
The Crystalline Site

Matt Tyler

The purpose of these notes is to define a crystal on a scheme X. A crystal is an object on
the crystalline site of X, so we will first need to define the crystalline site, which in turn
requires the notion of divided powers, so it is there that we will begin.

The information in these notes comes primarily from Chapter III of Messing [2] and Chap-
ters III, V, and VI of Berthelot-Ogus [1].

1 Divided Powers

Divided powers give us a way of making sense of expressions of the form xn

n! even in positive
characteristic, where it is generally not possible to divide by n!. In this section, we will
define divided powers, and discuss some examples and constructions of divided power rings.

Definition 1.1. A divided power structure on a ring A and an ideal I /A is a collection of
maps γn : I → A for all n ≥ 0 satisfying the following properties for all x, y ∈ I and λ ∈ A:

(1) γ0(x) = 1, γ1(x) = x, and γn(x) ∈ I for all n ≥ 1.

(2) γn(x+ y) =
∑

i+j=n γi(x)γj(y).

(3) γn(λx) = λnγn(x).

(4) γi(x)γj(x) = (i+j)!
i! j! γi+j(x).1

(5) γp(γq(x)) = (pq)!
p!(q!)pγpq(x).2

From (3), we may immediately deduce

(6) γn(0) = 0 for all n > 0,

and from (1) and (4) and induction on n, we find

(7) n! γn(x) = xn.

1 (i+j)!
i! j!

is an integer because it is the number of ways to split i+ j items into sets of size i and j.
2 (pq)!
p!(q!)p

is an integer because it is the number of ways to split pq items into p sets, each of size q.
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We will sometimes abbreviate divided power as P.D. (after the French puissances divisées),
and we will sometimes write x[n] for γn(x). We say that (A, I, γ) is a divided power ring
or P.D. ring if {γn}n≥0 is a divided power structure on A and I.

Example 1.2. For every ring, there is a unique P.D. structure on the ideal I = (0) given
by 0[n] = 0 for all n ≥ 1.

Example 1.3. If A is a Q-algebra, then every ideal has a unique P.D. structure given by
x[n] = xn

n! . If A is torsion-free as an abelian group, then P.D. structures on an ideal are
unique when they exist.

Example 1.4. Suppose (m− 1)! is invertible in A and Im = 0. Then, I has a (not neces-

sarily unique) P.D. structure given by x[n] =

{
xn/n! if n < m,

0 if n ≥ m.
In particular, whenever I

is an ideal whose square is 0, I has a P.D. structure with γn(x) = 0 if n ≥ 2.

Example 1.5. Let V be a DVR with unequal characteristic p. Let π ∈ V be a uniformizer,
and define e by (p) = (π)e. We will show that (π) has a (necessarily unique) P.D. structure
if and only if e ≤ p − 1. Indeed, (π) has a P.D. structure if and only if xn

n! lies in (π)
whenever x ∈ (π), which holds exactly when ordπ(π

n

n! ) > 0 for all n ≥ 1. Since ordp(n!) =
1
p−1(n−

∑
ai) where n =

∑
aip

i is the base-p expansion of n with 0 ≤ ai < p, we find

ordπ

(
πn

n!

)
= n− e ordp(n!) = n− e

p− 1
(n−

∑
ai) =

p− 1− e
p− 1

n+
e

p− 1

∑
ai, (1.1)

which is positive for all n ≥ 1 if and only if e ≤ p− 1.

Definition 1.6. Let (A, I, γ) and (B, J, δ) be divided power rings. A divided power mor-
phism (A, I, γ)→ (B, J, δ) is a ring map f : A→ B such that f(I) ⊆ J and δn ◦ f = f ◦ γn
for all n ≥ 0.

To any A-module M , there is a P.D.-analog of the symmetric algebra, which provides us
with a wealth of additional examples of divided power structures, as seen in the following
proposition (proved by Roby [3, 4]).

