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Computing
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Abstract—We introduce an error resilient distributed
computing method based on an extension of the channel
polarization phenomenon to distributed algorithms. The
method leverages an algorithmic split operation that trans-
forms two identical compute nodes into slow and fast
workers, which parallels the channel split operation in
Polar Codes. This operation preserves the average runtime,
analogous to the conservation of Shannon capacity in chan-
nel polarization. By leveraging a recursive construction
in a similar spirit to the Fast Fourier Transform, the
method synthesizes virtual compute nodes with dispersed
return time distributions, which we call computational
polarization. We show that the runtime distributions form
a functional martingale process, identify their limiting
distributions in closed-form expressions together with non-
asymptotic convergence rates, and prove strong conver-
gence results in Banach spaces. We provide an information-
theoretic lower bound on the overall runtime of any coded
computation method and show that the computational
polarization approach asymptotically achieves the optimal
runtime for computing linear functions. An important ad-
vantage is the near linear time decoding procedure, which
is significantly faster than Maximum Distance Separable
codes.

Index Terms—error correcting codes, Polar codes, coding
for computation, random processes, martingales in Banach
spaces

I. INTRODUCTION

As a result of the recent growth of data, the com-
puting paradigm has shifted into massively distributed
computing systems. Several distributed architectures and
software frameworks have been developed for large scale
computational problems. Notable examples include the
open source distributed computing framework Apache
Spark [1] and the parallel programming framework
MapReduce [2]. However, as the scale of a compu-
tational cluster increases, failing nodes, heterogeneity,
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and unpredictable delays pose significant challenges.
In particular, iterative optimization algorithms in ma-
chine learning such as gradient descent suffer from
slower workers, since each iteration typically requires
synchronization among the worker nodes. Such slow
workers are referred to as stragglers, which are especially
problematic in cheaper virtual machines running in the
cloud at very large scales. Another problem arises in the
security of data when the nodes are subject to adversarial
interference. Data encoding mechanisms can provide a
layer of security for sensitive datasets. Recently, con-
cepts and tools from the coding theory were applied
in distributed computation systems. This topic rapidly
gained interest in the recent years (see, e.g., [3], [4],
[5], [6] and the references therein). Particularly, in [3]
the authors proposed applying erasure codes to matrix
multiplication and data shuffling.

In this paper, we describe an information theoretic
framework for error resilient computation based on the
polarization phenomenon. We present a general mecha-
nism to obtain reliable and faster computational nodes
from unreliable and slow worker nodes. A major and
distinguishing advantage of the is the low complexity
encoding and decoding operations due to the special
structure of our construction. Our encoding and decod-
ing operations consist of only addition and subtraction
operations over the field of real numbers. Remarkably,
solving linear systems over the reals or finite fields
is not required in contrast to existing approaches. The
encoding and decoding can be performed in O(N logN)
time where N is the number of worker nodes with
serial computation. Moreover, the depth of the decod-
ing complexity is log(N) in a straightforward parallel
implementation.

A. Overview of Our Results

We consider a distributed computing framework with
unreliable and occasionally failing worker nodes, where



we model the worker job completion times as real
valued random variables. In a similar fashion to the
channel splitting operation in polar codes, we propose
a computational split mechanism that transforms two
identical workers into a fast and a slower worker. More
precisely, the slower worker stochastically dominates the
original worker, and the original worker stochastically
dominates the faster worker. The computational split can
be applied recursively to obtain virtual workers which
obtain progressively better (and worse) runtimes. We
show that the distribution of computation times follow
a functional martingale random process and establish
its convergence properties in Banach spaces. We prove
that the computation times polarize: the distribution of
the run times approach a Dirac delta measure in a
functional sense characterized by Lp norms, which we
fully characterize in closed form. In particular, we prove
almost sure convergence in Banach spaces, which is an
improvement to the existing analysis of Polar Codes,
and identify non-asymptotic rates of convergence. We
introduce several measures to order the virtual workers,
which can be computed ahead of the time. Moreover,
we show that several slow worker nodes can be frozen
according to any given order. Consequently, straggler
nodes can be eliminated by a simple freezing operation
in order to achieve computational resilience with desired
deadline considerations. We show that the proposed
scheme achieves optimal overall runtime, which can
be characterized in terms of the order statistics of the
runtime distribution. We also prove the information-
theoretic optimality of the proposed scheme, which can
be viewed as the analogue of achieving channel capacity
for unreliable distributed computing systems.

B. Prior Work

Several works investigated fundamental trade-offs of
redundancy and recovery and optimality of proposed
constructions [4]. The ideas were extended to matrix
multiplication in higher dimensions [7]. The authors in
[5] proposed a coding scheme for distributed gradient
descent. We refer the reader to [6] for a recent overview.
Polar Codes, invented by Arikan [8] were a major
breakthrough in coding and information theory. Their
construction provided the first capacity achieving codes
for binary input symmetric memoryless channels with an
explicit construction and efficient encoding and decod-
ing algorithms. Our work generalizes the polarization
mechanism underlying Polar Codes in finite fields to
real valued random variables. We extend the existing
martingale analysis in Polar Codes to Banach spaces to
obtain stronger convergence results, which can also be

of interest to traditional Polar Codes. The application of
traditional Polar Codes to distributed computation was
first proposed in our recent work [9].

C. Notation

We use the notation 1[x ≤ y] to denote a zero-one
valued indicator function which equals one whenever
x ≤ y and equals zero otherwise. The vector 1n ∈ Rn
is a length n vector of all ones. We use the notation
A(i, j) to denote entry (i, j) of a matrix A. We extend
scalar functions to vector valued functions entrywise.
The symbol A ⊗ B is used for the Kronecker product
of two matrices A and B. We use F (t) to denote
cumulative distribution (or density) functions (CDFs),
and p(t) to denote probability density functions when
they exist. We denote the continuous uniform distribution
on [a, b] by Uniform[a, b]. We use Uniform{i1, · · · iK} to
denote the discrete uniform distribution on the discrete
set {i1, · · · iK}. Similarly, Exponential(λ) represents the
continuous exponential distribution with mean parameter
λ. We use X d

=Y when two random variables are equal
in distribution, i.e., P [X ≤ t] = P [Y ≤ t] ,∀t ∈ R. We
use the symbol X d−→ P to denote that the random
variable X converges in distribution to P , where P is a
probability distribution.

II. PRELIMINARIES

A. Problem Setting

We now describe the stochastic setting we primarily
employ in our framework. Suppose that we have N
nodes at our disposal which are workers operating on
tasks in parallel. In the physical domain, these work-
ers might correspond to different units of computation
such as threads and cores in a single processor, mul-
tiple processors, graphical processing units, or multiple
servers in a cluster. We model the computation times of
worker nodes as nonnegative real valued random vari-
ables T (1), · · · , T (N) ∈ R≥0. The goal of computational
coding is assigning coded data blocks to computational
nodes such that the result of the computation can be
recovered in time preferably shorter than the maximum
of the variables T (1), · · · , T (N). We restrict our attention
to computing linear functions, which enables the use of
linear error correcting codes in assigning data blocks to
workers, which was first proposed in [3]. The design
of efficient and reliable coded computation schemes
and their analysis have become an important research
direction in the intersection of distributed computing,
error correcting codes and information theory [6].
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Our goal in this manuscript is to introduce a novel
computational polarization phenomenon that creates syn-
thetic runtime distributions, and leverage this property in
computational coding. Our framework differs from the
scheme investigated in [3] in the encoding and decoding
of the error correcting code, as well as in the analysis.
Importantly, our framework is based on a mathematically
rich functional generalization of channel polarization
that arise in Polar Codes [8] and complements existing
results. Moreover, our encoding and decoding algorithms
are considerably faster compared to other proposals in
coded computing. We next provide a short review of
simple uncoded and coded computing schemes in the
sequel.

B. Uncoded Computation

Suppose that a data matrix A is partitioned to N
local data blocks A1, · · · , AN ∈ Rm×d. Consider a
linear function f(·) : Rm×d → Rr applied to the
data blocks as f(A1), · · · , f(AN ), whose evaluations
are assigned as computational tasks for the N distinct
worker nodes. Then, the runtime of the conventional
uncoded computing scheme is given by the maximum
of N random variables

Tuncoded := max
k=1,···N

T (k) ,

which is the minimum time required to collect all the
responses f(A1), · · · , f(AN ).

We initially assume for simplicity that these random
variables are independent and identically distributed. We
postpone the discussion of heterogeneous workers to
Section III-I in which we discuss non-identical distri-
butions. Suppose that the computation times are i.i.d.
random variables distributed according to a cumulative
distribution function (CDF) F (t) such that

P
[
T (k) ≤ t

]
= F (t) for k = 1, · · · , N.

Under the i.i.d. assumption, the CDF of the runtime of
the uncoded computation scheme is found to be

P [Tuncoded ≤ t] =
∏

k=1,··· ,N

P
[
T (k) ≤ t

]
= F (t)N .

We assume that the CDF F (t) is known. When F (t)
is not known, it can be estimated from observations via
parametric models. Also, one can also use the empirical
distribution function F̂n given by

F̂N (t) :=
1

N

N∑
i=1

1[T (N) ≤ t] ,

instead of the CDF F (t). In distributed computing appli-
cations, there is often a vast number of observations to
model the CDF F (t). In Section VI, we illustrate both
approaches using parametric models, as well as empirical
distribution functions.

C. Repetition Coding

Repetition coding is commonly used in distributed
storage and computation systems as a simple method
to incorporate redundancy by replicating the tasks. An
N
K repetition code simply replicates each task N

K times.
Therefore, one only needs to obtain at least one replica
of each task to accomplish the computation. A straight-
forward calculation shows that the runtime distribution
of the repetition coded scheme, denoted by Trepetition,
can be described by the CDF (see e.g., [3])

P [Trepetition ≤ t] =
(

1− (1− F (t))N/K
)K

.

The distribution of the maximum time is quite unsatisfac-
tory in general. This is usually due to the heavy-tailed
distributions of the return times in cloud systems. As
the scale of computation exceeds several hundred worker
nodes, the maximum return time can be impractical.

D. Maximum-Distance Separable (MDS) Codes and
Coded Computation

MDS Codes are an important class of linear block
codes that achieve equality in the Singleton bound [10].
Examples of MDS codes include codes with a single
parity symbol which are of distance 2, and codes com-
prised of only two codewords; the all-zero and the all-
one sequences. These are often called trivial MDS codes.
In the case of binary alphabets, it is well-known that only
trivial MDS codes exist. In other alphabets, examples of
non-trivial MDS codes include Reed-Solomon codes and
their extensions.

A linear code of length N and rank K is a linear
subspace of the vector space FNq of rank K, where Fq
is the finite field of q elements. An (N,K) linear code
is an MDS code if and only if any K columns of its
generator matrix are linearly independent.

In MDS coded linear computation, the data ma-
trix A is first divided into K equal-sized submatrices.
An (N,K) MDS code is applied to each element
of the submatrices to obtain N encoded submatrices
A′1, · · · , A′N . We define the rate of a coding scheme as
R := K

N . The worker compute nodes run coded tasks
f(A′1), · · · , f(A′N ). Due to the linear independence of
the generator matrix and the linearity of the map f(·),
one can recover f(A) from any K task results. There-
fore, the runtime of the MDS coded computation is
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W (1)

W (2)
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x1 = u1 + u2

x2 = u2

y1

y2

u1

u2

Fig. 1: Single-step channel transformation described by
the linear map P : {0, 1} → {0, 1} described in (1).
Note that the arithmetic operations take place over the
binary field F2 = {0, 1}.

determined by the Kth fastest response, in contrast to
the uncoded scheme which is determined by the slowest
response.

Now, we present probabilistic analysis of the runtime
distribution. For i.i.d. runtime random variables T (1),
T (2), ..., T (N) sampled from the CDF F (t). Then the
runtime of the MDS coded scheme denoted by TMDS is
the Kth smallest value, i.e., Kth order statistics, which
follows the distribution

P [TMDS ≤ t] = FX(K)
(t)

=

N∑
j=K

(
N

j

)
[F (t)]j [1− F (t)]N−j .

It is easy to see that TMDS ≤ Trepetition ≤ Tuncoded with
probability one. Note that in [3], it was assumed that the
runtime distributions are scaled distributions F0(`t) of
a mother distribution F0(t), where ` is the number of
subtasks allocated to the workers. In all of our results, it
is more natural to not use this assumption. However, one
can substitute F (t) = F0(`t) to obtain the corresponding
results.

E. Polar Codes and Channel Polarization

Polar Coding is an error-correcting code construction
method that achieves the capacity of symmetric binary-
input discrete memoryless channels, such as the binary
symmetric channel and binary erasure channel [8]. In
this section, we briefly overview polar codes and their
analysis techniques. A central operation in Polar Codes
is the channel combination operation described by the
2× 2 linear transformation P2 : {0, 1}2 → {0, 1}2 over
binary vectors of length two given by

P2 :=

[
1 0
1 1

]
. (1)

Figure 1 depicts the application of the transformation
P2 on the input data sequence [u1, u2], which yields

encoded sequence [x1, x2] = [u1+u2, u2]. Here, W is an
arbitrary binary input symmetric channel described via
the conditional probability distribution W (y|x), where
x ∈ {0, 1} and y ∈ Y are the input and output respec-
tively, and W (1), W (2) are two independent, identically
distributed copies of this channel. Y is the set of output
values, e.g., Y = {0, 1, erasure} for the Binary Erasure
Channel. Note that the operations take place over the
binary field F2 = {0, 1}, where addition is modulo 2.
The encoded sequence is presented as an input to the
two identical copies of the symmetric binary-input mem-
oryless channels W (1) and W (2). Consequently, two
virtual and unequal channels W−,W+ are constructed
as follows. The first channel W− is for decoding u1
from y1 and y2, where u2 is unknown and regarded as
external noise. The second channel W+ is for decoding
u2 from y1, y2 and u1, assuming that u1 is available
at the decoder. More precisely, the virtual channels are
defined as

W−(y1, y2 |u1) :=
∑

u2∈{0,1}

1

2
W (y1 |u1 + u2)W (y2 |u2)

(2)

W+(y1, y2, u1 |u2) :=
1

2
W (y1 |u1 + u2)W (y2 |u2) .

(3)

It is easy to see that the total channel capacity is
conserved, but redistributed into a better I(W+) channel
and worse I(W−) channel in the following sense

I(W−) + I(W+) = 2I(W ) (4)

I(W−) ≤ I(W ) ≤ I(W+) , (5)

where the last inequality holds with equality if and only
if I(W ) ∈ {0, 1}.

