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Abstract

We study entrywise scalar quantization of two matrices prior to multiplication.
Given A € R™** and B € R¥*", we quantize entries of A and B independently

using scalar quant1zers with K x and Ky levels per entry, and form C = AB. The
objective is to minimize the matrix multiplication mean-squared error (MSE)

& = E[|AB - EEH%] under a pair-i.i.d. inner-product model. In the high-
resolution regime K x, Ky — 0o, we derive a sharp K ~2 asymptotic expansion
for &, identify the exact optimal leading constants, and characterize asymptotically
optimal quantization center densities in terms of conditional second moments. We
then specialize to correlated Gaussian multiplicative pairs, obtaining a closed-form
optimal point density

* u? 1/3
A (u) o exp(—6> (1= p%) + p*u?) s u=_

with the same form for y /oy, and prove a correlation-driven phase transition: the
density is unimodal at the origin for |p| < 1/4/3 and becomes bimodal for |p| >
1/+/3 with peaks at Upeak = £4/3 — 1/p?. We show our method’s applicability in
synthetic experiments such as matrix multiplication quantization and least squares

optimization, as well as quantization of large language model key and query
activations.

1 Introduction

Quantized matrix multiplication is central in modern machine learning inference and scientific
computing. In many deployments, one does not care about entrywise reconstruction error of operands
A and B; rather, the relevant distortion is the error induced after multiplication. This perspective
is closely connected to classical high-rate theory [[L] and to the broader quantization literature [4],
which show that optimal quantizer design depends fundamentally on the downstream distortion
criterion. At the same time, low-precision quantization has become a practical necessity in modern
GPU inference: recent hardware and software stacks increasingly rely on ultra-low-precision formats
such as NVFP4 [9], INTS [2], and FP8 [8]] to improve throughput, memory efficiency, and energy
efficiency for large-scale matrix multiplication workloads arising in large language model inference .
These trends make it especially important to understand quantization schemes that are optimal for
the product itself, rather than for the separate reconstruction of the input matrices. However, matrix
multiplication introduces a distinct bilinear distortion structure: the error contributed by one operand
is filtered by the other, and the importance of each entry depends jointly on both factors. Related
recent work has studied quantized matrix multiplication in different settings, including nested lattice
quantization [[10]. In contrast, our focus is on the optimal design of scalar quantizers specifically
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for matrix multiplication, deriving high-rate laws tailored to product distortion and showing how
multiplicative structure and statistical dependence fundamentally change the optimal point density.

This paper asks:

Which scalar quantizers for entries of A and B minimize the expected Frobenius
MSE of the product computed from quantized operands?

Contributions.

* We derive a high-rate characterization of the optimal achievable matrix multiplication MSE,
proving a sharp K ~2 scaling law with an exact leading constant.

* We reduce the matrix objective to two weighted scalar MSE quantization problems driven
by conditional second moments, and we identify the optimal companding point densities.

* For correlated Gaussian multiplicative pairs, we obtain closed-form optimal densities and
prove a correlation-induced unimodal-to-bimodal “phase transition”.

* Provide experimental validation of our results on synthetically generated matrices for matrix
multiplication and quantized least squares as well as on key and query activations on the
GPT-2 and Qwen3 family of models.

2 High-Rate Analysis of Matrix Multiplication MSE

This section derives the high-rate reduction from matrix multiplication MSE to two decoupled
weighted scalar criteria, and states the resulting sharp K ~2 constant. All asymptotic steps are justified
in Appendix [A]and Appendix [B]

2.1 Problem Formulation

Let A € R™*k B € R¥*" and C = AB. Let Qx and Qy be scalar quantizers with [range(Qx)| <
Kx and |[range(Qy)| < Ky. Define

A = Qx(Aw), Bij = Qy (Byy), C=AB.

We measure performance by the matrix multiplication MSE
N 12
ctax.a0) 2 5l[c ]!

The quantizer design is governed by the distribution of multiplicative entry-pairs feeding each inner
product. We assume each pairs (X,Y") in the matrix multiplication has identical joint distributions.

Assumption 1 (Pair-i.i.d. inner products). For each output entry Cy; = 25:1 Ai¢Byj, the pairs
{(Aye, Bej)Yh_, are i.i.d. copies of a generic pair (X,Y') with finite moments up to order 4 + €
for some € > 0. Because of this, the entries {Cij}icim),je[n) are identically distributed (although
dependent).

Under Assumption[I] when we denote (X,Y") ~ D we have

k k
E(Qx,Qy) =nmEx, y,)~p [( ZXiYi - ZXz}fz)z]
=1 i=1

‘We use the standard fixed-rate identification
Rx £log, Kx, Ry £log, Ky,

and analyze the high-resolution regime K x, Ky — oo (or equivalently, Rx, Ry — 00).



2.2 Sharp High-rate Constant and Optimal Point Densities

Let D 2 XY — XY for a single pair (X,Y). Independence across samples (X;,Y;) yields

k k
Ex,yo~o [ XY =Y X;V;)?] = kE[D?] + k(k — 1)E[D]>. ey
1 =1

i=

Appendix @ proves that, for the companding quantizers used in the high-rate design, E[D] =
O(Ky? + K ?). Consequently the second term in () is o( K > + K32 and does not affect the
K 2 leading constant.

Define quantization errors ex 2 X — X andey 2Y — Y. Then
D=XY - XY =Yex + Xey — exey. )
Squaring produces
D? =Y?%e% + X?%e% +e%ed +2XYexey — 2Yekey —2Xexed. 3)

Appendix @ shows that the mixed terms on the second line have expectation O (K )_(QK v 2) for
the companding quantizers used in the high-rate design. Since K)_(QK;2 = O(K)_(Q + K;Q) as
Kx, Ky — oo, we obtain the sharp leading reduction

E[D? = E[Y?e%] + E[X%e}] + o( Ky + K 2). 4)

Because ex is a deterministic function of X and ey is a deterministic function of Y, conditioning
yields

E[Y?eX] =E[E[Y? | X]eX], E[X%3]=E[E[X?|Y]e}].
Define the conditional second moments as
wx(z) £EY? | X =2],  wy(y) 2EX?|Y =y]. ©)

Then (T) and (@), along with the fact that E[D] = O(K x> + K*) imply the two-scalar high-rate
reduction

£(Qx. Q) = mnk (Bl (X)(X - Qx (X))%] + Eluy (V)(Y — Qv (v))?])
+o(K3? + K2). (6)

Now let’s denote fx and fy the marginal densities of X and Y, and further assume a regularity
condition. These conditions are used to justify the asymptotic analysis and to derive weighted optimal
rates.