Proposition 1.7. For any A-module M , there exists a P.D. A-algebra (ΓA(M),Γ+
A(M), γ)

and an A-linear map ι : M → Γ+
A(M) with the following universal property: For any P.D.

A-algebra (B, J, δ) and any A-linear map ψ : M → J , there is a unique P.D. morphism
ψ̃ : (ΓA(M),Γ+

A(M), γ)→ (B, J, δ) such that ψ̃ ◦ ι = ψ. Moreover:

• ΓA(M) is graded with Γ0
A(M) = A, Γ1

A(M) = M , and Γ+
A(M) =

⊕∞
n=1 ΓnA(M).

• The functor M 7→ ΓA(M) commutes with

◦ filtered direct limits (i.e. lim−→ΓA(Mλ) = ΓA(lim−→Mλ)),

◦ direct sums (i.e. ΓA(M)⊗A ΓA(N) = ΓA(M ⊕N)), and

2



◦ base change (i.e. B ⊗A ΓA(M) = ΓB(B ⊗AM)).

• If M is free with basis {xi | i ∈ I}, then ΓnA(M) is free with basis {x[q1]
i1
· · ·x[qk]

ik
|∑

qj = n, ij ∈ I} (where we have identified xi ∈ M with ι(xi) ∈ Γ1
A(M)). In this

case, we denote ΓA(M) by A 〈xi | i ∈ I〉, and note that we have the expected universal
property: Hom(A 〈xi | i ∈ I〉 , (B, J, δ)) =

∏
i∈I J .

Example 1.8. Z 〈x〉 = Z[x, x
2

2 , . . . ,
xn

n! , . . . ] ⊂ Q[x].

To construct ΓA(M), we take the free module generated by the elements m[n] for all m ∈M
and n ≥ 0, and quotient by the following relations for all m,m′ ∈M , λ ∈ A, and n, i, j ≥ 0:

(1) m[0] = 1

(2) (m+m′)[n] =
∑

i+j=nm
[i]m′[j]

(3) (λm)[n] = λnm[n]

(4) m[i]m[j] = (i+j)!
i! j! m

[i+j]

The grading is given by letting m[n] have degree n, and the divided power structure is
induced by setting γn(m[1]) = m[n].

If M is an ideal I of A and we quotient ΓA(I) by the additional relations i[0] = i[1] for all
i ∈ I, then we obtain the P.D. envelope (DA(I),D+

A(I), γ) of I in A, which is characterized
by the universal property

Hom((DA(I),D+
A(I), γ), (B, J, δ)) = Hom((A, I), (B, J)). (1.2)

We conclude our discussion of divided power rings with a setting in which divided powers
may be extended from one ring to another. This will be useful for seeing that divided
powers sheafify correctly.

Proposition 1.9. Let (A, I, δ) be a P.D. ring and B be an A-algebra, and suppose that
TorA(A/I,B) = 0 (i.e. I ⊗AB

∼−→ IB). Then, the divided powers on A extend uniquely to
the ideal IB of B.

Note that in particular the hypotheses hold whenever B is flat over A.

Proof. It is clear that such an extension, if it exists, is unique. Our goal is to show that
the maps γ′n : I ⊗A B → B given by i ⊗ b 7→ γn(i) ⊗ bn (and extended by the axioms for
divided powers to the rest of I ⊗A B) are well-defined.

To that end, we construct γ′n inductively on n. Clearly, γ′0 = 0 and γ′1 = id are well-defined,
so suppose γ′1, . . . , γ

′
n−1 are all defined as above. Let AI×B be the free A-module with basis
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the formal symbols {(i, b) | i ∈ I, b ∈ B}, and define the map ϑ : AI×B → B by

ϑ(a1(i1, b1) + · · ·+ a`(i`, b`)) =
∑

(a1b1)k1γk1(i1) · · · (a`b`)k`γk`(i`), (1.3)

where the sum is over all `-tuples (k1, . . . , k`) with kj ≥ 0 and
∑`

j=1 kj = n.