A polar code of length N = 2n is obtained from the
linear embedding Pn, and encoding operation x = Pnu,
where Pn = P⊗n, and the superscript ⊗n denotes the
nth Kronecker power, equivalently described by Pn =
P ⊗ · · · ⊗ P︸ ︷︷ ︸

n times

.

Let I(W ) denote the symmetric Shannon capacity of
the channel W : {0, 1} → Y defined as

I(W ) :=
∑

x∈{0,1}

∑
y∈Y

1

2
W (y|x) log2

W (y|x)∑
x′∈{0,1}

1
2W (y|x′)

,

which is the mutual information between the input and
output of the channel W when the input is uniformly
distributed. As the construction size N increases, the
virtual channels {Wi}Ni=1 polarize in the following sense.
A fraction of I(W ) of the virtual channels approach
perfect channels, i.e., I(Wi) ≈ 1 whereas the remaining
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fraction of 1− I(W ) approach pure noise channels, i.e.,
I(Wi) ≈ 0. As shown in [8], one can send data at rate
1 through the perfect channels while sending data at
rate 0, essentially freezing the pure noise channels. Note
that freezing a subset of the channels can be achieved
by fixing certain entries of the input vector u to zeros
and using the remaining entries for data transmission.
Polar Codes leverage this coding scheme enabled by
the polarization phenomenon to achieve the symmetric
capacity of any discrete memoryless channel. Moreover,
the encoding and decoding complexity is O(N logN)
thanks to the recursive construction of Pn.

In this section we present our main results. We begin
by describing our setup and introducing the basic com-
putational polarization operation that forms the basis of
our method.

Let us consider a distributed computing task where a
large data matrix A and a function f(·) is given. Suppose
that the data matrix is partitioned to submatrices over the
rows as

A =
[
AT1 AT2 . . . ATK

]T
.

This setting is very common in machine learning where
each row corresponds to an individual sample. The split-
ting operation can also be performed over the columns to
yield similar results. Suppose that the function decom-
poses to element-wise evaluations on submatrices as

f(A) =
[
f(A1)T f(A2)T . . . f(AK)T

]T
.

Important examples of such functions include matrix
multiplication with a given matrix, and linear filtering
operations which can be stated as f(A) = AB where
B ∈ Rd×m. These decomposable functions can be eval-
uated in parallel by computing f(A1), f(A2), ..., f(AK)
as local tasks in a distributed system of worker nodes.

We now introduce the basic building block of compu-
tational polarization, which is an analogue to the opera-
tion depicted in Figure 1 that creates the virtual channels
in (2) and (3). In contrast to the runtime characterizations
described earlier, the described operation creates virtual
worker nodes with unequal runtime distributions.

F. One Step Computational Polarization

In the basic building block, we will synthesize two
virtual workers from two physical workers. This opera-
tion is depicted in Figure 2. Suppose that the data matrix

is partitioned into two as A =

[
A1

A2

]
.

Suppose that the task is to compute the values f(A1)
and f(A2). Let us consider the order two Hadamard
matrix

H2 :=

[
1 1
1 −1

]
,

and form the transformed matrices A1+A2 and A1−A2

and compute the function on these matrices

Y (1) = f(A1 +A2) and Y (2) = f(A1 −A2) .

Now, we illustrate decoding in the case of linear func-
tions, which satisfy

f(A1 +A2) = f(A1) + f(A2)

f(A1 −A2) = f(A1)− f(A2) .

To finish the overall computation, we proceed recovering
the values f(A1) and f(A2) successively as follows:

(i) slow worker computes f(A1) using Y (1), Y (2) (6)

(ii) fast worker computes f(A2) using Y (1), Y (2)

assuming f(A1) has already been computed. (7)

In particular, we may specify the completion times of
these virtual workers as follows

(i) slow worker completes its computation when

Y (1) and Y (2) are both available at time max(T (1), T (2))

(ii) fast worker completes its computation when

either Y (1) or Y (2) is available at time min(T (1), T (2)).

Therefore, the slow worker finishes the reconstruction of
the computation f(A1) and f(A2) when both quantities
are available, therefore in time max(T (1), T (2)). In con-
trast, the fast worker finishes the reconstruction of com-
putation in time min(T (1), T (2)) due to the availability
of f(A1) beforehand.

At this point, observe that we may freeze the slow
worker by setting the input matrix A1 to a matrix
of all-zeros, or any fixed matrix, and use the input
matrix A2 for data. This step avoids the slow runtime
max(T (1), T (2)) via redundancy. It can be verified that
this scheme is identical to a simple rate 1/2 repetition
scheme in this special case.

The above one step polarization operation creates two
virtual workers whose runtimes are T− and T+ are given
by

T+ = max(T (1), T (2))

T− = min(T (1), T (2)) .

Note that this is analogous to the virtual channels
created by the two-step polarization transform in (2) and
(3). It can be easily verified that the average runtime
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Worker 1

Worker 2

+

+×
−1

A1 +A2

A1 −A2

f(A1 +A2)

f(A1 −A2)

A1

A2

compute f(A1)

T+ = max(T1, T2)

compute f(A2)|f(A1)

T− = min(T1, T2)

f(A1)

f(A2)

f(A1)

Fig. 2: The basic building block of computational polarization
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Fig. 3: Tree representation of the polarization of com-
putation times generated from the Uniform[0, 1] base
distribution. The base distribution is at the root node
(top). The average function values of the left and right
children is equal to the parent node’s function value for
each point in the domain.

is preserved under this transformation as a result of the
min and max operations, which establishes a martingale
property. Specifically, the expected values of respective
runtimes obey

1

2
E
[
T−] +

1

2
E
[
T+
]

=
1

2
E
[
T (1) + T (2)

]
= E[T (1)] ,

where in the final equality we assumed that T (1) and
T (2) are identically distributed. This preservation prop-
erty is reminiscent of the capacity preservation observed
in Polar Codes in equation (4): the average computation
time is preserved. Furthermore, other relevant quantities
are preserved under this transformation, such as the
expected value of the product, i.e.,

E
[
T−T+

]
= E

[
T1T2

]
= E

[
T1
]2
,

since the relation min(T1, T2) max(T1, T2) = T1T2
always holds. Moreover, we have

min(T1, T2) = T− ≤ T+ = max(T1, T2) (8)

with probability one, which immediately follows from
the definition of T− and T+ through the min and
max operations respectively. The inequality in (8) holds
with equality if and only if T1 = T2. This property
is analogous to the redistribution of capacity shown in
(5). Noting that T1 and T2 are i.i.d. realizations of the
same random variable, it is intuitively natural to expect
a redistribution of the runtime, unless the distribution
is deterministic. We illustrate the two-point min-max
transformation via the diagram in Figure 6 (a), which is
extended in Figure 6 (b) to a four-point transformation.

The distributions of the virtual worker runtimes can
be characterized in terms of their CDFs as follows. First,
consider the distribution of T+ = max(T (1), T (2)) given
by

P
[
max(T (1), T (2)) ≤ t

]
= P

[
T (1) ≤ t, T (2) ≤ t

]
= P

[
T (1) ≤ t

]
P
[
T (2) ≤ t

]
= F (t)2 (9)

Next, one can carry out the calculation for the distribu-
tion of T− = min(T (1), T (2)) as follows

P
[
min(T (1), T (2)) ≤ t

]
= 1− P

[
min(T (1), T (2)) > t

]
= 1− P

[
T (1) > t, T (2) > t

]
= 1− P

[
T (1) > t

]
P
[
T (2) > t

]
= 1− (1− F (t))2 . (10)

Therefore the CDFs follow the functional tree process
shown in Figure 4, which map a base CDF F (t) into
F+(t) = F (t)2 and F−(t) = 1 − (1 − F (t))2. It is
worth noting that the virtual worker runtimes after one
step of computational polarization obey a total ordering

F (t)2 = F+(t) ≤ F (t) ≤ F−(t) = 1− (1− F (t))2 ,

for all t ∈ R, in which equality holds if and only if
F (t) ∈ {0, 1}, ∀t. Hence, the distribution F− stochasti-
cally dominates F , which stochastically dominates F+

(see, e.g., [11], [12]), and it follows that the runtime F−
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F (t)

F+ = F (t)2

F− = 1− (1− F (t))2

Fig. 4: Basic split operation describing the
functional process

F (t)

F+ = F (t)2

F− = 2F (t)− F (t)2

F++(t) = (F (t)2)2

F+−(t) = 2(F (t)2)− (F (t)2)2

F−+(t) = (2F (t)− F (t)2)2

F−−(t) = 2(2F (t)− F (t)2)− (2F (t)− F (t)2)2

Fig. 5: Recursive tree process describing the evolution of
the CDF F (t)

T (1)

T (2)

T+ = max(T (1), T (2))

T− = min(T (1), T (2))

(a) N = 2

T1

T2

T3

T4

max(T1, T2)

min(T1, T2)

max(T3, T4)

min(T3, T4)

max(max(T1, T2),max(T3, T4))

min(max(T1, T2),max(T3, T4))

max(min(T1, T2),min(T3, T4))

min(min(T1, T2),min(T3, T4))

(b) N = 4

Fig. 6: Evolution of the random runtimes after (a) the
two-point, (b) the four-point min-max transform.

(F ) is preferable to F (F+) for every weakly decreasing
utility function φ(·), i.e.,∫

φ(t)dF−(t) ≥
∫
φ(t)dF (t) ≥

∫
φ(t)dF+(t) .

(11)

We next describe a recursive application of the one
step computational polarization that yields a recursive
random process involving the min and max operators.

G. Recursive Computational Polarization

We now recursively apply the basic construction in
Figure 2 to 4×4 as shown in Figure 7; in this case, this
operation corresponds to the discrete Hadamard trans-
form. Using the butterfly connections, this construction
can be iterated for any power of two in a similar spirit to
recursive Plotkin construction of Polar codes [8]. Given
N independent and identically distributed continuous
random variables T (1), T (2), ..., T (N) ∼ F recursively
applying the 2 × 2 transformation. This yields a family
of distributions which are polarized to either slower or

faster compute times as illustrated in Figure 6. In the
case of N = 4, the runtimes are given by

T−− = max
(

max(T (1), T (2)),max(T (3), T (4))
)

T−+ = min
(

max(T (1), T (2)),max(T (3), T (4))
)

T+− = max
(

min(T (1), T (2)),min(T (3), T (4))
)

T++ = min
(

min(T (1), T (2)),min(T (3), T (4))
)

It is easy to see that the martingale property again holds
since 1

4

(
T−−+T−+ +T+−+T++

)
= 1

4

(
T (1) +T (2) +

T (3)+T (4)
)
. The corresponding CDFs are obtained by a

recursive application of the mapping F (t)→ {F (t)2, 1−
(1− F (t))2} = {F+(t), F−(t)}, which are given by

T++ = (F (t)2)2

T+− = 2(F (t)2)− (F (t)2)2

T−+ = (2F (t)− F (t)2)2

T−− = 2(2F (t)− F (t)2)− (2F (t)− F (t)2)2 .

The closed-form expressions are shown in Figure 5 as
a tree process with function valued nodes. In Figure 3,
these CDFs are plotted. Note that the empirical CDFs
move away from each other as N increases, and we
obtain better and worse run time distributions, which
is what we term the computational polarization process.
We show later (see e.g., Figures 13 and 14) that a total
ordering in terms of stochastic dominance similar to (11)
will no longer be possible for larger N . However, we
will investigate ordering according to various criteria and
provide resulting theoretical guarantees.

For the general construction where N = 2n, we
construct the N × N matrix HN = H⊗n2 and apply
the RN → RN transformation PNHN to the N -vector
{A1(i, j), · · ·AN (i, j)} for all matrix elements i and j.
Here, P is the bit-reversal permutation matrix defined
as follows. Let us index the ith element of a length
N = 2n vector by the binary representation b1 · · · bn of
the integer i−1, for which i = 1 +

∑n
j=1 bj2

j−1. Then,
the bit-reversal permutation matrix PN maps a vector x
to x′, for which x′bn···b1 = xb1···bn . In simpler terms, the

7
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Fig. 7: Recursive Computational Polarization: Two-point transformations are recursively applied to data blocks
before distributed computation. This specific construction depicts H4 built from two copies of H2.

(a) N = 1 (b) N = 2 (b) N = 4 (b) N = 8

Fig. 8: Computational polarization applied to the bi-
modal triangular distribution (a), generates the piecewise
polynomial distributions in (b), (c), (d) as elements of the
function valued martingale process

bit-reversal permutation permutes the vector according to
the bit reversed ordering. We refer the reader to Section
1B of [8] for further details on the bit-reversal operation.
We may use the integer index i ∈ {1, 2, ..., N} and
b1 · · · bn, referred to as the bit index interchangeably
when it is clear from the context. Specifically, elements
of the set {T (1), · · ·T (N)} can be alternatively indexed
by Tb1···bn in this fashion.

In the general construction, N virtual work-
ers compute f(Ak) when provided the values of
f(A1), · · · , f(Ak) for k = 1, · · · , N . The runtime
random variables for the virtual workers can be com-
puted as follows. Given N i.i.d. random variables
T (1), T (2), ..., T (N) ∼ F for the runtimes, the recursive
application of the 2 × 2 min-max transformation. Let
us represent the sample paths using a binary valued
sequence {bj}∞j=1 with elements bj ∈ {0, 1}. Define

Tb1b2...bnbn+1
=

{
max

(
Tb1b2...bn , T

′
b1b2...bn

)
if bn = 1

min
(
Tb1b2...bn , T

′
b1b2...bn

)
if bn = 0 .

Consequently, applying the same argument as in equa-
tions (9) and (10), the corresponding runtime distribu-

tions characterized by the CDFs

Fb1b2...bn(t) = P [Tb1b2...bn ≤ t] ,

follow the recursion

Fb1b2...bnbn+1(t) =

{
Fb1b2...bn(t)2, ∀t if bn+1 = 1

1− (1− Fb1b2...bn(t))2, ∀t if bn+1 = 0 .

(12)

We introduce the alternative integer nota-
tion Fn,1, Fn,2..., Fn,N to index the CDFs
{Fb1b2...bn}

b1=1,...,bn=1
b1=0,...,bn=0 where b1, ...bn is the bit

index and N = 2n, as described earlier in this section.

