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Abstract
Stochastic versions of alternating direction method of multiplier (ADMM) and its1

variants play a key role in many modern large-scale machine learning problems. In2

this work, we introduce a unified algorithmic framework called generalized stochas-3

tic ADMM and investigate it via a continuous-time analylsis. The generalized4

framework widely include many stochastic ADMM variants including standard,5

linearized and gradient-based ADMM. Our continuous-time analysis provides with6

new insights on stochastic ADMM and variants. We show that its dynamics is7

approximated by a stochastic differential equations with small noise parameters.8

We rigorously proved that under some proper scaling, the trajectory of stochastic9

ADMM weakly converges to the trajectory of the stochastic differential equation.10

Our analysis also provides a simple proof of the empirical rule that the relaxation11

parameter must be between 0 and 2.12

1 Introduction13

For modern industrial scale machine learning problems, with the massive amount of data that are14

not only extremely large but often stored or even collected in a distributed manner, stochastic15

first-order methods almost become one of the default choices due to its excellent performance for16

online streaming large-scale dataset. Stochastic version of alternating direction method of multiplier17

(ADMM) algorithms is a popular approach to handle this distributed setting, especially for the18

regularized empirical risk minimization. Consider the following stochastic optimization problem:19

minimize
x2Rd

V (x) := f(x) + g(Ax) = E⇠ f(x, ⇠) + g(Ax), (1)

where f(x) = E⇠ f(x, ⇠) with f(x, ⇠) as the loss incurred on a sample ⇠, f : Rd
! R [ {+1},20

g : Rm
! R [ {+1}, A 2 Rm⇥d, and both f and g are convex and differentiable. The alternating21

direction method of multiplier (ADMM) [2] rewrites (1) as a constrained optimization problem22

minimize
x2Rd,z2Rm

E⇠ f(x, ⇠) + g(z)

subject to Ax� z = 0.
(2)

Here and throughout the rest of the paper, we overload f to ease the notation, i.e. we adopt the23

two-argument f(·, ⇠) for the stochastic instance and one-argument f(·) for its expectation. Note24

the classical setting of linear constraint Ax + Bz = c can be reformulated as z = Ax by a linear25

transformation when B is invertible. In the batch learning setting, f(x) can be approximated by the26

empirical risk femp = 1
N

PN
i=1 f(x, ⇠i). However, the computation cost for minimizing femp with a27

large amount of samples is significantly high and the efficiently is reasonably limited given the time28

and resource constraints. In the stochastic setting, at each step xk is updated based on a small batch29

of samples (or even one) ⇠k instead of a large batch or full batch.30

General Formulation for Stochastic ADMM Introducing stochasticity to ADMM [2] is in parallel31

to incorporating noise into gradient descent[55, 52, 42]. At iterate k + 1, a sample ⇠k+1 is randomly32
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drawn as an independent realization of ⇠. Analogous to stochastic gradient descent, our stochastic33

ADMM (sADMM) introduced in [52, 42] performs the following updates:34

xk+1 = argmin
x

n
f(x, ⇠k+1) +

⇢

2
kAx� zk + ukk

2
2

o
, (3a)

zk+1 = argmin
z

⇢
g(z) +

⇢

2
k↵Axk+1 + (1� ↵)zk � z + ukk

2
2

�
, (3b)

uk+1 = uk + (↵Axk+1 + (1� ↵)zk � zk+1). (3c)

⇢ > 0 is called the penalty parameter [2]. Here ↵ 2 (0, 2) is introduced as a relaxation parameter35

[2]. The algorithm is splitted into different regimes of ↵ as follows:36

• ↵ = 1, corresponding to the standard stochastic ADMM;37

• ↵ > 1, corresponding to the over-relaxed stochastic ADMM;38

• ↵ < 1, corresponding to the under-relaxed stochastic ADMM.39

Historically, the above relaxation schemes were introduced and analyzed in [11], and experiments40

in [10, 12] suggest that over-relaxed regime of ↵ > 1 can improve the convergence rate. The41

acceleration phenomenon in over-relaxed ADMM has been discussed from the continuous perspective42

in deterministic setting [63, 16] , where relaxed ADMM algorithm accelerates by a factor of ↵ 2 (1, 2)43

in its convergence rate.44

Since the emerging of ADMM, many variants have been introduced recently for solving a variety of45

optimization tasks. We focus on two stochastic ADMM variants to cater the need in application:46