We must show that ϑ(x+y) = ϑ(x) whenever y ∈ ker(AI×B → I⊗AB), which is generated
by elements of the form

(i′ + i′′, b)− (i′, b)− (i′′, b), (1.4)

(i, b′ + b′′)− (i, b′)− (i, b′′), and (1.5)

(ai, b)− (i, ab). (1.6)

We will deal with the first case (1.4), with (1.5) and (1.6) being similar Suppose x =
a1(i1, b1)+· · ·+a`(i`, b`) and y = (i′+i′′, b)−(i′, b)−(i′′, b). We must show that ϑ(x+ay) =
ϑ(x) for all a ∈ A. By appending 0(i′ + i′′, b) (and similar) to the front of x if necessary,
we may assume without loss of generality that (i1, b1) = (i′ + i′′, b), (i2, b2) = (i′, b) and
(i3, b3) = (i′′, b). Therefore, we must show

ϑ((a1 + a)(i′ + i′′, b) + (a2 − a)(i′, b) + (a3 − a)(i′′, b) + . . . ) = ϑ(x). (1.7)

In the sum defining ϑ, all factors appearing after the third are identical for the two expres-
sions above, so it suffices to show that for each t,∑

k1+k2+k3=t

((a1 + a)b)k1γk1(i′ + i′′) ((a2 − a)b)k2γk2(i′) ((a3 − a)b)k3γk3(i′′) (1.8)

=
∑

k1+k2+k3=t

(a1b)
k1γk1(i′ + i′′) (a2b)

k2γk2(i′) (a3b)
k3γk3(i′′). (1.9)

Indeed, the first expression (1.8) above is simply

bt
∑

k1+k2+k3=t

γk1((a1 + a)(i′ + i′′)) γk2((a2 − a)i′) γk3((a3 − a)i′′)

= bt γt((a1 + a)(i′ + i′′) + (a2 − a)i′ + (a3 − a)i′′)

= bt γt((a1 + a2)i′ + (a1 + a3)i′′),

(1.10)

which is the same as the second expression (1.9).

Hence, ϑ factors through I ⊗A B, and the map γ′n is well-defined. By induction, we are
done.

The notion of divided powers may be globalized as follows. We replace A by a scheme S
and I by a quasi-coherent ideal I of OS . Divided powers on I are given by assigning to
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each open set U of S a system of divided powers on I (U) such that the restriction maps
are divided power morphisms.

A P.D. morphism (S,I , γ)→ (S′,I ′, γ′) is a morphism f : S → S′ such that f−1I ′OS ⊆
I , and for all U ′ ⊆ S′ open, the map (OS′(U

′),I ′(U ′), γ′) → (OS(f−1U ′),I (f−1U ′), γ)
is a P.D. morphism.

Since localizations are flat, Proposition 1.9 shows that for any ring A and any ideal I / A,
P.D. structures on A and I correspond to P.D. structures on SpecA and Ĩ. Moreover,
P.D. morphisms (A, I, γ) → (B, J, δ) correspond to P.D. morphisms (SpecB, J̃, δ) →
(SpecA, Ĩ, γ).

Since quasi-coherent ideals I of S correspond to closed immersions U ↪−→ S, we will
sometimes write a P.D. scheme (S,I , γ) as (U ↪−→ S, γ), where U ↪−→ S is the closed
immersion corresponding to I . In what follows, we will primarily be interested in divided
power thickenings, which are divided powers schemes (U ↪−→ S, γ) for which the closed
immersion U ↪−→ S is a thickening (i.e. a homeomorphism).

2 Crystals

We turn now to the definition of the crystalline site.

