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Abstract

We study a class of deterministic flows in R4** parametrized by a random matrix X € R™*¢ with
i.i.d. centered subgaussian entries. We characterize the asymptotic behavior of these flows over bounded
time horizons, in the high-dimensional limit in which n,d — oo with k fixed and converging aspect ratios
n/d — 6. The asymptotic characterization we prove is in terms of a system of a nonlinear stochastic
process in k dimensions, whose parameters are determined by a fixed point condition. This type of
characterization is known in physics as dynamical mean field theory. Rigorous results of this type have
been obtained in the past for a few spin glass models. Our proof is based on time discretization and
a reduction to certain iterative schemes known as approximate message passing (AMP) algorithms, as
opposed to earlier work that was based on large deviations theory and stochastic processes theory. The
new approach allows for a more elementary proof and implies that the high-dimensional behavior of the
flow is universal with respect to the distribution of the entries of X.

As specific applications, we obtain high-dimensional characterizations of gradient flow in some classical
models from statistics and machine learning, under a random design assumption.
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1 Introduction

Understanding the behavior of gradient descent dynamics in non-convex random energy landscapes is a
central problem in a number of disciplines, ranging from statistical physics to applied mathematics, machine
learning and statistics. Consider to be concrete, the problem of solving n nonlinear equalities or inequalities
in unknown vector 8 € R%:

System of equalities:  ¢((x;,0)) =v;, Vi<n, (1)
System of inequalities:  o((x;,0)) <y;, Vi<n. (2)

Here ¢ : R x R — R is a known function, z; € R?, 3; € R are known data of the problem, and (u, v) denotes
the standard scalar product of u,v € R?. We are given y; and «;, i < n, and the function ¢, and would like
to solve either Problem (1) or Problem (2) for 8 € R

An interesting way to explore the space of solutions and near-solutions of these problems is to consider
the following gradient flow in R:

4ot .
L,(0) = % > Loss((;, 0); yi) - (4)
i=1

We could take, for instance, Loss(z;y) = (p(z) — y)? for the system of equalities (1) and Loss(z;y) =
(¢(z) —y)3 for the system of inequalities (2).



Apart from being a purely theoretical tool, gradient flow can be discretized to yield a gradient descent
algorithm

ot =0 — VL, (6", (5)

where 7 is a stepsize parameter. For small enough 7, this algorithm should closely track the gradient flow.
In practice, this is to be initialized at an uninformative position, e.g. 8° = 0 or 8° ~ N(0,coI;). This or
closely related flows have been studied for a number of applications, including linear regression [SGB94],
phase retrieval [Fie82, CC17], generalized linear models [SHNT18]. We refer to Section 2 for further pointers
to the literature.

Taking the derivative in Eq. (3) and adopting the vector notation, the gradient flow reads

et  d

T X TLoss'(X6':y), (6)

n
where X € R™*? is the matrix whose i-th row is given by vector x;, ¥ = (y1,...,¥»)'. We adopt the
convention of applying Loss’ to vectors componentwise, i.e. Loss'(z;y) € R™ is the vector whose i-th entries
is Loss(z;, yi)-

Similar flows are studied in statistical physics. For instance, in the Hopfield model of associative memories
the memory retrieval dynamics is closely related to the following flow

do! .
at =-VH(o"), (7)
H(o) = %Z@i,ay V(o) 8)
=1

where V(o) = E?Zl V(oi), and H(o) is the system’s Hamiltonian. This type of dynamics was studied in
the context of the Sherrington-Kirkpatrick model [SZ82], the spherical p-spin glass model [CHS93, CK93],
and the Hopfield model [RSZ88].

All of these dynamics can be modified by introducing a noise term, thus yielding a Langevin dynamics.
For instance, Eq. (3) can be modified to d8* = —VL(6")dt + adB?, with (B;):>¢ a standard d-dimensional
Brownian motion. We believe that this generalization can be treated using our approach, but our formal
results are established for the ‘zero temperature’ case o = 0.

In this paper we will be interested in the behavior of the flow (3) (and indeed a significant generalization
of the latter), when the matrix X is random, with i.i.d. centered subgaussian entries'. We will focus on the
high-dimensional limit d — co under a proportional asymptotics, namely n/d — ¢ € (0, c0).

The mainstream approach to the analysis of the flow (6) in statistics and applied mathematics is to
study the landscape of the cost function £,(0). One then relates the properties of gradient flow to such
landscape properties (e.g., the absence of ‘bad’ local minima) via a deterministic argument. The drawback
of this approach is that one cannot account for situations in which, for instance, bad local minima exist but
a typical initialization does not fall in their basin of attraction.

In contrast, within statistical physics, there exists a well established approach to the analysis of gradient
or Langevin flows for spin glass Hamiltonians. One takes the limit n,d — oo at n/d = ¢ and ¢ < T fixed
and uses a non-rigorous argument to derive an asymptotic characterization. This characterization can be
written as a fixed point condition for the two points correlation functions (the limit below is understood in
almost sure sense)

Lo
7<0 703> ) (9)

and a response function as well (see below for definitions). This characterization holds over time horizons of
order one as n,d — 00, and is often referred in physics as ‘dynamical mean field theory’ (DMFT).

At first sight, studying gradient flow or similar flows over time a time horizon T' = O(1) as n,d — oo
might seem to have little use. Instead it turns out that, in many problems of interest, a non-trivial evolution

10ur main theorem can be proved in a slightly stronger form for the case of Gaussian entries, because of available theorems
in the literature.



takes place on this time scales, and a near optimum is achieved. Examples from the literature will be
provided in the next section. (An important role is of course played by the scaling of the cost function in
Eq. (4)). We will also prove that gradient descent, as defined in Eq. (5), closely tracks gradient flow (and
the same happens for more general flows) when 7 is small, but still O(1) as n,d — oco. This means the
theory developed here concerns algorithms whose complexity is of the order of T/n = O(1) matrix—vector
multiplications.

DMFT asymptotics have been proved in the past for Langevin dynamics on several spin glass models
[AG95, AG97, ADGO1, ADGO6]. These proofs were based either on a large deviations argument or on
stochastic processes and weak convergence theory. Over the last few years, physicists have applied the
DMFT approach to analyze gradient flow algorithms in several problems from high-dimensional statistics
and machine learning (see next section for some pointers). While a DMFT characterization was not proven
for these applications, several insights were extracted from the analysis of DMFT systems. The present
paper aims at filling this gap.