Remark 1 (Freezing workers). As in Polar Codes,
one can freeze undesirable virtual workers: we can set
Ai = 0 for i ∈ F for some set F to eliminate the cor-
responding runtimes. As a result, we are able to achieve
various runtimes by choosing a suitable freezing set F
that controls the degree of redundancy. Alternatively, one
can compute f(Ai) for i ∈ F at a reliable worker node,
instead of freezing the virtual workers for the same effect.

Next, we illustrate the shape of the virtual runtime
distributions for a variety of base CDFs.

Proposition 1. Suppose that the base distribution speci-
fied by the CDF F (t) is a piecewise polynomial function
with degree at most q. Then the polarized CDFs after a
size N = 2n, or equivalently depth n polarizations are
piecewise polynomial functions with degree at most qN .
Furthermore, the polarized distributions admit probabil-
ity densities, which are piecewise polynomial functions
of degree at most qN − 1.

The above result immediately follows from the recur-
sive definition given in (12) by inspection. We provide
a graphical depiction of this result in Figure 8 for a

8



1
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4(1− t)3

4t(1− t)(2− t)

4t(1− t)(1 + t)

4t3

Fig. 9: Tree process describing the polarization of the
uniform distribution. Sample paths of the functional
martingale process that corresponds to the polarized
computation times are depicted as a tree with function
valued nodes.

bimodal triangle shaped piecewise linear distribution.
Next, we provide an analytical characterization for the
special case of the uniform runtime distributions.

Example 1 (Polarization of the Uniform Distribution).
Suppose that T (1), ..., T (n) are distributed according
to the uniform distribution on the unit interval [0, 1].
Then the marginal distribution of the order statistics
T(1), ..., T(n) sorted in increasing order is given by the
Beta distribution family, i.e., T(k) ∼ Beta(k, n+ 1− k)
[13]. The probability density function of the sorted
runtime variable T(k) is equal to

pT(k)
(t) =

n!

(k − 1)!(n− k)!
tk−1(1− t)n−k .

For n = 4, the marginal distributions are given by

pT(1)
(t) = 4(1− t)3

pT(2)
(t) = 12t(1− t)2

pT(3)
(t) = 12t2(1− t)

pT(4)
(t) = 4t3 .

In contrast, the runtime distributions for the computa-
tional polarization scheme are given by the tree in Figure
9. Interestingly, the distributions pT(1)

(t) and pT(4)
(t)

coincide with the Beta distribution, since they are ex-
tremal order statistics, while the other two distributions
4t(1− t)(2− t) and 4t(1− t)(1 + t) are different. Both
families of probability densities are depicted in Figure
10. This mismatch arises as a result of the martingale
nature of the polarized computation times. It can be
observed that the computational polarization scheme
approximates the marginal order statistics.

The preceding example also demonstrates an inter-
esting computational trade-off in the decoding process.
Decoding in the computational polarization scheme is

of very low cost due to the successive cancellation
operation which can be carried out over real numbers
without multiplication, and using only addition and
subtraction; which is simply a sign flip operation. On
the other hand, although MDS codes may provide better
performance, decoding MDS codes is a significantly
more complex process which generally involves solving
linear systems and multiple steps. These linear systems
typically require cubic complexity in the dimension of
the unknown variables. Moreover, certain constructions
and decoding methods for MDS codes are based on
finite field arithmetic and pose an additional obstacle. For
instance, Fermat Number Transform (FNT) based MDS
codes have sub-cubic complexity, however they suffer
from additional computational overhead (see Section
VI-B for a comparison).

H. Decoding

The decoding of the overall computation can be done
in a similar spirit to the successive cancellation decoder
of traditional Polar Codes over finite fields, where a
major difference is that it operates over real-valued data.
An implementation of the successive decoding strategy
for real-valued polar codes was described in the earlier
work [9]. Specifically, the principle behind the decoder
parallels the successive cancellation strategy described in
[8] and is as follows. For decoding every block f(Ai), it
is the case that either Ai is frozen, i.e., f(Ai) is known
beforehand, or f(Ai) can be found as in (6) and (7)
by addition and subtraction over the reals as a result
of the recursive construction. Therefore, when a suitable
freezing set F is determined, one can finish the overall
computation in time

max
b1b2···bn 6=F

Tb1b2···bn ,

where we used the alternative bit index b1b2 · · · bn to
index the virtual workers.

It is easy to see that the decoding can be performed in
O(N logN) time in serial computation as in successive
cancellation decoding of Polar Codes. With a parallel im-
plementation using N workers, the decoding complexity
is O(log(N)) per worker yielding a O(log(N)) depth
algorithm..

I. Larger Construction Sizes and Asymptotics of Com-
putational Polarization

In this section, we explore larger construction sizes
to gain intuition in the asymptotics of computational
polarization. First, we note that it is possible to employ
the recursive formula given in (12) to analytically obtain

9
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Fig. 10: Order statistics of the uniform random variables given by the Beta distribution (red + markers) vs polarized
uniform computation times (solid blue)

the polarized distributions at any construction size, of a
power of two. As an illustrative example, we show the
polarized probability densities for N = 8, 16, 32, 64 in
Figures 11 and 12.

Example 2 (Asymptotics of the uniform runtime dis-
tributions). Let us consider F = Uniform[0, 1], the
continuous uniform distribution on [0, 1]. It can be shown
that the worst machine computation time T000··· =
maxi=1,...,N T (i) admits a probability density function
f(t) = NtN−1. We also obtain that T000··· converges to
1 in probability as follows

P [T000··· ≤ t] = P
[

max
i∈[N ]

T (i) ≤ t
]

= P
[
T (i) ≤ t ∀i ∈ [N ]

]
=

N∏
i=1

P
[
T (i) ≤ t

]
= tN

We then have limN→∞ P [T000··· < 1] = 0, and conse-
quently T000··· converges to 1 in distribution. Moreover,
the convergence can be improved to almost sure conver-
gence. We first note that

∞∑
N=1

P
[

max
i∈[N ]

T (i) ≤ t
]

=

∞∑
N=1

tN =
1

1− t
<∞ ,

for t < 1. By applying Borel-Cantelli lemma we obtain

lim
M→∞

P

[ ∞⋃
N=M

{max
i∈[N ]

T (i) < 1}

]
= 1 ,

and conclude that T000··· converges to 1 almost surely.
A parallel argument shows that the computation time
T111··· converges to 0 almost surely.

In Figures 13, 14 and 15 we contrast polarized com-
putation times calculated according the uniform and ex-
ponential base distributions. Interestingly, the polarized
distributions exhibit similar qualitative behaviors that
resemble the Gaussian distribution as the construction

size increases. We leave characterizing such universality
properties as an interesting future research direction.

J. Banach Space of Radon Measures, its Dual Space and
Lp Spaces of Functions

In this section, we briefly introduce the mathematical
background on Banach spaces and Radon measures to
state our main results. Recall that (S,Σ) is a measurable
space if S is a nonempty set and Σ is a σ-algebra of
subsets of S. A measure on (S,Σ) is defined as any
map µ : Σ → [0,+∞) such that µ(∅) = 0 where µ
satisfies σ-additivity defined by

µ
(
∪n∈N

)
=
∑
n∈N

µ(An) ,

for sets An ∈ Σ which are pairwise disjoint. A Radon
measure on R is a finite measure which is regular, more
precisely, for each Borel set B ⊂ R

µ(B) = sup {µ(C) : C ⊆ B is compact} .

Given a measure µ on R, we define its total variation by

‖µ‖TV := sup
π

∑
A∈π
|µ(A)| ,

where the supremum is taken over all partitions π of S
into a countable number of disjoint measurable subsets.
The set of Radon measures µ on R equipped with the
total variation norm ‖µ‖TV is a Banach space which we
denote by M(R).

We define C(R) as the Banach space of continuous,
real valued functions on R

C(R) := {f : R→ R , f is continuous}

equipped with the supremum norm

‖f‖∞ := sup
t∈R
|f(t)| .

Riesz–Markov–Kakutani representation theorem states
that the dual space C∗(R) is the set of Radon measures
M(R) (see e.g., Chapter 7 in [14]). More precisely,
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(a) N = 8 (b) N = 16

Fig. 11: Computational polarization of Uniform[0, 1] at different construction sizes.

(a) N = 32 (b) N = 64 (the inset zooms in on the bottom rows)

Fig. 12: Computational polarization of Uniform[0, 1] at different construction sizes.

for every positivity preserving linear functional Φ(f) :
C(R) → C(R), such that Φ(f) ≥ 0 whenever f ≥ 0,
there exists a unique Radon measure µ such that

Φ(f) =

∫
fdµ .

An implication of this bijective correspondence is the
dual representation of the total variation norm

‖µ‖TV = sup
f∈C(R), ‖f‖∞≤1

∣∣∣∣∫ fdµ

∣∣∣∣ . (13)

Therefore, we can identify Radon measures as the
Banach space of bounded linear functionals on C(R)
with respect to the supremum norm.

We can construct Radon measures directly from cumu-
lative distribution functions. Let F be a right-continuous
and non-decreasing function with support [a, b] ⊆ R.
We define the generalized inverse distribution function
G(u) = supt∈R t s.t. F (t) ≤ u. Next, we define the
Radon measure µ as

〈µ, f〉 =

∫ b

a

f(G(u))du .

Here, the preceding Lebesgue-Stieltjes integral can also
be written as

〈µ, f〉 =

∫ ∞
−∞

f(t)dF (t) .

11
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(b) Polarized probability density functions

Fig. 13: Polarized runtime distributions generated by a Uniform[0, 1] base distribution for N = 32. Note that a subset
of polarized CDF curves intersect at various points. Therefore, a total ordering in terms of stochastic dominance
of the CDFs is not possible.
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(b) Polarized probability density functions

Fig. 14: Polarized runtime distributions generated by a Exponential(1) base distribution for N = 32. The base
distribution is not symmetric, which generates a non-uniform distribution of polarized probability density functions.

Let us define the Dirac delta measure δa as the Radon
measure which satisfies

〈δa, f〉 = f(a) .

From the dual representation of the total variation norm
in (13), we observe that ‖δa‖TV = 1. In fact, it can be
shown that Dirac delta measures are the extreme points
of the unit total variation ball given by {µ ∈ M(R) :
‖µ‖TV ≤ 1}. It can be verified that δa is generated by
the cumulative distribution function

F (t) =

{
0 for t < a

1 for t ≥ a .

We use the notation d
dtF (t) = δa to indicate this

correspondence, which formally means that

∫
f(t)dF (t) = 〈f, δa〉 = f(a).

Note that, although F (t) is not differentiable at every
point, δa ∈ M(R) and F (t) ∈ C(R) are well-defined
according to the above, and our notation d

dtF (t) = δa is
justified.

Lp spaces of functions
We define the Lp norm of a function f(t) : R→ R with

12



(a) Uniform[0,1] (b) Exponential(1)

Fig. 15: Polarization of Uniform and Exponential return distributions for construction size N = 32

respect to the Lebesgue measure by

‖f‖Lp ,

(∫
|f(t)|pdt

)1/p

for 1 ≤ p <∞ , and

‖f‖L∞ = ess supf(·) for p =∞,

where ess supf(·) stands for the essential supremum of
f . The space Lp(R) consists of measurable functions
R → R such that ‖f‖Lp < ∞, where two measurable
functions are equivalent if they are equal almost every-
where with respect to the Lebesgue measure.

K. Freezing and Local Assignment of Computations

In polar codes, the channels with large Bhattacharyya
parameters can be frozen by fixing their inputs to known
quantities, e.g., zero bits. This process ensures reliable
decoding of the successive cancellation decoding and
enables capacity achieving behavior of the Polar codes.
Note that this is possible since the set of real numbers
is a totally ordered set. However, this simple fact is no
longer true for the elements of a vector space martingale,
whose elements consist of continuous functions.

In computational polarization, one can freeze workers
by transmitting fixed data such as zero matrices. As a
result, undesirable runtimes can be avoided in a straight-
forward manner. However, the functional nature of the
martingale process presents another theoretical challenge
in deciding the set of workers to freeze, which corre-
spond to individual density functions. In contrast, in tra-
ditional Polar Codes, the freezing set can be determined
simply by sorting scalar channel reliability values and
freezing unreliable channels. Here, we explore multiple

options for the freezing set with different overall runtime
design considerations and theoretical guarantees.

1) Quantile rule: We pick an arbitrary time instant
t∗ ∈ R, and consider the set of indices that solve

min
S : |S|≤RN

∑
i∈S

Fn,i(t
∗) , (14)

which is achieved by picking the indices of the smallest
RN values of Fn,i(t∗) for fixed n and t∗. The main
motivation behind this rule is the union bound applied to
the recovery time of the computation. Consequently the
complement of the set S is frozen. However, the role of
the value of t∗ is non-obvious and yet to be determined.
In Section III, we show that the quantile value t∗ =
F−1(R) has desirable properties in the recovery time.

2) Laplace transform rule: Here we consider the
Laplace transform of the runtimes

Mn,i(λ) =

∫
eλtdFn,i(t) .

Now we consider the set of indices that solve

min
S : |S|≤RN

∑
i∈S

Mn,i(λ) . (15)

Similarly, the above optimal set is achieved by picking
the indices of the smallest RN values of Mn,i(λ) for
fixed n and λ. This rule significantly differs from the
quantile rule. The motivation behind this rule is a tight
upper-bound on the expected runtime in terms of the
Laplace transform, as we will establish in Theorem 4 of
Section III.
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L. Fixed Points and Cycles of the Functional Process

Fixed points of the functional process in (34) are given
by the following equation

F (t)(1− F (t)) = 0 .

It follows that the fixed points satisfy F (t) = 0 or
F (t) = 1 for all t. Therefore the fixed points are
step functions F (t) = 1[t ≤ t0] for some t0 ∈ R.
When the process is initialized with one of these fixed
points, we have Fn(t) = F (t), ∀n ∈ N. It is criti-
cal to note that there exists certain paths that exhibit
nonconvergent behavior. Particularly, suppose that the
base distribution F (t) is such that F10 = F (t). Then,
it follows that F1010 = F (t) and F10101010··· = F (t) ad
infinitum. Although in the martingale process this event
has probability converging to zero, the fixed points can
be characterized in terms of polynomial equations. We
now illustrate this for the case of length two cycles in
the following example.

Example 3 (Length two cycles).