(i) In the linearized ADMM [20, 33, 43], (4a) replaces (3a) where47

xk+1 := argmin
x

⇢
f(x, ⇠k+1) +

⌧

2

���x�

⇣
xk �

⇢

⌧
A>(Axk � zk + uk)

⌘���
2

2

�
. (4a)

In words, the augmented Lagrangian function is approximated by linearizing the quadratic term48

of x in (3a) plus the addition of a proximal term ⌧
2 kx� xkk

2
2.49

(ii) In the gradient-based ADMM [6, 54, 7, 32], (5a) replaces (3a) where50

xk+1 := xk �
1

⌧

�
f 0(xk, ⇠k+1) + ⇢A>(Axk � zk + uk)

�
. (5a)

In words, in lieu to solving x-subproblem (3a) accurately, we apply one step of gradient descent51

with stepsize 1/⌧ .52

In this paper we formulate a general scheme, called Generalized stochastic ADMM (G-sADMM),53

to accommodate and unify all these variants of stochastic ADMM:54

xk+1 = argmin
x

L̂k+1(x, zk, uk), (6a)

zk+1 = argmin
z

⇢
g(z) +

⇢

2
k↵Axk+1 + (1� ↵)zk � z + ukk

2
2

�
, (6b)

uk+1 = uk + (↵Axk+1 + (1� ↵)zk � zk+1), (6c)

where the objective L̂k+1 in (6a) for x-subproblem is defined as55

L̂k+1(x, zk, uk) = (1� !1)f(x, ⇠k+1) + !1f
0(xk, ⇠k+1)(x� xk)

+ (1� !) ·
⇢

2
kAx� zk + ukk

2
2 + !⇢A>(Axk � zk + uk)(x� xk) +

⌧

2
kx� xkk

2
2 ,

(7)

with parameter ⇢, ⌧ � 0, ↵ 2 (0, 2) and explicitness parameters !1,! 2 [0, 1].56

Main Results We study the continuous-time limit of the stochastic sequence {xk} defined in (6a)57

as ⇢ ! 1. Following the recent line of work França et al. [14] [15] and Yuan et al. [63], we adopt58

a (sped-up) time rescaling of ⇢�1, namely the stepsize for (stochastic) ADMM, and hence we are59

in the small-stepsize regime as in (stochastic) gradient descent. Also, the proximal parameter ⌧ in60

(7) grows linearly in ⇢ i.e. ⌧/⇢ ! c. In our setting of continuous limit theory, we focus on a fixed61

interval by T (referred to as "time"), corresponding to b⇢T c steps (referred to as "step") in discrete62

time. Our main results can be concluded as follows:63
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(i) As ⇢ ! 1 the sequence {xb⇢tc} for 1  t  T admits a continuous limit {Xt : t 2 [0, T ]}, a64

stochastic process that solves the following stochastic differential equation (SDE):65


cI +

✓
1

↵
� !

◆
A>A

�
dXt = �rV (Xt)dt+

r
1

⇢
�(Xt)dWt, (8)

where we recall from (1) that V (x) = f(x) + g(Ax). The right hand of (8) consists of a66

deterministic part and a stochastic part, where �(x) is some diffusion matrix defined later67

in (9) and Wt is the standard Brownian motion in Rd.1 The continuous-limit approximation68

is rigorously characterized in weak convergence in the sense that applying a test function '69

of a certain class, the expectation of '(xk) � '(Xk/⇢) is uniformly convergent to zero in70

k 2 [0, b⇢T c when ⇢ tends to infinity as stated in Theorem 1.2 3 The above SDE carries the71

small parameter
p
1/⇢ in its diffusion term and is also called stochastic modified equation72

