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This paper studies the strategic interaction between a monopolistic seller of an information product and a
set of potential buyers that compete in a downstream market. Our analysis illustrates that the nature and
intensity of competition among the information provider’s customers play first-order roles in determining
her optimal strategy. We show that when the customers view their actions as strategic complements (such
as in Bertrand competition), the provider finds it optimal to offer the most accurate information at her
disposal to all potential customers. In contrast, when buyers view their actions as strategic substitutes (for
example, when they compete with one another a la Cournot), the provider maximizes her profits by either (i)
restricting the overall supply of the information product, or (ii) distorting its content by offering a product of
inferior quality. We also establish that the provider’s incentive to restrict the supply or quality of information

provided to the downstream market intensifies in the presence of information leakage.
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1. Introduction
Recent advances in information technology have streamlined the process of mining, aggregating,
and processing high volume data about economic activity. Arguably, it is widely believed that the
availability of more accurate information about the business environment and market conditions can
be hugely beneficial to firms across a wide variety of industries. Such a realization has in turn led to
a sizable demand for Business-to-Business information services. Several firms ranging from Nielsen
to Thomson Reuters and IRI have built their business models around collecting, customizing, and
selling information products to other market participants. For example, the market research firm
IRI offers its customers a variety of consumer, shopper, and retail market analyses focused on the
consumer packaged goods industry, whereas the Economist Intelligence Unit sells industry-wide
market analysis reports.

Motivated by the growing interest in the markets for information, this paper studies the problem

of the optimal sale of information (such as demand forecasts) to a set of competing firms. We show
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that the nature and intensity of competition among the information provider’s potential customers
have a first-order impact on her optimal selling strategy and profits. More specifically, our analysis
illustrates that the value the provider can extract from her customers is largely determined by
the trade-off between (i) the direct (positive) effect of more precise information on the customers’
profits by enabling them to make more informed decisions; and (ii) the strategic effects that arise
due to the fact that the provider’s customers may interact with one another in other markets.

We present our main findings in the context of an environment that involves a monopolistic
information provider who can sell potentially informative signals to a collection of firms that
compete with one another in a downstream market. More specifically, we assume that the customer
firms face demand uncertainty and that the provider is endowed with a private signal that
is (partially) informative about the actual demand realization, thus creating potential gains
from trade. Crucially for our argument—and in line with the observation that many real-world
information providers offer a variety of information products of varying qualities—we allow for a
setting in which the provider can offer information products that are potentially less precise than
her private information. In other words, the provider can potentially distort the informativeness
of the signal at her disposal by reducing its accuracy.

As our main result, we show that the optimal selling strategy of the provider is largely dependent
on the nature and intensity of competition among her potential customers in the downstream
market. More specifically, we first show that when firms engage in price competition (Bertrand),
the provider finds it optimal to sell her signal with no distortion to the entire set of firms. This
is due to the fact that in a Bertrand market, firms’ actions are strategic complements and hence,
each firm’s marginal benefit of procuring a more accurate signal is increasing in the fraction of
its competitors that purchase the provider’s information product. Therefore, the provider would
obtain maximal profits by flooding the market with highly precise signals.

The situation, however, can be dramatically different if the information provider’s customers
compete with one another in quantities (Cournot). For such a downstream market, we show that the
provider may no longer find it optimal to sell an undistorted version of her signal to all firms. Rather,
she may find it optimal to either (i) reduce the quality of her information product by selling a signal
of a lower precision than the one she possesses; (ii) strategically limit her market share by excluding
a subset of her customers from the sale; or (iii) employ both strategies simultaneously by reducing
the quality and quantity of the products offered. The optimality of these “information-distorting
strategies” is due to the fact that in a Cournot market, firms’ actions are strategic substitutes,
which leads to the emergence of two opposing effects. On the one hand, obtaining additional
information about demand directly benefits firms as they can better align their production decisions

with underlying market conditions. On the other hand, however, the provider’s signal can also



serve as a correlating device among her customers’ equilibrium actions. In particular, providing
the information product to an extra firm can only increase the correlation in the firms’ production
decisions, an outcome that reduces each firm’s profits and hence, can adversely affect the provider’s
bottom line. Therefore, when downstream competition is intense enough (for example, when firms’
products are sufficiently substitutable), this latter, strategic channel would dominate the positive
effect of reducing demand uncertainty, implying that the information provider would be better
off by restricting the quantity and/or quality of her information products. Interestingly, unlike in
Bertrand competition, the provider’s profits in a Cournot market are decreasing in the intensity of
competition and may end up being significantly lower than in the absence of any competition.

To further clarify the forces that underpin our results, we also discuss a number of extensions
to our benchmark setup. First, we let the provider offer a menu of information products with
potentially different precisions and at different prices. We provide an explicit characterization of
the optimal selling strategy as a function of the nature and intensity of competition and show that
when firms compete in quantities and offer substitutable products, there is a continuum of strategies
that lead to the same equilibrium profits for the provider. This characterization thus formalizes
the trade-off in the provider’s incentives for reducing the quantity or quality of her information
product. Second, we extend our benchmark framework by allowing for the possibility of information
leakage among the provider’s customers. In particular, we assume that, by observing the decisions
of their competitors, firms can partially infer the information content of the signal purchased by
other firms, thus altering their own willingness-to-pay for the information provider’s signal. We
establish that the provider’s incentive for reducing the quality and/or quantity of her information
product increases as the extent of information leakage among her customers is intensified. Third,
we explore the implications of firm heterogeneity for the provider’s selling strategy by considering
a setting in which firms differ in their production costs. We show that it is optimal for the provider
to sell higher precision information products (at higher prices) to the more efficient firms, i.e., the
firms that have lower production costs. Lastly, we establish that our main qualitative insights carry
over to a market consisting of finitely many firms and show that our benchmark results can be
obtained as the limit of a finite market with the number of firms growing asymptotically large.

Taken together, these findings provide a step towards understanding the intricacies involved in
markets for information. Unlike traditional markets for physical goods, it is relatively inexpensive
to offer a diverse menu of information products that differ in their precision and pricing. Our results
highlight that the value that a given buyer can extract from procuring such products depends not
only on the product’s characteristics (such as its price and precision) but also on the environment

in which the information provider’s customers interact with one another.
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Our modeling framework provides several qualitative insights on how, in shaping her pricing
policy, an information provider may optimally take the strategic interactions among her customers
into account. We believe that these insights can be of particular relevance to real-world information
markets in which (i) information providers have the ability to sell signals of different precisions (at
potentially different prices) to their customers and (ii) information affects the customers’ actions
and profits through two channels: on the one hand, more precise information enables a firm to
take an action that more closely matches the realized uncertainty; on the other hand, the firm
also interacts strategically with the rest of the market participants. Potential examples include
the multitude of consumer, shopper, and retail market analyses of varying precision offered by
firms such as IRI and Nielsen to the consumer packaged goods industry! as well as the expansive
menus of information products that financial data providers (such as Bloomberg and Thomson
Reuters) make available to their customers. Besides the obvious case of differentiating their data
based on its granularity (say, its coverage or level of aggregation), financial data providers also use
frequency as a dimension to differentiate their information products. For instance, in the context
of the U.S. macroeconomic data announcements by various government agencies at prescheduled
dates (such as monetary policy announcements by the Federal Reserve or non-farm employment
numbers released by the Bureau of Labor Statistics), Kurov et al. (2016) argue that some private
data providers release information to exclusive groups of subscribers before making it available to
others, with the documented early releases in the range of seconds.? Thus, to the extent that slightly
out-dated information can be considered as information of lower quality (e.g., due to fast-moving
market conditions), such an environment also exhibits the key features of our model.

Related Literature. Our paper is related to the extensive literature that studies firms’ strategic
considerations in sharing information with one another in oligopolistic markets. For example, Vives
(1984), Gal-Or (1985), Li (1985), and Raith (1996) provide conditions under which firms find
it optimal to share their private information about market conditions with their competitors. A
more recent collection of papers, such as Shin and Tunca (2010), Shamir (2012), Shamir and
Shin (2016), Ha and Tong (2008), and Ha, Tong, and Zhang (2011) studies information sharing
incentives in vertical supply chains. For instance, Shamir and Shin (2016) determine conditions
under which firms can credibly share their demand forecasts with one another, whereas Cui, Allon,
Bassamboo, and Van Mieghem (2015) provide a theoretical and empirical assessment of the value
UIRI offers an array of information products at different price points. For example, the Basic “Market Advantage
Solution” includes a summary of industry sales and a detailed analysis of pricing strategies employed by a firm’s
competitors. The Premium “Market Advantage Solution”, on the other hand, provides a more in-depth analysis of

sales and competitors’ pricing strategies along with more specialized analytics services. The Basic product is priced
around $10,000 whereas the price for the Premium offering can range between $100,000 and $500,000.

2 Also see The Wall Street Journal (2013) for another example.



of information sharing in two-stage supply chains. In contrast to this literature, which for the most
part focuses on firms’ incentives to fully share the information at their disposal with one another,
we consider a setting in which a third-party decides not only the price but also the accuracy of
the information product(s) she makes available to a set of competing firms. This allows for richer
equilibrium outcomes that highlight the interplay between the nature of competition, the optimal
selling strategy, and the information provider’s profits.

Our paper is also related to the literature, such as Li and Zhang (2008), Anand and Goyal (2009),
and Kong, Rajagopalan, and Zhang (2013), that studies the implications of indirect leakage of
information in supply chains via firms’ actions. Similar considerations have also been studied in
the context of financial markets (Admati and Pfleiderer 1990). Building on the framework of Vives
(2011), we show how the intensity of information leakage in the market impacts firms’ valuation
of information and hence alters the provider’s incentives in designing her information products.

Our work is also related to the growing theoretical literature on the social and equilibrium value of
public information. Morris and Shin (2002) illustrate that public disclosure of information regarding
a payoff-relevant parameter may adversely affect social welfare as it may crowd out agents’ reliance
on their private information. Angeletos and Pavan (2007) extend this framework and provide a
complete taxonomy of conditions under which private and public signals are efficiently utilized in
equilibrium.? Relatedly, Bergemann and Morris (2013) study games of incomplete information with
the goal of providing equilibrium predictions that are robust to all possible information structures.
Their analysis illustrates that information disclosure policies that involve a partial sharing of a
firm’s private information may lead to higher equilibrium payoffs.

Also related is the recent work of Myatt and Wallace (2015), who consider a setting in which
a set of firms compete in a Cournot market by selling differentiated products to a representative
consumer. They characterize the weights firms assign to the private and public signals at their
disposal as functions of the signals’ precisions, the intensity of the competition, and the extent of
product differentiation. They also establish that when signals are costly, firms acquire too much
information relative to the socially efficient benchmark. In contrast to their paper, our main focus
is on the provider’s incentives to reshape the quantity and quality of information sold to the firms.

Finally, our work is related to the more recent work of Bergemann and Bonatti (2015), who
explore selling information in the form of cookies in the context of online advertising, as well as
Xiang and Sarvary (2013) who consider a market for information with competition on both the
demand and supply sides of the market. In a similar context, Babaioff et al. (2012) study the design

of optimal mechanisms for a data provider to sell information to a single buyer.

3 Interestingly, Chen and Tang (2015) study the value of market information for farmers in developing economies.
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2. Model

Firms: Consider an economy consisting of a unit mass of firms indexed by ¢ € [0, 1] that compete
with one another in a downstream market. Each firm ¢ takes an action a; € R in order to maximize
its profit which is given by the following expression

_ Y2 o
m(ai, A, 0) = v0a:0 + y10; A — o i (1)

1
where A = / a;di denotes the aggregate action taken by the firms, 6§ € R is an unknown payoff-

relevant par(z)imeter, and {70,71,72} are some exogenously given constants. Depending on the
context, action a; may represent the quantity sold or the price set by firm i. As we will show in
Subsection 2.2, the above framework nests Cournot and Bertrand competition as special cases. For
the time being, however, we find it more convenient to work with the general setup above without
taking a specific position on the mode of competition.

The unknown parameter # is randomly drawn by nature before firms choose their actions. As we
will discuss in the following subsections, this parameter can represent the intercept of the (inverse)
demand curve in the downstream market. All firms hold a common prior belief on 8, which for
simplicity we assume to be the (improper) uniform distribution over the real line.* Even though

firms do not know the realization of 8, each firm ¢ observes a noisy private signal
1'1:94-61 s EiNN(O,l/F{,I),

with k. capturing the precision of the private signal observed by each firm. The noise terms ¢; are
independently distributed across firms. Given firm ¢’s profit function in (1), we let

*m [ 0*m  m

b= —3e04 92 7’ (2)

denote the degree of strategic complementarity in firms’ actions. Note that 8 > 0 corresponds to an
economy in which firms’ actions are strategic complements: the benefit of taking a higher action to
firm ¢ increases the higher the actions of other firms are. In contrast, when 8 < 0, firms face a game
of strategic substitutes, where i’s incentives for taking a higher action decrease with the aggregate
action A. Finally, 8 =0 corresponds to a market in which firms face no strategic interactions.
Throughout the paper, we assume that -, > max{2v;,0}. This assumption, which implies that
B € (—00,1/2), is made to guarantee that firm i’s profits are strictly concave in a; and that i’s
marginal profit is more sensitive to its own action a; than to the aggregate action A.
4 More formally, suppose that 6 is distributed according to a Gaussian distribution with mean 0 and variance oa.