Assumption 2 (High-rate regularity). The pair (X,Y') admits a joint density fxy that is twice
continuously differentiable. The functions fx, fy,wx,wy are continuous and strictly positive on R,
and

/ (fx (@)wx (@) Y3 de < oo, / (fy (W)wy (1) dy < .
R R

Moreover, the conditional mean functions jiy|x (z) £ E[Y | X = x] and x|y (y) 2 E[X | Y = y]
are CE]ntinuously differentiable and the integrability conditions used in Appendix|Aland Appendix|B]
hold.

Now denote the integrals in Assumption [2]as

Iy 2 /_O" (fx (z)wx (x))'/3 dz, Iy & /_Oo Uy (9)wy ()3 dy. o

An application of Cauchy-Schwartz gives the optimal high-rate quantizer for matrix multiplication.

These conditions are mild for common smooth models (e.g., jointly Gaussian pairs) and are stated explicitly
where they are used.



Theorem 1 (High-rate optimal matrix multiplication MSE). Under Assumptions

I3 e 11
inf = mnk | —X y ). 8
olnf, €(Qx,Qy) =mn <12K§( i 12K§> +0<K§( * K%) ®)

Moreover, asymptotically optimal K x - and Ky -level quantizers are companding quantizers with
point densities

x)wx (x))L/3 w 1/3

€))

Proof. Appendix . proves the decouphng (6) with a remainder o(K + Ky %) and shows that
the bias term in (T) is negligible at the K ~2 scale. Appendlx.proves a welghted scalar high-rate
theorem (including both achievability and converse) and identifies the unique optimizing point
densities. Combining these two appendices yields (§)) and (9). O

Corollary 1 (Rate form and optimal bit split). Let Rx = logy Kx and Ry = log, Ky . Then the
leading term in (8) can be written as

me E(Qx,Qy) =mnk (aX 272Ex 4 oy 2_2Ry) + 0(2_2Rx + 2_2RY),

X7Y

where ax £ I3 /12 and oy £ I3 /12. If the pair rate R £ Rx + Ry is fixed and large, then the
minimizer of the leading term satisfies

R ax R 1 ax
* R* — _ -
RX—2 10g2< )a Y= 410g2< >7

equivalently Kx /Ky = (OéX/OéY)l/4-

2.3 Special Case: Correlated Gaussian

Assume the multiplicative pair (X,Y") is bivariate Gaussian:

2
[))5} NN(B] , L’UZXJY p0§§JY]> , pe(—1,1). (10)

Applying Theorem [I|to the Gaussian case enables a specialization to Gaussian joint densities. See
Appendix [C] for a proof.

Corollary 2 (Closed-form asymptotically optimal point density). Under (12)), the optimal compand-
ing point densities in (O) take the closed form

eXp(—ﬁfz) ((1— )+ 022 )1/3

* _
)‘X(x) - 2 t2 1/3 )
/ exp| — = = ) dt

o 60X ox

2 1/3

* exp (-~ ) ( Nk )
v(y) = 2 2.,1/3
/ o p( t ) 52 t ) / a

X
_ 602 %

If we write the normalized variable as u = /o x, we have

u2
A*(u) o< exp (6) (1= p?) + p*u?) 13,

The density has a qualitative difference compared to Gaussian companders: specifically, the optimal
A* goes through a phase transition as p increases: at first it has a single mode, but as p increases two
modes appear. See Fig.[I|for a schematic, and Appendix [D|for a proof.

Theorem 2 (Unimodal-to-bimodal transition at |p| = 1/v/3). Let \*(u) be the optimal density shape
above.



1. If p? < 1/3, then \*(u) is unimodal with a unique global maximum at v = 0.

2. If p? > 1/3, then \*(u) is bimodal: u = 0 is a strict local minimum and the two symmetric

global maxima occur at
/ 1
(2 k — +,/3— —.
peal p2

3. If p? = 1/3, the curvature at u = 0 vanishes (critical splitting point).
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Figure 1: Optimal density phase transition. When p = 0, there is only a single mode. As p increases,
an additional mode emerges at the critical value |p| = 1/+/3.

At last, direct substitution gives the high-rate loss for the proposed matmul quantization.
Corollary 3 (Gaussian high-rate constant for matrix multiplication MSE). Let Kx = Ky = K.

Define
o u? 1/3
J(p) & / exp (6) (1- %) + p2u2) 3 du.
Then ) s o
lim K* inf E[|4B-AB| ] - MEROXOY 1),
K—oo Qx,Qy F 6/ 27

A closed form for J(p) is given in Appendix|[E}

3 Experiments

We now empirically evaluate the performance of our derived quantization method with a variety of
other state-of-the-art quantization methods on synthetic and real-world data.

3.1 Synthetic Experiments: Matrix Multiplication

First, we compare the performance of our optimal matrix multiplication quantizer with various
commonly used quantizers for synthetically generated matrices that conform to our correlated
Gaussian model. For this experiment, we test a variety of p values and compare the quantization error
in relative Frobenius norm for the matrices.

3.1.1 Alternate Quantizer Descriptions

1. MatMul-Opt (Ours). The theory-optimal companding quantizer derived from Corollary [2]
for the correlated Gaussain case. Bin boundaries {¢;} are placed by inverting the CDF of
the optimal point density

() ocexp(=5) [(1=p%) + 022 w=a/o, (1n



so that equal probability mass of * falls in each bin. Separate quantizers are built for A and
B using their empirical standard deviations 6 4 and 6 g and the known correlation p.

. Gaussian Compander. A companding quantizer whose point density is the p = 0 special
case of the optimal density from standard scalar high-rate theory.