(SME)[31], due to the historical reason in numerical analysis [38, 25].73

(ii) We provide a continuous-time explanation of the effect of relaxation parameter ↵ 2 (0, 2) in74

stochatic ADMM, which is the first among stochastic ADMM work to our best knowledge. In75

light of our weak convergence of the discrete algorithm xk, the residual rk = Axk � zk roughly76

satisfies rk+1 ⇡ (1� ↵)rk and converges to 0 at a geometric rate |1� ↵| < 1. The rigorous77

statement is in Corollary 2.78

Contributions Our contribution to this paper is the first continuous-time analysis of stochastic79

ADMM. First, we present a unified stochastic differential equation as the continuous-time model80

of variants of stochastic ADMM (standard ADMM, linearized ADMM, gradient-based ADMM)81

in the regime of large ⇢ under weak convergence. Second, we characterize the time evolution of82

std(xk) and std(zk) in their continuous-time counterparts and explicitly show that the standard83

deviation of stochastic ADMM variants has the scaling ⇢�1/2 in stochastic ADMM. Finally, our84

theoretical analysis of continuous model provides a simple justification of effect of relaxation85

parameter ↵ 2 (0, 2), and further sheds light on the principled choices of parameters c,↵,!.86

2 Related Work87

ADMM: ADMM is a widely used algorithm for solving problems with separable structures in88

machine learning, statistics, control etc. ADMM has a close connection with operator-splitting89

methods [8, 44, 18, 19]. But ADMM comes back to popularity due to several works like [5, 21, 56]90

and the highly influential survey paper [2]. Numerous modern machine learning applications are91

inspired by ADMM, for example, [40, 35, 62, 36, 51, 50, 45].92

Variants of ADMM Linearized ADMM and gradient-based ADMM are widely used variants of93

ADMM. Linearized ADMM has been studied extensively, for example, in [3, 9, 22, 33, 34, 60–94

62, 65, 43]; gradient-based ADMM has been studied extensively too, for example, in [6, 54, 7, 32].95

In this work, we present a general formulation for relaxed, linearized and gradient-based ADMM,96

and extended all of them to stochastic optimization.97

Relaxation scheme for ADMM There are several important works studying the relaxation scheme98

of ADMM [10, 9, 11, 12] and propose to choose ↵ 2 (0, 2) with empirical suggestion for over99

relaxation 1 < ↵ < 2. In this work, we give a simple and elegant proof of the theoretical reason that100

↵ 2 (0, 2).101

Continuous model for ADMM: The recent work in [14, 16] establishes the first deterministic102

continuous-time model for standard ADMM in the form of ordinary differential equation (ODE) for103

the smooth ADMM and [15, 63] extends its work to non-smooth ADMM, using the tool of differential104

inclusion, which is motivated by [53, 41].105

Stochastic and online ADMM: The use of stochastic and online techniques for ADMM has recently106

drawn a lot of interest. [55] first proposed the online ADMM, which learns from only one sample107

(or a small mini-batch) at a time. [42, 52] proposed the variants of stochastic ADMM to attack the108

difficult nonlinear optimization problem inherent in f(x, ⇠) by linearization. Very recently, further109

accelerated algorithms for the stochastic ADMM have been developed in [67, 23].110

1We refer the readers to Appendix A for backgrounds of SDE and the notion of weak convergence rate.
2We warn the reader that this is towards an orthogonal direction to the convergence of xk to the optimizer x⇤

of the objective function as k ! 1 for a fixed ⇢,
3Appendix A is a summary of the background of the stochastic differential equation and the weak approxi-

mation, and the theory on the stochastic modified equation for interested readers.
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Continuous models and analysis for stochastic optimization: The work in [49] is one seminal111

work of using continuous-time dynamical system to analyze discrete algorithms for optimization112

such as Nesterov’s accelerated gradient method, with important extension to high resolution and113

symplectic structure in [47, 48, 24], to variational perspective in [59, 58]. The mathematical analysis114

of continuous formulation for stochastic optimization algorithms has become an important trend in115

recent years. We select an under-represented list out of numerous works: analyzing SGD from the116

perspective of Langevin MCMC [4, 66], analyzing stochastic mirror-descent [68], analyzing the SGD117

for the online algorithm of specific statistical models [28, 26, 30].118

Stochastic modified equation: The mathematical connection between the stochastic gradient descent119