We define k-step fixed points as Fb0b1···bk = F (t) for a
bit sequence b0b1 · · · bk. The two-step cycles correspond-
ing to the infinite sequence 1010 · · · can be found using
the following equation

F10(t) = 2(F (t)2)− (F (t)2)2 = F (t) .

The above is a depressed quartic equation in z = F (t)

z4 − 2z2 + z = 0 .

The solutions of the preceding equation are given by{
0, 1, ϕ−1,−ϕ

}
, where ϕ =

√
5+1
2 is the golden ratio.

Recall that the golden ratio satisfies

1 +
1

ϕ
= ϕ .

Noting that 0 ≤ F (t) ≤ 1 for all t, the only valid
solutions for F (t) are {0, 1, ϕ−1}. Combined with the
fact that F (t) is non-increasing, we obtain that F (z) is
the sum of two unit step functions

F (t) = (1− ϕ−1)1[t ≤ t0] + ϕ−11[t ≤ t1]

for some t0, t1 ∈ R satisfying t0 < t1. The correspond-
ing probability distribution is given by

p(t) = (1− ϕ−1)δt0 + ϕ−1δt1

for some t0, t1 such that t0 < t1. When the base
distribution is given by this family of distributions, it
holds that F0101···(t) = F (t), which does not converge
to the Dirac delta measure.

III. LIMITING DISTRIBUTION AND ACHIEVING
OPTIMAL RUNTIME

In this section we establish the limiting distribution of
the function process, and prove that the computational
polarization scheme can achieve the optimal runtime.

A. Evolution of the Cumulative and Probability Density
Function

We index the cumulative density functions in the
computational polarization process by bit sequences
analogous to the analysis in Polar Codes. The CDF
resulting from the maximization, i.e., slower worker, is
indexed with 1, whereas the lower CDF resulting from
the minimization, i.e., faster worker, is indexed with 0
at every layer.
The Functional Tree Process: Consider an infinite
binary tree, where each node is associated with an
element of a Banach space, e.g., continuous functions
in Lp. We start with the null sequence at the root node,
which corresponds to the base distribution F (t). At the
construction level n and a CDF indexed by b1b2 · · · bn,
the slower worker node constructed from it is indexed
by b1b2 · · · bn1. Similarly, the faster worker constructed
from the CDF indexed by b1b2 · · · bn is indexed by
b1b2 · · · bn0. We denote the CDF indexed by the bit
sequence b1b2 · · · bn by F b1b2···bn(t).

In order to analyze the evolution of the polar-
ized CDFs, we define a functional random tree pro-
cess {Fn(t), n ≥ 0}. Consider the probability space
(Ω,B,P), where Ω is the space of all binary sequences
(b1, b2, ...) ∈ {0, 1}∞, B is the Borel field generated by
the cylinder sets

S(b1, b2, ...) := {w ∈ Ω, : w1 = b1, · · · , wn = bn} for n ≥ 1

and P is the probability measure defined on B such that
P[S(b1, b2, ...bn)] = 2−n. Define Bn as the Borel field
generated by the cylinder sets S(b1, b2, ...bi), 1 ≤ i ≤ n
and B0 as the null set. Now we define the random process
Fn(t) = F b1b2···bn(t) for w = (w1, w2, ...) ∈ Ω and
n ≥ 1.

The CDF functional process is defined by

Fn+1(t) =

{
Fn(t)2 if bn = 1

1− (1− Fn(t))2 if bn = 0
. (16)

An alternative way to express the same process is the
following equation

Fn+1(t) = Fn(t) + εnFn
(
1− Fn(t)

)
, ∀t , (17)

where we have introduced ±1 valued Rademacher ran-
dom variables, defined as εn := 1 − 2bi satisfying
P [εn = +1] = P [εn = −1] = 1

2 , ∀n ∈ N.
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Fig. 16: Fixed point of the computational polarization process, CDFs with a single jump (left) and fixed point of
length two cycles, CDFs with two jumps (right) and inverse golden ratio proportion. In both cases, t0, t1 ∈ R may
assume arbitrary values.

Proposition 2. The sequence of random functions
Fn(t) ∈ Lp and Borel fields {Bn, n ≥ 0} is a Banach
space martingale. More precisely, we have

Bn ⊂ Bn+1 and Fn(t) is Bn-measurable

E[‖Fn‖Lp ] <∞
Fn(t) = E[Fn+1(t)|Bn)] .

Proof. Noting that E[εn] = 0, ∀n, the representation
(17) immediately verifies the martingale property

E[Fn+1(t) | ε1, · · · , εn] = Fn(t), ∀t , (18)

where we use the conditioning {εi}ni=1 and Bn in an
exchangeable manner.

Next, we provide a convergence result that describes
the pointwise asymptotic behavior of F (t), i.e., for fixed
values of t ∈ R.

Proposition 3. The process (17) pointwise converges
almost surely to a limiting random variable taking values
in {0, 1}. More precisely, for fixed t ∈ R we have

P
[

lim
n→∞

|Fn(t)− F∞(t)| = 0
]

= 1 ,

where P [F∞ ∈ {0, 1}] = 1.

Proof. This result parallels Theorem 7 on the polariza-
tion of the binary erasure channel due to Arikan and
follows from Doob’s martingale convergence theorem for
scalar valued martingales as stated in Theorems 12 and
11. A crucial assumption is the boundedness of Fn(t) ∈
[0, 1], which follows since Fn(t) = P [Tb1···bm ≤ t] for
some bit sequence b1 · · · bm by construction.

The above result implies that the cycles of the process
as shown in Figure 16, only occur with zero probability.

B. Limiting Distributions

Now we characterize the limiting distribution of the
functional process to establish the asymptotic behavior
of polarized runtimes.

Theorem 1 (Asymptotic runtime distribution). Consider
the functional polarization process

Fn+1(t) =

{
F 2
n(t), ∀t if ut = 0

1−
(
1− F (t)

)2 ∀t if ut = 1 .
(19)

Suppose that the mean of the base runtime distribution
F0(t) := F (t) is finite. Then, the polarized runtime
distributions Fn(t) converge almost surely to the Dirac
delta measure δt∗ almost everywhere, where t∗ is a ran-
dom variable distributed according to the base runtime
distribution F (t). More precisely, we have

P
[

lim
n→∞

‖Fn(t)− F∞(t)‖Lp = 0
]

= 1,

for any p ∈ (1,∞), where d
dtF∞(t) = δt∗ and

t∗ ∼ F (t) is a random variable distributed according
to P [t∗ > t] = F (t).

Remark 2. It is remarkable that the computational po-
larization process (19) converges to Dirac distributions
that are maximally concentrated in time (see Figures 11,
12, and 13), which are deterministic functions of the
path b1 · · · bn, while the distribution of their location
is completely characterized by the base distribution
F (t). This is consistent with the fact that Tb1···bn is a
permutation of T (1), . . . , T (N), and a uniformly random
path in the tree has distribution identical to T (1), i.e.,
F (t).

Proof. First note that the process Fn(t) verifies the
boundedness condition supn E‖Fn(t)‖ <∞ in order to
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apply the Banach space martingale convergence theorem
(see Appendix B). Suppose p ∈ (1,∞) and observe that

E‖Fn(t)‖Lp = E
(∫ ∞
−∞
|Fn(t)|pdt

)1/p

≤
(
E
∫ ∞
−∞
|Fn(t)|pdt

)1/p

≤
(
E
∫ ∞
−∞

Fn(t)dt

)1/p

,

where in the first inequality we have applied Jensen’s in-
equality leveraging the concavity of the map u ∈ R+ →
(u)1/p for p ∈ (1,∞). The second inequality follows
from |Fn(t)|p ≤ |Fn(t)| = Fn(t) since Fn(t) ∈ [0, 1]
assumes valid probability values. Next, noting that Fn(t)
is integrable, we apply Fubini’s theorem to reach

E‖Fn(t)‖Lp ≤
(∫ ∞
−∞

EFn(t)dt

)1/p

=

(∫ ∞
−∞

F (t)dt

)1/p

=

(∫ ∞
−∞

tdF (t)

)1/p

= (E[T ])1/p ,

where P [T ≤ t] = F (t). By our assumption, E[T ] <
∞ and the above chain of inequalities imply that
E‖Fn(t)‖Lp <∞ for all n ∈ N.

The space Lp(R) equipped with the norm ‖f‖Lp
forms a Banach space. We first note that Fn(t), n ∈ N
is an integrable martingale taking values in this Banach
space since

E[Fn+1|Bn] = Fn(t), ∀t ∈ R

Next, we apply the convergence theorem for Banach
space valued martingales as stated in Theorem 13 (see
Appendix B), which implies that Fn(t) converges almost
surely to an integrable random variable F∞(t) ∈ Lp
taking values in the Banach space Lp. We next identify
the distribution of F∞(t). By Proposition 3, F∞(t) takes
values in {0, 1} with probability one, for any t ∈ R.
Since Fn(t) = P [Tb1···bm ≤ t] for some bit sequence
b1 · · · bm, for all n ∈ N, F∞(t) is a non-decreasing
function. Therefore, with probability one, F∞(t) equals
one for t ∈ [t∗,∞) for some t∗, and equals zero
otherwise. Next, we determine the distribution of the
random threshold t∗. Note that the martingale property
implies

F (t) = E[F∞(t)|B∞]

= P [F∞(t) = 1] , (20)

where the final identity leverages the fact that
P [F∞(t) ∈ {0, 1}] = 1. Finally, we notice that

P [t∗ ≤ t] = P [F∞(t) = 1] (21)
= F (t) , (22)

where the final equality follows from the earlier identity
(20). We conclude that F∞(t) is of the form 1[t ≥ t∗],
where t∗ is distributed according to CDF F (t).

Another process of interest is the characteristic func-
tions defined by

ϕn(v) =

∫
eivtdFn(t) .

An interesting observation is that the characteristic func-
tions also form a functional martingale process as the
next result illustrates.

Proposition 4. The characteristic function of the runtime
random variables obey the following recursion

ϕn+1(v) =

{
−2iv−1ϕn(v) ∗ ϕn(v) if εn = +1

2ϕn(v) + 2iv−1ϕn(v) ∗ ϕn(v) if εn = −1

(23)

where ∗ denotes the continuous convolution operation,
where (f ∗ g)(u) =

∫∞
−∞ f(t)g(u − t)dt. Consequently

the sequence of random functions ϕn(t) ∈ Lp and Borel
fields {Bn, n ≥ 0} is a Banach space martingale.

The proof of the above result is similar to the proof
of Theorem 13 and omitted. Note that Fn is a bounded
measure and the integral

∫
eivtdF∞(t) is well-defined.

The limiting distribution of ϕn(v) as →∞, denoted by
ϕ∞(v) can be identified by the dominated convergence
theorem and the relation ϕ∞(v) =

∫
eivtdF∞(t) as a

random complex exponential

ϕ∞(λ)
d
= eiλt

∗
,

where P (t∗ ≤ t) = F (t).

C. Laplace Transform

We obtain the Laplace transform martingale by defin-
ing the random process

Mn(λ) =

∫
eλtdFn (24)

=

∫
eλtpn(t)dt . (25)

It also holds that Mn(λ) = ϕn(−iλ), which relates the
characteristic function with the Laplace transform.
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D. Runtime of the MDS Scheme

The overall runtime of the MDS coded computation
scheme for absolutely continuous CDFs can be charac-
terized via the following result.

Theorem 2. Suppose that F is an absolutely continuous
CDF and let TD be the overall runtime of the MDS
coding scheme. Then it holds that

TD
d−→ N

(
F−1(R),

1

N

R(1−R)

p(F−1(R))2

)
, (26)

and

lim
n→∞

P
[
TD > F−1(R) + t

]
≤ e−

Nt2c1
2 ,

where c1 is a constant that only depend on the rate R =
K
N and F .

Proof. Suppose that T (1), T (2), ..., T (N) are sampled
from a random variable distributed according to the
cumulative probability density F (t). MDS coded compu-
tation provides successful decoding when any K workers
finish their tasks (see e.g. [3]). Let T(1), T(2), ..., T(N) be
their sorted values in increasing order. Then the smallest
K-th value, i.e., K-th order statistics where K = NR

converges in distribution to N
(
F−1(R), 1

N
R(1−R)

p(F−1(R))2

)
.

The tail bound follows from elementary bounds on the
Gaussian tail probability (see, e.g., [15]).

We now show that the overall runtime F−1(R) is
optimal.

Theorem 3 (Information-theoretic lower-bound). For
any β ∈ (0, 1), any coded computation scheme with rate
R = K

N obeys the lower bound

P
[
TD ≥ F−1(R(1− β))

]
≥ β − 1

NR

Therefore, the overall runtime TD is necessarily lower
bounded by F−1(R) for vanishing error probability as
N →∞ with any coding scheme.

The proof of this Theorem can be found in Section
VIII.

E. Runtime of the Computational Polarization Scheme

Define TD as the earliest time such that the decoder
can output the correct result of the computation. In the
computational polarization scheme, the total runtime is
the maximum of the polarized computation times which
are not frozen. This is given by the expression

TD := max
i/∈F

Tn,i

where F is the set of frozen workers.

Theorem 4. (Asymptotic optimality) Computational po-
larization scheme has the following runtime guarantees

(i) for the Laplace transform rule, λ = logNR
ε ,

it holds that lim
N→∞

E[TD] ≤ F−1(R) + ε (27)

(ii) for the quantile rule, t = F−1(R),

it holds thatP
[
TD > F−1(R) + ε

]
≤ 2−

√
Nc1 ,

(28)

where R = K
N is the rate, ε > 0, and c1 is a constant

independent of N .

A proof of this theorem can be found in Section VIII.
The above result establishes that computational polar-
ization scheme achieves asymptotically optimal runtimes
in expectation and with high probability under different
freezing set rules. In particular, the lower-bound given
in Theorem 3 is matched asymptotically. Importantly, it
verifies that polarization takes places fast enough over
non-frozen indices in a functional sense.

F. Practical Determination of the Freezing Set and Error
Probability

Although Theorem 4 guarantees the asymptotic opti-
mality of computational polarization under the Laplace
transform and quantile rules, here we outline a practical
algorithm that implements the quantile rule to determine
the freezing set at finite block lengths and upper-bound
the error probability. The resulting scheme enjoys the
same high probability guarantee as in quantile rule.
We assume that the numer of workers, i.e., block size,
N = 2n for some integer n, which is the level of
polarization.

