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2 Introductory Lectures on Stochastic Optimization

1. Introduction

In this set of four lectures, we study the basic analytical tools and algorithms
necessary for the solution of stochastic convex optimization problems, as well as
for providing various optimality guarantees associated with the methods. As we
proceed through the lectures, we will be more exact about the precise problem
formulations, providing a number of examples, but roughly, by a stochastic op-
timization problem we mean a numerical optimization problem that arises from
observing data from some (random) data-generating process. We focus almost
exclusively on first-order methods for the solution of these types of problems, as
they have proven quite successful in the large scale problems that have driven
many advances throughout the early 2000s.

Our main goal in these lectures, as in the lectures by S. Wright in this volume,
is to develop methods for the solution of optimization problems arising in large-
scale data analysis. Our route will be somewhat circuitous, as we will build the
necessary convex analytic and other background (see Lecture 2), but broadly, the
problems we wish to solve are the problems arising in stochastic convex optimiza-
tion. In these problems, we have samples S coming from a sample space 8, drawn
from a distribution P, and we have some decision vector x € R™ that we wish to
choose to minimize the expected loss
(1.0.1) f(x) :=Ep[F(x;S)] :J F(x;s)dP(s),

8
where F is convex in its first argument.

The methods we consider for minimizing problem (1.0.1) are typically sim-
ple methods that are slower to converge than more advanced methods—such as
Newton or other second-order methods—for deterministic problems, but have the
advantage that they are robust to noise in the optimization problem itself. Con-
sequently, it is often relatively straightforward to derive generalization bounds
for these procedures: if they produce an estimate X exhibiting good performance
on some sample Sq,...,Sm drawn from P, then they are likely to exhibit good
performance (on average) for future data, that is, to have small objective f(X);
see Lecture 3, and especially Theorem 3.4.11. It is of course often advantageous
to take advantage of problem structure and geometric aspects of the problem,
broadly defined, which is the goal of mirror descent and related methods, which
we discuss in Lecture 4.

The last part of our lectures is perhaps the most unusual for material on opti-
mization, which is to investigate optimality guarantees for stochastic optimization
problems. In Lecture 5, we study the sample complexity of solving problems of
the form (1.0.1). More precisely, we measure the performance of an optimization
procedure given samples Sq,..., Sy drawn independently from the population
distribution P, denoted by X = X(S1.;n), in a uniform sense: for a class of objec-
tive functions F, a procedure’s performance is its expected error—or risk—for the
worst member of the class F. We provide lower bounds on this maximum risk,
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showing that the first-order procedures we have developed satisfy certain notions
of optimality.

We briefly outline the coming lectures. The first lecture provides definitions
and the convex analytic tools necessary for the development of our algorithms
and other ideas, developing separation properties of convex sets as well as other
properties of convex functions from basic principles. The second two lectures
investigate subgradient methods and their application to certain stochastic opti-
mization problems, demonstrating a number of convergence results. The second
lecture focuses on standard subgradient-type methods, while the third investi-
gates more advanced material on mirror descent and adaptive methods, which
require more care but can yield substantial practical performance benefits. The
final lecture investigates optimality guarantees for the various methods we study,
demonstrating two standard techniques for proving lower bounds on the ability
of any algorithm to solve stochastic optimization problems.

1.1. Scope, limitations, and other references The lectures assume some limited
familiarity with convex functions and convex optimization problems and their
formulation, which will help appreciation of the techniques herein. All that is
truly essential is a level of mathematical maturity that includes some real analysis,
linear algebra, and introductory probability. In terms of real analysis, a typical
undergraduate course, such as one based on Marsden and Hoffman’s Elementary
Real Analysis [37] or Rudin’s Principles of Mathematical Analysis [50], are sufficient.
Readers should not consider these lectures in any way a comprehensive view of
convex analysis or stochastic optimization. These subjects are well-established,
and there are numerous references.

Our lectures begin with convex analysis, whose study Rockafellar, influenced
by Fenchel, launched in his 1970 book Convex Analysis [49]. We develop the basic
ideas necessary for our treatment of first-order (gradient-based) methods for op-
timization, which includes separating and supporting hyperplane theorems, but
we provide essentially no treatment of the important concepts of Lagrangian and
Fenchel duality, support functions, or saddle point theory more broadly. For these
and other important ideas, I have found the books of Rockafellar [49], Hiriart-
Urruty and Lemaréchal [27,28], Bertsekas [8], and Boyd and Vandenberghe [12]
illuminating.

Convex optimization itself is a huge topic, with thousands of papers and nu-
merous books on the subject. Because of our focus on solution methods for large-
scale problems arising out of data collection, we are somewhat constrained in
our views. Boyd and Vandenberghe [12] provide an excellent treatment of the
possibilities of modeling engineering and scientific problems as convex optimiza-
tion problems, as well as some important numerical methods. Polyak [47] pro-
vides a treatment of stochastic and non-stochastic methods for optimization from
which ours borrows substantially. Nocedal and Wright [46] and Bertsekas [9]
also describe more advanced methods for the solution of optimization problems,
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focusing on non-stochastic optimization problems for which there are many so-
phisticated methods.

Because of our goal to solve problems of the form (1.0.1), we develop first-order
methods that are in some ways robust to many types of noise from sampling.
There are other approaches to dealing with data uncertainty, and researchers in
of robust optimization [6], who study and develop tractable (polynomial-time-
solvable) formulations for a variety of data-based problems in engineering and
the sciences. The book of Shapiro et al. [54] provides a more comprehensive
picture of stochastic modeling problems and optimization algorithms than we
have been able to in our lectures, as stochastic optimization is by itself a major
field. Several recent surveys on online learning and online convex optimization
provide complementary treatments to ours [26,52].

The last lecture traces its roots to seminal work in information-based-complexity
by Nemirovski and Yudin in the early 1980s [41], who investigate the limits of “op-
timal” algorithms, where optimality is defined in a worst-case sense according to
an oracle model of algorithms given access to function, gradient, or other types
of local information about the problem at hand. Issues of optimal estimation in
statistics are as old as the field itself, and the minimax formulation we use is
originally due to Wald in the late 1930s [59,60]. We prove our results using infor-
mation theoretic tools, which have broader applications across statistics, and that
have been developed by many authors [31,33,61,62].

1.2. Notation We use mostly standard notation throughout these notes, but for
completeness, we collect it here. We let R denote the typical field of real numbers,
with R™ having its usual meaning as n-dimensional Euclidean space. Given
vectors x and y, we let (x,y) denote the inner product between x and y. Given a
norm ||-||, its dual norm ||-||, is defined as

2]l := sup {{z,x) I ||| < 1}.

Holder’s inequality (see Exercise 4) shows that the ¢, and {4 norms, defined by

n 1
P
Il = (Z xjn’)
j=1

(and as the limit ||x||,, = max; [x;|) are dual to one another, where 1/p+1/q =1
and p, q € [1,00]. Throughout, we will assume that ||x|, = \/(x,x) is the norm
defined by the inner product (-, -).

We also require notation related to sets. For a sequence of vectors vi,vy,v3, ...,
we let (v,) denote the entire sequence. Given sets A and B, we let A C B to denote
that A is a subset (possibly equal to) B, and A C B to mean that A is a strict subset
of B. The notation cl A denotes the closure of A, while int A denotes the interior
of the set A. For a function f, the set domf is its domain. If f : R™ — R U{+oco}
is convex, we let dom f := {x € R™ | f(x) < +oo}.
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2. Basic Convex Analysis

Lecture Summary: In this lecture, we will outline several standard facts
from convex analysis, the study of the mathematical properties of convex
functions and sets. For the most part, our analysis and results will all be
with the aim of setting the necessary background for understanding first-
order convex optimization methods, though some of the results we state will
be quite general.

2.1. Introduction and Definitions This set of lecture notes considers convex op-
timization problems, numerical optimization problems of the form

minimize f(x)
(2.1.1) .
subject to x € C,

where f is a convex function and C is a convex set. While we will consider
tools to solve these types of optimization problems presently, this first lecture is
concerned most with the analytic tools and background that underlies solution
methods for these problems.

(a) (b)

FiGure 2.1.2. (a) A convex set (b) A non-convex set.

The starting point for any study of convex functions is the definition and study
of convex sets, which are intimately related to convex functions. To that end, we
recall that a set C C IR™ is convex if for all x,y € C,

A+ (1—A)y € C for A € [0,1].

See Figure 2.1.2.
A convex function is similarly defined: a function f : R™ — (—o0, o0] is convex
if for all x,y € domf:={x € R™ | f(x) < 400}

f(Ax + (1 —=A)y) < Af(x) + (1 —A)f(y) for A € [0, 1].
The epigraph of a function is defined as

epif:={(x,1):f(x) <t}
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and by inspection, a function is convex if and only if its epigraph is a convex
set. A convex function f is closed if its epigraph is a closed set; continuous
convex functions are always closed. We will assume throughout that any convex
function we deal with is closed. See Figure 2.1.3 for graphical representations of
these ideas, which make clear that the epigraph is indeed a convex set.

epif

(@) (b)

FIGURE 2.1.3. (a) The convex function f(x) = max{x?, —2x — .2}
and (b) its epigraph, which is a convex set.

One may ask why, precisely, we focus convex functions. In short, as Rock-
afellar [49] notes, convex optimization problems are the clearest dividing line
between numerical problems that are efficiently solvable, often by iterative meth-
ods, and numerical problems for which we have no hope. We give one simple
result in this direction first:

Observation. Let f : R™ — R be convex and x be a local minimum of f (respectively
a local minimum over a convex set C). Then x is a global minimum of f (resp. a global
minimum of f over C).

To see this, note that if x is a local minimum then for any y € C, we have for
small enough t > 0 that

flx +t(y —x)) —f(x)
. .
We now use the criterion of increasing slopes, that is, for any convex function f the

f(ix) < f(x+tly—x)) or0 <

function
215) LS

is increasing in t > 0. (See Fig. 2.1.4.) Indeed, let 0 < t; < to. Then

fix+tu) —f(x) _ ta flx+ta(ty/t2)u) — f(x)
t1 B 151 1%
_ (1 —t/t)x + (h/ta) (x + tou)) — f(x)
b t2
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x+t)—~f(x)

FiGure 2.1.4. The slopes f 3 increase, with t; < tp < ts.

< L A -t/b)f) + [t/ t)f(x + tu) —f(x) _ flx+tu) —f(x)

T to B to
In particular, because 0 < f(x + t(y —x)) for small enough t > 0, we see that for
all t > 0 we have
fx +tly —x)) — f(x)

0< T

or f(x) < ggf(x—i—t(y —x)) < f(y)

forally € C.

Most of the results herein apply in general Hilbert (complete inner product)
spaces, and many of our proofs will not require anything particular about finite
dimensional spaces, but for simplicity we use R™ as the underlying space on
which all functions and sets are defined.! While we present all proofs in the
chapter, we try to provide geometric intuition that will aid a working knowledge
of the results, which we believe is the most important.

2.2. Properties of Convex Sets Convex sets enjoy a number of very nice proper-
ties that allow efficient and elegant descriptions of the sets, as well as providing
a number of nice properties concerning their separation from one another. To
that end, in this section, we give several fundamental properties on separating
and supporting hyperplanes for convex sets. The results here begin by showing
that there is a unique (Euclidean) projection to any convex set C, then use this
fact to show that whenever a point is not contained in a set, it can be separated
from the set by a hyperplane. This result can be extended to show separation
of convex sets from one another and that points in the boundary of a convex set
have a hyperplane tangent to the convex set running through them. We leverage
these results in the sequel by making connections of supporting hyperplanes to

1The generality of Hilbert, or even Banach, spaces in convex analysis is seldom needed. Readers
familiar with arguments in these spaces will, however, note that the proofs can generally be extended
to infinite dimensional spaces in reasonably straightforward ways.
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epigraphs and gradients, results that in turn find many applications in the design
of optimization algorithms as well as optimality certificates.

A few basic properties We list a few simple properties that convex sets have,
which are evident from their definitions. First, if C, are convex sets for each
o € A, where A is an arbitrary index set, then the intersection

C= () Ca

xeA
is also convex. Additionally, convex sets are closed under scalar multiplication: if
x € R and C is convex, then

oC :={ox:x € C}
is evidently convex. The Minkowski sum of two convex sets is defined by
C14+Cori={x1+x2:%x1 € C1,x2 € Cp},
and is also convex. To see this, note that if x;,y; € Cy, then

Ax1+x)+1=ANyr+y2) =A%+ (1 =Ny +Ax+ (1—A)yp € C1 + Co.

cCq €Cy

In particular, convex sets are closed under all linear combination: if x € R™, then
C =", «;Cy is also convex.
We also define the convex hull of a set of points x1,...,xm € R™ by

m m
i=1 i=1

This set is clearly a convex set.

Projections We now turn to a discussion of orthogonal projection onto a con-
vex set, which will allow us to develop a number of separation properties and
alternate characterizations of convex sets. See Figure 2.2.5 for a geometric view
of projection. We begin by stating a classical result about the projection of zero
onto a convex set.

Theorem 2.2.1 (Projection of zero). Let C be a closed convex set not containing the
origin 0. Then there is a unique point xc € C such that ||xc||, = infxec ||x||,. Moreover,

Ixclly = infxec [Ix[ly if and only if
(22.2) (xc,y—xc) >0
forally € C.

Proof. The key to the proof is the following parallelogram identity, which holds
in any inner product space: for any x,y,

1 2 1 2 2 2
(223) 2 Ix—ylB 42 oty = I + ul.
Define M := infy ¢ ¢ ||x||,. Now, let (x,) C C be a sequence of points in C such that
Xnll, = M as n — oo. By the parallelogram identity (2.2.3), for any n,m € N,
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we have 1

5 I =xm3 = Ipen |2 + [xm 2 = 5 lxn +xmll
Fix € > 0, and choose N € IN such that n > N 1mp11es that ||xn||5 < M2 + €. Then
for any m,n > N, we have

1 1
(2.24) 5 [ = xmlly < 2M% +2€ — = [lxn + xXm 3.

Now we use the convexity of the set C. We have %xn + %xm € C for any n, m,

which implies
1 2

1
Exn + Exm ) > 2M?

by definition of M. Using the above inequality in the bound (2.2.4), we see that
1
5 [[Xn — Xm”z < 2M2 +2¢ —2M?2 = 2e¢.

2 [xn +Xm||§ =2

In particular, ||[xn —Xxmll; < 2v/€; since € was arbitrary, (xn) forms a Cauchy
sequence and so must converge to a point xc. The continuity of the norm |||,
implies that |xc||, = infyec ||x||,, and the fact that C is closed implies that x¢ €
C.

Now we show the inequality (2.2.2) holds if and only if x¢ is the projection of
the origin 0 onto C. Suppose that inequality (2.2.2) holds. Then

2
Ixclla = (xc,xc) < {xe,y) < lixcllz2 [Yll2.
the last inequality following from the Cauchy-Schwartz inequality. Dividing each
side by ||xc||, implies that ||xc|, < |[y]|, for ally € C. For the converse, let x¢
minimize ||x||, over C. Then for any t € [0,1] and any y € C, we have
Ixcllz < (1= tixe +tyl = [xc +tly—xc)l5 = Ixcllz+2t (xc,y —xc) + 1 ly —xcl3

Subtracting Ixcll 5 and t?|jy —xcl? 5 from both sides of the above inequality, we
have

—t Jy —xclz < 2t{xc,y—xc).
Dividing both sides of the above inequality by 2t, we have
t
—5 Iy —xcll3 < (xc,y —xc)
for all t € (0,1]. Letting t | 0 gives the desired inequality. O

With this theorem in place, a simple shift gives a characterization of more
general projections onto convex sets.

Corollary 2.2.6 (Projection onto convex sets). Let C be a closed convex set and x €
R™. Then there is a unique point mc(x), called the projection of x onto C, such
that ||x —mtc(x)|l, = infycc |[x —yll,, that is, mc(x) = argmin, - Iy —x||%. The
projection is characterized by the inequality

(2.2.7) (mc(x) =%,y —mc(x)) = 0
forally € C.
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F1Gure 2.2.5. Projection of the point x onto the set C (with pro-
jection 7t (x)), exhibiting (x — ¢ (x),y — e (x)) < 0.

Proof. When x € C, the statement is clear. For x ¢ C, the corollary simply fol-
lows by considering the set C’ = C — x, then using Theorem 2.2.1 applied to the
recentered set. O

Corollary 2.2.8 (Non-expansive projections). Projections onto convex sets are non-
expansive, in particular,
It () =yl < Ix —yll>
foranyx € R"andy € C.
Proof. When x € C, the inequality is clear, so assume that x ¢ C. Now use

inequality (2.2.7) from the previous corollary. By adding and subtracting y in the
inner product, we have

0 < (e (x) =%,y —me(x))

= (mc(X) —y+y—xy—mc(x))

= —Imc () =yl + (y — %y —7mc(x))
We rearrange the above and then use the Cauchy-Schwartz or Holder’s inequality,
which gives

e () =yll3 < (y—xy —mc () < lly =xlly [y —mc(x)]l2.

Now divide both sides by ||tc(x) —yl,. O
Separation Properties Projections are important not just because of their ex-
istence, but because they also guarantee that convex sets can be described by

halfplanes that contain them as well as that any two convex sets are separated by
hyperplanes. Moreover, the separation can be strict if one of the sets is compact.
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FIGURE 2.2.9. Separation of the point x from the set C by the
vector v =x — ¢ (x).

Proposition 2.2.10 (Strict separation of points). Let C be a closed convex set. Given
any point x & C, there is a vector v such that

(2.2.11) (v,x) > sup (v, y)
yeC

Moreover, we can take the vector v = x —mc(x), and (v,x) > sup cc (v, y) + Hv||§
See Figure 2.2.9.

Proof. Indeed, since x ¢ C, we have x — ¢ (x) # 0. By setting v = x — ¢ (x), we
have from the characterization (2.2.7) that

0> (vy—mc(x) = (vy—x+x—mc(x)) = v,y —x+v) = v,y —x) + v[3.
In particular, we see that (v,x) > (v,y) + ||v||* for all y € C. O

Proposition 2.2.12 (Strict separation of convex sets). Let Cy, Cy be closed convex
sets, with Co compact. Then there is a vector v such that

inf (v,x) > sup (v,x).
xeCq x€Cy

Proof. The set C = C; — C; is convex and closed.> Moreover, we have 0 ¢ C, so
that there is a vector v such that 0 < inf,c¢ (v, z) by Proposition 2.2.10. Thus we

have
0< inf (v,z) = inf {v,x)— sup (v,x),
2€C,—Cy 2) xeCy ) XE§2< )
which is our desired result. O

25 c 1 is closed and C; is compact, then C; 4 C; is closed. Indeed, let z, = X 4+ Yn be a convergent
sequence of points (say zn — z) with z, € C; 4 C,. We claim that z € C; + C;. Indeed, passing
to a subsequence if necessary, we may assume yn, — y. Then on the subsequence, we have x,, =
Zn —Yn — Z — Y, so that x,, is convergent and necessarily converges to a point x € Cj.
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We can also investigate the existence of hyperplanes that support the convex
set C, meaning that they touch only its boundary and never enter its interior.
Such hyperplanes—and the halfspaces associated with them—provide alternate
descriptions of convex sets and functions. See Figure 2.2.13.

Ficure 2.2.13. Supporting hyperplanes to a convex set.

Theorem 2.2.14 (Supporting hyperplanes). Let C be a closed convex set and x € bd C,
the boundary of C. Then there exists a vector v # 0 supporting C at x, that is,

(2.2.15) (v,x) = (v,y) forally € C.

Proof. Let (xn) be a sequence of points approaching x from outside C, that is,
xn ¢ C for any n, but x,, — x. For each n, we can take s, = x, —7c(xn) and
define v, = sn/||snll;- Then (vy) is a sequence satisfying (vn,x) > (vn,y) for
all y € C, and since |[vn||, = 1, the sequence (vn,) belongs to the compact set
(v :|[v|, < 1}.° Passing to a subsequence if necessary, it is clear that there is a
vector v such that v, = v, and we have (v,x) > (v,y) forally € C. O

Theorem 2.2.16 (Halfspace intersections). Let C C R™ be a closed convex set. Then
C is the intersection of all the spaces containing it; moreover,

(2.2.17) C= (] H«

where Hy denotes the intersection of the halfspaces contained in hyperplanes supporting
Cat x.

Proof. Itis clear that C C [ cpq c Hx. Indeed, let hy # 0 be a hyperplane support-
ing to C at x € bd C and consider Hx ={y : (hy,x) > (hy,y)}. By Theorem 2.2.14
we see that Hy D C.

5 a general Hilbert space, this set is actually weakly compact by Alaoglu’s theorem. However, in
a weakly compact set, any sequence has a weakly convergent subsequence, that is, there exists a
subsequence n.(m) and vector v such that (v, (m),y) = (v, y) for all y.
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Now we show the other inclusion: (), c,qc Hx € C. Suppose for the sake
of contradiction that z € (), c,q c Hx satisfies z ¢ C. We will construct a hy-
perplane supporting C that separates z from C, which will be a contradiction to
our supposition. Since C is closed, the projection of m¢(z) of z onto C satisfies
(z—mc(z),z) > sup, cc (z—mc(z),y) by Proposition 2.2.10. In particular, defin-
ing v, = z—mc(z), the hyperplane {y : (vz,y) = (v,,7c(z))} is supporting to C
at the point ¢ (z) (Corollary 2.2.6) and the halfspace {y : (v;,y) < (v;,7mc(2))}
does not contain z but does contain C. This contradicts the assumption that

2 € [xebd ¢ Hx- U

As a not too immediate consequence of Theorem 2.2.16 we obtain the following
characterization of a convex function as the supremum of all affine functions that
minorize the function (that is, affine functions that are everywhere less than or
equal to the original function). This is intuitive: if f is a closed convex function,
meaning that epif is closed, then epif is the intersection of all the halfspaces
containing it. The challenge is showing that we may restrict this intersection to
non-vertical halfspaces. See Figure 2.2.18.

FIGURE 2.2.18. The function f (solid blue line) and affine under-
estimators (dotted lines).

