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Abstract

We study a class of deterministic flows in Rd×k, parametrized by a random matrix X ∈ Rn×d with
i.i.d. centered subgaussian entries. We characterize the asymptotic behavior of these flows over bounded
time horizons, in the high-dimensional limit in which n, d→ ∞ with k fixed and converging aspect ratios
n/d → δ. The asymptotic characterization we prove is in terms of a system of a nonlinear stochastic
process in k dimensions, whose parameters are determined by a fixed point condition. This type of
characterization is known in physics as dynamical mean field theory. Rigorous results of this type have
been obtained in the past for a few spin glass models. Our proof is based on time discretization and
a reduction to certain iterative schemes known as approximate message passing (AMP) algorithms, as
opposed to earlier work that was based on large deviations theory and stochastic processes theory. The
new approach allows for a more elementary proof and implies that the high-dimensional behavior of the
flow is universal with respect to the distribution of the entries of X.

As specific applications, we obtain high-dimensional characterizations of gradient flow in some classical
models from statistics and machine learning, under a random design assumption.
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1 Introduction

Understanding the behavior of gradient descent dynamics in non-convex random energy landscapes is a
central problem in a number of disciplines, ranging from statistical physics to applied mathematics, machine
learning and statistics. Consider to be concrete, the problem of solving n nonlinear equalities or inequalities
in unknown vector θ ∈ Rd:

System of equalities: ϕ(〈xi,θ〉) = yi , ∀i ≤ n , (1)

System of inequalities: ϕ(〈xi,θ〉) ≤ yi , ∀i ≤ n . (2)

Here ϕ : R×R→ R is a known function, xi ∈ Rd, yi ∈ R are known data of the problem, and 〈u,v〉 denotes
the standard scalar product of u,v ∈ Rd. We are given yi and xi, i ≤ n, and the function ϕ, and would like
to solve either Problem (1) or Problem (2) for θ ∈ Rd.

An interesting way to explore the space of solutions and near-solutions of these problems is to consider
the following gradient flow in Rd:

dθt

dt
= −∇Ln(θt) , (3)

Ln(θ) :=
d

n

n∑
i=1

Loss(〈xi,θ〉; yi) . (4)

We could take, for instance, Loss(z; y) = (ϕ(z) − y)2 for the system of equalities (1) and Loss(z; y) =
(ϕ(z)− y)2

+ for the system of inequalities (2).
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Apart from being a purely theoretical tool, gradient flow can be discretized to yield a gradient descent
algorithm

θk+1 = θk − η∇Ln(θk) , (5)

where η is a stepsize parameter. For small enough η, this algorithm should closely track the gradient flow.
In practice, this is to be initialized at an uninformative position, e.g. θ0 = 0 or θ0 ∼ N(0, c0Id). This or
closely related flows have been studied for a number of applications, including linear regression [SGB94],
phase retrieval [Fie82, CC17], generalized linear models [SHN+18]. We refer to Section 2 for further pointers
to the literature.

Taking the derivative in Eq. (3) and adopting the vector notation, the gradient flow reads

dθt

dt
= − d

n
XTLoss′(Xθt;y) , (6)

where X ∈ Rn×d is the matrix whose i-th row is given by vector xi, y = (y1, . . . , yn)T. We adopt the
convention of applying Loss′ to vectors componentwise, i.e. Loss′(z;y) ∈ Rn is the vector whose i-th entries
is Loss(zi, yi).

Similar flows are studied in statistical physics. For instance, in the Hopfield model of associative memories
the memory retrieval dynamics is closely related to the following flow

dσt

dt
= −∇H(σt) , (7)

H(σ) :=
1

2

n∑
i=1

〈xi,σ〉2 + V (σ) , (8)

where V (σ) :=
∑d
i=1 V (σi), and H(σ) is the system’s Hamiltonian. This type of dynamics was studied in

the context of the Sherrington-Kirkpatrick model [SZ82], the spherical p-spin glass model [CHS93, CK93],
and the Hopfield model [RSZ88].

All of these dynamics can be modified by introducing a noise term, thus yielding a Langevin dynamics.
For instance, Eq. (3) can be modified to dθt = −∇L(θt)dt+ αdBt, with (Bt)t≥0 a standard d-dimensional
Brownian motion. We believe that this generalization can be treated using our approach, but our formal
results are established for the ‘zero temperature’ case α = 0.

In this paper we will be interested in the behavior of the flow (3) (and indeed a significant generalization
of the latter), when the matrix X is random, with i.i.d. centered subgaussian entries1. We will focus on the
high-dimensional limit d→∞ under a proportional asymptotics, namely n/d→ δ ∈ (0,∞).

The mainstream approach to the analysis of the flow (6) in statistics and applied mathematics is to
study the landscape of the cost function Ln(θ). One then relates the properties of gradient flow to such
landscape properties (e.g., the absence of ‘bad’ local minima) via a deterministic argument. The drawback
of this approach is that one cannot account for situations in which, for instance, bad local minima exist but
a typical initialization does not fall in their basin of attraction.

In contrast, within statistical physics, there exists a well established approach to the analysis of gradient
or Langevin flows for spin glass Hamiltonians. One takes the limit n, d → ∞ at n/d = δ and t ≤ T fixed
and uses a non-rigorous argument to derive an asymptotic characterization. This characterization can be
written as a fixed point condition for the two points correlation functions (the limit below is understood in
almost sure sense)

Cθ(t, s) := lim
d→∞

1

d
〈θt,θs〉 , (9)

and a response function as well (see below for definitions). This characterization holds over time horizons of
order one as n, d→∞, and is often referred in physics as ‘dynamical mean field theory’ (DMFT).

At first sight, studying gradient flow or similar flows over time a time horizon T = O(1) as n, d → ∞
might seem to have little use. Instead it turns out that, in many problems of interest, a non-trivial evolution

1Our main theorem can be proved in a slightly stronger form for the case of Gaussian entries, because of available theorems
in the literature.
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takes place on this time scales, and a near optimum is achieved. Examples from the literature will be
provided in the next section. (An important role is of course played by the scaling of the cost function in
Eq. (4)). We will also prove that gradient descent, as defined in Eq. (5), closely tracks gradient flow (and
the same happens for more general flows) when η is small, but still O(1) as n, d → ∞. This means the
theory developed here concerns algorithms whose complexity is of the order of T/η = O(1) matrix–vector
multiplications.

DMFT asymptotics have been proved in the past for Langevin dynamics on several spin glass models
[AG95, AG97, ADG01, ADG06]. These proofs were based either on a large deviations argument or on
stochastic processes and weak convergence theory. Over the last few years, physicists have applied the
DMFT approach to analyze gradient flow algorithms in several problems from high-dimensional statistics
and machine learning (see next section for some pointers). While a DMFT characterization was not proven
for these applications, several insights were extracted from the analysis of DMFT systems. The present
paper aims at filling this gap.

Namely, we report contributions in several directions:

Asymptotic characterization. We prove an asymptotic DMFT characterization of a class of flows includ-
ing (4) as a special case. Our setting includes cases in which θt ∈ Rd×k is a matrix with a fixed number
k of columns (with k independent of d, n). Further, the flow can depend on time, and the function
Loss′ in Eq. (6) is replaced by a general function ` : Rk+1 → Rk.

These generalizations allows us to cover a range of applications of interest such as generalized linear
models, or shallow neural networks with a constant number of hidden neurons. The characterization we
obtain determines, among other things, the asymptotic distribution of trajectories of single coordinates:

1

d

d∑
i=1

δ(θi)T0 ⇒ PT (10)

where (θi)
T
0 is the trajectory of coordinate i (seen as a function from [0, T ] to Rk), and ⇒ denotes

weak convergence in the space of probability distributions over C([0, T ],Rk).

Proof technique. We introduce a new proof technique that is based on a 3 step procedure: (1) Discretize
time; (2) Show that the discrete-time flow can be obtained by applying a simple change of variables to
the iterates of an approximate message passing (AMP) algorithm; (3) Apply an existing asymptotic
characterization of AMP algorithms, known as ‘state evolution’.

Given the special structure of AMP algorithms, and the wealth of rigorous results about them, we
believe that this approach is simpler than earlier ones. The only technical challenge is to prove that
the time step can be taken to zero the DMFT. We show this by establishing a contraction property
in a suitable function space. This contraction property has other useful consequences: among them, it
implies existence and uniqueness of solutions of the asymptotic dynamics.

Beyond gradient flow. In applications, gradient flow is only one among other algorithms that we might
be interested in. These algorithms need not to be gradient flows with respect to a cost function. For
instance, it is known that, among first order methods for statistical estimation (algorithms that proceed
by successive multiplication by X or XT), Bayes AMP achieves optimal statistical accuracy, under
suitable assumptions [CMW20b].

The proof by discretization and reduction to AMP makes transparent the relation between various
algorithms, and in particular the fact that each of these algorithms can be viewed as AMP plus some
post-processing.

Non-vanishing step size. As a byproduct of our analysis, the asymptotic characterization does not apply
only to the continuous time flow, but also to its discretization (e.g. gradient descent (5)) for any
stepsize η = ηn → 0 as n, d→∞. This follows from the fact that our proof technique is based on time
discretization.

For the case of non-vanishing stepsize, our analysis still gives an asymptotic characterization (with
discrete time).
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Universality. As our approach leverages available results on the analysis of AMP algorithms, we inherit
the generality of those results. In particular, we can establish universality of the n, d→∞ limit with
respect to the distribution of the entries Xij of X.

Stationary points. In the case of gradient flows, we study a certain class of stationary points of the DMFT
dynamics.

We show that these stationary points are in correspondence with stationary points of an infinite-
dimensional variational principle which arises from Gordon’s Gaussian comparison inequality. This
correspondence holds both for convex and non-convex optimization problems. For convex problems,
the infinite-dimensional variational principle is also convex, and typically has a unique minimizer,
whence DMFT has a unique stationary point.

In physics language, these stationary points correspond to ‘replica symmetric solutions’. A subset
of them should describe the long-time asymptotics of the flow. However, we leave for future work
the study of how and when these stationary points do actually control the long-time asymptotics.
Statistical physics predicts that other types of asymptotic behaviors are possible as well in non-convex
problems [CK93].

The rest of the paper is organized as follows. We briefly survey related work in Section 2. We then state
our general results in Section 3. We specialize the general result to a few cases of interest in Section 4. We
finally present our proofs in Sections 5 and 6, with several technical lemmas deferred to the appendices.

2 Related work

As mentioned in the introduction, DMFT was used by physicists for a long time to characterize the high-
dimensional behavior of Langevin dynamics in mean field spin glasses [SZ81, SZ82]. The asymptotic char-
acterization is given, as in our paper, by a correlation and response function. In some cases, these functions
are determined by a set of integral-differential equations [CHS93, CK93]. More often, they solve a fixed
point condition that is given in terms of a one-dimensional stochastic process with correlated noise and
memory [SZ82, CK08, ABC20].

Over the last few years physicists applied the same techniques to several problems in high-dimensional
statistics and machine-learning. They studied the behavior of gradient flow learning and extracted useful
insights from the DMF characterization. An incomplete list of examples includes tensor principal compo-
nent analysis [MBC+20], max margin linear classification [ABUZ18, MKUZ20], Gaussian mixture models
[MKUZ20].

Some of these papers compare Langevin learning to Bayes optimal AMP, by solving numerically the
corresponding high-dimensional characterizations. They observe that Bayes AMP achieves superior accu-
racy and provide physics-based explanations for this phenomenon. Our analysis (alongside the results of
[CMW20b]) provides a simple rigorous explanation of this observation. Langevin (as gradient flow and in-
deed any first order method) is equivalent to a specific AMP plus post-processing. Bayes AMP is the optimal
AMP algorithm in Bayesian estimation problems.

DMFT characterizations for the Langevin dynamics of the Sherrington-Kirkpatrick (SK) model were first
proved by Ben Arous and Guionnet [AG95, AG97, Gui97] (who considered continuous spins and Langevin
dynamics) and by Grunwald [Gru96] who instead considered Ising spins and Glauber dynamics. Spherical
spin glasses (whereby the vector θ lies on a sphere) were studied in [ADG01] in the case of quadratic cost
functions. With respect to all other cases discussed here, the example of spherical spin grasses with quadratic
activations is significantly simpler. In this case, the solutions to the flow can be written explicitly. The case
of spherical spin glasses with general polynomial interactions (the so called p-spin model) was studied in
[ADG06]. This paper proved the DMFT equations using a concentration technique and Girsanov formula,
and leveraging in a crucial way the fact that the energy function is a Gaussian process.

We notice in passing that all of the above approaches use in an important way the fact that the process
studied is a non-degenerate diffusion, e.g. Langevin dynamics at non-zero temperature. In contrast, we
focus on the degenerate case of deterministic flow. We believe it is possible to apply our proof technique to
non-zero temperature, by constructing the Brownian noise as a deterministic function of the vector z. We
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also note that the models we treat are analogous to the SK model in that the asymptotic characterization is
given in terms of a stochastic process.

Recently the mathematical study of DMFT asymptotics has attracted renewed interest to address the
question of universality with respect to the distribution of the underlying randomness (the matrix X in our
case). Dembo and Gheissari [DG21] prove universality for a class of diffusions parametrized by a random
matrix. Finally, Dembo, Lubetzky and Zeitouni [DLZ19] prove universality for a version of the SK model
Langevin dynamics in which the symmetric interaction matrix is replaced by an asymmetric matrix with
independent entries. This additional independence allows to use a direct approaches based on Girsanov
formula.

Our proof technique is based on a reduction to AMP, and hence allows us to leverage the wealth of
results proved in that context. While most of these results [BM11, JM13, BMN20] were proven for Gaussian
randomness, using a technique first introduced in [Bol14], universality results were proven in [BLM15, CL21].
In particular, we exploit the result of Chen and Lam [CL21] and deduce universality for a large class of flows.

Finally, we believe the same technique should be applicable to prove universality in other cases as well,
e.g. for Langevin dynamics in the SK model which is not covered by our main theorem.

3 Main results

3.1 Setting

The general flow. Let ` : Rk ×R×R≥0 → Rk, (r, z, t) 7→ `t(r; z) be a Lipschitz function, and Λ : R≥0 →
Rk×k, t 7→ Λt be a bounded matrix-valued function.

We then consider the general flow over Rd×k, defined via the following ordinary differential equation,
denoted by F(θ0, z,Λ, `),

dθt

dt
= −θtΛt − 1

δ
XT`t(Xθ

t; z) , (11)

with initial condition θ0 ∈ Rd×k. Here we follow the convention of applying functions to matrices row-wise.
In particular `t(Xθ

t; z) ∈ Rd×k is the matrix with rows

`t(Xθ
t; z) =


`t(x

T
1θ

t; z1)
`t(x

T
2θ

t; z2)
...

`t(x
T
dθ

t; zd)

 ,
where we recall that xi is the i-th row of X. Notice that this setting generalizes the gradient flow equation
(3) in a few ways, apart from the fact that θt can now have k columns. First, the function `t can now
depend on the additional argument z as well as on the time t; second, `t( · ; z) is not necessarily the gradient
of a cost function; third, the additional term −θtΛt allows us to include constraints on the norm of θt, or
regularization terms.

In Section 4 we will illustrate how the additional flexibility introduced here allows to capture applications
in statistics and machine learning.

Notational conventions. We use boldface symbols for matrices or vectors whose dimensions diverge, e.g.
θt, X and so on. Also, we generally use upper case letters for matrices and lower case letters for vectors,
with the exception of n × k or d × k matrices such as θt. We use ‖u‖2 to denote the `2 norm of a vector
u. We also use ‖M‖ and ‖M‖F to denote the operator norm and Frobenius norm of a matrix M . Further
notations can be found in Appendix A.

Dynamical Mean Field Theory. Given random variables (θ0, z) ∈ Rk × R, a matrix valued function
Λ : R≥0 → Rk×k and a Lipschitz function ` : Rk × R × R≥0 → Rk, we consider the following system of
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equations for the unknown deterministic functions Γ : R≥0 → Rk×k, Rθ, R`, Cθ, C` : R≥0×R≥0 → Rk×k and
stochastic processes θ, r : R≥0 → Rk, which we will denote by S := S(θ0, z, δ,Λ, `):

d

dt
θt = −(Λt + Γt)θt −

∫ t

0

R`(t, s)θ
sds+ ut , u ∼ GP(0, C`/δ) , (12a)

rt = −1

δ

∫ t

0

Rθ(t, s)`s(r
s; z)ds+ wt , w ∼ GP(0, Cθ) , (12b)

Rθ(t, s) = E
[
∂θt

∂us

]
, 0 ≤ s ≤ t <∞ , (12c)

R`(t, s) = E
[
∂`t(r

t; z)

∂ws

]
, 0 ≤ s < t <∞ , (12d)

Γt = E
[
∇r`t(rt; z)

]
, (12e)

Cθ(t, s) = E
[
θtθsT

]
, 0 ≤ s, t <∞ , (12f)

C`(t, s) = E
[
`t(r

t; z)`s(r
s; z)T

]
, 0 ≤ s, t <∞ . (12g)

Here the notation u ∼ GP(0, C`/δ), w ∼ GP(0, Cθ) means that u,w are independent centered Gaussian
processes with covariance kernels C`/δ and Cθ. We set Rθ(t, s) = R`(t, s) = 0 for t < s. On regions Rθ, R`,

The quantities ∂θt/∂us in Eq. (12c) and ∂`t(r
t; z)/∂ws in Eq. (12d) are stochastic processes defined via

the following equations:

d

dt

∂θt

∂us
= −(Λt + Γt)

∂θt

∂us
−
∫ t

s

R`(t, s
′)
∂θs

′

∂us
ds′ , 0 ≤ s ≤ t <∞ , (13a)

∂`t(r
t; z)

∂ws
= ∇r`t(rt; z) ·

(
−1

δ

∫ t

s

Rθ(t, s
′)
∂`s′(r

s′ ; z)

∂ws
ds′ − 1

δ
Rθ(t, s)∇r`s(rs; z)

)
, 0 ≤ s < t <∞ ,

(13b)

with boundary condition ∂θt/∂ut = I. Note that the first one is a deterministic integral-differential equation
and therefore ∂θt/∂us is a deterministic function. On the other hand, ∂`t(r

t; z)/∂ws is in general a stochastic
process because rt is.

The rationale for the notations ∂θt/∂us and ∂`t(r
t; z)/∂ws is that Eqs. (13) can be heuristically derived

as equations for such functional derivatives. However, we will not need to prove that these are the actual
functional derivatives.

We set ∂θt/∂us = 0 if s > t and ∂`t(r
t; z)/∂ws = 0 if s ≥ t.

Remark 3.1. Since ∂θt/∂us is a deterministic function, the expectation operator in Eq. (12c) can be
removed. However, this is not immediately clear from Eq. (12c) alone and also to keep uniformity in our
definitions, we retain the expectation operator in Eq. (12c).

3.2 Statement of main results

Assumption 1. The entries X = (Xij)i≤n,j≤d are given by Xij = Xij/
√
d, where (Xij)i,j≥1 is a collection

of i.i.d. random variables with distribution independent of n, d, such that E{Xij} = 0, E{X2

ij} = 1, and

‖Xij‖ψ2 ≤ C for a constant C (here ‖ · ‖ψ2 denotes the sub-Gaussian norm).
The function `t(r; z) is Lipschitz continuous with Lipschitz continuous Jacobian in t and r. Further, these

Lipschitz constants are bounded uniformly over t ∈ [0, T ] and z ∈ R. Namely there exists some M` ∈ R≥0

such that, for all z, all r1, r2 ∈ Rk and t1, t2 ∈ [0, T ], we have∥∥`t1(r1; z)− `t2(r2; z)
∥∥

2
≤M`(‖r1 − r2‖2 + |t1 − t2|) , (14a)∥∥D`t1(r1; z)−D`t2(r2; z)

∥∥ ≤M`(‖r1 − r2‖2 + |t1 − t2|) , (14b)

where

D`t(r; z) =
[
∇r`t(r; z) d

dt`t(r; z)
]
.
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In addition, Λt is Lipschitz continuous and symmetric. There exists some MΛ ∈ R≥0 such that ‖Λt‖ ≤MΛ

for all t ∈ [0, T ], and for all t1, t2 ∈ [0, T ]∥∥Λt1 − Λt2
∥∥ ≤MΛ|t1 − t2| . (15)

Our first result establishes existence and uniqueness of solutions of the DMFT system S(θ0, z, δ,Λ, `).

Theorem 1. Under either Assumption 1, suppose the random variables (θ0, z) ∈ Rk × R satisfy

Mθ0,z := max

{
E
[∥∥θ0

∥∥2

2

]
, sup
t∈R≥0

E
[
‖`t(0; z)‖22

]}
<∞. (16)

Given any functions Λ : R≥0 → Rk×k and ` : Rk×R×R≥0 → Rk, there exists a solution (θ, r, Rθ, R`, Cθ, C`)
for the DMFT system S := S(θ0, z, δ,Λ, `) defined through Eqs. (12a) to (12g) and Eqs. (13a) to (13b). The
solution is also unique among all (Cθ, Rθ) that are bounded in all compact sets in R2

≥0. There further exists
nondecreasing functions ΦRθ ,ΦR` ,ΦCθ ,ΦC` : R≥0 → R≥0 that satisfy

‖Rθ(t, s)‖ ≤ ΦRθ (t− s) , ‖R`(t, s)‖ ≤ ΦR`(t− s) , ∀0 ≤ s ≤ t <∞ , (17a)

‖Cθ(t, t)‖ ≤ ΦCθ (t) , ‖C`(t, t)‖ ≤ ΦC`(t) , ∀0 ≤ t <∞ , (17b)∥∥Γt
∥∥ ≤M` , ∀0 ≤ t <∞ . (17c)

Further, the process (θt)t∈[0,T ] has continuous sample paths. Finally, the functions ΦRθ ,ΦR` ,ΦCθ ,ΦC` are
such that there exists λ := λ(θ0, z, δ,Mθ0,z,M`,MΛ) > 0 such that

lim
t→∞

e−λt max {ΦRθ (t),ΦR`(t),ΦCθ (t),ΦC`(t)} = 0. (18)

The proof and the definitions of ΦRθ ,ΦR` ,ΦCθ ,ΦC` are presented in Section 5, with most technical details
deferred to the appendices.

We next prove that the original flow converges —in a suitable sense— to the unique solution of the
DMFT system in the proportional asymptotics n, d→∞, with n/d→ δ.

Theorem 2. Under Assumption 1, further assume that n, d → ∞ with n/d → δ ∈ (0,∞). Let z,θ0 be

independent of X, and assume that the empirical distributions µ̂θ0 := d−1
∑d
i=1 δθ0

i
and µ̂z := n−1

∑n
i=1 δzi

converge weakly to µθ0 and µz, Eµ̂θ0 [‖θ0‖2]→ Eµθ0 [‖θ0‖2] <∞ and Eµ̂z [‖z‖2]→ Eµz [‖z‖2] <∞. Let θT0 be

the stochastic process that solves S. Finally, define rt := Xθt ∈ Rn×k, t ≥ 0.
Then, for any distance dW that metrizes weak convergence in C([0, T ],Rk) (for instance dW = dBL the

bounded Lipschitz distance), we have

p-lim
n,d→∞

dW

(1

d

d∑
i=1

δ(θi)T0 ,PθT0

)
= 0 , (19)

p-lim
n,d→∞

dW

( 1

n

n∑
i=1

δzi,(ri)T0 ,Pz,rT0

)
= 0 . (20)

Here p-limn,d→∞ denotes convergence in probability, PθT0 denotes the law of θT0 := (θt)0≤t≤T , and Pz,rT0
denotes the joint law of z and rT0 := (rt)0≤t≤T .

The proof of ths theorem is presented in Section 6.

Remark 3.2. Concretely, the convergence in Theorem 2 implies the following. For any L ∈ N, any times 0 ≤
t1 < · · · ≤ tL, and any bounded continuous functions ψ : (Rk)L → R, mapping (x1, . . . , xL) 7→ ψ(x1, . . . , xL),
for xi ∈ Rk, and ψ̃ : (Rk)L × R→ R, we have:

p-lim
n,d→∞

1

d

d∑
i=1

ψ(θt1i , . . . , θ
tL
i ) = E

{
ψ(θt1 , . . . , θtL)

}
, (21)
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p-lim
n,d→∞

1

n

n∑
i=1

ψ̃(rt1i , . . . , r
tL
i , z) = E

{
ψ̃(rt1 , . . . , rtL , z)

}
. (22)

The expectation on the right-hand side is with respect to the processes (θt)t≥0, (rt)t≥0 defined by the DMFT
system.

In the case the matrix X has i.i.d. Gaussian entries, the same proof of Section 6 implies a somewhat
stronger statement by leveraging the results of [JM13]. Namely, Eq. (21) holds for any continuous functions
with at most quadratic growth |ψ(x)| ≤ C(1 + ‖x‖22), |ψ̃(x)| ≤ C(1 + ‖x‖22).

4 Applications

In this section, we apply Theorem 2 to prove DMFT characterization of gradient flow for generalized linear
models and shallow neural networks with a constant number of hidden neurons.

Next, we define a notion of stationary-point solutions of the DMFT system S(θ0, z, δ,Λ, `). We show
that these stationary points are characterized by a system of five nonlinear equations, and that they are in
correspondence with stationary points of a certain infinite-dimensional variational principle. This variational
principle also emerges in the study of global minimizers of the risk via Gordon’s comparison inequality. As
an illustration, we discuss the case the case of logistic regression.

We next define two classes of applications that are covered by our general results, Theorem 1 and 2.

Generalized linear models The statistician observes n iid pairs (yi,xi) where yi = ϕ(〈xi,θ∗〉, zi) and zi
is noise drawn independently of xi. The goal is to estimate or recover the planted signal θ∗. Ridge
regularized empirical risk minimization attempts to minimize the objective

Ln(θ) :=
d

n

n∑
i=1

L0(〈xi,θ〉; yi) +
λ

2
‖θ‖22. (23)

When ϕ(r, z) = r + z, we recover linear regression. When ϕ(r, z) = 1{r + z ≥ 0} and z ∼ Logistic,
we recover logistic regression. When ϕ(r, z) = |r|2 + z, we recover a model of noisy phase-retrieval.
Alternative choices of ϕ recover several other popular regression and classification models.

Shallow neural networks with constant number of hidden units For a fixed-constant k, a two-layer
neural network with width k and activation σ : R→ R is the function class containing functions of the
form

fθ(x) :=

k∑
a=1

αaσ(〈x,θ(a)〉), (24)

where θ ∈ Rd×k has columns {θ(a)}a∈[k]. Given training data {(yi,xi)}i∈[n], the statistician may fit a
neural network by gradient descent on the objective

Ln(θ) :=
d

n

n∑
i=1

L0

(
k∑
a=1

αaσ(〈xi,θ(a)〉); yi

)
+
λ

2

k∑
a=1

‖θ(a)‖22. (25)

An interesting data model assumes that the response depends on a low-dimensional projection of the
data, for instance yi = ϕ

(
(θ∗)Txi; zi

)
where ϕ : Rk+1 → R is an unknown function, and θ∗ ∈ Rd×k is

an unknown matrix.

4.1 Flow with planted signal

At first glance, it may appear that Theorem 2 does not apply to gradient flow in the examples above because
y is not independent of X, whereas the noise z in Theorem 2 is independent of X. In fact, gradient flow
in these examples can be represented as a cross-section of a flow of the form (11) on a higher dimensional
space, so that its DMFT is a instance of Theorem 2.
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First note that the cost functions above can be written as

Ln(θ) :=
d

n

n∑
i=1

L(θTxi, (θ
∗)Txi; zi) +

λ

2
‖θ‖22 , (26)

for a suitable function L : (Rk)2 → R. For instance, in the generalized linear model, we set k = 1 and
L(r, w; z) = L0(r, ϕ(w, z)).

It is convenient to consider a more generalized (non-gradient, time-dependent) flow of the form

dθt

dt
= −θtΛt − 1

δ
XT`t(Xθ

t,Xθ∗; z) . (27)

We recover gradient flow with respect to the general cost (26) by setting Λt = λIk and `t(Xθ
t,Xθ∗; z)i =

∇rL(r, w; z). We can put Eq. (27) into the form of flow (11) by concatenating θ∗ to the iterates θt and
considering the flow

d(θt,θ∗)

dt
= −(θt,θ∗)

(
Λt 0
0 0

)
− 1

δ
XT

 | |
`t(Xθ

t,Xθ∗; z) 0
| |

 . (28)

Indeed, the final k-columns on the right-hand side are 0, so that θ∗ does not change along the trajectory.
Theorem 2 can be applied directly to this flow. Doing so leads to certain simplifications which allow us to
represent the asymptotic characterization as a k-dimensional rather than 2k-dimensional process. Here we
present this characterization as a corollary to Theorem 2.

Also, notice that there is no loss of generality in assuming that θt and θ∗ have the same number of
columns. Indeed, we can always accommodate cases in which the number of columns is different by adding
some zero columns, and redefining `t accordingly.

We require the following assumption on the flow defined in Eq. (27), defined in terms of a function
`t : (Rk)2 × R→ Rk.

Assumption 2. The same conditions of Assumption 1 are required on the random matrix X.
The function (r, w∗, z) 7→ `t(r, w

∗; z) is assumed to be Lipschitz continuous with Lipschitz continuous
Jacobian in t, r, and w∗. Further, these Lipschitz constants are bounded uniformly over t ∈ [0, T ] and z ∈ R.
Explicitly, there exists M` ∈ R≥0 such that, for all z, all r1, r2 ∈ Rk and t1, t2 ∈ [0, T ], we have∥∥`t1(r1, w

∗
1 ; z)− `t2(r2, w

∗
2 ; z)

∥∥
2
≤M`(‖r1 − r2‖2 + ‖w∗1 − w∗2‖2 + |t1 − t2|) , (29a)∥∥D`t1(r1, w

∗
1 ; z)−D`t2(r2, w

∗
2 ; z)

∥∥ ≤M`(‖r1 − r2‖2 + ‖w∗1 − w∗2‖2 + |t1 − t2|) , (29b)

where

D`t(r, w
∗; z) =

[
∇r`t(r; z) ∇w∗`t(r, w∗; z) d

dt`t(r; z)
]
.

In addition, Λt is Lipschitz continuous and symmetric. Explicitly, there exists MΛ ∈ R≥0 such that ‖Λt‖ ≤
MΛ for all t ∈ [0, T ], and for all t1, t2 ∈ [0, T ]∥∥Λt1 − Λt2

∥∥ ≤MΛ|t1 − t2| . (30)

Given random variables (θ0, θ∗, z) ∈ (Rk)2 × R, we consider the following system of equations S :=
S(θ0, θ∗, z, δ,Λt, `t) for unknown deterministic functions Λt : R≥0 → Rk×k, R`, Cθ : (R≥0 ∪ {∗}) × (R≥0 ∪
{∗})→ Rk×k, Rθ, C` : R≥0 × R≥0 → Rk×k, and stochastic processes θ : (R≥0 ∪ {∗})→ Rk, r : R≥0 → Rk:

d

dt
θt = −(Λt + Γt)θt −

∫ t

0

R`(t, s)θ
sds−R`(t, ∗)θ∗ + ut , ut ∼ GP(0, C`/δ) , (31a)

rt = −1

δ

∫ t

0

Rθ(t, s)`s(r
s, w∗; z)ds+ wt , wt ∼ GP(0, Cθ) , (31b)

Rθ(t, s) = E
[
∂θt

∂us

]
, 0 ≤ s ≤ t <∞ , (31c)
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R`(t, s) = E
[
∂`t(r

t, w∗; z)

∂ws

]
, 0 ≤ s < t <∞ , (31d)

R`(t, ∗) = E
[
∂`t(r

t, w∗; z)

∂w∗

]
, (31e)

Γt = E
[
∇r`t(rt, w∗; z)

]
, (31f)

Cθ(t, s) = E
[
θtθsT

]
, 0 ≤ s ≤ t <∞ or s = ∗ , (31g)

C`(t, s) = E
[
`t(r

t, w∗; z)`s(r
s, w∗; z)T

]
, 0 ≤ s ≤ t <∞ . (31h)

Here ut, wt are independent centered Gaussian processes with covariance kernels C`/δ and Cθ, and y =
ϕ(w∗, z), with w∗ ∼ N(0,E[θ∗(θ∗)T]). As before, we have Cθ(s, t) = Cθ(t, s), C`(s, t) = C`(t, s), and
Rθ(t, s) = R`(t, s) = 0 for t < s.

The quantities ∂θt/∂us, ∂`(rt, w∗; z)/∂ws, and ∂`(rt, w∗; z)/∂w∗ are uniquely defined via the following
integral-differential equations

d

dt

∂θt

∂us
= −(Λt + Γt)

∂θt

∂us
−
∫ t

s

R`(t, s
′)
∂θs

′

∂us
ds′ , 0 ≤ s ≤ t <∞ ,

(32a)

∂`(rt, w∗; z)

∂ws
= ∇r`(rt, w∗; y) ·

(
−1

δ

∫ t

s

Rθ(t, s
′)
∂`(rs

′
, w∗; z)

∂ws
ds′ − 1

δ
Rθ(t, s)∇r`(rs, w∗; z)

)
, 0 ≤ s < t <∞ ,

(32b)

∂`(rt, w∗; z)

∂w∗
= −1

δ
∇r`(rt, w∗; y)

∫ t

0

Rθ(t, s
′)
∂`(rs

′
, w∗; z)

∂w∗
ds′ +∇w∗`(rt, w∗; z) , 0 ≤ s < t <∞ ,

(32c)

with boundary condition ∂θt/∂ut = I. Similarly, we set ∂θt/∂us = 0 if s > t and ∂`(rt; z)/∂ws = 0 if s ≥ t.
As before, our notations point to the fact that these quantities are functional derivatives, although we do
not prove it formally (and we do not need to).

Corollary 4.1. Under Assumption 2, suppose the random variables (θ0, θ∗, z) ∈ (Rk)2 × R satisfy

Mθ∗,θ∗,z := max

{
E
[∥∥θ0

∥∥2

2

]
,E
[
‖θ∗‖22

]
, sup
t∈R≥0

E
[
‖`t(0, 0; z)‖22

]}
<∞. (33)

Then the system of equations S(θ0, θ∗, z, δ,Λt, `t) defined in Eqs. (31) and (32) has a unique solution.
Moreover, assume that n, d→∞ with n/d→ δ ∈ (0,∞). Let z,θ0,θ∗ be independent of X, and assume

that the empirical distributions µ̂θ0,θ∗ := d−1
∑d
i=1 δ(θ0

i ,θ
∗
i ) and µ̂z := n−1

∑n
i=1 δzi converge weakly to µθ0,θ∗

and µz, Eµ̂θ0,θ∗ [‖θ0‖2 + ‖θ∗‖2] → Eµθ0,θ∗ [‖θ0‖2 + ‖θ∗‖2] < ∞ and Eµ̂z [‖z‖2] → Eµz [‖z‖2] < ∞. Let θT0 be

the stochastic processes that solve the system S of Eq. (31). Finally, define rt := Xθt ∈ Rn×k, t ≥ 0.
Then, for any distance dW that metrizes weak convergence in C([0, T ],Rk0), for some fixed k0 (for instance

dW = dBL the bounded Lipschitz distance), we have

p-lim
n,d→∞

dW

(1

d

d∑
i=1

δθ∗i ,(θi)T0 ,Pθ∗,θT0

)
= 0 , (34)

p-lim
n,d→∞

dW

( 1

n

n∑
i=1

δyi,(ri)T0 ,Pϕ(w∗,z),rT0

)
= 0 . (35)

Corollary 4.1 is proved in Appendix D.

4.2 Stationary point solutions

We consider the case that `t,Λ
t do not depend on time t, so that we omit the subscripts and instead write

`,Λ. We characterize the case that the state evolution Eq. (31) converges exponentially fast as t→∞, and
provide a system of non-linear equations which must be satisfied by its limit.
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Definition 4.2. We say that the DMFT system S := S(θ0, θ∗, z, δ,Λ, `) given in Eq. (31) and (32) con-
verges exponentially if there exists deterministic constants C, c > 0 and functions Γ, R∗` ∈ Rk×k, R`, Rθ :

R≥0 → Rk×k, random functions R̂` : R≥0 → Rk×k, random matrix R̂∗` ∈ Rk×k, and random variables
θ∞, r∞, u∞, w∞ ∈ Rk such that

‖rt − r∞‖L2 ≤ Ce−ct, ‖θt − θ∞‖L2 ≤ Ce−ct, ‖ut − u∞‖L2 ≤ Ce−ct, ‖wt − w∞‖L2 ≤ Ce−ct,
‖R`(·)−R`(t, t− ·)‖∞ → 0, ‖Rθ(·)−Rθ(t, t− ·)‖∞ → 0, R`(t, ∗)→ R∗` , Γt → Γ∞,

∂`(rt+s, w∗; z)

∂wt
L2→ R̂`(t),

∂`(rt, w∗; z)

∂w∗
L2→ R̂∗` ,

(36)
where all limits are taken with s fixed and t→∞, and further, almost surely,

R`(s), R`(t+ s, t), Rθ(s), Rθ(t+ s, t), R̂`(s) ≤ Ce−cs . (37)

Notice the abuse of notation in the last definition. For instance we use the same notation for Cθ(t, t+ s)
and its limit Cθ(s) := limt→∞ Cθ(t, t+ s). This should not cause confusion in what follows.

The next theorem describes some properties that must be satisfied by such a limit.