1) Set t∗ = F−1(R) where R = K
N is the rate of the

code, and F is the CDF of the runtime variable.
2) Calculate the probability values {Fn,i(t∗)}Ni=1 using

the CDF polarization recursion given in (12).
3) Pick the subset S such that the indices i ∈ S are the

smallest RN values of the collection {Fn,i(t∗)}Ni=1.
Subset S is used for data and the complement set
F = Sc is frozen by inputting zero or known fixed
matrices at the corresponding indices.

The above strategy provides a linear code with block
length N = 2n as in traditional Polar Codes. Here we
briefly discuss some alternatives when N is not a power
of two. One can decompose N as a sum of powers
of two, i.e, N =

∑q
i=1 2ni and simultaneously employ

computational polarization schemes with different con-
struction sizes n1, . . . , nq . Furthermore, it is also possi-
ble to employ a larger matrix instead of the 2×2 matrix
H2 =

[
1 1
1 −1

]
in the one step computational polarization
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process and obtain similar recursive constructions, e.g.,
of size N = 3n . Alternatively, we may compute f(Ai)
for i ∈ F at reliable worker nodes, instead of freezing
virtual workers F .

After the code is constructed, we can obtain an upper-
bound on the probability of decoding failure at a deadline
t via the union bound

P [decoding failure at time t] = P [TD > t] ≤
∑
i∈S

Fn,i(t).

(29)

Note that the probability values {Fn,i(t)}Ni=1 can be
calculated using the CDF polarization recursion (12) for
any value of t. On the other hand, Theorem 4 guarantees
that the error probability will vanish asymptotically for
t > t∗ = F−1(R) under the quantile rule. In the
next subsections, we investigate the CDF martingale
process in detail to obtain a recursion for the probability
densities.

G. Probability Density Martingale

In this section, we turn our attention to the probability
density of the distribution characterized by the CDF
F (t) and the family of distributions that are generated
by the computational polarization process. In order to
characterize the probability density corresponding to the
CDF martingale process

Fn+1(t) = Fn(t) + εnFn(t)
(
1− Fn(t)

)
, (30)

we first define the linear integral operator L(·)

L{p(t)} =

∫ ∞
t

pn(u)du . (31)

The next result shows the form of the adjoint of the
above integral operator.

Lemma 1. The adjoint of the operator L(·) is given by
L∗(·)

L∗{p(t)} =

∫ t

−∞
pn(u)du . (32)

Note that we have L{p(t)}+L∗{p(t)} =
∫∞
−∞ p(u)du =

1. With these definitions, the probability density process
is described in terms of the operator L and its adjoint as
follows.

Lemma 2. Suppose that the distribution characterized
by the CDF F (t) admits a probability density given by
p(t) = ∂

∂tF (t). Then pn(t) satisfies

pn+1(t) = 2pn(t)

{
L{pn(u)} for bn = 1

L∗{pn(u)} for bn = 0 .
(33)

The proofs of Lemma 1 and 2 are presented in Section
VIII. Therefore, pn(t), n ≥ 0 is a functional martingale
process since the following relation is a consequence of
the representation given by Lemma 2

E[pn+1(t) | Bn] = pn(t)∀t ∈ R.

We note that a simpler representation of the proba-
bility density martingale follows from Lemma 2 and is
given by

pn+1(t) = 2pn(t)

∫ t+bn(1−t)

tbn

pn(u)du

Moreover, it is worth noting that the expected ratio of
the densities equals one, i.e.,

E
[pn+1(t)

pn(t)

]
= 1∀t .

In other words, the expected relative density ∂Fn+1(t)
∂Fn(t)

is
preserved, in a similar manner to the mutual information
conservation stated in equation (4).

Next, we provide a complementary result on the
joint probability densities corresponding to the compu-
tational polarization functional process. This result can
be seen as a generalization of Lemma 2, where only
one-dimensional distributions were considered. As we
explore next, it is possible to characterize the evolution
of two-dimensional joint densities of the synthesized
runtime distributions.

Theorem 5. Suppose that the runtime distribution F
admits a continuous probability density f(t). Then the
computational polarization functional process obeys the
following joint density update equation

fn+1(u, v) =

{
2f+n (u)f+n (v)1[u ≤ v] for bn = +1

2f−n (u)f−n (v)1[u ≤ v] for bn = −1 .

where 1[u ≤ v] is the zero-one valued indicator of the
event u ≤ v and

f+n (u) : =

∫ ∞
−∞

f(u, v′)dv′

f−n (v) : =

∫ ∞
−∞

f(u′, v)du′ ,

are marginalized univariate densities over the first and
second arguments respectively.

It is noteworthy that the equations take a simpler and
symmetric form compared to Lemma 2 when the evolu-
tion of the joint distributions are considered. Moreover,
the above result enables numerical simulation of the
joint density evolution and provides informative visu-
alizations. A numerical example is provided in Figure
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Fig. 17: Computational polarization of the joint density for the uniform distribution. From left to right, we present
sample paths of the joint density fn(u, v) for n = 0, 1, 3, 4, 5. The top row corresponds to εn = 0 ∀n, the middle
row corresponds to i.i.d. random εn uniform on {−1,+1}, and the bottom row corresponds to εn = 1∀n .

17, where it can be observed that the joint densities
approach to two-dimensional Dirac distributions. An-
other interesting aspect of this simulation is that joint
densities visually resemble bivariate normal distributions
restricted to the domain u ≤ v in the middle row of
Figure 17. The proof of the theorem can be found in
Section VIII.

H. Random Variables with Discrete Probability Mass

For discrete probability measures we note that the joint
density updates can also be stated in a simple form using
finite dimensional matrix algebra as follows

Pn+1 =

{
L
(
2Pn11TPTn − diag(Pn11TPTn )

)
for bn = 1

L
(
2PTn 11TPn − diag(PTn 11TPn)

)
for bn = 0

where L(·) returns the lower triangular part of a matrix,
and U(·) returns the upper triangular part of a matrix.
Note that Pn+1 is always lower triangular.

I. Non-identical Runtime Distributions

We now revisit the basic computational polariza-
tion operation when runtime distributions are not iden-
tically distributed. We now model the computation

times of worker nodes as real valued random vari-
ables T (1), · · · , T (N) ∈ R which are distributed in-
dependently according to cumulative density functions
F (1)(t), · · · , F (N)(t) respectively. More precisely, sup-
pose that

P
[
T (k) ≤ t

]
= F (k)(t) for k = 1, · · · , N.

Next, suppose that we apply the one step polarization
operation introduced in Section II-F. It is clear that this
operation creates two virtual workers whose runtimes are
given by T− and T+ as follows

T+ = max(T (1), T (2))

T− = min(T (1), T (2)) .

However, additional care has to be taken in calculating
the distributions of T− and T+ due to the violation of
the i.i.d. assumption. In particular, the conclusion of the
derivations done in Section II-F that leads to the tree
process illustrated in Figures 4 and 5 is no longer valid.
Nevertheless, we observe the following identities

P
[
max(T (1), T (2)) ≤ t

]
= P

[
T (1) ≤ t, T (2) ≤ t

]
= P

[
T (1) ≤ t

]
P
[
T (2) ≤ t

]
= F (1)(t)F (2)(t) ,

19



1
2

(
F (1)(t) + F (2)(t)

)F (1)(t)

F (2)(t)

F+(t) = F (1)(t)F (2)(t)

F−(t) = F (1)(t) + F (2)(t)− F (1)(t)F (2)(t)

Fig. 18: Basic polarization process for non-identical
runtime distributions. Note that the average value of the
polarized CDFs is conserved as in Figure 4.

where we have leveraged the independence of T (1) and
T (2) in the second equality. Next, we carry out the
calculation for the distribution of T− = min(T (1), T (2))
in an analogous manner

P
[
min(T (1), T (2)) ≤ t

]
= 1− P

[
min(T (1), T (2)) > t

]
= 1− P

[
T (1) > t, T (2) > t

]
= 1− P

[
T (1) > t

]
P
[
T (2) > t

]
= 1−

(
1− F (1)(t)

)(
1− F (2)(t)

)
= F (1)(t) + F (2)(t)− F (1)(t)F (2)(t) .

where we have leveraged the independence of T (1) and
T (2) in the third equality.

We provide a visual depiction of the above results in
Figure 18, where it can be seen that the average of two
CDFs is conserved. More specifically, from the above
identities we verify that

1

2

(
F (1)(t) + F (2)(t)

)
= F+(t) + F−(t) ,

where F+ and F− are the CDFs corresponding to T+

and T− respectively. We remark that this conclusion
parallels the results on the polarization of non-stationary
memoryless channels studied in [16], where an average
mutual information conservation rule holds. We leave
establishing convergence results and quantifying the rate
of convergence for future work.

IV. CONVERGENCE OF THE FUNCTIONAL PROCESS

In this section, we present results on the convergence
behavior of the computational polarization process as
a functional martingale. Let us consider the functional
process

Fn+1(t) = Fn(t) + εnFn(t)
(
1− F (t)

)
, (34)

where F (t) is the cumulative density function of the
random variable T , i.e., P [T > t] = F (t).

It is important to note that our results are stronger
than existing results in the polarization literature since

we prove convergence of the entire function in a vector
space sense. In contrast, existing results only provide
convergence statements for a single, i.e., fixed value of
the time t, where the evolution of Fn(t) can be described
via a scalar martingale. We also point out interesting and
crucial differences between pointwise, uniform and norm
convergence behavior of the functional process, which
can be dramatically different.

Now we present our first convergence result on the
functional process.

Theorem 6. Suppose that 0 ≤ F (t) ≤ 1 and
∫
F (t)dt <

∞. Then, the functional process (34) converges in the L2

norm

lim
n→∞

E ‖Fn+1(t)− Fn(t)‖2L2
= 0 ,

and for any ε > 0 it holds that

lim
n→∞

P
[
‖Fn+1(t)− Fn(t)‖2L2

≥ ε
]

= 0 .

The proof of Theorem 6 follows from a direct analysis
of the quadratic variation process, and can be found in
Section VIII.

A. Pointwise and Uniform Convergence

We start by analyzing the pointwise convergence of
the process

Fn+1(t) = Fn(t) + εnFn(t)
(
1− Fn(t)

)
, ∀t ∈ R ,

(35)

for every fixed value of t ∈ R. We note that the above
process for a fixed value of t is identical to the erasure
channel process in Polar Codes in GF (2).

εn+1 =

{
2εn − ε2n with probability 1

2

ε2n with probability 1
2

, (36)

where the erasure probability εn = Fn(t). Therefore,
when the CDF F (t) is invertible, the process defined in
(36) is identical to fixing the time variable as

t = F−1(ε) (37)

and calculating the update according to (35).
The process (36) plays an important role in the proof

of capacity achieving properties of Polar Codes for
other discrete symmetric channels. We next leverage the
following fundamental result on the convergence of the
erasure process which is due to Arikan.

Theorem 7. ([8]) Suppose that ε0 = ε, then Eεn =
ε for all n ∈ N and εn converges almost surely to a
random variable ε∞ such that E[ε∞] = ε. Furthermore,
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the limiting random variable ε∞ equals 0 or 1 almost
surely, i.e., P [ε∞(1− ε∞) = 0] = 1 .

In light of the relation (37), Arikan’s result applies to
a fixed value of t, and implies that Fn(t) converges to
random variable that equals 0 or 1 almost surely. This is
a pointwise result on the functional process Fn(t). In the
next subsection, we strengthen it to uniform convergence
for functions defined over compact metric spaces.

1) Uniform convergence: The convergence result
guaranteed by Theorem (7) only guarantees pointwise
convergence of the functional process (35) for a fixed
value of t. We now present a uniform convergence result,
which holds in a functional sense, i.e., for all values of
t, assuming that the domain of the function is compact.

Theorem 8. Suppose that the domain of F (t), which
denoted by T , is compact. For any a > 0 and b < 1, it
holds that

lim
n→∞

sup
t∈T

P [Fn(t) ∈ [a, b])] = 0 .

The proof of Theorem 8 can be found in Section VIII.
2) Counter-example to uniform norm convergence:

An natural question is whether the functional conver-
gence shown in Theorem 6 in L2 norm can be extended
to uniform norm, in a similar spirit to the uniform
convergence of Theorem 8. However, in the next result,
we demonstrate that the process (35) does not converge
in the uniform norm.

Lemma 3. Suppose that the CDF F (t) of the random
variable T is continuous. Then we have

sup
t∈T
|Fn+1(t)− Fn(t)| = 1

4
, (38)

with probability one and the above maximum is achieved
at t = F−1( 1

2 ) = median(T ).

Proof. We use the recursive definition of the process to
obtain

sup
t∈T
|Fn+1(t)− Fn(t)| = sup

t∈T
|Fn(t)

(
1− Fn(t)

)
|

= max
f∈range(Fn)

f(1− f)

=
1

4
− min
f∈range(Fn)

(
f − 1

2

)2
.

Since the CDF F and hence Fn is continuous,
range(F ) = range(Fn) = [0, 1] we have

min
f∈range(Fn)

(
f − 1

2

)2
= 0 ,

completing the proof. Note that for discontinuous CDFs,
we have

lim
n→∞

min
f∈range(Fn)

(
f − 1

2

)2
= 0 ,

which implies that

lim
n→∞

sup
t∈T
|Fn+1(t)− Fn(t)| = 1

4
.

V. CONVERGENCE RATE OF THE FUNCTIONAL
PROCESS

We now consider the aforementioned functional ran-
dom process

Fn+1(t) = Fn(t) + εnFn(t)
(

1− Fn(t)
)
, (39)

and present bounds on the convergence rate of the
difference Fn+1(t)−Fn(t). Next theorem applies to any
function F (t) and shows that ‖Fn+1 − Fn(t)‖Lβ con-
verges exponentially fast to zero with high probability
for any β ∈ (0, 12 ].

Theorem 9. Suppose that F (t) is any function, and let
Fn(t) be defined via the functional update in (39). For
any β ∈ (0, 12 ], ρ ∈ ( 3

4 , 1) it holds that

P
[
‖Fn+1(t)− Fn(t)‖βLβ > ρn

]
≤
( 3

4ρ

)βn ∫ +∞

−∞

(
F (t)(1− F (t))

)β
dt . (40)

Remark 3. Note that the term
∫ (
F (t)(1 − F (t))

)β
dt

on the right-hand-side depends on the distribution of
the random variable T via its CDF F (t). For instance,
for the uniform distribution U [0, 1], i.e., F (t) = t
for t ∈ [0, 1], we can pick the half norm, L1/2, i.e.,
β = 1

2 , and ρ = 3
8 to conclude that the process

converges exponentially fast, except with exponentially
small probability. More precisely,

P
[
‖Fn+1(t)− Fn(t)‖1/2L1/2

>
3n

8n

]
≤ 1

2
n
2

∫ 1

0

√
t(1− t)dt

=
( 1√

2

)n π
8
.