Corollary 2.2.19. Let f be a closed convex function that is not identically —oo. Then
f(x) = sup {(v,x)+b:f(y) >b+(vy) forally € R"}.
veER",beR
Proof. First, we note that epif is closed by definition. Moreover, we know that we
can write
epif=nN{H:H D epif],

where H denotes a halfspace. More specifically, we may index each halfspace by
(v,a,c) € R™" xR xR, and we have Hy . ={(x,t) € R* xR : {(v,x) + at < c}.
Now, because H D epif, we must be able to take t — oo so that a < 0. If a <0,
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we may divide by |a| and assume without loss of generality that a = —1, while
otherwise a = 0. So if we let

Hy == {(v,¢) : Hy_1,c Depif} and Hy:={(v,c): Hypc D epif}.
then
epi f= m Hv,—l,c n ﬂ Hv,O,c-
(v,c)EH, (v,e)eH
We would like to show that epif =Ny, ¢)eg¢, Hy,—1,c, as the set Hy, o ¢ is a vertical
hyperplane separating the domain of f, dom f, from the rest of the space.
To that end, we show that for any (v, ¢1) € H; and (vo, cp) € Hy, then
H = ﬂ HV1+7\V0,71,C1+7\C1 = HV],*l,C] N HVQ,O,C(}‘
A0
Indeed, suppose that (x,t) € Hy,,_1,¢, N Hyy0,c,- Then
(v, x) —t < cq and A (vg, x) < Acg for all A > 0.
Summing these, we have

(2.2.20) (vi +Avg,x) —t < cq+Acp forall A > 0,

or (x,t) € H. Conversely, if (x,t) € H then inequality (2.2.20) holds, so that taking
A — oo we have (vp, x) < cp, while taking A = 0 we have (v,x) —t < ¢;.
Noting that H € {H,, _; ¢ : (v,c) € H;}, we see that

epif = ﬂ Hy_1c={(x,t) e R" xR: (v,x) —t < cforall (v,c) € H;}.
(v,c)eH,

This is equivalent to the claim in the corollary. O

2.3. Continuity and Local Differentiability of Convex Functions Here we dis-
cuss several important results concerning convex functions in finite dimensions.
We will see that assuming that a function f is convex is quite strong. In fact, we
will see the (intuitive if one pictures a convex function) facts that f is continuous,
has a directional derivatve everywhere, and in fact is locally Lipschitz. We prove
the first two results here on continuity in Appendix A.1, as they are not fully
necessary for our development.

We begin with the fact that if f is defined on a compact domain, then f has an
upper bound. The first step in this direction is to argue that this holds for {; balls,
which can be proved by a simple argument with the definition of convexity.

Lemma 2.3.1. Let f be convex and defined on the {1 ball in n dimensions: By = {x €
R™ : ||x||; < 1}. Then there exist —oo < m < M < oo such that m < f(x) < M for all
x € By.

We provide a proof of this lemma, as well as the coming theorem, in Appen-
dix A.1, as they are not central to our development, relying on a few results in
the sequel. The coming theorem makes use of the above lemma to show that on
compact domains, convex functions are Lipschitz continuous. The proof of the
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theorem begins by showing that if a convex function is bounded in some set, then
it is Lipschitz continuous in the set, then using Lemma 2.3.1 we can show that on
compact sets f is indeed bounded.

Theorem 2.3.2. Let f be convex and defined on a set C with non-empty interior. Let
B C int C be compact. Then there is a constant L such that |f(x) — f(y)| < L||x —y|| on
B, that is, f is L-Lipschitz continuous on B.

The last result, which we make strong use of in the next section, concerns the
existence of directional derivatives for convex functions.

Definition 2.3.3. The directional derivative of a function f at a point x in the direc-
tion u is

f/(x;u) == lim 1 [f(x + au) — f(x)].
a0 X

This definition makes sense by our earlier arguments that convex functions have
increasing slopes (recall expression (2.1.5)). To see that the above definition makes
sense, we restrict our attention to x € intdomf, so that we can approach x from
all directions. By taking u =y —x for any y € dom f,

fix+oaly—x)) =f((1—a)x+ ay) < (1—a)f(x) + af(y)
so that
I+ oy ) — )] < - [ofly) — cf ()] = fly) — F) = Flx+1) — Flx),
We also know from Theorem 2.3.2 that f is locally Lipschitz, so for small enough
« there exists some L such that f(x + au) > f(x) — L& |[u||, and thus f/(x;u) >

—L ||u||. Further, an argument by convexity (the criterion (2.1.5) of increasing
slopes) shows that the function

o é[f(x+ o) — f(x)]

is increasing, so we can replace the limit in the definition of f’(x;u) with an
infimum over « > 0, that is, f'(x;u) = infy~q é[f(x + o) — f(x)]. Noting that if
x is on the boundary of domf and x + au & dom f for any « > 0, then f/(x;u) =
+00, we have proved the following theorem.

Theorem 2.3.4. For convex f, at any point x € dom f and for any u, the directional
derivative f'(x;u) exists and is

f'(x;u) = lim 1 [f(x + au) — f(x)] = inf 1 [f(x + au) — f(x)].
o0 & a>0 &

If x € intdomf, there exists a constant L < oo such that |f'(x;u)| < L|[ul| for any
u € R™. If f is Lipschitz continuous with respect to the norm ||-||, we can take L to be
the Lipschitz constant of f.

Lastly, we state a well-known condition that is equivalent to convexity. This is
inuitive: if a function is bowl-shaped, it should have positive second derivatives.

Theorem 2.3.5. Let f: R™ — R be twice continuously differentiable. Then f is convex
if and only if V2f(x) = 0 for all x, that is, V*f(x) is positive semidefinite.
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Proof. We may essentially reduce the argument to one-dimensional problems, be-
cause if f is twice continuously differentiable, then for each v € R™ we may define
hy : R — R by

hy (1) = f(x +tv),

and f is convex if and only if h, is convex for each v (because convexity is a
property only of lines, by definition). Moreover, we have

h(0) = v V2f(x)v,
and V2f(x) > 0 if and only if h/(0) > 0 for all v.

Thus, with no loss of generality, we assume n = 1 and show that f is convex if
and only if f"(x) > 0. First, suppose that f”/(x) > 0 for all x. Then using that

f(y) = 1)+ POy =) + 5 (y <P (R)

for some X between x and y, we have that f(y) > f(x) +f/(x)(y —x) for all x,y.
Let A € [0,1]. Then we have

f(y) = f(Ax+ (1 —A)y) +Af' (Ax + (1 —A)y)(y — x) and
f(x) = f(Ax+ (1 —=A)y)+ (1 — N (Ax + (1—=A)y)(x—y).

Multiplying the first equation by 1 — A and the second by A, then adding, we
obtain

(I=A)f(y) +Af(x) = A=A f(Ax+ (1 =A)y) +Af(Ax+ (1 —A)y) = f(Ax+ (1 —A)y),

that is, f is convex.
For the converse, let 5 > 0 and define x; = x+ 6 > x > x— 08 = x9. Then we
have x; —x¢ = 26, and

f(x1) = f(x) 4+ f'(x)6 4+ 28%F"(X1) and f(xg) = f(x) — f'(x)8 + 28%F" (o)

for x1,Xp € [x —6,x+8]. Adding these quantities and defining cs = f(x1) +
f(xg) —2f(x) > 0 (the last inequality by convexity), we have

cs = 28%[f"(X1) + " (Xo)l.

By continuity, we have f”(X;) — f”(x) as § — 0, and as c5/26% > 0 for all § > 0,
we must have

2f"(x) = limsup{f”(x1) + " (Xp)} = lim sup C—éz
5—0 5—0 25

This gives the result. O

> 0.

2.4. Subgradients and Optimality Conditions The subgradient set of a function
f at a point x € dom f is defined as follows:

(2.4.1) of(x) :=={g: f(y) > f(x) + (g,y —x) for all y}.

Intuitively, since a function is convex if and only if epi f is convex, the subgradient
set 0f should be non-empty and consist of supporting hyperplanes to epi f. That



John C. Duchi 17

is, f should always have global linear underestimators of itself. When a function f
is convex, the subgradient generalizes the derivative of f (which is a global linear
underestimator of f when f is differentiable), and is also intimately related to
optimality conditions for convex minimization.

f(x2) + (g3, x —

X2 X1

FIGURE 2.4.2. Subgradients of a convex function. At the point
x1, the subgradient g; is the gradient. At the point x;, there are
multiple subgradients, because the function is non-differentiable.
We show the linear functions given by gy, g3 € 9f(x2).

Existence and characterizations of subgradients Our first theorem guarantees
that the subdifferential set is non-empty.

Theorem 2.4.3. Let x € intdomf. Then 0f(x) is nonempty, closed convex, and com-
pact.

Proof. The fact that 0f(x) is closed and convex is straightforward. Indeed, all we
need to see this is to recognize that

of(x) = (g : f(z) > f(x) + (g,z2—x)}

which is an intersection of half-spaces, which are all closed and convex.

Now we need to show that 9f(x) # 0. This will essentially follow from the
following fact: the set epif has a supporting hyperplane at the point (x, f(x)).
Indeed, from Theorem 2.2.14, we know that there exist a vector v and scalar b
such that

(v,x) +bf(x) > (v,y) + bt

for all (y,t) € epif (that is, y and t such that f(y) < t). Rearranging slightly, we
have
(v,x—y) 2 bt —f(x))
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and setting y = x shows that b < 0. This is close to what we desire, since if b < 0
we set t = f(y) and see that

—bf(y) > —bf(x) + (v,y —x) or fly) > f(x) = (£, y—x)

for all y, by dividing both sides by —b. In particular, —v/b is a subgradient. Thus,
suppose for the sake of contradiction that b = 0. In this case, we have (v,x —y) >
0 for all y € dom f, but we assumed that x € intdom f, so for small enough € > 0,
we can set y = x + ev. This would imply that (v,x —y) = —e (v,v) =0,ie.v=0,
contradicting the fact that at least one of v and b must be non-zero.

For the compactness of 9f(x), we use Lemma 2.3.1, which implies that f is
bounded in an {;-ball around of x. As x € intdom f by assumption, there is
some € > 0 such that x + eB C intdomf for the {;-ball B = {v : ||v|; < 1}
Lemma 2.3.1 implies that sup, g f(x + €v) = M < oo for some M, so we have
M > f(x+ev) > f(x)+e(g,v) forallv € Band g € 9f(x), or ||g||, < (M—f(x))/e.
Thus 0f(x) is closed and bounded, hence compact. O

The next two results require a few auxiliary results related to the directional
derivative of a convex function. The reason for this is that both require connect-
ing the local properties of the convex function f with the sub-differential 0f(x),
which is difficult in general since 9f(x) can consist of multiple vectors. However,
by looking at directional derivatives, we can accomplish what we desire. The
connection between a directional derivative and the subdifferential is contained
in the next two lemmas.

Lemma 2.4.4. An equivalent characterization of the subdifferential 0f(x) of f at x is
(2.4.5) of(x) = {g:(g,u) < f'(x;u) forall u}.

Proof. Denote the set on the right hand side of the equality (2.4.5) by S = {g :
(g,u) < f'(x;u)}, and let g € S. By the increasing slopes condition, we have

fio. f(x + ocu) — f(x)
(gw) < Flou) < ————

for all u and « > 0; in particular, by taking « = 1 and u = y —x, we have the
standard subgradient inequality that f(x) + (g,y —x) < f(y). So if g € S, then
g € 0f(x). Conversely, for any g € 0f(x), the definition of a subgradient implies
that

flx 4+ au) > f(x) + (g, x +ou—x) = f(x) + (g, u).

Subtracting f(x) from both sides and dividing by « gives that

1
Z[f(x4ouw) —f(x)] > sup (g,u)
x geaf(x)

for all o« > 0; in particular, g € S. O

The representation (2.4.5) gives another proof that 0f(x) is compact, as claimed in
Theorem 2.4.3. Because we know that f/(x;u) is finite for all u as x € intdomf,
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and g € 0f(x) satisfies

lgll, = sup (gu)< sup f'(xu)<oo.
wufl<1 wifjul[,<1

Lemma 2.4.6. Let f be closed convex and 3f(x) # (). Then

(2.4.7) f'(x;u)= sup (g,u).
geof(x)

Proof. Certainly, Lemma 2.4.4 shows that f/(x;u) > sup geat(x) (gu). We must
show the other direction. To that end, note that viewed as a function of u, we have
f’(x;u) is convex and positively homogeneous, meaning that f'(x; tu) = tf’(x; u)
for t > 0. Thus, we can always write (by Corollary 2.2.19)

f'(;u) =sup {(v,u) +b: f'(x;w) = b+ (v,w) forallwe R"}.

Using the positive homogeneity, we have f’(x;0) = 0 and thus we must have
b =0, so that u — f’(x;u) is characterized as the supremum of linear functions:

f'(x;u) = sup {(v,u) : f'(x;w) > (v,w) forallw € R"}.
But the set {v: (v, w) < f/(x; w) for all w} is simply 9f(x) by Lemma 2.4.4. O
A relatively straightforward calculation using Lemma 2.4.4, which we give
in the next proposition, shows that the subgradient is simply the gradient of
differentiable convex functions. Note that as a consequence of this, we have

the first-order inequality that f(y) > f(x) + (Vf(x),y —x) for any differentiable
convex function.

Proposition 2.4.8. Let f be convex and differentiable at a point x. Then 0f(x) = {Vf(x)}.

Proof. If f is differentiable at a point x, then the chain rule implies that
f'(x;u) = (VFf(x),u) > (g,u)

for any g € 0f(x), the inequality following from Lemma 2.4.4. By replacing u with
—u, we have f/(x; —u) = — (Vf(x),u) > —(g,u) as well, or (g,u) = (VFf(x),u) for
all u. Letting u vary in (for example) the set {u : ||u|, < 1} gives the result. O

Lastly, we have the following consequence of the previous lemmas, which re-
lates the norms of subgradients g € 9f(x) to the Lipschitzian properties of f.
Recall that a function f is L-Lipschitz with respect to the norm ||-|| over a set C if

If(x) = f(y)l < Llx—yll

for all x,y € C. Then the following proposition is an immediate consequence of
Lemma 2.4.6.

Proposition 2.4.9. Suppose that f is L-Lipschitz with respect to the norm ||| over a set
C, where C C intdom f. Then

sup{llgll, : g € 9f(x),x € C} < L.
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Examples We can provide a number of examples of subgradients. A general
rule of thumb is that, if it is possible to compute the function, it is possible to
compute its subgradients. As a first example, we consider

f(x) = [x].
Then by inspection, we have
1 ifx<0
of(x) =< [-1,1] ifx=0
1 if x> 0.
A more complex example is given by any vector norm ||-||. In this case, we use

the fact that the dual norm is defined by
Iyl := sup (xy).
x:|x|[<1
Moreover, we have that [|x| = sup,, |, <1 (y,x). Fixing x € R™, we thus see that
if [|g]. <1 and (g,x) = [[x], then
X[+ {9,y —x) = lIx[ = lIx[ +(g,y) < sup {v,y) =yl

vifvl,<1

It is possible to show a converse—we leave this as an exercise for the interested
reader—and we claim that

O[] ={g € R™: [[g]l. <1,(g,x) = [Ix]]}-

For a more concrete example, we have

x/ 1| if x#0
3 lx]l, = { 2

{fu:full, <1} ifx=0.

Optimality properties Subgradients also allows us to characterize solutions to
convex optimization problems, giving similar characterizations as those we pro-
vided for projections. The next theorem, containing necessary and sufficient con-
ditions for a point x to minimize a convex function f, generalizes the standard
first-order optimality conditions for differentiable f (e.g., Section 4.2.3 in [12]).
The intuition for Theorem 2.4.11 is that there is a vector g in the subgradient set
of(x) such that —g is a supporting hyperplane to the feasible set C at the point
x. That is, the directions of decrease of the function f lie outside the optimization
set C. Figure 2.4.10 shows this behavior.

Theorem 2.4.11. Let f be convex. The point x € intdom f minimizes f over a convex
set C if and only if there exists a subgradient g € 0f(x) such that simultaneously for all
yeC,

(2.4.12) (g,y—x) = 0.
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F1GURE 2.4.10. The point x* minimizes f over C (the shown level
curves) if and only if for some g € 9f(x*), (g,y —x*) > 0 for all
y € C. Note that not all subgradients satisfy this inequality.

Proof. One direction of the theorem is easy. Indeed, pick y € C. Then certainly
there exists g € 9f(x) for which (g,y —x) > 0. Then by definition,

fly) = f(x) +{g,y —x) = f(x).
This holds for any y € C, so x is clearly optimal.
For the converse, suppose that x minimizes f over C. Then for any y € C and
any t > 0 such that x + t(y —x) € C, we have
flx+tly —x)) —f(x)

t
Taking the limit as t — 0, we have f'(x;y —x) > 0 for all y € C. Now, let

flx+tly—x)) = f(x)or0 <

us suppose for the sake of contradiction that there exists a y such that for all
g € 0f(x), we have (g,y — x) < 0. Because

of(x) ={g: (g,u) < f'(x;u) for all u € R™}

by Lemma 2.4.6, and 0f(x) is compact, we have that sup ¢ (y) (g,y—x) is at-
tained, which would imply
f'(x;y —x) <0.

This is a contradiction. O

2.5. Calculus rules with subgradients We present a number of calculus rules

that show how subgradients are, essentially, similar to derivatives, with a few

exceptions (see also Ch. VII of [27]). When we develop methods for optimization

problems based on subgradients, these basic calculus rules will prove useful.
Scaling. If we let h(x) = «f(x) for some « > 0, then oh(x) = «df(x).
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Finite sums. Suppose that fy, ..., fm, are convex functions and let f = Y i, f;.
Then

m
of(x) =) _dfi(x),
i=1
where the addition is Minkowski addition. To see that ) ™, df;i(x) C 9f(x),
let g; € Ofi(x) for each i, in which case it is clear that f(y) = Y ", fi(y) =
> M filx) 4+ (gi,y —x), so that > I, g; € 9f(x). The converse is somewhat more
technical and is a special case of the results to come.

Integrals. More generally, we can extend this summation result to integrals, as-
suming the integrals exist. These calculations are essential for our development
of stochastic optimization schemes based on stochastic (sub)gradient information
in the coming lectures. Indeed, for each s € §, where § is some set, let fs be
convex. Let i be a positive measure on the set §, and define the convex function
f(x) = [ fs(x)dp(s). In the notation of the introduction (Eq. (1.0.1)) and the prob-
lems coming in Section 3.4, we take p to be a probability distribution on a set §,
and if F(-; s) is convex in its first argument for all s € §, then we may take

f(x) = E[F(x;S)]
and satisfy the conditions above. We shall see many such examples in the sequel.

Then if we let gs(x) € 0fs(x) for each s € 8, we have (assuming the integral
exists and that the selections gs(x) are appropriately measurable)

(2.5.1) Jgs(x)du(s) € of(x).

To see the inclusion, note that for any y we have
<J gs(x)du(s),y — X> = J (gs(x),y —x) du(s)

< J(fs (y) — 5 () du(s) = f(y) — F(x).

So the inclusion (2.5.1) holds. Eliding a few technical details, one generally ob-
tains the equality

of(x) = {Jgs(x)du(s) 1 gs(x) € 0fg(x) for each s € S}.

Returning to our running example of stochastic optimization, if we have a
collection of functions F : R™ x § — IR, where for each s € § the function F(;s)
is convex, then f(x) = E[f(x; S)] is convex when we take expectations over S, and
taking

g(x;s) € OF(x; s)

gives a stochastic gradient with the property that [E[g(x; S)] € 9f(x). For more on
these calculations and conditions, see the classic paper of Bertsekas [7], which
addresses the measurability issues.

Affine transformations. Let f : R™ — R be convex and A € R™*™ and
b € R™. Then h : R® — R defined by h(x) = f(Ax+b) is convex and has
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subdifferential
dh(x) = ATOf(Ax +b).

Indeed, let g € 0f(Ax + b), so that
R(y) = f(AY +b) > F(Ax+b) + (g, (Ay +b) — (Ax +b)) =h(x)+ (ATg,y —x),

giving the result.
Finite maxima. Let f;, 1 = 1,..., m, be convex functions, and f(x) = maxj<m fi(x).
Then we have
epif = ﬂ epifi,
i<m
which is convex, and f is convex. Now, let i be any index such that fi(x) = f(x),
and let g; € 0f;(x). Then we have for any y € R™ that

fly) > fily) = filx) + (g, y —x) = fx) + (9, y —x).-
So g; € 9of(x). More generally, we have the result that
(2.5.2) 0f(x) = Conv{of;(x) : fi(x) = f(x)},
that is, the subgradient set of f is the convex hull of the subgradients of active
functions at x, that is, those attaining the maximum. If there is only a single

unique active function fj, then 9f(x) = 0f;i(x). See Figure 2.5.3 for a graphical
representation.

X0 ) X1

FiGure 2.5.3. Subgradients of finite maxima. The function
f(x) = max{f;(x), f2(x)} where fi(x) = x? and fa(x) = —2x — %,
and f is differentiable everywhere except at xg = —1+ /4/5.

Uncountable maxima (supremum). Lastly, consider f(x) = sup, g f«(x), where
A is an arbitrary index set and f is convex for each «. First, let us assume that
the supremum is attained at some « € A. Then, identically to the above, we have
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that 9f«(x) C 0f(x). More generally, we have
0f(x) D Conv{dfy(x) : f(x) = f(x)}.

Achieving equality in the preceding definition requires a number of conditions,
and if the supremum is not attained, the function f may not be subdifferentiable.

Notes and further reading The study of convex analysis and optimization orig-
inates, essentially, with Rockafellar’s 1970 book Convex Analysis [49]. Because of
the limited focus of these lecture notes, we have only barely touched on many
topics in convex analysis, developing only those we need. Two omissions are
perhaps the most glaring: except tangentially, we have provided no discussion of
conjugate functions and conjugacy, and we have not discussed Lagrangian dual-
ity, both of which are central to any study of convex analysis and optimization.

A number of books provide coverage of convex analysis in finite and infinite di-
mensional spaces and make excellent further reading. For broad coverage of con-
vex optimization problems, theory, and algorithms, Boyd and Vandenberghe [12]
is an excellent reference, also providing coverage of basic convex duality theory
and conjugate functions. For deeper forays into convex analysis, personal fa-
vorites of mine include the books of Hiriart-Urruty and Lemarécahl [27,28], as
well as the shorter volume [29], and Bertsekas [8] also provides an elegant geo-
metric picture of convex analysis and optimization. Our approach here follows
Hiriart-Urruty and Lemaréchal’s most closely. For a treatment of the issues of
separation, convexity, duality, and optimization in infinite dimensional spaces,
an excellent reference is the classic book by Luenberger [36].

3. Subgradient Methods

Lecture Summary: In this lecture, we discuss first order methods for the min-
imization of convex functions. We focus almost exclusively on subgradient-
based methods, which are essentially universally applicable for convex opti-
mization problems, because they rely very little on the structure of the prob-
lem being solved. This leads to effective but slow algorithms in classical
optimization problems. In large scale problems arising out of machine learn-
ing and statistical tasks, however, subgradient methods enjoy a number of
(theoretical) optimality properties and have excellent practical performance.

3.1. Introduction In this lecture, we explore a basic subgradient method, and a
few variants thereof, for solving general convex optimization problems. Through-
out, we will attack the problem

(3.1.1) minimize f(x) subjectto x € C
X

where f: R™ — R is convex (though it may take on the value +oo for x ¢ dom f)
and C is a closed convex set. Certainly in this generality, finding a universally



John C. Duchi 25

good method for solving the problem (3.1.1) is hopeless, though we will see that
the subgradient method does essentially apply in this generality.