Theorem 3. Assume that the DMFT system S := S(θ0, θ∗, z, δ,Λ, `) given in Eq. (31) and (32) converges
exponentially. Then there exist matrices R∞` , R

∞
θ , C

∞
` ∈ Rk×k and C∞θ ∈ R2k×2k such that

0 = −(Λ +R∞` )θ∞ −R∗`θ∗ + u∞, r∞ = −1

δ
R∞θ `(r

∞, w∗; z) + w∞,

Cθ = E[(θ∞T, θ∗T)T(θ∞T, θ∗T)] , C` = E[`(r∞, w∗; z)`(r∞, w∗; z)T] ,
(38)

where u∞ ∼ N(0, C`/δ) and (w∞, w∗) ∼ N(0, Cθ). Here R∗` , θ
∞, u∞, r∞, w∞ are the same as those which

appear in Definition 4.2. Moreover, R∞` , R
∞
θ , R

∗
` satisfy

R∞` = δE
[(
Ik −

(
Ik +

1

δ
∇r`(r∞, w∗; z)R∞θ

)−1)
R−1
θ

]
, (R∞θ )−1 = Λ +R∞` ,

R∗` = E
[(
Ik +

1

δ
∇r`(r∞, w∗; z)R∞θ

)−1

∇w∗`(r∞, w∗; z)
]
,

(39)

assuming all inverted matrices are invertible.

We prove Theorem 3 in Appendix D.
In words, if the DMFT dynamics converges exponentially fast to a stationary point, then the latter must

be associated to a solution of the system of nonlinear equations in Eq. (39). Let us emphasize that, so far,
we assumed `t(r, w; z) = `(r, w; z) to be independent of time, but not necessarily that it is the gradient of a
cost function.

4.3 Variational principle for stationary points

In this section we return to the case in which `t is the gradient of a smooth loss function L, namely `t(r, w; z) =
∇rL(r, w; z), and hence the flow we are studying is gradient flow with respect to the cost (26). For the sake
of simplicity, we will focus on the case k = 1, although the main result of this section, Proposition 4.4, can
be generalized to k > 1 as well.

It is natural to conjecture that the stationary point solutions described in Theorem 3 correspond to certain
stationary points of the cost function Ln(θ) of Eq. (26). Namely they should correspond to stationary points
of Ln(θ) that can be reached rapidly by gradient flow when started from a random initialization. We present
here a variational principle pointing at such a correspondence.

The properties of global minimizers of cost functions of the form Ln(θ) have attracted considerable
attention in the last few years. A few pointers to this literature are [Kar13, TOH15, DM16]. In order to
motivate our variational principle, we restate a lower bound that follows from Gordon’s Gaussian comparison
inequality and was developed in this context starting with [Sto13, TOH15, TAH18].
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Proposition 4.3. Assume (Xij)i≤n,j≤d ∼iid N(0, 1/d), and let h ∼ N(0, In), g ∼ N(0, Id) be independent
normal vectors. Let Π⊥θ∗ := Id − θ∗(θ∗)T/‖θ∗‖22 be the projector orthogonal to θ∗, and define Fn : Rn ×
Rn × Rd → R as follows

Fn(ξ, r,θ) :=
1√
d
〈ξ,h〉‖Π⊥θ∗θ‖2 −

1√
d
‖ξ‖2〈g,Π⊥θ∗θ〉+

〈ξ,w∗〉〈θ,θ∗〉
‖θ∗‖2

− 〈r, ξ〉+ d

n

n∑
i=1

L(ri, w
∗
i ; zi) +

λ

2
‖θ‖2.

(40)
Then, for any x ∈ R

P
(

min
θ∈Rd

Ln(θ) ≤ x
)
≤ 2P

(
min

(θ,r)∈Rd×Rn
max
ξ∈Rn

Fn(ξ, r,θ)
)
. (41)

Informally, Proposition 4.3 states that minθ,r maxξ Fn(ξ, r,θ) is roughly a stochastic lower bound on the
minimum risk minθ∈Rd Ln(θ).

Following [MRSY19], we consider an asymptotic version of the function Fn of Eq. (40). Consider the prob-
ability space (Ω,F ,P) = ([0, 1],B,Unif), and let independent random variables θ∗ ∼ µθ∗ , w∗ ∼ N(0,E[(θ∗)2]),
and g, h ∼ N(0, 1) be defined on this space (here µθ∗ is the law of the entries of θ∗). Given square integrable
random variables ξ, r, θ, we define:

F(ξ, r, θ) := 〈ξ, h〉‖Π⊥θ∗θ‖ −
‖ξ‖
δ1/2
〈g, θ〉+

〈ξ, w∗〉〈θ, θ∗〉
‖θ∗‖2

− 〈r, ξ〉+ E[L(r, w∗; z)] +
λ

2
‖θ‖2, (42)

where the norms, inner products, and projection operators all occur on L2([0, 1],B,Unif). We will not
establish a general formal relationship between F and Fn, although the intuitive relation is clear. We refer
to [MRSY19, CMW20a] for examples in which this relation was made precise.

We emphasize that both Proposition 4.3 and the definition of Eq. (42) hold for non-convex L. The main
result of this section is that the stationary points of F are in one-to-one correspondence with the solutions
of Eqs. (38), (39).

Proposition 4.4. Assume k = 1 and `(r, w∗; z) = L′(r, w∗; z) for a smooth function L (where L′ denotes
derivative with respect to the first argument). Then the following hold:

• Let (ξ∞, r∞, θ∞) be a stationary point of F . Define R∞θ := δ1/2〈g, θ∞〉/‖ξ∞‖ and assume that 1 +
(R∞θ /δ)∂r`(r

∞, w∗; z) > 0 almost surely and E[(1 + (R∞θ /δ)∂r`(r
∞, w∗; z))−1] <∞. Then there exists

unique random variables w∞, u∞ and real numbers R∞` , R∗` , C`, Cθ, such that these form a solution
of Eqs. (38), (39).

• Viceversa, let (r∞, θ∞, u∞, w∞, Cθ, C`, R
∞
` , R

∗
` , R

∞
θ ) solve Eqs. (38), (39). We further assume that

1+(R∞θ /δ)∂r`(r
∞, w∗; z) > 0 almost surely. Then defining ξ∞ := `(r∞, w∗; z), the triple (ξ∞, r∞, θ∞)

is a stationary point of F .

Remark 4.1. If L is convex, then the condition infr{1 + (R∞θ /δ)∂r`( · , w∗; z)} > 0 is satisfied everywhere
since ∂r`( · , w∗; z) > 0. Moreover, the condition E[(1 + (R∞θ /δ)∂r`(r

∞, w∗; z))−1] is implied by infr{1 +
(R∞θ /δ)∂r`( · , w∗; z)} > ε for some ε > 0, which can be viewed as a type of uniform control on the non-
convexity of L. In particular, it states that r 7→ (1/2)r2 + (R∞θ /δ)L(r, w∗; z) is ε-strongly convex.

Proof of Proposition 4.4. First, we show that the stationary points of F solve Eqs. (38) and (39) under the
choices

w∞ = ‖Π⊥θ∗θ∞‖h+
〈θ∞, θ∗〉
‖θ∗‖2

w∗, u∞ =
‖ξ∞‖
δ1/2

g,

R∞` =
〈ξ∞, h〉
‖Π⊥θ∗θ∞‖

, R∗` =
〈ξ∞, w∗〉
‖θ∗‖2

− 〈ξ
∞, h〉〈θ∗, θ∞〉
‖θ∗‖2‖Π⊥θ∗θ∞‖

, R∞θ =
δ1/2〈g, θ∞〉
‖ξ∞‖

,

Cθ = E[(θ∞T, θ∗T)T(θ∞T, θ∗T)] , C` = E[`(r∞, w∗; z)`(r∞, w∗; z)T].

(43)
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Indeed, taking derivatives and doing some rearranging, we find that the stationary points of F are exactly
those triplets (ξ∞, r∞, θ∞) which satisfy(

〈ξ∞, w∗〉
‖θ∗‖2

− 〈ξ
∞, h〉〈θ∞, θ∗〉
‖Π⊥θ∗θ∞‖‖θ∗‖2

)
θ∗ +

〈ξ∞, h〉
‖Π⊥θ∗θ∞‖

θ∞ − ‖ξ
∞‖

δ1/2
g + λθ∞ = 0,

‖Π⊥θ∗θ∞‖h−
〈g, θ∞〉
δ1/2‖ξ∞‖

ξ∞ +
〈θ∞, θ∗〉
‖θ∗‖2

w∗ − r∞ = 0,

−ξ∞ + `(r∞, w∗; z) = 0.

(44)

Under the definitions Eq. (43), the first line of (44) implies the first equation in (38), and the second two
lines of (44) imply the second inequation in the first line of (38). Moreover, with Cθ, C` defined as in (43),
w∞ and u∞ as defined in Eq. (43) satisfy w∞ ∼ N(0, Cθ) and u∞ ∼ N(0, C`/δ) (where we have used, from
(44), that ξ∞ = `(r∞, w∗; z)).

Note that 1 + (Rθ/δ)∂`(·, w∗; z) > 0 implies that η(r∞;w∗, z) := r∞ + (R∞θ /δ)`(r
∞, w∗; z) is a strictly

increasing function of r∞. It is also continuous. Thus, η( · ;w∗, z) has am inverse. Note that r∞ =
η−1(w∞;w∗, z). It remains only to check that R∞` , R

∗
` , R

∞
θ satisfy (39). Using (43) and that r∞ =

η−1(w∞;w∗, z), we rewrite the first equation in Eq. (44) as

w∞ − R∞θ
δ
`(η−1(w∞;w∗, z), w∗; z)− η−1(w∞;w∗, z) = 0. (45)

Taking the derivative with respect to w∞ and rearranging, we conclude that almost surely

∂w∞η
−1(w∞;w∗, z) =

(
1 + (R∞θ /δ)∂r`(r

∞, w∗; z)
)−1

. (46)

In particular, η−1 is differentiable almost everywhere. Further, it derivative is integrable. Thus, we may
apply Gaussian integration by parts. Using Eq. (43), we get

R∞` =
〈h, `(η−1(w∞;w∗, z), w∗; z)〉

‖Π⊥θ∗θ∞‖
= E[∂r`(r

∞, w∗; z)∂w∞η
−1(w∞;w∗, z)]

=
δ

R∞θ
E
[
1−

(
1 + (R∞θ /δ)∂r`(r

∞, w∗; z)
)−1]

,

(47)

in agreement with Eq. (39). Likewise, taking the derivative with respect to w∗ and rearranging gives

∂w∗η
−1(w∞, w∗; z) = − (Rθ/δ)∂w∗`(r

∞, w∗; z)

1 + (Rθ/δ)∂r`(r∞, w∗; z)
, (48)

which is bounded above by a w∗, z-dependent constant. Using Eq. (43), we can check that the Gaussian
variable w∗ − 〈θ∗, θ∞〉/‖Π⊥θ∗θ∞‖ is uncorrelated and hence independent of w∞. Thus, using Eq. (43) and
Gaussian integration by parts, we get

R∗` =
1

‖θ∗‖2
‖w∗‖2E

[
∂r`(r

∞, w∗; z)∂w∗η
−1(w∞;w∗, z) + ∂w∗`(r

∞, w∗; z)
]

= E
[(

1 + (Rθ/δ)∂r`(r
∞, w∗; z)

)−1

∂w∗`(r
∞, w∗; z)

]
,

(49)

in agreement with Eq. (39). Finally, one can directly compute using Eq. (44)

R∞θ =
δ1/2

‖ξ∞‖

〈
g,

(‖ξ∞‖/δ1/2)

R∞` + λ
g
〉

=
(
R∞` + λ

)−1
, (50)

in agreement with Eq. (39).
We now show the second part of the proposition. Consider a solution to Eqs. (38) and (39) which

satisfies 1 + (R∞θ /δ)∂r`(r, w
∗; z) > 0 almost surely. First, observe that the equations for Cθ and C` in

Eq. (43) hold by Eq. (38). Then we can view the first two Eqs. (43) as definitions for g, h and the second
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equation of Eq. (44) as the definition of ξ∞, so that these equations hold by definition. Further, because
infr{1 + (R∞θ /δ)∂r`(r, w

∗; z)} > 0 almost surely, we have that r∞ = η−1(w∞;w∗, z) by the same argument
as above, where η−1 is almost surely differentiable with derivative (48). Moreover, by Eq. (39) and (48), we
see that η−1(w∞;w∗, z) is integrable. Then, using Gaussian integration by parts and the same computations
we performed above, we can check that the equations for R∞` , R∗` , and R∞θ in Eq. (43) also hold. Finally,
the first and last equations of Eq. (44) are then equivalent to the first two equations of Eq. (38).

The proof is complete.

4.4 An example: logistic regression

The previous section shows that the equations (38) and (39) are equivalent to those derived from Gordon’s
inequality [TOH15]. Alternative derivations of these fixed-point equations use tools from random matrix
theory or Approximate Message Passing theory [Kar13, DM16, SC19]. After an appropriate change of
variables, the derived equations are equivalent to (38) and (39), though the appropriate change of variables
and the calculations translating one form of the fixed-point equations to another are often non-trivial. Here,
we provide the explicit change of variables for the example of logistic regression which recovers the fixed-
point equations appearing in [SC19]. In Appendix D.3, we provide the calculations which use this change of
variables to derive Eq. (5) of [SC19] from Eqs. (38) and (39) of the current work.

In logistic regression, we take ϕ(r, z) = 2 · 1{r + z ≥ 0} − 1 and z ∼ Logistic. Let ρ(t) = log(1 +
et), and note that L(r, w∗; z) = ρ(−yr), where y = ϕ(w∗, z). In this case, `(r, w∗; z) = −yρ′(−yr) =
−ϕ(w∗, z)ρ′(−ϕ(w∗, z)), and `′(r, w∗; z) = ρ′′(−yr) = ρ′′(−ϕ(w∗, z)r). Here we have λ = 0. The change of
variables (with the notation of [SC19] on the right) is

(Cθ)22 → γ2, (Cθ)12/(Cθ)22 = −R∗`/R∞` → α,

δ((Cθ)11 − (Cθ)12(Cθ)
−1
22 (Cθ)21) = C`/(R

∞
` )2 → σ2

δ−1 → κ, Rθ/δ = 1/(δR∞` )→ λ,

w∗ → Q1, w∞ → −Q2.

(51)

We refer the reader to Appendix D.3 for the calculations which derive Eq. (5) of [SC19] from Eqs. (38) and
(39) of the current work.

5 Proof of Theorem 1

The proof is divided into the following parts.

I. Define the auxiliary real-valued functions ΦRθ ,ΦR` ,ΦCθ and ΦC` .

II. Construct a metric space S := S(ΦRθ ,ΦR` ,ΦCθ ,ΦC` , T ) for the function triplet (C`, R`,Γ) when t, s ∈
[0, T ] and also a space S for (Cθ, Rθ). Show that in these spaces, the stochastic processes θt, rt and
functional derivatives ∂θt/∂us, ∂`t(r

t; z)/∂ws are uniquely defined.

III. Define a transformation T : S → S such that for any solution of S, (C`, R`,Γ) must be a fixed-point
of T . We then show T is a contraction mapping. By Banach fixed-point theorem it then follows that
T has a unique fixed-point. Finally, we recover the unique solution of S from the fixed-point.

We first introduce some norms of functions that will be helpful throughout the proof. For any real-valued
function f(t) on [0, T ], λ ≥ 0 and T ∈ [0,∞), we define the following norms

|||f |||λ,T :=

∫ T

0

e−λt|f(t)|dt , (52)

‖f‖λ,T := sup
0≤t≤T

e−λt|f(t)| . (53)

Suppose f : R≥0 → Rk1×k2 is vector-valued or matrix-valued, we use the same notation to represent

|||f |||λ,T :=

∫ T

0

e−λt ‖f(t)‖ dt , (54)
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‖f‖λ,T := sup
0≤t≤T

e−λt ‖f(t)‖ , (55)

and |||f |||λ,∞ = limT→∞ |||f |||λ,T , ‖f‖λ,∞ = limT→∞ ‖f‖λ,T .

Part I: The auxiliary real-valued functions. Given constants α ∈ R10, β ∈ R2, consider the determin-
istic integral-differential system of equations S := S(α;β) fi : R≥0 → R≥0 for i = 1, 2, 3, 4,

d

dt
f1(t) = α1f1(t) + α2f2(t) , (56a)

f2(t) = α3f1(t) + α4

∫ t

0

f1(t− s)f2(s)ds , (56b)

d

dt

√
f3(t) =

√
α5f3(t) + α6f4(t) + α7

∫ t

0

(t− s+ 1)2f2(t− s)2f3(s)ds , (56c)

f4(t) = α8 + α9f3(t) + α10

∫ t

0

(t− s+ 1)2f1(t− s)2f4(s)ds , (56d)

with boundary conditions f1(t) = β1, f3(t) = β2. The following lemma shows there exists nondecreasing
functions that solve S(α;β) when α > 0 and β > 0. The proof is postponed to Appendix B.1.1.

Lemma 5.1. Suppose α ∈ R10, β ∈ R2 have strictly positive coordinates. Then there exists nondecreasing
functions (f1, f2, f3, f4) solving the system S(α;β) defined by Eqs. (56a) to (56d) when t ∈ [0,∞), and there
exists some λ := λ(α, β) > 0 such that

lim
t→∞

e−λt max {f1(t), f2(t), f3(t), f4(t)} = 0 . (57)

The functions fi are unique in the space L1
loc(R≥0) of locally integrable functions.

We consider the following system for nonnegative functions ΦRθ ,ΦR` ,ΦCθ and ΦC` on [0,∞).

d

dt
ΦRθ (t) = (MΛ +M`)ΦRθ (t) +

∫ t

0

ΦR`(t− s)ΦRθ (s)ds , (58a)

ΦR`(t) =
M`

δ
·
{
M`ΦRθ (t) +

∫ t

0

ΦRθ (t− s)ΦR`(s)ds
}
, (58b)

d

dt

√
ΦCθ (t) =

√
3 ·
{

(MΛ +M`)2ΦCθ (t) +
k

δ
ΦC`(t) +

∫ t

0

(t− s+ 1)2ΦR`(t− s)2ΦCθ (s)ds

}
, (58c)

ΦC`(t) = 3 ·
{
Mθ0,z + kM2

` ΦCθ (t) +
M2
`

δ2

∫ t

0

(t− s+ 1)2ΦRθ (t− s)2ΦC`(s)ds

}
, (58d)

Applying Lemma 5.1 shows that for any given ΦRθ (0) > 0,ΦCθ (0) > 0, the above system has a unique
solution in the space of locally integrable functions on R≥0.

Part II: The function space S, S. We next define a function space in which we solve S.

Definition 5.2 (The function triplet spaces S and Scont). For T > 0, denote by X = (C`, R`,Γ) the function
triplet C`, R` : [0, T ]2 → Rk×k and Γt : [0, T ]→ Rk×k. Define the space

S := S(ΦRθ ,ΦR` ,ΦCθ ,ΦC` , T ) (59)

of all X such that the following hold

1. C`(t, s) is a covariance kernel (satisfying in particular C`(t, s)
T = C`(s, t)), whose diagonal is domi-

nated as follows

‖C`(t, t)‖ ≤ ΦC`(t) , (60)
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for t ∈ [0, T ] and

C`(0, 0) = E
[
`0(r0; z)`0(r0; z)T

]
, r0 ∼ N

(
0,E

[
θ0θ0T

])
. (61)

C`(t, s) is continuous for s ≤ t and s, t ∈ [0, T ]\P where P is a finite set. Moreover, for any s ≤ t
such that C` is continuous in [s, t]2

‖C`(t, t)− C`(t, s)− C`(s, t) + C`(s, s)‖ ≤MS(t− s)2 . (62)

where

MS := 3M`

{(
1

δ2
(T + 1)2ΦRθ (T )2 +

3k2

δ

)
ΦC`(T )

+ 3k
(

(MΛ +M`)
2

+ T (T + 1)2ΦR`(T )2
)

ΦCθ (T ) + 1

}
. (63)

2. R`(t, s) is measurable and R`(t, s) = 0 when t ≤ s. Further for any s ≤ t and s, t ∈ [0, T ]

‖R`(t, s)‖ ≤ ΦR`(t− s) . (64)

Γt is measurable in [0, T ] such that ∥∥Γt
∥∥ ≤M` , (65)

and

Γ0 = E
[
∇r`(r0, z)

]
, r0 ∼ N

(
0,E

[
θ0θ0T

])
. (66)

Moreover, we define the space Scont ⊂ S of all X such that P = ∅ in the first condition and for all s, s′ ∈ [0, t],

‖C`(t, s)− C`(t, s′)‖ ≤
√

ΦC`(T )MS · |s− s′| . (67)

Next we consider the function pairs (Cθ, Rθ) when t, s ∈ [0, T ] and Cθ, Rθ : [0, T ]2 → Rk×k.

Definition 5.3 (The function pair spaces S and Scont). Denote by Y = (Cθ, Rθ), we consider the space
space

S := S(ΦRθ ,ΦR` ,ΦCθ ,ΦC` , T ) (68)

for all Y such that

1. Cθ(t, s) is a covariance kernel (satisfying in particular Cθ(t, s)
T = Cθ(s, t)), whose diagonal is domi-

nated in spectral norm as

‖Cθ(t, t)‖ ≤ ΦCθ (t) , (69)

for t ∈ [0, T ] and

Cθ(0, 0) = E
[
θ0θ0T

]
. (70)

Cθ(t, s) is continuous for all s ≤ t and s ≤ t and s, t ∈ [0, T ]\P where P is a finite set. Moreover, for
any s ≤ t such that Cθ(t, s) is continuous in [s, t]2 with

‖Cθ(t, t)− Cθ(t, s)− Cθ(s, t) + Cθ(s, s)‖ ≤MS(t− s)2 , (71)

where

MS := 3

{[
(MΛ +M`)

2
+ T (T + 1)2ΦR`(T )2

]
ΦCθ (T ) +

k

δ
ΦC`(T )

}
. (72)
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2. Rθ(t, s) is measurable and R`(t, s) = 0 when t < s. It is also satisfies for any s ≤ t and s, t ∈ [0, T ]

‖Rθ(t, s)‖ ≤ ΦRθ (t− s) . (73)

Moreover, we define the space Scont ⊂ S of all X such that P = ∅ in the first condition and for all s, s′ ∈ [0, t],∥∥Cθ(t, s)− Cθ(t, s′)∥∥ ≤√ΦCθ (T )MS · |s− s
′| . (74)

The following lemma shows the stochastic processes θt, rt and the functional derivatives ∂θt/∂us, ∂`t(r
t; z)/∂ws

are well-defined whenever (C`, R`,Γ) ∈ S and (Cθ, Rθ) ∈ S. Its proof can be found in Appendix B.2.

Lemma 5.4. For any fixed T > 0, initialization θ0 and (C`, R`,Γ) ∈ S, (Cθ, Rθ) ∈ S, the functions
θt, rt, ∂θt/∂us, ∂`t(r

t; z)/∂ws are uniquely defined by Eqs. (12a), (12b), (13a) and (13b).

We endow S and S with distances. To begin with, we define the (λ, T )-distance for two Gaussian processes
u1 and u2 on Rk by the following formula

distλ,T (u1, u2) := inf
(u1,u2)∼γ∈Γ(u1,u2)

sup
t∈[0,T ]

e−λt
√

E
[
‖ut1 − ut2‖

2
2

]
, (75)

where λ > 0 and Γ(u1, u2) is the collection of all couplings between the two Gaussian processes u1, u2. The
for any pair of positive semi-definite kernel functions C1, C2 : [0, T ]2 → Rk×k, we define their (λ, T )-distance
by

distλ,T
(
C1, C2

)
:= distλ,T (g1, g2) , (76)

where g1 and g2 are two centered Gaussian processes with covariance kernels C1 and C2. By Minkowski
inequality, for a third kernel C3 the triangle inequality holds

distλ,T
(
C1, C3

)
≤ distλ,T

(
C1, C2

)
+ distλ,T

(
C2, C3

)
.

For function pairs Ri`,Γi, R
i
θ, i = 1, 2, we overload the notation distλ,T (·, ·) to define distances

distλ,T
(
R1
` , R

2
`

)
:= sup

0≤s<t≤T
e−λt

∥∥R1
` (t, s)−R2

` (t, s)
∥∥ , (77a)

distλ,T (Γ1,Γ2) := sup
0≤t≤T

e−λt
∥∥Γt1 − Γt2

∥∥ , (77b)

distλ,T
(
R1
θ, R

2
θ

)
:= sup

0≤s≤t≤T
e−λt

∥∥R1
θ(t, s)−R2

θ(t, s)
∥∥ . (77c)

It can be seen the triangle inequality still holds for the function spaces on which R`,Γ and Rθ are defined.
Finally, for any Xi = (Ci`, R

i
`,Γi) ∈ S and Yi = (Ciθ, R

i
θ) ∈ S and i = 1, 2, we define the distances

distλ,T (X1, X2) := distλ,T
(
C1
` , C

2
`

)
+ distλ,T

(
R1
` , R

2
`

)
+ distλ,T (Γ1,Γ2) , (78a)

distλ,T (Y1, Y2) := distλ,T
(
C1
θ , C

2
θ

)
+ distλ,T

(
R1
θ, R

2
θ

)
. (78b)

Part III: The contraction mapping T . In this part, we will define the mapping T : S → S such that
any solution of S must be a fixed-point of T a nd show the mapping is a contraction. We will define T by

T (X) := TS→S ◦ TS→S(X) , (79)

where TS→S : (C`, R`,Γ) 7→ (Cθ, Rθ) and TS→S : (Cθ, Rθ) 7→ X := (C`, R`,Γ), so that T : X = (C`, R`,Γ) 7→
X = (C`, R`,Γ). Specifically, the mapping TS→S is defined by first solving Eqs. (12a) and (13a)

d

dt
θt = −(Λt + Γt)θt −

∫ t

0

R`(t, s)θ
sds+ ut , ut ∼ GP(0, C`/δ) , (80)
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d

dt

∂θt

∂us
= −(Λt + Γt)

∂θt

∂us
−
∫ t

s

R`(t, s
′)
∂θs

′

∂us
ds′ , 0 ≤ s ≤ t ≤ T , (81)

with boundary condition ∂θt/∂ut = I. We know θt and ∂θt/∂us are uniquely defined by Lemma 5.4. This
allows us to define the mapping TS→S(C`, R`,Γ) = (Cθ, Rθ) via

Cθ(t, s) = E
[
θtθsT

]
, 0 ≤ s ≤ t ≤ T , (82)

Rθ(t, s) = E
[
∂θt

∂us

]
, 0 ≤ s ≤ t ≤ T , (83)

with the convention Cθ(t, s) = Rθ(t, s) = 0 for all t < s. Similarly, we define TS→S(Cθ, Rθ) = (C`, R`,Γ)
through Eqs. (12b) and (13b), namely

rt = −1

δ

∫ t

0

Rθ(t, s)`s(r
s; z)ds+ wt , wt ∼ GP(0, Cθ) , (84)

∂`t(r
t; z)

∂ws
= ∇r`t(rt; z) ·

(
−1

δ

∫ t

s

Rθ(t, s
′)
∂`s′(r

s′ ; z)

∂ws
ds′ − 1

δ
Rθ(t, s)∇r`s(rs; z)

)
, 0 ≤ s < t ≤ T . (85)

The random functions rt, ∂`t(r
t; z)/∂ws are uniquely defined by Lemma 5.4. The mapping then determined

by setting

C`(t, s) = E
[
`t(r

t; z)`s(r
s; z)T

]
, 0 ≤ s ≤ t < T , (86)

R`(t, s) = E
[
∂`t(r

t; z)

∂ws

]
, 0 ≤ s < t < T , (87)

Γ
t

= E
[
∇r`t(rt; z)

]
, 0 ≤ t ≤ T , (88)

and on regions in R≥0×R≥0 that are not defined for C`, R`, we set their values to be zero. The next lemma
shows we can choose ΦRθ (0) and ΦCθ (0) large enough such that TS→S : S → S and TS→S : S → S. Its proof
can be found in Appendix B.3.

Lemma 5.5. Under the same assumptions of Theorem 1, suppose ΦCθ (0) > Mθ0,z and ΦRθ (0) > 1. Then
TS→S maps S into Scont ⊂ S and TS→S maps S into Scont ⊂ S. In particular, this implies T = TS→S ◦TS→S
maps S into Scont ⊂ S.

Next, we want to show T is a contraction mapping under the distλ,T (·, ·) metric defined in Eq. (78a). To
this end, we need the following lemmas for the transformation TS→S .

Lemma 5.6. Suppose X1 = (C1
` , R

1
` ,Γ1), X2 = (C2

` , R
2
` ,Γ2) ∈ S, and further R1

` = R2
` on [0, T ]2 and

Γ1 = Γ2 on [0, T ]. Let TS→S(Xi) = (C
i

θ, R
i

θ) for i = 1, 2, then we have for any ε > 0,

distλ,T
(
C

1

θ, C
2

θ

)
≤ ε · distλ,T

(
C1
` , C

2
`

)
, (89a)

R
1

θ = R
2

θ , (89b)

for all λ ≥ λ1 := λ1(ε,S).

We defer its proof to Appendix B.4.1.

Lemma 5.7. Suppose X1 = (C1
` , R

1
` ,Γ1), X2 = (C2

` , R
2
` ,Γ2) ∈ S and C1

` = C2
` on [0, T ]2. Let TS→S(Xi) =

(C
i

θ, R
i

θ) for i = 1, 2, then we have for any ε > 0,

distλ,T
(
C

1

θ, C
2

θ

)
≤ ε ·

(
distλ,T

(
R1
` , R

2
`

)
+ distλ,T (Γ1,Γ2)

)
, (90a)

distλ,T
(
R

1

θ, R
2

θ

)
≤ ε ·

(
distλ,T

(
R1
` , R

2
`

)
+ distλ,T (Γ1,Γ2)

)
. (90b)

for all λ ≥ λ2 := λ2(ε,S).
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We defer the proof to Appendix B.4.2. We next derive the lemmas for the transformation TS→S .

Lemma 5.8. Suppose Y1 = (C
1

θ, R
1

θ), Y2 = (C
2

θ, R
2

θ) ∈ S and R
1

θ = R
2

θ on [0, T ]2. Let TS→S(Yi) =

(C
i

`, R
i

`,Γi) for i = 1, 2, then there exists a constant M := M(S) such that

distλ,T
(
C

1

` , C
2

`

)
≤M · distλ,T

(
C

1

θ, C
2

θ

)
, (91)

distλ,T
(
R

1

` , R
2

`

)
≤M · distλ,T

(
C

1

θ, C
2

θ

)
, (92)

distλ,T
(

Γ
1
,Γ

2
)
≤M · distλ,T

(
C

1

θ, C
2

θ

)
, (93)

for all λ ≥ λ3 := λ3(S).

We defer the proof to Appendix B.4.3.

Lemma 5.9. Suppose Y1 = (C
1

θ, R
1

θ), Y2 = (C
2

θ, R
2

θ) ∈ S and C
1

θ = C
2

θ on [0, T ]2. Let TS→S(Yi) =

(C
i

`, R
i

`,Γi) for i = 1, 2, then there exists a constant M := M(S) such that

distλ,T
(
C

1

` , C
2

`

)
≤M · distλ,T

(
R

1

θ, R
2

θ

)
, (94)

distλ,T
(
R

1

` , R
2

`

)
≤M · distλ,T

(
R

1

θ, R
2

θ

)
, (95)

distλ,T
(

Γ
1
,Γ

2
)
≤M · distλ,T

(
R

1

θ, R
2

θ

)
, (96)

for all λ ≥ λ4 := λ4(S).

We defer the proof to Appendix B.4.4. Now, we are ready to show that T is a contraction. We take
the constant M to be the maximum one among that of Lemma 5.8 and 5.9. Then we take ε = (12M)−1,
and any λ ≥ max

{
λ1, λ2, λ3, λ4

}
, where λi are defined in above lemmas. For any X1 = (C1

` , R
1
` ,Γ1), X2 =

(C2
` , R

2
` ,Γ2) ∈ S, we set Yi = TS→S(Xi) = (C

i

θ, R
i

θ) for i = 1, 2. We also define Y3 = (C
1

θ, R
2

θ), and thus

distλ,T (T (X1), T (X2)) = distλ,T (TS→S(Y1), TS→S(Y2))

≤ distλ,T (TS→S(Y1), TS→S(Y3)) + distλ,T (TS→S(Y2), TS→S(Y3)) . (97)

We can then control distλ,T (TS→S(Y1), TS→S(Y3)) by Lemma 5.9 and distλ,T (TS→S(Y2), TS→S(Y3)) by
Lemma 5.8 which further gives

distλ,T (T (X1), T (X2)) ≤ distλ,T (TS→S(Y1), TS→S(Y3)) + distλ,T (TS→S(Y2), TS→S(Y3))

≤ 3M · distλ,T
(
R

1

θ, R
2

θ

)
+ 3M · distλ,T

(
C

1

θ, C
2

θ

)
= 3Mdistλ,T (Y1, Y2)

= 3Mdistλ,T (TS→S(X1), TS→S(X2)) . (98)

Then, we take X3 = (C1
` , R

2
` ,Γ2) and apply Lemma 5.6 and 5.7,

distλ,T (TS→S(X1), TS→S(X2)) ≤ distλ,T (TS→S(X1), TS→S(X3)) + distλ,T (TS→S(X2), TS→S(X3))

≤ 2ε ·
(
distλ,T

(
R1
` , R

2
`

)
+ distλ,T (Γ1,Γ2)

)
+ ε · distλ,T

(
C1
` , C

2
`

)
≤ 2ε ·

(
distλ,T

(
C1
` , C

2
`

)
+ distλ,T

(
R1
` , R

2
`

)
+ distλ,T (Γ1,Γ2)

)
≤ 2ε · distλ,T (X1, X2) . (99)

Substitute into Eq. (98),

distλ,T (T (X1), T (X2)) ≤ 3M · 2εdistλ,T (X1, X2) = (6Mε)distλ,T (X1, X2) =
1

2
distλ,T (X1, X2) , (100)
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provided that ε = (12M)−1.
Since T is finite, it follows from Eqs. (77a) to (77c) that the distances distλ,T (·, ·) for R`, Rθ and Γ are

equivalent to L∞ distance on L∞([0, T ]2) and L∞([0, T ]). By Banach fixed-point theorem, we obtain the
uniqueness and existence for the fixed-point R`, Rθ and Γ in S and S.

It requires a slightly longer argument to prove existence and uniqueness of C`, Cθ. Consider a pair of
covariance kernels C1, C2 : [0, T ]2 → Rk×k and centered Gaussian processes g1, g2 with covariances C1, C2.
If C1, C2 satisfy the conditions of S (cf. Definition 5.2),∥∥C1(t, s)− C2(t, s)

∥∥ =
∥∥∥E [gt1gs1T]− E

[
gt2g

s
2
T
]∥∥∥

≤
∥∥∥E [gt1 (gs1 − gs2)

T
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≤
√

E
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2
2

]
· E
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2
2
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√
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2
2
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· E
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2
2

]
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√
Tr
(
E
[
gt1g

t
1
T
])
· E
[
‖gs1 − gs2‖

2
2

]
+

√
Tr
(
E
[
gs1g

s
1
T
])
· E
[
‖gt1 − gt2‖

2
2

]
≤
√
kΦCθ (T )eλT · e−λT

(
E
[
‖gs1 − gs2‖

2
2

]
+ E

[∥∥gt1 − gt2∥∥2

2

])
. (101)

Taking infimum over all couplings of g1 and g2 we have∥∥C1(t, s)− C2(t, s)
∥∥ ≤ 2

√
kΦCθ (T )eλT distλ,T (C1, C2) . (102)

This implies any Cauchy sequence under the metric distλ,T (·, ·) is also a Cauchy sequence in L∞([0, T ]2).
As we have shown in Lemma 5.5, although we allow the input covariance kernel Cθ to be only piecewise
continuous, the output Cθ by mapping T is always continuous. Moreover, from Eq. (74) we actually have
Cθ is Lipschitz continuous with a uniform Lipschitz constant.

By completeness of Lipschitz continuous functions under the L∞ metric, we can apply Banach fixed-point
theorem once more and conclude that there exists a unique X ∈ S such that

T (X) = X . (103)

To see the uniqueness when Cθ, Rθ are bounded functions in any compact set, we can simply take ΦCθ (0)→
∞,ΦRθ (0)→∞.

6 Proof of Theorem 2

We first present a proof roadmap.

I. Discretization. For the general flow system F we construct a discrete approximation by Euler’s method
with step size η > 0, yielding a system Fη. We show that Fη is an approximation of F which is uniformly
good in the high dimensional asymptotics n, d→∞, n/d→ δ.

II. We introduce a discrete time approximation Sη for the DMFT system S. We prove that Sη exactly
characterizes the asymptotics of Fη. This is done by showing that the discretized system is equivalent
an AMP algorithm plus post-processing, and leveraging existing analysis of AMP.

III. We prove that the unique solution of Sη converges to the unique solution of S as η → 0. The latter
therefore characterizes the general flow system F.