We also remark that, although Theorem 9 is applicable
to any CDF F (t) generically without any additional
assumptions, the exponential convergence rate

(
3
4ρ

)βn
can be further improved. Unfortunately, the proof tech-
nique does not allow the convergence analysis for any β
greater than 1

2 , which limits its applicability to the more
common Lp norms for p ∈ ( 1

2 ,∞).

The proof of Theorem 9 can be found in Section VIII.
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A. Non-asymptotic Analysis of the Convergence Rate
with Optimal Exponent

Now we present a non-asymptotic convergence result
for bounded distributions that attains the optimal rate of
convergence for finite values n. Our results parallel the
existing results on Polar Codes (see e.g. [17], [18]) and
extend them to the more general function space setting.
In particular, we show that ‖Fn+1(t) − Fn(t)‖Lp con-
verges to zero with rate 2−2

n/2−O(logn)

with high prob-
ability. We note that the exponent O(2n/2) = O(

√
N)

matches the exponent of the erasure process, and the
mutual information process in polar codes over discrete
memoryless channels, and is known to be optimal for Po-
lar Codes [18]. Since the pointwise convergence behavior
is identical to the erasure process, the rate of convergence
provided here can not be improved in the functional case.

Theorem 10. For every t ∈ R, η > 0, β > 0, ρ ∈ ( 3
4 , 1)

and n ≥ 2
log( 4

3ρ )
it holds that

min(Fn(t), 1− Fn(t)) ≤ 2−2
(n−β log(n)( 1

2
−η)

. (41)

with probability at least

1− n−
β
2 log( 1

ρ )

√
ρ
(
1−√ρ

) − 2−(n−β log(n))(1−H( 1
2−η)) .

Furthermore, suppose that F (t) = 0 for t ≤ a and
F (t) = 1 for t ≥ b, then we also have

‖ Fn+1(t)− Fn(t)‖Lp ≤ |b− a| 2−2
(n−β log(n)( 1

2
−η)

,
(42)

with the same probability.

VI. EMPIRICAL ILLUSTRATION OF COMPUTATIONAL
POLARIZATION

A. Empirical Runtime Distributions

In this section we use Monte Carlo simulations to ob-
tain the empirical distribution of polarized computation
times. Specifically, we repeat the recursive polarization
procedure using independently realizations of the input
variables, and repeat the procedure using 500 indepen-
dent trials. We display the histograms of the random
variables generated by the computational polarization
process in Figures 20 and 21 for Uniform[0, 1] and
Exponential(0.5) base runtime distributions.

B. Runtime Comparison with MDS and LT Codes

In Figure 19 we compare the runtimes of the MDS
coded computation [3], LT codes [19], and computa-
tional polarization. We employ the quantile freezing

N MDS encoding MDS decoding CP encoding CP decoding

64 5.3s 6.3s 0.3s 0.3s
128 12s 15s 2.3s 5.3s
256 28s 34s 6.5s 1.6s
512 73s 75s 24s 3.2s

Table I: Encoding and decoding times for MDS (Reed-
Solomon) and CP (Computational Polarization) in sec-
onds.
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Fig. 22: Empirical error probability simulated under i.i.d.
Uniform[0,1] runtime distributions.

rule outlined in Section III-F. In this experiment we
simulate Uniform[20, 100] and Exp(10) i.i.d. runtime
distributions for all the workers. We set the rate to
0.625 and consider N = 64 and N = 128. It can
be seen that MDS coded computations provide the best
overall computation time at the expense of solving large
linear systems. Computational polarization outperforms
LT codes while maintaining near linear time encoding
and decoding. Moreover, the proposed computational po-
larization scheme provides performance relatively close
to MDS codes as predicted by Theorem 4.

In Table I, we compare the encoding and decoding
times of Reed-Solomon (MDS) codes and Computa-
tional Polarization (CP). Specifically, we generate a
random matrix of size 100N × 5000 distributed to N
workers by partitioning over the rows. We consider
the matrix-vector multiplication task Ax where x is
a length 5000 randomly generated vector. We employ
Fermat Number Transform (FNT) for faster encoding
and decoding of Reed-Solomon codes as decribed in
[20]. Although FNT based Reed-Solomon codes are
faster than the straightforward implementation, requiring
O(N logN) and O(N log2N) time for encoding and
decoding respectively, it can be seen that this method
takes significantly larger encoding and decoding times
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Fig. 19: Comparison of runtime distributions for MDS codes, computational polarization and LT codes, where the
base runtime distribution is Uniform[0,100] in (a) and (c), and exponential with scale parameter 10 in (b) and (d).

compared to the Computational Polarization approach.

C. Probability of Failure Given a Deadline
Here we provide a numerical simulations of the

error probability given a deadline for the computa-
tion. We assume that the runtime distributions are i.i.d.
Uniform[0, 1] and the rate is R = 1/2, implying that
t∗ = F−1(R) = 0.5. We set the deadline as t = t∗ + ε
where ε = 0.15, perform 10 independent trials and
calculate the empirical probability of decoding error.
Figure 22 shows that the empirical error probability
as a function of the polarization level n, where the
corresponding number of workers is N = 2n. The error
bars represent one standard deviation. It can be observed
that the error probability decreases to zero sharply as
predicted by Theorem 4.

D. Experiments on Amazon Web Services (AWS)
Here we illustrate an application of computational

polarization to computation times obtained from AWS
Lambda serverless computing platform. Serverless com-
puting is an emerging architectural paradigm that
presents a compelling option for dynamic data inten-
sive problems. Serverless computing relies on state-
less functions that are automatically scheduled by the
cloud infrastructure. Thus, they obviate the need for
the provider to explicitly configure, deploy, and man-
age long-term compute units. We consider a distributed

matrix multiplication task with random data matrices,
where we employ 512 worker nodes with rate set to
1
2 . In Figure 23, we plot the runtime distribution of
uncoded computation, computational polarization and
MDS coded computation. It can be observed that the
overall runtime of the proposed scheme is very close to
MDS coded computing. However, the decoding process
is significantly faster, especially when the number of
worker nodes is very large.

VII. CONCLUSION

We presented a resilient computing framework that
extends the channel polarization phenomenon in an algo-
rithmic sense and leverages a similar recursive construc-
tion. The proposed method creates virtual workers with a
wide spectrum of runtimes by applying a split operation
in a similar spirit to Polar Codes. Unlike polar codes,
the polarization takes place over real valued random
variables, and do not converge to discrete extremes.
Instead, we have shown that the runtime distributions
of the workers form a Banach space valued martingale
and converge to Dirac delta measure. In this sense,
the convergence is towards the extreme points of the
total variation ball over the space of Radon measures.
Moreover, we have shown an application of Fano’s
inequality to lower bound the probability of successful
recovery of the overall computation. We showed that the
proposed computational polarization scheme achieves
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Fig. 20: Histogram of polarized computation times in 4 layer polarization (i.e., N=24) with Uniform[0, 1] i.i.d.
variables. Here the rows correspond to the runtime distributions of the worker nodes, and columns correspond to
different stages (layers) in the computational polarization process. Specifically, the first layer is the histogram of
i.i.d. input random variables T (1), . . . , T (N), and the following layers show the recursive application of the one step
min max transform.

information theoretically optimal overall runtime. The
major advantage of the computational polarization is
the negligible decoding complexity, which only involves
addition and subtraction operations over the reals. This is
in contrast to other coding schemes such as MDS codes.
We leave extending the proposed method to computing
nonlinear functions as an important future work, where
the developed convergence theory can be used. Notable
examples of distributed nonlinear computations that can
benefit from Computational Polarization include solving
linear systems and convex optimization problems [21],
[22], [23], and training neural networks [24]. Another
interesting research direction is investigating applications
of the Banach space martingales in traditional Polar
Codes and improving the existing convergence analysis.

VIII. PROOFS

Proof of Lemma 1. We now verify the adjoint property.
Suppose that p(t) and q(t) are two probability densities
and consider the L2 space inner-product〈
L∗{p(t)}, q(t)

〉
=

∫ ∞
−∞

∫ t

−∞
p(u)du q(t)dt

=

∫ ∞
−∞

∫ ∞
−∞

p(u) q(t) 1[u ≤ t]du dt

=

∫ t

−∞

∫ ∞
−∞

p(u) q(t) 1[t ≥ u] dt du

=

∫ t

−∞

∫ ∞
u

p(u) q(t) dt du .

Finally, noting that the preceding expression equals

=

∫ t

−∞

∫ ∞
u

q(t) dt p(u) du

=
〈
p(t),L{q(t)})

〉
,
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Fig. 21: Histogram of polarized computation times in 4 layer polarization (i.e., N=24) with Exponential(0.5) i.i.d.
variables. Column/Row Layout is the same as Figure Figure 20.

(a) Uncoded (b) Computational Polarization (c) MDS coded

Fig. 23: Histograms of computation times in uncoded, computational polarization coded, and MDS (Reed-Solomon)
coded computations performed on AWS Lambda.

we prove that L∗ is the adjoint of the operator L.

Proof of Theorem 6. Using the definition (34), we ex-
pand EFn+1(t)2 as follows

EFn+1(t)2 = E
(
Fn(t) + εnFn(t)

(
1− F (t)

))2
= EFn(t)2 + E2εnFn(t)2(1− Fn(t))

+ EFn(t)2(1− Fn(t))2

= EFn(t)2 + EFn(t)2(1− Fn(t))2 .

Integrating both sides, we obtain∫
EFn+1(t)2dt =

∫
EFn(t)2dt

+

∫
EFn(t)2(1− Fn(t))2dt .

Noting the relation

|Fn+1(t)− Fn(t)|2 = |εnFn(t)
(
1− F (t)

)
|

= |Fn(t)
(
1− F (t)

)
| ,
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which follows from the functional update in (34), and
|εn| = 1, we express the preceding equality as∫

EFn+1(t)2dt−
∫

EFn(t)2dt

=

∫
E|Fn+1(t)− Fn(t)|2dt . (43)

Let us define the deterministic sequence {mn}∞n=1 as

mn := E
∫
Fn(t)2dt =

∫
EFn(t)2dt ,

where the second equality follows from Fubini’s the-
orem, noting that Fn(t) ∈ [0, 1] and the integrand
Fn(t)2 ≤ Fn(t) is absolutely integrable, i.e.,

E
∫
|Fn(t)2|dt ≤ E

∫
|Fn(t)| = E

∫
Fn(t)dt <∞ .

We may express E‖Fn+1(t) − Fn(t)‖L2
by another

application of Fubini’s theorem as

E‖Fn+1(t)− Fn(t)‖2L2
=

∫
E(Fn+1(t)− Fn(t))2dt ,

which follows from the absolute integrability, i.e.,∫
(Fn+1(t)− Fn(t))2dt

≤ 2

∫
Fn+1(t)2dt+ 2

∫
Fn(t)2dt

≤ 2

∫
Fn+1(t)dt+ 2

∫
Fn(t)dt

= 4

∫
F (t)dt

<∞ ,

by our assumption.
Using the definition of mn, combining the expression

for E‖Fn+1(t)−Fn(t)‖L2
above with the relation (43),

we obtain

E‖Fn+1(t)− Fn(t)‖2L2
= mn+1 −mn . (44)

Next, we consider the convergence of the sequence mn.
Note that

mn+1 ≥ mn ,

since E‖Fn+1(t) − Fn(t)‖L2
≥ 0 in (44). Furthermore

the sequence {mn}∞n=1 is bounded since we have

mn = E
∫
Fn(t)2dt ≤ E

∫
Fn(t)dt .

The first inequality follows from 0 ≤ Fn(t) ≤ 1 for all
n ∈ N. Moreover, since the functional process (34) is a
martingale, it holds that∫

Fn(t)dt =

∫
F (t)dt = mean(T ) ,

which shows that mn+1 ≤ mn ≤ mean(T ), where
P [T ≤ t] = F (t). Noting that {mn}∞n=1 is bounded
and monotone, we apply monotone convergence theo-
rem, which shows that the sequence has a finite limit.
Therefore we have

lim
n→∞

|mn+1 −mn| = 0 .

Combining the preceding result with (44), we obtain

lim
n→∞

E‖Fn+1(t)− Fn(t)‖2L2
= 0 .

This proves the first claimed result Consequently, an
application of Markov’s inequality yields that

P
[
‖Fn+1(t)− Fn(t)‖2L2

≥ ε
]
≤ ‖Fn+1(t)− Fn(t)‖L2

ε
,

for any fixed scalar ε > 0. Applying the previous result
on the right-hand-side we obtain

lim
n→∞

P
[
‖Fn+1(t)− Fn(t)‖2L2

≥ ε
]

≤ limn→∞ ‖Fn+1(t)− Fn(t)‖L2

ε
= 0 ,

which completes the proof of the theorem. We further
note that

E‖Fn+1(t)− Fn(t)‖L2
≤
√

E‖Fn+1(t)− Fn(t)‖2L2
,

by Jensen’s inequality, and the preceding probabilistic
bounds also apply to ‖Fn+1(t)− Fn(t)‖L2 .

Proof of Theorem 8. We consider with the representa-
tion Ft+1(t) = Fn(t) + εnFn(t)(1−Fn(t)) and expand
EFn+1(t)2 as follows

EFn+1(t)2 = EFn(t)2 + E2εnFn(t)2(1− Fn(t))

+ EFn(t)2(1− Fn(t))2

= EFn(t)2 + EFn(t)2(1− Fn(t))2 .