Convex programming methodologies developed in the last fifty years or so
have given powerful methods for solving optimization problems. The perfor-
mance of many methods for solving convex optimization problems is measured
by the amount of time or number of iterations required of them to give an e-
optimal solution to the problem (3.1.1), roughly, how long it takes to find some X
such that f(X) — f(x*) < e and dist(x, C) < e for an optimal x* € C. Essentially
any problem for which we can compute subgradients efficiently can be solved
to accuracy € in time polynomial in the dimension n of the problem and log%
by the ellipsoid method (cf. [41,45]). Moreover, for somewhat better structured
(but still quite general) convex problems, interior point and second order meth-
ods [12,45] are practically and theoretically quite efficient, sometimes requiring
only O(loglog %) iterations to achieve optimization error e. (See the lectures by S.
Wright in this volume.) These methods use the Newton method as a basic solver,
along with specialized representations of the constraint set C, and are quite pow-
erful.

However, for large scale problems, the time complexity of standard interior
point and Newton methods can be prohibitive. Indeed, for n-dimensional problems—
that is, when x € R™—interior point methods scale at best as O(n3), and can be
much worse. When n is large (where today, large may mean n ~ 10°), this be-
comes highly non-trivial. In such large scale problems and problems arising from
any type of data-collection process, it is reasonable to expect that our representa-
tion of problem data is inexact at best. In statistical machine learning problems,
for example, this is often the case; generally, many applications do not require
accuracy higher than, say e = 1072 or 1073, in which case faster but less exact
methods become attractive.

It is with this motivation that we attack solving the problem (3.1.1) in this
lecture, showing classical subgradient algorithms. These algorithms have the ad-
vantage that their per-iteration costs are low—0O(n) or smaller for n-dimensional
problems—but they achieve low accuracy solutions to (3.1.1) very quickly. More-
over, depending on problem structure, they can sometimes achieve convergence
rates that are independent of problem dimension. More precisely, and as we will
see later, the methods we study will guarantee convergence to an e-optimal so-
lution to problem (3.1.1) in O(1/ €?) iterations, while methods that achieve better
dependence on € require at least nlog% iterations.

3.2. The gradient and subgradient methods We begin by focusing on the un-
constrained case, that is, when the set C in problem (3.1.1) is C = R™. That is, we
wish to solve

minimize f(x).
x€R™
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flxk)+ (VF(xk),x —xk) + % ||x7xk\|§

f(xie) + (VF(xx ), x —xx)

Ficure 3.2.1. Left: linear approximation (in black) to the func-
tion f(x) =log(1+ €*) (in blue) at the point x; = 0. Right: linear
plus quadratic upper bound for the function f(x) = log(1 + *)
at the point xy = 0. This is the upper-bound and approximation
of the gradient method (3.2.3) with the choice oy = 1.

We first review the gradient descent method, using it as motivation for what fol-
lows. In the gradient descent method, minimize the objective (3.1.1) by iteratively
updating

(3.2.2) Xk+1 = Xk — O(ka(Xk),

where «jc > 0 is a positive sequence of stepsizes. The original motivations for
this choice of update come from the fact that x* minimizes a convex f if and only
if 0 = Vf(x*); we believe a more compelling justification comes from the idea
of modeling the convex function being minimized. Indeed, the update (3.2.2) is
equivalent to

. 1
(3.2.3) Xk4+1 = argmin {f(xk) +(VI(xy), x —xx) + Yo [Ix —xk||%} .
X %253

The interpretation is as follows: the linear functional x — {f(xy) + (Vf(xy), x —xk)}
is the best linear approximation to the function f at the point x}, and we would

like to make progress minimizing x. So we minimize this linear approximation,
but to make sure that it has fidelity to the function f, we add a quadratic ||x — x ||%

to penalize moving too far from xy, which would invalidate the linear approxi-
mation. See Figure 3.2.1. Assuming that f is continuously differentiable (often,
one assumes the gradient Vf(x) is Lipschitz), then gradient descent is a descent

method if the stepsize o > 0 is small enough—it monotonically decreases the

objective f(xy). We spend no more time on the convergence of gradient-based

methods, except to say that the choice of the stepsize oy is often extremely im-
portant, and there is a body of research on carefully choosing directions as well

as stepsize lengths; Nesterov [44] provides an excellent treatment of many of the

basic issues.
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Subgradient algorithms The subgradient method is a minor variant of the method (3.2.2),
except that instead of using the gradient, we use a subgradient. The method can
be written simply: for k =1,2,..., we iterate
i. Choose any subgradient
gk € of(xx)

ii. Take the subgradient step

(3.24) Xk41 = Xk — Xk Gk-

Unfortunately, the subgradient method is not, in general, a descent method.
For a simple example, take the function f(x) = [x|, and let x; = 0. Then except
for the choice g = 0, all subgradients g € 9f(0) = [—1,1] are ascent directions.
This is not just an artifact of 0 being optimal for f; in higher dimensions, this
behavior is common. Consider, for example, f(x) = ||x||; and let x = e; € R™,
the first standard basis vector. Then 0f(x) = e; + > |-, tiei, where t; € [-1,1].
Any vector g = e; + ) 1", tie; with > I*,[ti| > 1 is an ascent direction for f,
meaning that f(x —ag) > f(x) for all « > 0. If we were to pick a uniformly
random g € 0f(eq), for example, then the probability that g is a descent direction
is exponentially small in the dimension n.

In general, the characterization of the subgradient set 0f(x) as in Lemma 2.4.4,
ESECI
directional derivative, and the fact that f’(x;u) = sup gEF(x) (g, u) guarantees
that

as {g : f'(x;u) > {(g,u) forall u} where f'(x;u) = limy_,q

argmin{||g3}
geoaf(x)

is a descent direction, but we do not prove this here. Indeed, finding such a
descent direction would require explicitly calculating the entire subgradient set
0f(x), which for a number of functions is non-trivial and breaks the simplicity of
the subgradient method (3.2.4), which works with any subgradient.

It is the case, however, that so long as the point x does not minimize f(x), then
subgradients descend on a related quantity: the distance of x to any optimal point.
Indeed, let g € 0f(x), and let x* € argmin f(x) (we assume such a point exists),
which need not be unique. Then we have for any « that

1 w2 1 .2 N SN
EHX—OCQ—X HzZEHX—X 5 —o{g,x—x >+7H9||2~

The key is that for small enough o« > 0, the quantity on the right is strictly
smaller than 1 [|x — x*|13, as we now show. We use the defining inequality of the
subgradient, that is, that f(y) > f(x) + (g, y — x) for all y, including x*. This gives
—(g,x —x*) = (g, x* —x) < f(x*) —f(x), and thus

1 1 o?
(3:2.5) 5 =g = x5 < 5 e = x5 — e (F(x) = F(x*)) + - 1gll2 -
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From inequality (3.2.5), we see immediately that, no matter our choice g € 9f(x),

we have
2(f(x) — f(x*))

loll
Summarizing, by noting that f(x) — f(x*) > 0, we have

0<a< implies [|x — otg — x*|[3 < [[x —x*|3.

Observation 3.2.6. If 0 & 0f(x), then for any x* € argmin,, f(x) and any g € 0f(x),
there is a stepsize & > 0 such that ||x — xg —x*H% < |lx— x*||%.

This observation is the key to the analysis of subgradient methods.

Convergence guarantees Perhaps unsurprisingly, given the simplicity of the
subgradient method, the analysis of convergence for the method is also quite
simple. We begin by stating a general result on the convergence of subgradient
methods; we provide a number of variants in the sequel. We make a few sim-
plifying assumptions in stating our result, several of which are not completely
necessary, but which considerably simplify the analysis. We enumerate them
here:
i. There is at least one (possibly non-unique) minimizing point x* € argmin_ f(x)
with f(x*) = infy f(x) > —c0
ii. The subgradients are bounded: for all x and all g € 0f(x), we have the
subgradient bound ||g||; < M < oo (independently of x).

Theorem 3.2.7. Let o > 0 be any non-negative sequence of stepsizes and the preceding
assumptions hold. Let xy be generated by the subgradient iteration (3.2.4). Then for all
K>1,

K K
1 2, 1 2842
kzﬂ o [flxie) — F(x™)] < > X1 —x*]|3 + 2 1;71 oM.

Proof. The entire proof essentially amounts to writing down the distance [[xj.41 —x*||3
and expanding the square, which we do. By applying inequality (3.2.5), we have

1 » 1 2
R

(3.25) 1 o2
< 5 b =13 — ene(Flo) — F)) + =< g3

Rearranging this inequality and using that || gy [|3 < M2, we obtain

1 1 o
il () = FO)) < 5 v = %115 = 5 e = %115 + = llgel3

2
X 12
—<M-“.
2
By summing the preceding expression from k = 1 to k = K and canceling the

alternating =+ ||xyx — x* ||% terms, we obtain the theorem. O

1 > 1 2
<3 X —x*l5 — 2 XK1 — x5 +
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Theorem 3.2.7 is the starting point from which we may derive a number of
useful consquences. First, we use convexity to obtain the following immediate
corollary (we assume that oy > 0 in the corollary).

Corollary 3.2.8. Let Ay = Z]le o and define X = Ai Zlle & Xx. Then
ha = x5+ Xk o o M?
2Y Ko o

Proof. Noting that /1\’1 ZE_l ax =1, we see by convexity that

flxk) —f(x*) <

(%K) — f(x*) < ZklakZockka ) —f(x Zock (xi) = F(*)) | -

Applying Theorem 3.2.7 gives the result. [l

Corollary 3.2.8 allows us to give a number of basic convergence guarantees
based on our stepsize choices. For example, we see that whenever we have

o
o — 0 and Zcxk:oo,
k=1

then Y K_, o/ > K_ o — 0and so
f(xkx) —f(x*) — 0 as K — oo.
Moreover, we can give specific stepsize choices to optimize the bound. For exam-

ple, let us assume for simplicity that R2 = [|x; —x*||3 is our distance (radius) to
optimality. Then choosing a fixed stepsize ay = &, we have
R? N am?
2K 2
Optimizing this bound by taking & = - TR gives

i) — F(x) < %

Given that subgradient descent methods are not descent methods, it often

(3.2.9) fxi) —f(x*) < 5=
R

makes sense, instead of tracking the (weighted) average of the points or using
the final point, to use the best point observed thus far. Naturally, if we let
xPest — argmin f(x;)

xi:i<k
and define ¢t = f(x£%s!), then we have the same convergence guarantees that
RZ+ Y K a@M2

i .

2) j—1 Xk
A number of more careful stepsize choices are possible, though we refer to the
notes at the end of this lecture for more on these choices and applications outside

f(xPest) — f(x*) <

of those we consider, as our focus is naturally circumscribed.
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fxy) — £(x*)

1073
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F1Gure 3.2.10. Subgradient method applied to the robust regres-
sion problem (3.2.12) with fixed stepsizes.

n
R
(.

|
-
S

~2 -2 K
S 107 T e E

10'3 L L L L L L L
0 500 1000 1500 2000 2500 3000 3500 4000

FiGure 3.2.11. Subgradient method applied to the robust regres-
sion problem (3.2.12) with fixed stepsizes, showing performance
of the best iterate 5t — f(x*).

Example We now present an example that has applications in robust statistics
and other data fitting scenarios. As a motivating scenario, suppose we have a
sequence of vectors a; € R™ and target responses b; € R, and we would like to
predict b; via the inner product (a;, x) for some vector x. If there are outliers or
other data corruptions in the targets b;, a natural objective for this task, given the
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data matrix A = [a; -+ am]' € R™*™ and vector b € R™, is the absolute error
(32.12) f0 = L Ax—bl = = 3 (ayx)— by
2. ~m 1—1n. - ir i
1=

We perform subgradient descent on this objective, which has subgradient
) = LATsign(Ax—b) = L 3" aqsign({ayx) — bo) < of(x)
g(x) = —A" sign(Ax — —mialslgn ai, x) —by) € of(x

1=

at the point x, for K = 4000 iterations with a fixed stepsize «; = « for all k. We
give the results in Figures 3.2.10 and 3.2.11, which exhibit much of the typical
behavior of subgradient methods. From the plots, we see roughly a few phases of
behavior: the method with stepsize « = 1 makes progress very quickly initially,
but then enters its “jamming” phase, where it essentially makes no more progress.
(The largest stepsize, « = 10, simply jams immediately.) The accuracy of the
methods with different stepsizes varies greatly, as well—the smaller the stepsize,
the better the (final) performance of the iterates xy, but initial progress is much
slower.

3.3. Projected subgradient methods It is often the case that we wish to solve
problems not over R™ but over some constrained set, for example, in the Lasso [57]
and in compressed sensing applications [20] one minimizes an objective such as
||Ax—b||§ subject to ||x||; < R for some constant R < co. Recalling the prob-
lem (3.1.1), we more generally wish to solve the problem

minimize f(x) subjectto x € C C R™,

where C is a closed convex set, not necessarily R™. The projected subgradient
method is close to the subgradient method, except that we replace the iteration
with

(3.3.1) Xk+1 = Tic (Xk — &k gik)

where

mic (x) = argmin{||x —y|[,}
yeC

denotes the (Euclidean) projection onto C. As in the gradient case (3.2.3), we
can reformulate the update as making a linear approximation, with quadratic
damping, to f and minimizing this approximation: by algebraic manipulation,
the update (3.3.1) is equivalent to

. 1
(3.3.2) Xk+1 = argmin {f(Xk) + (g, x —xx) + 57— [[x — Xk|%} -
xeC 20

Figure 3.3.3 shows an example of the iterations of the projected gradient method
applied to minimizing f(x) = \|Ax—b||§ subject to the {;-constraint ||x[|; < 1.
Note that the method iterates between moving outside the {;-ball toward the
minimum of f (the level curves) and projecting back onto the {;-ball.
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Py N
TR

I

Ficure 3.3.3. Example execution of the pro]ected gradient
method (3.3.1), on minimizing f(x) = 3 ||Ax—bH2 subject to
Il < 1.

It is very important in the projected subgradient method that the projection
mapping 7c be efficiently computable—the method is effective essentially only in
problems where this is true. In many situations, this is the case, but some care is
necessary if the objective f is simple while the set C is complex. In such scenarios,
projecting onto the set C may be as complex as solving the original optimization
problem (3.1.1). For example, a general linear programming problem is described
by

minignize (c,x) subjectto Ax =0, Cx < d.
Then computing the projection onto the set {x : Ax = b,Cx =< d} is at least as
difficult as solving the original problem.

Examples of projections As noted above, it is important that projections 7c
be efficiently calculable, and often a method’s effectiveness is governed by how
quickly one can compute the projection onto the constraint set C. With that in
mind, we now provide two examples exhibiting convex sets C onto which projec-
tion is reasonably straightforward and for which we can write explicit, concrete
projected subgradient updates.

Example 3.1: Suppose that C is an affine set, represented by C = {x € R™ : Ax =
b} for A € R™*™, m < n, where A is full rank. (So that A is a short and fat
matrix and AAT = 0.) Then the projection of x onto C is

nc(x) = (I—AT(AAT)TA)x + AT(AAT) Ty,
and if we begin the iterates from a point xyx € C, i.e. with Axy =b, then
X1 = e (X — ok gi) = xx — ox (I — AT(AAT) 1A gy,

that is, we simply project gy onto the nullspace of A and iterate. {
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Example 3.2 (Some norm balls): Let us consider updates when C = {x : [|x||, < 1}
for p € {1,2, 00}, each of which is reasonably simple, though the projections are
no longer affine. First, for p = co, we consider each coordinate j = 1,2,...,n in
turn, giving

[7tc (x)]; = min{1, max{x;, —1}},

that is, we simply truncate the coordinates of x to be in the range [-1,1]. For
P = 2, we have a similarly simple to describe update:

x if x|, <1
e (x) = { 2

x/ x|, otherwise.

When p =1, thatis, C = {x : ||x]|; < 1}, the update is somewhat more complex. If
[Ix|l; <1, then mc(x) = x. Otherwise, we find the (unique) t > 0 such that

Zﬂxj\—th—

j=1
and then set the coordinates j via

[t (x)]; = sign(x) [l —t], .
There are numerous efficient algorithms for finding this t (e.g. [14,23]). ¢

Convergence results We prove the convergence of the projected subgradient
using an argument similar to our proof of convergence for the classic (uncon-
strained) subgradient method. We assume that the set C is contained in the
interior of the domain of the function f, which (as noted in the lecture on con-
vex analysis) guarantees that f is Lipschitz continuous and subdifferentiable, so
that there exists M < co with ||g|l, < M for all g € of. We make the following
assumptions in the next theorem.
i. The set C C R™ is compact and convex, and ||x —x*||; < R < oo for all x € C.
ii. There exists M < oo such that ||g||, < M for all g € 9f(x) and x € C.
We make the compactness assumption to allow for a slightly different result than
Theorem 3.2.7.

Theorem 3.3.4. Let xy be generated by the projected subgradient iteration (3.3.1), where
the stepsizes oy > 0 are non-increasing. Then
K

> [flad) —f(x* ZCXK +5 Z oM.

k=1
Proof. The starting point of the proof is the same basic inequality as we have been
using, that is, the distance ||xj+1 —x* ||% In this case, we note that projections can
never increase distances to points x* € C, so that

||Xk+1—X ||2 = ||t (xk — ok gx) —x Hz XK — g —x *||2
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Now, as in our earlier derivation, we apply inequality (3.2.5) to obtain

1 o2
5 Iien = %113 < 5 i = x5 = anelfxie) = £ + = g3
Rearranging this slightly by dividing by «y, we find that
1 2 2] |, Xk 2
Floid) = F064) < o i1 = i =¥ 1] + 5 gl

Now, using a variant of the telescoping sum in the proof of Theorem 3.2.7 we
have

(3.3.5)
K K 1 K o
k
>0 = FeN < 35— [Ihac—x 13 = Ixicrs =713 + 3 ZF ok}
k=1 k=1 Z(Xk k=1 2

We rearrange the middle sum in expression (3.3.5), obtaining

LS
2 2
> 5o (=13 = I =13

=1 <%k
K
1 1 *[12 1 *[12 1 %12
= — = Xk — X — Ix1 —x*l3 — =— [Ixxk —x
é(zak s ) =X I+ ol — X o e =

1 1 , 1,
<Y (- R24+ —R
=2 (2(Xk 2(Xk1> + 20(1

because oy < o—1. Noting that this last sum telescopes and that Hgk||§ <M
inequality (3.3.5) gives the result. O

2in

One application of this result is when we use a decreasing stepsize of o =
o/V'k, which allows nearly as strong of a convergence rate as in the fixed stepsize
case when the number of iterations K is known, but the algorithm provides a
guarantee for all iterations k. Here, we have that

LS| Ko
> — gJ t~zdt =2vK,
vk o
and so by taking X = % > K_; xx we obtain the following corollary.

Corollary 3.3.6. In addition to the conditions of the preceding paragraph, let the condi-
tions of Theorem 3.3.4 hold. Then

R M«

20/K VK

So we see that convergence is guaranteed, at the “best” rate 1/ VX, for all iter-

f(xx) —f(x*) <

ations. Here, we say “best” because this rate is unimprovable—there are worst
case functions for which no method can achieve a rate of convergence faster than
RM/+/K—but in practice, one would hope to attain better behavior by leveraging
problem structure.
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3.4. Stochastic subgradient methods The real power of subgradient methods,
which has become evident in the last ten or fifteen years, is in their applicability to
large scale optimization problems. Indeed, while subgradient methods guarantee
only slow convergence—requiring 1/€? iterations to achieve e-accuracy—their
simplicity provides the benefit that they are robust to a number of errors. In fact,
subgradient methods achieve unimprovable rates of convergence for a number
of optimization problems with noise, and they often do so very computationally
efficiently.

Stochastic optimization problems The basic building block for stochastic (sub)gradient
methods is the stochastic (sub)gradient, often called the stochastic (sub)gradient or-

acle. Let f : R™ — R U{oo} be a convex function, and fix x € domf. (We will
typically omit the sub- qualifier in what follows.) Then a random vector g is a
stochastic gradient for f at the point x if E[g] € 9f(x), or

fly) = f(x) + (Elgl,y —x) for all y.
Said somewhat more formally, we make the following definition.
Definition 3.4.1. A stochastic gradient oracle for the function f consists of a triple

(g,8,P), where 8 is a sample space, P is a probability distribution, and g : R™ x
8§ — R™ is a mapping that for each x € dom f satisfies

Eplg(x,S)] = | glx,5)dP(s] € 3r(x)
where S € 8 is a sample drawn from P.
Often, with some abuse of notation, we will use g or g(x) for shorthand of the
random vector g(x,S) when this does not cause confusion.

A standard example for these types of problems is stochastic programming,
where we wish to solve the convex optimization problem

minimize f(x) := Ep[F(x;S)]
(3.4.2) )
subject to x € C.

Here S is a random variable on the space 8§ with distribution P (so the expectation
Ep[F(x; S)] is taken according to P), and for each s € §, the function x — F(x;s) is
convex. Then we immediately see that if we let

g(x,s) € 0xF(x;s),

then g is a stochastic gradient when we draw S ~ P and set g = g(x,S), as in
Lecture 2 (recall expression (2.5.1)). Recalling this calculation, we have

fly) = EplF(y;S)] = Ep[F(x;S) + (g(x,S),y —x)] = f(x) + (Eplg(x, S)l,y —x)
so that Ep[g(x, S)] is a stochastic subgradient.
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To make the setting (3.4.2) more concrete, consider the robust regression prob-
lem (3.2.12), which uses

Fx) = - JAx—bly = = 3 | {asx)— by
T m 17 m - - v e
i=

Then a natural stochastic gradient, which requires time only O(n) to compute
(as opposed to O(m - n) to compute Ax —b), is to uniformly at random draw an
index i € [m], then return

g = aysign((ai, x) —by).

More generally, given any problem in which one has a large dataset {s1,...,sm},
and we wish to minimize the sum

f(x) = % D Flgsi),
i=1

then drawing an index i € {1, ..., m} uniformly at random and using g € 9<F(x; s1)
is a stochastic gradient. Computing this stochastic gradient requires only the time
necessary for computing some element of the subgradient set 0, F(x; s;), while the
standard subgradient method applied to these problems is m-times more expen-
sive in each iteration.

More generally, the expectation [E[F(x; S)] is generally intractable to compute,
especially if S is a high-dimensional distribution. In statistical and machine learn-
ing applications, we may not even know the distribution P, but we can observe
samples S; " P. In these cases, it may be impossible to even implement the cal-
culation of a subgradient f’(x) € 9f(x), but sampling from P is possible, allowing
us to compute stochastic subgradients.

Stochastic subgradient method With this motivation in place, we can describe
the (projected) stochastic subgradient method. Simply, the method iterates as
follows:
(1) Compute a stochastic subgradient gy at the point xy, where E[gy | xi] €
of(x)
(2) Perform the projected subgradient step

Xi+1 = T0C (X — Xk gk )-
This is essentially identical to the projected gradient method (3.3.1), except that
we replace the true subgradient with a stochastic gradient.
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Ficure 3.4.3. Stochastic subgradient method versus non-

stochastic subgradient method performance on problem (3.4.4).