Definition 2.1. The crystalline site Crys(X) of a scheme X consists of the category
whose objects are divided power thickenings (U ↪−→ T, γ) of open sets U of X, and whose
morphisms (U ↪−→ T, γ)→ (U ′ ↪−→ T ′, γ′) are commutative squares

U T

U ′ T ′

(2.1)

such that the map U → U ′ is an inclusion of open sets, and the map T → T ′ is a divided
power morphism.

The topology on Crys(X) is induced by the Zariski topology, and is defined by saying that
a family {(Uα ↪−→ Tα, γα)→ (U ↪−→ T, γ)} of maps is a covering family when Tα → T is an
open immersion and Uα = U ×T Tα for each α, and T =

⋃
α Tα.

Remark 2.2. Ordinarily, the crystalline site is defined with respect to a base P.D. scheme
(S,I , γ), with compatibility conditions imposed on the divided powers. However, since we
will not be discussing crystalline cohomology, this will not be necessary for our purposes.
Our definition can be recovered from the more general one by letting S = SpecZ, with the
trivial P.D. structure on the zero ideal.
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Let us examine the topos of sheaves on Crys(X). Let F be such a sheaf. For a fixed object
(U ↪−→ T, γ) of Crys(X), the assignment

T0 7→ F (U ×T T0 ↪−→ T0, γ
∣∣
T0

) for Zariski open subsets T0 ↪−→ T (2.2)

is a sheaf F(U↪−→T,γ) in the Zariski topology on T . If u : (U ↪−→ T, γ) → (U ′ ↪−→ T ′, γ′)
is a morphism in Crys(X), then there is a morphism ρu : u−1F(U ′↪−→T ′,γ′) → F(U↪−→T,γ)

(or equivalently a morphism ρ̄u : F(U ′↪−→T ′,γ′) → u∗F(U↪−→T,γ)) of sheaves given on Zariski
opens T ′0 ↪−→ T ′ by the map

F (U ′0 ↪−→ T ′0, γ
′∣∣
T ′0

) F(U ′↪−→T ′,γ′)(T
′
0)

F (U0 ↪−→ T0, γ
∣∣
T0

) F(U↪−→T,γ)(T0) u∗F(U↪−→T,γ)(T
′
0)

F (u×T ′T ′0)
ρ̄u (2.3)

where T0 = T ×T ′ T ′0 = u−1(T ′0), U ′0 = U ′ ×T ′ T ′0, and U0 = U ×T ′ T ′0 = U ×T T0.

In fact, this construction is reversible, as stated in the following lemma.

Lemma 2.3. A sheaf F on Crys(X) is equivalent to the following data:

For every element (U ↪−→ T, γ) of Crys(X), a Zariski sheaf F(U↪−→T,γ) on T , and for every
morphism u : (U ↪−→ T, γ)→ (U ′ ↪−→ T ′, γ′) in Crys(X), a map

ρu : u−1F(U ′↪−→T ′,γ′) → F(U↪−→T,γ) (2.4)

of sheaves on T satisfying the following properties:

• If v : (U ′ ↪−→ T ′, γ′) → (U ′′ ↪−→ T ′′, γ′′) is another morphism in Crys(X), then the
following diagram commutes.

u−1v−1F(U ′′↪−→T ′′,γ′′) u−1F(U ′↪−→T ′,γ′)

(v ◦ u)−1F(U ′′↪−→T ′′,γ′′) F(U↪−→T,γ)

u−1ρv

ρu

ρv◦u

(2.5)

• If u : T → T ′ is an open immersion, then ρu is an isomorphism of sheaves on T .

A particularly important example is given by the structure sheaf OCrys(X) on Crys(X),
which is the sheaf of rings given by the assignment (U ↪−→ T, γ) 7→ OT . We define a sheaf
of modules on Crys(X) to be a sheaf of OCrys(X)-modules. For a sheaf F of modules, note
that the maps ρu in (2.4) define maps

ρu : u∗F(U ′↪−→T ′,γ′) → F(U↪−→T,γ) (2.6)
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of OT -modules.