. Lloyd-Max. The iteratively computed optimal scalar quantizer for a Gaussian source
X ~ N(0,0?) [6]. Starting from quantile-midpoint initialization, the algorithm alternates
between (i) setting boundaries to midpoints of adjacent reconstruction levels and (ii) setting
levels to the conditional mean of |phi over each bin, until convergence in £*° norm up to
200 iterations.

. Uniform. A symmetric uniform quantizer with K evenly-spaced reconstruction levles on
[—¢, ¢]. The clip value c is selected by a grid search over ¢ € [1.56, 5.05] (36 points) to
minimize empirical MSE on entries of the matrix being quantized. Separate clip values are
calibrated for A and B.

. p-Law. The ITU-T G.711 p-law compander [5]] with . = 255, adapted to continuous-valued

inputs. The companding function f(z) = sgn(z) % maps inputs to a uniform
grid of K levels in the logarithmically compressed domain; the inverse map recovers
reconstruction levels in the original domain. The clip is fixed at ¢ = 46. p-law compression
places more quantization levels near zero, which improves SNR for speech-like signals but

is not matched to the matrix-multiplication task.

. A-Law. The ITU-T G.711 A-law compander [5] with A = 87.6, also adapted to continuous
inputs. The two-piece companding function is linear for |z/¢| < 1/A and logarithmic
otherwise:

Alz/c| !
A B ‘Qj/C‘<77
1+InA B
xTr) =8sen\x) -
@O =se@ ) 1A fase)
1+InA A=

K uniform levels are placed in the companded domain with clip ¢ = 46. A-law and pu-law
share the same logarithmic motivation and serve as classical telecommunications baselines.

. NF4 (Normal Float 4-bit). A K-level fixed codebook whose points are the quantile
midpoints of N'(0,1): ¢; = @7 Y((i + 1)/K) fori = 0,..., K — 1, normalized so that
max; |¢;| = 1, with endpoints clamped to +1. This is an approximation of the QLoRA
NF4 codebook [3]], which places levels at Gaussian quantile midpoints to minimize MSE
for normally-distributed weights. A per-matrix scalar scale is selected by grid search over
[0.56, 4.05] (60 points) to minimize empirical MSE.

. NV FP4 (E2M1). NVIDIA’s 4-bit floating-point format [9] with 1 sign bit, 2 expo-
nent bits, and 1 mantissa bit with exponent bias 1. This yields 15 distinct finite values:
{0, £0.5, £1.0, £1.5, 2.0, £3.0, +4.0, £6.0}. Nearest-neighbor quantization is per-
formed after scaling the codebook by a per-matrix scalar selected by grid search over
[0.255, 4.05] (60 points) to minimize empirical MSE.

3.1.2 Results

We obtained the following results averaged over 500 generated A € R'28%256 and B ¢ R256%128
according to our correlated Gaussian model. From this, we can see that our optimal matrix multiplica-
tion quantizer consistently outperforms other commonly used quantization methods for our specified

We include 95% error bars but used enough synthetic data that they are barely visible.

3.2 Application in Quantized Least Squares

We consider solving the least squares problem

: o 2
min | XW — V|3,
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Figure 2: Performance of our optimal quantizer vs. other commonly used quantizers.

where X € R4 W, W* € R*™,Y = XW* +e€Z and the entries of X, W* satisfy Assumption
and the joint distribution

X 0 03( pPOxOy .
|:W*:| ~ N( |:0:| 5 |:p0'XUY 0_32/ 5 p = 06 (12)
Imagine X is so large so that it cannot fit into a single GPU. A natural solution to this would be
distributing the matrix over multiple GPUs then solving the problem by appropriately aggregating
subproblems, but it may be timely as the loading/deloading time of the data matrix could be a
bottleneck in such settings. Hence quantizing X and Y to load them onto a GPU then solving the

quantized least squares,
min [Q@xW — Qv %,

may make sense when solving the problem faster could be much more important than solving the
problem exactly.
We apply the proposed quantization to the above problem and show that we can have better accuracy
in terms of |W — W*||r under the same bit budget. We compare three different schemes, where

* Scheme I: quantize X, Y with Gaussian high-rate quantizer, simply considering the marginal

distribution.
* Scheme 2: sweep through possible p € [—1, 1] and plot the loss with the best p.

* Scheme 3: estimate p with

d m
p= % ZZ(XW)U’

i=1 j=1
where TV is a solution to the subproblem
in||XW —Y|%.
min | XW - V|3
Here X, Y are row subsampled matrices of X, Y.

The results show that using nonzero p can improve the accuracy of quantized least squares. Sweeping
along the possible ps is better than using a p estimate, especially for lower bit budgets. The main
reason for this is that for bits=3,4, p = —0.9 is the optimal p for quantized least squares, which is
very different from the ground truth p = 0.6. Such observation implies that there could be a different
reason for why the correlation-aware quantization algorithm works better in the least squares setting.
For higher rates the optimal p becomes similar to ground truth p, and is better than naive Gaussian.



Rate-Distortion Performance (True p = 0.6)
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Figure 3: Comparison of three different schemes for solving quantized least squares. The y axis is
the difference between ground truth and the quantized solution ||WW — W*|| r.

3.3 Quantization of Transformer-based Models

Activation quantization is critical for efficient inference in Transformer-based models. We compare
our method against INT8 quantization [2] and FP8 quantization [8]]. In all cases, we apply per-token
scaling to @) and K before quantization and use K = 256 quantization levels (8 bits).

We empirically observe non-trivial correlation between entries of the query and key activations within
attention heads (Figure ). This motivates applying our correlation-aware matrix multiplication
quantizer independently to each attention head. For evaluation, we measure the relative Frobenius
error of the pre-softmax attention logits:

Jox - ax7],
QKT

where Q and K denote quantized activations. This metric directly captures distortion in the attention
logits.

3.3.1 Models and Data

We evaluate on the GPT-2 family of models [[11] where there key and query activations are directly
multiplied in addition so some Qwen3 models [12] which apply rotary embeddings to the key and
query activations before multiplying. For the Qwen3 models we tune p based on the key and query
activations after passing through the rotary embeddings. Sequences are drawn from WikiText-2
[7]. We use 64 non-overlapping sequences of length 128 from the training split for evaluation. We
hold out 32 sequences from the validation split for calibration. Per-head statistics are computed by
concatenating all evaluation sequences.