Throughout this section, we denote by dW any distance that metrizes weak convergence of probability
distributions in Rm and with an abuse of notation, weak convergence in C([0, T ],Rk). For instance, we can
take dW = dBL the bounded Lipschitz distance

dBL(µ, ν) := sup
{∫

fdµ−
∫
fdν : ‖f‖∞ ≤ 1, ‖f‖Lip ≤ 1

}
. (104)

We further denote by W2 (µ, ν) the Wasserstein-2 distance between µ and ν. Also, we will focus on proving
Eq. (19), since (20) follows by repeating the same argument.
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Part I: Discrete time approximation of the flow. For the general flow F (whose definition we copy
from Eq. (11))

dθt

dt
= −θtΛt − 1

δ
XT`t(Xθ

t; z) ,

we consider a discrete time approximation with step size η > 0. For all ti = iη and i ∈ Z≥0, we set θ0
η = θ0

and

θti+1
η = θtiη + η ·

{
−θtiη Λti − 1

δ
XT`ti(Xθ

ti
η ; z)

}
. (105)

This defines θtη on all ti = iη. We extend it to t→ R≥0 as a piecewise linear function. Specifically, we define

btc := max {iη | iη ≤ t, i ∈ Z≥0} , (106)

and the flow Fη is given by

d

dt
θtη = −θbtcη Λbtc − 1

δ
XT`btc(Xθ

btc
η ; z) . (107)

Consider the empirical distributions of the rows of θτ1 , · · · ,θτm and θτ1η , · · · ,θτmη for any τ1, · · · , τm ∈ R≥0,
denoted by

µ̂θτ1 ,··· ,θτm :=
1

d

d∑
j=1

δ(θτ1j ,··· ,θτmj ) , (108)

µ̂θτ1η ,··· ,θτmη :=
1

d

d∑
j=1

δ(
(θτ1η )

j
,··· ,(θτmη )

j

) , (109)

where µ̂θτ1 ,··· ,θτm and µ̂θτ1η ,··· ,θτmη are probability distributions in Rkm. The following lemma controls the dis-
tance between the two distributions uniformly with respect to n, d→∞. We defer its proof to Appendix C.1.

Lemma 6.1. Under the same assumptions of Theorem 2, consider the gradient flow θt and its piecewise
linear approximation θtη by forward Euler with step size η > 0 and the same initialization θ0. Then, almost
surely, for any t ≥ 0:

lim
η→0

lim sup
n→∞

1√
d

sup
0≤s≤t

∥∥θs − θsη∥∥ = 0 . (110)

As a consequence, for any τ1, · · · , τm ∈ [0, T ], we have almost surely that

lim
η→0

lim sup
n→∞

W2

(
µ̂θτ1 ,··· ,θτm , µ̂θτ1η ,··· ,θτmη

)
= 0 . (111)

In particular, since convergence in Wasserstein-2 distance implies weak convergence, we also have almost
surely that

lim
η→0

lim sup
n→∞

dW

(
µ̂θτ1 ,··· ,θτm , µ̂θτ1η ,··· ,θτmη

)
= 0 . (112)

Part II: Characterizing discrete flow Fη by reduction to AMP. In [CMW20b], the authors show
that the exact a general first order method of the type Fη can be reduced to an AMP algorithm followed by
a post-processing operation that operates row-wise on θtη and rtη (and across multiple times). This allows us
to leverage existing high-dimensional characterizations of AMP that go under the name of ‘state evolution’
[BM11, BLM15, JM13, CL21].

We will use the notation dte := btc+η. We introduce the following DMFT system Sη := Sη(θ0, θ∗, z, δ, λ, `):

d

dt
θtη = −(Λbtc + Γbtcη )θbtcη −

∫ btc
0

Rη` (btc, bsc)θbscη ds+ utη , utη ∼ GP(0, Cη` /δ) , (113a)
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rtη = −1

δ

∫ btc
0

Rηθ(btc, dse)`bsc(rsη; z)ds+ wtη , wtη ∼ GP(0, Cηθ ) , (113b)

Rηθ(t, s) = E
[
∂θtη
∂usη

]
, 0 ≤ s ≤ t <∞ , (113c)

Rη` (t, s) = E
[
∂`btc(r

t
η; z)

∂wsη

]
, 0 ≤ s < t <∞ , (113d)

Γtη = E
[
∇r`btc(rtη; z)

]
, (113e)

Cηθ (t, s) = E
[
θbtcη θbscη

T
]
, 0 ≤ s ≤ t <∞ , (113f)

Cη` (t, s) = E
[
`btc(r

btc
η ; z)`bsc(r

bsc
η ; z)T

]
, 0 ≤ s ≤ t <∞ , (113g)

where the functional derivatives are determined by

d

dt

∂θtη
∂usη

= −(Λbtc + Γbtcη )
∂θ
btc
η

∂usη
−
∫ btc
s

Rη` (btc, bs′c)∂θ
bs′c
η

∂usη
ds′ , (114a)

∂`btc(r
t
η; z)

∂wsη
= ∇r`btc(rtη; z) ·

(
−1

δ

∫ btc
dse

Rηθ(btc, ds′e)
∂`bs′c(r

s′

η ; z)

∂wsη
ds′ − 1

δ
Rηθ(btc, dse)∇r`bsc(rsη; z)

)
,

(114b)

where Eq. (114b) is defined for dse ≤ btc. For dse > btc we set

∂`btc(r
t
η; z)

∂wsη
= −1

δ
∇r`btc(rtη; z)∇r`btc(rsη; z) . (115)

The boundary conditions are θ0
η := θ0 and ∂θsη/∂u

s
η = I. The system Sη can be viewed as a discrete

approximation of S. The next lemma shows that the unique solution of Sη characterizes the asymptotic
behavior of Fη.

Lemma 6.2. Under the assumptions of Theorem 2, suppose ΦCθ (0) > Mθ0,z and ΦRθ (0) > 1, the system
Sη has a unique solution. In particular, the function triplet (Cη` , R

η
` ,Γη) that solves Sη is in the space S

(cf. Definition 5.2). For any τ1, · · · , τm ∈ [0, T ], denote by µθτ1η ,··· ,θτmη the joint distribution of (θτ1η , · · · , θτmη ),
we have

p-lim
n→∞

dW

(
µ̂θτ1η ,··· ,θτmη , µθτ1η ,··· ,θτmη

)
= 0 , (116)

where µ̂θτ1η ,··· ,θτmη is the empirical distribution of the discretized flow θtη, defined in Eq. (108).

We notice that the solution of Sη is uniquely by induction over time. We postpone the proof to Ap-
pendix C.2.

Remark 6.1. In case we are interested in discrete-time flows, e.g. gradient descent with stepsize η, Lemma
6.2 provides the relevant characterization.

Remark 6.2. In the proof of Lemma 6.2 we use the results of [CL21] which establishes universality over
the class of matrices satisfying the assumptions of Theorem 2.

If X is a Gaussian matrix, we can use the results of [JM13] which imply convergence in Wasserstein-2
distance. Hence in this case, Theorem 2 will hold with convergence of finite-dimensional distributions in
Wasserstein-2 distance, as stated in Remark 3.2.

Part III: Approximating S by Sη. We approximate the unique solution of the DMFT system S by
the unique solution of the discretized system Sη. In particular, we have the following lemma, whose proof
is postponed to Appendix C.3.
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Lemma 6.3. Under the assumptions of Theorem 2, suppose ΦCθ (0) > Mθ0,z and ΦRθ (0) > 1, the systems
S and Sη both have unique solutions in S. For any τ1, · · · , τm ∈ [0, T ], denote by µθτ1 ,··· ,θτm the distribution
of (θτ1 , · · · , θτm) and µθτ1η ,··· ,θτmη the distribution of (θτ1η , · · · , θτmη ), we have

lim
η→∞

W2

(
µθτ1η ,··· ,θτmη , µθτ1 ,··· ,θτm

)
= 0 . (117)

In particular, since convergence in Wasserstein-2 distance implies weak convergence, we also have

lim
η→∞

dW

(
µθτ1η ,··· ,θτmη , µθτ1 ,··· ,θτm

)
= 0 . (118)

Using Lemma 6.2,

p-lim sup
n→∞

dW (µ̂θτ1 ,··· ,θτm , µθτ1 ,··· ,θτm )

≤ p-lim sup
n→∞

(
dW

(
µ̂θτ1 ,··· ,θτm , µ̂θτ1η ,··· ,θτmη

)
+ dW

(
µ̂θτ1η ,··· ,θτmη , µθτ1η ,··· ,θτmη

)
+ dW

(
µθτ1η ,··· ,θτmη , µθτ1 ,··· ,θτm

))
= p-lim sup

n→∞
dW

(
µ̂θτ1 ,··· ,θτm , µ̂θτ1η ,··· ,θτmη

)
+ dW

(
µθτ1η ,··· ,θτmη , µθτ1 ,··· ,θτm

)
. (119)

Finally, take η → 0 and combine Lemma 6.1 and Lemma 6.3, we obtain

p-lim sup
n→∞

dW (µ̂θτ1 ,··· ,θτm , µθτ1 ,··· ,θτm )

≤ lim
η→0

dW

(
µθτ1η ,··· ,θτmη , µθτ1 ,··· ,θτm

)
+ lim
η→0

p-lim sup
n→∞

dW

(
µ̂θτ1 ,··· ,θτm , µ̂θτ1η ,··· ,θτmη

)
= 0. (120)

Now, let µ be the law of the DMFT process (θt)T0 , that is a probability law on C([0, T ],Rk). Indeed, by
condition (71) and Kolmogorov-Chentsov theorem, t 7→ θt is almost surely α-Hölder for any α ∈ (0, 1). Also,

let µ̂(n) := d−1
∑d
i=1 δ(θi)T0 . Denoting by µτ1,...,τm and µ̂

(n)
τ1,...,τn , we proved that

p-lim
n→∞

dW

(
µ̂(n)
τ1,...,τm , µτ1,...,τm

)
= 0 . (121)

We are left with the task of proving dW

(
µ̂(n), µ

)
→ 0 in probability. Recall the following basic fact.

Lemma 6.4. For a sequence of random variable (Xn)n≥1, we have Xn
p→ 0 if and only if for each diverging

subsequence (n`) there exists a refinement (n′`) ⊆ (n`), such that Xn′`

a.s.→ 0.

Let (n`) be a diverging sequence. Then for any m, and any τ1, . . . , τm ∈ [0, T ] ∩ Q, we can construct a

subsequence along which dW

(
µ̂

(n′`)
τ1,...,τn , µτ1,...,τm

)
a.s.→ 0. By successive refinements and a diagonal argument,

we can assume that the subsequence is such that

P
(
µ̂

(n′`)
τ1,...,τn ⇒ µτ1,...,τm ∀m, ∀τ1, . . . , τm ∈ [0, T ] ∩Q

)
= 1 . (122)

We finally need a tightness result, whose proof is presented in Appendix C.9.

Lemma 6.5. Under the assumptions of Theorem 2, there exists α ∈ (0, 1) and, for any ε > 0 there exists
M(ε) <∞ such that

P
(
µ̂(n)

(
{‖θ0‖2 > M(ε)} ∪ {‖(θ)T0 ‖C0,α > M(ε)}

)
≥ ε for infinitely many n

)
= 0 . (123)

(Here ‖f‖C0,α denotes the α-Hölder seminorm of function f .)

By Eq. (122) and since finite-dimensional distributions on the rationals uniquely identify the limit on

C([0, T ],Rk) [Bil13], we proved dW

(
µ̂(n′`), µ

)
a.s.→ 0, and therefore using Lemma 6.4 we obtain the desired

claim.
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A Summary of notations

We use ‖u‖2 to denote the `2 norm of a vector u. We also use ‖M‖ and ‖M‖F to denote the operator norm
and Frobenius norm of a matrix M . For two vectors u, v of the same dimension, we write u ≥ v or u ≤ v to
represent entrywise inequality. For random variables ξ and ξ1, ξ2, · · · , ξn, · · · defined on the same probability

space, we denote convergence almost surely, in probability and weakly by ξn
a.s.→ ξ, ξn

p→ ξ and ξn ⇒ ξ,

respectively. We will also use convergence in Wasserstein-2 distance, denoted by µn
W2→ µ. In particular, for

two distributions µ, ν on Rk, the Wasserstein-2 distance of is defined by

W2 (µ, ν) := inf
γ∈Γ(µ,ν)

√∫
‖ξ − η‖22 dγ(ξ, η) ,

where Γ(µ, ν) denotes the collection of all couplings of µ and ν.
Throughout the paper we adhere to the convention that a symbol is boldfaced if and only if it is a high

dimensional object, namely whose dimension depends on n or d. For instance X ∈ Rn×d,θ ∈ Rd×k and
θ ∈ Rk.

B Auxiliary lemmas for the proof of Theorem 1

B.1 Proofs for the auxiliary real-valued system

B.1.1 Proof of Lemma 5.1

Existence of f1(t) and f2(t). We first look at Eqs. (56a) and (56b) and prove the existence of f1 and f2.
Recall the equations

d

dt
f1(t) = α1f1(t) + α2f2(t) ,

f2(t) = α3f1(t) + α4

∫ t

0

f1(t− s)f2(s)ds ,

and we consider the measurable function pair space

SS,1(λ, ε1, ε2) :=
{

(f1, f2) | fi : R≥0 → R≥0, |||fi|||λ,∞ ≤ εi, i = 1, 2; f1(0) = β1

}
(124)

with the following metric

distλ((f1, f2), (g1, g2)) := 4α3|||f1 − g1|||λ,∞ + |||f2 − g2|||λ,∞. (125)

Let µλ be the measure on [0,∞) with Radon-Nikodym derivative e−λx with respect to the Lebesgue measure
on [0,∞). By the completeness of the space L1(µλ), we can see that SS,1(λ, ε1, ε2) is complete under the

metric distλ. Next, we consider the mapping TS,1(f1, f2) := (f1, f2) such that

d

dt
f1(t) = α1f1(t) + α2f2(t) , (126)

f2(t) = α3f1(t) + α4

∫ t

0

f1(t− s)f2(s)ds , (127)

with f1(0) = f1(0). We have the following lemma.

Lemma B.1. There exists constants εi := εi(α1, · · · , α4, β1) > 0 for i = 1, 2 such that for any λ ≥ λ :=
λ(α1, · · · , α4, β1), TS,1 is an operator that maps SS,1(λ, ε1, ε2) into itself, and for any (f1, f2), (g1, g2) ∈ SS,1,
the transformation TS,1 is a contraction

distλ
(
TS,1(f1, f2) , TS,1(g1, g2)

)
≤ 1

2
distλ

(
(f1, f2), (g1, g2)

)
. (128)
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We defer its proof to Appendix B.1.2. By completeness and the lemma above, we can conclude by Banach
fixed-point theorem that there exists a unique (f1, f2) ∈ SS,1(λ, ε1, ε2) such that

TS,1(f1, f2) = (f1, f2) , (129)

i.e. solving Eqs. (56a) and (56b). By nonnegativity of f1 and f2, one can then see that

d

dt
f1(t) = α1f1(t) + α2f2(t) ≥ 0 ,

d

dt
f2(t) = α3

d

dt
f1(t) + α4β1f2(t) + α4

∫ t

0

d

dt
f1(t− s)f2(s)ds ≥ 0 ,

implying f1(t) and f2(t) are nondecreasing. Then, we can upper bound their the other norm

‖f1‖λ,∞ ≤ sup
0≤t<∞

e−λtf1(t) ≤ sup
0≤t<∞

e ·
∫ t+1

t

e−λsf1(s)ds ≤ e|||f1|||λ,∞ ≤ eε1 , (130)

and ‖f2‖λ,∞ ≤ eε2.

Existence of f3(t) and f4(t). Take f1(t) and f2(t) that satisfy the first two equations (56a) and (56b).
We then seek measurable functions f3, f4 : R≥0 → R≥0 solving Eqs. (56c) and (56d), i.e.

d

dt

√
f3(t) =

√
α5f3(t) + α6f4(t) + α7

∫ t

0

(t− s+ 1)2f2(t− s)2f3(s)ds ,

f4(t) = α8 + α9f3(t) + α10

∫ t

0

(t− s+ 1)2f1(t− s)2f4(s)ds .

Consider the space

SS,2(λ, ε3, ε4) :=

{
(f3, f4) | fi : R≥0 → R≥0,

∥∥∥√fi∥∥∥
λ,∞
≤ εi, i = 3, 4; f3(0) = β2

}
(131)

with the metric

distλ((f3, f4), (g3, g4)) := 4
√
α9

∥∥∥√f3 −
√
g3

∥∥∥
λ,∞

+
∥∥∥√f4 −

√
g4

∥∥∥
λ,∞

. (132)

The space SS,2(λ, ε3, ε4) is complete under the metric distλ. Then we consider the transformation TS,2(f3, f4) :=

(f3, f4) such that

d

dt

√
f3(t) =

√
α5f3(t) + α6f4(t) + α7

∫ t

0

(t− s+ 1)2f2(t− s)2f3(s)ds , (133)

f4(t) = α8 + α9f3(t) + α10

∫ t

0

(t− s+ 1)2f1(t− s)2f4(s)ds , (134)

with f3(0) = f3(0). Similarly, in the following lemma we show that for properly chosen ε3, ε4 and large
enough λ, TS,2 is a contraction mapping. We postpone its proof to Appendix B.1.3.

Lemma B.2. There exists constants εi := εi(α1, · · · , α8, β1, β2) > 0 for i = 3, 4 such that for any λ ≥ λ :=
λ(α1, · · · , α8, β1, β2), TS,2 is an operator that maps SS,2(λ, ε3, ε4) into itself, and for any (f3, f4), (g3, g4) ∈
SS,2, the transformation TS,2 is a contraction

distλ
(
TS,2(f3, f4) , TS,2(g3, g4)

)
≤ 1

2
distλ

(
(f3, f4), (g3, g4)

)
. (135)

The proof of existence is then concluded by the applying Banach fixed-point theorem and Lemma B.2.
We see uniqueness in L1

loc(R≥0) by taking λ → ∞ as any functions fi|[0,T ] will eventually fall in SS,1,SS,2
by taking λ→∞. This shows uniqueness up to any finite time T and thus concludes the proof.
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B.1.2 Proof of Lemma B.1

We first show that for some properly chosen ε1, ε2 and large enough λ, we have TS,1 : SS,1(λ, ε1, ε2) →
SS,1(λ, ε1, ε2). For any λ > 0, by definition in Eq. (126) we have

f1(t) = β1 + α1

∫ t

0

f1(s)ds+ α2

∫ t

0

f2(s)ds ,

and thus by nonnegativity of f1, f2 we further have

∣∣∣∣∣∣f1

∣∣∣∣∣∣
λ,∞ = β1

∫ ∞
0

e−λtdt+ α1

∫ ∞
0

dt

∫ t

0

e−λ(t−s) · e−λsf1(s)ds+ α2

∫ ∞
0

dt

∫ t

0

e−λ(t−s) · e−λsf2(s)ds

=

∫ ∞
0

e−λtdt ·
(
β1 + α1|||f1|||λ,∞ + α2|||f2|||λ,∞

)
=

1

λ
·
(
β1 + α1|||f1|||λ,∞ + α2|||f2|||λ,∞

)
≤ 1

λ
· (β1 + α1ε1 + α2ε2) . (136)

Similarly by Eq. (127) we have

∣∣∣∣∣∣f2

∣∣∣∣∣∣
λ,∞ = α3

∫ ∞
0

e−λtf1(t)dt+ α4

∫ ∞
0

dt

∫ t

0

e−λ(t−s)f1(t− s) · e−λsf2(s)ds

= α3|||f1|||λ,∞ + α4|||f1|||λ,∞|||f2|||λ,∞
≤ α3ε1 + α4ε1ε2 . (137)

Take

ε1 ≤
ε2

α3 + α4
,

ε2 ≤ 1 ,

λ ≥ α1 +
α2ε2 + β1

ε1
,

we immediately have ∣∣∣∣∣∣f1

∣∣∣∣∣∣
λ,∞ ≤

1

λ
· (β1 + α1ε1 + α2ε2) ≤ ε1 ,∣∣∣∣∣∣f2

∣∣∣∣∣∣
λ,∞ ≤ α3ε1 + α4ε1ε2 ≤ (α3 + α4)ε1 ≤ ε2 .

This shows TS,1 maps SS,1(λ, ε1, ε2) into itself. Next we show the contraction. Suppose TS,1(g1, g2) =
(g1, g2), and from Eq. (126) it follows that

∣∣f1(t)− g1(t)
∣∣ =

∣∣∣∣β1 + α1

∫ t

0

f1(s)ds+ α2

∫ t

0

f2(s)ds− β1 − α1

∫ t

0

g1(s)ds− α2

∫ t

0

g2(s)ds

∣∣∣∣
≤ α1

∫ t

0

|f1(s)− g1(s)|ds+ α2

∫ t

0

|f2(s)− g2(s)|ds , (138)

which further implies

∣∣∣∣∣∣f1 − g1

∣∣∣∣∣∣
λ,∞ ≤ α1

∫ ∞
0

dt

∫ t

0

e−λ(t−s) · e−λs |f1(s)− g1(s)|ds

+ α2

∫ ∞
0

dt

∫ t

0

e−λ(t−s) · e−λs |f2(s)− g2(s)|ds

≤
∫ ∞

0

e−λdt ·
(
α1

∫ ∞
0

e−λs |f1(s)− g1(s)|ds+ α2

∫ ∞
0

e−λs |f2(s)− g2(s)|ds
)

≤ 1

λ
·
(
α1|||f1 − g1|||λ,∞ + α2|||f2 − g2|||λ,∞

)
. (139)
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Substituting into Eq. (127) gives us∣∣f2(t)− g2(t)
∣∣

=

∣∣∣∣α3f1(t) + α4

∫ t

0

f1(t− s)f2(s)ds− α3g1(t)− α4

∫ t

0

g1(t− s)g2(s)ds

∣∣∣∣
≤ α3 |f1(t)− g1(t)|+ α4

(∫ t

0

|f1(t− s)− g1(t− s)| f2(s)ds+

∫ t

0

g1(t− s)|f2(s)− g2(s)|ds
)
, (140)

and further∣∣∣∣∣∣f2 − g2

∣∣∣∣∣∣
λ,∞ ≤ α3

∫ t

0

e−λs |f1(s)− g1(s)|ds+ α4

∫ ∞
0

dt

∫ t

0

e−λ(t−s) |f1(t− s)− g1(t− s)| · e−λsf2(s)ds

+ α4

∫ ∞
0

dt

∫ t

0

e−λ(t−s)g1(t− s) · e−λs|f2(s)− g2(s)|ds

= α3|||f1 − g1|||λ,∞ + α4|||f1 − g1|||λ,∞|||f2|||λ,∞ + α4|||g1|||λ,∞|||f2 − g2|||λ,∞
≤ (α3 + α4ε2) · |||f1 − g1|||λ,∞ + α4ε1 · |||f2 − g2|||λ,∞. (141)

Suppose

ε1 ≤
1

4α4
,

ε2 ≤
α3

2α4
,

λ ≥ 8α1 + 8α2α3 ,

and taking together Eqs. (140) and (141) yields

distλ
(
TS,1(f1, f2) , TS,1(g1, g2)

)
= distλ

(
(f1, f2), (g1, g2)

)
= 4α3

∣∣∣∣∣∣f1 − g1

∣∣∣∣∣∣
λ,∞ +

∣∣∣∣∣∣f2 − g2

∣∣∣∣∣∣
λ,∞

≤
(4α1α3

λ
+ α3 + α4ε2

)
· |||f1 − g1|||λ,∞ +

(4α2α3

λ
+ α4ε1

)
· |||f2 − g2|||λ,∞

≤ 2α3|||f1 − g1|||λ,∞ +
1

2
|||f2 − g2|||λ,∞

=
1

2
distλ

(
(f1, f2), (g1, g2)

)
. (142)

The proof is completed.

B.1.3 Proof of Lemma B.2

In the first step, we show that for some properly chosen ε3, ε4 and large enough λ, TS,2 maps SS,2(λ, ε3, ε4)

into itself. We set Fi(λ) :=
∫∞

0
e−λs(s+ 1)2fi(s)

2ds for i = 1, 2. For any λ > 0, by Eq. (133)

√
f3(t) =

√
β2 +

∫ t

0

ds

√
α5f3(s) + α6f4(s) + α7

∫ s

0

(s− s′ + 1)2f2(s− s′)2f3(s′)ds′ .

Since

e−λt
∫ t

0

ds

√
α5f3(s) + α6f4(s) + α7

∫ s

0

(s− s′ + 1)2f2(s− s′)2f3(s′)ds′

=

∫ t

0

e−λ(t−s) · e−λs
√
α5f3(s) + α6f4(s) + α7

∫ s

0

(s− s′ + 1)2f2(s− s′)2f3(s′)ds′ds
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≤
(∫ t

0

e−λ(t−s)ds

)
· sup

0≤s≤t
e−λs

√
α5f3(s) + α6f4(s) + α7

∫ s

0

(s− s′ + 1)2f2(s− s′)2f3(s′)ds′

≤ 1

λ
· sup

0≤s≤t
e−λs

√
α5f3(s) + α6f4(s) + α7

∫ s

0

(s− s′ + 1)2f2(s− s′)2f3(s′)ds′ , (143)

By Lemma B.1 we have Fi(λ) is well-defined for any λ large enough and Fi(λ)→ 0 as λ→∞. In addition
by the elementary inequality that

√
a+ b ≤

√
a+
√
b for any a, b > 0,

sup
0≤s≤t

e−λs

√
α5f3(s) + α6f4(s) + α7

∫ s

0

(s− s′ + 1)2f2(s− s′)2f3(s′)ds′

≤ sup
0≤s≤t

e−λs ·

(√
α5f3(s) +

√
α6f4(s) +

√
α7

∫ s

0

(s− s′ + 1)2f2(s− s′)2f3(s′)ds′

)
≤
√
α5

∥∥∥√f3

∥∥∥
λ,∞

+
√
α6

∥∥∥√f4

∥∥∥
λ,∞

+
√
α7 sup

0≤s≤t

√∫ s

0

e−2λ(s−s′)(s− s′ + 1)2f2(s− s′)2 · e−2λs′f3(s′)ds′

≤
√
α5

∥∥∥√f3

∥∥∥
λ,∞

+
√
α6

∥∥∥√f4

∥∥∥
λ,∞

+
√
α7F2(2λ)

∥∥∥√f3

∥∥∥
λ,∞

. (144)

Therefore∥∥∥∥√f3

∥∥∥∥
λ,∞

= sup
0≤t<∞

e−λt

(√
β2 +

∫ t

0

ds

√
α5f3(s) + α6f4(s) + α7

∫ s

0

(s− s′ + 1)2f2(s− s′)2f3(s′)ds′

)

≤
√
β2 +

1

λ
·
(√

α5ε3 +
√
α6ε4 +

√
α7F2(2λ)ε3

)
. (145)

Analogously through the same calculations, we can have from Eq. (134) that

e−λt
√
f4(t) = e−λt

√
α8 + α9f3(t) + α10

∫ t

0

(t− s+ 1)2f1(t− s)2 · f4(s)ds ,

≤
√
α8 +

√
α9

∥∥∥√f3

∥∥∥
λ,∞

+
√
α10F1(2λ)

∥∥∥√f4

∥∥∥
λ,∞

and further ∥∥∥∥√f4

∥∥∥∥
λ,∞
≤ α8 + α9ε3 +

√
α10F1(2λ)ε4 . (146)

By taking

ε3 ≥ 2
√
β2 ,

ε4 ≥ 2α9ε3 + 2α8 ,

and large enough λ such that

1

λ
·
(√

α5ε3 +
√
α6ε4 +

√
α7F2(2λ)ε3

)
≤
√
β2 ,

α10F1(λ) ≤ 1

4
,

we can then get from Eqs. (145) and (146)∥∥f3

∥∥
λ,∞ ≤

√
β2 +

√
β2 = 2

√
β2 ≤ ε3 ,
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∥∥f4

∥∥
λ,∞ ≤

ε4

2
+
ε4

2
≤ ε4 .

Next, we show TS,2 is a contraction mapping. Let TS,2(g3, g4) = (g3, g4), we can get from Eq. (133)∣∣∣∣√f3(t)−
√
g3(t)

∣∣∣∣
=

∣∣∣∣∣√β2 +

∫ t

0

ds

√
α5f3(s) + α6f4(s) + α7

∫ s

0

(s− s′ + 1)2f2(s− s′)2f3(s′)ds′

−
√
β2 −

∫ t

0

ds

√
α5g3(s) + α6g4(s) + α7

∫ s

0

(s− s′ + 1)2f2(s− s′)2g3(s′)ds′

∣∣∣∣∣
≤
∫ t

0

∣∣∣∣∣
√
α5f3(s) + α6f4(s) + α7

∫ s

0

(s− s′ + 1)2f2(s− s′)2f3(s′)ds′

−

√
α5g3(s) + α6g4(s) + α7

∫ s

0

(s− s′ + 1)2f2(s− s′)2g3(s′)ds′

∣∣∣∣∣ds
≤
∫ t

0

(
√
α5 ·

∣∣∣√f3(s)−
√
g3(s)

∣∣∣+
√
α6 ·

∣∣∣√f4(s)−
√
g4(s)

∣∣∣
+
√
α7 ·

∣∣∣∣∣
√∫ s

0

(s− s′ + 1)2f2(s− s′)2f3(s′)ds′ −

√∫ s

0

(s− s′ + 1)2f2(s− s′)2g3(s′)ds′

∣∣∣∣∣
)

ds , (147)

where in the last inequality we use the elementary fact |
√
a+ b −

√
c+ d| ≤

√
|a− c| +

√
|b− d| for any

a, b, c, d ∈ R≥0. By Minkowski inequality we also have∣∣∣∣∣
√∫ s

0

(s− s′ + 1)2f2(s− s′)2f3(s′)ds′ −

√∫ s

0

(s− s′ + 1)2f2(s− s′)2g3(s′)ds′

∣∣∣∣∣
≤

√∫ s

0

(s− s′ + 1)2f2(s− s′)2
(√

f3(s′)−
√
g3(s′)

)2

ds′ . (148)

Therefore, taken collectively we have

e−λt
∣∣∣∣√f3(t)−

√
g3(t)

∣∣∣∣
≤
√
α5 ·

∫ t

0

e−λ(t−s) · e−λs
∣∣∣√f3(s)−

√
g3(s)

∣∣∣ds
+
√
α6 ·

∫ t

0

e−λ(t−s) · e−λs
∣∣∣√f4(s)−

√
g4(s)

∣∣∣ds
+
√
α7 ·

∫ t

0

e−λ(t−s) ·

√∫ s

0

e−2λ(s−s′)(s− s′ + 1)2f2(s− s′)2e−2λs′
(√

f3(s′)−
√
g3(s′)

)2

ds′ds

≤ 1

λ

(
√
α5

∥∥∥√f3 −
√
g3

∥∥∥
λ,t

+
√
α6

∥∥∥√f4 −
√
g4

∥∥∥
λ,t

+
√
α7F2(2λ)

∥∥∥√f3 −
√
g3

∥∥∥
λ,t

)
, (149)

which further implies by taking supremum over t ∈ [0,∞)∥∥∥∥√f3 −
√
g3

∥∥∥∥
λ,∞
≤ 1

λ

((√
α5 +

√
α7F2(2λ)

)∥∥∥√f3 −
√
g3

∥∥∥
λ,∞

+
√
α6

∥∥∥√f4 −
√
g4

∥∥∥
λ,∞

)
. (150)

Next from Eq. (134) it follows similarly that∣∣∣∣√f4(t)−
√
g4(t)

∣∣∣∣
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≤
√
α9 ·

∣∣∣√f3(t)−
√
g3(t)

∣∣∣+
√
α10 ·

√∫ t

0

(t− s+ 1)2f1(t− s)2
(√

f4(s)−
√
g4(s)

)2

ds , (151)

and ∥∥∥∥√f4 −
√
g4

∥∥∥∥
λ,∞
≤
√
α9

∥∥∥√f3 −
√
g3

∥∥∥
λ,∞

+
√
α10F1(2λ)

∥∥∥√f4 −
√
g4

∥∥∥
λ,∞

. (152)

We take λ large enough such that

√
α5 +

√
α7F2(2λ)

λ
≤ 1

4
,

4
√
α6α9

λ
≤ 1

4
,√

α10F1(2λ) ≤ 1

4
,

and further with Eqs. (151) and (152),

distλ
(
TS,2(f3, f4) , TS,2(g3, g4)

)
= distλ

(
(f3, f4), (g3, g4)

)
= 4
√
α9

∥∥∥∥√f3 −
√
g3

∥∥∥∥
λ,∞

+

∥∥∥∥√f4 −
√
g4

∥∥∥∥
λ,∞

≤ 2 ·
(
√
α9

∥∥∥√f3 −
√
g3

∥∥∥
λ,∞

+
1

4

∥∥∥√f4 −
√
g4

∥∥∥
λ,∞

)
=

1

2
distλ

(
(f3, f4), (g3, g4)

)
. (153)

B.2 Proof of Lemma 5.4

We first show θt is uniquely defined. Note that ut has covariance kernel C`/δ, which implies for any
0 ≤ s ≤ t ≤ T ,

E
[∥∥ut − us∥∥2

2

]
= E

[
Tr
(
(ut − us)(ut − us)T

)]
= Tr

(
E
[
(ut − us)(ut − us)T

])
=

1

δ
· Tr (Cθ(t, t)− 2Cθ(t, s) + Cθ(s, s))

≤ k

δ
‖Cθ(t, t)− 2Cθ(t, s) + Cθ(s, s)‖ . (154)

By the definition of S and in particular Eq. (62), we can invoke Kolmogorov continuity theorem (cf. [SV97,
Cor. 2.1.4]) and conclude that the sample path ut is continuous. In fact, ut will be locally α-Hölder continuous
for any α ∈ (0, 1). Since the sample path ut is continuous almost surely, ut will be integrable on [0, T ] with
probability one. For any fixed sample path ut, we show there’s a unique path θt ∈ L1([0, T ]) satisfying
Eq. (12a), namely

d

dt
θt = −(Λt + Γt)θt −

∫ t

0

R`(t, s)θ
sds+ ut . (155)

This can be done by finding a contraction mapping and using Banach fixed-point theorem. Consider the

mapping Tθ such that Tθ : θt 7→ θ
t

such that θ
0

= θ0 and

d

dt
θ
t

= −(Λt + Γt)θt −
∫ t

0

R`(t, s)θ
sds+ ut . (156)
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For any θ1, θ2 such that θ0
1 = θ0

2, we have

∥∥θt1 − θt2∥∥ ≤ ∫ t

0

(MΛ +M`)
∥∥θs1 − θs2∥∥ds+

∫ t

0

ds

∫ s

0

∥∥R`(s, s′)∥∥∥∥θs′1 − θs′2 ∥∥ds′ , (157)

and further ∥∥θ1 − θ2

∥∥
λ,T
≤ sup

0≤t≤T

{∫ t

0

e−λ(t−s)(MΛ +M`) · e−λs
∥∥θs1 − θs2∥∥ds

+

∫ t

0

e−λ(t−s)ds

∫ s

0

e−λ(s−s′)∥∥R`(s, s′)∥∥ · e−λs′∥∥θs′1 − θs′2 ∥∥ds′
}

≤ 1

λ

{
(MΛ +M`) ‖θ1 − θ2‖λ,T +

(∫ ∞
0

e−λtΦR`(t)dt

)
‖θ1 − θ2‖λ,T

}
. (158)

By Lemma 5.1 for ΦR` , we see the integral
∫∞

0
e−λtΦR`(t)dt will be finite for sufficiently large λ, and thus we

can take λ large enough to ensure Tθ is a contraction mapping with respect to the metric
∥∥θ1 − θ2

∥∥
λ,T

. The

uniqueness in L∞([0, T ]) is immediate, while the uniqueness in L1([0, T ]) follows from the fact that Tθ maps
any element in L1([0, T ]) into L∞([0, T ]). We can apply the exact same argument to ∂θt/∂us as Eq. (13a)
takes the same form of Eq. (12a).

Next we show rt is uniquely defined. Again by Eq. (71) and Kolmogorov continuity theorem, the sample
path wt is α-Hölder continuous for any α ∈ (0, 1) with probability 1. Consider the mapping Tr such that
Tr : rt 7→ rt and

rt = −1

δ

∫ t

0

Rθ(t, s)`s(r
s; z)ds+ wt . (159)

Similarly, we get for any r1, r2 the mapping is a contraction

‖r1 − r2‖λ,T ≤
1

δ

(∫ ∞
0

e−λtΦRθ (t)dt

)
sup

0≤t≤T
e−λt

∥∥`t(rt1; z)− `t(rt2; z)
∥∥

2

(i)

≤ M`

δ

(∫ ∞
0

e−λtΦRθ (t)dt

)
sup

0≤t≤T
e−λt

∥∥rt1 − rt2∥∥2

≤ M`

δ

(∫ ∞
0

e−λtΦRθ (t)dt

)
‖r1 − r2‖λ,T , (160)

where in (i) we use the Lipschitz property of the function `. Again by Lemma 5.1, by taking λ → ∞,
the integral

∫∞
0
e−λtΦRθ (t)dt can be arbitrarily small, implying Tr is a contraction mapping. The proof of

uniqueness and existence for the functional derivative ∂`t(r
t; z)/∂ws is the same, provided that now the path

rt is uniquely defined.