By letting o9 — 0o, we obtain a distribution with full support over (—oco,00) that, in the limit, assigns the same
probability to all intervals that have the same Lebesgue measure.



Information Provider: In addition to the competing firms, the economy contains a monopolist
who possesses some private information about the realization of the unknown parameter 8 that it
can potentially sell to the firms before they take their actions. The provider has access to a private

signal z with precision k. given by
z=0+¢ , (~N(0,1/k.),

where the noise term ( is independent of ¢;’s. Given that our main focus is on the market for
information, we assume that this signal has no intrinsic value to the provider and that she can
only benefit from the signal by selling it to the firms.

The key feature of our model is that the provider has control over both the “quantity” and
“quality” of information sold to the firms: the information provider not only chooses the set of
firms I C [0, 1] that she decides to trade with, but can also choose the precision of the signal offered

to the firms. More specifically, she offers a signal
Si:Z+€i 9 gzNN<071/"€f)7

to firm i € I at price p;, where ¢; is independent from z and 1/k¢ captures the variance of the noise
introduced by the provider into s;. This specification thus captures the idea that the provider can
control the quality of the information sold to the firms: by choosing a smaller x¢, the provider can
“damage” the signals offered to the firms.” Throughout the paper, we refer to s; as the market
stgnal sold to firm 1.

In general, the noise added to different firms’ signals by the provider may be correlated with
one another. To capture this idea formally, we assume that in addition to their precision kg,
the provider can also determine the correlation between different firms’ market signals by setting
pe = corr(&;,&;) € [0,1]. Our specification thus accommodates situations in which the provider offers
identical or conditionally independent signals to any subset of the firms as special cases.

Putting the above together, the market signal s; offered to firm ¢ € I can be rewritten as
s;=0+mn , ni~N(0,1/k,) and corr(n;,n;)=p,

where k, = (1/k.+1/k¢) " is the signal’s precision and p = (k¢ + pek.) /(e + £.). By construction,
signals sold by the provider cannot be more precise than the information she possesses, i.e., kK, < k.

We remark that given firms’ ex ante symmetry, we can assume, without loss of generality, that
I =10,], where A € [0,1] captures the fraction of firms that the information provider decides to

® Note that in our baseline setting, the provider offers a signal of the same precision to all firms i € I; that is, ¢ is
independent of i. We relax this assumption in Section 4 and show that all our insights are robust to this assumption.
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trade with. Also note that even though we assume that the seller chooses the fraction of firms
she wants to trade with before offering them her information products, as we show in Section 4,
our setting is isomorphic to an environment in which the provider announces the features of her
product(s)—i.e., price and precision—and firms subsequently decide whether to purchase them.
Finally, with some abuse of terminology, we refer to the firms who purchase the market signal
s; as informed firms, whereas firms that were denied the signal or decided not to purchase it from

the information provider are simply referred to as being uninformed.

2.1. Contracts and Equilibrium

Once the seller’s and the firms’ private signals are realized, the former has the option to sell
potentially informative signals about 6 to the latter. To capture this idea formally, we assume that
the information provider makes a take-it-or-leave it offer (k¢,pe,p;) to a fraction A of the firms,
where k¢ captures the quality of the market signal offered to firm ¢ and p; is the corresponding
firm-specific price.

Following the seller’s offer, each firm i € [0, A] then decides whether to accept (b; =1) or reject
(b; =0) its corresponding offer. This stage is then followed by the competition subgame between
the firms in which they choose their actions a;. Note that whereas the strategy of an uninformed
firm ¢ is a mapping from its private signal z; to an action, the strategy of an informed firm maps
the pair (z;,s;) to an action. We have the following standard solution concept:

DEFINITION 1. A perfect Bayesian equilibrium consists of a strategy (X, k¢, pe, {Di }icjo,n)) for the
information provider, acceptance/rejection decisions b; € {0,1} for each firm 4, a posterior belief ;
for each firm 4, firm-specific strategies a;, and an aggregate action A such that

(i) the information provider chooses (A, ke, pe, {p; }icpo,n]) to maximize her expected profit;

) firm ¢ € [0, \] accepts the information provider’s offer only if doing so maximizes its profit;
(iii) each firm’s posterior belief on 6 is obtained via Bayes rule, conditional on its information set;

) given its posterior belief, each firm ¢ maximizes its expected payoffs in the competition
subgame, taking the strategies of all other firms as given;

(v) the aggregate action A is consistent with individual firm-level actions.

2.2. Examples

As already mentioned, Cournot and Bertrand competition can be derived as special cases of
our general framework above. This feature of the model enables us to provide a comparison
of the optimal information selling strategies in markets with different modes and intensities of
competition. The following simple examples illustrate how in the presence of linear demand
functions, various forms of competition can induce quadratic profit functions in the form of
Equation (1). We will use these examples in the subsequent sections to discuss the implications of

our results for the optimal trading strategies of the information provider.



EXAMPLE 1 (COURNOT COMPETITION). Consider a market in which firms sell a possibly
differentiated product to a downstream market and compete by setting quantities. Firm ¢ faces an

inverse demand function given by

7“¢:709—(1—5)Q—5Qia (3)

where g¢; is the quantity sold by firm 7, ) = fol q;di is the aggregate quantity sold to the downstream
market, and 6 is a “demand shifter” that captures the intercept of the (inverse) demand curve.
In this setting, 0 € [0, 1] represents the degree of product differentiation among firms, as a smaller
d corresponds to a more homogenous set of products.® Assuming that firms’ marginal cost of
production is zero, it is then immediate that their profit function m; = r;q; is simply a special case
of our framework in (1), with action a; representing the quantity sold by firm i.

Note that in this environment, the degree of strategic complementarity defined in (2) is equal to
B=(0—-1)/26 <0, thus implying that firms face a game of strategic substitutes. Parameter g also
captures the intensity of competition between the firms. In particular, given that /3 is increasing in
0, a larger B corresponds to a market in which products are more differentiated. In the extreme case
that 8 — 0, the products are no longer substitutes and each firm essentially becomes a monopolist
in its own market. At the other extreme, as 8 — —o0, the products become perfect substitutes and
the oligopoly converges to a perfectly competitive market.

EXAMPLE 2 (BERTRAND COMPETITION). Next, consider a market in which firms compete in
prices and face a linear demand function given by ¢; =700 + (¢ — 1)R — ¢r;, where r; is the price
set by firm ¢ and R = f01 r;di is the average price in the market. Note that this demand system
can be obtained by inverting (3) and setting ¢ =1/ > 1. Once again, it is immediate that firm ’s
profit function 7; = r;q; would coincide with (1), where action a; now represents the price set by
firm ¢. Furthermore, it is straightforward to verify that, in this environment, 8= (¢ —1)/2¢ > 0,
thus implying that the competition game between the firms exhibits strategic complementarities,
the degree of which is increasing in ¢.

ExXAMPLE 3. Once again consider the Cournot competition setting described in Example 1,
but instead suppose that firms produce homogeneous products, i.e., § =0, and have quadratic
production costs given by ¢(¢;) = ¢?/2. The profit of firm i is then given by m(q;,@,0) = v0q:0 —
¢;Q — q? /2, which again fits within our general framework.

We conclude this section by remarking that even though, for the sake of tractability and expositional
simplicity, we focus on an environment consisting of a continuum of firms, as we show in Section

7, all our results and insights carry over to a setting consisting of finitely many firms. We also

6 See Myatt and Wallace (2015) for micro-foundations for this demand system.
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note that, when dealing with a continuum of firms, we assume that a variant of the “exact law of
large numbers” guarantees that the cross-sectional average of firm-level variables (such as firms’

quantity or price decisions) coincide with the corresponding variables’ expectations almost surely.”

3. Optimal Sale of Information
In this section, we present our main results and characterize the information provider’s optimal
information selling strategy. Our results show that the seller’s strategy is highly sensitive to the

mode and intensity of competition in the downstream market as expressed by f.

3.1. Competition Subgame
We start our analysis by studying the equilibrium in the competition subgame between the firms
once the contracts offered by the information provider are accepted or rejected. Without loss of

generality, let [0, ¢] denote the set of firms who accept the seller’s offer, where, clearly, £ < A.

PROPOSITION 1. The competition subgame between the firms has a unique Bayes-Nash

equilibrium in linear strategies. Furthermore, the equilibrium strategies of the firms are given by

a[(l—-w)z; +ws;] if 1€][0,]
" {axi if 1e[l,1]

)

where

R
W= (1 _ng)ﬂ Ttk and a:’YO/(,}Q _'Yl)

Proposition 1, which is in line with Angeletos and Pavan (2007) and Myatt and Wallace (2015),

provides a characterization of the firms’ equilibrium strategies in the competition subgame and
serves as a preliminary result for the rest of the results in the paper. It states that the equilibrium
action of an informed firm is a weighted sum of its original private signal and the signal it
obtains from the information provider. More importantly, however, it shows that the weights firm
1 assigns to its two signals not only depend on their relative precisions, but also on the fraction
of informed firms, ¢, as well as correlation p in the market signals. Furthermore, the equilibrium
weight that each informed firm assigns to the market signal s; is increasing in the degree of
strategic complementarities 3, regardless of the values of p and ¢. This is due to the fact that in
the presence of stronger strategic complementarities, firms have stronger incentives to coordinate
with one another, and as a result, rely more heavily on their market signals, which can function
as (imperfect) coordination devices. On the other hand, in the absence of strategic considerations

7 We provide the formalism and the required conditions for such a variant of the law of large numbers in the electronic
companion of the paper. For a thorough treatment of the subject, see Sun (2006) and Sun and Zhang (2009).
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(i.e., when 5 =0), the optimal strategy of all firms would be independent of ¢ and p, making the
weight assigned to each signal proportional to its relative precision.

Relatedly, Proposition 1 also establishes that for a given positive (negative) 3, the equilibrium
weight that informed firms assign to their market signals is increasing (decreasing) in ¢ and p. To
see the intuition underlying this, suppose that 5> 0 (the argument for 8 < 0 is identical). In such
an environment, firms face a game of strategic complements, as for example would be the case if
they compete a la Bertrand. Given that firms value coordinating their actions, an informed firm
assigns a higher weight to its market signal—above and beyond what its relative precision would
justify—the more other firms base their own decisions on the signal sold by the provider (i.e.,
higher ¢) and the more informative s; is about the signals of other firms (i.e., higher p).

With Proposition 1 in hand, in the remainder of this section, we turn to the the seller’s problem
and characterize her optimal information selling strategy as a function of the mode and intensity
of competition in the downstream market. In order to present our results in the most transparent

manner, we study Bertrand and Cournot competition separately.

3.2. Bertrand Competition

First, consider the case in which firms compete with one another & la Bertrand. As already
mentioned in Example 2, such a market corresponds to a special case of our general framework with
B> 0. Also, recall that the information provider needs to choose the fraction of firms with whom
she trades (), the precision of the signal offered to the firms (k,), and the correlation induced in

the noise terms (p¢). We have the following result:

PROPOSITION 2. If B > 0, the information provider sells her signal without any distortions to

all firms; that is, kK =k, and A\* =1. Furthermore, the provider’s expected profit is given by

w=a* () <m> (e @)

The above result thus establishes that under Bertrand competition, it is always optimal for the

provider to sell her signal z to the entire set of firms without any additional noise. To understand
the intuition underlying this result, recall that in a Bertrand market, the firms’ actions are strategic
complements: setting a lower price becomes more attractive the lower the prices of other competing
firms are. Such strategic complementarities induce a strong coordination motive among the firms.
Therefore, providing the market signal to an additional marginal firm, not only increases the profits
of the seller directly (via sales to that new marginal firm), but also increases the surplus of all
other firms who have already acquired the signal. This extra surplus can thus be appropriated by
the seller via higher prices, leading to even higher profits. Consequently, the information provider

always finds it optimal to sell to the entire market of firms. An identical argument then shows
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that the provider would not distort the signal either: sharing a more precise signal with a new firm
increases the value of the market signal to the rest of the informed firms.

Proposition 2 also characterizes the expected profit of the seller. From (4), it is easy to verify that
IT* is increasing in the quality of information available to the monopolist (x.), but is decreasing
in the precision of the firms’ private signals (,). The intuition underlying these observations is
simple. Given that the information provider always has the option to reduce the precision of the
signals it offers to the firms, her profits can never decrease by having access to a more precise
signal. On the other hand, however, the extra benefit of the market signal to the firms is lower the
more informed they are to begin with, thus reducing the provider’s expected profits.

More importantly, however, (4) also shows that the monopolist’s expected profit increases in the
degree of strategic complementarities 5. Recall from Example 2 that 8= (¢ —1)/2¢, where 1/¢p =106
is the degree of product differentiation among the firms. Therefore, increasing 3 is essentially
equivalent to a lower degree of product differentiation, and hence, more intense competition. Thus,
as (3 increases, coordination becomes more important to the firms, increasing the value of the
seller’s signal which in turn leads to higher expected profits.

As a final remark, note that since it is never optimal for the information provider to add noise

to the signals, the correlation p; = corr(§;,§;) is immaterial for her profits.