3.3.2 Activation Collection

We extract ( and K at each attention layer using PyTorch forward hooks. For GPT-2, we hook the
fused c_attn module and split the output into @, K, and V. For Qwen3, we hook the q_norm,
k_norm, and rotary_emb submodules per layer; the post-normalization () and K are buffered, and
rotary position embeddings are applied in NumPy to obtain post-RoPE activations.
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Figure 4: Estimated p value for each layer and head in GPT-2 Small

Table 1: Win rate of p-tuned vs. INT8 and FP8 across GPT-2 sizes (win = lower relative Frobenius
error per head).

Model p-tuned vs FP8 (% wins)  p-tuned vs INT8 (% wins)
GPT-2 Small (12 layers, 12 heads) 100% 96.5%
GPT-2 Medium (24 layers, 16 heads) 100% 97.9%
GPT-2 Large (36 layers, 20 heads) 100% 100%
GPT-2 XL (48 layers, 25 heads) 100% 99.7%
Qwen3-0.6B (28 layers, 8 heads) 98.7% 65.6%
Qwen3-1.7B (28 layers, 8 heads) 98.7% 59.4%
Qwen3-8B (36 layers, 8 heads) 86.1% 42.7%

3.3.3 p-tuning

For each attention head, we tune p € [0,0.95] on the calibration set by grid search over 40 evenly
spaced values, minimizing the relative Frobenius error above. For all methods, we use the same
per-token £, scaling, i.e., we normalize each token vector so all entries lie in [—1, 1]. Given a tuned
p, we construct reproduction points using the closed-form density from Corollary [2]

3.3.4 Results

Table[T]reports the fraction of heads for which p-tuned achieves lower relative Frobenius error than
the baseline quantizer (a “win”).

Across model sizes, p-tuned matches or improves upon both INT8 and FP8, with the largest gains
observed in larger models for the GPT-2 family of models while the opposite trend was observed
on the Qwen3 family. We saw the performance degrade for larger Qwen3 models with the tuned p
algorithm losing to INTS8 for Qwen3-8B. The tuned values of p tended to be higher than the estimated
values of p (see figure[5), which indicates some level of model misspecification in our correlated
Gaussian model.

This misspecification seemed to hurt most in the Qwen3 family of models, which we posit is due to
the nature of the rotary embeddings and their effect on the activation distributions.

Limitations and Future Work. We plan to build upon our method so that it performs better on key
and query quantization in models with rotary embeddings. We will also incorporate outlier-handling
techniques commonly used in LLM quantization [2] and report downstream task metrics in addition
to logit-level distortion.
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Figure 5: Tuned |p| for GPT-small

4 Conclusion

We derived a sharp high-rate characterization of optimal scalar quantization for matrix multiplication
MSE under a pair-i.i.d. inner-product model. The leading error constant decomposes into two
weighted scalar quantization problems with weights given by conditional second moments, leading to
explicit optimal companding densities. For correlated Gaussian multiplicative pairs we obtained a
closed-form density and proved a sharp unimodal-to-bimodal phase transition at |p| = 1/v/3. We
also benchmarked our derived quantizer on synthetically generated matrices for matrix multiplication
and quantized least squares as well as on key and query activation quantization of the GPT-2 family
of models.
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A Proof of the Decoupling and High-Rate Expansion

This appendix provides a complete proof of the reduction (6) and the negligibility of the bias term in
(1) at the K 2 scale.

A.1 Exact variance decomposition

Let D; 2 X,Y, — X,Y;. Then
k
530
=1

Because {(X/,Y;)} are i.i.d. and quantized entrywise, the Dy are i.i.d. with the same law as D.
Hence

E[(S - 5)%) = Y _E[D?] + 2 E[D(E[D,] = kE[D?] + k(k — 1)(E[D))?,
/=1 L<r

which is (T).

A.2 Quantizer model and elementary cell identities

Throughout this appendix we analyze companding quantizers Q@x = Qg rx and Qy = Qky 2y
constructed as in Section |2} with A x, Ay continuously differentiable and strictly positive.

For Q. let boundaries z; = G~!(i/K) and reproduction points r; = G~((i — )/K), and
denote the ith cell by I; = [z;_1, z;) with width A; = z; — z;_; and midpoint m; = (z;_1 + ;) /2.
Lemma 1 (Cell width formula). For eachi = 1,..., K, there exists &; € I,; such that

1

BT RAE)

13)

Proof. By definition G(z;) — G(z;—1) = 1/K. Since G is differentiable with derivative G’ (x) =
A(z), the mean value theorem gives a point &; € (z;_1, ;) such that

1
' G(v;) = G(zi—1) = G'(&) (2 — wi—1) = M&) A
Rearranging yields (13). O
Lemma 2 (Reproduction points are second-order close to cell midpoints). Assume X is continuously

differentiable. Then for each fixed compact interval [— M, M] there exists Cpy < oo and K s such
that for all K > Kr and all cells I; intersecting [—M, M),

i —my| < Cur A7 (14)
Consequently,
/ (x — ;) do = Ay(m; — ;) = O(AY),

A3 5
/ (. —7)? ﬁ—i—O(A)

(15)

uniformly over such cells.

Proof. Let g 2 Gl andu £ (i — 1)/K, so that z;,_; = g(u — 1/(2K)), z; = g(u + 1/(2K)),
and r; = g(u). We know that g is twice continuously differentiable by the inverse function theorem,
so taking the second-order Taylor expansion of g around u gives

1 ! U 1
g(“ = 2K> =g(u) + 92(1() + gggﬁ)
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for some (4 between v and u & 1/(2K). Averaging the “+” and “—" expansions yields

B 9" () +9"(¢-)
mi= 5 =g+ 1652
hence ey e
g () + 97 (6
m; —Tr; = T
We note that by Lemma
1
A= ——.
R oY(D)

Since A is continuous and strictly positive, it is bounded away from 0 on [—M, M], so A; = O(1/K)
uniformly over cells intersecting [— M, M].