We are now prepared to define a crystal on X. A crystal, according to Grothendieck, is an
object which grows (over divided power thickenings) and is rigid (in that the comparison
maps are isomorphisms).

Definition 2.4. A sheaf F of modules on Crys(X) is a crystal if each map (2.6) is an
isomorphism.

Usually, when F is a crystal, we will omit ρu from the notation and assume there is a
literal equality u∗F(U ′↪−→T ′,γ′) = F(U↪−→T,γ). We say that F is a crystal of quasi-coherent
modules if each F(U↪−→T,γ) is a quasi-coherent module on T , and similarly for vector bundles
of a particular rank, and other subcategories. Note that OCrys(X) is itself a crystal, as are
colimits of crystals.

Example 2.5. Let us consider crystals of quasi-coherent modules on Crys(SpecFp). Since
SpecFp is affine and has only one nonempty open subset, we may identify objects in
SpecFp with P.D. rings (A, I, γ) where I is a nil ideal and A/I = Fp. Since p = 0 in
Fp, p must be nilpotent in A, and hence A is a Zp-algebra. We may therefore define a
crystal of quasi-coherent modules on Crys(SpecFp) by fixing a Zp-module M and setting
F(A,I,γ) = A⊗ZpM . There may, however, be additional crystals not of this form, for there

can be multiple P.D. structures on Z/pkZ, and moreover maps Z/pkZ→ A are not always
P.D. morphisms.

Remark 2.6. The definition given here is a special case of the following more general
definition of crystals. Let X be a fibered category on Sch which is a stack with respect
to the Zariski topology. An X -crystal on X is a cartesian section of the fibered category
X ×Sch Crys(X), where Crys(X)→ Sch is the map (U ↪−→ T, γ) 7→ T . This means that for
each object (U ↪−→ T, γ) in Crys(X), we are given an object F(U↪−→T,γ) in XT , and for each
morphism u : (U ↪−→ T, γ)→ (U ′ ↪−→ T ′, γ′), we are given an isomorphism

ρu : u∗F(U ′↪−→T ′,γ′) → F(U↪−→T,γ) (2.7)

satisfying the condition ρu ◦u∗ρv = ρv◦u (as in (2.5)) for any morphism v : (U ′ ↪−→ T ′, γ′)→
(U ′′ ↪−→ T ′′, γ′′). Definition 2.3 is the case where XT is the category of OT -modules, but we
could instead, for example, let XT be the category of schemes over the base T . Though
we will stick to the case of OT -modules (and subcategories thereof) in these notes, little
changes in the general case.

It turns out that crystals of quasi-coherent modules have a particularly familiar form.

Lemma 2.7. A sheaf F of modules on Crys(X) is a crystal of quasi-coherent modules if
and only if it is a quasi-coherent sheaf of modules in the usual sense (i.e. for each object
Z of Crys(X) there is a covering {Zα → Z} for which each restriction FCrys(X)/Zα has a
global presentation).
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Proof. First, suppose F is a quasi-coherent sheaf of modules, and take any object (U ↪−→
T, γ) of Crys(X). Since the property of being a crystal of quasi-coherent modules is local,
we may assume that F restricted to Crys(X)/(U ↪−→ T, γ) has a global presentation⊕
j∈J

OCrys(X)

∣∣
Crys(X)/(U↪−→T,γ)

−→
⊕
i∈I

OCrys(X)

∣∣
Crys(X)/(U↪−→T,γ)

−→ F
∣∣
Crys(X)/(U↪−→T,γ)

−→ 0

(2.8)
on (U ↪−→ T, γ). In particular, this gives a presentation⊕

j∈J
OT −→

⊕
i∈I

OT −→ F(U↪−→T,γ) −→ 0, (2.9)

so F is a sheaf of quasi-coherent modules. Since the global presentation (2.8) may be
pulled back along any morphism to (U ↪−→ T, γ), we see that F is a crystal by the five
lemma.