3.3. Cournot Competition

We next focus on the case in which firms compete with one another a la Cournot. Recall from
Example 1 that such a market is a special case of our general setup with 8 < 0. In this case, firms
choose quantities and their actions are strategic substitutes. Note that, unlike the case of Bertrand
competition, firms no longer value coordination per se. The following two propositions provide a
characterization of the optimal information selling strategy of the monopolist as a function of the

degree of strategic substitutability among the actions of downstream firms.

PROPOSITION 3. If —(1+4k,/k,) < B <0, the information provider sells her signal without any

distortions to all firms; that is, ki =k, and \* =1. Furthermore, the provider’s expected profit is

w=a* () <n> (et ©)

Thus, in a Cournot market with a weak enough intensity of competition, the seller finds it

optimal to follow the same strategy as in a Bertrand market: sell an undistorted version of her
signal to the entire set of firms. The intuition underlying this result is straightforward: acquiring
information about the demand intercept () allows each firm ¢ to better match its supply decision

to the underlying demand and as a consequence, to increase its profit. The monopolist can then
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appropriate the increase in i’s sales by demanding a higher price for her signal. Therefore, the
provider is always better off by making the most precise version of her signal available to all firms.
Even though the seller follows the same strategy as in the Bertrand market, comparing
expressions (4) and (5) implies that her expected profit is lower under Cournot competition (8 <
0). This is due to the fact that unlike Bertrand competition, firms do not have an incentive to
coordinate their actions, undermining the role of the market signal as a coordination device.
Interestingly, the predictions of Propositions 2 and 3 no longer hold if the intensity at which

downstream firms compete in a Cournot market is high. We have the following result:

PROPOSITION 4. If B < —(1+4kK,/k.), the information provider maximizes her expected profit by

following any information selling strategy that is a solution to the following equation:
(Ko + B KD K, + koK% =0. (6)
Furthermore, her expected profit is given by

e (3) g

The key observation here is that the pair k¥ =k, and A* =1 does not satisfy (6), leading to the

following corollary:
COROLLARY 1. Suppose that f < —(1+k./k.). Then, either Kk <k, or \* <1.

Therefore, when firms compete with one another a la Cournot and offer goods that are strong
substitutes—corresponding to a large enough negative S—it is optimal for the seller to distort the
information (k* < k) and/or exclude a fraction of the firms from the sale (A* < 1).

To see the intuition underlying the above result, recall that in a Cournot market, firms’ actions
are strategic substitutes, i.e., increasing a firm’s supply leads to higher marginal profit the lower
the supply decisions of its competitors are. Therefore, providing the market signal to an additional
firm ¢ affects its profit through two distinct channels. On the one hand, a more precise market
signal enables i to better match its supply to the realized demand. On the other hand, however,
making such a signal available to ¢ increases the correlation in the firms’ actions, as now i’s action
would be more correlated with the market parameter 6. The presence of this second effect implies
that the strategic value of the seller’s signal to firm ¢, and consequently, i’s willingness-to-pay for it
are decreasing in the fraction of firms that accept the provider’s offer. In the presence of sufficiently
intense competition (i.e., when the firms offer sufficiently substitutable products), this strategic
effect dominates the first effect, thus making it profitable for the information provider to restrict

her offer to a strict subset of the firms (A\* < 1).
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Figure 1  Optimal selling strategy for different levels of 3 (left); Equilibrium profit as a function of 3 (right). We

use the following set of parameters for this example: a =~ =1 and x, =1,k, = 2.
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By Proposition 4, an alternative optimal strategy for the monopolist would be to distort the
information she sells to the market. In fact, as equation (6) suggests, the fraction A of the firms that
the monopolist trades with and the precision k, of the signal offered to the firms are substitutes: as
the monopolist increases her market share, she finds it optimal to increasingly distort the signals.

Note that equation (7) in Proposition 4 indicates that the information provider’s expected profit
decreases in the degree of strategic substitutability (|3|) of the firms’ actions. This is a consequence
of the fact that the strategic value of the seller’s signal, and hence, a firm’s willingness-to-pay
decrease as the market becomes more competitive. This is in contrast with the case of Bertrand
competition where the seller’s expected profit increases with the intensity of competition, as her
customers have a stronger incentive to purchase the market signal and coordinate their actions.

We also remark that regardless of the value of 5 and the strategy adopted by the information
provider, she never has an incentive to introduce correlation into market signals, i.e., it is always
optimal to set pi = 0. Increasing the correlation in the signals provided to downstream firms would
invariably increase the correlation among their actions and lead to lower profits for the seller.

Finally, note that the threshold — (1+ k./k,) at which the seller finds it optimal to limit her
market share and /or strategically distort the market signal is decreasing in the ratio . /k,, implying
that the more informed the information provider is relative to her customers, the more likely it is
that she will be able to fully exploit her informational advantage by selling it to the entire market
of firms without distortion.

Figure 1 illustrates the optimal selling strategy and the equilibrium profit of the information
provider for the following set of parameters: « =+, =1, K, =1, and k, = 2. For these parameters, it
is immediate to verify that the threshold at which the seller finds it optimal to strategically distort
the market signal is equal to —(1 + k,/k,) = —3. Indeed, as the left panel of Figure 1 illustrates,

for values of 3 greater than this threshold, the provider sets the precision of the market signal to
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B=0[B==-3|8==5|8=—10|=-20
T /1, 1 | 250 | 150 | .075 038
TTme-dist /T 1 250 | .141 | .053 | .017

Increase in Profits (%) | 0% 0% 6.67% | 40.83% | 120.42%

Table 1 Profits under the optimal information selling strategy over selling the signal undistorted to the market.

Kkt =k, =2, i.e., she does not distort the information she has at her disposal, and does not exclude
any firms from the sale (A* =1). On the other hand, for § < —3, the seller finds it optimal to
distort the information she sells and limit her market share. The right panel of Figure 1 illustrates
how the provider’s profit varies with the intensity of competition. Note that the seller is better off
when firms view their actions as strategic complements (8 > 0) as opposed to strategic substitutes.

We conclude this section by exploring the extent to which an information provider can increase
her profits by strategically distorting the information she provides to her downstream customers
and/or limiting her market share. Table 1 provides a comparison of the provider’s profit under the
optimal selling strategy (IIj) to the profits of a provider who sells her signal to the entire market
with no distortion (IT3>***). We benchmark I and IT3>*** against the profits for a provider that
follows her optimal strategy in the absence of competition, i.e., when g =0. The first two rows of
the table highlight the effect of competition intensity on the providers’s profits. More importantly,
however, as the bottom row of the table indicates, the provider earns significantly higher profits
under competition when she distorts her market signal and /or limits her market share: the increase
in her profits by following the strategy characterized in Proposition 4 ranges from 6.67% to 120.42%

as the extent to which firms view their actions as strategic substitutes increases.

4. Information Quality Discrimination
In our baseline model presented in Section 2 and analyzed in Section 3, we assumed that the
information provider can only offer a single product to the entire market, in the sense that she
offers a market signal of the same precision to all firms. In this section, we relax this assumption
by allowing the seller to offer signals that potentially differ in both price and precision.

Formally, we assume that the information provider offers (k;, p;) to each firm i € [0, 1], specifying
the signal precision k,; and price p;. The seller cannot offer a signal of a higher precision than her
own private signal, that is, k4 < k. for all 4. The following result, which generalizes Propositions

24, shows that all our earlier insights remain valid under this more general specification.

PROPOSITION 5. The information provider’s optimal strategy is as follows:

(a) If B> —(14k,/K.), the provider offers her signal undistorted to all firms at price

r=o() <:> @ fg;ﬁ PRER
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(b) If B < —(1+K./Ks), she offers a signal of precision k?; to firm i, where {k%;}ic0,1) solve
V2 5

1 *
K K
s Jij— % 8
/0 Ka + ’{:i B’{z ’ ( )
at price pi = o (— Fsi

Statement (a) of the above result shows that the information provider offers an undistorted
version of her signal to all firms in the downstream market if either they compete a la Bertrand, or
alternatively, if the intensity of the Cournot competition is not strong enough. In this sense, this
result generalizes Propositions 2 and 3, establishing that the seller has no incentive to discriminate
among the firms in either price or information quality.

Statement (b) of Proposition 5 considers the setting in which firms’ actions are strong strategic
substitutes, for example, when they compete d la Cournot and produce goods that are highly
substitutable. Consistent with the discussion in Subsection 3.3, this result shows that the
information provider finds it optimal to either distort the signals sold to the downstream firms or
strategically restrict her market share. In particular, it is easy to verify that ¥, = . for all 7 does
not satisfy the optimality condition (8). The intuition underlying this result parallels those behind
Proposition 4 and Corollary 1: providing high quality signals to all firms increases the induced
correlation in their actions, which in turn reduces their profit when their actions are strong strategic
substitutes. Thus, the monopolist would be better off by limiting her market share or reducing the
quality of the signals sold to the firms. Note, however, that the optimal strategy of the information
provider is not unique. Rather, any signal precision profile {x¥;} that satisfies (8) would lead to
the same expected profit. Nevertheless, irrespective of the strategy chosen by the monopolist, her
incentive to lower the precision of the market signals increases as firms’ actions become stronger
strategic substitutes. In particular, as § — —oo, the downside of coordination among firms that
trade with the monopolist is so strong that essentially no trade takes place in equilibrium: the
information provider offers a completely uninformative signal %, — 0 to all firms at price p; — 0.

EXAMPLE 4 (SELLING TWO PRODUCTS). Consider a Cournot market in which 8 < —(1+£./k,)
and suppose that the information provider can offer two information products: a premium product
of precision &, at price p and an inferior one of precision s, < k, at price p. Let X and ) denote the
fraction of firms offered the premium and inferior products, respectively, where by construction A+
A < 1. Condition (8) implies that it is optimal for the seller to design her information products such

that A (Jﬁ) + A( s ) =—g=. This equation highlights the trade-off between information

fix""ﬁs

quality and quantity faced by the information provider in designing her menu of products. In
particular, increasing the precision K, of the premium product requires either a reduction in its

supply A, or alternatively, a reduction in the precision or the supply of the inferior product.
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We end by remarking that the ability to discriminate on quality does not offer the seller any
advantage compared to our benchmark model of Sections 2 and 3. In particular, equation (8) always
has a solution such that sy = k, for a fraction A of the firms and s, = 0 for the rest. In other
words, offering two products, one with non-zero precision at a strictly positive price and another

with zero precision at zero price, is sufficient for the seller to maximize her expected profit.

5. Information Leakage
Thus far, we assumed that purchasing a signal from the information provider is the only channel
available to the firms for acquiring information about the unknown parameter 6. Firms, however,
can also infer potentially valuable information by observing their competitors’ actions. For instance,
a firm’s price or quantity decisions can (partially or fully) reveal the information it has at its
disposal to other firms. In this section, we extend our baseline model to allow for the possibility of
such indirect “information leakage” and study the information provider’s optimal selling strategy
when her customers can potentially free-ride on the information purchased by other firms.

We capture the possibility of information leakage by allowing firms to condition their actions on
an extra piece of information that is informative about their competitors’ actions. More specifically,
we assume that, in addition to its signal x; and the market signal s; (if purchased from the

information provider), firm i can also condition its action on a leakage signal,
Si:A+Vi y VZ‘NN<0,1/:‘€,,), (9)

where A = fol a;di denotes the aggregate action and the noise terms v; are independently distributed
across the firms. The key observation is that as long as firms’ actions are based (even in part) on
the information at their disposal, signal S; would be informative about such information. As such,
the precision k, can serve as a proxy for the extent of information leakage in the market: S; is
perfectly informative about the aggregate action A when k, = 0o, whereas as x, decreases, the
information content of the leakage signal is reduced. In the extreme case that k, =0, signal S; does
not convey any payoff-relevant information. It is immediate to see that this latter case reduces to
the no-leakage setting in our benchmark model.®

To formally model firms’ ability to incorporate any information leaked through the market into
their decisions, we follow Vives (2011) and extend the firms’ strategy space by assuming that firm

i’s strategy is a contingent schedule a;(-,.S;) that maps its private and market signals, (z;, s;), to an

8 Recall from the payoff function (1) that each firm i cares about the actions of other firms only insofar as these
actions impact the aggregate action A. This observation thus implies that any (symmetric) setting in which firm ¢
observes noisy signals about other firms’ individual actions can be mapped into an isomorphic setting in which firm
1 only observes a signal about the aggregate action, as in (9).
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action depending on the realization of the leakage signal S;.° Thus, the equilibrium of the subgame
between firms requires (i) each firm ¢ to choose a;(z;, s;,S;) in order to maximize its expected profit
conditional on its information set (that is, E[m;|z;,s;,.5;]), taking the strategies of all other firms
as given; and (ii) the aggregate action to be consistent with the realization of the firms’ individual
actions, that is, A= fol a;(x;,s;,5;) di.

We remark that despite the slightly more complex nature of the firms’ strategies, this modeling
approach enables us to directly incorporate information leakage into our benchmark model without
resorting to a multi-period, dynamic model of interaction between firms. Crucially, it also enables
us to study how the provider’s optimal strategy and profits vary as a function of the intensity of

information leakage in the market. We have the following result:

PROPOSITION 6. For sufficiently small x, >0,
(a) The provider’s profit decreases in the extent of information leakage; that is, OI1* /0K, < 0;
(b) There exists —(1+ k. /k,) < B <0 such that k' < k, for all B € (—(1+ K./k.), B).