B.3 Proof of Lemma 5.5

TS→S maps S into Scont. Directly from Eq. (80), we can get

d

dt

∥∥θt∥∥
2
≤
(∥∥Λt

∥∥+
∥∥Γt
∥∥) ∥∥θt∥∥

2
+

∫ t

0

‖R`(t, s)‖ ‖θs‖2 ds+
∥∥ut∥∥

2

≤ (MΛ +M`)
∥∥θt∥∥

2
+

∫ t

0

ΦR`(t− s) ‖θs‖2 ds+
∥∥ut∥∥

2
, (161)

where the last line follows from the assumptions that ‖Λt‖ ≤ MΛ, ‖Γt‖ ≤ M` and ‖R`(t, s)‖ ≤ ΦR`(t − s),
which further gives us

d

dt

√
E ‖θt‖22 =

E
[
‖θt‖2

d
dt ‖θ

t‖2
]√

E ‖θt‖22
≤

√√√√E

[(
d

dt
‖θt‖2

)2
]
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≤

√√√√E

[(
(MΛ +M`) ‖θt‖2 +

∫ t

0

ΦR`(t− s) ‖θs‖2 ds+ ‖ut‖2

)2
]

(i)

≤

√
E
[(

(MΛ +M`)
2 ‖θt‖22 +

∫ t

0

(t− s+ 1)2ΦR`(t− s)2 ‖θs‖22 ds+ ‖ut‖22

)
·
(

1 +

∫ t

0

(t− s+ 1)−2ds+ 1

)]

≤

√
3 · E

[
(MΛ +M`)

2 ‖θt‖22 +

∫ t

0

(t− s+ 1)2ΦR`(t− s)2 ‖θs‖22 ds+ ‖ut‖22

]

≤

√
3 ·
{

(MΛ +M`)
2 E
[
‖θt‖22

]
+

∫ t

0

(t− s+ 1)2ΦR`(t− s)2E
[
‖θs‖22

]
ds+ E

[
‖ut‖22

]}

≤

√
3 ·
{

(MΛ +M`)
2 E
[
‖θt‖22

]
+

∫ t

0

(t− s+ 1)2ΦR`(t− s)2E
[
‖θs‖22

]
ds+

k

δ
ΦC`(t)

}
, (162)

where in (i) we use Cauchy-Schwarz inequality and in the last line it is used that

E
[∥∥ut∥∥2

2

]
= Tr

(
E
[
utut

T
])
≤ k

∥∥∥E [ututT]∥∥∥ =
k

δ
‖C`(t, t)‖ ≤

k

δ
ΦC`(t) . (163)

While since ΦCθ (0) > Mθ0,z ≥ E
[∥∥θ0

∥∥2

2

]
and recall Eq. (58c)

d

dt

√
ΦCθ (t) =

√
3 ·
{

(MΛ +M`)2ΦCθ (t) +
k

δ
ΦC`(t) +

∫ t

0

(t− s+ 1)2ΦR`(t− s)2ΦCθ (s)ds

}
,

we obtain that E
[
‖θt‖22

]
< ΦCθ (t) for all t ∈ [0, T ]. We thus have

∥∥Cθ(t, t)∥∥ =
∥∥∥E [θtθtT]∥∥∥ ≤ E

[∥∥θt∥∥2

2

]
≤ ΦCθ (t) . (164)

Next we look at the definition for the formal partial derivative ∂θt/∂us, as it is not a random function we
have from Eq. (81) that

d

dt
Rθ(t, s) = −

(
Λt + Γt

)
Rθ(t, s)−

∫ t

s

R`(t, s
′)Rθ(s

′, s)ds′ , (165)

for 0 ≤ s ≤ t ≤ T and with Rθ(s, s) = I. Substituting in assumptions of S in Definition 5.2, it holds that

d

dt

∥∥Rθ(t, s)∥∥ ≤ ∥∥∥∥ d

dt
Rθ(t, s)

∥∥∥∥
≤
(∥∥Λt

∥∥+
∥∥Γt
∥∥) ∥∥Rθ(t, s)∥∥+

∫ t

s

∥∥R`(t, s′)∥∥ ∥∥Rθ(s′, s)∥∥ds′

≤ (MΛ +M`)
∥∥Rθ(t, s)∥∥+

∫ t

s

ΦR`(t− s′)
∥∥Rθ(s′, s)∥∥ ds′ , (166)

with
∥∥Rθ(s, s)∥∥ = 1. Since ΦRθ (0) > 1 and by Eq. (58a)

d

dt
ΦRθ (t) = (MΛ +M`)ΦRθ (t) +

∫ t

0

ΦR`(t− s)ΦRθ (s)ds ,

we can obtain that ∥∥Rθ(t, s)∥∥ ≤ ΦRθ (t− s). (167)
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Finally, we note that for any 0 ≤ s ≤ t ≤ T ,∥∥Cθ(t, t)− 2Cθ(t, s) + Cθ(s, s)
∥∥ =

∥∥E [(θt − θs)(θt − θs)T]∥∥ ≤ E
[∥∥(θt − θs)(θt − θs)T

∥∥] ≤ E
[∥∥θt − θs∥∥2

2

]
,

and thus further∥∥Cθ(t, t)− 2Cθ(t, s) + Cθ(s, s)
∥∥

≤ E

∥∥∥∥∥
∫ t

s

{
−(Λt

′
+ Γt

′
)θt
′
−
∫ t′

0

R`(t
′, s′)θs

′
ds′ + ut

′

}
dt′

∥∥∥∥∥
2

2


≤ (t− s)2 sup

0≤t≤T
E

[(
(MΛ +M`)

∥∥θt∥∥
2

+

∫ t

0

ΦR`(t− s) ‖θs‖2 ds+
∥∥ut∥∥

2

)2
]

≤ (t− s)2 · sup
0≤t≤T

3E
[
(MΛ +M`)

2 ∥∥θt∥∥2

2
+

∫ t

0

(t− s+ 1)2ΦR`(t− s)2 ‖θs‖22 ds+
∥∥ut∥∥2

2

]
≤ (t− s)2 · sup

0≤t≤T
·3
{

(MΛ +M`)
2

ΦCθ (t) +

∫ t

0

(t− s+ 1)2ΦR`(t− s)2ΦCθ (s)ds+
k

δ
ΦC`(t)

}
. (168)

Since ΦR` ,ΦRθ and ΦC` are nondecreasing, we get∥∥Cθ(t, t)− 2Cθ(t, s) + Cθ(s, s)
∥∥ ≤ 3

{[
(MΛ +M`)

2
+ T (T + 1)2ΦR`(T )2

]
ΦCθ (T ) +

k

δ
ΦC`(T )

}
(t− s)2

= MS(t− s)2 . (169)

Similarly, we can see the continuity of Cθ by Cauchy-Schwarz (as an even stronger result, we show Cθ is
Lipschitz continuous)

∥∥Cθ(t, s)− Cθ(t, s′)∥∥ ≤
√
E
[
‖θt‖22

]
· E
[
‖θs − θs′‖22

]
≤
√

ΦCθ (T )MS · |s− s
′| . (170)

This shows that (Cθ, Rθ) ∈ Scont and concludes the first part.

TS→S maps S into Scont. Next we will show
∥∥C`(t, t)∥∥ ≤ ΦC`(t) assuming that (Cθ, Rθ) ∈ S. By

Definition 5.3 and Eq. (84), it follows that∥∥`t (rt; z)∥∥2
≤ ‖`t (0; z)‖2 +M`

∥∥rt∥∥
2

≤ ‖`t (0; z)‖2 +
M`

δ

∫ t

0

∥∥Rθ(t, s)∥∥∥∥`s (rs; z)
∥∥

2
ds+M`

∥∥wt∥∥
2

≤ ‖`t (0; z)‖2 +
M`

δ

∫ t

0

ΦRθ (t− s) ‖`s (rs; z)‖2 ds+M`

∥∥wt∥∥
2
. (171)

Hence

E
[∥∥`t (rt; z)∥∥2

2

]
≤ E

[(
‖`t (0; z)‖2 +

M`

δ

∫ t

0

ΦRθ (t− s) ‖`s (rs; z)‖2 ds+M`

∥∥wt∥∥
2

)2
]

(i)

≤ E
[(
‖`t (0; z)‖22 +

M2
`

δ2

∫ t

0

(t− s+ 1)2ΦRθ (t− s)2 ‖`s (rs; z)‖22 ds+M2
`

∥∥wt∥∥2

2

)
·
(

1 +

∫ t

0

(t− s+ 1)−2ds+ 1

)]
≤ 3

{
E
[
‖`t (0; z)‖22

]
+
M2
`

δ2

∫ t

0

(t− s+ 1)2ΦRθ (t− s)2E
[
‖`s (rs; z)‖22

]
ds+M2

` E
[∥∥wt∥∥2

2

]}
≤ 3

{
Mθ0,z +

M2
`

δ2

∫ t

0

(t− s+ 1)2ΦRθ (t− s)2E
[
‖`s (rs; z)‖22

]
ds+ kM2

` ΦCθ (t)

}
, (172)
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where in (i) we use Cauchy-Schwarz inequality and in the last line it is used that E
[
‖wt‖22

]
≤ k

∥∥Cθ(t, t)∥∥ ≤
kΦCθ (t). By Eq. (58d) we note that

ΦC`(t) = 3 ·
{
Mθ0,z + kM2

` ΦCθ (t) +
M2
`

δ2

∫ t

0

(t− s+ 1)2ΦRθ (t− s)2ΦC`(s)ds

}
,

and along with the fact that ΦC`(0) ≥ 3Mθ0,z + 3kM2
` ΦCθ (0) > Mθ0,z ≥ E

[∥∥`0 (r0; z
)∥∥2

2

]
, it must follow

that ∥∥C`(t, t)∥∥ =
∥∥E [`t(rt; z)`t(rt; z)T]∥∥ ≤ E

[∥∥`t (rt; z)∥∥2

2

]
≤ ΦC`(t) . (173)

Next we show Rθ(t, s) ≤ ΦRθ (t− s) for all 0 ≤ s < t ≤ T . By Eq. (85),

∂`t(r
t; z)

∂ws
= ∇r`t(rt; z) ·

(
−1

δ

∫ t

s

Rθ(t, s
′)
∂`s′(r

s′ ; z)

∂ws
ds′ − 1

δ
Rθ(t, s)∇r`s(rs; z)

)
,

and the Lipschitz property of the function `, i.e. ‖∇r`t(rt; z)‖ ≤M`, we have

E
[∥∥∥∥∂`t(rt; z)∂ws

∥∥∥∥] ≤ M`

δ

(∫ t

s

∥∥Rθ(t, s′)∥∥E[
∥∥∥∥∥∂`s′(rs

′
; z)

∂ws

∥∥∥∥∥
]

ds′ +M`

∥∥Rθ(t, s)∥∥)

≤ M`

δ

(∫ t

s

ΦRθ (t− s′)E

[∥∥∥∥∥∂`s′(rs
′
; z)

∂ws

∥∥∥∥∥
]

ds′ +M`ΦRθ (t− s)

)
. (174)

Comparing to the deterministic system in Eq. (58b),

ΦR`(t) =
M`

δ
·
{
M`ΦRθ (t) +

∫ t

0

ΦRθ (t− s)ΦR`(s)ds
}
,

we see E
[∥∥∥∂`t(rt;z)∂ws

∥∥∥] ≤ ΦR`(t− s) for all 0 ≤ s ≤ t ≤ T , and further

∥∥R`(t, s)∥∥ =

∥∥∥∥E [∂`t(rt; z)∂ws

]∥∥∥∥ ≤ E
[∥∥∥∥∂`t(rt; z)∂ws

∥∥∥∥] ≤ ΦR`(t− s). (175)

Then we conclude from the Lipschitz property and Eq. (88) that∥∥∥Γ
t
∥∥∥ =

∥∥E [∇r`t(rt; z)]∥∥ ≤ E
[∥∥∇r`t(rt; z)∥∥] ≤M` . (176)

We note that for any 0 ≤ s ≤ t ≤ T ,∥∥C`(t, t)− 2C`(t, s) + C`(s, s)
∥∥

=
∥∥E [(`t(rt; z)− `s(rs; z))(`t(rt; z)− `s(rs; z))T]∥∥

≤ E
[∥∥`t(rt; z)− `s(rs; z)∥∥2

2

]
≤M` · E

[(∥∥rt − rs∥∥
2

+ |t− s|
)2]

≤M` · E

[(
1

δ

∫ t

s

ΦRθ (t− s′)
∥∥∥`s′(rs′ ; z)∥∥∥

2
ds′ +

∥∥wt − ws∥∥
2

+ |t− s|
)2
]

≤M` · 3E
[(

1

δ2

∫ t

s

(t− s′ + 1)2ΦRθ (t− s′)2
∥∥∥`s′(rs′ ; z)∥∥∥2

2
ds′ +

∥∥wt − ws∥∥2

2
+ (t− s)2

)]
,
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where in the last line we use the Cauchy-Schwarz inequality. Further we take ind

E
[∥∥∥`s′(rs′ ; z)∥∥∥2

2

]
≤ ΦC`(s

′) ,

E
[∥∥wt − ws∥∥2

2

]
≤ k

∥∥Cθ(t, t)− 2Cθ(t, s) + Cθ(s, s)
∥∥

≤ 3k

{[
(MΛ +M`)

2
+ T (T + 1)2ΦR`(T )2

]
ΦCθ (T ) +

k

δ
ΦC`(T )

}
(t− s)2 ,

it then follows that∥∥C`(t, t)− 2C`(t, s) + C`(s, s)
∥∥

≤ 3M`(t− s)2

·
{

1

δ2
(T + 1)2ΦRθ (T )2ΦC`(T ) + 3k

{[
(MΛ +M`)

2
+ T (T + 1)2ΦR`(T )2

]
ΦCθ (T ) +

k

δ
ΦC`(T )

}
+ 1

}
= MS(t− s)2 .

Similar to Eq. (74) in the previous part, we also have Lipschitz continuity for C`, namely ∀s, s′ ∈ [0, t],

∥∥C`(t, s)− C`(t, s′)∥∥ ≤
√

E
[
‖`t(rt; z)‖22

]
· E
[
‖`s(rs; z)− `s′(rs′ ; z)‖22

]
≤
√

ΦC`(T )MS · |s− s′| . (177)

This concludes the proof.

B.4 Proofs for contraction property of the mapping T
B.4.1 Proof of Lemma 5.6

Controlling the distance between C
1

θ and C
2

θ. By Eq. (80), the equations that define θ1 and θ2 can
be put as for all t ∈ [0, T ] and i = 1, 2,

d

dt
θti = −(Λt + Γt)θti −

∫ t

0

R`(t, s)θ
s
i ds+ uti , (178)

where uti are centered Gaussian processes with autocovariances Ci`/δ and R` := R1
` = R2

` . By definition, we
can couple ut1 and ut2 such that

sup
t∈[0,T ]

e−λt
√
E
[
‖ut1 − ut2‖

2
2

]
≤ 2 · distλ,T

(
ut1, u

t
2

)
= 2 · distλ,T

(
C1
` /δ, C

2
` /δ
)

=
2√
δ
distλ,T

(
C1
` , C

2
`

)
. (179)

We observe that

d

dt

∥∥θt1 − θt2∥∥2
≤
∥∥∥∥ d

dt

(
θt1 − θt2

)∥∥∥∥
2

=

∥∥∥∥∫ t

0

R`(t, s)(θ
s
1 − θs2)ds+

(
Λt + Γt

) (
θt1 − θt2

)
−
(
ut1 − ut2

)∥∥∥∥
2

≤
∫ t

0

ΦR`(t− s) ‖θs1 − θs2‖2 ds+ (MΛ +M`)
∥∥θt1 − θt2∥∥2

+
∥∥ut1 − ut2∥∥2

. (180)

By Lemma 5.1 we can choose a λ̄ large enough such that
∫∞

0
e−λsΦR`(s)ds ≤MΛ +M`, which implies that

e−λt
d

dt
‖θt1 − θt2‖2

≤
∫ t

0

e−λ(t−s)ΦR`(t− s) · e−λs ‖θs1 − θs2‖2 ds+ e−λt (MΛ + L)
∥∥θt1 − θt2∥∥2

+ e−λt
∥∥ut1 − ut2∥∥2
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≤
(∫ ∞

0

e−λsΦR`(s)ds

)
· sup

0≤s≤t
e−λs ‖θs1 − θs2‖2 + e−λt (MΛ + L)

∥∥θt1 − θt2∥∥2
+ e−λt

∥∥ut1 − ut2∥∥2

≤
(
MΛ +M` +

∫ ∞
0

e−λsΦR`(s)ds

)
· sup

0≤s≤t
e−λs ‖θs1 − θs2‖2 + e−λt

∥∥ut1 − ut2∥∥2

≤ 2 (MΛ +M`) · sup
0≤s≤t

e−λs ‖θs1 − θs2‖2 + e−λt
∥∥ut1 − ut2∥∥2

. (181)

Using the observation

d

dt
sup

0≤s≤t
e−λs ‖θs1 − θs2‖2 ≤ max

{
d

dt
e−λt

∥∥θt1 − θt2∥∥2
, 0

}
≤ max

{
e−λt

d

dt

∥∥θt1 − θt2∥∥2
, 0

}
≤ 2 (MΛ +M`) · sup

0≤s≤t
e−λs ‖θs1 − θs2‖2 + e−λt

∥∥ut1 − ut2∥∥2
, (182)

we can derive that

d

dt

(
e−2(MΛ+M`)t sup

0≤s≤t
e−λs ‖θs1 − θs2‖2

)
≤ e−2(MΛ+M`)t−λt

∥∥ut1 − ut2∥∥2
, (183)

and consequently by Cauchy-Schwarz inequality

e−4(MΛ+M`)t−2λt
∥∥θt1 − θt2∥∥2

2
≤
(
e−2(MΛ+M`)t sup

0≤s≤t
e−λs ‖θs1 − θs2‖2

)2

≤
(∫ t

0

e−2(MΛ+M`)s−λs ‖us1 − us2‖2 ds

)2

≤
(∫ t

0

1

(t− s+ 1)2
ds

)(∫ t

0

(t− s+ 1)2e−4(MΛ+M`)s−2λs ‖us1 − us2‖
2
2 ds

)
≤
∫ t

0

(t− s+ 1)2e−4(MΛ+M`)s−2λs ‖us1 − us2‖
2
2 ds . (184)

Taking expectation on both sides, and choose some λ ≥ 2(MΛ +M`) + λ, we have

e−2λtE
[∥∥θt1 − θt2∥∥2

2

]
≤ e−2(λ−2(MΛ+M`)−λ)t · e−4(MΛ+M`)t−2λtE

[∥∥θt1 − θt2∥∥2

2

]
≤ e−2(λ−2(MΛ+L)−λ)t ·

∫ t

0

(t− s+ 1)2e−4(MΛ+L)s−2λsE
[
‖us1 − us2‖

2
2

]
ds

≤
∫ t

0

e−2(λ−2(MΛ+L)−λ)(t−s)(t− s+ 1)2 · e−2λsE
[
‖us1 − us2‖

2
2

]
ds

≤
(∫ ∞

0

e−2(λ−2(MΛ+L)−λ)t(t+ 1)2dt

)
· sup

0≤s≤t
e−2λsE

[
‖us1 − us2‖

2
2

]
. (185)

Taking supremum on both sides for t ∈ [0, T ] and choosing a large enough λ yields

sup
t∈[0,T ]

e−λt
√
E
[
‖θt1 − θt2‖

2
2

]
≤
(∫ ∞

0

e−2(λ−2(MΛ+L)−λ)t(t+ 1)2dt

)
· 2√

δ
· distλ,T

(
C1
` , C

2
`

)
≤ ε · distλ,T

(
C1
` , C

2
`

)
, (186)

for any prescribed ε > 0. Consider a centered Gaussian process

[
g1

g2

]
∈ R2p with covariance E

[[
θt1
θt2

] [
θs1
θs2

]T]
.

Clearly E
[
‖gt1 − gt2‖

2
2

]
= E

[
‖θt1 − θt2‖

2
2

]
for all t ∈ [0,∞). Since g1 and g2 have covariance kernels C

1

θ and

C
2

θ, we have

distλ,T
(
C

1

θ, C
2

θ

)
≤ sup
t∈[0,T ]

e−λt
√
E
[
‖θt1 − θt2‖

2
2

]
≤ ε · distλ,T

(
C1
` , C

2
`

)
. (187)
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Controlling the distance between R
1

θ and R
2

θ. Note that both R
1

θ and R
2

θ are defined by the same
ODE by Eq. (81) for i = 1, 2,

d

dt
R
i

θ(t, s) = −ΛtR
i

θ(t, s)−
∫ t

s

R`(t, s
′)R

i

θ(s
′, s)ds′ , (188)

and with the same boundary condition R
i

θ(s, s) = I. Thus R
1

θ = R
2

θ on [0, T ]2.

B.4.2 Proof of Lemma 5.7

Controlling the distance between C
1

θ and C
2

θ. Since C1
` = C2

` on [0, T ]2, we have for all t ∈ [0, T ] and
i = 1, 2,

d

dt
θti = −

(
Λt + Γti

)
θti −

∫ t

0

Ri`(t, s)θ
s
i ds+ ut , (189)

where ut is a centered Gaussian process with the covariance kernel C`/δ := C1
` /δ = C2

` /δ. Using

d

dt

(
θt1 − θt2

)
= −

(
Λt + Γt1

) (
θt1 − θt2

)
−
(
Γt1 − Γt2

)
θt2 −

∫ t

0

R1
` (t, s)(θ

s
1 − θs2)ds−

∫ t

0

(R1
` (t, s)−R2

` (t, s))θ
s
2ds ,

(190)

it follows that

d

dt
‖θt1 − θt2‖2 ≤

∥∥∥∥ d

dt

(
θt1 − θt2

)∥∥∥∥
2

=

∥∥∥∥(Λt + Γt1
) (
θt1 − θt2

)
+

∫ t

0

R1
` (t, s)(θ

s
1 − θs2)ds+

(
Γt1 − Γt2

)
θt2 +

∫ t

0

(R1
` (t, s)−R2

` (t, s))θ
s
2ds

∥∥∥∥
2

≤ (MΛ +M`)
∥∥θt1 − θt2∥∥2

+

∫ t

0

ΦR`(t− s) ‖θs1 − θs2‖2 ds+
∥∥Γt1 − Γt2

∥∥∥∥θt2∥∥2

+

∫ t

0

∥∥R1
` (t, s)−R2

` (t, s)
∥∥ ‖θs2‖2 ds . (191)

By Lemma 5.1 we can choose a λ̄ large enough such that
∫∞

0
e−λsΦR`(s)ds ≤MΛ +M`, and therefore

e−λt
d

dt
‖θt1 − θt2‖2

≤ (MΛ +M`) e
−λt ∥∥θt1 − θt2∥∥2

+

∫ t

0

e−λ(t−s)ΦR`(t− s) · e−λs ‖θs1 − θs2‖2 ds

+ e−λt
∥∥Γt1 − Γt2

∥∥∥∥θt2∥∥2
+ e−λt

∫ t

0

∥∥R1
` (t, s)−R2

` (t, s)
∥∥ ‖θs2‖2 ds

≤ (MΛ +M`) e
−λt ∥∥θt1 − θt2∥∥2

+

(∫ ∞
0

e−λsΦR`(s)ds

)
· sup

0≤s≤t
e−λs ‖θs1 − θs2‖2

+ e−λt
∥∥Γt1 − Γt2

∥∥∥∥θt2∥∥2
+ e−λt

∫ t

0

∥∥R1
` (t, s)−R2

` (t, s)
∥∥ ‖θs2‖2 ds

=

(
MΛ +M` +

∫ ∞
0

e−λsΦR`(s)ds

)
· sup

0≤s≤t
e−λs ‖θs1 − θs2‖2 + e−λt

∥∥Γt1 − Γt2
∥∥∥∥θt2∥∥2

+ e−λt
∫ t

0

∥∥R1
` (t, s)−R2

` (t, s)
∥∥ ‖θs2‖2 ds

≤ 2 (MΛ +M`) e
−λt sup

0≤s≤t
e−λs ‖θs1 − θs2‖2 + e−λt

∥∥Γt1 − Γt2
∥∥∥∥θt2∥∥2

+ e−λt
∫ t

0

∥∥R1
` (t, s)−R2

` (t, s)
∥∥ ‖θs2‖2 ds .

(192)
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Similar to the proof in Appendix B.4.1, we obtain

d

dt

(
e−2(MΛ+M`)t sup

0≤s≤t
e−λs ‖θs1 − θs2‖2

)
≤ e−2(MΛ+M`)t−λt

(∥∥Γt1 − Γt2
∥∥∥∥θt2∥∥2

+

∫ t

0

∥∥R1
` (t, s)−R2

` (t, s)
∥∥ ‖θs2‖2 ds

)
, (193)

and consequently

e−4(MΛ+M`)t−2λt
∥∥θt1 − θt2∥∥2

2

≤
(
e−2(MΛ+M`)t sup

0≤s≤t
e−λs ‖θs1 − θs2‖2

)2

≤
(∫ t

0

e−2(MΛ+M`)s−λs
(
‖Γs1 − Γs2‖ ‖θs2‖2 +

∫ s

0

∥∥R1
` (s, s

′)−R2
` (s, s

′)
∥∥∥∥θ2

s′

∥∥
2

ds′
)

ds

)2

(i)

≤
{∫ t

0

(t− s+ 1)−2

(
1 +

∫ s

0

(s′ + 1)−2ds′
)

ds

}
·
{∫ t

0

e−4(MΛ+M`)s−2λs(t− s+ 1)2

·
(
‖Γs1 − Γs2‖

2 ‖θs2‖
2
2 +

∫ s

0

(s′ + 1)2
∥∥R1

` (s, s
′)−R2

` (s, s
′)
∥∥2 ∥∥θ2

s′

∥∥2

2
ds′
)

ds

}
≤ 2

∫ t

0

e−4(MΛ+M`)s−2λs(t− s+ 1)2

(
‖Γs1 − Γs2‖

2 ‖θs2‖
2
2 +

∫ s

0

(s′ + 1)2
∥∥R1

` (s, s
′)−R2

` (s, s
′)
∥∥2 ∥∥θ2

s′

∥∥2

2
ds′
)

ds ,

(194)

where we invoke Cauchy-Schwarz inequality in (i). Take expectation on both sides and use Lemma 5.5 which

implies that E
[∥∥θ2

s′

∥∥2

2

]
≤ k

∥∥∥E [θ2
s′θ

2
s′
T
]∥∥∥

2
≤ kΦCθ (s

′), we have

e−4(MΛ+M`)t−2λtE
[∥∥θt1 − θt2∥∥2

2

]
≤ 2

∫ t

0

{(
e−4(MΛ+M`)s−2λs(t− s+ 1)2

)
·
(
‖Γs1 − Γs2‖

2 E
[∥∥θ2

s

∥∥2

2

]
+

∫ s

0

(s′ + 1)2
∥∥R1

` (s, s
′)−R2

` (s, s
′)
∥∥2 E

[∥∥θ2
s′

∥∥2

2

]
ds′
)}

ds

≤ 2k

∫ t

0

e−4(MΛ+M`)s−2λs(t− s+ 1)2

(
‖Γs1 − Γs2‖

2
ΦCθ (s) +

∫ s

0

(s′ + 1)2
∥∥R1

` (s, s
′)−R2

` (s, s
′)
∥∥2

ΦCθ (s
′)ds′

)
ds .

(195)

Now we take λ > 2(MΛ +M`) + λ, and for any t ∈ [0, T ],

e−2λtE
[∥∥θt1 − θt2∥∥2

2

]
≤ 2k

∫ t

0

[
e−2(λ−2(MΛ+M`)−λ)(t−s)(t− s+ 1)2

· e−2λs

(
‖Γs1 − Γs2‖

2
ΦCθ (s) + k

∫ s

0

(s′ + 1)2
∥∥R1

` (s, s
′)−R2

` (s, s
′)
∥∥2

ΦCθ (s
′)ds′

)]
ds

≤ 2k

(∫ ∞
0

e−2(λ−2(MΛ+M`)−λ)t(t+ 1)2dt

)
· sup

0≤s≤t
e−2λs

(
‖Γs1 − Γs2‖

2
ΦCθ (s) + k

∫ s

0

(s′ + 1)2
∥∥R1

` (s, s
′)−R2

` (s, s
′)
∥∥2

ΦCθ (s
′)ds′

)
≤ 2k

(∫ ∞
0

e−2(λ−2(MΛ+M`)−λ)t(t+ 1)2dt

)
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·
(

ΦCθ (t) · sup
0≤s≤t

e−2λs ‖Γs1 − Γs2‖
2

+

(
k

∫ s

0

(s′ + 1)2ΦCθ (s
′)ds′

)
· sup

0≤s′≤s
e−2λs

∥∥R1
` (s, s

′)−R2
` (s, s

′)
∥∥2
)

≤ 2k

(∫ ∞
0

e−2(λ−2(MΛ+M`)−λ)t(t+ 1)2dt

)
·
(

ΦCθ (T ) · distλ,T (Γ1,Γ2)
2

+ kT (T + 1)2ΦCθ (T ) · distλ,T
(
R1
` , R

2
`

)2)
.

(196)

Therefore, we can always take a large enough λ such that for any ε > 0

e−λt
√

E
[
‖θt1 − θt2‖

2
2

]
≤ ε ·

√
distλ,T (Γ1,Γ2)

2
+ distλ,T (R1

` , R
2
` )

2 ≤ ε ·
(
distλ,T (Γ1,Γ2) + distλ,T

(
R1
` , R

2
`

))
.

(197)

Using the same argument in Appendix B.4.1, we conclude that

distλ,T
(
C

1

θ, C
2

θ

)
≤ sup
t∈[0,T ]

e−λt
√

E
[
‖θt1 − θt2‖

2
2

]
≤ ε ·

(
distλ,T

(
R1
` , R

2
`

)
+ distλ,T (Γ1,Γ2)

)
. (198)

Controlling the distance between R
1

θ and R
2

θ. Again from Eq. (81) we get for any 0 ≤ s ≤ t ≤ T and
i = 1, 2,

d

dt
R
i

θ(t, s) = −
(
Λt + Γti

)
R
i

θ(t, s)−
∫ t

s

Ri`(t, s
′)R

i

θ(s
′, s)ds′ , (199)

with the same boundary conditions R
i

θ(s, s) = I, and thus for any 0 ≤ s ≤ t ≤ T ,

d

dt

(
R

1

θ(t, s)−R
2

θ(t, s)
)

= −
(
Λt + Γt1

) (
R

1

θ(t, s)−R
2

θ(t, s)
)
−
(
Γt1 − Γt2

)
R

2

θ(t, s)

−
∫ t

s

R1
` (t, s

′)(R
1

θ(s
′, s)−R2

θ(s
′, s))ds′ −

∫ t

s

(R1
` (t, s

′)−R2
` (t, s

′))R
2

θ(s
′, s)ds′ , (200)

and R
1

θ(s, s)−R
2

θ(s, s) = 0. It then follows that

d

dt

∥∥∥R1

θ(t, s)−R
2

θ(t, s)
∥∥∥ ≤ ∥∥∥∥ d

dt

(
R

1

θ(t, s)−R
2

θ(t, s)
)∥∥∥∥

≤
∥∥∥∥ (Λt + Γt1

) (
R

1

θ(t, s)−R
2

θ(t, s)
)

+

∫ t

s

R1
` (t, s

′)(R
1

θ(s
′, s)−R2

θ(s
′, s))ds′

+
(
Γt1 − Γt2

)
R

2

θ(t, s) +

∫ t

s

(R1
` (t, s

′)−R2
` (t, s

′))R
2

θ(s
′, s)ds′

∥∥∥∥
≤ (MΛ +M`)

∥∥∥R1

θ(t, s)−R
2

θ(t, s)
∥∥∥+

∫ t

s

ΦR`(t− s′)
∥∥∥R1

θ(s
′, s)−R2

θ(s
′, s)
∥∥∥ds′

+
∥∥Γt1 − Γt2

∥∥ · ΦRθ (t− s) +

∫ t

s

∥∥R1
` (t, s

′)−R2
` (t, s

′)
∥∥ · ΦRθ (s′ − s)ds′ , (201)

where in the last line we use ‖Γt1‖ ≤ M` and
∥∥∥R2

θ(t, s)
∥∥∥ ≤ ΦRθ (t − s) by invoking Lemma 5.5. We now

proceed almost identically to the proof in the previous part. We find some large enough λ such that∫∞
0
e−λtΦR`(t)dt ≤MΛ +M` and on which λ it holds that for any 0 ≤ s ≤ t ≤ T ,

d

dt

(
e−2(MΛ+M`)t sup

s≤s′≤t
e−λs

′
∥∥∥R1

θ(s
′, s)−R2

θ(s
′, s)
∥∥∥)

≤ e−2(MΛ+M`)t−λt
(∥∥Γt1 − Γt2

∥∥ΦRθ (t− s) +

∫ t

s

∥∥R1
` (t, s

′)−R2
` (t, s

′)
∥∥ΦRθ (s

′ − s)ds′
)

(202)
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and then we have

e−2(MΛ+M`)t−λt
∥∥∥R1

θ(t, s)−R
2

θ(t, s)
∥∥∥

≤ e−2(MΛ+M`)t sup
s≤s′≤t

e−λs
′
∥∥∥R1

θ(s
′, s)−R2

θ(s
′, s)
∥∥∥

≤
∫ t

s

e−2(MΛ+M`)s
′−λs′

(∥∥Γ1
s′ − Γ2

s′

∥∥ΦRθ (s
′ − s) +

∫ s′

s

∥∥R1
` (s
′, s′′)−R2

` (s
′, s′′)

∥∥ΦRθ (s
′′ − s)ds′′

)
ds′ .