(SGD) and stochastic modified equation (SME) has been insightfully discovered in [29, 31]. This120

SME technique, originally arising from the numerical analysis of SDE [38, 25], has become the121

major mathematical tool for stochastic or online algorithms. The idea of using optimal control for122

stochastic continuous models to find adaptive parameters like step-size for stochastic optimization is123

used in [29] to controlled adaptive step size and momentum, and in [1] to improve the control on124

momentum, in [27] to choose batch size.125

3 Weak Approximation to Stochastic ADMM126

In this section, we show the weak approximation to the generalized family of stochastic ADMM127

variants (G-sADMM) (6). In the following sections, we define ✏ := ⇢�1 to serve as an analog of128

stepsize for (stochastic) ADMM. The G-sADMM scheme (6) contains the relaxation parameter ↵,129

the parameter c = ⌧/⇢ and the implicitness parameters !,!1. This scheme (6) is very general and130

includes many existing variants as follows. It recovers all deterministic variants of ADMM for the131

setting f(x, ⇠) ⌘ f(x). If !1 = ! = ⌧ = 0, then (6) is the standard stochastic ADMM (sADMM)132

or online ADMM [42, 67]. For the setting of parameters !1 = 0, ! = 1 and c > 0 it becomes133

stochastic version of the linearized ADMM for acceleration[9, 22, 65, 43]. If !1 = ! = 1 and c > 0,134

this scheme is the stochastic version of the gradient-based ADMM [6, 54, 7, 32]. In addition, the135

stochastic ADMM considered in [42] for non-smooth function corresponds to the setting here with136

↵ = 1, !1 = 1, ! = 0 and ⌧ = ⌧k /
p
k.137

Notations and Assumptions We use k·k to denote the Euclidean two norm if the subscript is not138

specified. And all vectors are referred to as column vectors. f 0(x, ⇠), g0(z) and f 00(x, ⇠), g00(z) refer139

to the first (gradient) and second (Hessian) derivatives w.r.t. x. The first assumption is Assumption I:140

f(x), g and for each ⇠, f(x, ⇠), are closed proper convex functions; A has full column rank.141

Let F be the set of functions of at most polynomial growth. To apply the SME theory, we need the142

following Assumptions II on the smoothness:143

(i) The second order derivative f 00, g00 are uniformly bounded in x, and almost surely in ⇠ for144

f 00(x, ⇠). E kf 0(x, ⇠)k22 is uniformly bounded in x.145

(ii) f(x), f(x, ⇠), g(x) and the partial derivatives up to order 5 belong to F .146

(iii) f 0(x) and f 0(x, ⇠) satisfy a uniform growth condition: kf 0(x)k + kf 0(x, ⇠)k  C(1 + kxk)147

for a constant C independent of ⇠.148

Main Theorem Given the noisy gradient f 0(x, ⇠) and its expectation f 0(x) = E⇠ f(x, ⇠), we149

define the following matrix �(x) 2 Rd⇥d by150

⌃(x) = �(x)�(x)> = E⇠

h
(f 0(x, ⇠)� f 0(x)) (f 0(x, ⇠)� f 0(x))

>
i
. (9)

Theorem 1 (SME for G-sADMM). Let ↵ 2 (0, 2), !1,! 2 {0, 1} and c = ⌧/⇢ � 0. Let151

✏ = ⇢�1
2 (0, 1). {xk} denote the sequence of stochastic ADMM (6) with the initial choice152

z0 = Ax0. Define Xt as a stochastic process satisfying the SDE153

cMdXt = �rV (Xt)dt+
p
✏�(Xt)dWt (10)

where the matrix154

cM := cI +

✓
1

↵
� !