Therefore, Proposition 6 establishes that regardless of whether actions are strategic substitutes
or complements (and hence, regardless of the mode of competition), the information provider’s
profits decrease as the extent of information leakage is intensified. This is due to the fact that
firms’ willingness-to-pay for an extra piece of information reduces whenever they can free-ride on
the information purchased by their competitors. Given that more information leakage would only
intensify this free-riding incentive, the information provider is forced to charge lower prices for her
signal, thus making less profits.

More importantly, however, the above result establishes that the range of §’s for which the
information provider finds it optimal to distort the market signal offered to her customers widens
in the presence of information leakage. Recall from Corollary 1 and Proposition 5 that, with no
information leakage, the information provider would reduce the quality of the market signal if and
only if 8 < —(1+k./k,). In contrast, part (b) of Proposition 6 shows that, no matter how small the
extent of leakage, the provider would offer distorted signals for some 5 > —(1+ £, /K, ). This is due
to the fact that the provider’s ability to extract surplus from the firms by increasing the precision
of s; is hindered in the presence of leakage. That said, the fact that 3 < 0 means that, regardless
of the presence or absence of information leakage, distorting the signal sold to the firms is never
optimal when firms’ actions are strategic complements (for example, as in Bertrand competition).

Figure 2 illustrates the provider’s equilibrium profits (left panel) and her optimal distortion
strategy (right panel) for different levels of information leakage. As the left panel indicates, the

9Tt is immediate to see that the setting in which firms’ actions cannot be contingent on the realization of S; reduces
to our benchmark model.
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Figure 2 The provider’s equilibrium profits (left) and her optimal selling strategy (right) as functions of 3 for
different levels of information leakage. We use the following set of parameters for this example: a« =2 =1 for the
firms’ payoff functions and x, =1,x, = 2 for the signal precisions of the firms’ private signals and the provider’s
information respectively. We plot the provider’s profits and the precision of the signal she sells to the downstream
market (x}) as a function of 3 for three levels of information leakage «, =0 (no leakage), x, =1, and «, = 10.

m K

2

— Ky =0
—_— Ky =1

K, =10

provider’s profits are decreasing in the leakage intensity irrespective of the value of 5. As for the
precision of the signal offered to the firms, the right panel clearly illustrates the two key observations
mentioned above: (i) as leakage is intensified (higher k, ), the provider finds it optimal to sell signals
of lower quality for a wider range of §’s; and (ii) distortion is never optimal in the presence of
strategic complementarities (3 > 0) irrespective of the value of k.

Table 2 presents the results of a numerical simulation for the effect of information leakage on the
provider’s optimal strategy and equilibrium profits for different values of 8, with s, =0, k, =1,
and x, = 10 corresponding, respectively, to a scenario with no, low, and high levels of leakage
intensity. The last column of the table indicates that, at 5 =1/3, the equilibrium profit in the high
leakage regime is only 5% of the corresponding profit in the benchmark case with no information
leakage. Finally, the lower panel of Table 2 indicates that for certain values of 5 (say, 5 = —2), the
optimal strategy may entail selling a signal with maximal precision when leakage is absent or low,
whereas the seller finds it optimal to dramatically decreases the signal precision to only 8% of her

best signal precision in the high leakage regime.

6. Heterogeneous Firms
In this section, we discuss how our results are affected by introducing heterogeneity among the
firms (in terms of their production costs).

We generalize the setting described in Section 2 along two dimensions. First, we allow for
heterogeneity in firms’ production costs and, second, we introduce a transaction cost borne by
the information provider whenever she trades with a downstream firm. We mostly focus on the

case that firms view their actions as strategic substitutes and, thus, interpret our results in the
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Leakage Level | f=—-4|=-3|8=-2|=-1|5=0|5=1/3
Kk, =0 .0625 | .0833 | .1200 | .1875 |.3333| .4218
Equilibrium Profits Ky, =1 .0082 | .0014 | .0189 | .0420 |.1134| .1606
K, =10 .0002 | .0003 | .0005 | .0008 |.0050| .0209
Kk, =0 1 2 2 2 2 2
Optimal Precision Kk, =1 .40 .65 2 2 2 2
Kk, =10 .08 12 .16 .36 2 2

Table 2 The provider’s equilibrium profits and optimal precision for different levels of leakage at different levels

of 5. The other parameter values are the same as in the example of Figure 2.

context of Cournot competition with quadratic production costs (Example 3 from Subsection 2.2).
Specifically, we assume that downstream firms are heterogeneous with respect to their costs of
production: firm i faces a quadratic production cost of C;(¢;) = c;q7/2, where ¢; is the quantity
produced by i and ¢; > 0. The firm’s profit is thus given by

1
Wi(Qi;QaQ) =740 +71¢0Q — 501'(11'27 (1())

where @ denotes the aggregate quantity in the market and +; < 0 is some constant. Note that
even though the above expression is similar to (1), the extent of strategic complementarities can
no longer be captured by a single parameter 3, as now firms face different production costs.

As for transaction costs, we assume that the seller incurs a cost equal to vk,; whenever she sells
a signal of precision x,; to firm ¢, where v > 0. This cost can, for example, capture the idea that the
firm cannot provide verifiable and/or credible information to her customers at no cost. Rather, it
needs to spend resources to ensure her customer that the market signal is indeed as informative as
claimed. Alternatively, it can be thought of as the cost associated with customizing the provider’s
information to meet the customer’s informational needs. As in Section 4, we allow the seller to

discriminate along both signal precision and price. We have the following result:

PROPOSITION 7. There exist v > v such that
(a) if v>7, the information provider does not transact with any of the firms; i.e., k%, =0 for all i.
(b) if v <w, the information provider sells her signal with no distortion to all firms.
(c) for any v € (v,v), then there exist ¢* such that

0 if c;>c"
2

* _ ) K if; < —2——c"
K =94 " fe (Ko +K2)2 -

Ky (x/c*/ci - 1) otherwise.
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The above result thus establishes that the information provider finds it optimal to follow an
information selling strategy that involves offering a signal to firm ¢ with a precision that is
decreasing in the firm’s cost ¢;, i.e., the provider sells higher quality signals to more efficient
firms. Formally, ¥, is always non-increasing in c¢;. However, note that this does not mean that the
monopolist sells her best available information to all firms, even when transactions are costless.
Rather, due to the presence of strategic interactions between downstream firms (and in line with
our earlier results), the provider may either sell distorted signals to some firms or simply even
exclude them by offering non-informative signals ¥, = 0 altogether. Thus, Proposition 7 generalizes
Propositions 4 and 5 to the case in which firms face heterogeneous production costs.

Finally, note that depending on the parameter values, the threshold v in the above result may
be negative, thus ruling out the case in which the information provider sells an undistorted signal

to all firms. In fact, as the proof of the proposition highlights, v < 0 whenever:
1

1 1
—di < —— (14 k. /Ky),
o G 7

which reduces to the condition of Proposition 4 when firms face identical production costs.

Cost dispersion and optimal information selling strategy: To further clarify the impact of firm
heterogeneity on the provider’s equilibrium strategy and profits, consider a special case consisting
of two types of firms ¢ € {1,2}, with production costs C;(q;) = c¢;q?/2, where

lzl—i—é, and lzl—é,
c c cp cC
for some ¢ > 0. Also, assume that both types have mass equal to 1/2. It is immediate to see that

in such a setting d measures the cost dispersion in the market. We have the following corollary:

COROLLARY 2. Let k%, and k%, be the optimal signal precisions offered to firms of type 1 and
type 2 respectively. Then, for any § < 1/ (cﬁ),

OKY, 0K,
52> 52 <.
9 = 0, and 95 = 0

Corollary 2 thus establishes that as the cost dispersion among the downstream firms increases,

the provider finds it optimal to sell increasingly more accurate signals to the efficient type while
she decreases the accuracy of the signals she sells to the type that has high production costs. This
change in selling strategy occurs despite the fact that the average cost in the downstream market
remains constant. Table 3 reports the results of a numerical simulation that quantifies the effect of
cost dispersion on the provider’s optimal information selling strategy and equilibrium profits. As
the table indicates, when the dispersion between firms’ production costs is sufficiently high (§ =4
in this case), the optimal strategy of the information provider requires excluding the less efficient
firms from trade altogether. It is also immediate to see that the provider’s profits are increasing in
the cost dispersion parameter §, with her profits roughly 20% higher when § =4 compared to the

benchmark case with no dispersion.
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5=5 | 6=1 | 6=2 | 6=4
K 1.334 | 1.505 | 1.819 2
K2, 976 789 409 0

Profits| 1.067 | 1.076 | 1.114 | 1.251

Table 3 Optimal information selling strategy and equilibrium profits as a function of the cost dispersion

between the two types of firms. For this example, we use k. =1, k. =2, ¢=1/6, v1 =3/5, and ~o =10.

7. Finite Markets

To simplify the exposition and allow for a tractable analysis, most of the paper focused on an
environment with a continuum of firms. In this section, we show that our qualitative insights
regarding the monopolist’s optimal information selling strategy carry over to a market consisting
of finitely many firms. In particular, we focus on a Cournot market, in which n firms compete
with one another in quantities, with the inverse demand function given by r = 790 + 1@, where
Q= % >, q; is the average quantity in the market, ¢; is the quantity produced by firm 4, r denotes
the market price, and -; < 0 is some constant. Assuming that firm i faces quadratic production
costs ¢(q;) = Y242 /2, its profits can be expressed as

n—1 2
T ="Y0qi0 + —— ¢ Q- — (* - i) 2
n 2
where QQ_; = ﬁ > ;=i 4j 1s the average quantity of i’s competitors. It is immediate to see that the
above expression is similar to the firms’ profit function (1) for a market consisting of a continuum
of firms. The degree of strategic complementarity among firms’ actions can also be defined as
827Ti

_ /8271'7,_(7’&—1) Y1
0¢;:0Q_;" 0q? n ) y—2m/n

As in the environment with a continuum of firms, we assume that each firm 7 observes a noisy

Bn=

private signal x; about the realization of # and that the information provider can offer a market
signal s; to firm ¢. Let K denote the set of firms that the information provider trades with, where
|K| =k <n.Lemma EC.1 in the Appendix provides a complete characterization of the equilibrium
of the competition subgame for any k, which can be viewed as the discrete analog of Proposition
1 in Section 3. However, as we argued in Section 3, there always exist an equilibrium in which the
provider offers the market signal to all firms. Thus, without loss of generality we can restrict our

attention to the case of k =n. We have the following result:

PRroOPOSITION 8. The optimal information selling strategy is given as follows:
(a) If B, > — (1 + K,/K.), the provider offers an undistorted version of her signal to all firms.
(b) If B, < — (1 +K./K.), she offers a signal of precision KX = —k,/(Bn + K2 /Kz) < K.
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Furthermore, the seller’s expected profit is given by

o (3= 7) <,~@> AT if B> = (1452 15z

R

2 n [(1—B,)ks + K.]?
a? (% - %) ﬁi,{% otherwise

where o, =70/ (72 — ).

Proposition 8 thus illustrates that the insights underlying our main results remain unchanged
when the downstream market is composed of a finite number of firms. Additionally, it is
straightforward to verify that as n grows to infinity, the expressions characterizing the provider’s
optimal strategy and her expected profits (normalized by the total number of firms n) reduce to
those we obtained in Section 3.3 for a market consisting of a continuum of firms. Finally, the fact
that [, is decreasing in n implies that the range of parameters over which the monopolist finds it
optimal to distort the information she sells to the market grows with the number of firms n.

Proposition 8 also illustrates that, when 3, < —(1+k,/k.), the gain to the provider from

optimally distorting the information can be obtained by comparing

[re—dist — 2 (72 71) Rz K:+ Kg
n n

2 0/ ki, (1= Ba)ka+ k]
I = Q(E—ﬂ)iﬂz 7
nT M9 T ) 482

where II"°~%" is the provider’s expected profit per customer under no information distortion and
IT! is the normalized expected profit under optimal distortion. Thus, the gain from distorting the
information, normalized by the number of firms n, is given by

(n - 1)‘71‘6“2 "QZ[(l + Bn)/‘h + KZ]Q
8n 32 K2[(1 = Bn) ke + K2)2

A, = (11)

where a,, =g / (72 — ”7“71) and (3, = ("T_l) m and recall that v1,7., k., and k. are model
primitives that do not depend on n. Expression (11) thus leads to two key observations. First,
it illustrates that, consistent with the findings of Proposition 8, the gain from distorting the
information is positive for all values of 3, < — (1 + k,/k,). Second, taking the market size n and
intensity of competition (5, (which only depends on parameters 7; and 73) as given, the gain A,
can be made arbitrarily large by increasing the value of v, (and hence «,,). This observation thus
illustrates that, even though the percentage change in profit gain (IT} — T~ %) /TI* = [(14 ,) k. +

k.)?/[(1 = B,)ks + K.]* is maximized when the intensity of competition is maximized (3, — —o0),

the level of gain A, can be large even away from the competitive limit.
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8. Conclusions

This paper considers the problem of selling information to a set of firms that compete in a
downstream market. We establish that both the information provider’s optimal selling strategy
as well as her profits depend critically on the environment in which her customers operate. In
particular, our results highlight that the extent of strategic substitutability and complementarity
in the latter’s actions has a first-order impact on the former’s optimal strategy: when the firms’
actions are strategic complements, the provider finds it optimal to sell an undistorted version of
her information to the entire market, whereas if their actions are strategic substitutes, the optimal
strategy involves offering an inferior information product and/or limiting the supply of information.