Namely, we report contributions in several directions:

Asymptotic characterization. We prove an asymptotic DMFT characterization of a class of flows includ-
ing (4) as a special case. Our setting includes cases in which 8¢ € R4** is a matrix with a fixed number
k of columns (with k independent of d,n). Further, the flow can depend on time, and the function
Loss’ in Eq. (6) is replaced by a general function ¢ : R¥*1 — RF,

These generalizations allows us to cover a range of applications of interest such as generalized linear
models, or shallow neural networks with a constant number of hidden neurons. The characterization we
obtain determines, among other things, the asymptotic distribution of trajectories of single coordinates:

d
1
7D ey = Pr (10)
=1

where (6;)¥ is the trajectory of coordinate i (seen as a function from [0,7] to R¥), and = denotes
weak convergence in the space of probability distributions over C([0, T], R¥).

Proof technique. We introduce a new proof technique that is based on a 3 step procedure: (1) Discretize
time; (2) Show that the discrete-time flow can be obtained by applying a simple change of variables to
the iterates of an approximate message passing (AMP) algorithm; (3) Apply an existing asymptotic
characterization of AMP algorithms, known as ‘state evolution’.

Given the special structure of AMP algorithms, and the wealth of rigorous results about them, we
believe that this approach is simpler than earlier ones. The only technical challenge is to prove that
the time step can be taken to zero the DMFT. We show this by establishing a contraction property
in a suitable function space. This contraction property has other useful consequences: among them, it
implies existence and uniqueness of solutions of the asymptotic dynamics.

Beyond gradient flow. In applications, gradient flow is only one among other algorithms that we might
be interested in. These algorithms need not to be gradient flows with respect to a cost function. For
instance, it is known that, among first order methods for statistical estimation (algorithms that proceed
by successive multiplication by X or XT), Bayes AMP achieves optimal statistical accuracy, under
suitable assumptions [CMW20b].

The proof by discretization and reduction to AMP makes transparent the relation between various
algorithms, and in particular the fact that each of these algorithms can be viewed as AMP plus some
post-processing.

Non-vanishing step size. As a byproduct of our analysis, the asymptotic characterization does not apply
only to the continuous time flow, but also to its discretization (e.g. gradient descent (5)) for any
stepsize n =1, — 0 as n,d — oo. This follows from the fact that our proof technique is based on time
discretization.

For the case of non-vanishing stepsize, our analysis still gives an asymptotic characterization (with
discrete time).



Universality. As our approach leverages available results on the analysis of AMP algorithms, we inherit
the generality of those results. In particular, we can establish universality of the n,d — oo limit with
respect to the distribution of the entries X;; of X.

Stationary points. In the case of gradient flows, we study a certain class of stationary points of the DMFT
dynamics.

We show that these stationary points are in correspondence with stationary points of an infinite-
dimensional variational principle which arises from Gordon’s Gaussian comparison inequality. This
correspondence holds both for convex and non-convex optimization problems. For convex problems,
the infinite-dimensional variational principle is also convex, and typically has a unique minimizer,
whence DMFT has a unique stationary point.

In physics language, these stationary points correspond to ‘replica symmetric solutions’. A subset
of them should describe the long-time asymptotics of the flow. However, we leave for future work
the study of how and when these stationary points do actually control the long-time asymptotics.
Statistical physics predicts that other types of asymptotic behaviors are possible as well in non-convex
problems [CK93].

The rest of the paper is organized as follows. We briefly survey related work in Section 2. We then state
our general results in Section 3. We specialize the general result to a few cases of interest in Section 4. We
finally present our proofs in Sections 5 and 6, with several technical lemmas deferred to the appendices.

2 Related work

As mentioned in the introduction, DMFT was used by physicists for a long time to characterize the high-
dimensional behavior of Langevin dynamics in mean field spin glasses [SZ81, SZ82]. The asymptotic char-
acterization is given, as in our paper, by a correlation and response function. In some cases, these functions
are determined by a set of integral-differential equations [CHS93, CK93]. More often, they solve a fixed
point condition that is given in terms of a one-dimensional stochastic process with correlated noise and
memory [SZ82, CK08, ABC20].

Over the last few years physicists applied the same techniques to several problems in high-dimensional
statistics and machine-learning. They studied the behavior of gradient flow learning and extracted useful
insights from the DMF characterization. An incomplete list of examples includes tensor principal compo-
nent analysis [MBCT20], max margin linear classification [ABUZ18, MKUZ20], Gaussian mixture models
[MKUZ20].

Some of these papers compare Langevin learning to Bayes optimal AMP, by solving numerically the
corresponding high-dimensional characterizations. They observe that Bayes AMP achieves superior accu-
racy and provide physics-based explanations for this phenomenon. Our analysis (alongside the results of
[CMW20b]) provides a simple rigorous explanation of this observation. Langevin (as gradient flow and in-
deed any first order method) is equivalent to a specific AMP plus post-processing. Bayes AMP is the optimal
AMP algorithm in Bayesian estimation problems.

DMFT characterizations for the Langevin dynamics of the Sherrington-Kirkpatrick (SK) model were first
proved by Ben Arous and Guionnet [AG95, AG97, Gui97] (who considered continuous spins and Langevin
dynamics) and by Grunwald [Gru96] who instead considered Ising spins and Glauber dynamics. Spherical
spin glasses (whereby the vector 0 lies on a sphere) were studied in [ADGO1] in the case of quadratic cost
functions. With respect to all other cases discussed here, the example of spherical spin grasses with quadratic
activations is significantly simpler. In this case, the solutions to the flow can be written explicitly. The case
of spherical spin glasses with general polynomial interactions (the so called p-spin model) was studied in
[ADGO6]. This paper proved the DMFT equations using a concentration technique and Girsanov formula,
and leveraging in a crucial way the fact that the energy function is a Gaussian process.

We notice in passing that all of the above approaches use in an important way the fact that the process
studied is a non-degenerate diffusion, e.g. Langevin dynamics at non-zero temperature. In contrast, we
focus on the degenerate case of deterministic flow. We believe it is possible to apply our proof technique to
non-zero temperature, by constructing the Brownian noise as a deterministic function of the vector z. We



also note that the models we treat are analogous to the SK model in that the asymptotic characterization is
given in terms of a stochastic process.

Recently the mathematical study of DMFT asymptotics has attracted renewed interest to address the
question of universality with respect to the distribution of the underlying randomness (the matrix X in our
case). Dembo and Gheissari [DG21] prove universality for a class of diffusions parametrized by a random
matrix. Finally, Dembo, Lubetzky and Zeitouni [DLZ19] prove universality for a version of the SK model
Langevin dynamics in which the symmetric interaction matrix is replaced by an asymmetric matrix with
independent entries. This additional independence allows to use a direct approaches based on Girsanov
formula.