In the next section, we analyze the convergence of the procedure, but here we
give two examples example here that exhibit some of the typical behavior of these
methods.

Example 3.3 (Robust regression): We consider the robust regression problem (3.2.12),
solving

L 1« :
(3.4.4) minimize f(x) = o Zl | (ai, x) —bi| subject to x|, <R,
1=

using the random sample g = a; sign({a;, x) — by) as our stochastic gradient. We
generate A = [a] -+ am]' by drawing a; N0, Inxn) and by = (aj,u) +eilei 3,
where €; N (0,1) and u is a Gaussian random variable with identity covariance.
We use n =50, m = 100, and R = 4 for this experiment.

We plot the results of running the stochastic gradient iteration versus stan-
dard projected subgradient descent in Figure 3.4.3; both methods run with the
fixed stepsize « = R/MV/K for M? = L |A ||, which optimizes the convergence
guarantees for the methods. We see in the figure the typical performance of a sto-
chastic gradient method: the initial progress in improving the objective is quite
fast, but the method eventually stops making progress once it achieves some low
accuracy (in this case, 107!). In this figure we should make clear, however, that
each iteration of the stochastic gradient method requires time O(n), while each
iteration of the (non-noisy) projected gradient method requires times O(n-m), a
factor of approximately 100 times slower. $

Example 3.4 (Multiclass support vector machine): Our second example is some-
what more complex. We are given a collection of 16 x 16 grayscale images of
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Ficure 3.4.5. Comparison of stochastic versus non-stochastic
methods for the average hinge-loss minimization problem (3.4.6).
The horizontal axis is a measure of the time used by each method,
represented as the number of times the matrix-vector product
XTa; is computed. Stochastic gradient descent vastly outper-
forms the non-stochastic methods.

handwritten digits {0,1,...,9}, and wish to classify images, represented as vec-
tors a € R?®, as one of the 10 digits. In a general k-class classification problem,
we represent the multiclass classifier using the matrix

X=[xx - xi] € R™*K,

where k = 10 for the digit classification problem. Given a data vector a € R™, the
“score” associated with class 1 is then (x, a), and the goal (given image data) is
to find a matrix X assigning high scores to the correct image labels. (In machine
learning, the typical notation is to use weight vectors wy,..., wy € R™ instead of
X1,...,Xk, but we use X to remain consistent with our optimization focus.) The
predicted class for a data vector a € R™ is then
argmax (a, x1) = argmax{ xT alik

Le k] Le k]
We represent single training examples as pairs (a,b) € R™ x {1,...k}, and as a
convex surrogate for a misclassification error that the matrix X makes on the pair
(a,b), we use the multiclass hinge loss function

F(X;(a,b)) = max (14 (a,x1 —xv)]

where [t] | = max{t, 0} denotes the positive part. Then F is convex in X, and for
a pair (a,b) we have F(X; (a,b)) = 0 if and only if the classifer represented by X
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has a large margin, meaning that
(a,xp) = (a,x1)+1forall L #Db.

In this example, we have a sample of N = 7291 digits (a;, bi) € R™ x{1,...,kJ},
and we compare the performance of stochastic subgradient descent to standard
subgradient descent for solving the problem

N
1
(3.4.6) minimize f(X) = N Z F(X; (ai, bi)) subject to ||X]||p <R
i=1

where R = 40. We perform stochastic gradient descent using stepsizes oy =
o1/vVk, where & = R/M and M? = % Z]i\lzl ||ai||§ (this is an approximation
to the Lipschitz constant of f). For our stochastic gradient oracle, we select an
index i € {1,..., N} uniformly at random, then take g € 9xF(X;(ai, by)). For
the standard subgradient method, we also perform projected subgradient de-
scent, where we compute subgradients by taking g; € 9F(X;(ai,bi)) and set-
ting g = & Z{il gi € 0f(X). We use an identical stepsize strategy of setting
o = a1/Vk, but use the five stepsizes o) = 1077R/M forj € {—2,—1,...,2}. We
plot the results of this experiment in Figure 3.4.5, showing the optimality gap
(vertical axis) plotted against the number of matrix-vector products X' a com-
puted, normalized by N = 7291. The plot makes clear that computing the entire
subgradient 0f(X) is wasteful: the non-stochastic methods’ convergence, in terms
of iteration count, is potentially faster than that for the stochastic method, but
the large (7291x) per-iteration speedup the stochastic method enjoys because of
its random sampling yields substantially better performance. Though we do not
demonstrate this in the figure, this benefit remains typically true even across a
range of stepsize choices, suggesting the benefits of stochastic gradient methods
in stochastic programming problems such as problem (3.4.6). ¢

Convergence guarantees We now turn to guarantees of convergence for the
stochastic subgradient method. As in our analysis of the projected subgradi-
ent method, we assume that C is compact and there is some R < oo such that
[Ix* —x|l, < R for all x € C, that projections 7¢ are efficiently computable, and
that for all x € C we have the bound E[||g(x, S) ||§] < M2 for our stochastic oracle
g. (The oracle’s noise S may depend on the previous iterates, but we always have
the unbiased condition E[g(x, S)] € 9f(x).)

Theorem 3.4.7. Let the conditions of the preceding paragraph hold and let o > 0 be a
non-increasing sequence of stepsizes. Let Xk = % > K xx. Then

R 18 )
Elf(xx) — ] < — .
[f(xx) — f(x*)] o +tox ]; oM

Proof. The analysis is quite similar to our previous analyses, in that we simply
expand the error ||xy1 fx*||%. Let use define f’(x) := E[g(x,S)] € 9f(x) to be
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the expected subgradient returned by the stochastic gradient oracle, and let &, =
gk — f'(xk) be the error in the kth subgradient. Then

1 2 1 2
3 XK1 — x5 = > 7t (e — o gic) — x5

1
< 5 e — o —x*|3
1 o
= 5 lxac =113 = ouc (gierxic = x*) + 55 gkl
as in the proof of Theorems 3.2.7 and 3.3.4. Now, we add and subtract ot; (f'(xx), xx —x*),
which gives
1 w2 o 1 |12 / oL %% 2 %
5 s =%l < 5 lxac ="z = e (F (i) xae =) + =5 llgiellz — e (B i —x7)
1 P I . * o‘fl{ 2 ok
< 5 e =x"llz = eaclfxac) = FO + == llgicllz — otk (Ees xie =x7)
where we have used the standard first-order convexity inequality.
Except for the error term (&, xx, —x*), the proof is completely identical to that
of Theorem 3.3.4. Indeed, dividing each side of the preceding display by &y and
rearranging, we have

1 o4
Floic) = 100 < o (i =18 = vicen =4 15) + 5% el = G xic—x*).

Summing this inequality, as in the proof of Theorem 3.3.4 following inequal-
ity (3.3.5), yields that

K K

1o
B48) [l —fXN < 5+ kZ:l e lgillz = D (B xic —x").

k=1 k=1
The inequality (3.4.8) is the basic inequality from which all our subsequent con-
vergence guarantees follow.
For this theorem, we need only take expectations, realizing that

E[(&x, xk —x*)] = E [E[{g(xk) — ' (xic), xic —x*) | xi]]
=E [GE[E(Xk) | xi) =/ (xic), Xk —x)] —0.
=f'(xy)
Thus we obtain

. * R 1 . 2
]E[Z(f(xk)—f(x ))} < +§kZ:1cka

=1 20(](
once we realize that IE[||gk||%] < M2, which gives the desired result. O

Theorem 3.4.7 makes it clear that, in expectation, we can achieve the same con-
vergence guarantees as in the non-noisy case. This does not mean that stochastic
subgradient methods are always as good as non-stochastic methods, but it does
show the robustness of the subgradient method even to substantial noise. So
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while the subgradient method is very slow, its slowness comes with the benefit
that it can handle large amounts of noise.

We now provide a few corollaries on the convergence of stochastic gradient de-
scent. For background on probabilistic modes of convergence, see Appendix A.2.

Corollary 3.4.9. Let the conditions of Theorem 3.4.7 hold, and let o, = R/Mv/k for

each k. Then 3RM

E[f(xx)] — f(x*) < ﬁ

forall K € N.

The proof of the corollary is identical to that of Corollary 3.3.6 for the projected
gradient method, once we substitute « = R/M in the bound. We can also obtain
convergence in probability of the iterates more generally.

Corollary 3.4.10. Let oy be non-summable but convergent to zero, that is, > 3. xy =
oo and o — 0. Then f(xx ) — f(x*) P 0as K — oo, that is, for all € > 0 we have
limsup P (f(xy) — f(x*) > €) =0.
k—o00

The above corollaries guarantee convergence of the iterates in expectation and
with high probability, but sometimes it is advantageous to give finite sample
guarantees of convergence with high probability. We can do this under somewhat
stronger conditions on the subgradient noise sequence and using the Azuma-
Hoeffding inequality (Theorem A.2.5 in Appendix A.2), which we present now.

Theorem 3.4.11. In addition to the conditions of Theorem 3.4.7, assume that ||g||, < M
for all stochastic subgradients g. Then for any € > 0,

R L RM
f(xk) —f(x*) < + ) M e
(xk) — F(x*) ; > K

with probability at least 1 — e 1€,

Written differently, we see that by taking oy = ﬁ and setting 6 = e 1%, we

k
have
3MR MRy/2log§
f(Xx) —f(x*) < +
VK VK

with probability at least 1 — 5. That is, we have convergence of O(MR/+/K) with
high probability.

Before providing the proof proper, we discuss two examples in which the
boundedness condition holds. Recall from Lecture 2 that a convex function f
is M-Lipschitz if and only if ||g|;, < M for all g € 3f(x) and x € R™, so Theo-
rem 3.4.11 requires that the random functions F(:; S) are Lipschitz over the domain
C. Our robust regression and multiclass support vector machine examples both
satisfy the conditions of the theorem so long as the data is bounded. More pre-
cisely, for the robust regression problem (3.2.12) with loss F(x; (a, b)) = | (a,x) —b],
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we have 9F(x; (a,b)) = asign((a,x) —b) so that the condition ||g|, < M holds
if and only if ||al|, < M. For the multiclass hinge loss problem (3.4.6), with
F(X;(a,b)) = Z#b [1+ (a,xy —xp)l, Exercise 5 develops the subgradient cal-
culations, but again, we have the boundedness of 0xF(X;(a,b)) if and only if
a € R™ is bounded.

Proof. We begin with the basic inequality of Theorem 3.4.7, inequality (3.4.8). We
see that we would like to bound the probability that
K

Z <Evk/ x* — Xk>

k=1
is large. First, we note that the iterate xj is a function of &;,...,&_1, and we
have the conditional expectation

El&c 1 &1,..., &k—1] = E[&x | x4] = 0.

Moreover, using the boundedness assumption that ||g||, < M, we have |||, =
gk — f'(xx)]l < 2M and

[ (& xac = X") | < &kl e —x* [l < 2MR.

Thus, the sequence Y f_; (£x,xi —x*) is a bounded difference martingale se-
quence, and we may apply Azuma’s inequality (Theorem A.2.5), which gurantees
K tz

*
1P<kzl <E,k,X *Xk> 2 t> S eXp (W)
for all t > 0. Substituting t = MRVKe, we obtain that

K
1 . eMR €2
— E _ > )« _
P(K“(&“’X X 2 \/K>\QXP< 2)’
as desired. 0O

Summarizing the results of this section, we see a number of consequences.
First, stochastic gradient methods guarantee that after O(1/ €2) iterations, we have
error at most f(x) — f(x*) = O(e). Secondly, this convergence is (at least to the
order in €) the same as in the non-noisy case; that is, stochastic gradient meth-
ods are robust enough to noise that their convergence is hardly affected by it. In
addition to this, they are often applicable in situations in which we cannot even
evaluate the objective f, whether for computational reasons or because we do not
have access to it, as in statistical problems. This robustness to noise and good
performance has led to wide adoption of subgradient-like methods as the de facto
choice for many large-scale data-based optimization problems. In the coming sec-
tions, we give further discussion of the optimality of stochastic gradient methods,
showing that—roughly—when we have access only to noisy data, it is impossi-
ble to solve (certain) problems to accuracy better than e given 1/€? data points;
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thus, using more expensive but accurate optimization methods may have limited
benefit (though there may still be some benefit practically!).

Notes and further reading Our treatment in this chapter borrows from a num-
ber of resources. The two heaviest are the lecture notes for Stephen Boyd’s Stan-
ford’s EE364b course [10,11] and Polyak’s Introduction to Optimization [47]. Our
guarantees of high probability convergence are similar to those originally de-
veloped by Cesa-Bianchi et al. [16] in the context of online learning, which Ne-
mirovski et al. [40] more fully develop. More references on subgradient methods
include the lecture notes of Nemirovski [43] and Nesterov [44].

A number of extensions of (stochastic) subgradient methods are possible, in-
cluding to online scenarios in which we observe streaming sequences of func-
tions [25,63]; our analysis in this section follows closely that of Zinkevich [63].
The classic paper of Polyak and Juditsky [48] shows that stochastic gradient de-
scent methods, coupled with averaging, can achieve asymptotically optimal rates
of convergence even to constant factors. Recent work in machine learning by a
number of authors [18,32,53] has shown how to leverage the structure of opti-
mization problems based on finite sums, that is, when f(x) = % ZiNzl fi(x), to
develop methods that achieve convergence rates similar to those of interior point
methods but with iteration complexity close to stochastic gradient methods.

4. The Choice of Metric in Subgradient Methods

Lecture Summary: Standard subgradient and projected subgradient meth-
ods are inherently Euclidean—they rely on measuring distances using Eu-
clidean norms, and their updates are based on Euclidean steps. In this lec-
ture, we study methods for more carefully choosing the metric, giving rise
to mirror descent, also known as non-Euclidean subgradient descent, as well
as methods for adapting the updates performed to the problem at hand. By
more carefully studying the geometry of the optimization problem being
solved, we show how faster convergence guarantees are possible.

4.1. Introduction In the previous lecture, we studied projected subgradient meth-
ods for solving the problem (2.1.1) by iteratively updating xy 1 = m¢c (%1 — % gk ),

where mc denotes Euclidean projection. The convergence of these methods, as

exemplified by Corollaries 3.2.8 and 3.4.9, scales as

o v e(uky ~ MR diam(C)Lip(f)
(4.11) f(xx) —f(x™) < R O(l)—\/ﬁ ,

where R = sup, . [[x —x*||; and M is the Lipschitz constant of f over the set C
with respect to the {,-norm,

N
M=sup sup {|g||2=(zg%) }
x) j=1

x€C gedf(
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The convergence guarantee (4.1.1) reposes on Euclidean measures of scale—the
diameter of C and norm of the subgradients g are both measured in {,-norm. It is
thus natural to ask if we can develop methods whose convergence rates depend
on other measures of scale of f and C, obtainining better problem-dependent
behavior and geometry. With that in mind, in this lecture we derive a number of
methods that use either non-Euclidean or adaptive updates to better reflect the
geometry of the underlying optimization problem.

FIGURE 4.2.1. Bregman divergence Dy, (x,y). The bottom upper
function is h(x) = log(1 + €*), the lower (linear) is the linear
approximation x — h(y) + (Vh(y),x —y) to h at y.

4.2, Mirror Descent Methods Our first set of results focuses on mirror descent
methods, which modify the basic subgradient update to use a different distance-
measuring function rather than the squared {,-term. Before presenting these
methods, we give a few definitions. Let h be a differentiable convex function,
differentiable on C. The Bregman divergence associated with h is defined as

(4.2.2) Dn(x,y) = h(x) —h(y) — (Vh(y),x —y).

The divergence Dy, is always nonnegative, by the standard first-order inequality
for convex functions, and measures the gap between the linear approximation
h(y) + (Vh(y),x —y) for h(x) taken from the point y and the value h(x) at x. See
Figure 4.2.1. As one standard example, if we take h(x) = % ||x||%, then Dy, (x,y) =
Lx—y 3. A second common example follows by taking the entropy functional
h(x) = Z}Ll xj logx;, restricting x to the probability simplex (i.e. x = 0 and
Zj xj = 1). We then have Dy, (x,y) = Z};l x; log :—;, the entropic or Kullback-
Leibler divergence.

Because the quantity (4.2.2) is always non-negative and convex in its first ar-
gument, it is natural to treat it as a distance-like function in the development of
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optimization procedures. Indeed, by recalling the updates (3.2.3) and (3.3.2), by
analogy we consider the method

i. Compute subgradient gy € 9f(xy)
ii. Perform update

. 1

Xk+1 = argmin {f(xk) + (gx, x —xi) + —Dn(x, Xk)}
xeC %93

(4.2.3)

1
= argmin {(gk, x) + —Dn(x, Xk)} .
xeC Xk

This scheme is the mirror descent method. Thus, each differentiable convex function
h gives a new optimization scheme, where we often attempt to choose h to better
match the geometry of the underlying constraint set C.

To this point, we have been vague about the “geometry” of the constraint set,
so we attempt to be somewhat more concrete. We say that h is A-strongly convex
over C with respect to the norm |-|| if

A
h(y) = h(x)+ (Vh(x),y —x) + 3 [x —y||* forall x,y € C.

Importantly, this norm need not be the typical {, or Euclidean norm. Then our
goal is, roughly, to choose a strongly convex function h so that the diameter of
C is small in the norm ||-|| with respect to which h is strongly convex (as we see
presently, an analogue of the bound (4.1.1) holds). In the standard updates (3.2.3)
and (3.3.2), we use the squared Euclidean norm to trade between making progress
on the linear approximation x — f(xy) + (gk, x — xx) and making sure the approx-
imation is reasonable—we reqularize progress. Thus it is natural to ask that the
function h we use provide a similar type of regularization, and consequently, we
will require that the function h be 1-strongly convex (usually shortened to the
unqualified strongly convex) with respect to some norm ||-|| over the constraint
set C in the mirror descent method (4.2.3).* Note that strong convexity of h is
equivalent to 1
Dn(xy) > 5 x —y]|? for all x,y € C.

Examples of mirror descent Before analyzing the method (4.2.3), we present a
few examples, showing the updates that are possible as well as verifying that the
associated divergence is appropriately strongly convex. One of the nice conse-
quences of allowing different divergence measures Dy,, as opposed to only the
Euclidean divergence, is that they often yield cleaner or simpler updates.
Example 4.1 (Gradient descent is mirror descent): Let h(x) = % ||x||% Then
Vh(y) =y, and

1 1 1 1 1
Drlxy) = 5 X = 5 Wl — fwx—y) = 3 IxIB+3 B — e u) = 3 Ix—yl.

4 This is not strictly a requirement, and sometimes it is analytitcally convenient to avoid this, but our
analysis is simpler when h is strongly convex.
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Thus, substituting into the update (4.2.3), we see the choice h(x) = % ||XH% recovers
the standard (stochastic sub)gradient method

. 1 2
Xk+1 = argmin 4 (g, x) + T [x —xxll3 ¢ -
xeC Xk

It is evident that h is strongly convex with respect to the {,-norm for any con-
straint set C. ¢

Example 4.2 (Solving problems on the simplex with exponentiated gradient meth-
ods): Suppose that our constraint set C = {x € R} : (1,x) = 1} is the probability
simplex in R™. Then updates with the standard Euclidean distance are some-
what challenging—though there are efficient implementations [14, 23]—and it is
natural to ask for a simpler method.

With that in mind, let h(x) = 3 ;% ; xj logx; be the negative entropy, which is
convex because it is the sum of convex functions. (The derivatives of f(t) = tlogt
are f'(t) =logt+1and f”(t) =1/t > 0 for t > 0.) Then we have

n

Drixy) =Y [xjlogx; —y;logy; — (logy; + 1)(x; —y;)]
j=1

n
,
= in log = + (1,y —x) = Dy (xly),
j=1 Yj

the KL-divergence between x and y (when extended to R}, though over C we
have (1,x —y) = 0). This gives us the form of the update (4.2.3).
Let us consider the update (4.2.3). Simplifying notation, we would like to solve

n
minimize (g,x) + Z x; log ;—] subjectto (1,x) =1, x = 0.
=1 !
We assume that the y; > 0, though this is not strictly necessary. Though we
have not discussed this, we write the Lagrangian for this problem by introducing
Lagrange multipliers T € R for the equality constraint (1,x) =1 and A € R for
the inequality x > 0. Then we obtain Lagrangian

n
x4
L(x,T,A) =(g,x)+ Z [xj log y—] +1X —Ajxy | — T
j=1 !
Minimizing out x to find the appropriate form for the solution, we take deriva-
tives with respect to x and set them to zero to find
0
0= a—XjL(x,T,A) = gj +logx; +1—logy; +T—A;,
or
Xj (T,A) =yjexp(—g; — 1 —T+Aj).

We may take A; = 0, as the latter expression yields all positive x;, and to satisfy
the constraint that } ;x; =1, we set T = log(}_jyje” 91) — 1. Thus we have the
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update

i = D exp(—gi)

Zj:l yj exp(—g;)
Rewriting this in terms of the precise update at time k for the mirror descent
method, we have for each coordinate i of iterate k + 1 of the method that

Xk, i eXP(—OCka,i)

@29 e 251 Xk exp(—augi,j)
This is the so-called exponentiated gradient update, also known as entropic mirror
descent.

Later, after stating and proving our main convergence theorems, we will show
that the negative entropy is strongly convex with respect to the {;-norm, meaning
that our coming convergence guarantees apply. ¢

Example 4.3 (Using {,-norms): As a final example, we consider using squared
{p,-norms for our distance-generating function h. These have nice robustness
properties, and are also finite on any compact set (unlike the KL-divergence of
Example 4.2). Indeed, let p € (1,2], and define h(x) = 2(1317_1) ||x||]23 We claim
without proof that h is strongly convex with respect to the {,-norm, that is,
Drlxy) > 5 Ix -yl

(See, for example, the thesis of Shalev-Shwartz [51] and Question 9 in the exer-
cises. This inequality fails for powers other than 2 as well as for p > 2.)

We do not address the constrained case here, assuming instead that C = R™.
In this case, we have

Vh(x) =

S I [signtehalP ™ - sign(en) el

Now, if we define the function ¢(x) = (p — 1)Vh(x), then a calculation verifies
that the function ¢ : R™ — R™ defined coordinate-wise by

b5 (x) = [[X[| P sign(x;) ;[P and @;(y) = [ly|I% 9 sign(y;)ly; |9,
where % + % =1, satisfies @ (¢d(x)) = x, thatis, ¢ = ¢! (and similarly ¢ = e .