◆
A>A. (11)

Then we have xk ! Xk✏ in weak convergence of order 1, with the following precise meaning: For155

any time interval T > 0 and for any test function ' such that ' and its partial derivatives up to order156

4 belong to F , there exists a constant C such that157

|E'(Xk✏)� E'(xk)|  C✏, 8k  bT/✏c. (12)
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Figure 1: The match between the stochastic ADMM and the SME and the verification of the first
order weak approximation. The result is based on the average of 105 independent runs. The step size
✏ = 1/⇢ = 2�mT and T = 0.5 in (b). The details can be referred to in Appendix C.

The proof is in the next section. Here we highlight one useful corollary resulted from our proof of the158

theorem.159

Corollary 2. For generalized stochastic ADMM, when ⇢ ! 1, the residual rk satisfied the relation:160

rk+1 = (1� ↵)rk. From this relation, we can derive the condition on the relaxation parameter ↵161

for the convergence rk ! 0 as k ! 1: |1� ↵| < 1, which matches the empirical range ↵ 2 (0, 2)162

proposed for standard ADMM with relaxation Boyd et al. [2].163

As an illustration of Theorem 1 on the first order weak convergence, Figure 1b verifies this rate for164

various ↵ and even different g. To show that the SME does not only provide the expectation of the165

solution, but also provides the fluctuation of the numerical solution xk for any given ✏, Figure 1a166

plots the match of mean and standard deviation of Xt from the SME versus the xk from the sADMM.167

One corollary of Theorem 1 is that the standard deviation of the stochastic ADMM xk is O(
p
✏) and168

the rescaled two standard deviations ✏�1/2 std(xk) and ✏�1/2 std(Xk✏) are close as the functions169

of the time tk = k✏. Other heuristics from Theorem 1 is about the continuous dynamics of the zk170

variable and the residual rk, which is discussed in Appendix B.171

4 Proof of Main Results172

Proof of Theorem 1. The ADMM scheme is the iteration of the triplet (x, z,�) where � := ✏u. In our173

proof, we shall show this triplet iteration can be effectively reduced to the iteration of x variable only174

in the form of xk+1 = xk + ✏A(✏, xk, ⇠k+1). The main approach for this reduction is the detailed175

analysis of the residual rk = xk �Azk below. This one step difference xk+1 � xk will play a central176

role in the theory of weak convergence, Milstein’s theorem (Theorem 5 in Appendix A) [37].177

For notational ease, we drop the random variable ⇠k+1 in the scheme (6); the readers bear in mind178

that f and its derivatives do involve ⇠ and all conclusions hold almost surely for ⇠.179

The optimality conditions for the scheme (6) are180

!1✏f
0(xk) + (1� !1)✏f

0(xk+1) + ✏A>�k

+A> (!Axk + (1� !)Axk+1 � zk) + c(xk+1 � xk) = 0 (13a)
✏g0(zk+1) = ✏�k + ↵Axk+1 + (1� ↵)zk � zk+1 (13b)
✏�k+1 = ✏�k + ↵Axk+1 + (1� ↵)zk � zk+1 (13c)

Note that due to (13b) and (13c), the last condition (13c) can be replaced by �k+1 = g0(zk+1).181

So, without loss of generality, one can assume that �k ⌘ g0(zk) for any integer k. The optimality182

conditions (13) now can be written only in the pair (x, z):183

!1✏f
0(xk) + (1� !1)✏f

0(xk+1) + ✏A>g0(yk)

+A> (!Axk + (1� !)Axk+1 � zk) + c(xk+1 � xk) = 0 (14a)
✏g0(zk+1)� ✏g0(zk) = ↵Axk+1 + (1� ↵)zk � zk+1 (14b)

We think of (xk+1, zk+1) in (14) as the function of xk, zk and ✏ and seek the asymptotic expansion184

of this function in the regime of small ✏, by using Dominant Balance technique (see, e.g. [57]) with185
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the Taylor expansion for f 0(xk+1) and g0(zk+1) around xk and zk, respectively. The expansion of186

the one step difference up to the order ✏ is187

xk+1 � xk = �M�1A>rk � ✏M�1
⇥
f 0(xk) +A>g0(zk)