Our proof technique is based on a reduction to AMP, and hence allows us to leverage the wealth of
results proved in that context. While most of these results [BM11, JM13, BMN20] were proven for Gaussian
randomness, using a technique first introduced in [Bol14], universality results were proven in [BLM15, CL21].
In particular, we exploit the result of Chen and Lam [CL21] and deduce universality for a large class of flows.

Finally, we believe the same technique should be applicable to prove universality in other cases as well,
e.g. for Langevin dynamics in the SK model which is not covered by our main theorem.

3 Main results

3.1 Setting

The general flow. Let ¢: RF xR xRsg — R¥, (r,2,t) = £,(r; 2) be a Lipschitz function, and A : R>¢ —
RF** t+— At be a bounded matrix-valued function.

We then consider the general flow over R4**  defined via the following ordinary differential equation,
denoted by F(0°, z, A, 0),

det 1
— = —0'A" - —XT(X6; 11
dt 5 t( 7z) ) ( )
with initial condition 8° € R%¥**. Here we follow the convention of applying functions to matrices row-wise.
In particular £,(X6%; z) € R4** is the matrix with rows

Zt(mIBt; 2’1)
£,(X0'2) stz
t yR) = . )

l(2] 0% 24)

where we recall that x; is the i-th row of X . Notice that this setting generalizes the gradient flow equation
(3) in a few ways, apart from the fact that 8* can now have k columns. First, the function #; can now
depend on the additional argument z as well as on the time ¢; second, ¢;(-; z) is not necessarily the gradient
of a cost function; third, the additional term —6@*A? allows us to include constraints on the norm of ¢, or
regularization terms.

In Section 4 we will illustrate how the additional flexibility introduced here allows to capture applications
in statistics and machine learning.

Notational conventions. We use boldface symbols for matrices or vectors whose dimensions diverge, e.g.
0!, X and so on. Also, we generally use upper case letters for matrices and lower case letters for vectors,
with the exception of n x k or d x k matrices such as 8*. We use ||u||, to denote the ¢5 norm of a vector
u. We also use || M| and ||M||z to denote the operator norm and Frobenius norm of a matrix M. Further
notations can be found in Appendix A.

Dynamical Mean Field Theory. Given random variables (6°,z) € R* x R, a matrix valued function
A : Rso — R¥* and a Lipschitz function £ : R¥ x R x R>g — R*, we consider the following system of



equations for the unknown deterministic functions I' : R>¢ — RE*k Ro R, Cy, Cy R>o xR>9 — R¥*E and
stochastic processes 0,7 : R>g — R*, which we will denote by & := &(#°, 2,4, A, £):

t
%Gt = —(A"+TH0" - / Ry(t,s)0°ds + u', u ~ GP(0,C¢/9), (12a)
0
1 t
rt = _5/ Ry(t,s)ls(r®; 2)ds +w', w ~ GP(0,Cy), (12b)
0
[ 06
Ro(t,s) =E , 0<s<t< oo, (12¢)
| Ou®
r .
Ry(t,s) =E W}, 0<s<t<oo, (12d)
| Ow®
I''=E [Vrﬁt(rt; z)] , (12e)
Cy(t,s) =E -eteﬂ , 0<s,t<o00, (12f)
Cy(t,s) =K [Zt(rt; z)(s(rs;z)T] , 0<s,t< . (12¢g)

Here the notation u ~ GP(0,C;/d), w ~ GP(0,Cy) means that u,w are independent centered Gaussian
processes with covariance kernels Cyp/é and Cy. We set Ry(t,s) = Re(t,s) = 0 for t < s. On regions Ry, Ry,

The quantities 90°/0u® in Eq. (12¢) and 94;(r!; 2)/0w® in Eq. (12d) are stochastic processes defined via
the following equations:

d 90 . g 00 ¢ 965,
dt - s s <s<
dt Ous (A +F)8u9 A Re(t’s)aus ds’, 0<s<t< o0, (13&)
Ay (r'; 2) . 1 /t L0l (rf2) 1
- 7 — . . _ 2o N T 7/ _ S. <
Ow’ Vi ly(r'; 2) 5/ Ry(t,s") B ds 5R9(t, $)V,ls(r®;2) |, 0<s<t<oo,
(13b)

with boundary condition 90*/du’ = I. Note that the first one is a deterministic integral-differential equation
and therefore 96" /0u® is a deterministic function. On the other hand, 9¢;(r'; z)/Ow* is in general a stochastic
process because r! is.

The rationale for the notations 96*/0u® and 9¢,(rt; z) /Ow* is that Eqgs. (13) can be heuristically derived
as equations for such functional derivatives. However, we will not need to prove that these are the actual
functional derivatives.

We set 90" /0u® = 0 if s > t and 94y (r'; 2) /0w =0 if s > t.

Remark 3.1. Since 90'/0u® is a deterministic function, the expectation operator in Eq. (12c) can be
removed. However, this is not immediately clear from Eq. (12¢) alone and also to keep uniformity in our
definitions, we retain the expectation operator in Eq. (12c¢).

3.2 Statement of main results

Assumption 1. The entries X = (X;j)i<n,j<d are given by X;; = Yij/\/g, where (yij)i,jZI 1s a collection
of i.i.d. random variables with distribution independent of n,d, such that E{X;;} = 0, E{YZZJ} =1, and
| Xijllps < C for a constant C (here || - ||y, denotes the sub-Gaussian norm,).

The function £¢(r; 2) is Lipschitz continuous with Lipschitz continuous Jacobian int and r. Further, these
Lipschitz constants are bounded uniformly over t € [0,T] and z € R. Namely there exists some My € R>q
such that, for all z, all 11,79 € R¥ and t1,ty € [0,T], we have

(106, (715 2) = Ly (725 2) ||, < Mi(|lr1 — 72ll2 + [t1 — t2) (14a)
||D€,g1 (ri;2) — Dﬂtz(rg;z)H < My(||ry — 72ll2 + [t — t2]), (14b)

where

Dely(r;z) = [Vily(r;2)  S44(r;2)].



In addition, A* is Lipschitz continuous and symmetric. There exists some My € Rsq such that |AY| < M
for allt € 10,T], and for all t1,t3 € [0,T]

|A™ = A% || < Mylty — ta]. (15)
Our first result establishes existence and uniqueness of solutions of the DMFT system &(60°, z, 4, A, £).