(203)

For any λ > 2(MΛ +M`) + λ and 0 ≤ s ≤ t ≤ T ,

e−λt
∥∥∥R1

θ(t, s)−R
2

θ(t, s)
∥∥∥

≤
∫ t

s

e−(λ−2(MΛ+M`)−λ)(t−s′)

· e−λs
′

(∥∥Γ1
s′ − Γ2

s′

∥∥ΦRθ (s
′ − s) +

∫ s′

s

∥∥R1
` (s
′, s′′)−R2

` (s
′, s′′)

∥∥ΦRθ (s
′′ − s)ds′′

)
ds′

≤ 1

λ− 2 (MΛ +M`)− λ

·

(
sup

s≤s′≤t
e−λs

′ ∥∥Γ1
s′ − Γ2

s′

∥∥ΦRθ (s
′ − s) + sup

s≤s′≤t

∫ s′

s

e−λs
′ ∥∥R1

` (s
′, s′′)−R2

` (s
′, s′′)

∥∥ΦRθ (s
′′ − s)ds′′

)

≤ 1

λ− 2 (MΛ +M`)− λ

·
(

ΦRθ (t) · sup
0≤s≤t

e−λs
∥∥Γ1

s − Γ2
s

∥∥
2

+

(∫ t

0

ΦRθ (s)ds

)
· sup

0≤s′≤s≤t
e−λs

∥∥R1
` (s, s

′)−R2
` (s, s

′)
∥∥)

≤ TΦRθ (T )

λ− 2 (MΛ +M`)− λ
·
(
distλ,T (Γ1,Γ2) + distλ,T

(
R1
` , R

2
`

))
. (204)

For any ε > 0, we can take a large enough λ such that

distλ,T
(
R

1

θ, R
2

θ

)
= sup

0≤s≤t≤T
e−λt

∥∥∥R1

θ(t, s)−R
2

θ(t, s)
∥∥∥ ≤ ε · (distλ,T (R1

` , R
2
`

)
+ distλ,T (Γ1,Γ2)

)
. (205)

B.4.3 Proof of Lemma 5.8

Controlling the distance between C
1

` and C
2

` . Given that Rθ := R
1

θ = R
2

θ on [0, T ]2, we can write the
equations that define r1 and r2 as

rti = −1

δ

∫ t

0

Rθ(t, s)`s(r
s
i ; z)ds+ wti , (206)

for i = 1, 2, where wti are centered Gaussian processes with covariance kernels C
i

θ. We couple wt1 and wt2
such that they achieve small (λ, T )-distance, namely

sup
t∈[0,T ]

e−λt
√
E
[
‖wt1 − wt2‖

2
2

]
≤ 2 · distλ,T

(
wt1, w

t
2

)
= 2 · distλ,T

(
C

1

θ, C
2

θ

)
. (207)

For any t ≤ T , we have

e−λt
∥∥rt1 − rt2∥∥2

≤ e−λt
(

1

δ

∫ t

0

∥∥Rθ(t, s)∥∥ ‖`s(rs1; z)− `s(rs2; z)‖2 ds+
∥∥wt1 − wt2∥∥2

)
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≤ 1

δ

∫ t

0

e−λ(t−s) ∥∥Rθ(t, s)∥∥ · e−λs ‖`s(rs1; z)− `s(rs2; z)‖2 ds+ e−λt
∥∥wt1 − wt2∥∥2

≤ M`

δ

∫ t

0

e−λ(t−s)ΦRθ (t− s) · e−λs ‖rs1 − rs2‖2 ds+ e−λt
∥∥wt1 − wt2∥∥2

. (208)

Therefore square both sides and taking expectations, we have

e−2λtE
[∥∥rt1 − rt2∥∥2

2

]
≤ E

[(
M`

δ

∫ t

0

e−λ(t−s)ΦRθ (t− s) · e−λs ‖rs1 − rs2‖2 ds+ e−λt
∥∥wt1 − wt2∥∥2

)2
]

≤
(∫ t

0

(t− s+ 1)−2ds+ 1

)
· E
[
M2
`

δ2

∫ t

0

(t− s+ 1)2e−2λ(t−s)ΦRθ (t− s)2 · e−2λs ‖rs1 − rs2‖
2
2 ds+ e−2λt

∥∥wt1 − wt2∥∥2

2

]
≤ 2M2

`

δ2

∫ t

0

(t− s+ 1)2e−2λ(t−s)ΦRθ (t− s)2 · e−2λsE
[
‖rs1 − rs2‖

2
2

]
+ 2e−2λtE

[∥∥wt1 − wt2∥∥2

2

]
≤ 2M2

`

δ2
·
(∫ t

0

e−2λt(t+ 1)2ΦRθ (t)
2dt

)
· sup

0≤s≤t
e−2λsE

[
‖rs1 − rs2‖

2
2

]
+ 2 ·

(
2 · distλ,T

(
C

1

θ, C
2

θ

))2

. (209)

Note that the right hand side is increasing in t. By taking λ to be large enough such that

2M2
`

δ2
·
∫ t

0

e−2λt(t+ 1)2ΦRθ (t)
2dt ≤ 1

2
, (210)

we have

sup
0≤s≤t

e−2λsE
[
‖rs1 − rs2‖

2
2

]
≤ 16 · distλ,T

(
C

1

θ, C
2

θ

)2

. (211)

It then can be established following the same argument in Appendix B.4.1 that

distλ,T
(
C

1

` , C
2

`

)
≤ sup
t∈[0,T ]

e−λt
√
E
[
‖`t(rt1; z)− `t(rt1; z)‖22

]
≤M` ·

√
sup

0≤s≤t
e−2λs

[
E ‖rs1 − rs2‖

2
2

]
≤ 4M` · distλ,T

(
C

1

θ, C
2

θ

)
. (212)

Controlling the distances between R
1

` and R
2

` , Γ1 and Γ2. From Eq. (85) we can obtain for any
0 ≤ s ≤ t ≤ T and i = 1, 2,

∂`t(r
t
i ; z)

∂ws
= ∇r`t(rt; z) ·

∂rti
∂ws

, (213)

∂rti
∂ws

:= −1

δ

∫ t

s

Rθ(t, s
′)
∂`s′(r

s′

i ; z)

∂ws′
ds′ − 1

δ
Rθ(t, s)∇r`s(rsi ; z) . (214)

and by Eq. (88),

Γ
t

i = E
[
∇r`t(rti , z)

]
. (215)

Therefore, for any λ satisfying Eq. (210) we have

e−λt
∥∥∥Γ

t

1 − Γ
t

2

∥∥∥ ≤ e−λtE [∥∥∇r`t(rt1; z)−∇r`t(rt2; z)
∥∥] ≤ e−λt√E

[
‖∇r`t(rt1; z)−∇r`t(rt2; z)‖2

]
, (216)
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and then we use Eq. (211) and obtain

e−λt
∥∥∥Γ

t

1 − Γ
t

2

∥∥∥ ≤ e−λt√E
[
‖∇r`t(rt1; z)−∇r`t(rt2; z)‖2

]
≤M` · e−λt

√
E
[
‖rt1 − rt2‖

2
2

]
= 4M` · distλ,T

(
C

1

θ, C
2

θ

)
. (217)

Thus

distλ,T
(
Γ1,Γ2

)
= sup
t∈[0,T ]

e−λt
∥∥∥Γ

t

1 − Γ
t

2

∥∥∥ ≤ 4M` · distλ,T
(
C

1

θ, C
2

θ

)
. (218)

Next we focus on the λ-distance between R
1

` and R
2

` . For any 0 ≤ s < t ≤ T , we have

R
i

`(t, s) = E
[
∂`t(r

t
i ; z)

∂ws

]
= E

[
∇r`t(rt; z) ·

∂rti
∂ws

]
, (219)

which implies∥∥∥R1

`(t, s)−R
2

`(t, s)
∥∥∥

=

∥∥∥∥E [∇r`t(rt1; z) · ∂r
t
1

∂ws
−∇r`t(rt2; z) · ∂r

t
2

∂ws

]∥∥∥∥
≤ E

[∥∥∥∥∇r`t(rt1; z) · ∂r
t
1

∂ws
−∇r`t(rt2; z) · ∂r

t
2

∂ws

∥∥∥∥]
≤ E

[∥∥∇r`t(rt1; z)−∇r`t(rt2; z)
∥∥
·

∥∥∥∥ ∂rt1∂ws

∥∥∥∥+
∥∥∇r`t(rt2; z)

∥∥ · ∥∥∥∥ ∂rt1∂ws
− ∂rt2
∂ws

∥∥∥∥]

≤

√√√√E

[∥∥∥∥ ∂rt1∂ws

∥∥∥∥2
]
·
√

E
[
‖∇r`t(rt1; z)−∇r`t(rt2; z)‖2

]
+M` · E

[∥∥∥∥ ∂rt1∂ws
− ∂rt2
∂ws

∥∥∥∥] , (220)

where in the last line we use the fact that ‖∇r`t(rt2; z)‖ ≤M`. Taking in Eq. (217), we have

e−λt
∥∥∥R1

`(t, s)−R
2

`(t, s)
∥∥∥ ≤ e−λtE [∥∥∥∥∂`t(rt1; z)

∂ws
− ∂`t(r

t
2; z)

∂ws

∥∥∥∥]

≤

√√√√E

[∥∥∥∥ ∂rt1∂ws

∥∥∥∥2
]
· 4M` · distλ,T

(
C

1

θ, C
2

θ

)
+M` · e−λtE

[∥∥∥∥ ∂rt1∂ws
− ∂rt2
∂ws

∥∥∥∥] . (221)

It only remains to bound the quantities

√
E
[∥∥∥ ∂rt1∂ws

∥∥∥2
]

and e−λtE
[∥∥∥ ∂rt1∂ws −

∂rt2
∂ws

∥∥∥]. Substituting in the defi-

nition of
∂rti
∂ws gives us∥∥∥∥ ∂rti∂ws

∥∥∥∥ ≤ 1

δ

∫ t

s

∥∥Rθ(t, s′)∥∥
∥∥∥∥∥∂`s′(rs

′

i , z)

∂ws

∥∥∥∥∥ds′ +
1

δ

∥∥Rθ(t, s)∥∥ · ‖∇r`s(rsi , z)‖
≤ 1

δ

∫ t

s

ΦRθ (t− s′) ·
∥∥∥∇r`s′(rs′i , z)∥∥∥ ·

∥∥∥∥∥∂rs
′

i

∂ws

∥∥∥∥∥ds′ +
M`

δ
ΦRθ (t− s)

≤ M`ΦRθ (T )

δ

(
1 +

∫ t

s

∥∥∥∥∥∂rs
′

i

∂ws

∥∥∥∥∥ds′

)
. (222)

Invoking Gronwall’s inequality gives the upper-bound∥∥∥∥ ∂rti∂ws

∥∥∥∥ ≤ M`ΦRθ (T )

δ
· exp

(
M`ΦRθ (T )

δ
(t− s)

)
≤ M`ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
, (223)
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and thus √√√√E

[∥∥∥∥ ∂rt1∂ws

∥∥∥∥2
]
≤ M`ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
. (224)

On the other hand we have using Eq. (214),

e−λtE
[∥∥∥∥ ∂rt1∂ws

− ∂rt2
∂ws

∥∥∥∥]
=

1

δ
· e−λtE

[∥∥∥∥∥
∫ t

s

Rθ(t, s
′)

(
∂`s′(r

s′

1 ; z)

∂ws
− ∂`s′(r

s′

2 ; z)

∂ws

)
ds′

∥∥∥∥∥
]

+
1

δ
· e−λtE

[∥∥Rθ(t, s) (∇r`s(rs1; z)−∇r`s(rs2; z))
∥∥] . (225)

We bound the two parts separately. First we have

e−λtE

[∥∥∥∥∥
∫ t

s

Rθ(t, s
′)

(
∂`s′(r

s′

1 ; z)

∂ws
− ∂`s′(r

s′

2 ; z)

∂ws

)
ds′

∥∥∥∥∥
]

≤
∫ t

s

e−λ(t−s′) ∥∥Rθ(t, s′)∥∥ · e−λs′E[
∥∥∥∥∥∂`s′(rs

′

1 ; z)

∂ws
− ∂`s′(r

s′

2 ; z)

∂ws

∥∥∥∥∥
]

ds′

≤
∫ t

s

e−λ(t−s′)ΦRθ (t− s′) · e−λs
′
E

[∥∥∥∥∥∂`s′(rs
′

1 ; z)

∂ws
− ∂`s′(r

s′

2 ; z)

∂ws

∥∥∥∥∥
]

ds′

≤
(∫ ∞

0

e−λtΦRθ (t)dt

)
· sup
s≤s′≤t

e−λs
′
E

[∥∥∥∥∥∂`s′(rs
′

1 ; z)

∂ws
− ∂`s′(r

s′

2 ; z)

∂ws

∥∥∥∥∥
]
. (226)

Next we get

e−λtE
[∥∥Rθ(t, s) (∇r`s(rs1; z)−∇r`s(rs2; z))

∥∥]
≤ e−λ(t−s)ΦRθ (t− s) · e−λsE [‖∇r`s(rs1; z)−∇r`s(rs2; z)‖]

≤ ΦRθ (T ) · 4M` · distλ,T
(
C

1

θ, C
2

θ

)
, (227)

where we invoke Eq. (217) again in the last step. Take Eq. (226) and (227) into (225) and we get

e−λtE
[∥∥∥∥ ∂rt1∂ws

− ∂rt2
∂ws

∥∥∥∥]
≤ 1

δ
·
(∫ ∞

0

e−λtΦRθ (t)dt

)
· sup
s≤s′≤t

e−λs
′
E

[∥∥∥∥∥∂`s′(rs
′

1 ; z)

∂ws
− ∂`s′(r

s′

2 ; z)

∂ws

∥∥∥∥∥
]

+
4M`ΦRθ (T )

δ
· distλ,T

(
C

1

θ, C
2

θ

)
.

(228)

Further we substitute Eq. (224) into Eq. (221), we get

e−λtE
[∥∥∥∥∂`t(rt1; z)

∂ws
− ∂`t(r

t
2; z)

∂ws

∥∥∥∥]

≤

√√√√E

[∥∥∥∥ ∂rt1∂ws

∥∥∥∥2
]
· 4M` · distλ,T

(
C

1

θ, C
2

θ

)
+M` · e−λtE

[∥∥∥∥ ∂rt1∂ws
− ∂rt2
∂ws

∥∥∥∥]

≤ 4M2
` ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
· distλ,T

(
C

1

θ, C
2

θ

)
+
M`

δ
·
(∫ ∞

0

e−λtΦRθ (t)dt

)
· sup
s≤s′≤t

e−λs
′
E

[∥∥∥∥∥∂`s′(rs
′

1 ; z)

∂ws
− ∂`s′(r

s′

2 ; z)

∂ws

∥∥∥∥∥
]
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+
4M2

` ΦRθ (T )

δ
· distλ,T

(
C

1

θ, C
2

θ

)
≤ M`

δ
·
(∫ ∞

0

e−λtΦRθ (t)dt

)
· sup
s≤s′≤t

e−λs
′
E

[∥∥∥∥∥∂`s′(rs
′

1 ; z)

∂ws
− ∂`s′(r

s′

2 ; z)

∂ws

∥∥∥∥∥
]

+

(
4M2

` ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
+

4M2
` ΦRθ (T )

δ

)
· distλ,T

(
C

1

θ, C
2

θ

)
. (229)

Additionally we can also choose λ such that M`

δ ·
(∫∞

0
e−λtΦRθ (t)dt

)
≤ 1

2 and using the fact that the right
hand side of the inequality is increasing in t, we can get

e−λtE
[∥∥∥∥∂`t(rt1; z)

∂ws
− ∂`t(r

t
2; z)

∂ws

∥∥∥∥]
≤ sup
s≤s′≤t

e−λs
′
E

[∥∥∥∥∥∂`s′(rs
′

1 ; z)

∂ws
− ∂`s′(r

s′

2 ; z)

∂ws

∥∥∥∥∥
]

≤
(

8M2
` ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
+

8M2
` ΦRθ (T )

δ

)
· distλ,T

(
C

1

θ, C
2

θ

)
. (230)

From Eq. (221), it follows that

distλ,T
(
R

1

` , R
2

`

)
≤ sup

0≤s<t≤T
e−λtE

[∥∥∥∥∂`t(rt1; z)

∂ws
− ∂`t(r

t
2; z)

∂ws

∥∥∥∥
2

]
≤
(

8M2
` ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
+

8M2
` ΦRθ (T )

δ

)
· distλ,T

(
C

1

θ, C
2

θ

)
. (231)

The proof is completed by taking

M := max

{
4M`,

(
8M2

` ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
+

8M2
` ΦRθ (T )

δ

)}
. (232)

B.4.4 Proof of Lemma 5.9

Controlling the distance between C
1

` and C
2

` . Since C
1

θ = C
2

θ on [0, T ]2, we can write the equations
that define r1 and r2 as

rti = −1

δ

∫ t

0

R
i

θ(t, s)`s(r
s
i ; z)ds+ wt , (233)

for i = 1, 2, where wt is a centered Gaussian process with autocovariance Cθ := C
1

θ = C
2

θ. For any t ∈ [0, T ],
we have

e−λt
∥∥rt1 − rt2∥∥2

≤ e−λt
(

1

δ

∫ t

0

∥∥∥R1

θ(t, s)
∥∥∥ ‖`s(rs1; z)− `s(rs2; z)‖2 ds+

∫ t

0

∥∥∥R1

θ(t, s)−R
2

θ(t, s)
∥∥∥ ‖`s(rs2; z)‖2 ds

)
≤ 1

δ

∫ t

0

e−λ(t−s)
∥∥∥R1

θ(t, s)
∥∥∥ · e−λs ‖`s(rs1; z)− `s(rs2; z)‖2 ds+

∫ t

0

e−λt
∥∥∥R1

θ(t, s)−R
2

θ(t, s)
∥∥∥ ‖`s(rs2; z)‖2 ds

≤ M`

δ

∫ t

0

e−λ(t−s)ΦRθ (t− s) · e−λs ‖rs1 − rs2‖2 ds+

(∫ t

0

‖`s(rs2; z)‖2 ds

)
· sup

0≤s≤t≤T
e−λt

∥∥∥R1

θ(t, s)−R
2

θ(t, s)
∥∥∥

≤ M`

δ
·
(∫ ∞

0

e−λtΦRθ (t)dt

)
· sup

0≤s≤t
e−λs ‖rs1 − rs2‖2 +

(∫ t

0

‖`s(rs2; z)‖2 ds

)
· distλ,T

(
R

1

θ, R
2

θ

)
. (234)

The right hand side is increasing in t and therefore

sup
0≤s≤t

e−λs ‖rs1 − rs2‖2 ≤
M`

δ
·
(∫ ∞

0

e−λtΦRθ (t)dt

)
· sup

0≤s≤t
e−λs ‖rs1 − rs2‖2
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+

(∫ t

0

‖`s(rs2; z)‖2 ds

)
· distλ,T

(
R

1

θ, R
2

θ

)
, (235)

which by choosing λ large enough such that M`

δ ·
(∫∞

0
e−λtΦRθ (t)dt

)
≤ 1

2 yields

e−λt
∥∥rt1 − rt2∥∥2

≤ sup
0≤s≤t

e−λs ‖rs1 − rs2‖2 ≤ 2

(∫ t

0

‖`s(rs2; z)‖2 ds

)
· distλ,T

(
R

1

θ, R
2

θ

)
. (236)

Therefore

e−λt
√

E
[
‖rt1 − rt2‖

2
2

]
≤ 2

√√√√E

[(∫ t

0

‖`s(rs2; z)‖2 ds

)2
]
· distλ,T

(
R

1

θ, R
2

θ

)

≤ 2

√
E
[
t ·
∫ t

0

‖`s(rs2; z)‖22 ds

]
· distλ,T

(
R

1

θ, R
2

θ

)
= 2

√
t ·
∫ t

0

E [Tr (`s(rs2; z)`s(rs2; z)T)] ds · distλ,T
(
R

1

θ, R
2

θ

)
≤ 2

√
kt ·

∫ t

0

‖E [`s(rs2; z)`s(rs2; z)T]‖ ds · distλ,T
(
R

1

θ, R
2

θ

)
≤ 2

√
kt ·

∫ t

0

ΦC`(s)ds · distλ,T
(
R

1

θ, R
2

θ

)
≤ 2t

√
kΦC`(t) · distλ,T

(
R

1

θ, R
2

θ

)
, (237)

and consequently by Lipschitz continuity

e−λt
√

E
[
‖∇r`t(rt1; z)−∇r`t(rt1; z)‖22

]
≤M` · e−λt

√
E
[
‖rt1 − rt2‖

2
2

]
≤ 2M`t

√
kΦC`(t) · distλ,T

(
R

1

θ, R
2

θ

)
.

(238)

We then use the same argument in Appendix B.4.1 which gives us

distλ,T
(
C

1

` , C
2

`

)
≤ sup
t∈[0,T ]

e−λt
√
E
[
‖∇r`t(rt1; z)−∇r`t(rt1; z)‖22

]
≤ 2M`t

√
kΦC`(t) · distλ,T

(
R

1

θ, R
2

θ

)
.

(239)

Controlling the distances between R
1

` and R
2

` , Γ1 and Γ2. From Eq. (85) we can obtain for any
0 ≤ s ≤ t ≤ T and i = 1, 2,

∂`t(r
t
i ; z)

∂ws
= ∇r`t(rt; z) ·

∂rti
∂ws

, (240)

∂rti
∂ws

:= −1

δ

∫ t

s

R
i

θ(t, s
′)
∂`s′(r

s′

i ; z)

∂ws′
ds′ − 1

δ
R
i

θ(t, s)∇r`s(rsi ; z) . (241)

and by Eq. (88),

Γ
t

i = E
[
∇r`t(rti , z)

]
. (242)

First, for any λ satisfying M`

δ ·
(∫∞

0
e−λtΦRθ (t)dt

)
≤ 1

2 , we have

e−λt
∥∥∥Γ

t

1 − Γ
t

2

∥∥∥
2
≤ e−λtE

[∥∥∇r`t(rt1; z)−∇r`t(rt2; z)
∥∥] ≤ e−λt√E

[
‖∇r`t(rt1; z)−∇r`t(rt2; z)‖2

]
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= 2M`T
√
kΦC`(T ) · distλ,T

(
R

1

θ, R
2

θ

)
, (243)

where in the last line we invoke Eq. (238). Thus

distλ,T
(

Γ
1
,Γ

2
)

= sup
t∈[0,T ]

e−λt
∥∥∥Γ

t

1 − Γ
t

2

∥∥∥
2
≤ 2M`T

√
kΦC`(T ) · distλ,T

(
R

1

θ, R
2

θ

)
. (244)

Next we turn to the (λ, T )-distance between R
1

` and R
2

` . Note that for any 0 ≤ s < t ≤ T , we have

R
i

`(t, s) = E
[
∂`t(r

t
i ; z)

∂ws

]
= E

[
∇r`t(rti ; z) ·

∂rti
∂ws

]
, (245)

which gives us that∥∥∥R1

`(t, s)−R
2

`(t, s)
∥∥∥ ≤ E

[∥∥∥∥∂`t(rt1; z)

∂ws
− ∂`t(r

t
2; z)

∂ws

∥∥∥∥]
= E

[∥∥∥∥∇r`t(rt1; z) · ∂r
t
1

∂ws
−∇r`t(rt2; z) · ∂r

t
2

∂ws

∥∥∥∥]
≤ E

[∥∥∇r`t(rt1; z)−∇r`t(rt2; z)
∥∥ · ∥∥∥∥ ∂rt1∂ws

∥∥∥∥+
∥∥∇r`t(rt2; z)

∥∥ · ∥∥∥∥ ∂rt1∂ws
− ∂rt2
∂ws

∥∥∥∥]

≤

√√√√E

[∥∥∥∥ ∂rt1∂ws

∥∥∥∥2
]
·
√

E
[
‖∇r`t(rt1; z)−∇r`t(rt2; z)‖2

]
+M` · E

[∥∥∥∥ ∂rt1∂ws
− ∂rt2
∂ws

∥∥∥∥] , (246)

where in the last line we use Cauchy-Schwarz inequality and ‖∇r`t(rt2; z)‖ ≤ M`. Taking in Eq. (243), we
can have for all λ that M`

δ ·
(∫∞

0
e−λtΦRθ (t)dt

)
≤ 1

2 ,

e−λt
∥∥∥R1

`(t, s)−R
2

`(t, s)
∥∥∥ ≤ e−λtE [∥∥∥∥∂`t(rt1; z)

∂ws
− ∂`t(r

t
2; z)

∂ws

∥∥∥∥]

≤

√√√√E

[∥∥∥∥ ∂rt1∂ws

∥∥∥∥2
]
· 2M`T

√
kΦC`(T ) · distλ,T

(
R

1

θ, R
2

θ

)
+M` · e−λtE

[∥∥∥∥ ∂rt1∂ws
− ∂rt2
∂ws

∥∥∥∥] . (247)

It only remains to bound the quantities

√
E
[∥∥∥ ∂rt1∂ws

∥∥∥2
]

and e−λtE
[∥∥∥ ∂rt1∂ws −

∂rt2
∂ws

∥∥∥]. From Eq. (241) we have

∥∥∥∥ ∂rti∂ws

∥∥∥∥ ≤ 1

δ

∫ t

s

∥∥∥Riθ(t, s′)∥∥∥∥∥∥∥∂`s′(ris′ ; z)∂ws

∥∥∥∥ds′ +
1

δ

∥∥∥Riθ(t, s)∥∥∥
2
· ‖∇r`s(rsi ; z)‖2

≤ 1

δ

∫ t

s

ΦRθ (t− s′) ·
∥∥∥∇r`s′(rs′i ; z)

∥∥∥ · ∥∥∥∥∂ris′∂ws

∥∥∥∥ds′ +
M`

δ
ΦRθ (t− s)

≤ M`ΦRθ (T )

δ

(
1 +

∫ t

s

∥∥∥∥∂ris′∂ws

∥∥∥∥ds′
)
. (248)

This allows us to invoke Gronwall’s inequality, giving an non-random upper bound∥∥∥∥ ∂rti∂ws

∥∥∥∥ ≤ M`ΦRθ (T )

δ
· exp

(
M`ΦRθ (T )

δ
(t− s)

)
≤ M`ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
, (249)

and thus √√√√E

[∥∥∥∥ ∂rt1∂ws

∥∥∥∥2
]
≤ M`ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
. (250)
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On the other hand we have

e−λtE
[∥∥∥∥ ∂rt1∂ws

− ∂rt2
∂ws

∥∥∥∥]
=

1

δ
· e−λtE

[∥∥∥∥∥
∫ t

s

(
R

1

θ(t, s
′)
∂`s′(r

s′

1 ; z)

∂ws
−R2

θ(t, s
′)
∂`s′(r

s′

2 ; z)

∂ws

)
ds′

∥∥∥∥∥
]

+
1

δ
· e−λtE

[∥∥∥R1

θ(t, s)∇r`r(rs1; z)−R2

θ(t, s)∇r`r(rs2; z)
∥∥∥] . (251)

We bound the two parts respectively, first we have

e−λtE

[∥∥∥∥∥
∫ t

s

(
R

1

θ(t, s
′)
∂`s′(r

s′

1 ; z)

∂ws
−R2

θ(t, s
′)
∂`s′(r

s′

2 ; z)

∂ws

)
ds′

∥∥∥∥∥
]

≤ e−λtE

[∫ t

s

∥∥∥∥∥R1

θ(t, s
′)

(
∂`s′(r

s′

1 ; z)

∂ws
− ∂`s′(r

s′

2 ; z)

∂ws

)∥∥∥∥∥ds′

]

+ e−λtE

[∫ t

s

∥∥∥∥∥(R1

θ(t, s
′)−R2

θ(t, s
′)
) ∂`s′(rs′2 ; z)

∂ws

∥∥∥∥∥ds′

]

≤
∫ t

s

e−λ(t−s′)
∥∥∥R1

θ(t, s
′)
∥∥∥ · e−λs′E[∥∥∥∥∥∂`s′(rs

′

1 ; z)

∂ws
− ∂`s′(r

s′

2 ; z)

∂ws

∥∥∥∥∥
]

ds′

+

∫ t

s

e−λt
∥∥∥R1

θ(t, s
′)−R2

θ(t, s
′)
∥∥∥ · E [∥∥∥∥∇r`s′(rs′2 ; z) · ∂r

2
s′

∂ws

∥∥∥∥]ds′

≤
∫ t

s

e−λ(t−s′)ΦRθ (t− s′) · e−λs
′
E

[∥∥∥∥∥∂`s′(rs
′

1 ; z)

∂ws
− ∂`s′(r

s′

2 ; z)

∂ws

∥∥∥∥∥
]

ds′

+M`

∫ t

s

e−λt
∥∥∥R1

θ(t, s
′)−R2

θ(t, s
′)
∥∥∥ · E [∥∥∥∥∂r2

s′

∂ws

∥∥∥∥]ds′

≤
(∫ ∞

0

e−λtΦRθ (t)dt

)
· sup
s<s′≤t

e−λs
′
E

[∥∥∥∥∥∂`s′(rs
′

1 ; z)

∂ws
− ∂`s′(r

s′

2 ; z)

∂ws

∥∥∥∥∥
]

+M`

(∫ t

s

E
[∥∥∥∥∂r2

s′

∂ws

∥∥∥∥]ds′
)
· distλ,T

(
R

1

θ, R
2

θ

)
≤
(∫ ∞

0

e−λtΦRθ (t)dt

)
· sup
s<s′≤t

e−λs
′
E

[∥∥∥∥∥∂`s′(rs
′

1 ; z)

∂ws
− ∂`s′(r

s′

2 ; z)

∂ws

∥∥∥∥∥
]

+
M2
` TΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
· distλ,T

(
R

1

θ, R
2

θ

)
, (252)

where in the last line we use the upper bound from Eq. (249). For the second term in Eq. (251) we have

e−λtE
[∥∥∥R1

θ(t, s)∇r`r(rs1; z)−R2

θ(t, s)∇r`r(rs2; z)
∥∥∥]

≤ e−λtE
[∥∥∥(R1

θ(t, s)−R
2

θ(t, s)
)
∇r`r(rs1; z)

∥∥∥]+ e−λtE
[∥∥∥R2

θ(t, s) (∇r`r(rs1; z)−∇r`r(rs2; z))
∥∥∥]

≤M` · e−λt
∥∥∥R1

θ(t, s)−R
2

θ(t, s)
∥∥∥+ e−λ(t−s)ΦRθ (t− s) · e−λsE [‖∇r`r(rs1; z)−∇r`r(rs2; z)‖]

≤M` · distλ,T
(
R

1

θ, R
2

θ

)
+ ΦRθ (T ) · 2M`T

√
kΦC`(T ) · distλ,T

(
R

1

θ, R
2

θ

)
, (253)

where we invoke Eq. (243) in the last line. Define

M1 :=
M2
` TΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
+M` + ΦRθ (T ) · 2M`T

√
kΦC`(T ) , (254)
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M2 :=
M`ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
· 2M`T

√
kΦC`(T ) +

M`

δ
M1 , (255)

and take Eqs. (252) and (253) into (251) and we get

e−λtE
[∥∥∥∥ ∂rt1∂ws

− ∂rt2
∂ws

∥∥∥∥]
≤ 1

δ
·
(∫ ∞

0

e−λtΦRθ (t)dt

)
· sup
s<s′≤t

e−λs
′
E

[∥∥∥∥∥∂`s′(rs
′

1 ; z)

∂ws
− ∂`s′(r

s′

2 ; z)

∂ws

∥∥∥∥∥
]

+
1

δ
M1 · distλ,T

(
R

1

θ, R
2

θ

)
.

(256)

Further substituting Eq. (250) into Eq. (247), it follows that

e−λtE
[∥∥∥∥∂`t(rt1; z)

∂ws
− ∂`t(r

t
2; z)

∂ws

∥∥∥∥]

≤

√√√√E

[∥∥∥∥ ∂rt1∂ws

∥∥∥∥2
]
· 2M`T

√
kΦC`(T ) · distλ,T

(
R

1

θ, R
2

θ

)
+M` · e−λtE

[∥∥∥∥ ∂rt1∂ws
− ∂rt2
∂ws

∥∥∥∥]

≤ M`ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
· 2M`T

√
kΦC`(T ) · distλ,T

(
R

1

θ, R
2

θ

)
+
M`

δ
·
(∫ ∞

0

e−λtΦRθ (t)dt

)
· sup
s<s′≤t

e−λs
′
E

[∥∥∥∥∥∂`s′(rs
′

1 ; z)

∂ws
− ∂`s′(r

s′

2 ; z)

∂ws

∥∥∥∥∥
]

+
M`

δ
M1 · distλ,T

(
R

1

θ, R
2

θ

)
≤ M`

δ
·
(∫ ∞

0

e−λtΦRθ (t)dt

)
· sup
s<s′≤t

e−λs
′
E

[∥∥∥∥∥∂`s′(rs
′

1 ; z)

∂ws
− ∂`s′(r

s′

2 ; z)

∂ws

∥∥∥∥∥
]

+M2 · distλ,T
(
R

1

θ, R
2

θ

)
.

(257)

Recall that we choose λ such that M`

δ ·
(∫∞

0
e−λtΦRθ (t)dt

)
≤ 1

2 and the right hand side of the inequality is
increasing in t, we can get

e−λtE
[∥∥∥∥∂`t(rt1; z)

∂ws
− ∂`t(r

t
2; z)

∂ws

∥∥∥∥
2

]
≤ sup
s<s′≤t

e−λs
′
E

[∥∥∥∥∥∂`s′(rs
′

1 ; z)

∂ws
− ∂`s′(r

s′

2 ; z)

∂ws

∥∥∥∥∥
]

≤ 2M2 · distλ,T
(
R

1

θ, R
2

θ

)
. (258)

Again by Eq. (247),

distλ,T
(
R

1

` , R
2

`

)
≤ sup

0≤s<t≤T
e−λtE

[∥∥∥∥∂`t(rt1; z)

∂ws
− ∂`t(r

t
2; z)

∂ws

∥∥∥∥
2

]
≤ 2M2 · distλ,T

(
R

1

θ, R
2

θ

)
. (259)

The proof is completed by taking

M := max
{

2M`T
√
kΦC`(T ), 2M2

}
. (260)

C Auxiliary lemmas for the proof of Theorem 2

C.1 Proof of Lemma 6.1

Since

W2

(
µ̂θτ1 ,··· ,θτm , µ̂θτ1η ,··· ,θτmη

)
≤

√√√√1

d

d∑
j=1

m∑
l=1

∥∥∥θτlj − (θτlη )j

∥∥∥2

2
=

√√√√1

d

m∑
l=1

‖θτl − θτlη ‖2F , (261)
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the lemma follows immediately once we establish claim (110). To prove this, we first have

d

dt

∥∥θt∥∥ ≤ ∥∥∥∥ d

dt
θt
∥∥∥∥

=

∥∥∥∥−θtΛt − 1

δ
XT`t(Xθ

t; z)

∥∥∥∥
=

∥∥∥∥−θtΛt − 1

δ
XT

(
`t(Xθ

t; z)− `t(0; z)
)
− 1

δ
XT`t(0; z)

∥∥∥∥
≤

(
MΛ +

M` ‖X‖2

δ

)∥∥θt∥∥+
‖X‖ ‖`t(0; z)‖

δ
, (262)

where in the last line we use Assumption 1. Thus by Gronwall we have

∥∥θt∥∥ ≤ e(MΛ+
M`‖X‖

2

δ

)
t
·
(∥∥θ0

∥∥+
t ‖X‖ ‖`t(0; z)‖

δ

)
. (263)

Recall the discrete time approximation system Fη in Eq. (107),

d

dt
θtη = −θbtcη Λbtc − 1

δ
XT`btc(Xθ

btc
η ; z) ,

which allows us to write

d

dt

(
θt − θtη

)
= −

(
θtΛt − θbtcη Λbtc

)
− 1

δ
XT

(
`t(Xθ

t; z)− `btc(Xθbtcη ; z)
)
. (264)

Therefore, we can bound

d

dt

∥∥θt − θtη∥∥
≤
∥∥θt − θtη∥∥ ∥∥Λt

∥∥+
∥∥∥θtηΛt − θbtcη Λbtc

∥∥∥+
M` ‖X‖

δ
·
(
‖X‖

∥∥∥θt − θbtcη ∥∥∥+ |t− btc|
)

≤MΛ

∥∥θt − θtη∥∥+
∥∥∥θtηΛt − θbtcη Λbtc

∥∥∥+
M`‖X‖2

δ

(∥∥θt − θtη∥∥+
∥∥∥θtη − θbtcη ∥∥∥)+

M`η ‖X‖
δ

≤
(
MΛ +

M`‖X‖2

δ
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M`η ‖X‖

δ
+
∥∥∥θtηΛt − θbtcη Λbtc

∥∥∥+
M`‖X‖2

δ

∥∥∥θtη − θbtcη ∥∥∥ . (265)

Substituting in θtη = θ
btc
η − (t− btc)

(
θ
btc
η Λbtc + 1

δX
T`btc(Xθ

btc
η ; z)

)
gives us

∥∥∥θtηΛt − θbtcη Λbtc
∥∥∥+

M` ‖X‖2

δ

∥∥∥θtη − θbtcη ∥∥∥
≤
∥∥∥Λt − Λbtc

∥∥∥∥∥∥θbtcη ∥∥∥+

∥∥∥∥(t− btc)
(
θbtcη Λbtc +

1

δ
XT`btc(Xθ

btc
η ; z)

)
Λt
∥∥∥∥

+
M` ‖X‖2

δ

∥∥∥∥(t− btc)
(
θbtcη Λbtc +

1

δ
XT`btc(Xθ

btc
η ; z)

)∥∥∥∥
≤MΛη ·

∥∥∥θbtcη ∥∥∥
2

+ max
s∈[0,t]

‖Λs‖ η ·

{(
max
s∈[0,t]

‖Λs‖+
M` ‖X‖2

δ

)∥∥∥θbtcη ∥∥∥+
‖X‖

∥∥`btc(0; z)
∥∥

δ

}

+
M`η ‖X‖2

δ

{(
max
s∈[0,t]

‖Λs‖+
M` ‖X‖2

δ

)∥∥∥θbtcη ∥∥∥+
‖X‖

∥∥`btc(0; z)
∥∥

δ

}
(i)

≤ MΛη
∥∥∥θbtcη ∥∥∥+ η

(
MΛ +

M` ‖X‖2

δ

)2 ∥∥∥θbtcη ∥∥∥+ η

(
MΛ +

M` ‖X‖2

δ

)
‖X‖

∥∥`btc(0; z)
∥∥

δ
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≤ λ1(η, t, ‖X‖)
(∥∥∥θbtc∥∥∥+

∥∥∥θbtc − θbtcη ∥∥∥+
∥∥`btc (0; z)

∥∥) , (266)

where in (i) we use maxs∈[0,t] ‖Λs‖ ≤MΛ and we define

λ1 := λ1(η, t, u) = η ·

{
MΛ +

MΛu
2

δ
+

(
MΛ +

MΛu
2

δ

)2
}
. (267)

Making use of Eqs. (265), (266) and the fact that

d

dt
sup

0≤s≤t

∥∥θs − θsη∥∥ ≤ d

dt

∥∥θt − θtη∥∥ ,
we can further obtain

d

dt
sup

0≤s≤t

∥∥θs − θsη∥∥
≤
(
MΛ +

M`‖X‖2

δ

)∥∥θt − θtη∥∥+
M`η ‖X‖

δ
+ λ1(η, t, ‖X‖)

(∥∥∥θbtc∥∥∥+
∥∥∥θbtc − θbtcη ∥∥∥+

∥∥`btc (0; z)
∥∥)

≤
(
MΛ +

M`‖X‖2

δ
+ λ1

)
sup

0≤s≤t

∥∥θs − θsη∥∥+
M`η ‖X‖

δ

+ λ1

(
e

(
MΛ+

M`‖X‖
2

δ

)
t
·
(∥∥θ0

∥∥+
t ‖X‖ ‖`t(0; z)‖

δ

)
+
∥∥`btc (0; z)

∥∥)

≤
(
MΛ +

M`‖X‖2

δ
+ λ1

)
sup

0≤s≤t

∥∥θs − θsη∥∥+

(
M`η ‖X‖

δ
+ λ1M`η

)
+

+ λ1

(
e

(
MΛ+

M`‖X‖
2

δ

)
t
·
(∥∥θ0

∥∥+
t ‖X‖ ‖`t(0; z)‖

δ

)
+ ‖`t (0; z)‖

)

≤
(
MΛ +

M`‖X‖2

δ
+ λ1

)
sup

0≤s≤t

∥∥θs − θsη∥∥+ λ2 + λ3

(∥∥θ0
∥∥+ ‖`t(0; z)‖

)
, (268)

where

λ2 := λ2(η, t, ‖X‖) =
M`η ‖X‖

δ
+ λ1M`η , (269)

λ3 := λ3(η, t, ‖X‖) = λ1e

(
MΛ+

M`‖X‖
2

δ

)
t
(

1 +
t ‖X‖
δ

)
. (270)

This would then imply

sup
0≤s≤t

∥∥θs − θsη∥∥ ≤ e
(
MΛ+

M`‖X‖
2

δ +λ1

)
t
·
(
λ2t+ λ3t

∥∥θ0
∥∥+ λ3

∫ t

0

‖`s (0; z)‖ ds

)
. (271)

Recall the Assumption 1 which allows us to invoke Bai-Yin law (cf. [BS10, Thm. 5.8]) that guarantees the
almost sure convergence of the largest singular value of X, namely ‖X‖ → 1+

√
δ with probability 1. Hence

for any fixed time point t ∈ R≥0,

lim sup
n→∞

sup0≤s≤t
∥∥θs − θsη∥∥

t+ t ‖θ0‖+
∫ t

0
‖`s (0; z)‖ds

≤ e

(
MΛ+

M`(1+
√
δ)2

δ +λ1(η,t,1+
√
δ)

)
t
(λ2(η, t, 1 +

√
δ) + λ3(η, t, 1 +

√
δ)) .