It follows that EFn+1(t)2 ≥ EFn(t)2 for all n ∈ N and
t ∈ R since we have

EFn+1(t)2 − EFn(t)2 = EFn(t)2(1− Fn(t))2

≥ 0 (45)

∀n ∈ N and t ∈ R. Furthermore, note that 0 ≤
Fn(t) ≤ 1, hence for every fixed value of t ∈
[0, 1], Fn(t) is bounded and monotone. Consequently,
limn→0 Fn+1(t)−Fn(t) = 0 by monotone convergence
theorem, and the limit exists. This was noted by [16],
where a simple proof of polarization using the monotone
convergence theorem was presented. We then introduce
the following function as in [16]

δ(a, b) := inf
t∈R : a≤F (t)≤b

F 2(t)(1− F (t))2 .
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Note that δ(a, b) > 0 for all a > 0 and b < 1. Using the
above definition, we obtain the following lower bound

EFn(t)2(1− Fn(t))2

≥ E inf
Fn(t) : a≤Fn(t)≤b

F 2
n(1− Fn)2 1[a ≤ Fn(t) ≤ b]

≥ δ(a, b)P [Fn(t) ∈ [a, b]] .

Now we plugin the above lower bound in the earlier
expression for EFn+1(t)2 and obtain

P [Fn(t) ∈ [a, b]] ≤ EFn+1(t)2 − EFn(t)2

δ(a, b)
.

Taking supremum over t both sides in the above expres-
sion, we get

sup
t∈T

P [Fn(t) ∈ [a, b]] ≤
supt∈T EFn+1(t)2 − EFn(t)2

δ(a, b)
.

(46)

On the other hand, Theorem 7 shows that, for a fixed
value of t, Fn(t) converges to a limiting random variable
F∞(t) almost surely, which satisfies F∞(t)2 = F∞(t)
with probability one. Therefore, we have

lim
n→∞

EFn(t)2 = EF∞(t)2

= EF∞(t)

= F (t) , (47)

where the last equality follows from the martingale
property of the process {Fn(t)}∞n=1.

Now let us fix t, and note that the sequence of
functions {EFn(t)2}∞n=1 satisfies

(i) EFn+1(t)2 ≥ EFn(t)2 as implied by (45)

(ii) EFn(t)2 and lim
n→∞

EFn(t)2 are continuous in t

as implied by (47)
(iii) the domain T is a compact metric space.

Consequently, Dini’s theorem (see e.g. [25]) can be
applied to obtain that

lim
n→∞

sup
t∈T

EFn+1(t)2 − EFn(t)2

= lim
n→∞

sup
t∈T

(
EFn+1(t)2 − EF∞(t)2

)
−
(
EFn(t)2 − EF∞(t)2

)
≤ 2 lim

n→∞
sup
t∈T

∣∣EFn+1(t)2 − EF∞(t)2
∣∣

= 0 ,

where we have applied triangle inequality in the second
line. Combining the above result with the bound in (46),
we conclude that

lim
n→∞

sup
t∈T

P [Fn(t) ∈ [a, b]] ≤ lim
n→∞

supt∈T EFn+1(t)2 − EFn(t)2

δ(a, b)

= 0 ,

which completes the proof.

Proof of Theorem 9. We define the following difference
function ∆n(t) as

∆n(t) :=
∣∣Fn+1(t)− Fn(t)

∣∣ .
Using the functional update equation (39), we first
establish that the difference function satisfies

∆n(t) = Fn(t)
(
1− Fn(t)

)
,

where we have used the inequalities 0 ≤ Fn ≤ 1 and
0 ≤ 1−Fn(t) ≤ 1. Plugging in the form of the functional
update in (39) shows that the difference function further
satisfies the following relation

∆n(t)

= Fn(t)
(
1− Fn(t)

)
= Fn−1(t)(1− Fn−1(t))−

(
Fn−1(t)

(
1− Fn−1(t)

))2
+ εn

(
Fn−1(1− Fn−1)2 − F 2

n−1(1− Fn−1)
)

= ∆n−1(t)(1−∆n−1(t)) + εn∆n−1(1− 2Fn−1(t))

= ∆n−1(t)
(
1−∆n−1(t) + εn(1− 2Fn−1(t))

)
=

{
∆n−1(t)(1− Fn−1(t))(2− Fn−1(t)) for εn = +1

∆n−1(t)Fn−1(t)(1 + Fn−1(t)) for εn = −1 .

Next we consider the random variable
∫∞
−∞∆

1/2
n+1(t)dt,

which satisfies∫ ∞
−∞

∆
1/2
n+1(t)dt

=


∫∞
−∞∆

1/2
n−1(t)(1− Fn(t))1/2(2− Fn(t))1/2dt

for εn = +1∫∞
−∞∆

1/2
n−1(t)Fn(t)1/2(1 + Fn(t))1/2dt

for εn = −1.
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Calculating the expected value of
∫∞
−∞∆

1/2
n+1(t)dt we

obtain

E
∫ ∞
−∞

∆
1/2
n+1(t)dt

=
1

2

∫ ∞
−∞

∆1/2
n (t)

(
1− Fn(t))1/2(2− Fn(t))1/2

+ Fn(t)1/2(1 + Fn(t))1/2
)
dt

≤ 1

2

∫ ∞
−∞

∆1/2
n (t)dt

{
max
t

(
1− Fn(t))1/2(2− Fn(t))1/2

+ Fn(t)1/2(1 + Fn(t))1/2
)}

=

√
3

2

∫ ∞
−∞

∆1/2
n (t)dt .

Recursively applying the above inequality we obtain

E
∫ ∞
−∞

∆
1
2
n (t)dt ≤

(3

4

)n
2 E
∫ ∞
−∞

∆
1
2
0 (t)dt

=
(3

4

)n
2 E
∫ ∞
−∞

(F (t))
1
2 (1− F (t))

1
2 dt .

More generally, for any β satisfying 0 < β ≤ 1
2 , we

have

E
∫ ∞
−∞

∆β
n+1(t)dt

=
1

2

∫ ∞
−∞

∆β
n(t)

(
1− Fn(t))β(2− Fn(t))β

+ Fn(t)β(1 + Fn(t))β
)
dt

≤ 1

2

∫ ∞
−∞

∆β
n(t)dt

{
max
t

(
1− Fn(t))β(2− Fn(t))β

+ Fn(t)β(1 + Fn(t))β
)}

=

(
3

4

)β ∫ ∞
−∞

∆β
n(t)dt

Recursively applying the final inequality above, we ob-
tain

E
∫ ∞
−∞

∆β
n(t)dt ≤

(
3

4

)βn ∫ ∞
−∞

∆β
0 (t)dt

=

(
3

4

)βn ∫ ∞
−∞

(
F (t)(1− F (t))

)β
(t)dt

Now we apply Markov’s inequality to the random vari-
able

∫
(Fn(t)(1− Fn(t)))βdt and obtain the inequality

P
[∫

(Fn(t)(1− Fn(t)))βdt > τ

]
≤ 1

τ
E
∫

(Fn(t)(1− Fn(t)))βdt

Using the earlier expression for the expectation on the
right-hand-side, we obtain

P
[∫

(Fn(t)(1− Fn(t)))βdt > τ

]
≤ 1

τ

(
3

4

)βn ∫ ∞
−∞

(
F (t)(1− F (t))

)β
dt.

Setting τ = ρn, we obtain the bound

P
[∫

(Fn(t)(1− Fn(t)))βdt > ρn
]

≤
(

3

4ρ

)βn ∫ ∞
−∞

(
F (t)(1− F (t))

)β
dt.

This completes the proof. The above bound is effective
as n→∞, when ρ ∈ [0, 1) and 3

4ρ < 1.

Proof of Theorem 10.
We begin by proving the following auxiliary lemmas to
establish the claimed result.

Lemma 4. For a fixed δ ≤ 1
4 , the condition Fn(t)(1−

Fn(t)) ≤ δ implies that

min(Fn(t), 1− Fn(t)) ≤ 1−
√

1− 4δ

2

Proof. Note that (x − x1)(x − x2) = x − x2 − δ is a
factorization of the polynomial x−x2−δ = x(1−x)−δ,
where x1 and x2 are the roots given by

x1 =
1

2

(
1−
√

1− 4δ
)

x2 =
1

2

(
1 +
√

1− 4δ
)
.

The above roots are real valued and satisfy x1 ≤ x2
for δ ≤ 1

4 . The condition x − x2 − δ ≤ 0 implies
that x ∈ (−∞, x1]∪ [x2,∞) . Rearranging the preceding
condition implies that min(x, 1−x) ≤ 1

2 (1−
√

1− 4δ) .
The condition x− x2 − y ≤ 0 implies that x

Lemma 5. For every fixed t ∈ [0, 1], and any ρ ∈ ( 3
4 , 1)

it holds that

P [Fn(t)(1− Fn(t)) > ρn] ≤
( 3

4ρ

)n
2 . (48)

Lemma 6. Suppose that Fn(t) ≤
(
1
2

) 1
ε , then we have

Fn+1(t) ≤ Fn(t)Zn(1−ε)

Lemma 7. Suppose that 1 − Fn(t) ≤
(
1
2

) 1
ε , then we

have

1− Fn+1(t) ≤ (1− Fn(t))Zn(1−ε)

Suppose that we have Fn0(t)(1 − Fn0(t)) ≤ δ for
some n ∈ Z+. In particular, Lemma 5 guarantees the
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Fig. 24: Plot of the function f(δ) := 1
2 (1 −

√
1− 4δ)

where δ ∈ [0, 14 ].

existence of an n = n0 such that this assumption
holds with high probability. Further suppose that there
exists n1 ∈ Z+ such that for all n ∈ {n0, ..., n1} the
preceding inequality holds. More precisely, consider that
the condition

max
n∈{n0,...,n1}

Fn(t)(1− Fn(t)) ≤ δ , (49)

holds.
Now we consider any n ∈ {n0, ..., n1}. We can apply

Lemma 4 to deduce that min(Fn(t), 1−Fn(t)) ≤ 1
2 (1−√

1− 4δ). Observe that the function 1
2 (1−

√
1− 4δ) ≤

obeys

1

2
(1−

√
1− 4δ) ≤ 1

2
(1− (1− 4δ)) = 2δ ,

and can be made arbitrarily small as δ → 0 as shown
in Figure 24 . Let us set δ sufficiently small to satisfy

1

2
(1−

√
1− 4δ) ≤

(1

2

) 1
ε .

Note that Lemma 4 implies

Fn(t) ≤
(1

2

) 1
ε or 1− Fn(t) ≤

(1

2

) 1
ε .

Now, we consider the following two cases separately:
case 1: Fn(t) ≤ 1

2 and Fn(t) ≤ 1− Fn(t)

Since Fn(t) = min(Fn(t), 1 − Fn(t)) ≤
(
1
2

) 1
ε , Lemma

6 implies that

Fn+1(t) ≤ Fn(t)Zn(1−ε)

case 2: Fn(t) > 1
2 and Fn(t) > 1− F (t)

Since 1 − Fn(t) = min(Fn(t), 1 − Fn(t)) ≤
(
1
2

) 1
ε ,

Lemma 7 implies that

1− Fn+1(t) ≤ (1− Fn(t))Zn(1−ε) .

Combining the above two cases, we obtain the bound

min(Fn+1(t), 1− Fn+1(t))

≤
[

min(Fn(t)(1− Fn(t))
]Zn(1−ε)

.

Now we apply the preceding inequality recursively
from n = n0 ∈ Z+ to n = n1 ∈ Z+ where n0 > n1 to
obtain

min(Fn1
(t), 1− Fn1

(t)) (50)

= min(Fn0
(t), 1− Fn0

(t))
∏n1−1
i=n0

Zi(1−ε) . (51)

Now we focus on the exponent term
∏n1−1
i=n0

Zi(1 − ε)
in the above inequality. Taking logarithms, we get

log

n1−1∏
i=n0

Zn(1− ε) =

n1−1∑
i=n0

logZi + (n1 − n0) log(1− ε) .

Noting that logZn0
, ... logZn1−1 are i.i.d. Bernoulli

variables satisfying

P [logZi = 0] = P [logZi = 1] =
1

2
for i = n0, ..., n1 − 1 .

(52)

We now invoke Chernoff’s bound (see, e.g., [26, p. 531])
and obtain

P

[
1

n1 − n0

n1−1∑
i=n0

logZi <
1

2
− η

]
≤ 2−(n1−n0)(1−H( 1

2−η)) ,

(53)

where we have used the fact that E logZi = 1
2 ∀i,

and introduced the binary entropy function H(p) :=
−p log p − (1 − p) log(1 − p) . Using the probability
inequality in (53), we deduce that

n1−1∏
i=n0

Zi(1− ε) > 2(n1−n0)(
1
2−η+log(1−ε))

= (1− ε)2(n1−n0)(
1
2−η) ,

with probability at least 1−2−(n1−n0)(1−H( 1
2−η)) . Com-

bining the above probabilistic bound with the earlier
expression in (50) we obtain that

min(Fn1(t), 1− Fn1(t)) (54)

= min(Fn0
(t), 1− Fn0

(t))(1−ε)2
(n1−n0)( 1

2
−η)

, (55)

holds with the same probability. Now we verify our
initial assumption in (49) that Fn(t)(1 − Fn(t)) ≤ δ
simultaneously for all n ∈ {n0, ..., n1} using Lemma
5. Let us pick log( 1

δ ) = n0 log( 1
ρ ), which verifies that

δ = ρn0 . By Lemma 5, the event Fn(t)(1− Fn(t)) ≤ δ
happens with probability 1−

(
3
4ρ

)n
2 for a fixed value of

n ∈ Z+. Applying union bound over n ∈ {n0, ..., n1},
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we obtain that the aforementioned condition (49) holds
with probability at least

P
[

max
n∈{n0,...,n1}

Fn(t)(1− Fn(t)) > δ

]
≤

n1∑
n=n0

( 3

4ρ

)n
2

=

(
3
4ρ

)n0
2 −

(
3
4ρ

)n1+1
2

1−
(

3
4ρ

) 1
2

≤
(

3
4ρ

)n0
2

1−
(

3
4ρ

) 1
2

.

Now we recall the following choices

(i) 2δ ≤
(1

2

) 1
ε (56)

(ii) δ = ρn0 . (57)

The above conditions can be satisfied by letting

ε =
1

n0 log 1
ρ − 1

.

Then we turn to the inequality in (55), note that
min(Fn0

(t), 1 − Fn0
(t)) ≤ δ = ρn0 by our assumption

in (49) and obtain

min(Fn1
(t), 1− Fn1

(t)) ≤ ρn0(1−ε)2(n1−n0)( 1
2
−η)

,
(58)

using (55), with the stated probability. Then note that
ρn0(1−ε) ≤ 1

2 whenever the parameter n0 satisfies

n0 ≥
1

(1− ε) log 1
ρ

.