Thus, the mirror descent update (4.2.3) when C = R™ becomes the somewhat
more complex

(4.2.5) Xier1 = @(d(xi) — ox(p — 1)gi) = (VR) " H(Vh(xk) — ciegi)-

The second form of the update (4.2.5), that is, that involving the inverse of the
gradient mapping (Vh)~!, holds more generally, that is, for any strictly convex
and differentiable h. This is the original form of the mirror descent update (4.2.3),
and it justifies the name mirror descent, as the gradient is “mirrored” through
the distance-generating function h and back again. Nonetheless, we find the
modeling perspective of (4.2.3) somewhat easier to explain.

We remark in passing that while constrained updates are somewhat more chal-
lenging for this case, a few are efficiently solvable. For example, suppose that
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C ={x € R} : (1,x) = 1}, the probability simplex. In this case, the update with
{,-norms becomes a problem of solving

1
minimize (v,x) + 5 Hx||129 subject to (1,x) =1, x = 0,
X

where v = o (p — 1)gx — d(xk), and ¢ and ¢ are defined as above. An analysis
of the Karush-Kuhn-Tucker conditions for this problem (omitted) yields that the
solution to the problem is given by finding the t* € R such that

n
D @j([—vj +1*],) =1 and setting xj = @([—vj +t*] ).
j=1

Because ¢ is increasing in its argument with ¢(0) = 0, this t* can be found to
accuracy € in time O(nlog %) by binary search. ¢

Convergence guarantees With the mirror descent method described, we now
provide an analysis of its convergence behavior. In this case, the analysis is
somewhat more complex than that for the subgradient, projected subgradient,
and stochastic subgradient methods, as we cannot simply expand the distance
X141 —x*||5. Thus, we give a variant proof that relies on the optimality condi-
tions for convex optimization problems, as well as a few tricks involving norms
and their dual norms. Recall that we assume that the function h is strongly con-
vex with respect to some norm ||-||, and that the associated dual norm ||, is
defined by

lyllc=sup (y,x).
x:[x|I<1
Theorem 4.2.6. Let oy, > 0 be any sequence of non-increasing stepsizes and the above as-
sumptions hold. Let xy be generated by the mirror descent iteration (4.2.3). If Dy (x,x*) <
R? for all x € C, then for all K € N
< 1 LS
3 [ xi) — Fx*)]) < —R*+ Y ZF gy
XK 2
k=1 k=1
If o =  is constant, then for all K € N
K

K
1
> [f(x) = f(x*)] < <Dnlx*,x)+ 2 3 llgl?-
k=1 k=1

As an immediate consequence of this theorem, we see that if Xx = % Zlle Xy Or
Xk = argmin, f(xy) and we have the gradient bound llgll, < M for all g € 9f(x)
for x € C, then (say, in the second case) convexity implies

4.2.7) f(xk) —f(x*) < %Dh(x*,xl) + M2,
x 2

By comparing with the bound (3.2.9), we see that the mirror descent (non-Euclidean
gradient descent) method gives roughly the same type of convergence guarantees
as standard subgradient descent. Roughly we expect the following type of behav-
ior with a fixed stepsize: a rate of convergence of roughly 1/xK until we are
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within a radius « of the optimum, after which mirror descent and subgradient
descent essentially jam—they just jump back and forth near the optimum.

Proof. We begin by considering the progress made in a single update of xy, but
whereas our previous proofs all began with a Lyapunov function for the distance
[Ixx —x*||,, we use function value gaps instead of the distance to optimality. Us-
ing the first order convexity inequality—i.e. the definition of a subgradient—we
have

fxae) — F(x*) < (gr, xk —x¥).
The idea is to show that replacing xj with xy 1 makes the term (gj, xi —x*)
small because of the definition of xy 41, but x and xy ;1 are close together so that
this is not much of a difference.
First, we add and subtract (gy,xk1) to obtain
(4.2.8) fxae) — F(X*) < {gr, X1 —X5) + (i, X — X41) -

Now, we use the the first-order necessary and sufficient conditions for optimality
of convex optimization problems given by Theorem 2.4.11. Because xy.; solves
problem (4.2.3), we have

<91< + ocgl (Vh(xxs1) — Vh(xy)), x— xk+1> >0 forall x € C.
In particular, this inequality holds for x = x*, and substituting into expres-
sion (4.2.8) yields
1
flxa) — f(x*) < o (Vh(xic1) = VRO, X" = xie1) + (g, X — Xier1) -
We now use two tricks: an algebraic identity involving Dy, and the Fenchel-Young
inequality. By algebraic manipulations, we have that
(Vhixk41) = Vhixk), x* —xk41) = Dr(x", %) = Dn(x*, xic41) — Dh (XK1, XK)-

Substituting into the preceding display, we have
(4.2.9)

1
) — f(x*) < o D (", %) = Dr(x*, Xk 41) — D (31, %] + (G X — Xi11) -
The second insight is that the subtraction of Dy (xx1,Xk) allows us to cancel
some of (g, Xk —xx1). To see this, recall the Fenchel-Young inequality, which
states that 1
o2 2
< — -
() < 3 1M+ 5 Tyl
for any pair of dual norms (|||, ||-||.) and any n > 0. To see this, note that by
definition of the dual norm, we have (x,y) < ||x]||ly|l,, and for any constants
a,b € Randn > 0, we have 0 < %(n%a—n*%b)z = Ja2+ %bZ — ab, so that
Il 1[yll, < 3 %]+ 2 [yl3. In particular, we have

(04" 2 1 2
Gk, Xk — Xk41) < > llgllx + 2or X — x4 ]l”-
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The strong convexity assumption on h guarantees Dy, (X, Xy +1) > % X1 — X111 ||2,
or that 1 . )
_oTth(XkJrlrxk) + (9K, Xk — Xk 41) < o> g1l -
Substituting this into inequality (4.2.9), we have
@210) 10 = (%) € - DR = Dl xicen)) + 5 o2
This inequality should look similar to inequality (3.3.5) in the proof of Theo-
rem 3.3.4 on the projected subgradient method in Lecture 3. Indeed, using that

Dn(x*, xi) < R? by assumption, an identical derivation to that in Theorem 3.3.4
gives the first result of this theorem. For the second when the stepsize is fixed,

note that
K K 4 K &
_ x| < - * o * w 2
D ) —fx)I < Y oc D (x*, %) = Dr(x*, xi1) + ) 2 gl
k=1 k=1 k=1
1 K o
= - P x1) = D", i)l + > > lgrll?,
k=1

which is the second result. O

We briefly provide a few remarks before moving on. As a first remark, all
of the preceding analysis carries through in an almost completely identical fash-
ion in the stochastic case. We state the most basic result, as the extension from
Section 3.4 is essentially straightforward.

Corollary 4.2.11. Let the conditions of Theorem 4.2.6 hold, except that instead of re-
ceiving a vector gy € 90f(xy) at iteration X, the vector gy is a stochastic subgradient
satisfying Elgyx | xx] € 0f(xx). Then for any non-increasing stepsize sequence oy

(where oy may be chosen dependent on gy, ..., gx),
R2 K Xk 2
JE{Z () —f(x*))} <e|E.y % ||gk|*] .
k=1 k=1
Proof. We sketch the result. The proof is identical to that for Theorem 4.2.6, ex-

cept that we replace gy with the particular vector f’(xy) satisfying E[gy | xi] =
f/(Xk) S af(Xk). Then

flxe) — F(x*) < (F/(xi), X = x*) = (g, xx —x*) + (F'(xi) — g, xc —x*),
and an identical derivation yields the following analogue of inequality (4.2.10):
* 1 * & *
) =) < o R0 i) = Dl %)l 4 57 e [2 (i) = 9o xic =)

This inequality holds regardless of how we choose «y. Moreover, by iterating

K

expectations, we have
E[(f(xk) — gk, xk —x*)] = E[(f'(xx) — Elgk | xi], xixc —x*)] =0,

which gives the corollary once we follow an identical derivation to Theorem 4.2.6.
O
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Thus, if we have the bound IEH|g||>2k] < M2 for all stochastic subgradients, then
taking Xk = % ZE:1 xk and ax = R/MVk, then

(4.2.12) E[f(xk) — f(x*)] <

RM Rmaxk]E[Hngi]i 1 < RM
VK M S2vk VK

where we have used that ]E[||g|\i] < M? and ZE:] k=2 < 2vK.

In addition, we can provide concrete convergence guarantees for a few meth-
ods, revisiting our earlier examples. We begin with Example 4.2, exponentiated
gradient descent.

Corollary 4.2.13. Let C ={x € R} : (1,x) = 1}, and take h(x Z; —1x;logx;, the
negative entropy. Let x; = %1, the vector whose entries are each 1/n. Then if Xx =
= ZE:1 Xk, the exponentiated gradient method (4.2.4) with fixed stepsize o guarantees

1
(k) — F(x") < B ¢ KZHng

Ko

Proof. To apply Theorem 4.2.6, we must show that the negative entropy h is
strongly convex with respect to the {;-norm, whose dual norm is the {,,-norm.
By a Taylor expansion, we know that for any x,y € C, we have

h(x) = h(y) + (Vh(y)x —y) + 5 (e~ y) V@ y)

for some X between x and vy, that is, x = tx + (1 — t)y for some t € [0, 1]. Calculat-
ing these quantities, this is equivalent to

1
Dua (xly) = Dn(x,y) = %(x—y)T diag (;l%n) (x—y)
_1 i (s —y5)?
2« X
j=1
Using the Cauchy-Schwarz inequality and the fact that X € C, we have

1 1

ﬁ\x il ~\ 2w (5—y)*)?2

[[x — 9”1—Z|X] y]|— J ! < Xj 273 §_J .
=1 j=1 )

——
=1
That is, we have Dy (xly) = Dn(x,y) > 3 Lix — yHl, and h is strongly convex with
respect to the ¢;-norm over C.
With this strong convexity result in hand, we may apply second result of The-
orem 4.2.6, achieving
K

> i) — i) < TR ankn

k=1
If xq = %l, then Dy (x|x1) = h(x) +logn logn, as h(x) < 0 for x € C. Thus,
dividing by K and using that f(xx) < Ly K | f(xy) gives the corollary. O
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Inspecting the guarantee Corollary 4.2.13 provides versus that guaranteed by
the standard (non-stochastic) projected subgradient method (i.e. using h(x) =
i x| as in Theorem 3.3.4) is instructive. In the case of projected subgradient
descent, we have Dy (x*,x) = %Hx*—x”% < 1forall x,x* € C ={x € R} :
(1,x) = 1} (and this distance is achieved). However, the dual norm to the {,-norm
is £, meaning we measure the size of the gradient terms ||gi|| in {p-norm. As
lokllse < llgilla < VAT lgillse, supposing that [|gil,, < 1 for all k, the conver-
gence guarantee
(1) lo]%n
may be up to \/n/logn-times better than that guaranteed by the standard (Eu-
clidean) projected gradient method.

Lastly, we provide a final convergence guarantee for the mirror descent method
using {,-norms, where p € (1,2]. Using such norms has the benefit that Dy,
is bounded whenever the set C is compact—distinct from the relative entropy

Dn(x,y) = 2; xJ log 2 __and thus providing a nicer guarantee of convergence.

Indeed, for h(x) = 3 ||x||p we always have that
2

Dnlxy) *||X||p—* Iyl — ZHyllp P sign(y;)ly; P~ (x5 —y5)
j=1
1,2 1, » P p—1

4214 =X+ 5 lyllp = vl Z ly P~ sign(y; 1 < Il + 11yl

j=1

2 2
<alxlp+z Iyl

where the inequality uses that q(p —1) =p and
n ) ) n % n %
> IIE T Pl < ull2 (Z uie® )" (X xm’)
j=1 j= j=1
1
2 2
Hyllp 5 Il -

HX xoll% + [y —xoll3-

= |yl pHyllp Ixllp = lylly 11Xl

More generally, with h(x) = i Ix —xo ||p, we have Dy (x,y)
As one example, we obtain the following corollary.

//\ //\

Corollary 4.2.15. Let h(x) = 2(]3 Hx|| where p = 1+ log(%n)/ and assume that
Cc{xeR":|x|; <Ry} Then

K
2R? log(2n)
3 [fxi) — FxH)] < ig Z e llgkll%
k=1
In particular, taking o = Ry4/log(2n)/k/e and X = V Zk:l Xy gives

R1+/log(2n)

f(xk) —f(x*) < 3e K
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Proof. First, we note that h(x) = 2(1’1771) ||x||% is strongly convex with respect to the
{p,-norm, where 1 < p < 2. (Recall Example 4.3 and see Exercise 9.) Moreover, we
know that the dual to the {,-norm is the conjugate {q-norm with 1/p+1/q =1,

and thus Theorem 4.2.6 implies that

K K
1 o
D [0 — )] < —— sup Do, x") + 3 =% llgwllg -
k=1 Kxec k=1
Now, we use that if C is contained in the £;-ball of radius Ry, then (p —1)Dp (x,y) <
2 2 2 2
XI5 + lylly < M7 +1lulll < 2R%. Moreover, because p = 1+ log(%n)’ we have

q =1+1log(2n), and
1 1
Vllg < g Voo =na [[V]loo =) iv]] o, < eyl -

Substituting this into the previous display and noting that 1/(p — 1) = log(2n)
gives the first result. Integrating Z}le k~2 and using convexity gives the second.
O

So we see that, in more general cases than the simple simplex constraint af-
forded by the entropic mirror descent (exponentiated gradient) updates, we have
convergence guarantees of order /logn/v/K, which may be substantially faster
than that guaranteed by the standard projected gradient methods.

—  h(x) =Dz, logz,
J
— (@)=}l

— (@)=}

Af*

k
best

b

0 200 400 600 800 1000

F1GUre 4.2.16. Convergence of mirror descent (entropic gradient
method) versus projected gradient method.

A simulated mirror-descent example With our convergence theorems given, we
provide a (simulation-based) example of the convergence behavior for an opti-
mization problem for which it is natural to use non-Euclidean norms. We con-
sider a robust regression problem of the following form: we let A € R™*™ have

entries drawn i.i.d. N(0, 1) with rows air, ey a;rl. We let b; = %(am +ain)+ €
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where ¢; id N(0,10~2), and m = 20 and the dimension n = 3000. Then we define

m

f(x) == ||[Ax—b||; = Z | {ai, x) —bil,

i=1
which has subgradients AT sign(Ax —b). We minimize f over the simplex C =
{x € R} : (1,x) = 1}; this is the same robust regression problem (3.2.12), except
with a particular choice of C.

We compare the subgradient method to exponentiated gradient descent for

this problem, noting that the Euclidean projection of a vector v € R™ to the set C
has coordinates x; = [vj — t] 4 where t € R is chosen so that

ix]— :i[v]-—t]Jr:l.

j=1

(See the papers [14,23] for a full derivation of this expression.) We use stepsizes
o = a9/ V'k, where the initial stepsize o is chosen to optimize the convergence
guarantee for each of the methods (see the coming section). In Figure 4.2.16, we
plot the results of performing the projected gradient method versus the expo-
nentiated gradient (entropic mirror decent) method and a method using distance
generating functions h(x) = % ||x||]2D for p = 1+ 1/log(2n), which can also be
shown to be optimal, showing the optimality gap versus iteration count. All
three methods are sensitive to initial stepsize, the mirror descent method (4.2.4)
enjoys faster convergence than the standard gradient-based method.

4.3. Adaptive stepsizes and metrics In our discussion of mirror descent meth-
ods, we assumed we knew enough about the geometry of the problem at hand—
or at least the constraint set—to choose an appropriate metric and associated
distance-generating function h. In other situations, however, it may be advanta-
geous to adapt the metric being used, or at least the stepsizes, to achieve faster
convergence guarantees. We begin by describing a simple scheme for choosing
stepsizes to optimize bounds on convergence, which means one does not need
to know the Lipschitz constants of gradients ahead of time, and then move on to
somewhat more involved schemes that use a distance-generating function of the
type h(x) = %XTAX for some matrix A, which may change depending on infor-
mation observed during solution of the problem. We leave proofs of the major
results in these sections to exercises at the end of the lectures.

Adaptive stepsizes Let us begin by recalling the convergence guarantees for
mirror descent in the stochastic case, given by Corollary 4.2.11, which assumes
the stepsize ay used to calculate xy 1 is chosen based on the observed gradients
g1, .., gk (it may be specified ahead of time). In this case, taking Xk = % leézl Xi,
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we have by Corollary 4.2.11 that as long as Dy (x, x*) < R? for all x € C, then
R2 1 K Xk 2
@+E;7 lgwll] -

Now, if we were to use a fixed stepsize o = « for all k, we see that the choice of

4.3.1) Elf(%x) — f(x*)] < E

stepsize minimizing
K
R2 [0 2
Ko T 2K Z gl
k=1
is

NI

K _
o :m(z ||gk||i) ,
k=1

which, when substituted into the bound (4.3.1) yields

(kflngkni)%] .

While the stepsize choice «* and the resulting bound are not strictly possible,

(432) E[f(xk) — f(x*)] < ﬁ%m

as we do not know the magnitudes of the gradients ||gy ||, before the procedure
executes, in Exercise 8, we prove the following corollary, which uses the “up to
now” optimal choice of stepsize «y.

Corollary 4.3.3. Let the conditions of Corollary 4.2.11 hold. Let o = R/\/ ¥, g1/l

Then
K 3
(Z gkﬁ) ] ,
k=1

When comparing Corollary 4.3.3 to Corollary 4.2.11, we see by Jensen’s in-
equality that, if E[]|gi|*] < M2 for all k, then

K 1
2
(Z ||gk||i)
k=1

Thus, ignoring the V2 versus 3 multiplier, the bound of Corollary 4.3.3 is al-

Elf(xx) — f(x*)] < 3%}5

where Xx = % ZE:1 XK.

K 1
2
E < E[Z ||gk||i} < VMK = MVK.
k=1

ways tighter than that provided by Corollary 4.2.11 and its immediate conse-
quence (4.2.12). We do not explore these particular stepsize choices further, but
turn to more sophisticated adaptation strategies.

Variable metric methods and the adaptive gradient method In variable metric
methods, the idea is to adjust the metric with which one constructs updates to
better reflect local (or non-local) problem structure. The basic framework is very
similar to the standard subgradient method (or the mirror descent method), and
proceeds as follows.

(i) Receive subgradient gy € 9f(xy) (or stochastic subgradient gy satisfying
Elgk [ xi] € 9f(xi))
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(ii) Update positive semidefinite matrix Hy € R™*™
(iii) Compute update

1
(4.34) Xk41 = argmin {(gk, x) + = (x, Hkx>} .
xeC 2

The method (4.3.4) subsumes a number of standard and less standard optimiza-
tion methods. If Hy = o%klnxn, a scaled identity matrix, we recover the (sto-
chastic) subgradient method (3.2.4) when C = R™ (or (3.3.2) generally). If f is
twice differentiable and C = RR™, then taking Hy = V2f(xy) to be the Hessian
of f at xy gives the (undamped) Newton method, and using Hy = V2f(xy) even
when C # R™ gives a constrained Newton method. More general choices of
Hy can even give the ellipsoid method and other classical convex optimization
methods [56].

In our case, we specialize the iterations above to focus on diagonal matrices Hy,
and we do not assume the function f is smooth (not even differentiable). This, of
course, renders unusable standard methods using second order information in
the matrix Hy (as it does not exist), but we may still develop useful algorithms.
It is possible to consider more general matrices [22], but their additional com-
putational cost generally renders them impractical in large scale and stochastic
settings. With that in mind, let us develop a general framework for algorithms
and provide their analysis.

We begin with a general convergence guarantee.

Theorem 4.3.5. Let Hy be a sequence of positive definite matrices, where Hy is a func-
tion of g1, ..., 9gx (and potentially some additional randomness). Let gy be (stochastic)
subgradients with E[gy | x] € 0f(xy). Then

K

E| 3 (flx) — fx')| < 3B

k=1

K
2 2 2
> (||xk—x*||Hk—|xk—x*||Hk1)+|xl—x*||H1]
k=2

1 K
+5E| 3 ol |
k=1

Proof. In contrast to mirror descent methods, in this proof we return to our classic
Lyapunov-based style of proof for standard subgradient methods, looking at the
distance ||xx —x*||. Let Hx||i\ = (x, Ax) for any positive semidefinite matrix. We

claim that

2
*
7

k
the analogue of the fact that projections are non-expansive. This is an immediate

(43.6) Iacsr =y, < [oc—Hiclgr—x

consequence of the update (4.3.4): we have that

2
Xa1 —argmin{Hx—(xk—Hklgk)H },
xeC Hi
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which is a Euclidean projection of xjc —H, gy into C (in the norm [l )- Then
the standard result that projections are non-expansive (Corollary 2.2.8) gives in-
equality (4.3.6).
Inequality (4.3.6) is the key to our analysis, as previously. Expanding the
square on the right side of the inequality, we obtain
2
3 =1, <5 o= o=}
1 *(2 * 1 2
= 2 =", — {grxic—x) + 5 ol o
and taking expectations we have E[(gy, xx —x*) | xx] = f(xy) — f(x*) by convexity
and that E[gy | xk] € 9f(xy). Thus
1

2 1 2 1 2
3 (i =By, ] < B |5 I Iy, = 70 = £+ 3 ol

Rearranging, we have
(i) — 1060 < E |5 i — "1, — 5 Ixcn =", + 5 lowl?
Xk X))l s 2kaHk2Xk+lXHk29kHzl-
Summing this inequality from k =1 to K gives the theorem. O

We may specialize the theorem in a number of ways to develop particular algo-
rithms. One specialization, which is convenient because the computational over-
head is fairly small, is to use diagonal matrices Hy. In particular, the AdaGrad
method sets

k
1.
(4.3.7) Hi = — diag <Z 919?) ’

i=1

N|—

where « > 0 is a pre-specified constant (stepsize). In this case, the following
corollary to Theorem 4.3.5 follows. Exercise 10 sketches the proof of the corollary,
which is similar to that of Corollary 4.3.3. In the corollary, recall that tr(A) =
2_j21 Ajj is the trace of a matrix.

Corollary 4.3.8 (AdaGrad convergence). Let R := sup, ¢ ¢ [[x —x* ||, be the s, ra-
dius of the set C and let the conditions of Theorem 4.3.5 hold. Then with the choice (4.3.7)
in the variable metric method, we have
K
1
E { S (Flx) — f(x*))} < LR Bitr(Hg)] + aEltr(Hy ).
= 20
Inspecting Corollary 4.3.8, we see a few consequences. First, by choosing o« =
Roo, We obtain the expected convergence guarantee %RoolE[tr(HK )]. If we let X =
% Z}le Xk as usual, and let gy ; denote the jth component of the kth gradient
observed by the method, then we immediately obtain the convergence guarantee
3 Y
D 9ki) |-
k=1

43.9)  Ef(xx) — ()] < 5

3 n
RooEltr(Hk )] = 5 Roo Zl E
J:
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In addition to proving the bound (4.3.9), Exercise 10 also shows that, if C = {x €
R™ : ||x|l, < 1}, then the bound (4.3.9) is always better than the bounds (e.g.
Corollary 3.4.9) guaranteed by standard stochastic gradient methods. In addition,
the bound (4.3.9) is unimprovable—there are stochastic optimization problems
for which no algorithm can achieve a faster convergence rate. These types of
problems generally involve data in which the gradients g have highly varying
components (or components that are often zero, i.e. the gradients g are sparse),
as for such problems geometric aspects are quite important.

e e AdaGrad

= = SGD

0 5‘0 160 11’:0 260
Iteration £/100

FiGure 4.3.10. A comparison of the convergence of AdaGrad
and SGD on the problem (4.3.11) for the best initial stepsize « for
each method.