(272)

However, since both λ2(η, t, 1 +
√
δ) = 0 and λ3(η, t, 1 +

√
δ)→ 0 as η → 0, it then holds almost surely that

lim
η→0

lim sup
n→∞

sups≤t
∥∥θs − θsη∥∥

t+ t ‖θ0‖+
∫ t

0
‖`s (0; z)‖ ds

= 0 . (273)
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Finally, note that ∥∥θ0
∥∥
F√
d
→
√
E
[
‖θ0‖2

]
,

‖`s (0; z)‖F√
d

→
√
E
[
‖`s(0; z)‖2

]
, (274)

by the assumptions. By equivalence of Frobenius norm and spectral norm, we get almost surely that

lim
η→0

lim sup
n→∞

sup
s≤t

∥∥θs − θsη∥∥√
d

= 0 . (275)

C.2 Proof of Lemma 6.2

We introduce the following approximate message passing (AMP) algorithm that admits an asymptotic charac-
terization by state evolution. For sequences of Lipschitz functions fi : Rk(i+1)+1 → Rk and gi : Rk(i+1) → Rk
with i = 0, 1, · · · , we consider the following matrix sequences

{
ai+1, bi

}
i≥0

in Rd×k and Rn×k respectively,

generated by

ai+1 = −1

δ
XTfi(b

0, · · · , bi; z) +
i∑

j=0

gj(a
1, · · · ,aj ;θ0)ξi,j , (276)

bi = Xgi(a
1, · · · ,ai;θ0) +

1

δ

i−1∑
j=0

fj(b
0, · · · , bj ; z)ζi,j , (277)

where fi, gi are functions that apply fi, gi row-wise similar to `t. {ξi,j}0≤j≤i and {ζi,j}0≤j≤i−1 are sequences

of deterministic matrices in Rk×k that depend on the {fi, gi}i≥0 in a specific way that we shall explicitly

define later. The algorithm is initialized by g0(θ0) = θ0, b0 = Xθ0. To relate this AMP algorithm with the
discretized flow system Fη, we consider the specific choice of

gi(a
1, · · · ,ai;θ0) := θtiη , (278)

fi(b
0, · · · , bi; z) := `ti(Xθ

ti
η ; z) , (279)

where ti = iη. We next show that θtiη is indeed a function of a1, · · · ,ai,θ0 and −`ti(Xθtiη ; z) is indeed a

function of b0, · · · , bi, z. This can be seen by induction

θtiη = θti−1
η + η ·

{
−θti−1

η Λti−1 − 1

δ
XT`ti−1

(Xθti−1
η ; z)

}
= θti−1

η + η ·
{
−θti−1

η Λti−1 − 1

δ
XTfi−1(b0, · · · , bi−1; z)

}

= gi−1(a1, · · · ,ai−1;θ0)
(
I − ηΛti−1

)
+ η

ai − i−1∑
j=0

gj(a
1, · · · ,aj ;θ0)ξi−1,j

 , (280)

`ti(Xθ
ti
η ; z) = `ti(Xgi(a

1, · · · ,ai;θ0); z)

= `ti

bi − 1

δ

i−1∑
j=0

fj(b
0, · · · , bj ; z)ζi,j ; z

 . (281)

By Lipschitz property of `t in Assumption 1, we can see by this inductive definition, gi and fi are all Lipschitz
continuous. To apply the standard AMP result in [CL21] we only need to specify the matrices {ξi,j}0≤j≤i
and {ζi,j}0≤j≤i−1. To this end we iteratively define sequences of centered Gaussian vectors

{
u
ti+1
η , wtiη

}
i≥0

in Rk according to

E
[
wtiη
(
wtjη
)T]

= E
[
gi(u

t1
η , · · · , utiη ; θ0)gj(u

t1
η , · · · , utjη ; θ0)T

]
, 0 ≤ j ≤ i <∞ , (282a)
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E
[
uti+1
η

(
utj+1
η

)T]
=

1

δ
E
[
fi(w

t0
η , · · · , wtiη ; z)fj(w

t0
η , · · · , wtjη ; z)T

]
, 0 ≤ j ≤ i <∞ , (282b)

ζi,j = E

[
∂

∂u
tj+1
η

gi(u
t1
η , · · · , utiη ; θ0)

]
, 0 ≤ j ≤ i− 1 , (282c)

ξi,j = E

[
∂

∂w
tj
η

fi(w
t0
η , · · · , wtiη ; z)

]
, 0 ≤ j ≤ i . (282d)

Here the expectation is taking over the Gaussian random vectors utiη , w
ti
η and also on the independently

distributed random variables (θ0, z) ∼ µθ0,z.
The above equations define inductively the matrices {ξi,j}0≤j≤i, {ζi,j}0≤j≤i−1 and also the Gaussian vec-

tors
{
u
ti+1
η , wtiη

}
i≥0

. The sequence is initialized by wt0η ∼ N
(

0,E
[
θ0
(
θ0
)T])

and ξ0,0 = E
[

∂

∂w
t0
η
f0(wt0η ; z)

]
.

Suppose for some r = 0, 1, · · · , we have define utiη , w
ti
η and the matrices ζi,j , ξi,j for i ≤ r. According to

Eqs. (280) and (281), the functions f0, · · · , fr+1; g0, · · · , gr+1 are all explicitly defined. Substituting into

Eq. (282b) we can then determine w
tr+1
η and next by Eq. (282a) we obtain u

tr+1
η . Finally, by Eqs. (282c)

and (282d) the matrices ζi,j , ξi,j for i = r + 1 are determined.
Under the conditions of Theorem 2, we can invoke [CL21, Theorem 2.4] and [JM13, Theorem 1] to obtain2

that, for any fixed t1 = η, · · · , tm = mη and any Lipschitz bounded function ψ : Rk(m+1) → R,

1

d

d∑
j=1

ψ
((
at1η
)
j
, · · · ,

(
atmη

)
j

;
(
θ0
)
j

)
p→ E

[
ψ
(
ut1η , · · · , utmη ; θ0

)]
. (283)

For any Lipschitz bounded function ψ̃ : (Rk)m+1 → R, define ψ : (Rk)m+1 → R via

ψ(ut1η , · · · , utmη ; θ0) := ψ̃(θ
t1
η , · · · , θ

tm
η ) , θ

t1
η := gi1(u1

η, · · · , ui1η ; θ0) ,

· · ·

θ
tm
η := gim(u1

η, · · · , uimη ; θ0) .

By the Lipschitz property of gi1 , · · · , gim , ψ is also Lipschitz bounded. We thus proved that, for any Lipschitz

boiunded function ψ̃,

1

d

d∑
j=1

ψ̃
((
θt1η
)
j
, · · · ,

(
θtmη

)
j

;
(
θ0
)
j

)
p→ E

[
ψ̃
(
θ
t1
η , · · · , θ

tm
η ; θ0

)]
. (284)

The next lemma relates the random variables θ
t1
η , · · · , θ

tm
η to the DMFT system Sη. We defer the proof

to Appendix C.4.

Lemma C.1. The discrete-time DMFT system Sη has a unique solution in the space S and (θtη)t=iη,i≤m
d
=

(θtη)t=iη,i≤m. Further t 7→ θtη is piecewise linear with knots ti = iη.

Fix T and set m = T/η. By this lemma, and since t 7→ θtη is also piecewise linear with knots at t = iη,

Eq. (284) implies that, for any `, any τ1, . . . τ` ∈ [0, T ], and any bounded Lipschitz function ψ : (Rk)` → R,
we have

1

d

d∑
j=1

ψ
((
θτ1η
)
j
, · · · ,

(
θτ`η
)
j

)
p→ E

[
ψ
(
θ
t1
η , · · · , θ

tm
η ; θ0

)]
. (285)

The proof is completed by applying the following basic fact about weak convergence to the probability
measures νn = µ̂θτ1η ,··· ,θτ`η , ν = µθτ1η ,··· ,θτmη on Rd, d = `k.

2Note that [JM13, Theorem 1] only considers AMP algorithms on which the nonlinearities depends on the last iterate.
However by enlarging the dimension k, this also covers the case of nonlinearities depend on any constant number of previous
times. This reduction is explained in several earlier papers, e.g. [Mon21, Appendix A].
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Lemma C.2. Let (νn)n≥1 be a sequence of random probability measures on Rd, and assume that, for any

bounded Lipschitz function ψ : Rd → R, we have
∫
ψ(x) νn(dx)

p→
∫
ψ(x) ν(dx).

Then dW (νn, ν)
p→ 0.

Proof. By Lemma 6.4, it is sufficient to show that for any subsequence (nj)j≥1 we can construct a further

subsequence (n′j)j≥1 such that dW

(
νn′j , ν

)
a.s.→ 0.

Fix such a subsequence (nj), and let (ψi)i∈N be a countable collection of bounded Lipschitz functions on
Rd which determine weak convergence (i.e. such that

∫
ψi(x) qn(dx)→

∫
ψi(x) q(dx) imply dW (qn, q)→ 0.)

One can take for instance all functions of the form ψ(x) = (1 − d(x,Q)/ε)+ where Q ⊆ Rd is a rectangle
with rational corners, and ε > 0 is rational.

By Borel-Cantelli, we can construct a subsequence (n1
j ) ⊆ (nj) such that

∫
ψ1(x)νn1

j
(dx)→

∫
ψ1(x)ν(dx).

Refining this sequence, we obtain, for each k a subsequence (nkj ) such that
∫
ψa(x)νnkj (dx)→

∫
ψa(x)ν(dx)

for all a ≤ k. Taking the diagonal n′j = njj yields a subsequence along which dW

(
νn′j , ν

)
as desired.

This concludes the proof of Lemma 6.2.

Remark C.1. By [BMN20], Eq. (283) holds for test functions ψ which are pseudo-Lipschitz of order 2 when
the matrix X has Gaussian entries. In this case, using the same argument as above, we may conclude that
(116) holds also for the Wassersetin distance.

C.3 Proof of Lemma 6.3

First, we define the transformation T η = T ηS→S ◦ T
η

S→S where we let T ηS→S : (C`, R`,Γ) 7→ (Cθ, Rθ) and

T ηS→S : (Cθ, Rθ) 7→ (C`, R`,Γ). We remind the readers that T ηS→S does not necessarily map S into S and nor

does T ηS→S map S into S. We use this notation here because exactly similar to our previous definitions of

TS→S and TS→S , the transformation T ηS→S is defined by taking the input function triplet through Eqs. (113a)

and (114a) and then we obtain (Cθ, Rθ) by Eqs. (113f) and (113c); TS→S is defined by taking the input
function pair into Eqs. (113b), (114b) and (115) and (C`, R`,Γ) is obtained by Eqs. (113g), (113d) and
(113e).

As we have shown in the proof of Lemma 6.2, the mappings T ηS→S and T ηS→S are essentially determined
recursively on the discrete time knots ti = iη, i = 0, 1, · · · , so they are uniquely defined. We express the
solution of the system Sη as the unique fixed-point of T η, namely if we let Xη = (Cη` , R

η
` ,Γη) be the function

triplet that solves Sη, it holds that

T η(Xη) = Xη . (286)

Suppose T ηS→S(Xη) = (Cηθ , R
η
θ), we have the following lemma characterizing the unique solution of Sη.

Lemma C.3. Under the same conditions of Lemma 6.3, the unique solution of Sη satisfies Xη = (Cη` , R
η
` ,Γη) ∈

S and (Cηθ , R
η
θ) ∈ S.

Let X ∈ S be the unique fixed-point of T , we can then control the distance between X and Xη by

distλ,T (X,Xη) = distλ,T (T (X), T η(Xη))

≤ distλ,T (T (X), T (Xη))︸ ︷︷ ︸
(I)

+ distλ,T (T (Xη), T η(Xη))︸ ︷︷ ︸
(II)

, (287)

where by Eq. (100) we can choose λ large enough such that

(I) ≤ 1

2
distλ,T (X,Xη) . (288)

The following lemma controls the quantity (ii). We defer its proof to Appendix C.6.
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Lemma C.4. Under the same conditions of Lemma 6.3, it holds for all λ ≥ λ5 := λ5(S,S) that

distλ,T (T (Xη), T η(Xη)) ≤ h(η) (289)

for some nondecreasing continuous function h(η) with h(0) = 0. Here the function h only depends on the
spaces S and S.

Substituting Lemma C.4 and Eq. (288) into Eq. (287) yields

distλ,T (X,Xη) ≤ 2h(η)→ 0 (290)

as η → 0. The following lemma estabilishes if X and Xη are close and the step size η is small, we can couple
θt and θtη such that their (λ, T )-distance is small. A proof can be found in Appendix C.7.

Lemma C.5. Under the same conditions of Lemma 6.3, for all λ ≥ λ6 := λ6(S,S) we can find a coupling
for θt and θtη such that

sup
0≤t≤T

e−λt
√
E
[∥∥θt − θtη∥∥2

2

]
≤ H(η, distλ,T (X,Xη)) , (291)

where H is a nondecreasing function in each coordinate and lim(u,v)→(0,0)H(u, v)→ 0. Here the function H

only depends on the spaces S and S.

By coupling θt and θtη as in Lemma C.5, we can then conclude the proof by invoking Lemma C.4 and
Lemma C.5 since

W2

(
µθτ1η ,··· ,θτmη , µθτ1 ,··· ,θτm

)
≤

√√√√ 1

m

m∑
j=1

∥∥θτjη − θτj∥∥2

2
≤ eλT ·H(η, 2h(η)) . (292)

The proof is completed by taking η → 0.

C.4 Proof of Lemma C.1

First we show any solution of Sη must be uniquely determined by its values at discrete time knots ti = iη
for i = 0, 1, · · · . From Eqs. (113f) and (113g) we have utη and wtη must be piecewise constant, namely

utη = ubtcη , wtη = wbtcη , (293)

and therefore we have θtη is piecewise linear with time knots ti and rtη is piecewise constant with time knots
ti. Finally, from Eqs. (114a) and (114b) we have ∂θtη/∂u

s
η is piecewise linear and ∂`btc(r

t
η; z)/∂wsη is piecewise

constant with time knots ti, this then implies Rηθ is piecewise linear and Rη` is piecewise constant with knots
ti. By Eq. (113e) we have Γtη must be piecewise constant with knots ti. We then conclude that Sη is uniquely
determined at ti = iη.

We show by induction the unique solution of Sη at discrete time knots ti = iη must be

(θt0η , · · · , θtrη )
d
= (θ

t0
η , · · · , θ

tr
η ) , (294a)

Rηθ(ti, tj) = ζi,j−1/η , 0 ≤ j ≤ i ≤ r , (294b)

Rη` (ti, tj) = ξi,j/η , 0 ≤ j < i ≤ r , (294c)

Γtiη = ξi,i , 0 ≤ i ≤ r , (294d)

where we define

ζi,−1 = E
[

∂

∂ (θ0/η)
gi(u

t1
η , · · · , utiη ; θ0)

]
. (295)

For r = 0, provided that θ0
η

d
= θ

0

η
d
= θ0, it follows immediately that w0

η
d
= w0

η
d
= N

(
0,E

[
θ0
(
θ0
)T])

and

therefore Γ0
η = E

[
∇r`0(r0

η; z)
]

= E
[

∂
∂w0

η
f0(w0

η; z)
]

= ξ0,0. Suppose the induction hypothesis holds for r, we

next show Eqs. (294a) to (294d) hold for r + 1.
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Induction on Eq. (294a). First, by Eqs. (282b) and (113f) we have

E
[
wtiη
(
wtjη
)T]

= E
[
gi(u

t1
η , · · · , utiη ; θ0)gj(u

t1
η , · · · , utjη ; θ0)T

]
= E

[
θ
ti
η

(
θ
tj
η

)T]
= E

[
θtiη
(
θtjη
)T]

= Cηθ (ti, tj) ,

(296)

which implies (wt0η , · · · , wtrη )
d
= (wt0η , · · · , wtrη ). Similarly it also holds (ut1η , · · · , u

tr+1
η )

d
= (ut0η , · · · , utrη ). Thus,

substituting into Eq. (113a) gives us for t ∈ [tr, tr+1),

d

dt
θtη = −(Λbtc + Γbtcη )θbtcη −

∫ btc
0

Rη` (btc, bsc)θbscη ds+ utη

= −(Λtr + Γtrη )θtrη −
∫ tr

0

Rη` (btc, bsc)θbscη ds+ utrη

= −(Λtr + ξr,r)θ
tr
η −

r−1∑
j=0

ξr,jθ
tj
η + utrη , (297)

and further

θtr+1
η = (I − ηΛtr )θtrη + η

utrη − r∑
j=0

ξr,jθ
tj
η

 . (298)

Comparing to Eq. (280) which asserts

θ
tr+1

η = (I − ηΛtr )θ
tr
η + η

utr+1
η −

r∑
j=0

ξr,jθ
tj
η

 , (299)

which immediately implies Eq. (294a) holds for r + 1.

Induction on Eq. (294b). With the same calculations applied to Eq. (114a), for an 0 ≤ i ≤ r it follows
that

∂θ
tr+1
η

∂utiη
= (I − ηΛtr )

∂θtrη

∂utiη
− η

r∑
j=i

ξr,j
∂θ

tj
η

∂utiη

= (I − ηΛtr )
∂θtrη

∂utiη
− η

r∑
j=i+1

ξr,j
∂θ

tj
η

∂utiη
− ηξr,i , (300)

where we use ∂θtiη /∂u
ti
η = I. We slightly abuse the notation here by taking ut0η := θ0/η, and as a direct

consequence of Eq. (280), we get the recursion when 0 ≤ i ≤ r,

∂

∂utiη
gr+1(ut1η , · · · , utr+1

η ; θ0) =
∂θ

tr+1

η

∂utiη

= (I − ηΛtr )
∂

∂utiη
gr(u

t1
η , · · · , utrη ; θ0)− η

r∑
j=i+1

ξr,j
∂

∂utiη
gj(u

t1
η , · · · , utjη ; θ0)

= (I − ηΛtr )
∂

∂utiη
gr(u

t1
η , · · · , utrη ; θ0)− η

r∑
j=i+1

ξr,j
∂

∂utiη
gj(u

t1
η , · · · , utjη ; θ0)− η2ξr,i , (301)

where in the last line it is used that ∂gi(u
t1
η , · · · , utiη ; θ0)/∂utiη = ηI. We thus have(

η−1 ∂

∂utiη
gr+1(ut1η , · · · , utr+1

η ; θ0)

)
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= (I − ηΛtr )

(
η−1 ∂

∂utiη
gr(u

t1
η , · · · , utrη ; θ0)

)
− η

r∑
j=i+1

ξr,j

(
η−1 ∂

∂utiη
gj(u

t1
η , · · · , utjη ; θ0)

)
− ηξr,i . (302)

Together with the induction hypothesis we then show for all 0 ≤ i ≤ r + 1,

Rηθ(tr+1, ti) = E

[
∂θ

tr+1
η

∂utiη

]
= E

[
η−1 ∂

∂utiη
gr+1(ut1η , · · · , utr+1

η ; θ0)

]
= ζr+1,i−1/η . (303)

Induction on Eqs. (294c) and (294d). By Eq. (113b), for all 0 ≤ i ≤ r + 1,

rtiη = −1

δ

∫ ti

0

Rηθ(btc, dse)`bsc(rsη; z)ds+ wtiη

= −1

δ

i−1∑
j=0

ηRηθ(ti, tj+1)`tj (r
tj
η ; z) + wtiη

= −1

δ

i−1∑
j=0

ζi,j`tj (r
tj
η ; z) + wtiη , (304)

which further gives

`ti(r
ti
η ; z) = `ti

−1

δ

i−1∑
j=0

ζi,j`tj (r
tj
η ; z) + wtiη ; z

 . (305)

From Eq. (281) we get similarly

fi(w
t0
η , · · · , wtiη ; z) = `ti

−1

δ

i−1∑
j=0

ζi,jfj(w
t0
η , · · · , wtjη ; z) + wtiη ; z

 . (306)

Since Eq. (294a) holds for r+1, this implies we can assume without loss of generality that (wt0η , · · · , w
tr+1
η ) =

(wt0η , · · · , w
tr+1
η ). In this case, it always holds that fi(w

t0
η , · · · , wtiη ; z) = `ti(r

ti
η ; z) for 0 ≤ i ≤ r + 1. In

particular

∇r`ti(rtiη ; z) = ∇r`ti

−1

δ

i−1∑
j=0

ζi,j`tj (r
tj
η ; z) + wtiη ; z


= ∇r`ti

−1

δ

i−1∑
j=0

ζi,jfj(w
t0
η , · · · , wtjη ; z) + wtiη ; z


=

∂

∂wtiη
`ti

−1

δ

i−1∑
j=0

ζi,jfj(w
t0
η , · · · , wtjη ; z) + wtiη ; z


=

∂

∂wtiη
fi(w

t0
η , · · · , wtiη ; z) . (307)

Taking expectation on both sides and we obtain Γtiη = ξi,i for 0 ≤ i ≤ r + 1. It then only remains to be
shown that Eq. (294c) holds for r + 1. From Eq. (114b), we have for all 0 ≤ i ≤ r,

∂`tr+1(r
tr+1
η ; z)

∂wtiη

= ∇r`tr+1
(rtr+1
η ; z) ·

(
−1

δ

∫ tr+1

ti+1

Rηθ(tr+1, ds′e)
∂`bs′c(r

s′

η ; z)

∂wtiη
ds′ − 1

δ
Rηθ(tr+1, ti+1)∇r`ti(rtiη ; z)

)
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= ∇r`tr+1(rtr+1
η ; z) ·

−1

δ

r∑
j=i+1

ηRηθ(tr+1, tj+1)
∂`tj (r

tj
η ; z)

∂wtiη
− 1

δ
Rηθ(tr+1, ti+1)∇r`ti(rtiη ; z)


= ∇r`tr+1(rtr+1

η ; z) ·

−1

δ

r∑
j=i+1

ζr+1,j

∂`tj (r
tj
η ; z)

∂wtiη
− 1

δ
ζr+1,i∇r`ti(rtiη ; z)/η

 . (308)

Since

∂

∂wtiη
fr+1(wt0η , · · · , wtr+1

η ; z)

=
∂

∂wtiη
`tr+1

−1

δ

r∑
j=0

ζr+1,jfj(w
t0
η , · · · , wtjη ; z) + wtr+1

η ; z


= ∇r`tr+1

−1

δ

r∑
j=0

ζr+1,jfj(w
t0
η , · · · , wtjη ; z) + wtr+1

η ; z

 ·
−1

δ

r∑
j=i

ζr+1,j
∂

∂wtiη
fj(w

t0
η , · · · , wtjη ; z)


= ∇r`tr+1

(rtr+1
η ; z) ·

−1

δ

r∑
j=i

ζr+1,j
∂

∂wtiη
fj(w

t0
η , · · · , wtjη ; z)


= ∇r`tr+1

(rtr+1
η ; z) ·

−1

δ

r∑
j=i+1

ζr+1,j
∂

∂wtiη
fj(w

t0
η , · · · , wtjη ; z)− 1

δ
ζr+1,i∇r`ti(rtiη ; z)

 , (309)

where in the last line we use ∂fi(w
t0
η , · · · , wtiη ; z)/∂wtiη = ∇r`ti(rtiη ; z). Comparing the above two equations,

it then follows that

∂`tr+1(r
tr+1
η ; z)

∂wtiη
= η−1 ∂

∂wtiη
fr+1(wt0η , · · · , wtr+1

η ; z) , (310)

which further implies Eq. (294c) for r+1 by taking expectation on both sides. This concludes the induction.
Finally, we invoke Lemma C.3 to show the solution of Sη is in the space S.

C.5 Proof of Lemma C.3

Since the covariance kernels Cη` and Cηθ are piecewise constant, the continuity conditions are automatically
satisfied by Definition 5.2 and 5.3. To show the lemma we only need to prove the upper bounds

‖Rηθ(t, s)‖ ≤ ΦRθ (t− s) , ‖Rη` (t, s)‖ ≤ E
[∥∥∥∥∂`btc(rtη; z)

∂wsη

∥∥∥∥] ≤ ΦR`(t− s) , 0 ≤ s ≤ t ≤ T , (311a)

‖Cηθ (t, t)‖ ≤ ΦCθ (t) , ‖Cη` (t, t)‖ ≤ ΦC`(t) , 0 ≤ t ≤ T , (311b)∥∥Γtη
∥∥ ≤M` , 0 ≤ t ≤ T . (311c)

Note that ∥∥Γtη
∥∥ ≤ E

[∥∥∇r`btc(rtη; z)
∥∥] ≤M` , (312)

which proves Eq. (311c).

Upper bounds for Rηθ and Rη` . From the definition of Rη` in Eq. (113d) and that rtη and wtη are piece-
wise constant, we know Rη` (t, s) = Rη` (btc, bsc). Since max {btc − dse, 0} ≤ t − s, it suffices to prove
‖Rη` (btc, bsc)‖ ≤ ΦR`(max {btc − dse, 0}). We prove Eq. (311a) for all btc − bsc ≤ mη for all m ∈ Z≥0.
When m = 0, we have

d

dt
‖Rηθ(t, s)‖ ≤ (MΛ +M`) ‖Rηθ(btc, s)‖ ≤MΛ +M` , (313)
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‖Rη` (t, s)‖ =

∥∥∥∥−1

δ
E
[
∇r`btc(rtη; z)∇r`btc(rsη; z)

]∥∥∥∥ ≤ M2
`

δ2
. (314)

Comparing to Eqs. (58b) and (58a) we see ‖Rηθ(t, s)‖ ≤ ΦRθ (t − s), ‖ΦR`(t, s)‖ ≤ ΦR`(0) when btc = bsc.
Suppose Eq. (311a) holds for btc − bsc ≤ mη, then by Eq. (114a) one has for btc − bsc = (m+ 1)η,

d

dt
‖Rηθ(t, s)‖ ≤ (MΛ +M`) ‖Rηθ(btc, s)‖+

∫ btc
s

‖Rη` (btc, bs′c)‖ ‖Rηθ(bs′c, s)‖ ds′

(i)
= lim

t′↑btc

{
(MΛ +M`) ‖Rηθ(t′, s)‖+

∫ t′

s

‖Rη` (btc, bs′c)‖ ‖Rηθ(bs′c, s)‖

}
ds′

≤ (MΛ +M`) ΦRθ (t− s) +

∫ btc
s

ΦR`(t− s′)ΦRθ (s′ − s)ds′

(ii)

≤ d

dt
ΦRθ (t− s) , (315)

where in (i) we use that Rηθ(t, s) is continuous in t and in (ii) we use Eq. (58a). We conclude ‖Rηθ(t, s)‖ ≤
ΦRθ (t− s) when btc − bsc ≤ (m+ 1)η. Similarly by Eq. (114b) when btc − bsc = (m+ 1)η it holds

E
[∥∥∥∥∂`btc(rtη; z)

∂wsη

∥∥∥∥] ≤M` ·

(
1

δ

∫ btc
dse

Rηθ(btc, ds′e)E

[∥∥∥∥∥∂`bs′c(rs
′

η ; z)

∂wsη

∥∥∥∥∥
]

ds′ +
M`

δ
·Rηθ(btc, dse)

)
(i)

≤ M`

δ
·

{
M`ΦRθ (t) +

∫ btc
dse

ΦRθ (t− s′)ΦR`(s′ − s)ds′
}

(ii)

≤ ΦR`(t− s) , (316)

where we use btc − dse ≤ mη and the induction hypothesis at m in (i), in (ii) we invoke Eq. (58b). Finally,

note that ‖Rη` (t, s)‖ ≤ E
[∥∥∥∂`btc(rtη ;z)

∂wsη

∥∥∥] holds and we complete the proof by induction.

Upper bounds for Cηθ and Cη` . Since Cηθ and Cη` are piecewise constant we only need to show ‖Cηθ (btc, btc)‖ ≤
ΦCθ (btc) and ‖Cη` (btc, btc)‖ ≤ ΦC`(btc, btc) and Eq. (311b) will follow by monotonicity of ΦCθ and ΦC` . We
show this by induction on btc = rη with hypotheses

E
[∥∥∥θbtcη ∥∥∥2

]
≤ ΦCθ (btc) , (317)

When r = 0, the initial condition holds at time 0. Suppose the inductive hypotheses hold for btc ≤ rη, when
rη ≤ t < (r + 1)η, we can obtain from Eq. (113a) that

d

dt

∥∥θtη∥∥2
= (MΛ +M`)

∥∥∥θbtcη ∥∥∥
2

+

∫ btc
0

ΦR`(t− s)
∥∥∥θbscη ∥∥∥

2
ds+

∥∥∥ubtcη ∥∥∥
2
. (318)

By the same calculations in Eq. (162) we get

d

dt

√
E
[∥∥θtη∥∥2

2

]
≤

√√√√3 ·

{
(MΛ +M`)

2 E
[∥∥∥θbtcη ∥∥∥2

2

]
+

∫ btc
0

(t− s+ 1)2ΦR`(t− s)2E
[∥∥∥θbscη ∥∥∥2

2

]
ds+

k

δ
ΦC`(t)

}

≤

√√√√3 ·

{
(MΛ +M`)

2
ΦCθ (t)

2 +

∫ btc
0

(t− s+ 1)2ΦR`(t− s)2ΦCθ (s)
2ds+

k

δ
ΦC`(t)

}
, (319)
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which together with Eq. (58c) implies

√
E
[∥∥θtη∥∥2

2

]
≤ ΦCθ (t) when t ≤ (r + 1)η. It then follows that

‖Cηθ (t, t)‖ =
∥∥∥E [θtηθtηT]∥∥∥ ≤ E

[∥∥θtη∥∥2

2

]
≤ ΦCθ (t) . (320)

By Eq. (113b) we have∥∥`btc (rtη; z
)∥∥

2
≤
∥∥`btc (0; z)

∥∥
2

+M`

∥∥rtη∥∥2

≤
∥∥`btc (0; z)

∥∥
2

+
M`

δ

∫ btc
0

‖Rηθ(btc, dse)‖
∥∥`bsc (rsη; z

) ∥∥
2
ds+M`

∥∥wtη∥∥2

≤
∥∥`btc (0; z)

∥∥
2

+
M`

δ

∫ btc
0

ΦRθ (t− s)
∥∥∥`bsc (rbscη ; z

)∥∥∥
2

ds+M`

∥∥wtη∥∥2
, (321)

where in the last line we use the fact that rtη is piecewise constant. Repeat the same argument in Eq. (172),
we obtain

E
[∥∥`btc (rtη; z

)∥∥2

2

]
≤ 3

{
E
[∥∥`btc (0; z)

∥∥2

2

]
+
M2
`

δ2

∫ btc
0

(t− s+ 1)2ΦRθ (t− s)2E
[∥∥∥`bsc (rbscη ; z

)∥∥∥2

2

]
ds+M2

` E
[∥∥wtη∥∥2

2

]}

≤ 3

{
Mθ0,z +

M2
`

δ2

∫ btc
0

(t− s+ 1)2ΦRθ (t− s)2ΦC`(s)ds+ kM2
` ΦCθ (t)

}
, (322)

where we use E
[∥∥wtη∥∥2

2

]
≤ k ‖Cηθ (t, t)‖ ≤ kΦCθ (t). Comparing to Eq. (58d) we have E

[∥∥`btc (rtη; z
)∥∥2

2

]
≤

ΦC`(t) and

‖Cη` (t, t)‖ =
∥∥E [`btc(rtη; z)`btc(r

t
η; z)T

]∥∥ ≤ E
[∥∥`btc (rtη; z

)∥∥2

2

]
≤ ΦC`(t) . (323)

We conclude the proof by induction.

C.6 Proof of Lemma C.4

We first introduce a lemma for mappings TS→S and T ηS→S on Xη. The reader can find its proof in Ap-
pendix C.8.

Lemma C.6. Under the same conditions of Lemma 6.3, suppose TS→S(Xη) = (C
η

θ , R
η

θ), T ηS→S(Xη) =

(Cηθ , R
η
θ) and define [Rηθ ] (t, s) := Rηθ(btc, dse) when dse ≤ btc, [Rηθ ] (t, s) := I when dse > btc. It then holds

for all λ ≥ λ6 := λ6(S,S).

distλ,T
(
C
η

θ , C
η
θ

)
≤ h(η) , (324)

distλ,T
(
R
η

θ , [R
η
θ ]
)
≤ h(η) , (325)

for some nondecreasing function h(η) with h(0) = 0. Here the function h only depends on the spaces S and
S.

Suppose T (Xη) = (C
η

` , R
η

` ,Γη) and the fixed point equation T η(Xη) = Xη = (Cη` , R
η
` ,Γη). Using the

same notations in Lemma C.6 we can then write out the equations determining (C
η

` , R
η

` ,Γη) and (Cη` , R
η
` ,Γη)

as

rtη = −1

δ

∫ t

0

R
η

θ(t, s)`s(r
s
η; z)ds+ wtη , wt ∼ GP(0, C

η

θ) ,

∂`t(r
t
η; z)

∂wsη
= ∇r`t(rtη; z) ·

(
−1

δ

∫ t

s

R
η

θ(t, s′)
∂`s′(r

s′

η ; z)

∂wsη
ds′ − 1

δ
R
η

θ(t, s)∇r`s(rsη; z)

)
, 0 ≤ s < t ≤ T ,
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C
η

` (t, s) = E
[
`t(r

t
η; z)`s(r

s
η; z)

T
]
, 0 ≤ s ≤ t ≤ T ,

R
η

` (t, s) = E

[
∂`t(r

t
η; z)

∂wsη

]
, 0 ≤ s < t ≤ T ,

Γ
t

η = E
[
∇r`t(rtη; z)

]
, 0 ≤ t ≤ T ,

and

rtη = −1

δ

∫ btc
0

[Rηθ ] (t, s)`bsc(r
s
η; z)ds+ wtη ,

∂`btc(r
t
η; z)

∂wsη
= ∇r`btc(rtη; z) ·

(
−1

δ

∫ btc
min{dse,btc}

[Rηθ ] (t, s′)
∂`bs′c(r

s′

η ; z)

∂wsη
ds′ − 1

δ
[Rηθ ] (t, s)∇r`bsc(rsη; z)

)
,

Cη` (t, s) = E
[
`btc(r

btc
η ; z)`bsc(r

bsc
η ; z)T

]
,

Rη` (t, s) = E
[
∂`btc(r

t
η; z)

∂wsη

]
,

Γtη = E
[
∇r`btc(rtη; z)

]
,

where wtη ∼ GP(0, Cηθ ). Note that since we set [Rηθ ] (t, s) = I when dse > btc, it is consistent with the
definition in Eq. (115).