Theorem 1. Under either Assumption 1, suppose the random variables (6°,z) € RF x R satisfy
Mo, = max{]E [||90||j} , sup E [||et(o; z)|§}} < . (16)
tERzo

Given any functions A : R>o — REXE and £ : RF xR x R>g — R¥, there exists a solution (6,7, Rg, Re, Cg, Cy)
for the DMFT system & := &(6°, 2,6, A, () defined through Egs. (12a) to (12g) and Egs. (13a) to (13b). The
solution is also unique among all (Cy, Rp) that are bounded in all compact sets in R2>0. There further exists
nondecreasing functions ®r,, ®Pr,, ®c,, Pc, : R>0 = R that satisfy -

|IRo(t,s)|| < Pr,(t—s), |Re(t, 8)|| < g, (t—s), V0<s<t<oo, (17a)
||C9<t7t>|| < (I)Ca(t) ’ HCf(t’t)H < (I)C£<t)7 VO <t<oo, (17b)
HFtH < My, Vo <t<oo. (17¢)

Further, the process (Gt)te[O,T] has continuous sample paths. Finally, the functions ®gr,, ®r,, ®c,, Pc, are
such that there exists X := \(0°, z, 6, Mgo ., My, Mp) > 0 such that

Jim e Mmax {®g, (1), Pr,(t), Pc, (1), Pc, (1)} = 0. (18)
—00

The proof and the definitions of ®g,, Pr,, Pc,, Pc, are presented in Section 5, with most technical details
deferred to the appendices.

We next prove that the original flow converges —in a suitable sense— to the unique solution of the
DMFT system in the proportional asymptotics n,d — oo, with n/d — .

Theorem 2. Under Assumption 1, further assume that n,d — oo with n/d — § € (0,00). Let z,0° be
independent of X, and assume that the empirical distributions figo := d ! Z?Zl dgo and [i, = ntY 6,
converge weakly o g0 and iz, B [10°1%] = By [16°1] < 00 and B, [I211%] — B[] < oc. Let 6] be
the stochastic process that solves &. Finally, define vt := X0 € R"** ¢ > 0.

Then, for any distance dw that metrizes weak convergence in C([0,T],R*) (for instance dw = dpy, the
bounded Lipschitz distance), we have

d
1

lim d (f 8,017, P ):0, 19
prlim dw (5 2 Sy Pog (1)

1 n
ctim dw (=370, 7 Pag ) = 0. 20
Prlim d 02 i) Pt (20)
Here p-lim,, 4., denotes convergence in probability, Pyr denotes the law of 0F = (0")o<i<r, and P

denotes the joint law of z and 1 := (r')o<i<r.
The proof of ths theorem is presented in Section 6.

Remark 3.2. Concretely, the convergence in Theorem 2 implies the following. For any L € N, any times 0 <
ty <--- <tr, and any bounded continuous functions ¢ : (R¥)L — R, mapping (x1,...,21) = ¥(xq,...,21),
for z; € R¥, and ¢ : (R*)* x R — R, we have:

d
p-lim % > ow0r, .., 000) =E{(0",...,0™)}, (21)
i=1

n,d— oo



p-lim — Zw cnrit ) = B{gert, et ) ) (22)

n,d—oo 10 %

The expectation on the right-hand side is with respect to the processes (6%):>¢, (r*):>0 defined by the DMFT
system.

In the case the matrix X has i.i.d. Gaussian entries, the same proof of Section 6 implies a somewhat
stronger statement by leveraging the results of [JM13]. Namely, Eq. (21) holds for any continuous functions
with at most quadratic growth [¢(z)| < C(1 + ||z||3), [¥(z)] < C(1 + ||z||3).

4 Applications

In this section, we apply Theorem 2 to prove DMFT characterization of gradient flow for generalized linear
models and shallow neural networks with a constant number of hidden neurons.

Next, we define a notion of stationary-point solutions of the DMFT system &(6°,2,5,A,¢). We show
that these stationary points are characterized by a system of five nonlinear equations, and that they are in
correspondence with stationary points of a certain infinite-dimensional variational principle. This variational
principle also emerges in the study of global minimizers of the risk via Gordon’s comparison inequality. As
an illustration, we discuss the case the case of logistic regression.

We next define two classes of applications that are covered by our general results, Theorem 1 and 2.

Generalized linear models The statistician observes n iid pairs (y;, ;) where y; = o({x;, 0*), z;) and z;
is noise drawn independently of x;. The goal is to estimate or recover the planted signal 8*. Ridge
regularized empirical risk minimization attempts to minimize the objective

£00) = T3 Lol 0):0) + 5 1013 (23)

i=1

When ¢(r, z) = r + z, we recover linear regression. When ¢(r,z) = 1{r + z > 0} and z ~ Logistic,
we recover logistic regression. When ¢(r,2) = |r|? + z, we recover a model of noisy phase-retrieval.
Alternative choices of ¢ recover several other popular regression and classification models.

Shallow neural networks with constant number of hidden units For a fixed-constant k, a two-layer
neural network with width k& and activation o : R — R is the function class containing functions of the
form

Zaa x,0)), (24)

where 8 € R%** has columns {6} (. Given training data {(y;, ;) }ic[n], the statistician may fit a
neural network by gradient descent on the objective

k
£.0):= 2300 (Zaa (.0 >;yi>+22||9<“>||§. (25)
a=1

z—l

An interesting data model assumes that the response depends on a low-dimensional projection of the
data, for instance y; = @((0*)Twi; zz) where ¢ : R¥*1 — R is an unknown function, and 8* € R¥** is
an unknown matrix.

4.1 Flow with planted signal

At first glance, it may appear that Theorem 2 does not apply to gradient flow in the examples above because
y is not independent of X, whereas the noise z in Theorem 2 is independent of X. In fact, gradient flow
in these examples can be represented as a cross-section of a flow of the form (11) on a higher dimensional
space, so that its DMFT is a instance of Theorem 2.



First note that the cost functions above can be written as
d ¢ T AT Aoz
Ln(0) =~ D L0, (07) @i 2) + Slélz. (26)
i=1
for a suitable function L : (R¥)?2 — R. For instance, in the generalized linear model, we set k = 1 and
L(r, w; 2) = Lo(r, p(w, 2)).
It is convenient to consider a more generalized (non-gradient, time-dependent) flow of the form

det 1

— = 0N - X T(X6"' X0 2). (27)

dt )
We recover gradient flow with respect to the general cost (26) by setting A* = A\I}, and £,(X 0!, X0*; z); =
V.L(r,w;z). We can put Eq. (27) into the form of flow (11) by concatenating 6* to the iterates 8% and
considering the flow

t * At 0 1 T t *
— —(6',0%) X7 | €(X6',X6%z) 0. (28)

(6, 6%)
dt

Indeed, the final k-columns on the right-hand side are 0, so that 8* does not change along the trajectory.
Theorem 2 can be applied directly to this flow. Doing so leads to certain simplifications which allow us to
represent the asymptotic characterization as a k-dimensional rather than 2k-dimensional process. Here we
present this characterization as a corollary to Theorem 2.

Also, notice that there is no loss of generality in assuming that 8* and 6* have the same number of
columns. Indeed, we can always accommodate cases in which the number of columns is different by adding
some zero columns, and redefining ¢; accordingly.