We now give an example application of the AdaGrad method, showing its

performance on a simulated example. We consider solving the problem

m
4.3.11) minimize f(x) = %Z [1—b;i (ai, x)], subjectto [|x|, <1,

i=1
where the vectors a; € {—1,0,1}™ with m = 5000 and n = 1000. This is the
objective common to hinge loss (support vector machine) classification problems.
For each coordinate j € {1,...,n}, we set a;; € {1} to have a random sign
with probability 1/j, and a;; = 0 otherwise. Letting u € {—1,1}"™ uniformly at
random, we set b; = sign((a;j, u)) with probability .95 and b; = —sign((a;j, u))
otherwise. For this problem, the coordinates of a; (and hence subgradients or
stochastic subgradients of f) naturally have substantial variability, making it a
natural problem for adaptation of the metric Hy.

In Figure 4.3.10, we show the convergence behavior of AdaGrad versus sto-
chastic gradient descent (SGD) on one realization of this problem, where at each
iteration we choose a stochastic gradient by selecting i € {1,..., m} uniformly
at random, then setting gi € 9[1—bj (aj, xk)l. For SGD, we use stepsizes
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o = a/Vk, where « is the best stepsize of several choices (based on the even-
tual convergence of the method), while AdaGrad uses the matrix (4.3.7), with
o similarly chosen based on the best eventual convergence. The plot shows
the typical behavior of AdaGrad with respect to stochastic gradient methods, at
least for problems with appropriate geometry: with good initial stepsize choice,
AdaGrad often outperforms stochastic gradient descent. (We have been vague
about the “right” geometry for problems in which we expect AdaGrad to per-
form well. Roughly, problems for which the domain C is well-approximated by a
box {x € R™: ||x||,, < c} are those for which we expect AdaGrad to succeed, and
otherwise, it may exhibit worse performance than standard subgradient methods.
As in any problem, some care is needed in the choice of methods.) Figure 4.3.12
shows this somewhat more broadly, plotting the convergence f(xy ) — f(x*) ver-
sus iteration k for a number of initial stepsize choices for both stochastic gradient
descent and AdaGrad on the problem (4.3.11). Roughly, we see that both meth-
ods are sensitive to initial stepsize choice, but the best choice for AdaGrad often
outperforms the best choice for SGD.

10!

-- AdaGrad
SGD

0 50 100 150 200

Iteration £/100

FiGure 4.3.12. A comparison of the convergence of AdaGrad
and SGD on the problem (4.3.11) for various initial stepsize
choices o« € {107V/2,i = —2,...,2} = {.1,.316,1,3.16,10}. Both
methods are sensitive to the initial stepsize choice &, though for
each initial stepsize choice, AdaGrad has better convergence than
the subgradient method.

Notes and further reading The mirror descent method was originally devel-
oped by Nemirovski and Yuding [41] in order to more carefully control the norms
of gradients, and associated dual spaces, in first-order optimization methods.
Since their original development, a number of researchers have explored variants
and extensions of their methods. Beck and Teboulle [5] give an analysis of mirror
descent as a non-Euclidean gradient method, which is the approach we take in
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this lecture. Nemirovski et al. [40] study mirror descent methods in stochastic
settings, giving high-probability convergence guarantees similar to those we gave
in the previous lecture. Bubeck and Cesa-Bianchi [15] explore the use of mirror
descent methods in the context of bandit optimization problems, where instead of
observing stochastic gradients one observes only random function values f(x) + ¢,
where ¢ is mean-zero noise.

Variable metric methods have a similarly long history. Our simple results with
stepsize selection follow the more advanced techniques of Auer et al. [3] (see es-
pecially their Lemma 3.5), and the AdaGrad method (and our development) is
due to Duchi, Hazan, and Singer [22] and McMahan and Streeter [38]. More gen-
eral metric methods include Shor’s space dilation methods (of which the ellipsoid
method is a celebrated special case), which develop matrices Hy that make new
directions of descent somewhat less correlated with previous directions, allowing
faster convergence in directions toward x*; see the books of Shor [55,56] as well
as the thesis of Nedi¢ [39]. Newton methods, which we do not discuss, use scaled
multiples of V2f(xy) for Hy, while Quasi-Newton methods approximate V2f(xx)
with Hy while using only gradient-based information; for more on these and
other more advanced methods for smooth optimization problems, see the books
of Nocedal and Wright [46] and Boyd and Vandenberghe [12].

5. Optimality Guarantees

Lecture Summary: In this lecture, we provide a framework for demonstrat-
ing the optimality of a number of algorithms for solving stochastic optimiza-
tion problems. In particular, we introduce minimax lower bounds, showing
how techniques for reducing estimation problems to statistical testing prob-
lems allow us to prove lower bounds on optimization.

5.1. Introduction The procedures and algorithms we have presented thus far en-
joy good performance on a number of statistical, machine learning, and stochastic
optimization tasks, and we have provided theoretical guarantees on their perfor-
mance. It is interesting to ask whether it is possible to improve the algorithms, or
in what ways it may be possible to improve them. With that in mind, in this lec-
ture we develop a number of tools for showing optimality—according to certain
metrics—of optimization methods for stochastic problems.

Minimax rates We provide optimality guarantees in the minimax framework for
optimality, which proceeds roughly as follows: we have a collection of possi-
ble problems and an error measure for the performance of a procedure, and we
measure a procedure’s performance by its behavior on the hardest (most difficult)
member of the problem class. We then ask for the best procedure under this
worst-case error measure. Let us describe this more formally in the context of our
stochastic optimization problems, where the goal is to understand the difficulty
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of minimizing a convex function f subject to constraints x € C while observing
only stochastic gradient (or other noisy) information about f. Our bounds build
on three objects:

(i) A collection F of convex functions f: R™ — R
(ii) A closed convex set C C R™ over which we optimize
(iii) A stochastic gradient oracle, which consists of a sample space 8, a gradient
mapping
g:R"x8xF—R",
and (implicitly) a probability distributions P on §. The stochastic gradient
oracle may be gueried at a point x, and when queried, draws S ~ P with the
property that

(5.1.1) Elg(x, S, f)] € of(x).

Depending on the scenario of the problem, the optimization procedure may be
given access either to S or simply the value of the stochastic gradient g = g(x, S, f),
and the goal is to use the sequence of observations g(xy, Sy, f), fork=1,2,..., to
optimize f.

A simple example of the setting (i)—(iii) is as follows. Let A € R™*™ be a fixed
positive definite matrix, and let J be the collection of convex functions of the form
f(x) = 3xTAx—bTx for all b € R™. Then C may be any convex set, and—for the
sake of proving lower bounds, not for real applicability in solving problems—we
might take the stochastic gradient

g=VEX)+E=Ax—b+Efor & N(O, Lnxn).

A somewhat more complex example, but with more fidelity to real problems,
comes from the stochastic programming problem (3.4.2) from Lecture 3 on sub-
gradient methods. In this case, there is a known convex function F: R™ x 8§ — R,
which is the instantaneous loss function F(x; s). The problem is then to optimize

fp(x) = Ep[F(x;S)]

where the distribution P on the random variable S is unknown to the method
a priori; there is then a correspondence between distributions P and functions
f € J. Generally, an optimization is given access to a sample Sy, ..., Sx drawnii.d.
according to the distribution P (in this case, there is no selection of points x; by the
optimization procedure, as the sample Sy, ..., Sk contains even more information
than the stochastic gradients). A similar variant with a natural stochastic gradient
oracle is to set g(x, s, F) € O0F(x; s) instead of providing the sample S = s.

We focus in this note on the case when the optimization procedure may view
only the sequence of subgradients gj, gy, ... at the points it queries. We note in
passing, however, that for many problems we can reconstruct S from a gradient
g € 0F(x;S). For example, consider a logistic regression problem with data s =
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(a,b) € {0,1}™ x{—1,1}, a typical data case. Then

1
ce) — —b(a,x) ce) —
F(x;s) =log(l+e ), and VF(x;s) 1_|_eb(a,x>b
so that (a, b) is identifiable from any g € 0F(x; s). More generally, classical linear

models in statistics have gradients that are scaled multiples of the data, so that

a,

the sample s is typically identifiable from g € 9F(x; s).

Now, given function f and stochastic gradient oracle g, an optimization pro-
cedure chooses query points x1,x,...,xx and observes stochastic subgradients
gx with E[gy] € 0f(xy). Based on these stochastic gradients, the optimization
procedure outputs Xk, and we assess the quality of the procedure in terms of the
excess loss

E f(iK(gllu'/gK))_ inf f(X*) ’
x*€C

where the expectation is taken over the subgradients g(x;, Si, f) returned by the
stochastic oracle and any randomness in the chosen iterates, or query points,
X1,...,xk of the optimization method. Of course, if we only consider this ex-
cess objective value for a fixed function f, then a trivial optimization procedure
achieves excess risk 0: simply return some x € argmin, - f(x). It is thus impor-
tant to ask for a more uniform notion of risk: we would like the procedure to have
good performance uniformly across all functions f € F, leading us to measure the
performance of a procedure by its worst-case risk

sup E {f(?(gl,...,gk)) — inf f(x*)} ,
feF xeC

where the supremum is taken over functions f € J (the subgradient oracle g then
implicitly depends on f). An optimal estimator for this metric then gives the
minimax risk for optimizing the family of stochastic optimization problems {f}¢c g
over x € C ¢ R™, which is

(5.1.2) My (C,T) :=infsupE
XK feF

f(xx(g1,...,9x)) — inf f(x*)]
x*eC

We take the supremum (worst-case) over distributions f € F and the infimum
over all possible optimization schemes Xk using K stochastic gradient samples.

A criticism of the framework (5.1.2) is that it is too pessimistic: by taking a
worst-case over distributions of functions f € JF, one is making the family of
problems too challenging. We will not address these challenges except to say
that one response is to develop adaptive procedures X, which are simultaneously
optimal for a variety of collections of problems J.

The basic approach There are a variety of techniques for providing lower bounds
on the minimax risk (5.1.2). Each of them transforms the maximum risk by lower
bounding it via a Bayesian problem (e.g. [31,33,34]), then proving a lower bound
on the performance of all possible estimators for the Bayesian problem. In partic-
ular, let {f,,} C F be a collection of functions in J indexed by some (finite or count-
able) set V and 7 be any probability mass function over V. Let f* = inf,c¢ f(x).
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Then for any procedure X, the maximum risk has lower bound

sup E [f(X) — f*] > ZT[ —f3].
feF

While trivial, this lower bound serves as the departure point for each of the
subsequent techniques for lower bounding the minimax risk. The lower bound
also allows us to assume that the procedure X is deterministic. Indeed, assume that
X is non-deterministic, which we can represent generally as depending on some
auxiliary random variable U independent of the observed subgradients. Then we
certainly have

{Zn f*lu] lanT[ X)—f5|U=ul,

that is, there is some realization of the aux1hary randomness that is at least as
good as the average realization. We can simply incorporate this into our minimax
optimal procedures X, and thus we assume from this point onward that all our
optimization procedures are deterministic when proving our lower bounds.

FiGure 5.1.3. Separation of optimizers of fy and f;. Optimizing
one function to accuracy better than & = dopt(fo, f1) implies we
optimize the other poorly; the gap f(x) — f* is at least o.

The second step in proving minimax bounds is to reduce the optimization
problem to a type of statistical test [58,61,62]. To perform this reduction, we de-
fine a distance-like quantity between functions such that, if we have optimized a
function f, to better than the distance, we cannot have optimized other functions
well. In particular, consider two convex functions fy and f1. Let f} = infycc fy (x)
for v € {0,1}. We let the optimization separation between functions fy and f; over
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the set C be
dOpt(fOI fl/ C) =

(5.1.4) Sup 16> 0: f1(x) < f7 + 8 implies fo(x) > 3+
fo(x) < f5 + 0 implies fy(x) > f] +
<

That is, if we have any point x such that f, (x) — f}

for any x € C}.

dopt(fo, 1), then x cannot
optimize f1_,, well, i.e. we can only optimize one of the two functions fy and f;
to accuracy dopt(fo, f1). See Figure 5.1.3 for an illustration of this quantity. For
example, if f(x) = (x + ¢)? and fy(x) = (x —c)? for a constant ¢ # 0, then we
have dopt(f1, fo) = 2.

This separation dgpt allows us to give a reduction from optimization to testing
via the canonical hypothesis testing problem, which is as defined as follows:
1. Nature chooses an index V € V uniformly at random
2. Conditional on the choice V = v, the procedure observes stochastic subgradi-

ents for the function f, according to the oracle g(xy, Sk, fv) for ii.d. S.
Then, given the observed subgradients, the goal is to test which of the random
indices v nature chose. Intuitively, if we can optimize f, well—to better than
the separation dopt(fy, f,/)—then we can identify the index v. If we can show
this, then we can adapt classical statistical results on optimal hypothesis testing
to lower bound the probability of error in testing whether the data was generated
conditional on V =v.

More formally, we have the following key lower bound. In the lower bound,
we say that a collection of functions {f,},cv is 5-separated, where > 0, if

(5.1.5) dopt(fv, fyr; C) = & for each v,v' € V with v # v’
Then we have the next proposition.

Proposition 5.1.6. Let S be drawn uniformly from 'V, where |V| < oo, and assume the
collection {fyh,cv is b-separated. Then for any optimization procedure X based on the
observed subgradients,

1 o ek . -

7 V%?E[fv(x) 2] > 6 11’01f]P(v £V),
where the distribution IP is the joint distribution over the random index V and the ob-
served gradients gy, ..., gk and the infimum is taken over all testing procedures v based
on the observed data.

Proof. We let P, denote the distribution of the subgradients conditional on the
choice V = v, meaning that E[gy | V = V] € 0f, (xx). We observe that for any v,
we have

E[fy (%) — 5] > SE[L{fy (%) > £} + 8)] = 8Py (fu(X) > 5 +8).



John C. Duchi 65

Now, define the hypothesis test v, which is a function of X, by

v if f,(X) <fy+0
Vv =
arbitrary in V  otherwise.

This is a well-defined mapping, as by the condition that dopt(fy,f,s) > 9, there
can be only a single index v such that f, (x) < f + 0. We then note the following
implication:

Vv # v implies f, (X) > f} + 5.

Thus we have
Py(V#Vv) < Py(fu(X) > )+ 0),

or, summarizing, we have
1 - 1 ~
Vi > Elfy(x)—f]>6- Vi > P@#V).
vev vev
But by definition of the distribution P, we have ‘17‘ > vevPv(V#V) =P #V),
and taking the best possible test V gives the result of the proposition. O

Proposition 5.1.6 allows us to then bring in the tools of optimal testing in
statistics and information theory, which we can use to prove lower bounds. To
leverage Proposition 5.1.6, we follow a two phase strategy: we construct a well-
separated function collection, and then we show that it is difficult to test which of
the functions we observe data from. There is a natural tension in the proposition,
as it is easier to distinguish functions that are far apart (i.e. large 6), while hard-
to-distinguish functions (i.e. large IP(V # V)) often have smaller separation. Thus
we trade these against one another carefully in constructing our lower bounds on
the minimax risk. We also present a variant lower bound in Section 5.3 based on
a similar reduction, except that we use multiple binary hypothesis tests.

5.2. Le Cam’s Method Our first set of lower bounds is based on Le Cam’s
method [33], which uses optimality guarantees for simple binary hypothesis tests
to provide lower bounds for optimization problems. That is, we let V = {-1,1}
and will construct only pairs of functions and distributions P;, P_; generating
data. In this section, we show how to use these binary hypothesis tests to prove
lower bounds on the family of stochastic optimization problems characterized by
the following conditions: the domain C C R™ contains an {»-ball of radius R and
the subgradients gy satisfy the second moment bound

El]gill3) < M?

for all k. We assume that F consists of M-Lipschitz continuous convex functions.

With the definition (5.1.4) of the separation in terms of optimization value,
we can provide a lower bound on optimization in terms of distances between
distributions P; and P_1. Before we continue, we require a few definitions about
distances between distributions.
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Definition 5.2.1. Let P and Q be distributions on a space §, and assume that they
are both absolutely continuous with respect to a measure p on 8. The variation
distance between P and Q is

1
[P~ Qliry = sup IP(A) = Q(A) = 5 | Ip(s) — a(s)idu(s)

ACS 8
The Kullback-Leibler divergence between P and Q is
s

Du (PIQ) = | p(s)log 2% du(s).
8 q(s)
We can connect the variation distance to binary hypothesis tests via the following

lemma, due to Le Cam. The lemma states that testing between two distributions
is hard precisely when they are close in variation distance.

Lemma 5.2.2. Let Py and P_1 be any distributions. Then
inf{P, V#ED+P 1 (V#-1)}=1—[P1—P_qlry.

Proof. Any testing procedure v : § — {—1,1} maps one region of the sample space,
call it A, to 1 and the complement A€ to —1. Thus, we have

PIV#1) +P_1(Vv#—-1) =P (A°)+P_1(A) =1—P1(A) + P_1(A).

Optimizing over V is then equivalent to optimizing over sets A, yielding

i%f{Pl V#FD+P 1 (V#£-1)}= in{l —P1(A)+P_1(A)}
=1— SI/JXp{Pl(A) —P_1(A)} =1—|P1 — P11y

as desired. O

As an immediate consequence of Lemma 5.2.2, we obtain the standard mini-
max lower bound based on binary hypothesis testing. In particular, let f; and f_4
be §-separated and belong to &, and assume that the method X receives data (in
this case, the data is the K subgradients) from P",( when f,, is the true function.
Then we immediately have

(523) M(C,F) >inf max {Ep, [fy(Rx)— ]} > L

e
%k vel—11) 2 1 1

TV] '
Inequality (5.2.3) gives a quantitative guarantee on an intuitive fact: if we observe
data from one of two distributions P; and P_; that are close, while the optimiz-
ers of the functions f; and f_4 associated with P; and P_; differ, it is difficult to
optimize well. Moreover, there is a natural tradeoff—the farther apart the func-
tions f; and f_; are (i.e. & = dopt(f1,f_1) is large), the bigger the penalty for
optimizing one well, but conversely, this usually forces the distributions P; and
P_; to be quite different, as they provide subgradient information on f; and f_,
respectively.

It is challenging to compute quantities—especially with multiple samples—
involving the variation distance, so we now convert our bounds to ones involving
the KL-divergence, which is computationally easier when dealing with multiple
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samples. First, we use Pinsker’s inequality (see Appendix A.3, Proposition A.3.2
for a proof): for any distributions P and Q,

1
IP - Qllty < 5D (PIQ).
As we see presently, the KL-divergence tensorizes when we have multiple obser-
vations from different distributions (see Lemma 5.2.8 to come), allowing substan-
tially easier computation of individual divergence terms. Then we have the fol-
lowing theorem.

Theorem 5.2.4. Let F be a collection of convex functions, and let f1,f_1 € F. Assume
that when function f, is to be optimized, we observe K subgradients according to PX.

Then
dopt(f_1,f1; C 1
my(c,p) > 1O [1— \/5Pu (P}<|PK1)1 :

What remains to give a concrete lower bound, then, is (1) to construct a family
of well-separated functions f1,f_1, and (2) to construct a stochastic gradient or-
acle for which we give a small upper bound on the KL-divergence between the
distributions P; and P_; associated with the functions, which means that testing
between P; and P_; is hard.

Constructing well-separated functions Our first goal is to construct a family
of well-separated functions and an associated first-order subgradient oracle that
makes the functions hard to distinguish. We parameterize our functions—of
which we construct only 2—by a parameter 5 > 0 governing their separation.
Our construction applies in dimension n = 1: let us assume that C contains the
interval [—R, R] (this is no loss of generality, as we may simply shift the interval).
Then define the M-Lipschitz continuous functions

(5.2.5) f1(x) = Md|x —R| and f_1(x) = M§|x + R|.

See Figure 5.2.6 for an example of these functions, which makes clear that their
separation (5.1.4) is
dopt(f1,f-1) = SMR.

We also consider the stochastic oracle for this problem, recalling that we must
construct subgradients satisfying E[||g||3] < M2. We will do slightly more: we
will guarantee that |g| < M always. With this in mind, we assume that 6 < 1,
and define the stochastic gradient oracle for the distribution P,, v € {—1,1} at the
point x to be

Msign(x —vR)  with probability %
gv(x) =

(5.2.7) ] ] s
—Mssign(x —VR) with probability ~5>.

At x = VR the oracle simply returns a random sign. Then by inspection, we see
that

Elg,(x)] = MTE) sign(x —vR) — MTE)(— sign(x —VR)) = M?&sign(x — vR) € 0f, (x)
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f + MRS

F1Gure 5.2.6. The function construction (5.2.5) with separation
dopt(flz f_1) = MRa.

for v = —1,1. Thus, the combination of the functions (5.2.5) and the stochastic
gradient (5.2.7) give us a valid subgradient and well-separated pair of functions.

Bounding the distance between distributions The second step in proving our
minimax lower bound is to upper bound the distance between the distributions
that generate the subgradients our methods observe. This means that testing
which of the functions we are optimizing is challenging, giving us a strong lower
bound. At a high level, building off of Theorem 5.2.4, we hope to show an upper
bound of the form

D (PFIPX,) < x&>
for some k. This is a local condition, allowing us to scale our problems with
to achieve minimax bounds. If we have such a quadratic, we may simply choose
§% = 1/2x, giving the constant probability of error

1- HPF—P'QH > 1—\/1Dk1 (PKIPK ) /2> 1— 2.1

v 7 2 L= 2 72
To this end, we begin with a standard lemma (the chain rule for KL diver-
gence), which applies when we have K potentially dependent observations from

a distribution. The result is an immediate consequence of Bayes’ rule.

Lemma 5.2.8. Let P(- | g1,...,9x—1) denote the conditional distribution of gy given
g1,--.,9x—1. For each k € IN let PY and P*, be distributions on the K subgradients
91,---,9x. Then

K
Dy (P{<|P51> =) Epia D (P1(-191,-- -, gx—1)IP—1(- [ 91, -+, gr—1))]-
k=1
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Using Lemma 5.2.8, we have the following upper bound on the KL-divergence
between P}( and PEl for the stochastic gradient (5.2.7).

Lemma 5.2.9. Let the K observations under distribution P, come from the stochastic
gradient oracle (5.2.7). Then for & < %,

Dy (PﬁPEl) < 3K82.