Our results are largely driven by the following trade-off: on the one hand, information about
market conditions, e.g., demand realization, always has a direct positive effect on firms’ profits as
they can better align their actions with the underlying environment. On the other hand, however,
in the presence of strategic substitutability among the firms, the provider’s signal may have an
additional (adverse) effect by increasing the correlation between the firms’ actions. It turns out
that this latter effect may dominate the former when firms’ view their actions as strong strategic
substitutes, in which case the provider finds it optimal to degrade the quality of her information
products and/or exclude a subset of the firms from the sale.

We showcase the implications of our results in the context of Bertrand and Cournot competition
thus complementing the extensive prior literature in operations management that explores vertical
and horizontal information sharing in a supply chain. In addition, we discuss how the extent of
information leakage in the market can affect the provider’s selling strategy and profits. Finally, we
extend our findings to the case when firms differ in their production costs and establish that the
optimal selling strategy involves offering several information products with varying precisions and
at different prices. We also show that in equilibrium, the information provider offers more precise
signals to the more efficient firms at higher prices in order to maximize her profit.

Taken together, our findings illustrate that the optimal provision and pricing of information
products cannot be decoupled from the market structure in which the firm’s potential customers
operate. They also uncover a potential rationale for why information markets typically feature
several versions of essentially the same information product, but of varying qualities and price tags.
Identifying the prevalence of the said mechanism and its relative importance compared to other
potential explanations (such as price discrimination driven, for example, by the heterogeneity in
the willingness-to-pay among potential buyers) in various contexts is an important question, with
both positive and normative insights for the pricing of information products.

To facilitate our analysis, we focused on an environment with a monopolistic provider

of information interacting with a market of competing firms. Extending our framework to
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incorporate competition among information providers is an interesting direction for future
research. Even though the basic mechanism we identify—i.e., that the extent of strategic
complementarities/substitutabilities in the downstream market matters for products firms should
offer—will be present regardless of market conditions, departures from our baseline framework can

potentially impact the optimal degree of distortion in the quality or quantity of information.
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Appendix : Proofs

With the exception of our results in Section 6, firms in our model are assumed to be ex ante symmetric.
Therefore, unless otherwise noted, we assume without loss of generality that the price offered by the provider
to the firms is non-decreasing in the firms’ index; that is, p; > p; for ¢ > j. Given that excluding a firm 7 from
trade is equivalent to offering a price p; = 0o, the above assumption also implies that the set of firms that are
offered a contract by the provider is of the form [0, A] for some A € [0, 1]. Let ¢ denote the fraction of firms who
accept the provider’s offer. In view of the above assumption, it is immediate that £ =sup{i € [0,\] : b; =1},

and that b; =1 for all 7 </.

Proof of Proposition 1

The first-order optimality condition for firm #’s problem with respect to action a; is given by

0
E | ——n(a;, A,0)|Z,| =
aaiﬂ-(azv ,9) ) Oa

where Z; = {x;} if i € [¢,1], i.e., the firm is uninformed, and Z; = {x;, s;} if i € [0, 4], i.e., the firm is informed.
Consequently, a; =E[SA+ (1 — B)ab|Z;], where 8 =1 /v, is the degree of strategic complementarity in the
downstream market as defined in (2) and a=y/(v2 —71). Thus, the firms’ equilibrium actions are given by

o — E[BA+ (1—B)ab|z;] Vie[¢,1],
C O\ EBA+(1-B)ab|z, s Viel0,4].

Noticing that E[f|z,] is linear in z; and E[f|z;,s;] is linear in x; and s,;, we conjecture that equilibrium

strategies are linear functions of x; and s; and then verify our hypothesis. In particular, we conjecture that

4 = o Vie[¢,1]
" e Feas; Vie0,4)]

for some constants cg, ¢1, c2 € R. Replacing the candidate equilibrium strategy of an uninformed firm i € (¢,1]
in its first-order optimality condition yields

cox; =R [6 (/Z c12; + co8;dj —i—/l coxjdj> +(1-p5)ab xl}
0 4
=[Bl(c1 +c2) + B(L =)o + (1 — B)alz;, (12)

where we are using the fact that E[f|x;] = E[x;|z;] = E[s;|z;] = x;. Similarly, the first-order optimality

condition for the optimization problem of an informed firm ¢ € [0, ¢] yields

0 1
ciT; +ces;, =E {5 (/ (1 + ca8;)dj +/ coxjdj> +(1-pP)ab xi,si] . (13)
0 0
Note that
El0|z,, s:] = Elx;|z, 8] = 012 + (1 — 61)s; and Els;|x:, s:) =01(1 — p)a; +[1 = 51(1 — p)]ss,

where §; = Kk, /(K. + k). Consequently, we can rewrite (13) as

1+ Ca8; =[Blerdy + Bleydr (1 —p) + B(1 = £)cody + (1 — B)ad,|x;
+[Bler(1—81) + Blea(1—61(1—p)) + B(1 —O)cg(1—61) + (1 — B)a(l —6y)]s;. (14)
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From Equation (12) we have for the equilibrium strategy coefficients: [co = 8€(c1 +¢c2) + (1 —€)co + (1 — B)ay,
for any admissible £ € [0,1]. In turn, this implies that ¢y = @ and ¢; + ¢2 = .. Replacing ¢co =a and ca =a—¢;

in Equation (14) implies that equilibrium coefficient ¢; must satisfy ¢; = 80c101p + adi (1 — BLp). Solving for

(1-Btp)ra
(1—Blp)rg+rs”

firms’ actions at equilibrium are given by
ax; Vie [¢,1]
a; = (1—BLp)k, K

(1= Blp) ket s + YA Bl + Ry Vi€ 0,4

completing the proof. Q.E.D.

c1 yields ¢; =« and hence, co =a—c . Combining the above, we conclude that

JR— HS
1= Y0500 g s

Two Auxiliary Lemmas

We state and prove two lemmas that we use in the remainder of the appendix. The first lemma characterizes
the expected surplus of an informed firm, whereas the second lemma shows that, for any given A, the provider

always finds it optimal to charge a constant price to all firms ¢ € [0, A].

LEMMA 1. The expected surplus of each firm from buying the market signal is given by

—a2 (2 ([ Fs s 1 Ko
Alrpn)=a® (5) (n) (1= Btp)rs LR 2 (15)

where £ denotes the fraction of informed firms.

kesi+ (1 — Blp)k,x;

ks + (1 — Blp)k,
denote the equilibrium action of an uninformed firm. Recall that ¢ denotes the fraction of informed firms,

Proof: Let a) ==« denote the equilibrium action of an informed firm and let a? := az;

and thus the aggregate equilibrium action is A = f(f atdi+ [ ; aldi. By replacing the equilibrium actions in

the expressions for the firms’ payoffs and then taking the expectations conditional on 6, we get

1 _ 272 2 28Lpks (1= BLp)* ks + ks
E [r(a}, 4,0)6] = o* () [9 T8ty + 1P (1= Blp)en 12 (16)
and
E [r(a%, A,0)[0] = (%) [92_511] . (17)

Next note that we can use the two conditional expectations (16) and (17) to compute the (unconditional)

expectation for a firm’s surplus given by
A:=E([r(a}, A,0)] —E [r(a), A,0)] .
Applying the law of total expectation yields
+K
Aoz (2) [ Fs Fix + Fiy
@ ( 2 ) Ky ) [(1 = BLp)kiy + k]2

which completes the proof of the lemma. Q.E.D.

LEMMA 2. The provider sets p; = p*(\) for all i € [0,\], where p*(\) is equal to the expected equilibrium
surplus of an informed firm when the fraction of informed firms is A. Furthermore, p*(\) is such that all

firms that receive the provider’s offer accept in equilibrium, thus £ = \.
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Proof: Consider the simultaneous game of accepting/rejecting the provider’s offer. Recall that in such game
each firm i € [0, \] accepts the offer if her expected surplus is bigger than her individual price p; while taking
the decisions of the rest of the firms as given.
We suppose that a fraction £ € [0, A] of firms has accepted the provider’s offer, and we write the optimal

decision of each firm i € [0, A] as a function of firm’s ¢ individual price. We have

1 if A(0)>p;

bi(p:) =<0 if A()<p;,

e{0,1} if A({)=p;
where A(¥) is given by equation (15) and denotes the expected surplus of an informed firm when a fraction
¢ is informed. We can write the provider’s optimization problem as follows

A
max / pibi(p:)di
] 0

{piticro,a
1 it A)>p;
st bi(p) =10 it A(0) <p, Vieo,\. (18)
c{0,1} if A(f)=p,

Before solving for the provider’s optimal selling strategy, we rewrite the set of constraints (18) as

sup p; <A(N) if =X
i€[0,A]

inf p; > A(0) if £=0
i€[0,A] ’

A A
/H{m@(mdiéfﬁ/ Lip,<awndi if £€(0,))
0 0

Recall that without loss of generality the pricing schedule p: [0,A\] — R, is non-decreasing, thus we can

further simplify the set of constraints as

P <A(N) if £=X (19a)
po > A(0) if (=0 (19b)
<A@ and p > AY) it e (0,N). (19¢)

The proof proceeds by showing that for any equilibrium of the subgame that results from a fraction £ of
the firms accepting the provider’s offer, there exists an optimal pricing schedule such that p; = A(¢) for all
1 <! and p; = oo for all i > £. There are the following three cases to consider:

(i) For case (19a), the problem simplifies to

A
max / pidi
{piticio.n] 0

In this case a fraction £ = A of firms accepts and as we show below it is optimal for the provider to set
p; =A(X) for all i € [0,)]. Suppose, for the sake of contradiction, that p is optimal but w :=sup{i € [0, A] :
pi <A(A)} >0. If u=0, then we have p, = A(X) except for a set of measure 0, so this case is immaterial. If

u > 0, the maintained assumption that p is non-decreasing implies that

pi <A\, Vi<u and p;=A(N), Vi>u.
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This implies that we can construct pricing schedule p’ such that
pi <p;<AN), Vi<u and p;=p;, Vi>u,

that is feasible and achieves a higher objective value. Thus, it must be that p; = A(\) for all i < \.

(ii) For case (19b), £=0 and the objective function is always equal to 0. Thus, p can be chosen such that
p; = oo for all i € [0, A].

(iii) Finally, for case (19c¢), the problem simplifies to

¢
max / pidi
{piticio.n] 0

s.it. pr <A(L) and p+ > A(L).

First, we show that the provider can always set p; = 0o, Vi > £. Note that the individual price of each firm
i > ¢ does not affect the objective function of the provider. This implies that all feasible solutions p that differ
only on (¢, \] attain the same objective value, so it is without loss of generality to focus on solutions that are
such that p; = co for all i > £. Next, we show that p, = A(¢),Vi < ¢. Suppose, for the sake of contradiction,
that p is optimal but u :=sup{i € [0,¢] : p, < A(£)} > 0. If u = 0 we have p; = A(¢), except for a set of measure

0. If w> 0, the assumption that p is non-decreasing implies that
pi <A), Vi<u and p;=A), Vi>u,
which in turn implies that we can construct a pricing schedule p” such that
p <pl <A(l), Vi<u and p]=p;, Vi>u,

that is feasible and achieves a higher objective value. Thus, it must be that p; = A(¢) for all ¢ <.

Thus, there exists an optimal pricing schedule such that p; = A(¢) for all i < /¢ and p; = oo for all i > ¢, which
implies that only a fraction £ of firms accepts the provider’s offer and the latter’s optimal profit is £- A({).
Without loss of generality the provider sets A =/¢ and p; = A()) for all 7 € [0, A]. Thus, all firms accept her
offer and the provider’s profit is given by A- A()). Setting p*(\) = A(X) completes the proof. Q.E.D.

Proof of Proposition 2
By Lemma 2, the provider’s problem simplifies to choosing A, x, and p in order to maximize the expected
profit I := X - p*(\, ke, Py kz) = X - A(N, Ky, p, Ko ), subject to the constraints imposed by the information

structure. Replacing the expected surplus (15) into the objective function yields

o 72 Kg Ks +"<‘:z
(N, Ky, p, Ke) = A @2 (5) (@) (1= ) T (20)

and thus the provider’s problem can be rewritten as

max I\, Ky, py K (21)
PsKs,
st. < p<1 and 0<A<1.
K.

Note that the partial derivative of II with respect to p, i.e.,

aini/\ o2 BAE (K + Ks)

o~ Bapyms (22)
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is positive for 8 € (0,1/2); thus, p* = 1. Replacing this into (20) and differentiating with respect to A yields

0 5 (V2 Ks \ (Ko + K BN Ky + Ky
5 (D) () e

(23)

Similarly, the partial derivative with respect to x, is given by

o, = o (?) (1= BNk, + ko]

In addition, note that (23) and (24) are positive for 8 € (0,1/2), so the provider finds it optimal to set \* =1
and k= k.. Replacing p*, \* and «* into (20) yields II* = a? (%) (g:) m Q.E.D.

