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Basic symmetric polynomials

• The power sums pr(x) = pr(x1, . . . , xn)

pr(x) = xr
1 + · · ·+ xr

n

• The elementary and homogeneous symmetric polynomials are generated by

E(z) =
∑
k≥0

ek(x)zk =

n∏
i=1

(1 + xiz) = exp
∑
r>0

(−1)r+1

r
pr(x)zr

H(z) =
∑
k≥0

hk(x)zk =

n∏
i=1

(1− xiz)−1 = exp
∑
r>0

1
r

pr(x)zr

more explicitly

ek(x) =
∑

1≤i1<···<ik≤n

xi1 . . . xik , hk(x) =
∑

1≤i1≤···≤ik≤n

xi1 . . . xik

• For a partition λ = (λ1, . . . , λN) we have

pλ(x) =

N∏
j=1

pλj (x), eλ(x) =

N∏
j=1

eλj (x), hλ(x) =

N∏
j=1

hλj (x)

• The monomial symmetric polynomials

mλ(x) =
∑

σ∈Sn/Sλ

xλ1
σ(1) · · · x

λn
σ(n)



Symmetric polynomials with two parameters

Symmetric polynomials pλ(x), eλ(x), hλ(x) and mλ(x) form bases in the ring
Λn = Z[x1, . . . , xn]

Sn . We use the degree of polynomials to decompose Λn

Λn =
⊕
d≥0

Λn,d

Consider the ring Λn
F = Λn ⊗ F with F = Q(q, t).

• With modified generating functions we build elements in Λn
F, e.g.:

G(z) =
∑
n≥0

gk(x; q, t)zk = exp
∑
r>0

1
r

1− tr

1− qr pr(x)zr

and one can write products gλ(x; q, t) =
∏N

j=1 gλj (x; q, t).

• Alternatively one modifies mλ(x)

Pλ(x; q, t) =
∑
µ

vλ,µ(q, t)mµ(x)

for some vλ,µ(q, t) ∈ F. An important choice is when vλ,µ(q, t) = 0 for partitions
µ > λ with the dominance ordering

µ ≥ λ when
k∑

i=1

µi ≥
k∑

i=1

λi, k ≥ 0



Scalar product and Macdonald polynomials

• Define the scalar product on Λ

〈pλ|pµ〉 = δλ,µcλ, cλ :=

N∏
i=1

λi

max(λ)∏
i=1

mi(λ)!

were mi(λ) is the multiplicity of i in λ.

• Define the scalar product (Macdonald scalar product) on ΛF

〈pλ|pµ〉q,t = δλ,µcλ
N∏

i=1

1− qλi

1− tλi

For this scalar product there exists a basis Pλ(x; q, t) s.t.1:

〈Pλ|Pµ〉q,t = 0, λ 6= µ,

and Pλ(x; q, t) = mλ(x) +
∑
µ<λ

vλ,µ(q, t)mµ(x)

Example

P(2,1)(x; q, t) = m(2,1)(x) +
(1− t)(2 + q + t + 2qt)

1− qt2 m(1,1,1)(x)

1
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Difference operators

Introduce shift operators Tq,xi

Tq,xi f (x1, . . . , xi, . . . , xn) = f (x1, . . . , qxi, . . . , xn)

Consider the operator Dk (Macdonald operator)

Dk := tk(k−1)/2
∑
I⊆[n]
#I=k

∏
i∈I

∏
j∈Ic

txi − xj

xi − xj
·

n∏
i=1

Tq,xi

Dk’s are diagonal in the basis Pλ(x; q, t)

DkPλ(x; q, t) = ek(qλ1 tn−1, . . . , qλn )Pλ(x; q, t)

Consider another operator Hk (Noumi operator)

Hk :=
∑
ν⊆Nn

|ν|=k

∏
1≤i<j≤n

qνi xi − qνj xj

xi − xj

n∏
i,j=1

(txi/xj; q)νi

(qxi/xj; q)νi

·
n∏

i=1

Tνi
q,xi

Hk’s are diagonal in the basis Pλ(x; q, t)

HkPλ(x; q, t) = gk(qλ1 tn−1, . . . , qλn ; q, t)Pλ(x; q, t)



Symmetric functions and Macdonald operators

From now on we consider an infinite alphabet

pr(x) = xr
1 + xr

2 + . . .