Proof. We use the chain-rule for KL-divergence, whence we must only provide
an upper bound on the individual terms. We first note that xj is a function
of g1,...,gk—1 (because we may assume w.l.o.g. that xy is deterministic) so that
Py(- 1 g1,...,9x_1) is the distribution of a Bernoulli random variable with distri-
bution (5.2.7), i.e. with probabilities &T‘S. Thus we have

Dig (P1(- | 91, gk D)IP1(- | 91+, 9k1)) < Dyg (12‘3125)

1+6, 1+8 1-8,  1-9
= log + log

2 1-5 2 1+5
1+96
—6log176.

By a Taylor expansion, we have that

5log% =5 (6 - %62 + 0(53)> ) (—6— %52 + 0(53)> =282+ 0(8%) < 352

1_
for 6 < %, or
Dy (P1(- 191, gk—1)IP_1(- 1 91,---, gK_1)) <387

for 6 < %. Summing over k completes the proof. O

Putting it all together: a minimax lower bound With Lemma 5.2.9 in place
along with our construction (5.2.5) of well-separated functions, we can now give
a theorem on the best possible convergence guarantees for a broad family of
problems.

Theorem 5.2.10. Let C C R™ be a convex set containing an €y ball of radius R, and let P
denote the collection of distributions generating stochastic subgradients with ||g|l, < M

ith probability 1. Th
with probability en RM

9:nK(C/iP) P m

forall K € N.

Proof. We combine Le Cam’s method, Lemma 5.2.2 (and the subsequent Theo-
rem 5.2.4) with our construction (5.2.5) and their stochastic subgradients (5.2.7).
Certainly, the class of n-dimensional optimization problems is at least as challeng-
ing as a 1-dimensional problem (we may always restrict our functions to depend
only on a single coordinate), so that for any & > 0 we have

OSMR 1
M (C,F) > 5 <1— EDkl (Pflpfl)> .
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Now we use Lemma 5.2.9, which guarantees the further lower bound

SMR K§2
E)LRK(C,S")>2<1— 32>/

valid for all § < %. Choosing &% = & < %, we have that Dyg (PXIPX,) < %, and
SMR

4

Substituting our choice of ¢ into this expression gives the theorem. O

Mk (C,T) =

In short, Theorem 5.2.10 gives a guarantee that matches the upper bounds of
the previous lectures to within a numerical constant factor of 10. A more careful
inspection of our analysis allows us to prove a lower bound, at least as K — oo,
of 1/8V/K. In particular, by using Theorem 3.4.7 of our lecture on subgradient
methods, we find that if the set C contains an {-ball of radius Rjnner and is
contained in an {,-ball of radius Ryyter, we have

1 MRinner MRouter
5.2.11 — <MMk(C,F) < ————
G211 Voe vk S wEIs T

for all K € IN, where the upper bound is attained by the stochastic projected

subgradient method.

5.3. Multiple dimensions and Assouad’s Method The results in Section 5.2 pro-
vide guarantees for problems where we can embed much of the difficulty of our
family J in optimizing a pair of only two functions—something reminiscent of
problems in classical statistics on the “hardest one-dimensional subproblem” (see,
for example, the work of Donoho, Liu, and MacGibbon [19]). In many stochas-
tic optimization problems, the higher-dimension n yields increased difficulty, so
that we would like to derive bounds that incorporate dimension more directly.
With that in mind, we develop a family of lower bounds, based on Assouad’s
method [2], that reduce optimization to a collection of binary hypothesis tests,
one for each of the n dimensions of the problem.

More precisely, we let V = {—1,1}™ be the n-dimensional binary hypercube,
and for each v € V, we assume we have a function f,, € F where f, : R™ — R.
Without loss of generality, we will assume that our constraint set C has the point
0 in its interior. Let 6 € R be an n-dimensional nonnegative vector. Then we
say that the functions {f,} induce a &-separation in the Hamming metric if for any
x € C C R™ we have

n
(5.3.1) fu(x) — 5 > Z 8;1 {sign(x;) #vj},

j=1
where the subscript j denotes the jth coordinate. For example, if we define the
function f,(x) = §||x —V||; for each v € V, then certainly {f,} is §1-separated
in the Hamming metric; more generally, f,(x) = Zanl djlx; — vj| is b-separated.
With this definition, we have the following lemma, providing a lower bound for
functions f: R™ — R.
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Lemma 5.3.2 (Generalized Assouad). Let & € R and let {f,}, wherev € V =
{—1,1}"™, be &-separated in Hamming metric. Let X be any optimization algorithm, and
let Py, be the distribution of (all) the subgradients g1, ..., gx the procedure X observes

when optimizing fy. Deﬁne
Z Pyand P_; = Z P,.

Vv =1 Vivj =—1
Then o
1 1
on 2 ERE-f]> Zé] (1= P45 = Pjlry).
ve{-11" ):1
Proof. By using the separation condition, we immediately see that
d
E[fy(%) — 5] > > 8;Py(sign(X;) #vj)
j=1

for any v € V. Averaging over the vectors v € V, we obtain

1 ~ 1
o > EfR) -] > Wi D 8;Py(sign(x;) #vj)
vev j=1 vev

l\/]s:.

I
l\/]m

d; W[ Z Py (sign(x;) # 1) Z Py (sign(X;) # —1)

vivy=1 vivi=—1

U
Il
_

[
I\/];

?J [Py (sign(x;) # 1) 4+ P_j(sign(x;) # —1)] .

-
I

Now we use Le Cam’s lemma (Lemma 5.2.2) on optimal binary hypothesis tests
to see that

Pj(sign(X;) # 1) + P (sign(%)) # —1) > 1= [Py — Py
which gives the desired result. O

As a nearly immediate consequence of Lemma 5.3.2, we see that if the separa-
tion is a constant 6 > 0 for each coordinate, we have the following lower bound
on the minimax risk.

Proposition 5.3.3. Let the collection {f, ey C F, where V = {—1,1}™, be d-separated
in Hamming metric for some & € Ry, and let the conditions of Lemma 5.3.2 hold. Then

My (C,F) > ;5<1— J %ZDM (P+]~|P]~)>.

j=1

Proof. Lemma 5.3.2 guarantees that

6 mn
E Z (1- HPH —P ||TV)'
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Applying the Cauchy-Schwarz inequality, we have

n n n

n
D lIPss = Pilly < ([0 [P = Pllty < | 5 D Dia (PP
=1 =1 =1

by Pinsker’s inequality. Substituting this into the previous bound gives the de-
sired result. O

With this proposition, we can give a number of minimax lower bounds. We
focus on two concrete cases, which show that the stochastic gradient procedures
we have developed are optimal for a variety of problems. We give one result,
deferring others to the exercises associated with the lecture notes. For our main
result using Assouad’s method, we consider optimization problems for which the
set C C R™ contains an {,, ball of radius R. We also assume that the stochastic
gradient oracle satisfies the {;-bound condition

Elg(x, S, f)[[}] < M2

This means that all the functions f € J are M-Lipschitz continuous with respect
to the {y-norm, that is, [f(x) — f(y)| < M ||x — y|| o

Theorem 5.3.4. Let & and the stochastic gradient oracle be as above, and assume C D
[—R,R]™. Then
(11 n
Mk (C,F) > RM min {5, \/976\R} .

Proof. Our proof is similar to our construction of our earlier lower bounds, except
that now we must construct functions defined on IR™ so that our minimax lower
bound on convergence rate grows with the dimension. Let § > 0 be fixed for now.
For each v € V = {—1,1}™, define the function

Mo
fu(x) == o [[x —Rvll; .
Then by inspection, the collection {f,} is @-separated in Hamming metric, as

M§ — M5 — ,
fy(x) = - Z Ixj — Rvj| > - Z R1 {sign(x;) #vj}.
j=1 j=1
Now, we must (as before) construct a stochastic subgradient oracle. Let ey, ..., en
be the n standard basis vectors. For each v € V, we define the stochastic subgra-

dient as
. . e 148
(535) gy fy) = {Mej clgnb —Ry) - with probabfity ETE,
—Me;j sign(x; —Rvj) with probability 5.

That is, the oracle randomly chooses a coordinate j € {1,...,n}, then conditional
on this choice, flips a biased coin and with probability % returns the correctly
signed jth coordinate of the subgradient, Me; sign(x; — Rv;), and otherwise re-

turns the negative. Letting sign(x) denote the vector of signs of x, we then have
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the equality

Elg(x, fv)]

n
1+0 . . Mb .
=M ); €j [ - sign(x; — Rvj) — sign(x; — Rvj )] = sign(x — Rv).

That is, [E[g(x, fy)] € 0f,(x) as desired.
Now, we apply Proposition 5.3.3, which guarantees that

MRS 1 ©
(5.3.6) M (C,F) > —— (1 - J o Z Dy (Pﬂna)-)) .

It remains to upper bound the KL-divergence terms. Let PX denote the distribu-
tion of the K subgradients the method observes for the function f,, and let v(4;)
denote the vector v except that its jth entry is forced to be £1. Then, we may use
the convexity of the KL-divergence to obtain that

1
Du (P45IP—5) < 5 > D (P, IPY_ )
vev

Let us thus bound Dy (PEIPL(/) when v and v’ differ in only a single coordinate
(we let it be the first coordinate with no loss of generality). Let us assume for
notational simplicity M = 1 for the next calculation, as this only changes the
support of the subgradient distribution (5.3.5) but not any divergences. Applying
the chain rule (Lemma 5.2.8), we have

K
D (PKIPK) = 3 Ep, Dia (Pul- | grac 1)IPyr(- | grac1))].
k=1

We consider one of the terms, noting that the kth query xjy is a function of
g1,-++-,9k—1- We have

Dia (Py (- [ x1) [Py (- [ %))

Pv(g=e1|xx) (g=—ei1[xx)
=Py(g=re1 | x¢)log ———F= ,
V9T g = ) (9 =—e1[xx)
because P, and P, assign the same probability to all subgradients except when

P
+Py(g =—eq | x) log Pv
V/

g € {£eq}. Continuing the derivation, we obtain

1+ 1486 1-9 1-6 & 1496
Dy (Pyv(- [ xi )Py (- | ) = o 10g1_6—|— = logl_’_é:E 81 5

Noting that this final quantity is bounded by % for & < % gives that

3K 62 4

Dy (PL<|PL<,) < if5< ;.

Substituting the preceding calculation into the lower bound (5.3.6), we obtain

1 ¢« 3Ks2\ MRS L [3Ke?
- 2 2n )’
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Choosing 5? = min{16/25, -} gives the result of the theorem. O

A few remarks are in order about the theorem. First, we see that it recovers
the 1-dimensional result of Theorem 5.2.10, as we may simply take n = 1 in
the theorem statement. Second, we see that if we wish to optimize over a set
larger than the {5-ball, then there must necessarily be some dimension-dependent
penalty, at least in the worst case. Lastly, the result again is sharp. By using
Theorem 3.4.7, we obtain the following corollary.

Corollary 5.3.7. In addition to the conditions of Theorem 5.3.4, let C C R™ contain an
oo box of radius Rinner and be contained in an o box of radius Router. Then

RinnerM min {;; \/19>6£} <M (C,F) < RouterM min {1/ ﬁ} .

Notes and further reading The minimax criterion for measuring optimality of
optimization and estimation procedures has a long history, dating back at least
to Wald [59] in 1939. The information-theoretic approach to optimality guaran-
tees was extensively developed by Ibragimov and Has'minskii [31], and this is
our approach. Our treatment in this chapter is specifically based off of that by
Agarwal et al. [1] for proving lower bounds for stochastic optimization problems,
though our results appear to have slightly sharper constants. Notably missing
in our treatment is the use of Fano’s inequality for lower bounds, which is com-
monly used to prove converse statements to achievability results in information
theory [17,62]. Recent treatments of various techniques for proving lower bounds
in statistics can be found in the book of Tsybakov [58] or the lecture notes [21].

Our focus on stochastic optimization problems allows reasonably straightfor-
ward reductions from optimization to statistical testing problems, for which in-
formation theoretic and statistical tools give elegant solutions. It is possible to
give lower bounds for non-stochastic problems, where the classical reference is
the book of Nemirovski and Yudin [41] (who also provide optimality guaran-
tees for stochastic problems). The basic idea is to provide lower bounds for the
oracle model of convex optimization, where we consider optimality in terms of
the number of queries to an oracle giving true first- or second-order information
(as opposed to the stochastic oracle studied here). More recent work, includ-
ing the lecture notes [42] and the book [44] provide a somewhat easier guide to
such results, while the recent paper of Braun et al. [13] shows how to leverage
information-theoretic tools to prove optimality guarantees even for non-stochastic
optimization problems.

A. Technical Appendices

A.1. Continuity of Convex Functions In this appendix, we provide proofs of
the basic continuity results for convex functions. Our arguments are based on
those of Hiriart-Urruty and Lemaréchal [27].
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Proof of Lemma 2.3.1 We can write x € By as x = } ' ; xie;, where e; are the
standard basis vectors and Y [ ; |xi| < 1. Thus, we have

) = f<Z eixi) . f(Z ol sign(xs)es + (1— ||xl)o)
i=1 1

i=
n
<) Ixilf(sign(xi)es) + (1 —[[x[l;)f(0)
i=1
g max {f(el)/ f(iel)l f(eZ)r f(ieZ)r e f(eﬂ.)/ f(ieﬂ.)/ f(o)} .
The first inequality uses the fact that the |x;| and (1 — ||x||;) form a convex combi-
nation, since x € By, as does the second.

For the lower bound, note by the fact that x € int B satisfies x € intdomf,
we have 0f(x) # () by Theorem 2.4.3. In particular, there is a vector g such that
f(y) = f(x) + (g,y — x) for all y, and even more,

fly) = f(x) + inf (g,y—x) > f(x) 2|9l
y€eB,
forally € By.

Proof of Theorem 2.3.2 First, let us suppose that for each point xg € C, there
exists an open ball B C intdom f such that

(A.1.1) If(x) —f(x")] < L|[x—x'||, forall x,x" € B.
2

The collection of such balls B covers C, and as C is compact, there exists a
finite subcover Bq,..., By with associated Lipschitz constants Lj,...,Ly. Take
L = max; L; to obtain the result. It thus remains to show that we can construct
balls satisfying the Lipschitz condition (A.1.1) at each point x¢ € C.

With that in mind, we use Lemma 2.3.1, which shows that for each point xo,
there is some € > 0 and —oo < m < M < oo such that

—co<m< inf flx+v)< sup f(x+v) <M <oo.
viflvll,<2e vil[vll,<2e

We make the following claim, from which the condition (A.1.1) evidently follows
based on the preceding display.

Lemma A.1.2. Let € > 0, f be convex, and B = {v : ||v||, < 1}. Suppose that f(x) €
[m, M] for all x € xo+ 2€B. Then

00— ) <

x—x'||, forall x,x" € xg + €B.
L

Proof. Let x,x" € xg + €B. Let

!

X —X
x" =x"4+e———— € x0+2¢B,
X" —xl,
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as (x —x')/|[x —x'||; € B. By construction, we have that x’ € {tx+ (1 —t)x",t €
[0,1]}, the segment between x and x”’; explicitly,

/ —
(1+,€> X =x"4+ € _xorx'= ”/X Xl X"+ - X.
X" =xll X" =xll X" —=xl,+e X" =x[l, + €

Then we find that

!/

f(x) < [Ix —x"l X"+ € f(x),

S e e e
or

f(xl)_f(x) < ||X7X/H2 [f(xl/)_f(x)] < HXiXIHZ [M—m]
S e=x'll; € S lx=x'lla+ e
M—m ,
<M ey,

Swapping the roles of x and x’ gives the result. O

A.2. Probability background In this section, we very tersely review a few of
the necessary definitions and results that we employ here. We provide a non
measure-theoretic treatment, as it is not essential for the basic uses we have.

Definition A.2.1. A sequence Xj, Xy, ... of random vectors converges in probability
to a random vector X, if for all € > 0, we have

lim sup P(||Xn — Xoo|| > €) =0.

n—o0

Definition A.2.2. A sequence X1, Xy, ... of random vectors is a martingale if there is
a sequence of random variables Z1, Z, ... (which may contain all the information
about X, Xp,...) such that for each n, (i) Xy, is a function of Z, (ii) Z,,_1 is a
function of Z,,, and (iii) we have the conditional expectation condition

EXn | Zn_1] = Xn_1.

When condition (i) is satisfied, we say that X, is adapted to Z. We say that a se-
quence Xy, Xy, . .. is a martingale difference sequence if Sy, = Y 1" 1 X; is a martingale,
or, equivalently, if E[Xy, | Z,,_1] = 0.

We now provide a self-contained proof of the Azuma-Hoeffding inequality.
Our first result is an important intermediate result.

Lemma A.2.3 (Hoeffding’s Lemma [30]). Let X be a random variable with a < X < b.

Th
e A2(b — a)?

8

Proof. First, we r210te that if Y is any random variable with Y € [cq,cp], then
Var(Y) < w. Indeed, we have that E[Y] minimizes E[(Y —t)2] over t € R,

so that
2 2 o 2
y_G@ta < C2_02+Cl _ (e2—a1) .
2 2 4

E [exp(AX—E[X]))] < exp < ) forall A € R.

(A.2.4)

Var(Y) = E[(Y —E[Y)* < E
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Without loss of generality, we assume E[X] = 0 and 0 € [a,b]. Let P(A) =
loglE[e?‘x]. Then
E[XeMX] E[X2eMX]  E[XeMX]?
/ _ LA 7 _ _
VA) = E[erX] and p7(A) E[erX] E[erX]2
Note that 1’(0) = E[X] = 0. Let P denote the distribution of X, and assume
without loss of generality that X has a density p.” Define the random variable Y
to have the shifted density f defined by
f e
(y) = mp(y)

fory € R, where p(y) =0 for y ¢ [a,b]. Then E[Y] =’(A) and Var(Y) = E[Y?] —
E[Y]? = " (A). But of course, we know that Y € [a, b] because the distribution P
of X is supported on [a, b], so that
(b—a)?

4
by inequality (A.2.4). Using Taylor’s theorem, we have that

" (A) = Var(Y) <

Ao~ A,
P(A) =P(0) + P’ (0) A+ 711)”(7\)11’(7\) = (0) + 711)"(7\)
———
-0
for some A between 0 and A. But ”/(A) < (b;a)z, so that P(A) < 7‘72 (biay as
desired. O

Theorem A.2.5 (Azuma-Hoeffding Inequality [4]). Let Xy, Xy,... be a martingale
difference sequence with |X;| < B foralli=1,2,.... Then

2t2
s > < R
P(iglxl/t> \eXP< nBZ)

s 2t2
r ;Xi <—t| <exp <T1W)
1=

and

forallt > 0.

Proof. We prove the upper tail, as the lower tail is similar. The proof is a nearly
immediate consequence of Hoeffding’s lemma (Lemma A.2.3) and the Chernoff
bound technique. Indeed, we have

P <Z Xi > t) < E |exp (?\Z Xi>] exp(—At)
i=1 i=1

SWe may assume there is a dominating base measure p with respect to which P has a density p.
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for all A > 0. Now, letting Z; be the sequence to which the X; are adapted, we
iterate conditional expectations. We have

n n—1
E |exp (AZ xi> E |exp ()\ Z xi) exp(AXn) | znlﬂ
i=1

i=1

=E exp()\ZX) [exp(AXn) [ Zn - 11
<E exp(?\ZX) AZBZ]

because Xj, ..., Xy 1 are functions of Z,, 1. By iteratively applying this calcula-

n 2.2
E |exp (?\ZX;L)] < exp (7\ 1;]3 )

Now we optimize by choosing A > 0 to minimize the upper bound that in-

tion, we arrive at

(A.2.6)

equality (A.2.6) provides, namely

2 2 2
(ZX ) < 1nf exp (A ZB 7\t> =exp (thz)

by taking A = ﬁ. O

A.3. Auxiliary results on divergences We present a few standard results on
divergences without proof, referring to standard references (e.g. the book of Cover
and Thomas [17] or the extensive paper on divergence measures by Liese and
Vajda [35]). Nonetheless, we state and prove a few results. The first is known as
the data processing inequality, and it says that processing a random variable (even
adding noise to it) can only make distributions closer together. See Cover and
Thomas [17] or Theorem 14 of Liese and Vajda [35] for a proof.

Proposition A.3.1 (Data processing). Let Py and Py be distributions on a random
variable S € 8, and let Q(- | s) denote any conditional probability distribution conditioned
on s, and define

QulA) = [QATsIap (s
forv=0,1and all sets A. Then

1Qo — Q1lltv < [[Po — P1llry and Dy (QolQ1) < Dy (PolP1).

This proposition is perhaps somewhat intuitive: it says that if we do any process-
ing on a random variable S ~ P, then there is less “information” about the initial
distribution of P than if we did no further processing.

A consequence of this result is Pinsker’s inequality.
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Proposition A.3.2 (Pinsker’s inequality). Let P and Q be arbitrary distributions. Then
1
IP—Qli7v < < 5Du (PIQ).

Proof. First, we note that if we show the result assuming that the sample space
$ on which P and Q are defined is finite, we have the general result. Indeed,
suppose that A C § achieves the supremum

[P —Qllry = sup [P(A) — Q(A)].
ACS

(We may assume without loss of generality that such a set exists.) Then if we
define P and Q to be the binary distributions with P(0) = P(A) and P(1) = 1 —
P(A), and similarly for Q, we have ||P — Qllry = ||l3 — Q”TV: and Proposition A.3.1
immediately guarantees that

Dy (PIQ) < Dy (PIQ).

Let us assume then that |§| < co.

In this case, Pinsker’s inequality is an immediate consequence of the strong
convexity of the negative entropy functional h(p) = > i*; pi log p; with respect to
the £;-norm over the probability simplex. For completeness, let us prove this. Let
pand q € RY satisfy Y " ;1 pi =Y ;"1 qi = 1. Then Taylor’s theorem guarantees
that

h(g) = h(p) + (Vh(p),q —p) + 5 (a—p) V*h(@) (g ),
where q = Ap + (1 —A)q for some A € [0, 1]. Now, we note that
V*h(p) = diag(1/p1,...,1/pn),
and using that Vh(p) = logp; + 1] ;, we find
+Z —pi)logpi+ = ;ql)
Using the Cauchy-Schwarz 1nequahty we have

(;:'qi_pﬂ)z: (Z \Fqi/i") < (i@)(i(qlglpl)z)

i=1

Of course, this gives
1
n() > hip)+Y_(qi—pi)logpi + 5 [p—alf.
Rearranging this, we have h(q) — h( )—(Vh(p),q—p) = i1 qilog %, or that

Dy (qlp) > ||P allf =21P—QlFy-
This is the result. O
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B. Questions and Exercises
Exercises for Lecture 2

Question 1: Let ¢ (x) := argmin, |Ix —y]||, denote the Euclidean projection of
x onto the set C, where C is closed convex. Show that the projection is a Lipschitz
mapping, that is,

l[7tc (x0) — 7c (X1l < [Ix0 —x1ll,

for all vectors xg,x;. Show that, even if C is compact, this inequality cannot (in
general) be improved.