Finally combining the earlier pieces we obtain that

P
[
min(Fn1

(t), 1− Fn1
(t)) > 2−2

(n1−n0)( 1
2
−η)
]

(59)

≤
(

3
4ρ

)n0
2

1−
(

3
4ρ

) 1
2

+ 2−(n1−n0)(1−H( 1
2−η)) . (60)

Now let us pick n0 = bβ log n1c ≤ β log n1. Now we
set n = n1 and obtain

P
[
min(Fn(t), 1− Fn(t)) > 2−2

(n−β log(n)( 1
2
−η)
]

(61)

≤ 2−
1
2 log( 4ρ

3 )(β log(n)−1)

1−
(

3
4ρ

) 1
2

+ 2−(n−β log(n))(1−H( 1
2−η))

=
2−

β
2 log( 4ρ

3 ) log(n)(
3
4ρ

) 1
2
(
1−

(
3
4ρ

) 1
2
) + 2−(n−β log(n))(1−H( 1

2−η)) ,

(62)

where we have used the fact that n0 By picking ε = 1
2 ,

we can satisfy δ ≤ 1
4 under the conditions (56), which

is required to to apply Lemma 4. We then conclude that
for n0 = log n ≥ 2

log 1
ρ

, the probabilistic bound in (62)
is valid.

Finally, conditioned on the event under which (62)
holds, we can bound ‖Fn+1(t)− Fn(t)‖Lp as follows

‖Fn+1(t)− Fn(t)‖Lp = ‖Fn(t)
(
1− Fn(t)

)
‖Lp

=

(∫ b

a

|Fn(t)
(
1− Fn(t)

)
|pdt

)1/p

≤

(∫ b

a

|2−2
(n−β log(n)( 1

2
−η)
|pdt

)1/p

= 2−2
(n−β log(n)( 1

2
−η)

∫ b

a

dt

= |b− a|2−2
(n−β log(n)( 1

2
−η)

,

where the inequality in the third line follows since the
inequalities Fn(t)

(
1 − Fn(t)

)
≤ Fn(t) and Fn(t)

(
1 −

Fn(t)
)
≤ 1 − Fn(t) simultaneously hold, and conse-

quently we have the upper-bound

Fn(t)
(
1− Fn(t)

)
= |Fn(t)

(
1− Fn(t)

)
|

≤ min(Fn(t), 1− Fn(t))

≤ 2−2
(n−β log(n)( 1

2
−η)

,

completing the proof of the theorem.

Proof of Theorem 4. We start with the Laplace trans-
form rule. Let us denote the number of indices i that
satisfy Mn,i ≤ eλt

∗
for some t∗ ∈ R by∣∣∣{i : Mn,i(λ) ≤ eλt

∗
}∣∣∣ .

Consequently, taking limits we obtain

lim
N→∞

1

N

∣∣∣{i : Mn,i(λ) ≤ eλt
∗
}∣∣∣

= lim
n→∞

P
[
Mn(λ) ≤ eλt

∗
]

= P
[
M∞(λ) ≤ eλt

∗
]

= P
[
eλT ≤ eλt

∗
]

= P [T ≤ t∗]
= F (t∗)

= R , (63)

where we have set t∗ = F−1(R).
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We apply the log-sum-exp upper bound on the ex-
pected computational run-time as follows

ETD = Emax
i∈F

Tn,i

= Emax
i∈F

1

λ
log eλTn,i

= E log max
i∈F

1

λ
eλTn,i

≤ 1

λ
logE

∑
i∈F

eλTn,i

=
1

λ
log
∑
i∈F

Mn,i(λ) ,

where we have applied Jensen’s inequality in the last
inequality.

Next, we combine the bound (63) with the preceding
log-sum-exp upper bound on the expected computational
run-time in the limit where N →∞. We obtain

lim
N→∞

ETD ≤ lim
N→∞

1

λ
log
∑
i∈F

Mn,i(λ)

≤ lim
N→∞

1

λ
log
(
NReλt

∗
)

≤ lim
N→∞

1

λ
log(NR) + t∗ .

Setting λ = log(NR)
ε in the final inequality, we obtain

lim
N→∞

ETD ≤ t∗ + ε .

We next consider the quantile selection rule. Let us
denote the number of indices i that satisfy Fn,i ≤ t∗ for
some t∗ ∈ R by |{i : Fn,i ≤ t∗}|.

First we obtain the asymptotic ratio

lim
N→∞

1

N
|{i : Fn,i ≤ t∗}| = lim

N→∞
P [Fn ≤ t∗]

= P [F∞ ≤ t∗]
= F (t∗)

= R ,

where we substituted t∗ = F−1(R).
Now, we note that

P [TD > t∗ + ε] = P
[
max
i∈F

Tn,i > t∗ + ε

]
≤
∑
i∈F

P [Tn,i > t∗ + ε]

≤ RN max
i∈F

P [Tn,i > t∗ + ε] .

Next we apply Theorem 10, and obtain that

P [TD > t∗ + ε] ≤ RN2−c1
√
N ,

where c1 is a constant independent of N to complete the
proof.

Proof of Theorem 3.
Consider a uniformly generated source random variable
J ∼ Uniform{1, · · · , 2K}, and let b1 · · · bK be the
corresponding binary expansion. We let A1, ..., AK ∈
Rm×d be equal to b11m1Td , · · · , bK1m1Td . Consider the
matrix vector product function f(Ak) = Ak1d ∀k. We
note that the choice of the 1d vector is arbitrary and other
choices are equally applicable. Clearly, f(A1), · · · f(Ak)
is sufficient to exactly reconstruct the source J . Suppose
that A′1, · · · , A′N is the encoded data for any coded
computation scheme, where the rate is R = K

N and the
computational tasks f(A1) · · · f(AN ) are distributed to
N independent and identical worker nodes. At any fixed
time instant t, let Y1(t), · · ·YN (t) denote the output of
the workers, and define Yk = {e}, e.g., an erasure event
whenever the k-th worker is not finished the task. Then
we observe that

P [Yk(t) = {e}] = P
[
T (k) ≥ t

]
= 1− F (t) .

Therefore, the mutual information between the source
and available information at time t obeys

I(f(Ak); Yk) ≤ 1− (1− F (t)) = F (t)∀k ,

where the right-hand-side is the Shannon capacity of a
memoryless binary erasure channel with erasure proba-
bility 1− F (t) (see, e.g., [27]). Since the worker nodes
are i.i.d., we immediately have

I(f(A1), . . . , f(AN ); Y1, . . . YN ) ≤ F (t)N ,

Furthermore, since f(A1) . . . f(AN ) is a function of J ,
we have

I(J ; Y1 . . . YN ) ≤ I(f(A1), . . . , f(AN ); Y1, . . . YN )

≤ F (t)N ,

Let Ĵ(Y1, . . . , YN ) be any estimate of J based on
Y1 . . . YN . Next, we apply Fano’s inequality to obtain

P
[
Ĵ(Y1, . . . , YN ) 6= J

]
≥ H(J |Y1 . . . YN )− 1

K

=
K − I(J ; Y1 . . . YN )− 1

K

≥ 1− F (t)

R
− 1

NR
.

where we have used the preceding bound on
I(J ; Y1 . . . YN ) in the final inequality. Observe that
TD ≤ t whenever decoding f(A1) . . . f(AK) succeeds
at time t and hence there exists an estimator based on
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Y1 . . . YN such that Ĵ(Y1 . . . YN ) = J . Therefore we
have

P [TD ≥ t] ≥ 1− F (t)

R
− 1

NR
.

Plugging in t = F−1(R(1− β)) we obtain

P [TD ≥ t] ≥ 1− F (F−1(R(1− β)))

R
− 1

NR

≥ 1− R(1− β)

R
− 1

NR

≥ β − 1

NR
.

Proof of Lemma 2. Taking time derivatives ∂
∂t on both

sides we obtain the probability density martingale

∂Fn+1(t)

∂t
=
∂Fn(t)

∂t
(64)

+ εn
∂Fn(t)

∂t

(
1− Fn(t)

)
− εnFn(t)

∂Fn(t)

∂t
.

In terms of the probability density pn+1(t) := ∂Fn+1(t)
∂t ,

the above update equation reduces to

pn+1(t) = pn(t) + εnpn(t)
(
1− Fn(t)

)
+ εnFn(t)

(
1− pn(t)

)
= pn(t) + εnpn(t)

(
1−

∫ t

−∞
pn(u)du

)
− εnpn(t)

∫ t

−∞
pn(u)du .

Next, we plug-in the relation

1−
∫ t

−∞
pn(u)du =

∫ ∞
t

pn(u)du ,

which follows from
∫∞
−∞ pn(t) = 1, and enables us to

further simply the probability density process as

pn+1(t) =

{
2pn(t)

∫∞
t
pn(u)du for εn = +1

2pn(t)
∫ t
−∞ pn(u)du for εn = −1

(65)

and reach the claimed identity.

Proof of Theorem 5. As stated, we assume that the ran-
dom variables T1 and T2 admit a continuous den-
sity. Let v and u be real numbers satisfying u ≤

v. Consider the joint cumulative density function
P [max(T1, T2) ≤ v, min(T1, T2) ≤ u] and note that

P [max(T1, T2) ≤ v, min(T1, T2) ≤ u]

= P [max(T1, T2) ≤ v]− P [max(T1, T2) ≤ v, min(T1, T2) > u]}
= P [T1 ≤ v, T2 ≤ v]

− P [T1 ≤ v, T2 ≤ v, T1 > u, T2 > u]

= P [T1 ≤ v]P [T2 ≤ v]− P [u < T1 ≤ v]P [u < T2 ≤ v]

= P [T1 ≤ v]
2 − P [u < T1 ≤ v]

2

= F (v)2 − (F (v)− F (u))2

= 2F (u)F (v)− F (u)2 ,

for u ≤ v. Consequently, we can obtain the joint
probability density of X = min(T1, T2) and Y =
max(T1, T2) by differentiating the above joint cumula-
tive probability.

pXY (u, v) =
∂2

∂u∂v
P [max(T1, T2) ≤ v, min(T1, T2) ≤ u]

=
∂2

∂u∂v
2F (u)F (v)− F (u)2

=
∂

∂u
2F (u)f(v)

= 2f(u)f(v) ,

which holds for u ≤ v. Conversely, for u > v we have
pXY (u, v) = 0. Therefore, in the case of a maximum
of two independent variables, a joint distribution f(u, v)
is transformed to the product distribution of its marginal
f(u) =

∫∞
−∞ f(u, v′)dv′, which is given by 2f(u)f(v)

times the indicator function 1[u ≤ v]. The indicator en-
forces the constraint that the minimum is upper-bounded
by the maximum.

fn+1(u, v) ={
2
∫∞
−∞ fn(u, v′)dv′

∫∞
−∞ fn(v, v′)dv′1[u ≤ v] for bn = +1

2
∫∞
−∞ fn(u′, u)du′

∫∞
−∞ fn(u′, v)dv′1[u ≤ v] for bn = −1 .

We can simplify the above notation as follows. Where
we defined the marginalization operator

M+
f (u) :=

∫ ∞
−∞

f(u, v′)dv′.

Here the superscript + indicates that we are integrating
over the first variable u. Similarly, define

M−f (v) :=

∫ ∞
−∞

f(u′, v)du′ .

then the update can be written equivalently as

fn+1(u, v) =

{
2M+

fn
(u)M+

fn
(v)1[u ≤ v] for bn = +1

2M−fn(u)M−fn(v)1[u ≤ v] for bn = −1 .
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APPENDIX A

In this section, we restate classical convergence results
for scalar martingales. We refer the reader to [28] for a
detailed exposition.

Let (Ω,A,P be a probability space. We will denote
by Bn, n ∈ N an increasing sequence of of sub-σ-fields
of A. A sequence of random variables Xn, n ∈ N is
called adapted if for all n ∈ N, the random variable Xn

is Bn-measurable.
An adapted sequence of integrable real valued random

variables Xn, n ∈ N is called an integrable submartin-
gale if the almost sure inequality

Xn ≤ EBn [Xn+1]

holds for all n ∈ N. Such a sequence of random vari-
ables is called an integrable martingale if the preceding
inequality holds with equality. A collection of random
variables Xn, n ∈ I is called uniformly integrable if

lim
M→∞

sup
n∈I

E[|Xi| | |Xi| > M ] = 0 .

In this case Xn As a simple corollary, if there exists
c > 0 such that |Xn| ≤ c for all n ∈ I , then the
collection Xn, n ∈ I is uniformly integrable. Moreover,
if E[|Xn|k] is bounded for some k > 1 for all n ∈ I ,
then the collection Xn, n ∈ I is uniformly integrable.
A martingale Xn, n ∈ N is called a uniformly inte-
grable martingale if the collection of random variables
Xn, n ∈ N is uniformly integrable.

Theorem 11. (Almost sure convergence of scalar mar-
tingales [28]) Every integrable submartingale Xn, n ∈
N satisfying the condition supn E[max(Xn, 0)] < ∞
converges almost surely to a limit X∞ which is an
integrable random variable. In the case of an integrable
martingale, this condition is given by supn E[Xn] <∞.

Theorem 12. (Lp convergence of scalar martingales)
Every martingale satisfying supn E[|Xn|p] < ∞ for
some p > 1, converges almost surely to a limit X∞ =
lim sup
n→∞

Xn, and also in Lp, i.e., lim
n→∞

E[|Xn−X∞|p =

0]. If Xn is a uniformly integrable martingale, then the
convergence is in L1, i.e., lim

n→∞
E[|Xn −X∞| = 0] and

E[X∞ | Bn] = Xn.

APPENDIX B

In this section, we present some auxiliary technical
results regarding the convergence of Banach space val-
ued martingales. The following result is an extension of
Doob’s martingale convergence theorem to Banach space
valued martingales.

Theorem 13 (Proposition V-2-8, page 107 [28]). Let
E be a separable Banach space which is the dual of
a separable Banach space F . Then, every integrable
martingale {Fn, n ∈ N} with values in E which satisfies

sup
n∈N

E ‖Fn‖ <∞ ,

known as Doob’s condition converges almost surely to
an integrable random variable F∞ with values in E.

In particular, every separable reflexive Banach space
and every separable Hilbert space satisfies the require-
ments of the theorem. As an example Lp spaces are
reflexive provided that 1 < p < ∞. However, L1 and
L∞ spaces are not reflexive.
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