Therefore, on a compact [—M, M], the corresponding u values lie in a compact subset of (0, 1)
for all sufficiently large K (since cells intersecting [—M, M| have both endpoints in g~ ([—M —
C/K,M + C/K]) as a consequence of our previous statement), so ¢” is bounded there. Thus
|m; — ;| = O(1/K?) = O(A?) uniformly over cells intersecting [— M, M|, proving (T4).

Finally,

/”” (& — ) [ T —7i) } _ (@i—ri)® = (@ier—1)®
Ti—1 —1 2
Ai(mi — i)

which together with (QE]) gives the first identity in (T3). For the second identity, write (x — ;)% =
(x —my)*+ (m; —r;)? +2(x — m;) (m; — ;) and integrate over [x;_1, x;]. The cross term integrates
to zero by symmetry around m;, giving

/1’ (gc—ri)de:/ ’l (x —my)* da + Ay (m; — ;)2

i—1 Ti 1
A3
il A5
=15 T O,
since [ (z —m;)® dz = A?/12 exactly and (m; —1;)* = O(A}). O

A.3 Bias term is negligible at the K —2 scale

We prove the key estimate E[D] = O(Ky” + K 2).

Lemma 3 (A weighted first-moment bound for companders). Let X have density f andlet g : R — R
be continuously differentiable. Let Q  » be a companding quantizer with continuously differentiable
point density \ > 0. Assume that q(x) £ g(z) f(z) is twice continuously differentiable. Then

1
E[o(X) (X - Quea0)] = 0 7). (16)
as K — oo.
Proof. Let the cells be I; = [z;_1,x;) with reproduction r;, width A;, and midpoint m, as in

Section|A.2} Write e(z) 2 = — Qg A(z), so that e(x) = & — r; for 2 € I;. Then

E[g(X Z/ )z —r;) da.

Fix M > 0 and split the sum into cells intersecting [— M, M| (“interior cells”) and the remaining tail
cells (“exterior cells”).

12



Step 1: Interior cells. For an interior cell I; C [-M — n, M + 7] (for a fixed small > 0 and K
large enough), expand ¢ around the midpoint m;:

q(z) = q(m;) + q'(m;) (z — my) + q (G ) (& = my)?,
for some ¢; , € I;. Multiply by (z — r;) = (x — m;) + (mi — ;) and integrate over I;:
/1 q(x) (@ —ry)de = To + Ti1 + Ti 2,
where 1

Tio= (J(mz)/ (x —r;)de,
I

i

Tii & q’(mi)/l (x —my)(x —r;) de,

i

>

Ta2 g | 4Gl —m) ) dr

We bound each term using Lemma 2]

First, Lemmagives J; (@ —r;) dz = O(A?). Since g(m;) is bounded on [—M — 1, M + 7], we
have T; o = O(A?) uniformly over interior cells.

Second, note that (z — m;)(z — ;) = (z —m;)* + (m; — r;)(x —my) and [, (x —m;) dz = 0 by
symmetry. Hence

/I(:Emi)(xm)dx/l(xmi)defj.

Since ¢’ (m;) is bounded on [—M — n, M + 7], it follows that 7} ; = O(A?) uniformly over interior
cells.

Third, on I; we have |z — m;| < A;/2 and |z — r;| < |z —my| + |m; —ri| < A;/2+ O(A?) =
O(4;). Since ¢” is bounded on [—-M — n, M + n], we obtain

|T12|<C/ \J;—ml| |z — 7| da
< C'A; /(J:—ml) dx

fCA 12

= 0(A}).
Combining T; o = O(A3), T;.1 = O(A?), and T; » = O(A}) gives
/ q(z)(x — ;) de = O(A?) uniformly over interior cells.
I;

Summing over all interior cells and using Lemma(which gives A; = O(1/K) on compacts), we
obtain

Z / q(z)(x —r;))de =0 Z A3

i Ln[—M, M0 Li i Lin[— M, M]#0
1
-l
because there are O(K) interior cells and each has A3 = O(1/K?) uniformly.

13



Step 2: Tail cells. Let Ay = {z : |z| > M}. Using Cauchy—Schwarz,

s(AM«m%ur%ufﬂ

x(AM<mw—QmW¢QUé

The second factor is the (unweighted) MSE on the tail set and is bounded by E[(X — Q(X))?]/2 =
O(1/K) for companding quantizers (this is a special case of Appendix [B|with w = 1). The first
factor can be made arbitrarily small by choosing M large enough because ¢2/f = g f is integrable
whenever E[g(X)?] < oo, and in our application g is a conditional mean with finite second moment
by Assumption[I] Therefore, for any ¢ > 0 we can pick M so that the tail contribution is at most
¢/K in absolute value uniformly in K.

/ 4(@)(z — Q(x)) du
Anr

Step 3: Combine. For this fixed M and all sufficiently large K,
Elg(X)e(X)] = O(1> + ai.

K2 K
Letting € | 0 and then K — oo yields (I6). O

Proposition 1 (Bias order for the product error). Let D = XY — XY with X = Q Kx.ax (X) and
Y = Qky 2 (Y) as above. Then

E[D] = O(Ky> + Ky2). (17)
Consequently,

k(k—1)(ED)’ = o(Kx> + K32)  as  Kx,Ky — .

Proof. Writeex = X — X and ey =Y — Y. Using (2)),
ED] =E[Yex]| + E[Xey] — Elexey].
Since ex is a function of X only,
E[Yex] =E[E[Y | X]ex] = Elpyx(X) ex].
Apply gemmawith g = py|x and Qk xy to obtain E[Yex| = O(K?). Similarly, E[Xey] =
O(Ky7).

For the final term, Cauchy—Schwarz gives

[Elexey]| < \/EleX] Ele3].

The unweighted companding MSE satisfies E[e%] = O(K?) and E[e3.] = O(K?) (a special
case of Appendix, hence E[exey] = O((KxKy)™!). Using 2/(KxKy) < 1/K% + 1/K2
(AM-GM), this is also O(K > + K-?). Combining the three bounds yields (T7).

Finally, squaring (T7) gives (E[D])? = O((K%”> + Ky2)?) = o(Ky? + Ky?), completing the
proof. O

A.4 Dominant terms in E[D?]