(24)

Proof of Proposition 3

Consider the provider’s expected profit (20) and her profit-maximization problem (21), and let —(1+k,/k,) <
B < 0. In this case, the partial derivative of II with respect to p given in (22) is negative, which implies
that the provider finds it optimal to set the level of correlation to its minimum, i.e., p; =0 or p* = Ko/Ka.

Replacing this into (20) and differentiating with respect to x, yields

81_[ 2 Y2 (1+6/\KS/HZ)H7;+KS
- 12 2
o, @ (3) (1= B, /m ) + P (25)
while differentiating with respect to A yields
ol 2 (72 R (K'z +ﬁs)[(1+6)"€8/’%2)’%z+"€s}
i 23 2= ) 2
- ( 2 ) </¢x> [(1 = BARs /K. ) Ky + Ks)® (26)

The assumption on 8 implies that (25) and (26) are positive, which results in A* =1 and x* = «,. The proof
follows by replacing the optimal values for p*, \*, and k¥ into expression (20). Q.E.D.

Proof of Proposition 4

Consider the provider’s expected profit (20) and her profit-maximization problem (21), and let § < —(1+
K./kg). First, note that in this case (22) is negative, so the provider finds it optimal to set p* = k,/k..
Replacing this into (20) and differentiating with respect to k, and A we again obtain (25) and (26) respectively.
Both (25) and (26) are equal to 0 if and only if (k, + Ak, )k, + K. = 0. Moreover, II is unimodal in both &,
and A, which implies that the set of optime(tl alloca‘)cions (k*,\*) is given by the solutions to above equation.
Ky T KK

z . . ¥ Y2 Rz
- into (20) yields IT* = —a? (5) 12 Q.E.D.

Finally, replacing k%, p* = k% /K, and \* =

Proof of Proposition 5

We solve the game by backward induction, i.e., first, we characterize the firms’ equilibrium actions in the
competition subgame that results from a (subset) of them obtaining the provider’s information signal; then,
we solve for their acceptance/rejection decisions; and, finally, we turn to the provider’s problem and complete
the proofs of parts (a) and (b) of the proposition. Recall that the provider possesses a signal z =6 + (,
with ¢ ~ N(0,1/k.), and offers to firm ¢ € [0,1] a signal s; = z + & with & ~ N(0,k¢;). Without loss of
generality we assume that the provider does not add any correlation to the signal she sells, i.e., corr(§;, ;) = 0.
The market signal s; offered to firm ¢ € [0,1] can be rewritten as s; = 6 + n;, with n; ~ N(0,1/k.;), where

ks =(1/k.+1/ke) "t and Cov(s;,s;) =1/k.. We have the following auxiliary lemma.
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LEMMA 3. The competition subgame has a unique Bayes-Nash equilibrium in linear strategies, given by

a(Kgiy ks—i) = (1 —w;)x; +w;s;] for all i €10,1], where
wi= e —/ and a=%/(v2—7)
T\t R P + K/sz =% /(Y2 —=71)-
Proof: The first-order optimality condition of firm ¢ with respect to action a; implies that in equilibrium
=E[fA+ (1 - B)ab|z;,s,]. (27)

Assume that each firm ¢ € [0, 1] uses a linear strategy ¢;x; + h;s;, for constants ¢;, h; € R. Then, we can rewrite

the equilibrium condition (27) as ¢;z; + h;s; =E {ﬂ fol(cjxj +h;s;)dj+(1—B)ab

mi,sl} . Using equations

R Rsi
Ly
Rg + Rsi

ke (1 —nsi/ﬂz)x n Kei(l4 Ka/K)

KRy +K/s7l i Si; and E[0|IE“3J :E[xjhfi,si] =

Els;|x;, s:] =
[]| v J K/z—"_"isi K/z—'—’k‘:si

iy

which are obtained by the conditional expectation of Gaussian random vectors, we have

1 1

T s . x 1- s z si 1 T z .

cixi+hi8i:6|:( Fo o o K &)/ dej+</€( K /’i)xi—s-m ( +I€/H)Si>/ hjdj}
/{/(L‘—’_F;’S’i "iz—’_"{/si 0 K’z—’_"{/si KJI—’_K/S'L 0

K Kgi
1— T ; s ).
+( 6>a(’£z+nsix +’iz+K/sis>

Note that the equilibrium coefficients (¢, , h;) for i € [0, 1], must solve the following sets of equations

K ! Ko(l— Kgi/K) K
= R .di A h.di 1— T Y 0,1], 28
¢ 5nz+fisi/ocjj+ﬁ Ky + K /o i+ mamz—i-fm iclo.1 (28)
and
1
Rgi . Kfsz 1 + K’ac/'%z Rsi .
hi=———— id hydj + (1 - B)a——— Viel0,1]. 29
s [ pte L / j+ (L= Bla"— vie(0,1] (29)

Integrating over [0,1] in (28) and (29) yields a linear-system of two equations, which implies that

1 P 1
di=a(1-(1+p8% 1
feai=a (- (veme) [ ) / (10 [ i)
1 1 1
/hﬂz’—a(/ ’i“di>/(1_5“z ’id2>
0 0 K:x—i—K’Si Kz 0 K’a:'i_HSi

Thus, we can rewrite (28) and (29) as ¢; = a—"lr (1 — BKI i (1 e di) / <1 - ﬁ fo + di)
,i.l' HSZ

Ry + Rsi Rz 0 rathsi
Rsi

SZ/( ,8 fo Hzlj_szﬁmdz) . Finally, noting that ¢; + h; = a and setting h; = ow;

and

and h; = aﬁz_i_ﬁ v
completes the proof. Q.E.D

The next step in our analysis involves studying the firms’ acceptance/rejection decisions that precede the
competition subgame. We restrict attention to subgame perfect equilibria in which all firms accept the
provider’s offers. This is without loss of generality, since the case in which there is a firm ¢ that rejects
the provider’s offer is surplus-equivalent to the case in which the provider offers a signal of precision k; =
0 at price p; =0 to firm ¢, and firm ¢ accepts the offer. The equilibrium acceptance/rejection decisions
can be characterized as follows. Each firm ¢ € [0, 1] accepts the provider’s offer if A; = E[r(a(k.i,Ks_i))] —
E[n(a(0,ks_;))] > p;i, i.e., if price p; is lower than the expected surplus of firm . Thus, it is optimal for the

provider to offer p; = A; for all i € [0,1].
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Using the equilibrium characterization from Lemma 3, we can compute the expected surplus A; of firm ¢,

which, in turn, is equal to price p;, i.e.,

2
2 (2 Ksi 1 Ko [T Ke
a2 () (L V() Sl pte [ B gl
pi=a (2)(%%“) (5)/[ i ﬁzﬂﬂdz} (30)

The provider’s expected equilibrium profit is given by

H(msﬁ)—/lpldz_a (722) (;:z/oln + Ky )/[1_5 / Ko +nsz } ’ B

and her problem can now be simply written as

max (s, B) (32)

{rsiticlo,1

st. 0<k,; <k, Viel0,1].
The following lemma allows us to further simplify the optimization problem above.

LEMMA 4. The objective function of problem (?2) depends on {K; }icpo,1] only through a constant

D=

Furthermore, for any optimal solution {KZ;}icjo,1) of problem (32), there exist a constant solution k. that is

feasible and achieves the same objective value of {K%;}ic(0.1)-

Proof: The first statement follows directly from expression (31). For the second statement, let {%,}icj0,1]

*

1
be an optimal solution of problem (32), with corresponding D* = / Ldi. Define constant &, as
_ 0 i

Ko + R
Dk Rs Cr _ . -
1 D . Note that + — = D, which implies that &, achieves the same objective value as {%, }ic0,1]-
— Ko+ Rs

Finally, we need to verify that &, is feasible. By the feasibility of {s%,}icjo,1), i-e., 0 < k¥, <k, for all i € [0, 1],
it follows that 0 < D* < s and thus 0 < Rk, < k.. This implies that the constant %, is feasible and it

Ke T K,
achieves the maximum objective value, which completes the proof. Q.E.D.

Rg 1=

Lemma 4 allows us to solve a simplified problem, in which the provider offers a signal of precision
to all firms ¢ € [0,1]. Furthermore, using the optimal value for k, together with equation (33) allows us to
characterize the set of optimal solutions for the original problem (32). In particular, replacing k, for k,; in

problem (32), the provider’s problem simplifies to

a2 (2 (B s + Ky
hax H_a2(2)<nz>[(lan/nz)ﬂz+/{3]2 34

st. 0<ks;<kK,.

Proof of part (a): Let > —(1+ k./k,) and consider the simplified problem (34). Differentiating the

objective with respect to x, yields

O 5 ry2\ (L+ BKy /KKy + Ks
a ( )[( (35)

Oke N2/ [(1=Bry/K)ke + K3
The assumption on § implies that (35) is positive, which means that it is optimal to set k* = k.. By Lemma

4, this implies that any solution {&,}:c0,1] to problem (32) that is feasible and such that

1 *
K. . KR
|t
0 K"a:—i_“{/si Hz—""iz
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is an optimal solution. Thus, problem (32) has a unique optimal solution in this case, i.e.,k*; = k., Vi € [0, 1].

Replacing this solution into (30) we obtain
* = a2 (E) & Hz + K:z = p*
b 2 )\ ) [0=B)ratr2 77

Proof of part (b): Let 8 < —(1+ £./k,) and consider problem (34). In this case, the partial derivative
given in (35) evaluated at k* =k, is negative, so the provider is better off by offering noisy signals to the
firms. Solving for the optimal x, using a firm’s first-order optimality condition yields

* K/CC
"o T Z(U+ Bra/ke)

By Lemma 4, this implies that any solution {x,}:cj0,1] to problem (32) that is feasible and such that

1 *
KE. K
AT 36
/0 Ko + KX ’ Bry’ (36)

is an optimal solution. Finally, replacing (36) into (30) yields p! = o? (“’72) —i—  Q.E.D.

si
4(”1’ +K;)Nx

<Kj.
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Electronic Companion

EC.1. Additional Proofs

Proof of Proposition 6

Recall from our results in Section 3 that, without any loss of generality, we can restrict attention
to equilibria in which the provider offers the market signal to all firms, i.e., A=1. Also recall that
it is always optimal for the provider to offer market signals that are independent conditional on
the realization of her signal, i.e., pe =0.

Throughout the proof we rescale firms’ profit so that a=~y/(72—v)=1 Note that this
is without loss of generality and it considerably simplifies the exposition. We conjecture that
equilibrium strategies are linear in x;, s;, and 5;, and then verify our hypothesis. In particular, we
conjecture that

CL(CU,*, Siy S,) = blxi + bQSi + b38i.
1
By definition A :/ a(x;, 8;,5;) di, thus, we have A= b0+ by A+ bsz. This further implies that
0

A _ b10 —+ b32’ .
1—1by
Using the above equation for A, firm i’s expected profit simplifies to

blE[e‘l'i,Si,Si] +b3E[Z|.%'“SZ,Sz] Y2 o

E[ﬂ'i|xi, Siy Sz] = ’Y()a/iE[(%fL'i, Si, Sz] +’)/1(Zi 1 b — 56%
— U2
b b
= aiE[9|$i,si,Si] <70+ 1’)/i ;2> —|—CLZ-]E[Z|$Z',S7;,S7;] <1’Yi ZQ) — %af

Taking the first-order optimality condition with respect to a;, E[mi|z;, s:,5;]) =0, and recalling

da;
that z=(_+ 6, we can express the equilibrium action of firm ¢ as
b1+ b
a; = (1—5)+511 +b3] E[9’$i73iasi]+5(1 3b >E[<xi75iasi]' (EC.1)
— b2 — 0y

Before proceeding, we make a change of variable, setting x, = tx, with ¢ € [0,1]. The conditional

expectations in (EC.1) are given respectively by

(L=bo) 4 (L=, (1= bo) o+ (1= )b s,

Elflz:.s:..8.] = ; EC.2
[|xusz751] Ry D A v D Sz+ ( C )
+t:‘€z(1_b2)2§;_blb3ﬁ”zi,
and
1—0y)% bs (b1 +b3) (1 —1t)k, 1—0y)[bs(1 —t)k, — bitk,
Blclrs, 8] =, LRl b Um0, (BBt Zhiin] g

by (b1 +b3) ki, + (1 — by) *k,
D Zis

+ik,
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where

D=k, [b%mz +b3(1—1t) (b3 (ke +K.)+ 2blmz)} + ks (1 =) % (th, + Ky)

These expressions are obtained using the formula for the conditional expectation of Gaussian
random vectors. Substituting (EC.2) and (EC.3) into (EC.1), and solving for by, b, bs, yields the

following system of equations, which the equilibrium coefficients must satisfy:

(1= B)b5(1 — )k, + (L= ba) [Bby + (1 — B) (1 — bs) + Bbs(1 —1)] s

by = Ky i) , (EC.4)
b — o (B0 + (1= B) (1= ba)] + Bb5(1 — ) + b3 (1 — 1) [28b + (1 = B) (1 = b2)]} = + Bb3(1 —(g«}%
2 = KRy D o0
b =, (PO (0= D)= o)y B0 b it ) = (1= ] EC6)

Let a} := byx; + by S; + bzs; denote the equilibrium action of firm ¢ and let a? := l~)1:1:¢ —HN)QSi denote the
action that firm ¢ would have taken if it deviated from the equilibrium path and did not purchase
the market signal s;. In that case, firm i’s information set is (z;,.5;) and the coefficients b, by can

be then characterized as above. We have

= (1=PB)b3k, + (1 =by) [Bbs + (1 = B) (1 — by) + Bbs] k-

b= #a KZ B3k, + (1 —bo) 2k, + (b + b3) 2K,k ’ (EC.7)
s Bbikg + (by+b3) [Bby + (1 —B) (1 —b2) + Bbs] k.

by =, Ko D3k, + (1= b2) 2k, ] + (by + b3) 2k, 5. ’ (EC.8)

Note that these coefficients depend on by, by, b, since they are derived under the assumption that
firm 4 deviates, while all other firms are playing according to their equilibrium strategies. Using a}

and a) we can characterize the expected profits of a firm that observes (z;, s;,5;) as

A= | s LY b b b (1) b
E[ﬂ-’b(ai ) A)] =72 |:2Klg + (’B 1/2) K (bl + b3)2 2/4',95 2/@'1/ tl{/z 2 ’

and the expected profit of a firm that does not observe s; as

1 . - /1 b2 b2
L b/ L L L LT
Ty +(B—09/2) by (Hz) (bl —1—63)2 2. 2/@]

Elmi(al, A)] =

79

The equilibrium surplus of a firm from purchasing the market signal is thus given by
A:= E[m;(a},A)] — E[m;(a?, A)].