All functions are modified accordingly. The operators are modified as well:

Er :=
r∑

k=0

(−1)r+kt−nr

(t, t)r−k
Dk

Gr :=
r∑

k=0

qr+kt−nr

(q−1, q−1)r−k
Hk

The operators Ek and Gk act on Pλ(x; q, t) ∈ Λ∞F as follows

EkPλ(x; q, t) = ek(qλ1 t−1, qλ2 t−2, . . . )Pλ(x; q, t)

GkPλ(x; q, t) = gk(qλ1 t−1, qλ2 t−2, . . . ; q, t)Pλ(x; q, t)

Let `(λ) = #λi, s.t. λi > 0. For evaluating the symmetric functions one may use

pr(qλ1 t−1, qλ2 t−2, . . . ) = (1− q−r)

`(λ)∑
i=1

λi∑
j=1

qjrt−ir − 1
(1− tr)



Heisenberg algebra and Fock space

We will rephrase the symmetric functions and operators using the Heisenberg
algebra:

H = {an, a−n}n>0, [am, an] = δm,−n m
1− q|m|

1− t|m|

Note [an, am] = 0, m, n < 0 or m, n > 0, then define

aλ = aλ1 . . . aλ`(λ) .

This algebra acts on the vector space F with the lowest vector |∅〉

an |∅〉 = 0, a−n |∅〉 = higher states, n > 0

The Fock space is spanned by |aλ〉 = a−λ |∅〉 and the action of H is:

a−ν |aµ〉 = |aµ∪ν〉 , aν |aµ〉 = cν

[
m(µ)

m(ν)

]∏
r∈ν

1− qr

1− tr

∣∣aµ/ν〉
Analogously one defines the dual Fock space F∗ spanned by 〈aλ|, then

〈aλ|aµ〉 = δλ,µcλ
`(λ)∏
i=1

1− qλi

1− tλi



Symmetric functions and Fock vectors

Comparing F and ΛF with the basis pλ(x) we conclude

ι : F → ΛF, ι : |aλ〉 7→ |pλ〉

Through this isomorphism we get an H module on ΛF

a−r f (x) = pr(x)f (x), ar f (x) = r
1− qr

1− tr

∂

∂pr
f (x), f (x) ∈ ΛF

The Macdonald operators in the language of H are produced using the operator2

η(z) := exp

(
−
∑

r

1− tr

r
t−ra−rzr

)
exp

(
−
∑

r

1− tr

r
arz−r

)
This is a generator of operators

η(z) =
∑
n∈Z

ηnz−n, e.g: η0 =
∑
λ,µ
|λ|=|µ|

cλcµt−|λ|
∏

r∈λ∪µ

(tr − 1) · a−λaµ

Note: for fixed α, β only finitely many terms 〈aα| a−λaµ |aβ〉 are non-zero.

2
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Vertex operator η(z)

Define the normal ordering : a−λaµ :=: aµa−λ := a−λaµ

The normal ordering rule for products of η(z) is

η(z)η(w) =
(1− w/z)(1− qt−1w/z)
(1− qw/z)(1− t−1w/z)

: η(z)η(w) :

Comparison of η(z)η(w) with η(w)η(z) gives

η(z)η(w) =
−g(w, z)
g(z,w)

η(w)η(z), g(w, z) := (w− tz)(w− q−1z)(w− qt−1z)

Realization of the first Macdonald operator:

The mode η0 is diagonal in the basis Pλ(x; q, t)

η0 = (t − 1)E1

and η0 Pλ(x; q, t) = (t − 1) e1(qλ1 t−1, qλ2 t−2, . . . )Pλ(x; q, t)

Proof: by direct comparison of the action of η0 and E1 in the basis pλ(x).3

3
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Higher Macdonald operators via η(z)

The operator η0 can be represented as

η0 =

∮
d z
z
η(z)

Introduce a rational function εn(z) = εn(z1, . . . , zn)

εn(z) =
∏
i<j

(zi − tzj)(zi − t−1zj)

(zi − zj)2

With this define the operators

Ên :=
1

(t − 1)nn!