We now prove that the mixed terms in (3) have expectation O (K )_(QK v 2.

Lemma 4 (A generic mixed-cell bound). Let ¢ : R? — R be twice continuously differentiable.
Consider companding quantizers Qx = Qg rx and Qv = Qk, x, with continuosly differen-
tiable point densities. Let r; and s; denote the reproduction points and let A; and 0; denote the
corresponding cell widths for Q x and Qy respectively. Assume the function

My(z,y) £ 950, o(x,
o(@,y) £ max  |070,¢(z,y)|
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is integrable with respect to fx y (x,y) dz dy when weighted by (Ax (z) Ay (y)) =2 on compact sets

(as made explicit in the proof below). Then, as Kx, Ky — oo,

Kx Ky 1
;;/j /J ¢(x,y>(x—m><y—sj>dydx=O(W>. (18)

Proof. Let I, = [x;_1,a;) and J; = [y;_1,y;) be the cells in  and y. Fix M > 0 and split the
double sum into (i) rectangles intersecting [—M, M]? and (ii) rectangles in the complement. We
bound both contributions.

Step 1: Rectangles intersecting a compact set. For a rectangle I; x J; intersecting [—M, M 1%,
pick the center point (7, s,) and perform a second-order Taylor expansion of ¢ around (r;, s;):

d)(xa y) = QS(Tia SJ) + ¢3:(Ti7 S])('r - Ti)
+ ¢y(ri,s;)(y — s5) + Ri (2, y),
where the remainder satisfies
1
R (@ y)| < 5Mp(Gy(,9) (= — ri)? + (y = 55)%)
for some ¢; j(x,y) € I; x J;.
Multiply the Taylor expansion by (x — r;)(y — s;) and integrate over I; x J;. The constant term

contributes
B(ri, ) </Ii(x—h-)dw> (/

J

(y —s5) dy) .

By Lemma each one-dimensional integral is O(A7) and O(67) on a compact region, hence the
constant term contribution is O(A?6?).

The ¢, term contributes

o) ([ (@ =) ( - sj>dy> = o(ads}),

since [, (z —r;)*> do = O(A?) by (I3). The ¢, term is analogous.
For the remainder term, note that on I; x .J; we have |z — r;| = O(A;) and |y — s;| = O(J;), so

[Rij (@, y) (@ = ri)(y — 55)| < CMy(Gij(w,9)) (A70; + Ai67).

Integrating over I; x J; contributes at most

C(A§5j+Al—6]3)// My (Gij(w,y)) dyda <
1, ),

C'A§; (AZQ + (5]2) sup Mgy.
IixJj

On compact sets, supy, ;. My is bounded and A;,§; = O(1/Kx),0(1/Ky), so this remainder
contribution is also O(A?0?).

Combining all pieces, we have shown that for rectangles intersecting [— M, M2,
| [ s =rw-s)dyds = o)),
I; Jj
uniformly. Summing over the O(K x Ky) rectangles intersecting [—M, M]? and using A; =

O(1/Kx), d; = O(1/Ky ) on compacts yields a total compact contribution of order O(Kx Ky -
K Ky?) = O(KPKy?).

15



Step 2: Tail rectangles. On the complement of [— M, M]? we bound the entire integral by absolute
values. Since |z —r;| < |z| + |r;| and similarly for y — s;, and since (X, Y") has finite (4 + €)
moments, by choosing M large we can make the tail probability Pr((X Y) ¢ [~ M, M)?) arbitrarily
small. The detailed bound follows the same truncation logic as in Lemmaﬁl first control the tail by
moments and then let M — oco. This yields a tail contribution that is o( Ky~ K, .

Step 3: Combine and conclude. Let the rectangles which intersect [—M, M]? be C := {(i, j) :
I; x JJ N [_M7 M]2 7é @} and ’(/}Z,j(x7y) = ¢($,y) (LL’ - ’f'i)(y - Sj)' Then

Kx Ky

ZZ//wwxydydx— Z/ g[J”:vydydx
=1 j=1 (i,5)eC
+ Z / ¢” z,y) dydz
(4,5)¢C

and from Step 1 we know that 3=, ;ycc [;, [ ¢i(z,y) dyde = O(K2K,2).

From Step 2 we know that

/ / i (e, y) dyde = o K52K52), V(irf) ¢ C
— ¥ // b (@,y) dy de = O(Kx Ky )o(Kx*Ky?)

(1,3)¢C
= O(Ky*Ky?).
Thus we see that
Kx Ky
ZZ/ ¢” z,y)dydz = O(K}ZK;2)
i=1 j=1
which is exactly (T8). O

Proposition 2 (Mixed terms in E[D?] are O(K y*Ky?)). Let D be as in Proposition|l| Then the
mixed terms in (3) satisfy

Elekey] = O(KY*Ky?), (19)
E[XYexey] = O(Kx2K;?), (20)
E[Yekey] = O(Kx2 Ky ?), 1)
E[Xexed] = O(Kx*Ky2). (22)
Consequently,
E[D?] = E[Y2e%] + E[X?e}] + O(K° Ky )

E[YZ2e%] + E[X%el] + o(Ky? + K 2).

Proof. Each expectation can be written as a double sum over rectangles I; x J;.
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() E[XYexey]. Write

Kx Ky

E[XYexey] = ZZ/ / xy(x —ri)(y — 55) fx,v(x,y) dyde.

1=15=1

Apply Lemmawith o(z,y) = zyfx,v(x,y) to obtain (20).

(ii) E[Ye%ey] and E[Xexe?]. For E[Y e ey| we write
B er] =3 [ [ o=y - s e o) dyde
ij 1; JJ;

Fix i and view (2 — 7;)? as a bounded factor of order O(A?) on I;; then apply the same second-order
Taylor argument in y around s; (as in Lemma to gain an extra factor 55?. Summing over ¢, j yields

O(K)_(QK;Z). The term E[X exe2.] is symmetric.
(iii) E[e%-€%].  Similarly,

6262: .’L'*'I"Z‘2 *5‘2 ZL', Z.
Elckel] Z//( Y2y — 5, Fry () dyd

On each rectangle, (z — 7;)* = O(A?) and (y — s;)* = O(7), and integrating over the rectangle
produces a factor A;J;. Thus each rectangle contributes O(A?é?) and summing yields (19).