Controlling the distance between C
η

` and Cη` . By Lemma C.6, we can couple the Gaussian processes
wtη and wtη such that for all λ ≥ λ6,

sup
t∈[0,T ]

e−λt
√
E
[∥∥wtη − wtη∥∥2

2

]
≤ 2 · distλ,T

(
C
η

θ , C
η
θ

)
≤ 2h(η) . (326)

By definition of Cηθ we know wtη is piecewise constant in the sense that wtη = w
btc
η . Hence rtη = r

btc
η and

∥∥rtη − rtη∥∥2
=

∥∥∥∥∥−1

δ

∫ t

0

R
η

θ(t, s)`s(r
s
η; z)ds+ wtη +

1

δ

∫ btc
0

[Rηθ ] (t, s)`bsc(r
s
η; z)ds− wtη

∥∥∥∥∥
2

≤ 1

δ

∫ btc
0

∥∥∥Rηθ(t, s)
∥∥∥ ∥∥`s(rsη; z)− `bsc(rsη; z)

∥∥
2

ds+
1

δ

∫ btc
0

∥∥∥Rηθ(t, s)− [Rηθ ] (t, s)
∥∥∥ ∥∥`bsc(rsη; z)

∥∥
2

ds

+
1

δ

∫ t

btc

∥∥∥Rηθ(t, s)
∥∥∥∥∥`s(rsη; z)

∥∥
2

ds+
∥∥wtη − wtη∥∥2

≤ M`

δ

∫ btc
0

ΦRθ (t− s)
(∥∥rsη − rsη∥∥2

+ |s− bsc|
)

ds+
1

δ

∫ btc
0

∥∥∥Rηθ(t, s)− [Rηθ ] (t, s)
∥∥∥∥∥`bsc(rsη; z)

∥∥
2

ds

+
ΦRθ (T )

δ

∫ t

btc

∥∥`s(rsη; z)
∥∥

2
ds+

∥∥wtη − wtη∥∥2
. (327)

We choose λ large enough such that Lemma C.6 holds and we can get

e−λt
∥∥rtη − rtη∥∥2

≤ M`

δ

∫ btc
0

e−λ(t−s)ΦRθ (t− s) · e−λs
(∥∥rsη − rsη∥∥2

+ η
)

ds+
h(η)

δ

∫ btc
0

∥∥`bsc(rsη; z)
∥∥

2
ds

+
e−λtΦRθ (T )

δ

∫ t

btc

∥∥`s(rsη; z)
∥∥

2
ds+ e−λt

∥∥wtη − wtη∥∥2
. (328)

Square both sides and take expectations. It follows by Cauchy-Schwarz inequality that

e−2λtE
[∥∥rtη − rtη∥∥2

2

]
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≤

{
2

∫ btc
0

(t− s+ 1)−2ds+

∫ t

0

(t− s+ 1)−2 + 1

}

·

{
M2
`

δ2

∫ btc
0

e−2λ(t−s)ΦRθ (t− s)2 · e−2λs
(
E
[∥∥rsη − rsη∥∥2

2

]
+ η2

)
ds

+
h(η)2

δ2

∫ btc
0

E
[∥∥`bsc(rsη; z)

∥∥2

2

]
ds+

ΦRθ (T )2

δ2

∫ t

btc
E
[∥∥`s(rsη; z)

∥∥2

2

]
ds+ e−2λtE

[∥∥wtη − wtη∥∥2

2

]}

≤ 4 ·

{
M2
`

δ2

∫ btc
0

e−2λ(t−s)ΦRθ (t− s)2 · e−2λs
(
E
[∥∥rsη − rsη∥∥2

2

]
+ η2

)
ds+

h(η)2kTΦC`(T )

δ2

+
ηkΦC`(T )ΦRθ (T )2

δ2
+ 4h(η)2

}
, (329)

where in the last line we invoke Eq. (326) and use E
[∥∥`s(rsη; z)

∥∥2

2

]
≤ k

∥∥C`(t, t)∥∥ ≤ kΦC`(T ). Next, we take

λ large enough such that

M2
`

δ2

∫ ∞
0

e−2λtΦRθ (t)
2 ≤ 1

8
,

which will further induce that

e−2λtE
[∥∥rtη − rtη∥∥2

2

]
≤ 1

2
sup

0≤s≤t
e−2λsE

[∥∥rsη − rsη∥∥2

2

]
+

1

2
η2 +

4h(η)2kTΦC`(T )

δ2
+

4ηkΦC`(T )ΦRθ (T )2

δ2
+ 16h(η)2 , (330)

and taking supremum over t ∈ [0, T ] on both sides

sup
t∈[0,T ]

e−λt
√

E
[∥∥rtη − rtη∥∥2

2

]
≤

√
η2 +

8h(η)2kTΦC`(T )

δ2
+

8ηkΦC`(T )ΦRθ (T )2

δ2
+ 32h(η)2 . (331)

Further following the same coupling argument in Appendix B.4.1, we obtain

distλ,T
(
C
η

` , C
η
`

)
≤ sup
t∈[0,T ]

e−λt

√
E
[∥∥∥`t(rtη; z)− `btc(r

btc
η ; z)

∥∥∥2

2

]
= sup
t∈[0,T ]

e−λt
√
E
[∥∥`t(rtη; z)− `btc(rtη; z)

∥∥2

2

]
≤M` sup

t∈[0,T ]

e−λt

√
E
[(∥∥rtη − rtη∥∥2

+ η
)2
]
. (332)

By triangle inequality, we then get

distλ,T
(
C
η

` , C
η
`

)
≤M` sup

t∈[0,T ]

e−λt
√
E
[∥∥rtη − rtη∥∥2

2

]
+M`η

≤M`

√
η2 +

8h(η)2kTΦC`(T )

δ2
+

8ηkΦC`(T )ΦRθ (T )2

δ2
+ 32h(η)2 +M`η

=: h1(η) . (333)

Clearly h1(η)→ 0 as η → 0.
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Controlling the distances between R
η

` and Rη` , Γη and Γη. First we consider the distance between
Γη and Γη. By Eq. (333), we can get

distλ,T
(
Γη,Γη

)
= sup
t∈[0,T ]

e−λt
∥∥E [∇r`t(rtη; z)

]
− E

[
∇r`btc(rtη; z)

]∥∥
≤ sup
t∈[0,T ]

e−λtE
[∥∥∇r`t(rtη; z)−∇r`btc(rtη; z)

∥∥]
≤M` sup

t∈[0,T ]

e−λt
√
E
[∥∥rtη − rtη∥∥2

2

]
+M`η

≤ h1(η) . (334)

Now we only need to bound the distance between R
η

` and Rη` . To this end, we introduce two auxiliary
functions

∂rtη
∂wsη

:= −1

δ

∫ t

s

R
η

θ(t, s′)
∂`s′(r

s′

η ; z)

∂wsη
ds′ − 1

δ
R
η

θ(t, s)∇r`s(rsη; z) , 0 ≤ s < t ≤ T , (335)

∂rtη
∂wsη

:= −1

δ

∫ btc
min{dse,btc}

[Rηθ ] (t, s′)
∂`bs′c(r

s′

η ; z)

∂wsη
ds′ − 1

δ
[Rηθ ] (t, s)∇r`bsc(rsη; z) , 0 ≤ s < t ≤ T . (336)

We can then write

∂`t(r
t
η; z)

∂wsη
= ∇r`t(rtη; z) ·

∂rtη
∂wsη

,

∂`btc(r
t
η; z)

∂wsη
= ∇r`btc(rtη; z) ·

∂rtη
∂wsη

.

Therefore, we can derive

e−λtE

[∥∥∥∥∥∂`t(rtη; z)

∂wsη
−
∂`btc(r

t
η; z)

∂wsη

∥∥∥∥∥
]

≤ e−λtE

[∥∥∥∥∥∇r`t(rtη; z)−∇r`btc(rtη; z)

∥∥∥∥∥
∥∥∥∥∥ ∂rtη∂wsη

∥∥∥∥∥
]

+ e−λtE

[∥∥∥∥∥∇r`btc(rtη; z)

∥∥∥∥∥
∥∥∥∥∥ ∂rtη∂wsη

−
∂rtη
∂wsη

∥∥∥∥∥
]
. (337)

Since (C
η

θ , R
η

θ) ∈ S, we are allowed to invoke Eq. (223) that helps us bound the first term

e−λtE

[∥∥∥∥∥∇r`t(rtη; z)−∇r`btc(rtη; z)

∥∥∥∥∥
∥∥∥∥∥ ∂rtη∂wsη

∥∥∥∥∥
]

≤ M`ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
· e−λtE

[∥∥∥∥∥∇r`t(rtη; z)−∇r`btc(rtη; z)

∥∥∥∥∥
]

≤ M`ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
· h1(η) , (338)

where in the last line we apply Eq. (334) when t ∈ [0, T ]. By Lipschitz property in Assumption 1, we can
upper bound the second term by

e−λtE

[∥∥∥∥∥∇r`btc(rtη; z)

∥∥∥∥∥
∥∥∥∥∥ ∂rtη∂wsη

−
∂rtη
∂wsη

∥∥∥∥∥
]

≤M` · e−λtE

[∥∥∥∥∥ ∂rtη∂wsη
−
∂rtη
∂wsη

∥∥∥∥∥
]

≤ M`

δ
· e−λt ·

{
E

[∥∥∥∥∥
∫ t

s

R
η

θ(t, s′)
∂`s′(r

s′

η ; z)

∂wsη
ds′ −

∫ btc
min{dse,btc}

[Rηθ ] (t, s′)
∂`bs′c(r

s′

η ; z)

∂wsη
ds′

∥∥∥∥∥
]
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+ E
[∥∥∥Rηθ(t, s)∇r`s(rsη; z)− [Rηθ ] (t, s)∇r`bsc(rsη; z)

∥∥∥]} . (339)

From Eq. (223) we can also get for any 0 ≤ s < t ≤ T ,∥∥∥∥∥∂`t(rtη; z)

∂wsη

∥∥∥∥∥ ≤M` ·

∥∥∥∥∥ ∂rtη∂wsη

∥∥∥∥∥ ≤ M2
` ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
, (340)

and therefore

e−λtE

[∥∥∥∥∥
∫ t

s

R
η

θ(t, s′)
∂`s′(r

s′

η ; z)

∂wsη
ds′ −

∫ btc
min{dse,btc}

[Rηθ ] (t, s′)
∂`bs′c(r

s′

η ; z)

∂wsη
ds′

∥∥∥∥∥
]

≤ 2ηΦRθ (T ) · M
2
` ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
+ e−λtE

[∥∥∥∥∥
∫ btc

min{dse,btc}
R
η

θ(t, s′)
∂`s′(r

s′

η ; z)

∂wsη
ds′ −

∫ btc
min{dse,btc}

[Rηθ ] (t, s′)
∂`bs′c(r

s′

η ; z)

∂wsη
ds′

∥∥∥∥∥
]

≤ 2ηΦRθ (T ) · M
2
` ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
+ e−λtE

[∫ btc
min{dse,btc}

∥∥∥Rηθ(t, s′)− [Rηθ ] (t, s′)
∥∥∥ · ∥∥∥∥∥∂`s′(rs

′

η ; z)

∂wsη

∥∥∥∥∥ ds′

]

+ e−λtE

[∫ btc
min{dse,btc}

‖[Rηθ ] (t, s′)‖ ·

∥∥∥∥∥∂`s′(rs
′

η ; z)

∂wsη
−
∂`bs′c(r

s′

η ; z)

∂wsη

∥∥∥∥∥ds′

]

≤ 2ηΦRθ (T ) · M
2
` ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
+ distλ,T

(
R
η

θ , [R
η
θ ]
)
· T · M

2
` ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
+

∫ btc
min{dse,btc}

e−λ(t−s′)ΦRθ (t− s′) · e−λs
′
E

[∥∥∥∥∥∂`s′(rs
′

η ; z)

∂wsη
−
∂`bs′c(r

s′

η ; z)

∂wsη

∥∥∥∥∥
]

ds′ . (341)

Take λ large enough such that Lemma C.6 holds and also∫ ∞
0

e−λtΦRθ (t)dt ≤
1

2
,

we can further get

e−λtE

[∥∥∥∥∥
∫ t

s

R
η

θ(t, s′)
∂`s′(r

s′

η ; z)

∂wsη
ds′ −

∫ btc
min{dse,btc}

[Rηθ ] (t, s′)
∂`bs′c(r

s′

η ; z)

∂wsη
ds′

∥∥∥∥∥
]

≤ 2ηΦRθ (T ) · M
2
` ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
+ h(η) · T · M

2
` ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
+

1

2
sup

0≤s<t≤T
e−λtE

[∥∥∥∥∥∂`t(rtη; z)

∂wsη
−
∂`btc(r

t
η; z)

∂wsη

∥∥∥∥∥
]

=: h2(η) +
1

2
sup

0≤s<t≤T
e−λtE

[∥∥∥∥∥∂`t(rtη; z)

∂wsη
−
∂`btc(r

t
η; z)

∂wsη

∥∥∥∥∥
]
, (342)

where h2(η)→ 0 when η approaches 0. For the same λ, we also get

e−λtE
[∥∥∥Rηθ(t, s)∇r`s(rsη; z)− [Rηθ ] (t, s)∇r`bsc(rsη; z)

∥∥∥]
≤ e−λtE

[∥∥∥Rηθ(t, s)− [Rηθ ] (t, s)
∥∥∥∥∥∇r`s(rsη; z)

∥∥]+ e−λtE
[
‖[Rηθ ] (t, s)‖

∥∥∇r`s(rsη; z)−∇r`bsc(rsη; z)
∥∥]
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≤M`h(η) + ΦRθ (T )h1(η) , (343)

in the last line we make use of Eq. (334). Taking Eqs. (342) and (343) into Eq. (339) yields

e−λtE

[∥∥∥∥∥∇r`btc(rtη; z)

∥∥∥∥∥
∥∥∥∥∥ ∂rtη∂wsη

−
∂rtη
∂wsη

∥∥∥∥∥
]

≤ h2(η) +M`h(η) + ΦRθ (T )h1(η) +
1

2
sup

0≤s<t≤T
e−λtE

[∥∥∥∥∥∂`t(rtη; z)

∂wsη
−
∂`btc(r

t
η; z)

∂wsη

∥∥∥∥∥
]
. (344)

Further with Eq. (338), substituting into Eq. (337) gives us

e−λtE

[∥∥∥∥∥∂`t(rtη; z)

∂wsη
−
∂`btc(r

t
η; z)

∂wsη

∥∥∥∥∥
]

≤ M`ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
· h1(η) + h2(η) +M`h(η) + ΦRθ (T )h1(η)

+
1

2
sup

0≤s<t≤T
e−λtE

[∥∥∥∥∥∂`t(rtη; z)

∂wsη
−
∂`btc(r

t
η; z)

∂wsη

∥∥∥∥∥
]
. (345)

Taking supremum on both sides for 0 ≤ s < t ≤ T it then follows that

sup
0≤s<t≤T

e−λtE

[∥∥∥∥∥∂`t(rtη; z)

∂wsη
−
∂`btc(r

t
η; z)

∂wsη

∥∥∥∥∥
]

≤ 2

{
M`ΦRθ (T )

δ
· exp

(
M`TΦRθ (T )

δ

)
· h1(η) + h2(η) +M`h(η) + ΦRθ (T )h1(η)

}
=: h3(η) , (346)

and h3(η)→ 0 when η → 0. Finally

distλ,T
(
C
η

` , C
η
`

)
= sup

0≤s<t≤T
e−λt

∥∥∥∥∥E
[
∂`t(r

t
η; z)

∂wsη

]
− E

[
∂`btc(r

t
η; z)

∂wsη

]∥∥∥∥∥
≤ e−λtE

[∥∥∥∥∥∂`t(rtη; z)

∂wsη
−
∂`btc(r

t
η; z)

∂wsη

∥∥∥∥∥
]

≤ h3(η) . (347)

By Eqs. (333), (334) and (347), we conclude the proof by taking h(η) = max {h1(η), h3(η)}.

C.7 Proof of Lemma C.5

By Eqs. (12a) and (113a), we can write

d

dt
θt = −(Λt + Γt)θt −

∫ t

0

R`(t, s)θ
sds+ ut , ut ∼ GP(0, C`/δ) ,

d

dt
θtη = −(Λbtc + Γtη)θbtcη −

∫ btc
0

Rη` (t, s)θbscη ds+ utη , utη ∼ GP(0, Cη` /δ) ,

where we use the fact that Rη` (btc, bsc) = Rη` (t, s) and Γ
btc
η = Γtη. We can couple ut and utη such that

sup
t∈[0,T ]

e−λt
√
E
[∥∥ut − utη∥∥2

2

]
≤ 2 · distλ,T

(
ut, utη

)
= 2 · distλ,T (C`/δ, C

η
` /δ) =

2√
δ
distλ,T (C`, C

η
` ) . (348)

We can derive the upper bound

e−λt · d

dt

∥∥θt − θtη∥∥2
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≤ e−λt ·
∥∥∥∥ d

dt
θt − d

dt
θtη

∥∥∥∥
2

≤ e−λt ·

∥∥∥∥∥−(Λt + Γt)θt −
∫ t

0

R`(t, s)θ
sds+ ut + (Λbtc + Γtη)θbtcη +

∫ btc
0

Rη` (t, s)θbscη ds− utη

∥∥∥∥∥
2

≤ e−λt ·

∥∥∥∥∥(Λt + Γt)θt − (Λbtc + Γtη)θbtcη

∥∥∥∥∥
2︸ ︷︷ ︸

(I)

+ e−λt ·

∥∥∥∥∥
∫ t

0

R`(t, s)θ
sds−

∫ btc
0

Rη` (t, s)θbscη ds

∥∥∥∥∥
2︸ ︷︷ ︸

(II)

+ e−λt ·
∥∥ut − utη∥∥2

. (349)

We upper bound (I) and (II) respectively

(I) ≤ e−λt
∥∥(Λt + Γt)(θt − θtη)

∥∥
2

+ e−λt
∥∥∥(Λt + Γt)(θtη − θbtcη )

∥∥∥
2

+ e−λt
∥∥∥(Λt + Γt − Λbtc − Γtη)θbtcη

∥∥∥
2

≤ e−λt (MΛ +M`) ·
(∥∥θt − θtη∥∥2

+
∥∥∥θtη − θbtcη ∥∥∥

2

)
+ e−λt

(∥∥∥Λt − Λbtc
∥∥∥+

∥∥Γt − Γtη
∥∥)∥∥∥θbtcη ∥∥∥

2

≤ e−λt (MΛ +M`) ·
(∥∥θt − θtη∥∥2

+
∥∥∥θtη − θbtcη ∥∥∥

2

)
+ e−λt

(
ηMΛ +

∥∥Γt − Γtη
∥∥) ∥∥∥θbtcη ∥∥∥

2
, (350)

and

(II) ≤ e−λt ·

∥∥∥∥∥
∫ t

btc
R`(t, s)θ

sds

∥∥∥∥∥
2

+ e−λt ·

∥∥∥∥∥
∫ btc

0

(R`(t, s)−Rη` (t, s)) θsds

∥∥∥∥∥
2

+ e−λt ·

∥∥∥∥∥
∫ btc

0

Rη` (t, s)
(
θs − θsη

)
ds

∥∥∥∥∥
2

+ e−λt ·

∥∥∥∥∥
∫ btc

0

Rη` (t, s)
(
θsη − θbscη

)
ds

∥∥∥∥∥
2

≤ e−λtΦR`(T )

∫ t

btc
‖θs‖2 ds+ e−λt

∫ btc
0

‖R`(t, s)−Rη` (t, s)‖ ‖θs‖2 ds

+

∫ btc
0

e−λ(t−s)ΦR`(t− s) · e−λs
∥∥θs − θsη∥∥2

ds+ e−λtΦR`(T )

∫ btc
0

∥∥∥θsη − θbscη ∥∥∥
2

ds . (351)

Suppose λ satisfies
∫∞

0
e−λtΦR`(t)dt ≤MΛ +M`, combining inequalities above yields

e−λt · d

dt

∥∥θt − θtη∥∥2

≤ e−λt (MΛ +M`) ·
(∥∥θt − θtη∥∥2

+
∥∥∥θtη − θbtcη ∥∥∥

2

)
+ e−λt

(
ηMΛ +

∥∥Γt − Γtη
∥∥) ∥∥∥θbtcη ∥∥∥

2

+ e−λtΦR`(T )

∫ t

btc
‖θs‖2 ds+ e−λt

∫ btc
0

‖R`(t, s)−Rη` (t, s)‖ ‖θs‖2 ds

+ (MΛ +M`) · sup
0≤s≤t

e−λs
∥∥θs − θsη∥∥2

+ e−λtΦR`(T )

∫ btc
0

∥∥∥θsη − θbscη ∥∥∥
2

ds+ e−λt
∥∥ut − utη∥∥2

≤ 2(MΛ +M`) · sup
0≤s≤t

e−λs
∥∥θs − θsη∥∥2

+ e−λt
∥∥ut − utη∥∥2

+ e−λt(MΛ +M`)
∥∥∥θtη − θbtcη ∥∥∥

2

+ e−λtΦR`(T )

∫ btc
0

∥∥∥θsη − θbscη ∥∥∥
2

ds+ e−λt
(
ηMΛ +

∥∥Γt − Γtη
∥∥) ∥∥∥θbtcη ∥∥∥

2

+ e−λtΦR`(T )

∫ t

btc
‖θs‖2 ds+ e−λt

∫ btc
0

‖R`(t, s)−Rη` (t, s)‖ ‖θs‖2 ds . (352)

Similar to previous proofs in Eqs. (182) and (183), it follows that

e−2(MΛ+M`)t−λt
∥∥θt − θtη∥∥2
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≤
∫ t

0

e−2(MΛ+M`)s−λs ·

{∥∥us − usη∥∥2
+ (MΛ +M`)

∥∥∥θsη − θbscη ∥∥∥
2

+ ΦR`(T )

∫ bsc
0

∥∥∥θs′η − θbs′cη

∥∥∥
2

ds′

+
(
ηMΛ +

∥∥Γs − Γsη
∥∥) ∥∥∥θbscη ∥∥∥

2
+ ΦR`(T )

∫ s

bsc

∥∥∥θs′∥∥∥
2

ds′ +

∫ bsc
0

‖R`(s, s′)−Rη` (s, s′)‖
∥∥∥θs′∥∥∥

2
ds′

}
ds .

(353)

This implies for any λ ≥ 2(MΛ +M`) + λ, one has

e−λt
∥∥θt − θtη∥∥2

≤
∫ t

0

e−λs ·

{∥∥us − usη∥∥2
+ (MΛ +M`)

∥∥∥θsη − θbscη ∥∥∥
2

+ ΦR`(T )

∫ bsc
0

∥∥∥θs′η − θbs′cη

∥∥∥
2

ds′

+
(
ηMΛ +

∥∥Γs − Γsη
∥∥) ∥∥∥θbscη ∥∥∥

2
+ ΦR`(T )

∫ s

bsc

∥∥∥θs′∥∥∥
2

ds′ +

∫ bsc
0

‖R`(s, s′)−Rη` (s, s′)‖
∥∥∥θs′∥∥∥

2
ds′

}
ds

≤
∫ t

0

(
e−λs

∥∥us − usη∥∥2
+ (MΛ +M`)

∥∥∥θsη − θbscη ∥∥∥
2

+ ΦR`(T )

∫ bsc
0

∥∥∥θs′η − θbs′cη

∥∥∥
2

ds′

+ (ηMΛ + distλ,T (Γ,Γη))
∥∥∥θbscη ∥∥∥

2
+ ΦR`(T )

∫ s

bsc

∥∥∥θs′∥∥∥
2

ds′ + distλ,T (R`, R
η
` ) ·

∫ bsc
0

∥∥∥θs′∥∥∥
2

ds′

)
ds .

(354)

Square both sides and take expectations, we have

e−2λtE
[∥∥θt − θtη∥∥2

2

]
≤ E

[{∫ t

0

(
e−λs

∥∥us − usη∥∥2
+ (MΛ +M`)

∥∥∥θsη − θbscη ∥∥∥
2

+ ΦR`(T )

∫ bsc
0

∥∥∥θs′η − θbs′cη

∥∥∥
2

ds′

+ (ηMΛ + distλ,T (Γ,Γη))
∥∥∥θbscη ∥∥∥

2
+ ΦR`(T )

∫ s

bsc

∥∥∥θs′∥∥∥
2

ds′ + distλ,T (R`, R
η
` ) ·

∫ bsc
0

∥∥∥θs′∥∥∥
2

ds′

)
ds

}2]
(i)

≤ E

[{∫ t

0

(
1 + 1 +

∫ bsc
0

1ds′ + 1 +

∫ s

bsc
1ds′ +

∫ bsc
0

1ds′

)
ds

}

·

{∫ t

0

(
e−2λs

∥∥us − usη∥∥2

2
+ (MΛ +M`)

2
∥∥∥θsη − θbscη ∥∥∥2

2
+ ΦR`(T )2

∫ bsc
0

∥∥∥θs′η − θbs′cη

∥∥∥2

2
ds′

+ (ηMΛ + distλ,T (Γ,Γη))
2
∥∥∥θbscη ∥∥∥2

2
+ ΦR`(T )2

∫ s

bsc

∥∥∥θs′∥∥∥2

2
ds′ + distλ,T (R`, R

η
` )

2 ·
∫ bsc

0

∥∥∥θs′∥∥∥2

2
ds′

)
ds

}]

≤

{∫ t

0

(2s+ 3)ds

}
·

{∫ t

0

(
e−2λsE

[∥∥us − usη∥∥2

2

]
+ (MΛ +M`)

2E
[∥∥∥θsη − θbscη ∥∥∥2

2

]

+ ΦR`(T )2

∫ bsc
0

E
[∥∥∥θs′η − θbs′cη

∥∥∥2

2

]
ds′ + (ηMΛ + distλ,T (Γ,Γη))

2 E
[∥∥∥θbscη ∥∥∥2

2

]
+ ΦR`(T )2

∫ s

bsc
E
[∥∥∥θs′∥∥∥2

2

]
ds′

+ distλ,T (R`, R
η
` )

2 ·
∫ bsc

0

E
[∥∥∥θs′∥∥∥2

2

]
ds′

)
ds

}
, (355)

where in (i) we use Cauchy-Schwarz inequality. Substituting in Eqs. (359), (348) and E
[
‖θ‖22

]
≤ k

∥∥E [θθT]∥∥
yields

e−2λtE
[∥∥θt − θtη∥∥2

2

]
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≤ (T 2 + 3T ) ·
∫ t

0

(
4

δ
distλ,T (C`, C

η
` )

2
+ (MΛ +M`)

2h1(η) + ΦR`(T )2

∫ bsc
0

h1(η)ds′

+ (ηMΛ + distλ,T (Γ,Γη))
2
kΦCθ (T ) + ΦR`(T )2

∫ s

bsc
kΦCθ (T )ds′ + distλ,T (R`, R

η
` )

2 ·
∫ bsc

0

kΦCθ (T )ds′

)
ds

≤ (T 3 + 3T 2) ·

(
4

δ
distλ,T (C`, C

η
` )

2
+ (MΛ +M`)

2h1(η) + TΦR`(T )2h1(η) + (ηMΛ + distλ,T (Γ,Γη))
2
kΦCθ (T )

+ ηΦR`(T )2kΦCθ (T ) + distλ,T (R`, R
η
` )

2
kTΦCθ (T )

)
. (356)

The proof is then completed by

e−λt
√
E
[∥∥θt − θtη∥∥2

2

]
≤ (T 3 + 3T 2)

1
2 ·

(
4

δ
distλ,T (X,Xη)

2
+ (MΛ +M`)

2h1(η) + TΦR`(T )2h1(η)

+ (ηMΛ + distλ,T (X,Xη))
2
kΦCθ (T ) + ηΦR`(T )2kΦCθ (T ) + distλ,T (X,Xη)

2
kTΦCθ (T )

) 1
2

=: H(η, distλ,T (X,Xη)) . (357)

C.8 Proof of Lemma C.6

We write the equations that define (C
η

θ , R
η

θ) and (Cηθ , R
η
θ) as

d

dt
θ
t

η = −(Λt + Γtη)θ
t

η −
∫ t

0

Rη` (t, s)θ
s

ηds+ utη , utη ∼ GP(0, Cη` /δ) ,

d

dt

∂θ
t

η

∂usη
= −(Λt + Γtη)

∂θ
t

η

∂usη
−
∫ t

s

Rη` (t, s′)
∂θ

s′

η

∂usη
ds′ , 0 ≤ s ≤ t ≤ T ,

C
η

θ(t, s) = E
[
θ
t

ηθ
s

η

T
]
, 0 ≤ s ≤ t ≤ T ,

R
η

θ(t, s) = E

[
∂θ

t

η

∂usη

]
, 0 ≤ s ≤ t ≤ T ,

and

d

dt
θtη = −(Λbtc + Γbtcη )θbtcη −

∫ btc
0

Rη` (btc, bsc)θbscη ds+ utη , utη ∼ GP(0, Cη` /δ) ,

d

dt

∂θtη
∂usη

= −(Λbtc + Γbtcη )
∂θ
btc
η

∂usη
−
∫ btc
s

Rη` (btc, bs′c)∂θ
bs′c
η

∂usη
ds′ , 0 ≤ s ≤ t ≤ T ,

Cηθ (t, s) = E
[
θbtcη θbscη

T
]
, 0 ≤ s ≤ t ≤ T ,

Rηθ(t, s) = E
[
∂θtη
∂usη

]
, 0 ≤ s ≤ t ≤ T .

Controlling the distance between C
η

θ and Cηθ . From Eq. (113g) we know that Cη` is piecewise constant,

i.e. Cη` (t, s) = Cη` (btc, bsc) and utη = u
btc
η . Further since Rη` is piecewise constant from Eq. (113d), it follows

that

θtη − θbtcη = (t− btc) ·

(
−(Λbtc + Γbtcη )θbtcη −

∫ btc
0

Rη` (t, s)θbscη ds+ ubtcη

)
. (358)
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Hence using the fact that (Cη` , R
η
` ,Γη) ∈ S,

E
[∥∥∥θtη − θbtcη ∥∥∥2

2

]
≤ η2 · E

∥∥∥∥∥−(Λbtc + Γbtcη )θbtcη −
∫ btc

0

Rη` (t, s)θbscη ds+ ubtcη

∥∥∥∥∥
2

2


≤ η2 · E

((MΛ +M`) ·
∥∥∥θbtcη ∥∥∥

2
+

∫ btc
0

ΦR`(t− s)
∥∥∥θbscη ∥∥∥

2
ds+

∥∥∥ubtcη ∥∥∥
2

)2


≤ η2 · E

[(
(MΛ +M`)

2 ·
∥∥∥θbtcη ∥∥∥2

2
+

∫ btc
0

ΦR`(t− s)2
∥∥∥θbscη ∥∥∥2

2
ds+

∥∥∥ubtcη ∥∥∥2

2

)
· (1 + T + 1)

]

≤ η2 · (T + 2) ·
{

(MΛ +M`)
2 · kΦCθ (T ) + TΦR`(T )2 · kΦCθ (T ) +

k

δ
ΦC`(T )

}
=: h1(η) . (359)

where in the last line we use the inequality E
[
‖θ‖22

]
= Tr

(
E
[
θθT
])
≤ k

∥∥E [θθT]∥∥ for any k dimensional

random vector θ. Note that h1(η) → 0 as η → 0. Next by using the coupling utη = utη and using Γtη = Γ
btc
η

by Eq. (113e),

d

dt

∥∥∥θtη − θtη∥∥∥
2
≤
∥∥∥∥ d

dt

(
θ
t

η − θtη
)∥∥∥∥

2

=

∥∥∥∥∥−(Λt + Γtη)θ
t

η −
∫ t

0

Rη` (t, s)θ
s

ηds+ (Λbtc + Γtη)θbtcη +

∫ btc
0

Rη` (t, s)θbscη ds

∥∥∥∥∥
2

≤
∥∥∥− (Λt + Γtη

) (
θ
t

η − θtη
)
−
(
Λt + Γtη

) (
θtη − θbtcη

)
−
(

Λt − Λbtc
)
θbtcη

∥∥∥
2

+

∥∥∥∥∥
∫ t

0

Rη` (t, s)
(
θ
s

η − θsη
)

ds+

∫ t

0

Rη` (t, s)
(
θsη − θbscη

)
ds−

∫ t

btc
Rη` (t, s)θbscη ds

∥∥∥∥∥
2

≤ (MΛ +M`)
∥∥∥θtη − θtη∥∥∥

2
+ (MΛ +M`)

∥∥∥θtη − θbtcη ∥∥∥
2

+ ηMΛ

∥∥∥θbtcη ∥∥∥
2

+

∫ t

0

ΦR`(t− s)
∥∥∥θsη − θsη∥∥∥

2
ds+

∫ t

0

ΦR`(t− s)
∥∥∥θsη − θbscη ∥∥∥

2
ds+ ηΦR`(T )

∥∥∥θbtcη ∥∥∥
2
,

(360)

where in the last line we use Assumption 1 which gives
∥∥Λt − Λbtc

∥∥ ≤ ηMΛ, the fact θ
bsc
η = θ

btc
η when

btc ≤ s ≤ t and also ΦR`(t) is a nondecreasing function in t ∈ R≥0. By taking λ such that
∫∞

0
e−λtΦR`(t)d ≤

MΛ +M` and repeating the argument in Eq. (181), we can have

e−λt
d

dt

∥∥∥θtη − θtη∥∥∥
2

≤ 2 (MΛ +M`) · sup
0≤s≤t

∥∥∥θsη − θsη∥∥∥
2

+ e−λt
{

(MΛ +M`)
∥∥∥θtη − θbtcη ∥∥∥

2
+ η (MΛ + ΦR`(T ))

∥∥∥θbtcη ∥∥∥
2

+ ΦR`(T )

∫ t

0

∥∥∥θsη − θbscη ∥∥∥
2

ds

}
. (361)

Consequently

e−2(MΛ+M`)t−λt
∥∥∥θtη − θtη∥∥∥

2

≤
∫ t

0

e−2(MΛ+M`)s−λs

·
{

(MΛ +M`)
∥∥∥θsη − θbscη ∥∥∥

2
+ η (MΛ + ΦR`(T ))

∥∥∥θbscη ∥∥∥
2

+ ΦR`(T )

∫ s

0

∥∥∥θs′η − θbs′cη

∥∥∥
2

ds′
}

dt , (362)
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which further implies for any λ > 2(MΛ +M`) + λ, we have

e−λt
∥∥∥θtη − θtη∥∥∥

2

≤
∫ t

0

(
(MΛ +M`)

∥∥∥θsη − θbscη ∥∥∥
2

+ η (MΛ + ΦR`(T ))
∥∥∥θbscη ∥∥∥

2
+ ΦR`(T )

∫ s

0

∥∥∥θs′η − θbs′cη

∥∥∥
2

ds′
)

dt

≤
∫ T

0

(
(MΛ +M` + TΦR`(T ))

∥∥∥θtη − θbtcη ∥∥∥
2

+ η (MΛ + ΦR`(T ))
∥∥∥θbtcη ∥∥∥

2

)
dt . (363)

By triangle inequality,

e−λt

√
E
[∥∥∥θtη − θtη∥∥∥2

2

]

≤

√√√√√E

(∫ T

0

(
(MΛ +M` + TΦR`(T ))

∥∥∥θtη − θbtcη ∥∥∥
2

+ η (MΛ + ΦR`(T ))
∥∥∥θbtcη ∥∥∥

2

)
dt

)2


≤ (MΛ +M` + TΦR`(T )) ·

√√√√√E

(∫ T

0

∥∥∥θtη − θbtcη ∥∥∥
2

dt

)2
+ η (MΛ + ΦR`(T )) ·

√√√√√E

(∫ T

0

∥∥∥θbtcη ∥∥∥
2

dt

)2


≤ (MΛ +M` + TΦR`(T ))

√√√√T · E

[∫ T

0

∥∥∥θtη − θbtcη ∥∥∥2

2
dt

]
+ η (MΛ + ΦR`(T )) ·

√√√√T · E

[∫ T

0

∥∥∥θbtcη ∥∥∥2

2
dt

]
,

where we invoke Cauchy-Schwarz inequality in the last line. Substituting in Eq. (359) and E
[∥∥∥θbtcη ∥∥∥2

2

]
≤

kΦCθ (T ), we get

e−λt

√
E
[∥∥∥θtη − θtη∥∥∥2

2

]
≤ T (MΛ +M` + TΦR`(T ))h1(η) + ηT (MΛ + ΦR`(T ))

√
kΦCθ (T ) . (364)

Following the same coupling argument in Appendix B.4.1, we obtain

distλ,T
(
C
η

θ , C
η
θ

)
≤ sup
t∈[0,T ]

e−λt

√
E
[∥∥∥θtη − θbtcη ∥∥∥2

2

]

≤ sup
t∈[0,T ]

e−λt

√
E
[∥∥∥θtη − θtη∥∥∥2

2

]
+ sup
t∈[0,T ]

e−λt

√
E
[∥∥∥θtη − θbtcη ∥∥∥2

2

]
≤ T (MΛ +M` + TΦR`(T ))h1(η) + ηT (MΛ + ΦR`(T ))

√
kΦCθ (T ) + h1(η) =: h2(η) , (365)

where h2(η)→ 0 as η → 0.