Conversely, suppose F is a crystal of quasi-coherent modules. We must show that each
object (U ↪−→ T, γ) is covered by objects on which F has a global presentation. By covering
T with open affines, we may assume that T itself is affine, so we have a presentation⊕

j∈J
OT −→

⊕
i∈I

OT −→ F(U↪−→T,γ) −→ 0 (2.10)

of OT -modules, since F(U↪−→T,γ) is quasi-coherent on T . Since F is a crystal, we see that
this pulls back to a presentation of F(U0↪−→T0,γ0) whenever there is a map (U0 ↪−→ T0, γ0)→
(U ↪−→ T, γ), so we have the desired global presentation of FCrys(X)/(U↪−→T,γ).

We will now conclude with a definition of the inverse image of a crystal along a morphism
ϕ : X → Y of schemes. Let F be a crystal on Y . We will define a crystal ϕ∗F on X.
By the sheaf axiom, it suffices to work locally on X, so it is enough to define ϕ∗F on
objects of the form (U ↪−→ T, γ) in Crys(X) where U (and hence also T ) is affine and ϕ(U)
is contained in an affine subset V of Y . Let T = SpecA, U = SpecA/I, and V = SpecB,
and consider the following diagram of rings.

A/I A

B B ×A/I A

(2.11)

The map B ×A/I A → B is surjective with kernel {0} × I, which is a nil ideal because
I is nil. We define divided powers on B ×A/I A via δn(0, i) = (0, γn(i)), so that the
map B ×A/I A → A a divided power morphism. Letting W = Spec(B ×A/I A), we have
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constructed an object (V ↪−→W, δ) of Crys(Y ) such that the following diagram commutes.

U T

V W

(2.12)

We define (ϕ∗F )(U↪−→T,γ) to be ϕ̃∗F(V ↪−→W,γ′) where ϕ̃ is the map T →W .

What remains is to show that this is independent of the choice of V . Suppose V ′ is another
open affine in Y containing ϕ(U), and construct an object (V ′ ↪−→ W ′, δ′) of Crys(Y ) and
a map ϕ̃′ : T →W ′ as above. We must show

ϕ̃∗F(V ↪−→W,δ) = ϕ̃′∗F(V ′↪−→W ′,δ′). (2.13)

It is enough to show this equality locally, so choose an open affine subset U0 of U so that
ϕ(U0) is contained in an affine V0 ⊆ V ∩V ′, and let T0 be the open subscheme of T induced
by U0 ↪−→ U . Repeating the construction above, we obtain the following diagram.

U0 T0

V0 W0

(2.14)

By the construction, there are morphisms

V0 W0 V0 W0

V W V ′ W ′

(2.15)

in Crys(X) making the following diagrams commute.

U0 T0 U0 T0

V0 W0 V0 W0

U T U T

V W V ′ W ′

(2.16)

Using at last the fact that F is a crystal, we find

(ϕ̃∗F(V ↪−→W,δ))
∣∣
T0

= ϕ̃∗0F(V0↪−→W0,δ0) = (ϕ̃′∗F(V ′↪−→W ′,δ′))
∣∣
T0
, (2.17)

and hence our construction of (ϕ∗F )(U↪−→T,γ) is well-defined. Having defined ϕ∗F for
sufficiently small objects in Crys(X), it now extends uniquely to a crystal on all of Crys(X).

9



References

[1] Pierre Berthelot and Arthur Ogus. Notes on Crystalline Cohomology. (MN-21). Prince-
ton University Press, Princeton, 08 Mar. 2015.

[2] William Messing. The Crystals Associated to Barsotti-Tate Groups: with Applications
to Abelian Schemes. Springer Berlin Heidelberg, Berlin, Heidelberg, 1972.

[3] Norbert Roby. Lois polynomes et lois formelles en théorie des modules. Annales scien-
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