(iv) Conclusion. Insert (T9)-22) into (@). Since K x>K,? = o( K x>+ Ky 2), the stated expansion
follows. O

A.5 Conditional weights and conclusion
Using Proposition2]in (3)) yields
E[D?] = E[Y?e%] + E[X?e3] + o( K2 + K32).
Conditioning on X and Y gives
E[Y?ex] =Elwx(X)ex],  E[X?e}] =Elwy (Y)e],

and combining with Proposition [I]in (T) yields (6).

B Proof of the Weighted Scalar High-Rate Theorem

We prove the We1ghted high-rate companding theorem used in Theoreml including a converse that
rules out a better K ~2 constant for any sequence of K -level scalar quantizers.

B.1 Scalar setting

Let X have density f on R and let w : R — (0, 00) be continuous. For a quantizer () with at most K
reproduction points, define the weighted MSE

D(Q) 2 E[w(X)(X — Q(X / @ Q) du.

Let Dy £ inf|yange(q)<x D(Q) and define h(z) £ f(z)w(z).

We assume throughout that h is continuous and strictly positive, and that

14 / h(z)'/3 dz < oco. (23)
R
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B.2 Nearest-neighbor form

Lemma 5 (Nearest-neighbor regions). Fix reproduction points r1 < --- < rx. Among all quantizers
using this codebook, the minimizer of D(Q) assigns each x to the nearest reproduction point in
squared error. Hence optimal quantizers can be taken to have interval cells.

Proof. We note that by w > 0

w(z)(z - Qx))* = w(x)(z —r4,)°

where i, £ arg min;{(z — r;)?} so that we achieve the minimum D(Q) when Q) is chosen to assign
z to its nearest neighbor among the reproduction points. Furthermore, in one dimension, these

intervals Q' (r;) = [2;_1, x;) are characterized by x; = 77'”;“1 .
O

B.3 Achievability: Bennett integral for a fixed point density

Fix a continuous point density A > 0 with fR A = 1 and construct Qi ». Denote its cells by
I; = [x;—1, z;) with width A, = x; — x;_1, midpoint m;, and reproduction point ;.

Lemma 6 (Bennett integral limit for companders). Assume \ is continuously differentiable and
Jz A r)?dr < oo. Then

h
lim K*D(Qx) = 112 / A(("”))z dz. (24)

Proof. Write

D(Qk) = Z/ Yz —1;) 2daz.

Fix M > 0 and decompose the sum into cells that intersect [—M, M| and cells that do not. We
handle these two contributions separately.

Step 1: Compact contribution. For a cell I; intersecting [— M, M], Lemma gives

AP
/ (x —r;)?dz = =% + O(A?),
. 12

uniformly. Since h is uniformly continuous on a slightly enlarged compact interval and A; — 0
uniformly on that compact region (by Lemmal[I), there exists &; € I; such that

/ h@)(@ — r)2 dz = (&) (A 4 O(A"’))

i

i

Multiply by K2 and use Lemmall]to write A; = 1/(K\(1;)) for some n; € I;:

K2/1 h(z)(z —7)*de = 112)?((77%))2 Ay + O(hl(fé)A¢> ;

because K2A? = (K2A3)A? = O(A?)A; = O(K ~2)A; on compacts where A; = O(1/K).
Summing over all cells intersecting [— M, M| gives
1 h(&;
K? Z / h(z)(z —r)*de = Z \ (g/)zAi +om(l), (25
it I;N[— M, M]#0 it I;1N[— M, M]#0 (i)
where 0p(1) — 0 as K — oo for each fixed M.

i

Because &;,n; € I; and max;, 1,~[—nr,m]0 Ai — 0, continuity implies >\h((n£i)) = ;Z((éi))z + o(1) for

some ¢; € I;. Therefore the right-hand side of (Z3) is a Riemann sum for f o (@) /A(z)? dz, and
we conclude that

M
lim K2 Z / Yz —1;) 2dz = i i) dzx.

2
Koo A[— M, M]£0 12 ) A@)
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Step 2: Tail contribution. Since 7/\? is integrable by assumption, we can choose M large enough

such that
h
/ (x)2 de <e.
|@|>M A(w)

A similar bound (using nonnegativity of the integrand and the same cell-width identity as above)
shows that for all K,

1 h
0<K? Z / Yz —r)Pde < — (x)Q dx—l—o(l)gi—l—o(l).
i: LiN[—M,M]= 12 J a1 AM(@) 12

Letting ¢ | 0 and then K — oo gives that the tail contribution vanishes in the K?-scaled limit.

Step 3: Combine and conclude. Combining the compact and tail contributions and then letting
M — oo yields 24). O

B.4 Optimize over \ (Holder inequality)

Given Lemmal 6] the leading constant for a fixed point density A is

A é/ dz, subject to )\>O,/>\:1.
) r A(2)? ! R

Let a(x) £ h(x)Y/3. Write

Holder with exponents 3 and 3/2 gives

s ()" ()" -

Therefore J(\) > ([ a)® = I®, with equality if and only if A\(z)  a(x), i.e.,

B@)'P b)Y

M (z) = — = 26
Combining with Lemma [6] gives the achievability statement
13
limsup K2D} < —. 27)

K—oo - 12

B.5 Converse: no smaller KX ~2 constant is possible

We now prove the matching lower bound lim inf e, oo K2D% > I3/12.