We require the following assumption on the flow defined in Eq. (27), defined in terms of a function
0 - (RF)2 x R — RF.

Assumption 2. The same conditions of Assumption 1 are required on the random matriz X .

The function (r,w*,z) — Li(r,w*;z) is assumed to be Lipschitz continuous with Lipschitz continuous
Jacobian in t, r, and w*. Further, these Lipschitz constants are bounded uniformly overt € [0,T] and z € R.
FEzplicitly, there exists My, € R>q such that, for all z, all r1,73 € R* and ty,t, € [0,T], we have

(€2, (r1, wis 2) = Loy (o, w35 2) ||y < Me(llry = rolla + [w] — w3 ll2 + [t — t2]) (29a)
| Dy, (r1,wT; 2) = Dl (ra, wss 2) || < Me(|lry = roll2 + [[w] — w3 |l2 + [t — t2]) (29b)

where
D (r,w*; z) = [Vrﬁt(r;z) Vo by (1, w*; 2) %Et(r;z)} .

In addition, A' is Lipschitz continuous and symmetric. Explicitly, there exists M € R>q such that ||AY|| <
My for allt € [0,T], and for all t1,t3 € [0,T]

|A™ = A% || < Myty — ta]. (30)

Given random variables (6°,0*,z) € (R¥)? x R, we consider the following system of equations & :=
&(6°,0%, 2,6, A, ¢;) for unknown deterministic functions A® : Rsq — RF** Ry Cy 1 (Rso U {*}) x (R>o U
{x}) = Rk Ry Oy : R>o X R>o — RF¥E and stochastic processes 6 : (R>o U {x}) — RF, r: R>o — RE:

t
%m — (At THe - / Re(t, $)0%ds — Ro(t,#)0" +ut, b~ GP(0,C0/5), (31a)
0
t
rt = f%/ Ry(t, 8)ls(r*, w*; 2)ds + w' w' ~ GP(0,Cy) (31b)
0
0"
Ro(t,s) =E S | 0<s<t< oo, (31c)

10



r Y t *.
Ri(t.s) = | 2] 0<s<t<oo, (31d)

| ows®

[0, (rt, w*; 2)

=E|—————= 1
Ré(tv*) I ™ ) (3 e)
I =E [V 4(r'w*2)] (311)

Cg(t,s):E_GtOST} , 0<s<t<ooors=x, (31g)
Co(t,s) =E [Et(rt7w*;z)és(rs,w*;z)q , 0<s<t<oo. (31h)

Here u,w are independent centered Gaussian processes with covariance kernels Cy/d and Cy, and y =

o(w*, z), with w* ~ N(0,E[0*(0*)T]). As before, we have Cy(s,t) = Cy(t,s), Ci(s,t) = Cy(t,s), and
Ry(t,s) = Ry(t,s) =0 for t < s.

The quantities 90 /Ou®, dl(rt, w*; z)/Ow?®, and Ol(rt, w*;z)/Ow* are uniquely defined via the following
integral-differential equations

d 0t o 06 ¢ 065
—Z = = _ <s<
T (A +F)8u5 /SRg(t,s)ausds, 0<s<t< oo,
(32a)
ol(rt, w*; 2) b . 1/t SO0 wriz) o, 1
_— - = . N . — = I g s s <
P VALt w*sy) 6/3 Ry(t,s") S ds 5Rg(t,5)VT€(r ,2whz) |, 0<s<t<oo,
(32b)
o (rt,w*; 2) 1 . ¢ SO wrs z) .
_— - *. i S A - *, <
o 6VT£(T,w,y)/OR9(t,s) o ds" + V= l(r',w*; 2) 0<s<t<oo,
(32¢)

with boundary condition 90*/9u! = I. Similarly, we set 96" /Ou® = 0 if s >t and d¢(r!; 2)/Ow® = 0 if s > t.
As before, our notations point to the fact that these quantities are functional derivatives, although we do
not prove it formally (and we do not need to).

Corollary 4.1. Under Assumption 2, suppose the random variables (0°,0%,2) € (R¥)? x R satisfy
2 *
My g = max{IE [H@OHQ} E [||9 Hg} sup E [zt(o,o;z)ng}} < . (33)
teR>0

Then the system of equations &(6°,0%, 2,6, A%, ¢;) defined in Egs. (31) and (32) has a unique solution.
Moreover, assume that n,d — oo with n/d — & € (0,00). Let z,0° 0% be independent of X, and assume
that the empirical distributions figo g« := d " Zle S00,0xy and i, := n~tY " 8., converge weakly to pigo g
and iz, Ego . (10012 + 10%12] = Epyo ,. [16°1% + 116%[1%) < 00 and Ep_[[|2[|°] = By, [l2[1?] < co. Let 65 be
the stochastic processes that solve the system & of Eq. (31). Finally, define vt := X0' ¢ R"*F ¢ > 0.
Then, for any distance dvw that metrizes weak convergence in C([0, T],R*), for some fized ko (for instance
dw = dpL the bounded Lipschitz distance), we have

d
. 1
p-lim dw(g Z%;,(egg:f’o*,eg) =0, (34)
n,d— oo =1 )
1 n
i dy (=378, 7 Pogue 207 ) =0 35
Plim dw n; v Piow= )8 (35)

Corollary 4.1 is proved in Appendix D.

4.2 Stationary point solutions

We consider the case that ¢;, A’ do not depend on time ¢, so that we omit the subscripts and instead write
¢, A. We characterize the case that the state evolution Eq. (31) converges exponentially fast as ¢ — oo, and
provide a system of non-linear equations which must be satisfied by its limit.
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Definition 4.2. We say that the DMFT system & = &(0°,0%, 2,0, A, () given in Eq. (31) and (32) con-
verges exponentially if there ewists deterministic constants C,c > 0 and functions T, R; € RF** Ry Ry :

R>o — R¥¥F random functions Ry : Rsq — R¥** random matriz Ry € R*** " and random wvariables
6,1, u>®, w™ € R* such that

|7t — 7|12 < Ce ™, |08 — 6°°|| 2 < Ce™ lut —u®|2 < Ce ™, lw' — w2 < Ce™,
[Re() = Re(tst =)o =0, [[Ro() = Ro(t,t = )lloc = 0, Relt,*) > R,  T"—T%,
O(rtTs w*;2) 1, » H(rt,w*;2) L, =
) ) 4 t ) ) 4 *
owt Re(t), ow* e,
(36)
where all limits are taken with s fized and t — oo, and further, almost surely,
Ry(s), Re(t + s,t), Ro(s), Ro(t + s,t), Ry(s) < Ce 5. (37)

Notice the abuse of notation in the last definition. For instance we use the same notation for Cy(t,t + s)
and its limit Cy(s) := lim; o Cy(t, ¢ + s). This should not cause confusion in what follows.
The next theorem describes some properties that must be satisfied by such a limit.