Question 2:  Let S, = {A € R™™ : A = AT} be the set of n x n symmetric
matrices. Let f(X) = Apax(X) for X € S,,. Show that f is convex and compute
of(X).

Question 3: A convex function f is called A strongly convex with respect to the
norm || - || on the (convex) domain X if for any x,y € X, we have

fly) > 100+ {9,y —x) + 5l —yl?

for all g € 0f(x). Recall that a function f is L-Lipschitz continuous with respect to
the norm ||-|| on the domain X if

[f(x) —f(y)| < L|x—y|| forallx,y € X.

Let f be A-strongly convex w.r.t. ||-|| and hy, hy be L-Lipschitz continuous convex
functions with respect to the norm ||-||. For i = 1,2 define
xq = argmin{f(x) + hy(x)}.
xeX

Show that

ow tha oL

I =l < -

Hint: You may use the fact, demonstrated in the notes, that if h is L-Lipschitz and

convex, then ||g||, <L for all g € 9h(x), where ||-||, is the dual norm to ||-|.

Question 4 (Holder’s inequality): Let x and y be vectors in R™ and p, q € (1, o)
be conjugate, that is, satisfy 1/p+1/q = 1. In this question, we will show that
(x,y) < [Ix[l, llyllq, and moreover, that [-||,, and [|-||; are dual norms. (The result
is essentially immediate in the case that p =1 and q = c0.)

(a) Show that for any a,b > 0 and any 1 > 0, we have

o)
ab < lap + qu
P ndq
Hint: use the concavity of the logarithm and that 1/p +1/q = 1.
(b) Show that (x,y) < % x5 + ﬁ ly[lg for alln > 0.
(c) Using the result of part (b), show that (x,y) < |||/, [yl 4-

(d) Show that [-||,, and [|-[|, are dual norms.
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Exercises for Lecture 3

Question 5: In this question and the next, we perform experiments with (sto-
chastic) subgradient methods to train a handwritten digit recognition classifier
(one to recognize the digits {0,1,...,9}). A warning: we use optimization nota-
tion here, consistent with Example 3.4, which is non-standard for typical machine
learning or statistical learning applications.

We represent a multiclass classifier using a matrix

X =[x - x] € RE¥K,
where there are k classes, and the predicted class for a data vector a € R4 is

argmax (a, x) = argmax{[XT ali}.
le(k] le(k]
We represent data as pairs (a,b) € R4Y x{1,...,k}, where a is the data point (fea-
tures) and b the label of the data point. We use the multiclass hinge loss function

F(X;(a,b)) = r{;g;( 1+ (a,xy —xp)l

where [t] |, = max{t, 0} denotes the positive part. We will use stochastic gradient
descent to attempt to minimize

f(X) == EplF(X; (A, B)) = | FOX;(a,b))dP(a, b),
where the expectation is taken over pairs (A, B).
(a) Show that F is convex.

(b) Show that F(X; (a,b)) = 0 if and only if the classifer represented by X has a
large margin, meaning that

(a,xp) = (a,x1)+1forall l £b.

(c) For a pair (a,b), give a way to calculate a vector G € 0F(X; (a, b)) (note that
G € R4xk)y,

Question 6: In this problem, you will perform experiments to explore the per-
formance of stochastic subgradient methods for classification problems, specif-
ically, a handwritten digit recognition problem using zip code data from the
United States Postal Service (this data is taken from the book [24], originally
due to Yann Le Cunn). The data—training data zip.train, test data zip.test,
and information file zip.inf—are available for download from the zipped tar
file http://web.stanford.edu/~jduchi/PCMIConvex/ZIPCodes. tgz. Starter code is
available for julia and Matlab at the following urls.

i. For Julia: http://web.stanford.edu/~jduchi/PCMIConvex/sgd.jl

ii. For Matlab: http://web.stanford.edu/~jduchi/PCMIConvex/matlab.tgz

There are two methods left un-implemented in the starter code: the sgd method

and the MulticlassSVMSubgradient method. Implement these methods (you may
find the code for unit-testing the multiclass SVM subgradient useful to double


http://web.stanford.edu/~jduchi/PCMIConvex/ZIPCodes.tgz
http://web.stanford.edu/~jduchi/PCMIConvex/sgd.jl
http://web.stanford.edu/~jduchi/PCMIConvex/matlab.tgz
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check your implementation). For the SGD method, your stepsizes should be
proportional to o; o 1/v/i, and you should project X to the Frobenius norm ball

By i={X € RY* : ||X||, < 1), where [[X[[f, =) X%
ij

We have implemented a pre-processing step that also kernelizes the data repre-
sentation. Let the function K(a,a’) = exp(—%T la—a’ ||%) Then the kernelized
data representation transforms each datapoint a € R¢ into a vector

T
$(a) = [K(a, ai,) K(a,ai,) - K(a, ai,)]
where 11, ...,1m is a random subset of {1, ..., N} (see GetKernelRepresentation.)
Once you have implemented the sgd and MulticlassSVMSubgradient methods,
use the method RunExperiment (Julia/Matlab). What performance do you get in
classification? Which digits is your classifier most likely to confuse?

Question 7: In this problem, we give a simple bound on the rate of convergence
for stochastic optimization for minimization of strongly convex functions. Let
C denote a compact convex set and f denote a A-strongly convex function with
respect to the {,-norm on C, meaning that
A
fy) > f(x) + {9,y —x) + 5 [x—yl3 forall g € f(x), x,y € C.

Consider the following stochastic gradient method: at iteration k, we

i. receive a noisy subgradient g with E[gy | xi] € 0f(xy)

ii. perform the projected subgradient step

X1 = Tic (XK — Xicgi)-

Show that if ]E[Hng%} < M2 for all k, then with the stepsize choice oy = 5, we

have the convergence guarantee

E

K M2
Z(f(xk)f(x*))] < 5y (logK+1)
k=1

Exercises for Lecture 4
Question 8: We saw in the lecture that if we use mirror descent,
. 1
Xk++1 = argmin {<gk/ X> + 7Dh(xl Xk)} ’
xeC (495
in the stochastic setting with E[gy | xi] € 0f(xy) then we have the regret bound
K

K
E[Z(f(xk) —f(x*))} <E L}KRZ + % > oacllgill? ]
k=1

k=1
Here we have assumed that Dy, (x*, xi) < R? for all k. We now use this inequality
to prove Corollary 4.3.3.
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In particular, choose the stepsize oy adaptively at the kth step by optimizing
the convergence bound up to the current iterate, that is, set
1

k 2
2
o =R (Z ||91||*) ,
i=1

based on the previous subgradients. Prove that in this case one has
K

K 1
2
E [ S (fxi) —f(x*))} < 3RE < 5> lgll? ) ]
k=1 k=1
Conclude Corollary 4.3.3.

Hint: An intermediate step, which may be useful, is to prove the following
inequality: for any non-negative sequence ay, ay, ..., ax, one has

k o« k

E ——<2 E aj.
1

i=14/2 719 i=1

Induction is one natural strategy.

Question 9 (Strong convexity of {,-norms):  Prove the claim of Example 4.3.
That is, for some fixed p € (1,2], if h(x) = 2(1)%1) ||XH%, show that h is strongly
convex with respect to the {,-norm.

Hint: Let ¥(t) = 2(p1_1)t2/p and ¢(t) = [t|P, noting that h(x) = ‘P(Z)T‘:1 d(x5)).
Then by a Taylor expansion, this question is equivalent to showing that for any

w,x € R™, we have

x T V2h(w)x > [|x]5

where, defining the shorthand vector V(w) = [¢'(wy) -+ ¢/ (wn)]T, we have

Vh(w) = W’(Z ¢(wj))v¢(va¢(w)T

j=1
+w’<Z q)(wj)) diag (¢” (w1),..., " (wn)).
j=1

Now apply an argument similar to that used in Example 4.2 to show the strong
convexity of h(x) = 3 ;xjlogx;, but applying Holder’s inequality instead of
Cauchy-Schwarz.

Question 10 (Variable metric methods and AdaGrad): Consider the following
variable-metric method for minimizing a convex function f on a convex set C C
R™:

. 1
Xk+1 = argmin {<9k,X> + Z(X—Xk)THk(X—XkJ} ,
xeC



84 Introductory Lectures on Stochastic Optimization

where E[gy] € 0f(xk). In the lecture, we showed that

K

K
1 2 2 2
E[Z(f(m —f(x*))] 1 Y (M [ —x*nHl]
k=1 k=2
1 K
+ 58| X ol |
k
k=1
(a) Let

k 1
2
Hy = diag (Z gigg—>
i=1
be the diagonal matrix whose entries are the square roots of the sum of the
squares of the gradient coordinates. (This is the AdaGrad method.) Show
that

2 2
[ =X Mg, = e = x I, < e = X"l tr(Hic = Hie1),
where tr(A) = Y i ; Ayj is the trace of the matrix

(b) Assume that Ry, = sup, ¢ [[x — x|
diagonal matrix Hy, we obtain

o 1s finite. Show that with any choice of

K

1 1 [ e
B3 () )] < GRaotel + 28] 3 ol |

k=1
(c) Let gy ; denote the jth coordinate of the kth subgradient. Let Hy be chosen

as above. Show that
Koo\
2
(£4))
k=1

K 3 n
IE[kZl(f(xk)f ] <3 OOZ]E
(d) Suppose that the domain C = {x : ||x||,, < 1}. What is the expected regret of
AdaGrad? Show that (to a numerical constant factor we ignore) this expected
regret is always smaller than the expected regret bound for standard projected
gradient descent, which is

K

K )
B| 3 (1)~ 106°))| < O sup x —x'1, B| 3 lloul3)
k=1

k=1 xeC
Hint: Use Cauchy-Schwarz
(e) As in the previous sub-question, assume that C = {x : ||x||,, < 1}. Suppose
that the subgradients are such that gy € {—1,0,1}™ for all k, and that for each
coordinate j we have IP(gy ; # 0) = pj. Show that AdaGrad has convergence
guarantee

JELi_l(f( i) — f(x }\ Z\f

What is the corresponding bound for standard projected gradient descent?
How much better can AdaGrad be?
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Exercises for Lecture 5

Question 11: In this problem, we prove a lower bound for strongly convex
optimization problems. Suppose at each iteration of the optimization procedure,
we receive a noisy subgradient gy satisfying

-
9k = Vila) + &k, &k~ N(0,0%).
To prove a lower bound for optimization procedures, we use the functions

fy(x) = %(x—vé)z, v e {+1}.

Let fj = 0 denote the minimum function values for f,, on R for v = £1.
(a) Recall the separation between two functions f; and f_; as defined previ-
ously (5.1.4),

dopt(f—1,f1; C) ==

fi(x) < f] + 0 implies f_1(x) > f*, +5

f
. L . foranyxeC.}.
f_1(x) < %, + 8 implies f1(x) > f] +9

sup{é}O:

When C =R (or, more generally, as long as C D [-9, 8]), show that
A
dopt(f—1, f1;C) > 8%

(b) Show that the Kullback-Leibler divergence between two normal distributions
P1 = N(py, 0%) and P, = N(pp, 0?) is

(1 — 1p)?

202

(c) Use Le Cam’s method to show the following lower bound for stochastic opti-
mization: for any optimization procedure Xk using K noisy gradient evalua-

tions,

Dy (P1IP—1) =

2

(e}
Ep. [fy(Xk) — ] > ——.
ven{lffn p, [fv(Xk) — 1] K

Compare the result with the regret upper bound in problem 7. Hint: If PX
denotes the distribution of the K noisy gradients for function f,, show that

2KA252
Dy (PNPEl) S~

Question 12: Let C = {x € R™ : ||x||,, < 1}, and consider the collection of
functions J where the stochastic gradient oracle g : R™ x 8 x ¥ — {-1,0,1}"
satisfies

P(gj(x,S,f) #0) < p;
for each coordinate j = 1,2,...,n. Show that, for large enough K € IN, a minimax
lower bound for this class of functions and the given stochastic oracle is

1 n
M (C,F) > c— i
k(C,F) \/Ej;\ﬁp;
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where ¢ > 0 is a numerical constant. How does this compare to the convergence
guarantee that AdaGrad gives?

References

[1] Alekh Agarwal, Peter L. Bartlett, Pradeep Ravikumar, and Martin J. Wainwright, Information-
theoretic lower bounds on the oracle complexity of convex optimization, IEEE Transactions on Informa-
tion Theory 58 (2012), no. 5, 3235-3249. <74

[2] P. Assouad, Deux remarques sur l'estimation, Comptes Rendus des Séances de 1’Académie des
Sciences, Série I 296 (1983), no. 23, 1021-1024. <70

[3] P. Auer, N. Cesa-Bianchi, and C. Gentile, Adaptive and self-confident on-line learning algorithms,
Journal of Computer and System Sciences 64 (2002), no. 1, 48-75. <—60

[4] K. Azuma, Weighted sums of certain dependent random variables, Tohoku Mathematical Journal 68
(1967), 357-367. <77

[5] A. Beck and M. Teboulle, Mirror descent and nonlinear projected subgradient methods for convex opti-
mization, Operations Research Letters 31 (2003), 167-175. <-59

[6] Aharon Ben-Tal, Laurent El Ghaoui, and Arkadi Nemirovski, Robust optimization, Princeton Uni-
versity Press, 2009. <4

[7] D. P. Bertsekas, Stochastic optimization problems with nondifferentiable cost functionals, Journal of
Optimization Theory and Applications 12 (1973), no. 2, 218-231. «+—22

[8] Dimitri P. Bertsekas, Convex optimization theory, Athena Scientific, 2009. <3, 24

[9] D.P. Bertsekas, Nonlinear programming, Athena Scientific, 1999. <3

[10] Stephen Boyd, John Duchi, and Lieven Vandenberghe, Subgradients, 2015. Course notes for Stan-
ford Course EE364b. <43

[11] Stephen Boyd and Almir Mutapcic, Stochastic subgradient meth-
ods, 2007. Course notes for EE364b at Stanford, available at
http:/ /www.stanford.edu/class/ee364b/notes/stoch_subgrad_notes.pdf. «—43

[12] Stephen Boyd and Lieven Vandenberghe, Convex optimization, Cambridge University Press, 2004.
<3, 20, 24, 25, 60

[13] Gébor Braun, Cristébal Guzmén, and Sebastian Pokutta, Lower bounds on the oracle complexity of
nonsmooth convex optimization via information theory, IEEE Transactions on Information Theory 63
(2017), no. 7. «-74

[14] P. Brucker, An O(m) algorithm for quadratic knapsack problems, Operations Research Letters 3
(1984), no. 3, 163-166. <33, 46, 54

[15] Sébastien Bubeck and Nicolé Cesa-Bianchi, Regret analysis of stochastic and nonstochastic multi-
armed bandit problems, Foundations and Trends in Machine Learning 5 (2012), no. 1, 1-122. <—60

[16] N. Cesa-Bianchi, A. Conconi, and C. Gentile, On the generalization ability of on-line learning algo-
rithms, IEEE Transactions on Information Theory 50 (2004September), no. 9, 2050-2057. +—43

[17] Thomas M. Cover and Joy A. Thomas, Elements of information theory, second edition, Wiley, 2006.
74,78

[18] Aaron Defazio, Francis Bach, and Simon Lacoste-Julien, SAGA: A fast incremental gradient method
with support for non-strongly convex composite objectives, Advances in neural information processing
systems 27, 2014. <43

[19] David L. Donoho, Richard C. Liu, and Brenda MacGibbon, Minimax risk over hyperrectangles, and
implications, Annals of Statistics 18 (1990), no. 3, 1416-1437. <70

[20] D.L. Donoho, Compressed sensing, Technical report, stanford university, 2006. <31

[21] John C. Duchi, Stats311/EE377: Information theory and statistics, 2015. <74

[22] John C. Duchi, Elad Hazan, and Yoram Singer, Adaptive subgradient methods for online learning and
stochastic optimization, Journal of Machine Learning Research 12 (2011), 2121-2159. <56, 60



References 87

[23] John C. Duchi, Shai Shalev-Shwartz, Yoram Singer, and Tushar Chandra, Efficient projections onto
the €41-ball for learning in high dimensions, Proceedings of the 25th international conference on
machine learning, 2008. <33, 46, 54

[24] Trevor Hastie, Robert Tibshirani, and Jerome Friedman, The elements of statistical learning, Second,
Springer, 2009. <81

[25] Elad Hazan, The convex optimization approach to regret minimization, Optimization for machine
learning, 2012. <43

[26] Elad Hazan, Introduction to online convex optimization, Foundations and Trends in Optimization 2
(2016), no. 3—4, 157-325. <4

[27] ]. Hiriart-Urruty and C. Lemaréchal, Convex analysis and minimization algorithms I, Springer, New
York, 1993. <3, 21, 24, 74

[28] ]J. Hiriart-Urruty and C. Lemaréchal, Convex Analysis and Minimization Algorithms II, Springer,
New York, 1993. <3, 24

[29] Jean-Baptiste Hiriart-Urruty and Claude Lemaréchal, Fundamentals of convex analysis, Springer,
2001. <24

[30] W. Hoeffding, Probability inequalities for sums of bounded random variables, Journal of the American
Statistical Association 58 (March 1963), no. 301, 13-30. <76

[31] I. A. Ibragimov and R. Z. Has'minskii, Statistical estimation: Asymptotic theory, Springer-Verlag,
1981. <4, 62, 74

[32] Rie Johnson and Tong Zhang, Accelerating stochastic gradient descent using predictive variance reduc-
tion, Advances in neural information processing systems 26, 2013. <43

[33] Lucien Le Cam, Asymptotic methods in statistical decision theory, Springer-Verlag, 1986. <-4, 62, 65

[34] Erich L. Lehmann and George Casella, Theory of point estimation, second edition, Springer, 1998.
<62

[35] Friedrich Liese and Igor Vajda, On divergences and informations in statistics and information theory,
IEEE Transactions on Information Theory 52 (2006), no. 10, 4394-4412. <78

[36] David Luenberger, Optimization by vector space methods, Wiley, 1969. <24

[37] Jerrold Marsden and Michael Hoffman, Elementary classical analysis, second edition, W.H. Freeman,
1993. +3

[38] Brendan McMahan and Matthew Streeter, Adaptive bound optimization for online convex optimiza-
tion, Proceedings of the twenty third annual conference on computational learning theory, 2010.
<60

[39] Angelia Nedi¢, Subgradient methods for convex minimization, Ph.D. Thesis, 2002. +—60

[40] A. Nemirovski, A. Juditsky, G. Lan, and A. Shapiro, Robust stochastic approximation approach to
stochastic programming, SIAM Journal on Optimization 19 (2009), no. 4, 1574-1609. <43, 60

[41] A. Nemirovski and D. Yudin, Problem complexity and method efficiency in optimization, Wiley, 1983.
<4,25,59,74

[42] Arkadi Nemirovski, Efficient methods in convex programming, 1994. Technion: The Israel Institute
of Technology. <74

[43] Arkadi Nemirovski, Lectures on modern convex optimization, 2005. Georgia Institute of Technology.
<43

[44] Y. Nesterov, Introductory lectures on convex optimization, Kluwer Academic Publishers, 2004. <26,
43,74

[45] Y. Nesterov and A. Nemirovski, Interior-point polynomial algorithms in convex programming, SIAM
Studies in Applied Mathematics, 1994. <25

[46] Jorge Nocedal and Stephen J. Wright, Numerical optimization, Springer, 2006. <3, 60

[47] B. T. Polyak, Introduction to optimization, Optimization Software, Inc., 1987. <3, 43

[48] B. T. Polyak and A. B. Juditsky, Acceleration of stochastic approximation by averaging, SIAM Journal
on Control and Optimization 30 (1992), no. 4, 838-855. <43

[49] R. Tyrell Rockafellar, Convex analysis, Princeton University Press, 1970. <3, 6, 24



88 References

[50] Walter Rudin, Principles of mathematical analysis, third edition, McGraw-Hill, 1976. <3

[51] S. Shalev-Shwartz, Online learning: Theory, algorithms, and applications, Ph.D. Thesis, 2007. <47

[52] Shai Shalev-Shwartz, Online learning and online convex optimization, Foundations and Trends in
Machine Learning 4 (2012), no. 2, 107-194. <4

[53] Shai Shalev-Shwartz and Tong Zhang, Stochastic dual coordinate ascent methods for regularized loss
minimization, Journal of Machine Learning Research 14 (2013), 567-599. <43

[54] Alexander Shapiro, Darinka Dentcheva, and Andrzej Ruszczyriski, Lectures on stochastic program-
ming: Modeling and theory, SIAM and Mathematical Programming Society, 2009. <—4

[65] Naum Zuselevich Shor, Minimization methods for nondifferentiable functions, translated by Krzystof
Kiwiel and Andrzej Ruszczynski, Springer-Verlag, 1985. <—60

[56] Naum Zuselevich Shor, Nondifferentiable optimization and polynomial problems, Springer, 1998. <56,
60

[57] R. Tibshirani, Regression shrinkage and selection via the lasso, ]. Royal. Statist. Soc B. 58 (1996), no. 1,
267-288. <31

[58] Alexandre B. Tsybakov, Introduction to nonparametric estimation, Springer, 2009. <63, 74

[59] Abraham Wald, Contributions to the theory of statistical estimation and testing hypotheses, Annals of
Mathematical Statistics 10 (1939), no. 4, 299-326. <4, 74

[60] Abraham Wald, Statistical decision functions which minimize the maximum risk, Annals of Mathemat-
ics 46 (1945), no. 2, 265-280. <4

[61] Y. Yang and A. Barron, Information-theoretic determination of minimax rates of convergence, Annals of
Statistics 27 (1999), no. 5, 1564-1599. <4, 63

[62] Bin Yu, Assouad, Fano, and Le Cam, Festschrift for lucien le cam, 1997, pp. 423-435. <4, 63, 74

[63] Martin Zinkevich, Online convex programming and generalized infinitesimal gradient ascent, Proceed-
ings of the twentieth international conference on machine learning, 2003. <43

Stanford University, Stanford CA 94305
E-mail address: jduchi@stanford.edu



	Introduction
	Scope, limitations, and other references
	Notation

	Basic Convex Analysis
	Introduction and Definitions
	Properties of Convex Sets
	Continuity and Local Differentiability of Convex Functions
	Subgradients and Optimality Conditions
	Calculus rules with subgradients

	Subgradient Methods
	Introduction
	The gradient and subgradient methods
	Projected subgradient methods
	Stochastic subgradient methods

	The Choice of Metric in Subgradient Methods
	Introduction
	Mirror Descent Methods
	Adaptive stepsizes and metrics

	Optimality Guarantees
	Introduction
	Le Cam's Method
	Multiple dimensions and Assouad's Method

	Technical Appendices
	Continuity of Convex Functions
	Probability background
	Auxiliary results on divergences

	Questions and Exercises