∮ n∏
i=1

d z1 · · ·d zn

z1 · · · zn

1
εn(z)

: η(z1) . . . η(zn) :

The action of Ên in the Macdonald basis is determined by

Ên = En

ÊnPλ(x; q, t) = en(qλ1 t−1, qλ2 t−2, . . . )Pλ(x; q, t)

Proof: Use the connection between η0 and E1 and prove the statement recursively.4

4
Shiraishi ’06; Feigin, Hashizume, Hoshino, Shiraishi and Yanagida ’09



The shuffle algebra 5 A+
n

We need three parameters q1, q2, q3 with q1q2q3 = 1 and

q1 = q−1, q3 = t

• The elements of A+
n = A+

n (q1, q2, q3) are of the form

F(z1, . . . , zn) =
f (z1, . . . , zn)∏

1≤i<j≤n(zi − zj)2 f (z1, . . . , zn) ∈ C[z±1
1 , . . . , z±1

n ]Sn

• The elements of A+
n satisfy the wheel condition

f (z1, . . . , zn) = 0 if (zi, zj, zk) = (z, q1z, q1q2z) and (zi, zj, zk) = (z, q2z, q1q2z)

• Examples: A+
0 = F,

z j
1 ∈ A

+
1 , j ∈ Z

(z1 − qiz2)(z1 − q−1
i z2)

(z1 − z2)2 ∈ A+
2 , for i = 1, 2, 3.

5
Feigin and Odesskii ’97; Feigin and Tsymbaliuk ’11; Schiffmann and Vasserot ’13; Negut ’12



The shuffle product

Set

ω(x, y) :=
(x− q1y)(x− q2y)(x− q3y)

(x− y)3 =
g(x, y)

(x− y)3

For F ∈ A+
k and G ∈ A+

l we have F ∗ G ∈ A+
k+l

(F ∗ G)(z1, . . . , zk+l) = Sym F(z1, . . . , zk)G(zk+1, . . . , zk+l)
∏

i∈{1,...,k}
j∈{k+1,...,k+l}

ω(zj, zi)

where
Sym f (z1, . . . , zn) =

1
n!

∑
σ∈Sn

f (zσ(1), . . . , zσ(n)),

Example:

z i
1 ∗ z j

1 =
z i

1z j
2 (z2 − q1z1) (z2 − q2z1) (z2 − q3z1)

(z2 − z1) 3

+
z i

2z j
1 (z1 − q1z2) (z1 − q2z2) (z1 − q3z2)

(z1 − z2) 3



The shuffle algebras A+ and the subalgebra A

• The full shuffle algebra: A+ =
⊕

n≥0A
+
n .

A+ is generated by zj
1 ∈ A

+
1 for j ∈ Z 6, and

δ(u/z1) ∗ δ(v/z1) =
−g(v, u)

g(u, v)
δ(v/z1) ∗ δ(u/z1), where δ(w/z1) :=

∑
j∈Z

zj
1w−j

• Consider a subalgebra An ⊂ A+
n of degree 0 elements F which satisfy(

lim
ξ→0
− lim
ξ→∞

)
F(z1, . . . , zn−k, ξzn−k+1, ξzn−k+2 . . . , ξzn) = 0

For n = 0, 1 we have A0 = F, A1 = Fz0
1. For n > 1 distinguished elements are

εn(z; qk) :=
∏

1≤i<j≤n

(zi − qkzj)(zi − q−1
k zj)

(zi − zj)2 , k = 1, 2, 3

In the following we focus only on the subalgebra A.

6
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Properties7 of A

The dimension of An equals to the number of partitions of n

Proof: for a partition λ we need to show that the following elements form bases

ελ(z; qk) = ελ1 (z; qk) · · · ελ`(λ)(z; qk), k = 1, 2, 3

The algebra A is commutative

Proof: using various specializations of zi show that

εn(z, q1) ∗ εm(z, q1) = εm(z, q1) ∗ εn(z, q1)

Recall the vertex operator η(z) and define the operators

O(f ) =

∮
dz1 · · · dzn

z1 · · · zn

f (z1, . . . , zn)

εn(z; q1)εn(z; q3)
: η(z1) . . . η(zn) :, f ∈ An

The operators O(f ) for f ∈ A form a commutative ring

O(f ∗ g) = O(f )O(g)

7
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The isomorphism of A and ΛF

The map O defines a ring isomorphism ΛF → A

This follows by noting that
Ên = O(εn(z; q1))

Similarly one constructs more Macdonald operators

Ĝn = O(εn(z; q3))

F̂n = O(εn(z; q2))

and computes their eigenvalues using identities for symmetric functions.