Theorem 3. Assume that the DMFT system & := &(6°,0%,2,6,A,¢) given in Eq. (31) and (32) converges
exponentially. Then there exist matrices RS°, R, C5° € RF¥*F and Cg° € R?**2F such that
1
0=—(A+RF)0® — Rj§" +u>, r>*= —5R5° (re, w*; z) + w™,
Co =E[(6=T,0"1)T(6>T,0°T)],  Co=E[(r™,w";2)0(r™,w*;2)"],

(38)

where u> ~ N(0,C,/6) and (w™®,w*) ~ N(0,Cy). Here R},0°,u>,r>, w™ are the same as those which
appear in Definition 4.2. Moreover, R3°, R3°, R} satisfy

R = 5E[(Ik - (Ik + %V,ﬂf(ro",w*;z)RE")ivRe_l}, (R)™ = A+ R®, "
39
R; = E[(Ik + %Vrf(roo,w*; z)Rgo)ilva(r‘X’, w™; z)},

assuming all inverted matrices are invertible.

We prove Theorem 3 in Appendix D.

In words, if the DMFT dynamics converges exponentially fast to a stationary point, then the latter must
be associated to a solution of the system of nonlinear equations in Eq. (39). Let us emphasize that, so far,
we assumed ¢y (r, w; z) = £(r,w; z) to be independent of time, but not necessarily that it is the gradient of a
cost function.

4.3 Variational principle for stationary points

In this section we return to the case in which ¢; is the gradient of a smooth loss function L, namely ¢;(r, w; z) =
V.L(r,w; z), and hence the flow we are studying is gradient flow with respect to the cost (26). For the sake
of simplicity, we will focus on the case k = 1, although the main result of this section, Proposition 4.4, can
be generalized to k > 1 as well.

It is natural to conjecture that the stationary point solutions described in Theorem 3 correspond to certain
stationary points of the cost function £,,(0) of Eq. (26). Namely they should correspond to stationary points
of £,,(0) that can be reached rapidly by gradient flow when started from a random initialization. We present
here a variational principle pointing at such a correspondence.

The properties of global minimizers of cost functions of the form £, (0) have attracted considerable
attention in the last few years. A few pointers to this literature are [Karl3, TOH15, DM16]. In order to
motivate our variational principle, we restate a lower bound that follows from Gordon’s Gaussian comparison
inequality and was developed in this context starting with [Stol13, TOH15, TAH1S].
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Proposition 4.3. Assume (Xj)i<n,j<d ~iia N(0,1/d), and let h ~ N(0,1I,), g ~ N(0, I) be independent
normal vectors. Let Ig. = I; — 0*(0*)7/||0%||3 be the projector orthogonal to 6%, and define F, : R™ x
R" x R? = R as follows

n

1 1 (&, w*)(0,0%) d A
Fnl&,7,0) := — (&, h)||TT5. 0| — — g 0) + 22— = L £) 4 — L(rs, wi; 2;) + =10
(€7.0) = (€00l — o€l 16:0) + SR — ) 4 DS Lwutiz) + 6]
(40)
Then, for any x € R
i < < i .
P(élé%@ L,(8) < x) < QP( 0., A Fn(ém,@)) (41)

Informally, Proposition 4.3 states that ming , maxg F, (€, r, 8) is roughly a stochastic lower bound on the
minimum risk mingega £,,(0).

Following [MRSY19], we consider an asymptotic version of the function F,, of Eq. (40). Consider the prob-
ability space (Q, F,P) = ([0, 1], B, Unif), and let independent random variables 8* ~ pg-, w* ~ N(0, E[(6*)?]),
and g, h ~ N(0,1) be defined on this space (here pg~ is the law of the entries of 8*). Given square integrable
random variables &, 7, 6, we define:

€]l (6, w)(0,6")

A
F(&r,0) = (& m)Tg 0] — <27 (9,6) + TZE = (r,€) + E[L(r,w"; 2)] + S 0%, (42)

where the norms, inner products, and projection operators all occur on Lo([0,1], B, Unif). We will not
establish a general formal relationship between F and F,,, although the intuitive relation is clear. We refer
to [MRSY19, CMW20a] for examples in which this relation was made precise.

We emphasize that both Proposition 4.3 and the definition of Eq. (42) hold for non-convex L. The main
result of this section is that the stationary points of F are in one-to-one correspondence with the solutions
of Egs. (38), (39).

Proposition 4.4. Assume k = 1 and £(r,w*;z) = L'(r,w*;2) for a smooth function L (where L’ denotes
derivative with respect to the first argument). Then the following hold:

o Let (£°,7°°,0%) be a stationary point of F. Define R3® = 61/2(g,0°)/||¢>| and assume that 1 +
(Rg°/8)0,£(r>°,w*; 2) > 0 almost surely and E[(1 + (R5°/8)0,£(r>,w*;2)) '] < co. Then there exists
unique random variables w™,u* and real numbers Ry°, R;, C;, Cy, such that these form a solution
of Eqgs. (38), (39).

o Viceversa, let (r*°,0>,u™, w>,Cy, Co, R, R}, R3°) solve Egs. (38), (39). We further assume that

14+ (R5°/0)0,-L(r, w*; z) > 0 almost surely. Then defining £ = £(r>°, w*; z), the triple (£>°,7°°,0°)
is a stationary point of F.

Remark 4.1. If L is convex, then the condition inf, {1 + (Rg°/6)0,¢(-,w*;2)} > 0 is satisfied everywhere
since 0,4(-,w*;z) > 0. Moreover, the condition E[(1 + (R5°/8)9,¢(r>,w*;z))~'] is implied by inf,{1 +
(R°/8)0nL(-,w*;2)} > € for some € > 0, which can be viewed as a type of uniform control on the non-
convexity of L. In particular, it states that r — (1/2)r* + (Rg°/d)L(r,w*; 2) is e-strongly convex.

Proof of Proposition 4.4. First, we show that the stationary points of F solve Egs. (38) and (39) under the

choices (6.6%) 1€
w [T 60°°[| 2 + 62 W, u 51/2 9,
e €S0 (€S (@m0 8(g.0%) (43)
C g’ ‘ 1612 1612|115 6| ” ’ [F35ad I
Co =E[(6=T,0*T)T(0°T,0°T)],  Cp=E[L(r™®,w*; 2)0(r™, w*; 2)7].
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Indeed, taking derivatives and doing some rearranging, we find that the stationary points of F are exactly
those triplets (£°°,7°°,0°°) which satisfy

(€%, w*) (€%, h)(6>,0%) (€, h) [(5ad]
- 0" 0> — A0 =0
( 16%(2 [TLL 62 [|6* 12 + 150> sz 9t ;
) (6>, 6%) (44)
1L geifh — D070 oo 807.0) e

X +L(r,w*;2) = 0.