⇤
� ✏NkA

>rk + ✏2ck, (15a)

zk+1 � zk = (1� ✏g00(zk))↵(A(xk+1 � xk) + rk) + ✏2c0k, (15b)

where rk is the residual188

rk := Axk � zk (16)
and the matrix M is189

M := cI + (1� !)A>A. (17)
I is the identity matrix. Nk is a matrix depending on the hessian f 00(xk) and M . ck and c0k are190

uniformly bounded in k (and in random element ⇠) due to the bound of functions f 00 and g00 in191

Assumption II. Throughout the rest of the paper, we shall use the notation O(✏p) to denote these192

terms bounded by a (nonrandom) constant multiplier of ✏p, for p = 1, 2, . . ..193

Equation (15) clearly shows that the dynamics of the pair (xk+1, zk+1) depends on the residual194

rk = Axk�zk in the previous step. In the limit of ✏ = 0, the one step difference (i.e. truncation error)195

xk+1�xk ! �M�1A>rk which does not vanish unless rk is exact zero. We next turn to the analysis196

of the residual first. (15b) together with (15a) implies zk+1 � zk = �↵AM�1A>rk + ↵rk +O(✏)197

by absorbing ✏ order terms into O(✏). By using (14b) for Axk+1 , we have the recursive relation for198

residual rk+1:199

rk+1 = Axk+1 � zk+1 =

✓
1

↵
� 1

◆
(zk+1 � zk) +

✏

↵
(g0(zk+1)� g0(zk))

= (1� ↵) (I �AM�1A>)rk +O(✏).

(18)

Since r0 = 0 at the initial step by setting z0 = Ax0, then (18) shows that r1 = Ax1 � y1 become200

O(✏) after one iteration. Next, we have the following important property, particularly with assumption201

↵ = 1, we have a stronger result than (18).202

Proposition 3. For any integer k � 0, if rk = O(✏), then203

rk+1 = (1� ↵+ ✏↵g00(zk))(rk +A(xk+1 � xk)) +O(✏3). (19)

If ↵ = 1, equation (19) reduces to the second order in ✏:204

rk+1 = ✏↵g00(zk)(rk +A(xk+1 � xk)) +O(✏3) = O(✏2). (20)

Proof of Proposition 3. Since rk = Axk � zk = O(✏), then the one step difference xk+1 � xk and
zk+1 � zk are both at order O(✏) because of (15a) and (15b). We solve �z := zk+1 � zk from (14b)
by linearizing the implicit term g0(zk+1) and use the assumption that the third order derivative of g
exits:

✏g00(zk)�z + ✏O((�z)2) + �z = ↵(rk +A�x).

where �x := xk+1 � xk = O(✏). Then since O((�z)2) = O(✏2), the expansion of �z = zk+1 � zk205

in ✏ is206

zk+1 � zk = ↵(1� ✏g00(zk))
�
rk +A(xk+1 � xk)

�
+O(✏3) (21)

Then207

rk+1 = rk +A(xk+1 � xk)� (zk+1 � zk)

=
⇣
1� ↵+ ✏↵g00(zk)

⌘
(rk +A(xk+1 � xk)) +O(✏3)

208

We now focus on (15a) for xk+1 � xk, which is rewritten209

M(xk+1 � xk) = �A>rk � ✏
�
f 0(xk) +A>g0(zk)

�

+ ✏2(1� !1)f
00(xk)M

�1

✓
f 0(xk) +A>g0(zk) +

1

✏
A>rk

◆
+O(✏3).