As we establish in Lemma 2, at equilibrium the monopolist offers to each firm ¢ price p; = A, and all

firms accept her offer. Thus, the expected equilibrium profit of the monopolist is II = / p; di = A,
0

ie.,

1 b2 bf—Bf_b%—B%_(l—t)bg
2

II(t, Ky, B) =72 { [(1 —b)B—(1— Bg)/ﬂ </<6z) (b1 +b3)2 2k, 2K, k.
(EC.9)
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Proof of part (a): Given the change of variable k, = tx,, the provider’s decision variable is

t €0, 1]. Clearly it is never optimal to set ¢ <0 and, thus, the provider’s problem simplifies to:
max II(t,k,,5), st t<1.

Let
IT*(k,) = max I(t,k,,0) s.t. t<1.

Our goal is to characterize how the maximum profit changes in the presence of some information
leakage, i.e., we are interested in determining the sign of 0I1*/0k, evaluated at k, = 0. To this end,
we use the envelope theorem for constrained optimization problems. The Lagrangian associated

with the provider’s problem is given as
L(t, p, 6, B) = (¢, Ky, B) + p(1 — ).

By the envelope theorem we have that

oIl |
- T@(t 7Hw/3)

@( )= oL
Ok, Fov Ok,

, (EC.10)

t*=t*(ky)

(t*7/“’l'*7l<:‘l/7/3)

tr=t*(ky),n*=p* (k)
where the second equality holds since the constraint itself does not depend on k,. Differentiating

(EC.9) with respect to r, yields

OI1
%(tﬂﬁuﬁ) :’72(K0+K1+K2+K3+K4+K5+K6)> (EC.11)
where
:BQESD - BSU/B 2
0 (b1+b3)2f€2 3
2(1—by)B—(1—-13)
K, = bsbsv
! (bl +b3)2:‘<ﬂz 378
2(1 B 52)5 - (1 - 6%) 21Ky Ky
Ky, = 1 + b3 l)3(b1 +05")
Ky by b — by bt
Ky
K= bab5” — babs”
Ry
1—-t, .
K5 - — Ebﬁ"b?)u
b2 _52
K — 2 2
6 2/{;12/ )
and
K 8 . Ik 8 T
b = —b;(t,k,), j=1,2,3 and by = —bi(t,k,), k=1,2. (EC.12)

J 0K, Ok,
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Next, we evaluate (EC.11) at x, = 0. To do so, we compute and evaluate all the coefficients at
k, =0 and then replace them in (EC.11). In particular, evaluating equations (EC.4)-(EC.8) at
K, =0 yields

(1—pBt)k,

tk, + (1 — Bt)k,’
bi(t,0)=1,  by(t,0)=0.

ba(£,0)=0,  by(t,0) = thi.

bi(t,0) = otk + (1 — Bk,

Differentiating (EC.4)-(EC.8) with respect to k,, and then evaluating at x, =0 yields

Ko [(1 = Bt) %k, + (1 —t)tk,]?

b (t,0)= - [(1- Bk, +tr]*
Ky _ (1_6t)2ffz+(1—t)tﬁz

R (T AL

b (£,0) = — (ko + (1= 2B)tk, + tr.] [(1 — )k, + (1 — Bt) Ky
S (1= Bt} + t.] ¥ ’

Iky __t2ﬁi+(1_5t)255+t(2_5t)ﬂzﬂz

bt 0) = Ko [(1 = Bt)ky +tr,]2 ’

B‘;u (t, O) — t2"<‘3 + (1 - Bt)zlﬁi + t(2 - Bt)’{mmz )

Ky [(1 = Bt)kye +tK,]2
Replacing the above sets of coefficients into Equation (EC.11) and simplifying, yields the following

ol ) CstPRS + eat* Kk, 4 c3t®K3K2 + cot? K2R3 + itk KD (EC.13)
—(t, Ky, = - : :
Ok, 2 262 [tk, + (1 — Bt)K,]°

k=0

where

cs=—1, ca=3pt—05, cs=—[(6B%— 1)t — 148+ 2]t -9,
Co=—T+t{—4+198+t[1+ (4+1t)B — (15 +4t) B> + 5t5%]},
o =2(Bt—1)%((28-1)t—1).

*

11
Ok, .
(i) Case 1: 5 € (—00,0). Recall that ¢ € [0, 1], and consider Equation (EC.13). It is straightforward

Finally, to determine the sign of (k) , we consider the following two cases:

to see that the denominator is always positive. Next, we show that the numerator is always negative.
Note that coefficients cs, ¢, and ¢, are always negative. Moreover, we have that (53% —1)t—145+2 >
—145 + 1 > 0, which implies that c3 is negative for all § < 0 and t € [0,1]. Finally, noting that
14+ (44+1t)8— (15+4t)5% +5t6° < 1 it is immediate to verify that ¢, is negative. This establishes

o1l
that ﬁ(t,mu,ﬁ) <0 for all <0 and ¢ € [0,1]. In particular,

k=0

E(t*jﬁwﬁ) <0 V3 <O0.

aﬂ’/ t*=t*(ky ),k =0
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(ii) Case 2: € [0,1/2). Recall that when x, =0 we have t* =1 for all § in this interval. We
next substitute ¢* =1 in Equation (EC.13) and show that it is negative. Note that the denominator

simplifies to 2x2 [k, + (1 — B)k,]® <0, and the numerator simplifies to
—k [K14 (5= 3B)k.kS + (10 — 148 + 587 k2k2 + (1 — B)(10 — 148+ 58%)k2 k. +4(1 — B)*k}) .

Noting that 10 — 143 + 532 is positive (as a quadratic expression with negative determinant), we

conclude that the numerator is always negative. This establishes that

Ol
0K,

(", K, B) <0  VBel0,1/2).

t*=t*(ky ),k =0

Combining Cases 1 and 2 discussed above, applying the envelope theorem, and using Equation

(EC.10), we conclude that

oIT*

a—ﬂy(kay) <0 VB € (—00,1/2),

k=0
which completes the proof of part (a).
Proof of part (b): Let 3= —(1+k./k,). When &, = 0, Proposition 3 implies that 3 is such that

K=K, is the unconstrained optimum at 3 = B . In other words,

A~

arg max I1(t,0,5) =1,

and

gH(t,O,B) =0. (EC.14)
ot -

The proof follows by showing that there exists constant K such that for all k, < K, there exists T
such that V ¢ € [1 —T,1) the following holds

I1(t, k., B) > II(1, ., ).

In particular, this would imply that in the presence of leakage it is optimal for the provider to
distort her signal at 5 = B (continuity of IT with respect to § would then imply the statement of
the proposition).

In order to prove the above, let us define

0
g(’%wﬂ):an(tvﬁwﬁ) )

t=1

and show that 6: (0, B) < 0. For any /3, we have
Jg
87(0,5) = ’YQ(G0+G1 +G2+G3+G4+G5+G6+G7+G8+G9>, (ECl5)
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where
_ bab” — Bb5”
0= 540303
iz (b1 + bs) t=1,k,=0
bobl — bt
L L WA
R (bl +b3) t=1,ky=0
G- b5 4 — BDS™ + bobh™ b2
- 3
k. (by + bs)” o
Gy b0 (b — B,
- 3 3
Kz (bl +b3) t=1,k,=0
26(1—b 2—1
G, =AU T Bl (e iy
iz (b1 + bs) t=1,k,=0
28(1—by) + (2 —1 . . P
G, —— 2 b?) 19(23 )[(bi’ Y4 bg"™) b + 2 (b + b5) bibs ]
HZ( 1 + 3) t=1,k,=0
Ge = — DY by — BB + byby"™ — byby™
6 Koy
t=1,k,=0
G, =— b5 b — b5 b + byby"™ — baby"™
Ry t=1,k,=0
G, bt = babh
K2 t=1,k,=0
b5v b
Gy =22
9 K. )
t=1,kp,=0
and
8 t Kl/ 62 .
b; = ab](t, KU), bj = mb](t, KU), for ] = 1, 2,3 s
b= 95 (t, k) po = O (t, k) for k=1,2
TR A P o

To compute the second derivative above, we evaluate the coefficients at t =1 and «, = 0. In

particular, evaluating (EC.4)-(EC.8) at t =1,k, =0, and solving the resulting system yields

_(A=P)ks R B . B
ot (1= )’ O hL0=0 h0=0

Furthermore, differentiating (EC.4)-(EC.8) with respect to k,, evaluating at t =1,x, =0, and

b1(1,0) = b2(1,0) =0, b3(1,0) =

solving the resulting system yields

P €t L
bl (170)__[(1_5)1‘@8_’_&2]47
bg,,(l’o) _ (1 _ﬁ)QK'a:

[(1 - 5)’% +K3z] 2
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(1= B)*[2(1 = B)ks + K] K kia

bg”(lyo):_ [(1-ﬁ)l{,m+lﬁlz]4 5
reiy 1 (L= BPR2 4+ (2= B)ran. + 42

e ([ [ NS L
o (1,0) = L= BVRe+ 2= B)ron. + 1

Ko [(1— B)ke + K. 2
Next, differentiating (EC.4)-(EC.8) with respect to ¢, evaluating at t =1, k, = 0, and solving the

resulting system yields

RgRy
[(1 =Bk + k]2
Bt(1,0)=0,  Bh(1,0)=0.

Rahk

bﬁ(l,O):— [(1_6)51"‘/’%]2’

Finally, differentiating (EC.4)-(EC.8) with respect to both t and &, evaluating at t =1,x, =0,

and solving the resulting system yields

2(1 - B)*[B(1 = B)ku + K] o

A0 = T B s

e (1,0) = 3L B)RE+ 5[((11 - g)):i;] 3= Brani bz
bi"™ (1,0) =~ —255)7@/1 PREX

B (1,0) = 2Bkxki

(1= B+ 2]
Finally, we substitute the coefficients in Equation (EC.15) and obtain that

dg
0K,

ke [(1=B)% (B2 + B +2) ky +5(1 — B)*K3k. + (467 — 9B+ 4)kar? + (1 — 25) k7]
[(1 - B)Hz + ’iz} 6

(07 5) =72

It is immediate to verify that the above equation is strictly negative for all 5 € (—o0,1/2), and in
particular it is strictly negative at 8 = —(14 k. /k.). Moreover, noting that ¢(0, B) =0, we conclude
that there exists K such that for all x, < K we have g(k,, B) < 0. This in turn implies that there
exists T such that V ¢t € [1 —T,1) we have

1L(t, . 5) > (L, Ky ).

Thus, at § = B it is optimal for the seller to set t* <1, i.e., distort her information and set k¥ < k..

To complete the proof, note that by continuity of II(t,k,,3) with respect to (3, there exists
B € (0,5) such that II(t, k,, 3) —1I(1, k,, 3) > 0 for all 8 €[5, B), and thus & < . for all 8 € [3, ).
Q.E.D.
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Proof of Proposition 7

Following the same steps as in the proof of Proposition 5 we can derive the equilibrium quantity
decisions of each firm 7 in the competition subgame. These, in turn, allow us to compute the
equilibrium surplus of a firm ¢ that observes a signal of precision k,; as

A= Ela(al )] ~ Bl )] = K (205} (150D

Ry + Rsi

Rsi / C;

2 /9 1
’YO/I 3 and D :/ mdz
(1 M fO C%dz 0 x )

Moreover, firm i € [0,1] accepts the provider’s offer {p;, k4 } if and only if A; > p;. Thus, it is

where K =

optimal for the provider to offer p; = A; for all i € [0, 1] and leave no surplus to the firms.