Lemma 7 (A lower bound on the distortion over a compact interval). Fix M > 0 and define the

truncated distortion
M

Du(@ 2 [ ha)e - Q) da.
Let huin v = inf,e—as,00) h(2), which is strictly positive by continuity. Then for any K-level
quantizer @,
1L
D > — h min J ? ) 28
m(Q) > 12; ¢;min | Je| (28)

where {Jy}L_, is the partition of [—M, M) induced by the quantizer cells (each Jy is an interval on
which Q is constant), L < K, and h¢ min £ inf,¢, h(z).
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Proof. On each induced interval .J, the quantizer output is a constant reproduction point, say Q(x) =
rg. Since h(x) > hy min for z € Jg,

[ b =1 o> e [ (0= re?a
Je Je

For an interval of length |Jy|, the function r — | 5, (@ = )2 dz is minimized at the midpoint of .Jy,

with minimum value |.J;|* /12. Therefore the integral is at least | J;|> /12 for any 7, giving
h min
h(x) (@ — re)? da > 2220 | g, 2
T 12
Summing over £ = 1, ..., L yields (28). O

Lemma 8 (Approximating fiVIM h'/3 by a partition of small mesh). Fix M > 0 and let wy;(6)
denote the modulus of continuity of h*/3 on [—M, M]:

wn(@ 2 sup (@) = h(y)?.
z,y€[—M,M]
lz—y|<é

Then for any partition {Jo}£_, of [~ M, M) into intervals with maximum length at most 6,

L M
D Bglin el > / h(z)3de — 2M wy (5). (29)
= —-M

Proof. Fix an interval J;. For any x € J;,, we have h/rim > h(z)'/? — wy(6) because

sup,c s, | ()3 — h(x)'/3| < war(6) and |J,| < 4. Integrating over z € J yields
ol = [ @) do = s (3) .
12

Summing over £ and using Y, |.J;| = 2M gives (29). O

Lemma 9 (Compact-set converse constmmant). Fix M > 0 and define

M .
Iy 2 / h(x)'/3 dz.
-M

Then

IS
1}g&f K?D3 > % (30)

Proof. Since D(Q) > Dy (Q) for every quantizer @, we have D} > inf | ange(0)<x Dn (@), and
it is enough to lower bound the latter.

Fix § > 0. Consider any K-level quantizer ), and let {J,}£_, be the induced partition of [—M, M|
(as in Lemmal[7), with L < K.

Case 1: the partition mesh exceeds §. If max,|J;| > 6, then Lemma and Ay min 2> Pmin, M
imply

hmin M <3
> : .
Du(Q) = 9 0

Case 2: the partition mesh is at most 6. If max, | J;| < 6, then Lemma 7] gives

L
1 1/3
E E min
é:l

\le
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Apply Holder to the nonnegative numbers a; = h;/ 3 [ Jol:

,min

(£) < ()< ()

s0 30, a3 > (X1, ag)?/K?2. Therefore

L 3
1 1/3
Dm(@) 2 1573 (Z g |Jz> :

By Lemma 8] the bracketed term is at least I, — 2Mw)y (8). Hence

DM(Q) (I}u —QMWJW((S))S.

S 1
~ 12K?

Combine the two cases. We have shown that for every K -level quantizer @,

.| Pmin,m 1 3
DM(Q) >m1n{ 12 (53, 12K2 (I]V[ —2MwM(6)) }

Taking the infimum over all () with at most K levels preserves the inequality. Multiply by K2 and let
K — oo. For fixed 4, the second term in the minimum dominates for large K, yielding

1 -
liminf K*Dje > = (I - 2Mwp (5))°.

K—oo

Finally let § | 0. Since h'/3 is uniformly continuous on [—M, M], wys(5) — 0, and we obtain

O
Theorem 3 (Weighted scalar high-rate constant and optimal density). Under (23),
3
1
lim K?D% = — /(f(x)w(x))l/?’ dz ) . (31)
K—oo 12 R

Moreover, the unique minimizing point density for the Bennett functional is 20), and the sequence of
companders Q i~ achieves the limit in (31)).

Proof. The achievability bound follows from Lemma [6] and the Holder minimization. For the
converse, Lemma [9]implies that for every M,
I M .
liminf K2D% > M [, = h(x)'/3 da.

Letting M — oo and using monotone convergence (since h'/3 > 0 and integrable) gives
limps o0 Ins = I, hence liminf oo K2D% > I3/12. Together with (27) this yields (BT). The
optimality and uniqueness of \* follow from the equality condition in Holder. O

C Proof of Theorem 2]

By Theorem Ny (@) o (fx (z)wx (€)Y and Xy (y) o (fy (y)wy (y))*/3.

For joint Gaussian (I2)), the conditional law satisfies
YI|X xw./\/<payx, 0%(1;)2)) :
ox
Hence

wx(z) =E[Y? | X =z2] = Var(Y | X = 2) + (E[Y | X = z])?

2
27y

= oy (1= p%) +p* —a”. (32)
X
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Similarly,
2 2 20§( 2
wy (y) = ox(1=p7) +p" -y~ (33)
Y

The marginal X ~ N(0, 0% ) has density fx(z) o exp(—z%/(20%)), so

2 2

(elahx(@) x exp( oz ) (0= 42 2)

and normalization yields the stated A% . The same reasoning with (33) yields A3..

D Proof of Theorem 2

Let u = /o x. Up to an additive constant, the log-density is

w1 2 2 2
é(u):—g+§log((1—p ) + pPu?).
Differentiate: )
1 2p
Vw)=u|—=
W= =3 ¥ 3= )+ )

Thus v = 0 is always stationary. For u # 0, stationarity requires

1 2p? 2 2,2 2 2 1
—= =0 < (1- =2p° <= =3- .
3 3= )+ ) A=) rrw =20 = w'=3-05

Real nonzero stationary points exist iff p> > 1/3, and then they are +/3 — 1/p2.

The curvature at the origin is
302 -1
3(1—p?)
If p> < 1/3, then £”(0) < 0 and, with no other stationary points, the density is unimodal with
maximum at 0. If p> > 1/3, then ¢”(0) > 0 so 0 is a strict local minimum and the only other

stationary points are the two symmetric maxima computed above, yielding bimodality. At p? = 1/3,
¢"(0) = 0 (critical point).

[// (0) —

E Closed Form for the Normalizer Integral

Define -
J(p) = / e_“2/6((1 —p?) + ,02u2)1/3 du.

By even symmetry and the substitution ¢ = u? (so du = $t~1/2d¢),

oo
I(p) = / e 5((1 = p?) + p%0) P12 4. (34)
0
Factoring (1 — p?) and rescaling ¢ yields, for p # 0,
Va(1=p?)36 /1 11 1—p?
Jp)="+———"—U(=,— 35

where U (a, b, z) is Tricomi’s confluent hypergeometric function. Also J(0) = /6.
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