy 1974] which uses a statis-
tical model for image formation and is based on the Bayes formula.
The Richardson-Lucy algorithm is a non-linear ratio-based method
that produces non-negative gray level values.

The iterative deconvolution technique is applicable for whole-
motion blur and assumes the complete signal I(x) is available, but it
fails to handle cases where different parts of the scene have different
PSFs. For example, in the case of a moving object on a static tex-
tured background, the background contribution to the blurred image
is different from the foreground object smear.

3. Coded Exposure

Rather than leaving the shutter open for the duration of the expo-
sure, we ‘flutter’ it open and closed in a rapid irregular binary se-
quence. We call the resultant alteration a coded blur. The fluttering
toggles the integration of motion on and off in such a way that the
resultant point spread function, P(x), has maximum coverage in the
Fourier domain. Although the object motion is unknown a priori,
the temporal pattern can be chosen so that the convolved (blurred)
image I(x) preserves the higher spatial frequencies of moving ob-
jects and allows us to recover them by a relatively simple decoding
process.

3.1. Motion Model

For greater generality, we describe convolution using linear algebra.
Let B denote the blurred input image pixel values. Each pixel of B
is a linear combination of the intensities in the desired unblurred
image, X and can be written as

AX = B+h . (3)
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Figure 4: Key idea behind coded exposure is to temporally sample
the motion with minimum loss of spatial frequencies. (a,b) Photos
of a moving target pattern with varying spatial frequencies show
that motion blur in conventional exposure loses high spatial fre-
quencies, but coded exposure preserves those frequencies with at-
tenuated magnitudes. (c,d) The deblurred results show recovered
spatial frequencies. (e,f) Images of the static scene.

The matrix A, denoted as the smearing matrix, describes the convo-
lution of the input image with the point spread function P(x) and h
represents the measurement uncertainty due to noise, quantization
error, and model inaccuracies. For two-dimensional PSF’s, A is
block-circulant while for one-dimensional PSF, A is circulant. For
simplicity, we will describe the coding and decoding process for a
one-dimensional PSF case.

Given a finite exposure time of T seconds, we subdivide the integra-
tion time into m time slices, called chops, so that each chop is T/m
seconds long. The on/off chop pattern then is a binary sequence
of length m. The motion blur process is a time to space projection
(Figure 3), where, in the one-dimensional motion case, the motion
in T seconds causes a linear blur of k pixels. Hence, within one
single chop’s duration, the smear covers k/m pixels.

Consider a simple case of an object moving downwards in front of
a black background and evaluated along a vertical scan line (Fig-
ure 3). If the PSF is length k in image pixel coordinates, a pixel at
a location (u,v) in the first chop is smeared linearly up to the pixel
(u,v+k°1). If the object length along the direction of motion is n
pixels, then the total blur width is w where w = (n+ k°1).

Our goal is to find the best estimate of the n pixels from the ob-
served n + k ° 1 pixels. The smear matrix A can be obtained as
follows. Each pixel in the unknown image X contributes to a total
of k pixels after smearing. The first column of circulant matrix A
is the PSF vector of length k followed by n° 1 zeros. And each
column is obtained from the previous one by cyclically shifting the
entries one step forward. Therefore, in case of a black background,

Image Courtesy: Raskar, Agrawal, Tumblin 



Lifting + Low-Rank
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Theoretical Foundation

• Any local minimum of this nonlinear program is a 
global optimum of the nuclear norm minimization 
problem provided the nuclear norm has a rank 1 
solution.

Burer and Monteiro, 2005



Super-resolution
• Image size: 256x256 

• filter size: 16x16 

• channels: 20



SGD for large SDP
• Burer and Monteiro lifts 

• Make large SDPs practically solvable 

• Still gaps in our theoretical understanding: stationary 
points, initializations, stochastic convergence 

• SGD with biased orderings 

• Bias for locality and speed 

• Little understanding of the theory of nonuniform orderings