Controlling the distance between R
η

θ and [Rηθ ]. Since ∂θ
t

η/∂u
s
η and ∂θtη/∂u

s
η are not random, we can

write

d

dt
R
η

θ(t, s) = −(Λt + Γtη)R
η

θ(t, s)−
∫ t

s

Rη` (t, s′)R
η

θ(s′, s)ds′ , 0 ≤ s ≤ t ≤ T , (366)

d

dt
Rηθ(t, s) = −(Λbtc + Γbtcη )Rηθ(btc, s)−

∫ btc
s

Rη` (t, s′)Rηθ(bs′c, s)ds′ , 0 ≤ s ≤ t ≤ T . (367)

with the same boundary conditions R
η

θ(s, s) = Rηθ(s, s) = I and the convention that Rηθ(t, s) = 0 when t < s.
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First we try to control the error ‖Rηθ(t, s)− [Rηθ ] (t, s)‖. By definition, we have [Rηθ ] (t, s) = I when
dse > btc. In this case, we have btc ≤ s and therefore

∥∥ d
dtR

η
θ(t, s)

∥∥ ≤ (MΛ +M`) ‖Rηθ(btc, s)‖ ≤ (MΛ +M`).
We can then control

‖Rηθ(t, s)− [Rηθ ] (t, s)‖ = ‖Rηθ(t, s)−Rηθ(s, s)‖ ≤ η (MΛ +M`) . (368)

We can then assume dse ≤ btc. One then can derive

‖Rηθ(t, s)−Rηθ(btc, s)‖ ≤ η sup
btc≤s′≤t

∥∥∥∥ d

ds′
Rηθ(s′, s)

∥∥∥∥
≤ η ·

∥∥∥∥∥−(Λbtc + Γbtcη )Rηθ(btc, s)−
∫ btc
s

Rη` (t, s′)Rηθ(bs′c, s)ds′
∥∥∥∥∥

≤ η · {(MΛ +M`) ΦRθ (T ) + TΦR`(T )ΦRθ (T )} =: h3(η) . (369)

In particular, take t = dse − ε and let ε→ 0, it follows then

‖Rηθ(dse, s)−Rηθ(s, s)‖ = ‖Rηθ(dse, s)−Rηθ(dse, dse)‖ ≤ h3(η) . (370)

Note that for all t ≥ dse,

d

dt
‖Rηθ(t, s)−Rηθ(t, dse)‖

≤
∥∥∥∥ d

dt
Rηθ(t, s)− d

dt
Rηθ(t, dse)

∥∥∥∥
=

∥∥∥∥− (Λbtc + Γbtcη ) (Rηθ(btc, s)−Rηθ(btc, dse))−
∫ btc
dse

Rη` (t, s′) (Rηθ(bs′c, s)−Rηθ(bs′c, dse)) ds′

−
∫ dse
s

Rη` (t, s′)Rηθ(bs′c, s)ds′
∥∥∥∥

≤ (MΛ +M`) ‖Rηθ(btc, s)−Rηθ(btc, dse)‖+

∫ btc
dse

ΦR`(t− s′) ‖R
η
θ(bs′c, s)−Rηθ(bs′c, dse)‖ds′

+ ηΦR`(T )ΦRθ (T ) . (371)

Similar to what we did in Eq. (181), taking λ such that
∫∞

0
e−λtΦR`(t)d ≤MΛ +M` gives us

e−λt
d

dt
‖Rηθ(t, s)−Rηθ(t, dse)‖

≤ (MΛ +M`)e
−λt ‖Rηθ(btc, s)−Rηθ(btc, dse)‖+

∫ btc
dse

e−λ(t−s′)ΦR`(t− s′) · e−λs
′
‖Rηθ(bs′c, s)−Rηθ(bs′c, dse)‖ds′

+ e−λtηΦR`(T )ΦRθ (T )

≤ (MΛ +M`)e
−λbtc ‖Rηθ(btc, s)−Rηθ(btc, dse)‖+

∫ btc
dse

e−λ(t−s′)ΦR`(t− s′) · e−λbs
′c ‖Rηθ(bs′c, s)−Rηθ(bs′c, dse)‖ds′

+ e−λtηΦR`(T )ΦRθ (T )

≤ 2(MΛ +M`) · sup
dse≤s′≤t

e−λs
′
‖Rηθ(s′, s)−Rηθ(s′, dse)‖+ e−λtηΦR`(T )ΦRθ (T ) . (372)

Further, this allows us to derive by taking in Eq. (370)

e−2(MΛ+M`)t−λt ‖Rηθ(t, s)−Rηθ(t, dse)‖

≤ ‖Rηθ(dse, s)−Rηθ(dse, dse)‖+

∫ t

0

e−2(MΛ+M`)s−λsηΦR`(T )ΦRθ (T )ds
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≤ h3(η) + ηTΦR`(T )ΦRθ (T ) . (373)

This implies for any λ > 2(MΛ +M`) + λ,

e−λt ‖Rηθ(t, s)−Rηθ(t, dse)‖ ≤ h3(η) + ηTΦR`(T )ΦRθ (T ) . (374)

Combining Eqs. (368), (369) and (374), we obtain for any 0 ≤ s ≤ t ≤ T ,

e−λt ‖Rηθ(t, s)− [Rηθ ] (t, s)‖ ≤ max
{
η (MΛ +M`) , 2h3(η) + ηTΦR`(T )ΦRθ (T )

}
=: h4(η) . (375)

Next we control the term
∥∥∥Rηθ(t, s)−Rηθ(t, s)

∥∥∥, by definition and the fact that Γ
btc
η = Γtη we have

d

dt

∥∥∥Rηθ(t, s)−Rηθ(t, s)
∥∥∥

≤
∥∥∥∥ d

dt
R
η

θ(t, s)− d

dt
Rηθ(t, s)

∥∥∥∥
=

∥∥∥∥∥−(Λt + Γtη)R
η

θ(t, s)−
∫ t

s

Rη` (t, s′)R
η

θ(s′, s)ds′ + (Λbtc + Γtη)Rηθ(btc, s) +

∫ btc
s

Rη` (t, s′)Rηθ(bs′c, s)ds′
∥∥∥∥∥

≤
∥∥∥−(Λt + Γtη)

(
R
η

θ(t, s)−Rηθ(t, s)
)
− (Λt + Γtη) (Rηθ(t, s)−Rηθ(btc, s))−

(
Λt − Λbtc

)
Rηθ(btc, s)

∥∥∥
+

∥∥∥∥− ∫ btc
s

Rη` (t, s′)
(
R
η

θ(s′, s)−Rηθ(s′, s)
)

ds′ −
∫ btc
s

Rη` (t, s′) (Rηθ(s′, s)−Rηθ(bs′c, s)) ds′

−
∫ t

btc
Rη` (t, s′)R

η

θ(s′, s)ds′
∥∥∥∥

≤ (MΛ +M`)
∥∥∥Rηθ(t, s)−Rηθ(t, s)

∥∥∥+ (MΛ +M`) ‖Rηθ(t, s)−Rηθ(btc, s)‖+ ηMΛΦRθ (T )

+

∫ btc
s

ΦR`(t− s′)
∥∥∥Rηθ(s′, s)−Rηθ(s′, s)

∥∥∥ds′ + TΦR`(T ) sup
s≤s′≤t

‖Rηθ(s′, s)−Rηθ(bs′c, s)‖

+ ηΦR`(T )ΦRθ (T ) . (376)

Further by Eq. (369), we can obtain

d

dt

∥∥∥Rηθ(t, s)−Rηθ(t, s)
∥∥∥

≤ (MΛ +M`)
∥∥∥Rηθ(t, s)−Rηθ(t, s)

∥∥∥+

∫ btc
s

ΦR`(t− s′)
∥∥∥Rηθ(s′, s)−Rηθ(s′, s)

∥∥∥ds′

+ η (MΛΦRθ (T ) + ΦR`(T )ΦRθ (T )) + (MΛ +M` + TΦR`(T ))h3(η) . (377)

We get the exact same type of inequality as in Eq. (360) and we can repeat the same argument and get for
all λ > 2(MΛ +M`) + λ

e−λt
∥∥∥Rηθ(t, s)−Rηθ(t, s)

∥∥∥ ≤ ηT (MΛΦRθ (T ) + ΦR`(T )ΦRθ (T )) + T (MΛ +M` + TΦR`(T ))h3(η) =: h5(η) .

(378)

Putting together Eqs. (375) and (378) yields

distλ,T
(
R
η

θ , [R
η
θ ]
)
≤ sup

0≤s≤t≤T
e−λt

∥∥∥Rηθ(t, s)− [Rηθ ] (t, s)
∥∥∥ ≤ h4(η) + h5(η) =: h6(η) . (379)

Clearly η → 0 we have h6(η)→ 0. The proof is completed by taking h(η) = max
{
h2(η), h6(η)

}
.
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C.9 Proof of Lemma 6.5

The claim of this lemma follows by establishing separately the following two statements (possibly after
adjusting the constants M()ε)):

P
(
µ̂(n)

(
‖θ0‖ > M(ε)

)
≥ ε for infinitely many n

)
= 0 , (380)

P
(
µ̂(n)

(
‖(θ)T0 ‖C0,α > M(ε)

)
≥ ε for infinitely many n

)
= 0 . (381)

We begin by Eq. (380):

µ̂(n)
(
‖θ0‖ > M(ε)

)
=

1

d

d∑
i=1

1{‖θ0
i ‖>M} ≤

1

dM2

d∑
i=1

‖θ0
i ‖2 =

1

dM2
‖θ0‖2F .

Since by assumption Eµ̂θ0
[∥∥θ0

∥∥2
]
→ Eµθ0

[∥∥θ0
∥∥2
]
< ∞, there exists a constant C such that ‖θ0‖2F /d ≤ C

for all n large enough. Therefore

µ̂(n)
(
‖θ0‖ > M(ε)

)
≤ C

M2

for all but finitely many values of n, which yields the claim (380).
Next, to prove Eq. (381), we begin by noting that, for any differentiable function f : [0, T ] → Rk, ans

any 0 ≤ s ≤ t ≤ T , we have ∥∥f(t)− f(s)
∥∥ =

∥∥∥∫ T

0

f ′(u)1[t,s](u) du
∥∥∥

≤ (t− s)1/2
(∫ T

0

‖f ′(u)‖2du
)1/2

,

which implies ‖f‖C0,1/2 ≤ ‖f ′‖L2 . Therefore

µ̂(n)
(
‖(θ)T0 ‖C0,1/2 > M

)
≤ µ̂(n)

(
‖(θ̇)T0 ‖L2 > M

)
=

1

d

d∑
i=1

1{‖(θ̇i)T0 ‖L2>M}

≤ 1

M2d

d∑
i=1

‖(θ̇i)T0 ‖2L2 =
1

M2d

d∑
i=1

∫ T

0

‖θ̇ti‖2dt

=
1

M2d

∫ T

0

∥∥∥θtΛt +
1

δ
X`t(Xθ

t; z)
∥∥∥2

F
dt ,

where in the last step we used the definition of the flow, per Eq. (11).
By the Bai-Yin law, there exists C = C(δ) such that almost surely ‖X‖ ≤ C(δ) for all but finitely man

values of n. Using the conditions on Λt, `t in Assumption 1, we deduce that, for all but finitely many values
of n,

µ̂(n)
(
‖(θ)T0 ‖C0,1/2 > M

)
≤ C

M2d

∫ T

0

(
‖θt‖2F + ‖`t(0; z)‖2F

)
dt . (382)

It is therefore sufficient to bound ‖θt‖2F . We established already such a bound in Eq. (263), which implies
that, for all but finitely many values of n, and for all t,

‖θt‖ ≤ CeCt
(
‖θ0‖F + ‖`t(0; z)‖F

)
.

By the assumptions on `t and z, we have ‖`t(0
¯
; z)‖2 ≤ C(‖`t(0; 0)‖2 + ‖z‖2) ≤ C ′d. Substituting these

bounds in Eq. (382), we obtain

µ̂(n)
(
‖(θ)T0 ‖C0,1/2 > M

)
≤ CeCT

M2d

(
‖θ0‖2F + ‖`t(0; z)‖2F

)
dt ≤ C ′

M2
, (383)

where the last step follows for all n large enough from the assumptions Eµ̂θ0
[∥∥θ0

∥∥2
]
→ Eµθ0

[∥∥θ0
∥∥2
]
< ∞

and Eµ̂z
[
‖z‖2

]
→ Eµz

[
‖z‖2

]
<∞. This concludes the proof of Eq. (381).
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D Proofs for fixed-point equations

D.1 Proof of Corollary 4.1

We write the flow Eq. (28) as
dθ̄t

dt
= −θ̄tΛ̄t − 1

δ
X> ¯̀

t(Xθ̄
t; z), (384)

where

Λ̄t = diag(Λ̄t11, 0), ¯̀
t(Xθ̄

t; z) =

(
¯̀
t(Xθ̄

t; z)1

0

)
, (385)

initialized at θ̄0 = (θ0,θ∗). Here, we have identified Λt = Λ̄t11 and `t(Xθ
t,Xθ∗; z) = ¯̀

t(Xθ
t,Xθ∗; z)1.

Corollary 4.1 will follow from applying Theorem 2 to the special case that Λ̄t and ¯̀
t take the special form

given above, namely, that they contain zeros in certain coordinates. We will show then that in this case, the
unique solution to the integro-differential equations (3.1) and (13) are of the form

θ̄t =

(
θ̄t1
θ̄0

2

)
, r̄t =

(
r̄t1
w̄0

2

)
, ūt =

(
ūt1
0

)
, w̄t =

(
w̄t1
w̄0

2

)
,

R̄θ(t, s) =

(
R̄θ(t, s)11 R̄θ(t, s)12

0 Ik

)
, R̄`(t, s) =

(
R̄`(t, s)11 R̄`(t, s)12

0 0

)
, Γ̄t =

(
Γ̄t11 Γ̄t12

0 0

)
,

∂θ̄t

∂ūs
=

((
∂θ̄t

∂ūs

)
11

(
∂θ̄t

∂ūs

)
12

0 Ik

)
,

∂ ¯̀
t(r̄

t; z)

∂w̄s
=

((
∂ ¯̀
t(r̄

t;z)
∂w̄s

)
11

(
∂ ¯̀
t(r̄

t;z)
∂w̄s

)
12

0 0

)
,

∇r ¯̀
t(r̄

t; z) =

(
∇r ¯̀

t(r̄
t; z)11 ∇r ¯̀

t(r̄
t; z)12

0 0

)
,

C̄θ(t, s) =

(
C̄θ(t, s)11 C̄θ(t, 0)12

C̄θ(0, t)21 C̄θ(0, 0)22

)
, C̄`(t, s) =

(
C̄`(t, s)11 0

0 0

)
.

(386)
Indeed, it is immediate that ∇r ¯̀

t(r̄
t; z) is of the claimed form. Then, by Eqs. (12e), (12g), and (13b), we

must have that ∂ ¯̀
t(r̄

t;z)
∂w̄s , Γ̄t, C̄`, and R̄` are of the claimed form (i.e., they have zeros in the locations specified

by the preceding display). Thus, ūt2 = 0 for all t. Moreover, by Eq. (13a), we must have that the final k-rows

of d
dt
∂θ̄t

∂ūs are 0 for all t, whence by the intial condition ∂θ̄t

∂ūs = I2k we have that ∂θ̄t

∂ūs and thus also R̄θ(t, s)

are of the claimed form. Then, by Eq. (12a),
(

d
dt θ̄

t
)

2
is equal to zero for all t, whence θ̄t2 = θ̄0

2, so that θ̄t is

of the claimed form. Then, by Eq. (12f), C̄θ(t, s) is of the claimed form (because θ̄t2 = θ̄0
2). Because w̄t has

covariance kernel C̄θ, we have that w̄t2 = w̄0
2 for all t. Then, by Eq. (12b), we have that r̄t2 = w̄t2 = w̄0

2, so
that w̄t is of the claimed form. We thus conclude that the unique solution to Eqs. (3.1) and (13) is of the
form given in the preceding display.

To complete the proof of Corollary 4.1, we must show that θ̄t, r̄t, ūt, w̄t, R̄θ, R̄`, Γ̄
t, C̄θ, C̄` of the form

(386) solves Eqs. (3.1) and (13) if and only if it solves Eqs. (31) and (32). Indeed, plugging (386) into
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Eqs. (3.1) and (13) and simplifying where possible gives

d

dt
θ̄t1 = −(Λ̄t11 + Γ̄t11)θ̄t1 −

∫ t

0

R̄`(t, s)11θ̄
s
1ds−

(
Γ̄t12 +

∫ t

0

R̄`(t, s)12ds
)
θ̄s2 + ūt1,

d

dt
θ̄0

2 = 0,

r̄t1 = −1

δ

∫ t

0

R̄θ(t, s)11
¯̀
s(r̄

s
1, w̄

0
2; z)1ds+ w̄t1,

r̄t2 = w̄t2 = w̄0
2,

R̄θ(t, s)11 = E
[( ∂θ̄t
∂ūs

)
11

]
,

R̄θ(t, s)12 = E
[( ∂θ̄t
∂ūs

)
12

]
,

R̄`(t, s)11 = E
[(∂ ¯̀

t(r̄
t; z)

∂w̄s

)
11

]
,

R̄`(t, s)12 = E
[(∂ ¯̀

t(r̄
t; z)

∂w̄s

)
12

]
,

Γ̄t11 = E
[
∇r1 ¯̀

t(r̄
t
1, w̄

0
2; z)1

]
,

Γ̄t12 = E
[
∇w0

2

¯̀
t(r̄

t
1, w̄

0
2; z)1

]
,

C̄θ(t, s)11 = E[θ̄t1(θ̄t1)>], C̄θ(t, 0)12 = E[θ̄t1(θ̄0
2)>], C̄θ(0, 0)22 = E[θ̄0

2(θ̄0
2)>],

C̄`(t, s)11 = E[¯̀t(r̄
t
1, w̄

0
2; z)¯̀

t(r̄
t
1, w̄

0
2; z)>]

d

dt

( ∂θ̄t
∂ūs

)
11

= −(Γ̄t11 + Λ̄t11)
( ∂θ̄t
∂ūs

)
11
−
∫ t

s

R̄`(t, s
′)11

(∂θ̄s′
∂ūs

)
11

ds′,

d

dt

( ∂θ̄t
∂ūs

)
12

= −(Γ̄t11 + Λ̄t11)
( ∂θ̄t
∂ūs

)
12
−
∫ t

s

R̄`(t, s
′)11

(∂θ̄s′
∂ūs

)
12

ds′ −
∫ t

s

R̄`(t, s
′)12ds′,

(∂ ¯̀
t(r̄

t; z)

∂w̄s

)
11

= ∇r1 ¯̀
t(r̄

t
1, w̄

0
2; z)1 ·

(
−1

δ

∫ t

s

R̄θ(t, s
′)11

(∂ ¯̀
s′(r̄

s′ ; z)

∂w̄s

)
11

ds′ − 1

δ
R̄θ(t, s)11∇r1 ¯̀

s(r̄
s
1, w̄

0
2; z)11

)
,

(∂ ¯̀
t(r̄

t; z)

∂w̄s

)
12

= ∇r1 ¯̀
t(r̄

t
1, w̄

0
2; z)1 ·

(
−1

δ

∫ t

s

R̄θ(t, s
′)11

(∂ ¯̀
s′(r̄

s′ ; z)

∂w̄s

)
12

ds′ − 1

δ
R̄θ(t, s)11∇w0

2

¯̀
s(r̄

s
1, w̄

0
2; z)1

)
.

(387)
By Theorem 1, there exists a unique solution to the equations in the previous display.

We can simplify the above equations. In particular, integrating the last line and adding ∇w0
2

¯̀
t(r̄

t
1, w̄

0
2; z)1

to both sides gives

∇w0
2

¯̀
t(r̄

t
1, w̄

0
2; z)1 +

∫ t

0

(∂ ¯̀
t(r̄

t; z)

∂w̄s

)
12

ds

= ∇r1 ¯̀
t(r̄

t
1, w̄

0
2; z)1 +

∫ t

0

∇r1 ¯̀
t(r̄

t
1, w̄

0
2; z)1 ·

(
−1

δ

∫ t

s

R̄θ(t, s
′)11

(∂ ¯̀
s′(r̄

s′ ; z)

∂w̄s

)
12

ds′ − 1

δ
R̄θ(t, s)11∇w0

2

¯̀
s(r̄

s
1, w̄

0
2; z)1

)
ds

= ∇w0
2

¯̀
t(r̄

t
1, w̄

0
2; z)1 −

1

δ
∇r1 ¯̀

t(r̄
t
1, w̄

0
2; z)1 ·

∫ t

0

(
R̄θ(t, s)11

(
∇w0

2

¯̀
s(r̄

s
1, w̄

0
2; z)1 +

∫ s

0

(∂ ¯̀
s(r̄

s; z)

∂w̄s′

)
12

ds′
))

ds.

(388)
Define

∂ ¯̀(r̄t1, w̄
∗; z)

∂w̄∗
:= ∇w0

2

¯̀
t(r̄

t
1, w̄

0
2; z)1 +

∫ t

0

(∂ ¯̀
t(r̄

t; z)

∂w̄s

)
12

ds. (389)

Then we get

∂ ¯̀(r̄t1, w̄
∗; z)

∂w̄∗
= −1

δ
∇r1 ¯̀

t(r̄
t
1, w̄

0
2; z)1 ·

∫ t

0

R̄θ(t, s)11
∂ ¯̀(r̄s1, w̄

∗; z)

∂w̄∗
ds+∇w0

2

¯̀
t(r̄

t
1, w̄

0
2; z)1. (390)
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Taking expectations, we get

Γ̄t12 +

∫ t

0

R̄`(t, s)12ds = E
[∂ ¯̀(r̄t1, w̄

∗; z)

∂w̄∗

]
. (391)

We thus see that the state evolution equations (3.1) and (13) applied to Λ̄t and ¯̀
t as in Eq. (385) gives the

planted state evolution Eqs. (31) and (32) under the change of variables (with the notation appearing in
Eq. (31) and (32) on the right)

θt = θ̄t1, Λt = Λ̄t11, Γt = Γ̄t11, R`(t, s) = R̄`(t, s)11

R`(t, ∗) = Γ̄t12 +

∫ t

0

R̄`(t, s)12ds, ut = ūt1, rt = r̄t1, Rθ(t, s) = R̄θ(t, s)11,

w∗ = w0
2, wt = wt1,

∂θt

∂us
=
( ∂θ̄t
∂ūs

)
11
, `s(r

s, w∗; z) = ¯̀
s(r

s, w∗; z)1, R`(t, s) = R̄`(t, s)11,

∂`t(r
t, w∗; z)

∂ws
=
(∂ ¯̀

t(r̄
t; z)

∂w̄s

)
11
, Cθ(t, s) = C̄θ(t, s)11, 0 ≤ s ≤ t,

Cθ(t, ∗) = C̄θ(t, 0)12, Cθ(∗, ∗) = C̄θ(0, 0)22.

(392)

Note that R̄θ(t, s)12, though defined by the state evolution equations (3.1) and (13), plays no role in the
dynamics of Eqs. (31) and (32), so is omitted.

In summary, we have shown that the unique solution to Eqs. (3.1) and (13)with inputs (385) gives a
solution to Eqs. (31) and (32). Thus, we have shown existence of a solution to these equations. Uniqueness
requires a few more steps of argumentation. We have already shown that (387) have a unique solution. Note
that any solution to Eqs. (31) and (32) generates a solution to (387) using the change of variables in the
previous display, as well as setting

Γ̄t12 = E
[
∇w∗`t(rt, w∗; z)

]
, R̄`(t, s)12 = E

[(∂ ¯̀
t(r̄

t; z)

∂w̄s

)
12

]
,(∂ ¯̀

t(r̄
t; z)

∂w̄s

)
12

= ∇r1 ¯̀
t(r̄

t
1, w̄

0
2; z)1 ·

(
−1

δ

∫ t

s

R̄θ(t, s
′)11

(∂ ¯̀
s′(r̄

s′ ; z)

∂w̄s

)
12

ds′ − 1

δ
R̄θ(t, s)11∇w0

2

¯̀
s(r̄

s
1, w̄

0
2; z)1

)
.

(393)

By (388), we have that Eq. (32c) is satisfied with ∇w∗`t(rs, w∗; z)+
∫ s

0

(
∂ ¯̀
t(r̄

s′ ;z)

∂w̄s′

)
12

ds′ in place of ∂`(r
t,w∗;z)
∂w∗ .

This implies that
∂`(rs, w∗; z)

∂w∗
= ∇w∗`t(rs, w∗; z) +

∫ s

0

(∂ ¯̀
t(r̄

s′ ; z)

∂w̄s′

)
12

ds′, (394)

and that R`(t, ∗) = Γ̄t12 +
∫ t

0
R̄`(t, s)12ds. We have thus generated from Eqs. (31) and (32) a solution to

Eqs. (387). Because distinct solutions to Eqs. (31) and (32) will generate distinct solutions to Eqs. (387),
and the solution to Eqs. (387) is unique, we conlude the solution to Eqs. (31) and (32) is unique.

D.2 Proof of Theorem 3: convergence to fixed points

Proof of Theorem 3. Throughout the proof, we will repeatedly use that for x ∈ {θ, `},

lim
t→∞

∫ t

0

‖Rx(t, t− s)−Rx(s)‖ds = 0. (395)

Indeed, for any t ≥ ∆ ≥ 0, we have
∫ t

0
‖Rx(t, t − s) − Rx(s)‖ds ≤ ∆‖Rx(t, t − ·) − Rx(·)‖∞ + 2Ce−c∆. The

previous display follows by taking t→∞ followed by ∆→∞.
Theorem 3 will hold for

R∞` = Γ +

∫ ∞
0

R`(s)ds, R∞θ =

∫ ∞
0

Rθ(s)ds. (396)
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We begin by establishing Eq. (38). Note that as t→∞,

‖(Λ + Γt)θt − (Λ + Γ∞)θ∞‖L2 ≤ ‖Λ + Γ∞‖‖θt − θ∞‖L2 + ‖Γ− Γt‖‖θt‖L2 → 0, (397)

and ∥∥∥∫ t

0

R`(t, t− s)θt−sds−
∫ t

0

R`(s)θ
∞ds

∥∥∥
L2

≤
∫ t

0

‖R`(t, t− s)‖‖θt−s − θ∞‖L2ds+

∫ t

0

‖R`(t, t− s)−R`(s)‖ds ‖θ∞‖L2

≤ Ce−csCe−c(t−s) +

∫ t

0

‖R`(t, t− s)−R`(s)‖ds ‖θ∞‖L2 → 0,

(398)

and
‖R`(t, ∗)θ∗ −R∗`θ∗‖L2 → 0, ‖ut − u∞‖L2 → 0. (399)

Combining these bounds, we conclude that∥∥∥ d

dt
θt −

(
− (Λ + Γ∞)θ∞ −

∫ t

0

R`(s)θ
∞ds−R∗`θ∗ + u∞

)∥∥∥
L2
→ 0. (400)

Because Γ∞ +
∫ t

0
R`(s)θ

∞ds
L2

→ R∞` θ
∞, we conclude that

d

dt
θt

L2

→ −(Λ +R∞` )θ∞ −R∗`θ∗ + u∞. (401)

Because θt stays bounded in L2 as t→∞, we must have that

0 = −(Λ +R∞` )θ∞ −R∗`θ∗ + u∞. (402)

Similarly, as t→∞∥∥∥∫ t

0

Rθ(t, t− s)`(rt−s, w∗; z)ds−
∫ t

0

Rθ(s)`(r
∞, w∗; z)ds

∥∥∥
L2

≤
∫ t

0

‖Rθ(t, t− s)‖‖`(rt−s, w∗; z)− `(r∞, w∗; z)‖L2ds+

∫ t

0

‖Rθ(t, t− s)−Rθ(s)‖ds ‖`(r∞, w∗; z)‖L2

≤ CLe−csCe−c(t−s) +

∫ t

0

‖Rθ(t, t− s)−Rθ(s)‖ds ‖`(r∞, w∗; z)‖L2 → 0.

(403)

Because
∫ t

0
Rθ(t, t− s)ds→ Rθ(s)ds, we conclude that

r∞ = −1

δ
R∞θ r

∞ + w∞. (404)

Because ut
L2

→ u∞ and rt
L2

→ r∞, we have u∞ ∼ N(0, C∞` /δ), where

C∞` = lim
t→∞

C`(t, t) = lim
t→∞

E[`(rt, w∗; z)`(rt, w∗; z)>] = E[`(r∞, w∗; z)`(r∞, w∗; z)>]. (405)

Likewise, because (wt, w∗)
L2

→ (w∞, w∗) and (θt, θ∗)
L2

→ (θ∞, θ∗), we have (w∞, w∗) ∼ N(0, C∞θ ), where

C∞θ = lim
t→∞

Cθ({t, ∗}, {t, ∗}) = lim
t→∞

E[(θt>, θ∗>)>(θt>, θ∗>)] = E[(θ∞>, θ∗>)>(θ∞>, θ∗>)]. (406)

We have finished the proof of Eq. (38) and that u∞ ∼ N(0, C`/δ) and (w∞, w∗) ∼ N(0, Cθ).

We now show that R∞` , R
∞
θ , R

∗
` satisfy Eq. (39). By Eq. (13a), ∂θt

∂us is deterministic, so Rθ(t, s) = ∂θt

∂us .
First compute

d

ds

∫ s

0

Rθ(t+s, t+s
′)ds′ = Ik+

∫ s

0

(
−(Λ+Γt)Rθ(t+s, t+s

′)−
∫ t+s

t+s′
R`(t+s, s

′′)Rθ(s
′′, t+s′)ds′′

)
ds′, (407)
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where we have used Eq. (13a), and that we may exchanged differentiation and integration by Definition 4.2
(using the boundendess of the derivative). Taking s→∞, the right-hand side converges to

Ik − (Λ + Γ∞)

∫ ∞
0

Rθ(s
′)ds′ −

∫ ∞
0

R`(s)ds

∫ ∞
0

Rθ(s)ds, (408)

where to get the second term, we have used that∫ s

0

∫ t+s

t+s′
R`(t+ s, s′′)Rθ(s

′′, t+ s′)ds′′ds′ =

∫ s

0

∫ s−s′

0

R`(t+ s, t+ s− s′)Rθ(t+ s− s′, t+ s− s′− s′′)ds′′ds′,

(409)
and taken t → ∞ followed by s → ∞, and used the convergence and decay conditions of R`, Rθ. Beecause
Rθ(t+ s, t+ s′) ≤ Ce−cs′ , we must have that

∫ s
0
Rθ(t+ s, t+ s′)ds′ converges as s→∞, which implies that

0 = Ik − (Λ + Γ∞)

∫ ∞
0

Rθ(s
′)ds′ −

∫ ∞
0

R`(s)ds

∫ ∞
0

Rθ(s)ds = Ik − ΛR∞θ −R∞` R∞θ . (410)

(because otherwise, we would have that
∫ s

0
Rθ(t+ s, t+ s′)ds′ diverges). This gives us the second equation

in Eq. (39).
Now define

R̂
(1)
` (s) = ∇r`(r∞, w∗; z) ·

(
−1

δ

∫ s

0

Rθ(s− s′)R̂`(s′)ds′ −
1

δ
Rθ(s)∇r`(r∞, w∗; z)

)
. (411)

We bound∥∥∥∥∥
∫ t+s

t

Rθ(t+ s, s′)
∂`(rs

′
, w∗; z)

∂ws
ds′ −

∫ s

0

Rθ(s− s′)R̂`(s′)ds′
∥∥∥∥∥
L2

≤
∫ t+s

t

‖Rθ(t+ s, s′)‖

∥∥∥∥∥∂`(rs
′
, w∗; z)

∂ws
− R̂`(s′)

∥∥∥∥∥
L2

ds′ +

∫ t+s

t

‖R̂`(s′)‖L2
‖Rθ(t+ s, s′)−Rθ(s− s′)‖ds′

≤ Cs
∫ t+s

t

∥∥∥∥∥∂`(rs
′
, w∗; z)

∂ws
− R̂`(s′)

∥∥∥∥∥
L2

ds′ + C‖Rθ(t+ s, t+ s− ·)−Rθ(·)‖∞ → 0.

(412)

where the limit is for s fixed and t→∞. One can likewise show that as t→∞, Rθ(t+ s, t)∇r`(rt, w∗; z)
L2→

Rθ(s)∇r`(r∞, w∗; z) and ∇r`(rt+s, w∗; z)
L2→ ∇r`(r∞, w∗; z). Because each of these terms is also bounded,

using Eq. (411) we conclude that ∂`(rt+s,w∗;z)
∂wt

L2→ R̂
(1)
` (s). Then, we must have that R̂

(1)
` (s) = R̂`(s). In

particular, R̂`(s) satisfies the equation

R̂`(s) = ∇r`(r∞, w∗; z) ·
(
−1

δ

∫ s

0

Rθ(s− s′)R̂`(s′)ds′ −
1

δ
Rθ(s)∇r`(r∞, w∗; z)

)
, (413)

and moreover,

E[R̂`(s)] = lim
t→∞

E
[
∂`(rt+s, w∗; z)

∂wt

]
= lim
t→∞

R`(t+ s, s) = R`(s). (414)

Because Rθ(s), R̂`(s) ≤ Ce−cs, we may integrate Eq. (413) and apply Fubini’s theorem to get∫ ∞
0

R̂`(s)ds = ∇r`(r∞, w∗; z) ·
(
−1

δ

∫ ∞
0

Rθ(s)ds

∫ ∞
0

R̂`(s)ds−
1

δ

∫ ∞
0

Rθ(s)ds∇r`(r∞, w∗; z)
)
. (415)

Recalling the definition of Rθ (Eq. (396)), this can be rearrnaged to

∇r`(r∞, w∗; z) +

∫ ∞
0

R̂`(t)dt =
(
Ik +

1

δ
∇r`(r∞, w∗; z)R∞θ

)−1

∇r`(r∞, w∗; z)

= δ
(
Ik −

(
Ik +

1

δ
∇r`(r∞, w∗; z)R∞θ

)−1)
(R∞θ )−1.

(416)
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Taking expectations and using Eq. (396) gives the first equation in (39).
Now consider Eq. (32c). Recall

∂`(rt, w∗; z)

∂w∗
= −1

δ
∇r`(rt, w∗; z)

∫ t

0

Rθ(t, t− s)
∂`(rt−s, w∗; z)

∂w∗
ds+∇w∗`(rt, w∗; z). (417)

Because ∇r`(rt, w∗; z)
L2

∇r `(r∞, w∗; z), ‖Rθ(t, t−·)−Rθ(·)‖∞ → 0, ∂`(r
t−s,w∗;z)
∂w∗

L2→ R̂∗` , ∇w∗`(rt, w∗; z)
L2

∇w∗
`(r∞, w∗; z), and we have that ‖∇r`(rt, w∗; z)‖, ‖∇r`(r∞, w∗; z)‖, ‖∇w∗`(rt, w∗; z)‖, ‖∇w∗`(r∞, w∗; z)‖ ≤
M`, and ‖Rθ(t, t− s)‖, ‖Rθ(s)‖ ≤ Ce−ts, we can take the limit of the previous display as t→∞ to get

R̂∗` = −1

δ
∇r`(r∞, w∗; z)

∫ ∞
0

Rθ(s)dsR̂
∗
` +∇w∗`(r∞, w∗; z). (418)

This can be rearranged to

R̂∗` =
(
Ik +

1

δ
∇r`(r∞, w∗; z)R∞θ

)−1

∇w∗`(r∞, w∗; z). (419)

Taking expectations gives the third equation in Eq. (39). This completes the proof.

D.3 Fixed-point equations for logistic regression

Note that under the change of variables in (51), we have

η(Rθ)−1 [L(·, w∗; z)/δ](w∞)→ η[λL(·, w∗; z)](w∞), (420)

where the absence of a subscript on η denotes taking the subscript to be 1. In establishing the correspondence
to [SC19], we will frequently use the identities that P(y|w∗) = ρ′(yw∗) = 1 − ρ′(−yw∗) and η[λρ](w∞) =
−η[λρ(− ·)](−w∞), which are straightforward to check.

Note that in this case, η is not almost differentiabily in w∗ because ϕ is not continuous in w∗, z. Never-
theless, we will formally apply Gaussian integration by parts. For example, we will write

E[w∗η(R∞θ )−1 [L(·, w∗; z)/δ](w∞)]

= Var(w∗)E[∂w∗η(R∞θ )−1 [L(·, w∗; z)/δ](w∞)] + Cov(w∗, w∞)E[∂w∞η(R∞θ )−1 [L(·, w∗; z)/δ](w∞)],
(421)

even though the derivative with respect to w∗ is not well defined. Our goal is simply to show the formal
equivalence between the fixed-point equations Eq. (38) and (39), even though Theorem 3 does not directly
apply to the case of logistic regression. One could extend our result to logistic regression via differentiable
approximations of ϕ, though we do not pursue this here. Alternatively, the work of [SC19] and our calcula-
tions below show that by formally applying Gaussian integration by parts to Eqs. (38) and (39), we arrive
at fixed point equations which correctly characterize the behavior of the logistic regression estimate.

With this discussion in mind, we now pursue establishing the equivalence between Eqs. (38) and (39) of
the current work and Eq. (5) of [SC19]. By Eq. (38),

C` = E[ρ′(−yr∞)2]

= E[P(y = 1|w∗)ρ′(−η[λρ(− ·)](w∞))2 + P(y = −1|w∗)ρ′(η[λρ](w∞))2]

= E[λρ′(w∗)ρ′(−η[λρ(− ·)](w∞))2 + ρ′(−w∗)ρ′(η[λρ](w∞))2]

= E[λρ′(w∗)ρ′(η[λρ](−w∞))2 + ρ′(−w∗)ρ′(η[λρ](w∞))2]

= 2E[λρ′(w∗)ρ′(η[λρ](−w∞))2].

(422)

This agrees with the first equation in Eq. (5) of [SC19] under the change of variables above.
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By the first two equations in Eq. (39),

1 = δ(1− E[∂w∞η(R∞θ )−1 [L(·, w∗; z)/δ](w∞))

= δ − δE
[ 1

1 + `′(r∞, w∗; z)/(δR∞` )

]
= δ − δE

[
ρ′(w∗)

1

1 + λρ′′(−η[λρ(− ·)](w∞))
− ρ′(−w∗) 1

1 + λρ′′(η[λρ](w∞))

]
= δ − δE

[
ρ′(w∗)

1

1 + λρ′′(η[λρ](−w∞))
− ρ′(−w∗) 1

1 + λρ′′(η[λρ](w∞))

]
= δ − δE

[ 2ρ′(w∗)

1 + λρ′′(η[λρ](−w∞))

]
,

(423)

which agrees with the last equation in Eq. (5) of [SC19] under the change of variables above.
By Theorem 3, we have Var(w∗) = Var(θ∗) and Cov(w∗, w∞) = Cov(θ∗, θ∞) = −(R∗`/R

∞
` )Var(θ∗),

where in the last equality we use that θ∞ = (u∞ −R∗`θ∗)/R∞` . Recall also by the first equation in Eq. (39)
that E[∂w∞η(R∞θ )−1 [L(·, w∗; z)/δ](w∞)] = 1− 1/δ. Thus, we have3

E[w∗(w∞ − η(R∞θ )−1 [L(·, w∗; z)/δ](w∞))]

= Var(θ∗)
(
− (R∗`/R

∞
` )− E[∂w∗η(R∞θ )−1 [L(·, w∗; z)/δ](w∞)] + (R∗`/R

∞
` )(1− 1/δ)

)
.

(424)

We see that the third fixed-point equation is equivalent to

E[w∗(w∞ − η(R∞θ )−1 [L(·, w∗; z)/δ](w∞))] = 0. (425)

By a standard proximal operator identity, we may rewrite this as

0 = E[w∗(w∞ − η(R∞θ )−1 [L(·, w∗; z)/δ](w∞))]

= E[w∗`(η(R∞θ )−1 [L(·, w∗; z)/δ](w∞), w∗; z)]/(R∞` δ)

= λE[−w∗ρ′(w∗)ρ′(−η[λρ(− ·)](w∞)) + w∗ρ′(−w∗)ρ′(η[λρ](w∞))]

= λE[−w∗ρ′(w∗)ρ′(η[λρ](−w∞)) + w∗ρ′(−w∗)ρ′(η[λρ](w∞))]

= −2λE[w∗ρ′(w∗)ρ′(η[λρ](−w∞))].

(426)

Thus, we get the second equation in Eq. (5) of [SC19] under the change of variables (51).

3Recall that we apply Gaussian integration by parts formally
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