We can state three relations

ελ(z; q1) 7→ eλ(x)

ελ(z; q3) 7→ gλ(x; q, t)

ελ(z; q2) 7→ fλ(x; q, t)

where fλ = fλ1 · · · fλ`(λ) is defined by another generating function

F(z) =
∑
k≥0

fk(x; q, t)zk = exp
∑
r>0

1
r

qr − tr

1− qr pr(x)zr



A lattice model

a , b , c

a , b , c′

This is the six vertex model associated to Ut(ŝl2). The states are encoded by

R =


a 0 0 0
0 b c′ 0
0 c b 0
0 0 0 a

 or R(x) =


1 0 0 0
0 t(1−x)

1−t2x
(1−t2)x
1−t2x 0

0 1−t2

1−t2x
t(1−x)
1−t2x 0

0 0 0 1


and the Yang–Baxter equation is satisfied

R1,2(x2/x1)R1,3(x3/x1)R2,3(x3/x2) = R2,3(x3/x2)R1,3(x3/x1)R1,2(x2/x1)

The six vertex partition function on a domain C is given by

Z =
∏

(i,j)∈C

Ri,j



Partition functions and shuffle elements

Consider the partition functions ZDW

This is known as the (Korepin’s) domain wall partition function and it is equal to a
determinant (Izergin’s determinant)

ZDW(x; y) ∝ det
1≤i,j≤n

1
(yi − xj)(yi − txj)

Consider the case yi = qxi and set χN(z) := ZDW(z; qz)

χn(z) =

∏
i<j(qzi − zj)(qzi − tzj)∏

i<j(zi − zj)4 det
1≤i,j≤n

1
(qzi − zj)(qzi − tzj)

Claim: χn(z) ∈ A and

O(χn(z))Pλ(x; q, t) = hn(qλ1 t−1, qλ2 t−2, . . . )Pλ(x; q, t)

χλ(z) 7→ hλ(x)



Coloured vertex models

Generalization the previous model by colouring lattice paths

R ja, jb
ia, ib

(x/y) =

ib

ia

jb

jax

y

where {ia, ib} = {ja, jb} as sets. This R-matrix is associated to Ut(ĝln).

The weights are

R ja, jb
ia, ib

(x) = tθ(ja<ib)xθ(ja<ia)(1− tθ(ja=ib)xθ(ja=ia))

where θ(True) = 1 and θ(False) = 0.

Claim: square domain coloured partition functions with the specialized weights
yi = qxi produce more elements of A with a similar action as previous operators.8

8
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Vertices of a more general model

• Start with the six vertex model description using particles (boxes)

∅

∅ ∅

∅

, ∅ ∅ ,

∅

∅

,

∅

∅ , ∅

∅

,

• Add higher edge states

∅

� ���� ∅ � ���� �

∅

∅

� ����

∅

∅ � ����

∅

∅

� ����

∅

∅ � ���

• Allow arbitrary Young diagrams such that the number of boxes is conserved

, ..., , ..., , ...

A vertex model of this type can be constructed using the Fock rep. of Uq,t(
..

gl1).



The quantum group Uq,t(
..

gl1)

This quantum group Uq,t(
..

gl1) is generated by four currents, two central elements
c, c⊥ and depends on two parameters q and t

e(z), f (z), ψ+(z), ψ−(z)

The defining relations are written using the same function g(z,w)

e(w)e(z) =
−g(z,w)

g(w, z)
e(z)e(w)

e(w)ψ+(q−cz) =
−g(z,w)

g(w, z)
ψ±(q−cz)e(w), . . .

The currents ψ±(z) are e.g.f. for some Heisenberg elements h±r

ψ±(z) = q∓c⊥ exp±
∞∑

r=1

(qr − q−r)h±rz∓r

The coproduct is

∆(e(z)) = e(zq−c2 )⊗ ψ+(zq−c2 ) + 1⊗ e(z)

∆(hr) = hr ⊗ 1 + q−c1r1⊗ hr, . . .



The Fock representation and the R-matrix

The Fock module Fu is a representation9 of Uq,t(
..

gl1): hr 7→ ar and

f (z) =
u−1

(1− t−1)(1− q)
η(z), e(z) =

u
(1− t)(1− q−1)

ξ(z)

where ξ(z) is a vertex operator similar to η(z).

Uq,t(
..

gl1) is a quantum double, a consequence is:

R(u) = exp

∑
r≥1

κr(q, t)ar ⊗ a−r

 (q/t)−
1
2 (d1+d2)R̄(u)

R̄(u) equals to a generator of a modified operator10 O2(εn(z; q2))

R̄(u) =
∑
n≥0

u−n

n!
O2(εn(z; q2))

In the Macdonald basis it has the form

R̄(u) =
∑
ρ,σ

P̂ρ(X; q, t)P̂∗σ(Y; q, t)
∑

(i,j)∈ρ∩σ

1
1− uqi+jti−j f b

ρ,σ(q, t)

9
Feigin, Kojima, Shiraishi and Watanabe ’07; Feigin and Tsimbalyuk 09; Schiffmann and Vasserot ’13
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