Under the definitions Eq. (43), the first line of (44) implies the first equation in (38), and the second two
lines of (44) imply the second inequation in the first line of (38). Moreover, with Cy, Cy defined as in (43),
w> and u™ as defined in Eq. (43) satisfy w™ ~ N(0,Cy) and u> ~ N(0,C;/d) (where we have used, from
(44), that £ = £(r°°, w*; 2)).

Note that 1 + (Rg/0)04(-, w*; z) > 0 implies that n(r*; w*, z) := r™ + (R°/0){(r>°,w*; z) is a strictly
increasing function of r*°. It is also continuous. Thus, n(-;w*,2) has am inverse. Note that r* =
n~H(w®;w*, z). It remains only to check that R{°, R}, RS® satisfy (39). Using (43) and that r*° =
n~H(w>;w*, ), we rewrite the first equation in Eq. (44) as

o0

w —R—‘gé

5 (Y (w™sw*, 2),w*; 2) — n~ H(w™;w*, 2) = 0. (45)
Taking the derivative with respect to w™ and rearranging, we conclude that almost surely

-1

Dueer™ (W 00",2) = (14 (R /0)0,0r% 0" 2)) (46)
In particular, 7! is differentiable almost everywhere. Further, it derivative is integrable. Thus, we may
apply Gaussian integration by parts. Using Eq. (43), we get

(h, £~ (w5 w*, 2), w*; 2))

R?o = = E[a’re(rmvW*;Z)awoon_l(woo;w*7z)]

115, 0°°
5 H 0 H . (47)
- RTO]E[l _ (1 + (R /8)0,0(r™, w*; z)) ]
0
in agreement with Eq. (39). Likewise, taking the derivative with respect to w* and rearranging gives
Rp/6)0yL(r>, w*;
aw*n—l(woo,w*;z) _ ( 9/ ) (’I" w Z) (48)

T 14 (Rg/0)0p(r®, w*; 2)’

which is bounded above by a w*, z-dependent constant. Using Eq. (43), we can check that the Gaussian
variable w* — (6*,0°°) /|11 0>|| is uncorrelated and hence independent of w®. Thus, using Eq. (43) and
Gaussian integration by parts, we get

1
Ry = Wﬂw*HQE[@J(r‘X’,w*; 2)0uen H(w™;w*, 2) + 6w*€(r°°,w*;z)]

(49)
-1
= E[(l + (Rg/0)0,-£(r*°, w™; z)) O (r, w*; z)],
in agreement with Eq. (39). Finally, one can directly compute using Eq. (44)
82 (le=l1/8'?) -1
Ry° = , = (R +A) 50
T e R ) = T+ 0

in agreement with Eq. (39).

We now show the second part of the proposition. Consider a solution to Egs. (38) and (39) which
satisfies 1 + (Rg°/0)0,4(r,w*;2z) > 0 almost surely. First, observe that the equations for Cp and C, in
Eq. (43) hold by Eq. (38). Then we can view the first two Eqs. (43) as definitions for g, h and the second
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equation of Eq. (44) as the definition of £, so that these equations hold by definition. Further, because
inf, {1+ (R /8)0,(r,w*;z)} > 0 almost surely, we have that r> = 5~ (w>;w*, z) by the same argument
as above, where 7! is almost surely differentiable with derivative (48). Moreover, by Eq. (39) and (48), we
see that n~!(w™; w*, 2) is integrable. Then, using Gaussian integration by parts and the same computations
we performed above, we can check that the equations for R?°, R;, and Ry° in Eq. (43) also hold. Finally,
the first and last equations of Eq. (44) are then equivalent to the first two equations of Eq. (38).

The proof is complete. O

4.4 An example: logistic regression

The previous section shows that the equations (38) and (39) are equivalent to those derived from Gordon’s
inequality [TOH15]. Alternative derivations of these fixed-point equations use tools from random matrix
theory or Approximate Message Passing theory [Kar13, DM16, SC19]. After an appropriate change of
variables, the derived equations are equivalent to (38) and (39), though the appropriate change of variables
and the calculations translating one form of the fixed-point equations to another are often non-trivial. Here,
we provide the explicit change of variables for the example of logistic regression which recovers the fixed-
point equations appearing in [SC19]. In Appendix D.3, we provide the calculations which use this change of
variables to derive Eq. (5) of [SC19] from Egs. (38) and (39) of the current work.

In logistic regression, we take ¢(r,z) = 2-1{r + z > 0} — 1 and z ~ Logistic. Let p(t) = log(1l +
e'), and note that L(r,w*;z) = p(—yr), where y = p(w*,2). In this case, (r,w*;2) = —yp'(—yr) =
—p(w*, 2)p (—p(w*, 2)), and €' (r,w*; z) = p'"(—yr) = p”" (—p(w*, 2)r). Here we have A = 0. The change of
variables (with the notation of [SC19] on the right) is

(Co)az = 72, (Co)12/(Co)22 = —R; /R{° — a,
5((Co)11 — (Cp)12(Co)3 (Co)a1) = Cu/(RF)? — o
= Rg/6 =1/(6R®) — )\,

w' = Qq, w>® = —Qs.

(51)

We refer the reader to Appendix D.3 for the calculations which derive Eq. (5) of [SC19] from Egs. (38) and
(39) of the current work.

5 Proof of Theorem 1

The proof is divided into the following parts.

I. Define the auxiliary real-valued functions ®g,, Pr,, ®c, and ®¢,.

II. Construct a metric space S := S(®r,, Pr,, Pc,, Pc,, T) for the function triplet (Cy, Ry, T') when t,s €
[0,T] and also a space S for (Cy, Rg). Show that in these spaces, the stochastic processes 6%, 7! and
functional derivatives 90" /Ou®, D, (r'; z) /Ow® are uniquely defined.

ITII. Define a transformation 7 : & — S such that for any solution of &, (Cy, Ry,I") must be a fixed-point
of 7. We then show 7T is a contraction mapping. By Banach fixed-point theorem it then follows that
T has a unique fixed-point. Finally, we recover the unique solution of & from the fixed-point.