The provider’s equilibrium profit is then given by

1 D 1
11 HS,D :/ ; — URg; di=K — ’U/ Hsidi,
( ) 0 (p ) Klm(l 771D’€z/’€z)2 0

and her problem can be written as

max II(ks, D)

{ksiticlo,1]

! /isz'/ci
st. D= / i/ G g
0 //‘;z_l_l/isi

0<ky <k, Viel0,1].

Differentiating the objective with respect to k,; yields

dIl _8£ oD n o 14+ v Dk, /K, B
dky; OD Oky Oke Ci(Ke + Ksi)2(1 =11 Dk, /K, )3

v, (EC.16)

for all i € [0,1].

Proof of Part (a): Let 7 = K/(cumink2). Suppose that v > 7 and consider the profile of precisions
{Ksi =0}icjo,1], with corresponding D = 0. Evaluating (EC.16) at the profile above yields

an K
dig  CiR2 ’
. . L 11
for all i € [0,1]. Our assumption on v then implies that, at {xy = 0};c[0,1), we have <0 for
Rsi

all i € [0,1], thus the provider can only increase her profit by decreasing x; for some i. Then,
the non-negativity constraints on the xy;’s imply that the optimal solution is to set k¥, =0 for all

ie0,1].
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KRz + (1 +’71 fol édz) Ry

Cmax |:/€z + (1 -—M fol idz) Km]
1

1
KRz . .
profile of precisions {k; = K. }icp0,1], With corresponding D = n / —di. Evaluating (EC.16)
Kot k2 Jo Ci

Proof of Part (b): Let v=K

5. Suppose that v < v and consider the

at the profile above yields

1 .
dIl ok K.+ (1+"}/1 fo %Zdl) Ky

, 3
dhisi ¢ {/{Z + (1 - fol édz) /{4

_U,

>0 for

for all 4 € [0,1]. Our assumption on v then implies that, at {k, = K }iclo,1], we have pi
Rsi
all 7 € [0,1], thus the provider can only increase her profit by increasing k,; for some i. This, in

turn, implies that the optimal solution is to set k¥, =k, for all i € [0, 1].

Proof of Part (c): Consider now the remaining case in which v takes an intermediate value.

1w
Let s, be the optimal solution, with corresponding D* = / Rj_/cl*dz Substituting the optimal
0 Rz T Ky
solution into equation (EC.16) yields
dIl 1 D*k,/k,
- K D/ r — (EC.17)

dkg; B Ci(’{x'f"i:i)z(l_'YlD*“w/KZ)

K(14+ymD*k,/k,)
v ’4’925(1 - VlD*K/év/K’Z)S

dIl _ K2 .
dks; (e + K5;)2 v

This implies that dII/dk; <0 for all k%, >0, thus it is optimal to set k¥, =0.
2

for all i € [0,1]. Let ¢* = . Then, if ¢; > ¢* we have

On the other hand, if ¢; < B e have
(Ko + K2)?
dIl < Ky + K, >2 ]
— ] =1,
dFg; Ko+ KL

which implies that dII/dk,; > 0 for all k%, € [0, .|, thus it is optimal to set k¥, =k, in this case.
2
* K;m

Finally, for intermediate values of ¢;, i.e., ¢; € {c ,
(Ko + K.

dll/dk,; =0, i.e.,

)20*}, the optimal x%, is a solution to

H:i_\/ K (147D, /k.) _%:@( T*/ci—1).

Civ(l - ,VID*HQ:/HZ)?)

Q.E.D.
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Proof of Corollary 2
Consider the optimal thresholds v and v characterized in the proof of Proposition 7. For the case
of two types we have

v:(1+5)5; and U:<1—5>K'@4%1+7M@H%,
¢ K3 ¢ k2 4 (1= 71/¢) Ko

2/2
where K = LQ
(L—m/e) o . .
affected by a marginal increase in dispersion. For intermediate values of v there are four cases

. It is easy to see that when v > v or v < v the optimal precisions are not

to consider. Before considering them in turn, recall from Proposition 7 that the optimal selling

strategy has the following structure

0 if - <&
2
R if tefrel < L p=12, (EC.18)

Ky (\/C*/Ck — 1) otherwise

where
o= K(1+71D*ﬂa:/"£z)
v K2(1 =y Dk, /K.)3

which is always positive when v € (v,7), and

1/1 : 1/1 .
D= (=48] Sy (o) 2 (EC.19)

2 \c Ky + /le 2 \c Kq + H:Q
Moreover, differentiating ¢* with respect to ¢ yields 8;5 = 88 IC)* <66 5 + %C* 8605>, which implies
that

oc*  Oc* OD* dc* 0D*

96 dD* 35 (1_ dD* dc* ) (EC.20)
Note that

oc* 2 KQ2+mD Ky /k.)
OD* v kgk, (1 — Y1 D*ky /K. )4

is always negative since v; <0 and 2+ v, D*k,/k, > 0. We proceed with considering the four cases

in turn:

1 (kp+k.)? 1 (ke +k.)?

Case 1: (1/c+9) € [c*’ py and (1/c—9)¢€ L*,Hic*} The optimal precision

takes intermediate values for both firm types. Thus, replacing the optimal precisions from (EC.18)

into (EC.19) yields
1 1 /1 1 /1

1
D == —
(&
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oD*
Note that 9 >0 (since the square root is a concave function), therefore we can verify from

(EC.20) that ¢ <o. Differentiating the optimal precision of type 2 firms with respect to § yields

96
Ok:, O <1 > ] K { de* <1 )}
== — Ry | =0 ) Ry | =——F—= |+ -=0],
00 00 c 9 c*(%—d) 00 \c

*

C(s < 0. For type 1 firms we have

which is always negative since

o e (e se (i BT
) 2

— C _|_ —_— — ,
90 g fer (145 90 \c e (L+9) L laear— 2o ({1464, /1-0)]
which is positive if and only if

/1 /1 oc* /1
N - /= *3/2 .
(5 c+5 c 5) D*+ C+5c >0

The latter always holds if § <1/(cv/2).

1 (ke +k.)?

C 2: (1 1) —
ase 2: (1/c+96) € LR

values and k%, =0. Replacing the optimal precisions into (EC.19) yields

/1
1 ;+5
D* = .

c Ver

1
and (1/c—¢) < —. In this case, k%, takes intermediate
c*

D* k.
Note that 5 < 0, which implies that 8865 > 0 and therefore
* " * 1
8551: il [cw%cé(wﬂ > 0.
24/c* (% + 5) ¢
For type 2 firms we have 552 =0, which follows from k!, =0 and continuity of the optimal
threshold with respect to 4. , ,
]- (K':L’ + K/z) (K/CE + K/Z) 4 *
Case 3: (1/c—0) € c*’nfﬂc*] and (1/c+0)> T In this case, k%, takes

intermediate values and k¥, = k.. Replacing the optimal precisions into (EC.19) yields

19§
11 c 1 K 1

D =_1|-— = - -+4 ).
2\c Ve +2(/€x+ﬁz) <c+)

oD 0
Note that 55 < 0, which implies that 80(5

3/@52: Ky |:—C*+8C5<1—(5>:|<0
0 2 c*(%—é) 9 ¢

> (0 and therefore

For type 1 firms we have
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(K + 2)?

e In this case, ki, =0, K}, = K., and
x

1
Case (iv): (1/c—6)<— and (1/c+4)>

c
0Ky Ok
a6 06 e
Combining the cases above, we have that § < 1/(cv2) implies % >0 and

=0.

8&52 <0, thus

completing the proof of the corollary. Q.E.D.

Proof of Proposition 8
We begin by stating a lemma which is the discrete analogue of Proposition 1 presented in Section

3. The proof of the lemma follows similar arguments and is therefore omitted.

LEmMMA EC.1. The competition subgame between the firms has a unique Bayes-Nash equilibrium

in linear strategies. Furthermore, the equilibrium quantities of the firms are given by

o (1= wpn)®i +winsi] if i€ K
"\ ifie N\K’

where

R

wk,n =
(1 - ﬁn%p) Ky 1 Ks

)

and a, =70/ (v2 — 7).

Using the above lemma we can characterize the expected equilibrium profits of an uninformed

and of an informed firm, respectively as

1 2 B_ﬂ 2 2/37Lp"<as _ (1_Bnp)2’ix+f€s
B[] = ol (3 ){ A Bup)re T il (1= Bup)rin £ o2

and
0 2(M2 N 2 1
E[r0] =2 (2 -2 |62 - —|,
2 n Ky
where we used the assumption that k& = n. The provider extracts all surplus generated by the
information she sells. Thus, we can use the law of total expectation to characterize the provider’s
expected profit as

ks, py k) =n (E [Wl] -E [”0]) =naj (% B %) <::> [(1- g:p—i)_ﬁix—i— K|?

Thus, the provider’s optimization problem is

max II(k,p,Ke)

PRs

st <p<
4

ke < K.
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Differentiating the objective with respect to p yields

81—[ _ 2 (72 - ﬁ Bn’{s(/{'a: + K’s)
G, =2 (7 ) T Bt t o (EC.21)

2 n
which is always negative since (3, < 0. Thus, it is optimal for the provider to set p* = k,/k..

Replacing p* into the objective and then differentiating with respect to k. yields

o _ <B _ ﬁ) (14 Bukis/ Kz )b + K
8KS " [(1 _5n>\/€s/ﬂz)ﬁ'$+ﬁ's]3'

2 n
When 5, > —(1+ k./k.), the above expression is always positive and it is optimal to set kK* =k,.

Otherwise, the optimal precision is given by the solution to
(L+ Bukis/kz)ka + ks =0,

which implies that x* = —k,/(B, + K./k:). Substituting the optimal strategy into the objective,

we obtain the following characterization of the optimal profits:

2 n/ \ky) [(1=Bn)ke+ K.
I = ,
a? (% — %) ﬁi/‘&i otherwise

thus completing the proof. Q.E.D.

EC.2. Measure Theoretic Framework

Throughout the paper, we relied on a variant of an “exact law of large numbers,” according to which
the cross-sectional averages of firm-level variables coincide, almost surely, with the corresponding
variables’ expectations. In this appendix, we provide the appropriate formalism and conditions
for such a result to hold. This framework, which builds on the construction by Sun (2006), also
provides us with a Fubini-type property that allows us to exchange the order of integration (over
the set of firms and the set of signal realizations) throughout the derivations.

Consider the probability space ([0,1],Z, M), where the unit interval [0,1] denotes the set of
firms in the economy, Z is the o-algebra of Lebesgue measurable sets, and M is the Lebesgue
measure. Also consider the probability space (£, F, P) capturing the uncertainty in the model,
where (2 is the sample space, F is the o-algebra of events, and P is a probability measure. Let
([0,1] x Q,Z® F,A® P) denote the product probability space, where Z® F is the product o-algebra
generated by the class of measurable rectangles {I x F' | I € Z and F' € F} and the product measure
M ® P has the property that

M & P(Ix F)=M(I)- P(F),
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for all I € Z and F € F. Note that since M and P are probability measures and thus o-finite, the
desired property is straightforward from the product measure theorem (e.g., see Billingsley (2008)).
Throughout, for a process f:[0,1] x Q@ — R, we let f; denote the random variable f(i,-): Q2 — R
and f, denote the random variable f(-,w):[0,1] = R.

Following Sun (2006), we define ([0, 1] x Q,ZX F, M X P) to be a Fubini extension of the product
space ([0,1] x Q,Z® F,M ® P) if

(i) for any M X P-integrable process f on ([0,1] x Q,ZX F), f; is integrable on (92, F,P) for

M-almost all i € I and f, is integrable on ([0, 1],Z, M) for P-almost all w € Q;
(ii) fQ fi dP and f[o,1] fo dM are, respectively, M-integrable and P-integrable, and satisfy

[, fee dormpis= [ ([ ) ape)) asri= [ ( [ 1)) ap().

Throughout the paper, we assume that all relevant quantities lie in the Fubini extension of the
product probability space constructed above. For additional details we refer the interested reader
to Sun (2006), who provides a detailed treatment of the construction and establishes that there
exist Fubini extensions in which one can construct measurable processes with essentially pairwise
independent random variables taking any given distribution.!’ Moreover, we require any process f
on ([0,1] x Q,ZX F) to be measurable, which is consistent with the information structure specified
throughout the paper. This assumption, coupled with the fact that M X P is a probability measure,
implies that f is M X P-integrable. Thus, the Fubini-type property above holds for any random
variable in the paper.

We now present the so called exact law of large numbers in the framework of the Fubini extension

above:

ProprosiTiON EC.1 (Sun (2006)). Consider a process f :[0,1] x @ — R that is square
integrable with respect to M X P. If random variables {f;}icjo1) are uncorrelated, then for any set

I €7 satisfying M (I) >0,

/If(i,w) dM (i) :/1 Qf(z',w) d(M X P)(i,w) for P-almost all w € .

This result states that, under fairly general conditions, the sample average of a random variable
over any set of firms I with positive measure is equal to that random variable’s expectation. We use
this result in our analysis and, specifically, to claim that / €(i,w) dM (i) = &(i,w) dM (i) =0.
Note that we rely on a slight abuse of notation thr(l)ugho[&tl]the paper to smnp[?l%}y the exposition of
our analysis and results. In particular, we write /0 fi di instead of o fi dM (7).

10 Also see Sun and Zhang (2009), who show that this result holds for the case in which the index space is an extension
of the Lebesgue unit interval.
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