(22)

This expression does not contain the parameter ↵ explicitly, but the residual rk = Axk � yk210

significantly depends on ↵ (see Proposition 3). If ↵ = 1, then rk is on the order of ✏2, which leads to211
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Figure 2: Illustration of the order of the residual rk and the ↵-residual r↵k defined in (23).

useful fact that there is no contribution from rk to the weak approximation of xk at the order 1. But212

for the relaxation case where ↵ 6= 1, rk contains the first order term coming from zk+1 � zk.213

To obtain a second order for some “residual” for the relaxed scheme where ↵ 6= 1, we need a new214

definition, ↵-residual, to account for the gap induced by ↵. Motivated by (13b), we first define215

r↵k+1 := ↵Axk+1 + (1� ↵)zk � zk+1. (23)

It is connected to the original residual rk+1 and rk since it is easy to check that216

r↵k+1 = ↵rk+1 + (↵� 1)(zk+1 � zk) = ↵rk + ↵A(xk+1 � xk)� (zk+1 � zk). (24)

Obviously, when ↵ = 1, this ↵-residual r↵ is the original residual r = Ax� y. In our proof, we need217

a modified ↵-residual, denoted by218

br↵k+1 := ↵rk + (↵� 1)(zk+1 � zk) (25)

We shall show that both r↵k+1 and br↵k+1 are as small as O(✏2):

r↵k+1 = O(✏2) and br↵k+1 = O(✏2).

In fact, by the second equality of (24), (21) becomes zk+1 � zk = (1 � ✏g00(zk))(r↵k+1 + zk+1 �219

zk) +O(✏3), so,220

r↵k+1 = ✏(1 + ✏g00(zk))g
00(zk)(zk+1 � zk) +O(✏3)

which is O(✏2) since zk+1 � zk = O(✏).221

The difference between (zk+1 � zk) and (zk+2 � zk+1), is at the order ✏2 due to truncation error of222

the central difference scheme. Then we have the conclusion223

br↵k+1 = ↵rk + (↵� 1)(zk+1 � zk) = O(✏2) (26)

by shifting the subscript k by one.224

By (25) and the above proposition, we have rk = ( 1
↵ � 1)(zk+1 � zk) +O(✏2). Furthermore, due to225

(21), rk = ( 1
↵ � 1)(zk+1 � zk) +O(✏2) = (1� ↵)(rk +A(xk+1 � xk)) +O(✏2) which gives226

rk =

✓
1

↵
� 1

◆
(zk+1 � zk) +O(✏2) =

✓
1

↵
� 1

◆
A(xk+1 � xk) +O(✏2) (27)

and it follows zk+1 � zk = A(xk+1 � xk) +O(✏2).227

Remark 1. As an illustration, the figure above for a toy example (see numerical example part in228

Appendix C) shows that rk ⇠ O(✏) for ↵ 6= 1 while rk ⇠ O(✏2) for ↵ = 1 and the ↵-residual r↵k is229

O(✏2) regardless of ↵ (the solid lines are rk and the dashed lines are r↵k ).230

With the above preparations for the residual analysis, we now apply Theorem 5 to show the main231

conclusion of our theorem. Combining equation (22) and 27, and noting the Taylor expansion of232

g0(zk): g0(yk) = g0(Axk � rk) = g0(Axk) + O(✏) since rk = O(✏), and now putting back the233

random element ⇠ into f 0, we have234

M(xk+1 � xk) = �✏
�
f 0(xk, ⇠k+1) +A>g0(Axk)

�
�

✓
1

↵
� 1

◆
A>A(xk+1 � xk) +O(✏2)

(28)
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For convenience, introduce the matrix235

cM := M +
1� ↵

↵
A>A = c+

✓
1

↵
� !

◆
A>A. (29)

and let bxk := cMxk, and �bxk+1 = cM(xk+1 � xk) Then

�bx = �✏V 0(x, ⇠) + ✏2
�
(1� !1)f

00M�1V 0(x)�A>✓
�
+O(✏3).

The final step is to compute the momentums in the Milstein’s theorem Theorem 5 as follows.236

(i)
E[�bx] = �✏EV 0(x, ⇠) +O(✏2) = �✏V 0(x) +O(✏2) (30)

(ii)

E[�bx �bx>] = ✏2 E
�⇥
f 0(x, ⇠) +A>g0(x)

⇤ ⇥
f 0(x, ⇠)> + g0(x)>A

⇤�
+O(✏3)

= ✏2
�
V 0(x)V 0(x)>

�
� ✏2

�
f 0(x) +A>g0(x))(f 0(x)> + g0(x)>A)

�

+ ✏2 E
�⇥
f 0(x, ⇠) +A>g0(x)

⇤ ⇥
f 0(x, ⇠)> + g0(x)>A

⇤�
+O(✏3)

= ✏2
�
V 0(x)V 0(x)>

�
+ ✏2 E

h
(f 0(x, ⇠)� f 0(x)) (f 0(x, ⇠)� f 0(x))

>
i
+O(✏3)

(iii) It is trivial that E[⇧s
j=1�xij ] = O(✏3) for s � 3 and ij = 1, . . . , d.237

So, Theorem 1 is proved.238

239

Proof of Corollary 2. Based on Proposition 3, rk+1 = (1�↵)(rk+A(xk+1�xk))+✏↵g00(zk)(rk+240

A(xk+1�xk))+O(✏3). Since g00 are bounded and xk+1�xk = O(✏), then rk+1 = (1�↵)rk+O(✏),241

with the leading term (1� ↵)rk. Therefore, when ✏ ! 0, we need |1� ↵| < 1 for |rk| to converge242

to zero when k ! 1.243

5 Conclusion and Discussion244

In this paper, we have developed the stochastic continuous dynamics in the form of stochastic245

modified equation (SME) to analyze the dynamics of a general family of stochastic ADMM, including246

the standard, linearized and gradient-based ADMM with relaxation ↵. Our continuous model247

(10) provides a unified framework to describe the dynamics of stochastic ADMM algorithms and248

particularly is able to quantify the fluctuation effect for a large penalty parameter ⇢. Our analysis249

here generalize the existing works [14, 63] in the form of ordinary differential equation, but our250

results intrinsically encodes the impact of the noise in the stochastic ADMM. As the first order251

approximation to the stochastic ADMM trajectory, the solution to the continuous model can precisely252

describe the mean and the standard deviation (fluctuation) in stochastic trajectory.253

One distinctive feature between the ADMM and its stochastic or online variants is highly similar to254

that between gradient descent and stochastic gradient descent [39, 29, 46]: there exists a transition255

time t⇤ after which the fluctuation (with a typical scale ⇢�1/2) starts to dominate the “drift” term,256

which means the traditional acceleration methods in deterministic case will fail to perform well,257

despite of their prominent performance in the early stage of training when the drift suppresses the258

noise. In our Appendix D, we briefly discuss a few new adaptive strategies such as for parameters259

⇢t, ⌧t, the batch size Bt and even relaxation parameters ↵t, via the principle of control theory for260

the continuous model we obtained. For example, a large ↵ (over-relaxation) is preferred before the261

transition time while a small ↵ (under-relaxation) may be preferred later to help reduce the variance.262

About the possible further development in theory, we note that our generalized family of ADMM263

methods is still restricted to the linearized ADMM and the gradient-based ADMM. Recently, there264

emerge many new efficient acceleration methods for stochastic ADMM such as [45, 67, 23, 42]. A265

potential future work is to extend our stochastic analysis to these new schemes for the understanding266

at the continuous level, even with non-smooth functions.267
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Broader Impact268

Our work is a theoretic exploration of the existing and popular stochastic optimization with the269

ADMM. The continuous viewpoint to understand many machine learning algorithms is a powerful270

tool with a unifying conciseness and elegance, to complement the pure discrete-level analysis. It271

offers a unique bridge in theory between the applied mathematics and machine learning. Such a272

fusion between discrete world and continuum world can boost the beneficial communication between273

the algorithmic community and the applied math community. For ethical aspects and future societal274

consequences, the positive part is that large amount of machine learning algorithms are trained using275

ADMM and stochastic ADMM, our work would shed light for algorithm designing from theoretical276

point of view, that might lead to more efficient training algorithm that save the energy consumed in277

training from parallel search of training hyper-parameters. Due to the theoretical nature of our work,278

there are not much negative impact, the only related negative impact might come from algorithmic279

automation that might lead to unemployment of workers.280
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