We first introduce some norms of functions that will be helpful throughout the proof. For any real-valued
function f(¢) on [0,T], A > 0 and T € [0,00), we define the following norms

T

Wl = [ e ¥lrolae, (52)
0

1flag = sup e Nf(0)]. (53)
0<t<T

Suppose f:R>g — RF1xF2 i vector-valued or matrix-valued, we use the same notation to represent

T
Il = / e F ()] e, (54)
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£l = sup e M [f@), (55)
0<t<T
and [[[fllly oo = lmr—oo [1fll 75 1f 5 00 = imrmoo £l 7

Part I: The auxiliary real-valued functions. Given constants a € R0, 3 € R2, consider the determin-
istic integral-differential system of equations & := &(c; ) fi : R>9 = Ry for i =1,2,3,4,

d
&fl(t) = a1 f1(t) + aafa(t), (56a)
fat) = asfi(t) + 0 [ it~ )fa(s)ds, (56b)
0
%\/ f3(t) = \/Oé5f3(t) + ag fa(t) + a?/o (t—s+1)2fa(t — 5)%f3(s)ds, (56¢)
fa(t) = as + ag f3(t) + 0410/O (t—s+1)2fi(t — ) fa(s)ds, (56d)

with boundary conditions fi(t) = B1, f3(t) = B2. The following lemma shows there exists nondecreasing
functions that solve &(«; 8) when a > 0 and 8 > 0. The proof is postponed to Appendix B.1.1.

Lemma 5.1. Suppose o € R° 3 € R? have strictly positive coordinates. Then there exists nondecreasing
functions (f1, fa, f3, fa) solving the system &(«; ) defined by Egs. (56a) to (56d) when t € [0,00), and there
exists some A := Aa, 8) > 0 such that

lim e~ max {f1(t), f2(1). f3(t), fa(t)} = 0. (57)

t—o0

1

The functions f; are unique in the space Ly,

(R>0) of locally integrable functions.

We consider the following system for nonnegative functions ®g,, ®g,, ®c, and ®¢, on [0, c0).

%@Re(t) = (Mx + Mo)®p, (£) + / B, (t — 5)r, (s)ds, (58)
0
o) = 5 { im0+ [ n 0= e (s)as} (55b)

%,/%9 t) = \/3. {(MA + M2, (1) + %@c[(t) +/O (t—s+1)20p, (t — 5)2%9(5)(15}, (58¢)

Mz [
Do, (t) =3- {MG% + kM2, (1) + 5—; /0 (t —s+1)*®g, (t — s)2<I>C[(s)ds} , (58d)

Applying Lemma 5.1 shows that for any given ®g,(0) > 0,®¢,(0) > 0, the above system has a unique
solution in the space of locally integrable functions on R>.

Part II: The function space S, S. We next define a function space in which we solve &.

Definition 5.2 (The function triplet spaces S and Scont). For T > 0, denote by X = (Cy, Ry, T) the function
triplet Cy, Ry : [0,T)? — RE** and Tt : [0, T] — R¥**. Define the space

§:=8(®g,, Pr,, ®c,, ®c,,T) (59)
of all X such that the following hold

1. Cy(t,s) is a covariance kernel (satisfying in particular Cy(t,s)" = Cy(s,t)), whose diagonal is domi-
nated as follows

1Ce(t, )] < Pc, (1), (60)
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fort e [0,T] and
Ce(0,0) = E [to(r; Z)fo(TO;Z)T} , 0 ~N (O,E [OOHOTD . (61)

Cy(t, s) is continuous for s < t and s,t € [0, T)\P where P is a finite set. Moreover, for any s <t
such that Cy is continuous in [s,t]?

Co(t, t) — Colt, s) — Co(s,t) + Cols, s)|| < Ms(t — ). (62)
where
Mg = 3MZ{ (;(T +1)2®5,(T) + 31{?) ¢, (T)
+ 3k ((MA + M)? + T(T +1)%®p, (T)2) B, (T) + 1} . (63)

2. Ry(t,s) is measurable and Ry(t,s) =0 when t < s. Further for any s <t and s,t € [0,T]

|Re(t, s)|| < Pr,(t—s). (64)
I'* is measurable in [0,T] such that
T[] < M, (65)
and
To=E [V, (1% 2)], ~N (O,E [9%“]) . (66)

Moreover, we define the space Seont C S of all X such that P = () in the first condition and for all s,s' € [0,1],
1Ce(t,s) = Co(t, )| < V@, (T)Ms - |s — 5| (67)
Next we consider the function pairs (Cy, Rg) when ¢, s € [0,7] and Cy, Ry : [0,T]> — RF*%,

Definition 5.3 (The function pair spaces S and Scont). Denote by Y = (Cy, Ry), we consider the space
space

3:: g(qDRqu)qu)Cga(I)szT) (68)
for allY such that

1. Cy(t,s) is a covariance kernel (satisfying in particular Ce(t,s)T = Cy(s,t)), whose diagonal is domi-
nated in spectral norm as

||C@(t, t)” < @¢, (t) ) (69)

fort e [0,T] and
Cp(0,0) =E [eogﬂ . (70)

Co(t,s) is continuous for all s <t and s <t and s,t € [0,T]\P where P is a finite set. Moreover, for
any s <t such that Cy(t,s) is continuous in [s,t]* with

[Ca(t,t) — Ca(t,s) — Co(s,t) + Co(s, s)|| < Mz(t —s)?, (71)
where

Mg :=3 { [(MA + M)? + T(T +1)2®p, (T)2| B¢, (T) + %cpc,Z (T)} . (72)
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2. Ry(t,s) is measurable and Ry(t,s) =0 when t < s. It is also satisfies for any s <t and s,t € [0, T

[Ro(t,s)|| < Pry(t—s). (73)
Moreover, we define the space Scont C S of all X such that P = () in the first condition and for all s, s’ € [0,1],
[Co(t,s) = Co(t,s")| < \/Pc,(T)Mz - |s— 5| . (74)

The following lemma shows the stochastic processes 6?, rj and the functional derivatives 90 /0u?, 04y (r; 2) /Ow®
are well-defined whenever (Cy, R, I') € S and (Cy, Rg) € S. Its proof can be found in Appendix B.2.

Lemma 5.4. For any fized T > 0, initialization 0° and (Cy, Ry, T) € S, (Cy, Rg) € S, the functions
0, rt, 00t JOu®, 0ty (rt; 2) /Ow® are uniquely defined by Egs. (12a), (12b), (13a) and (13b).

We endow S and S with distances. To begin with, we define the (), T')-distance for two Gaussian processes
u; and us on R* by the following formula

disty 7 (u1, ug) := inf sup e My [E {Huﬁ - “5“3] ) (75)
(u1,u2)~v€EL (u1,u2) te[0,T)

where A > 0 and I'(u1, ug) is the collection of all couplings between the two Gaussian processes u1, ug. The
for any pair of positive semi-definite kernel functions C', C? : [0, 7]? — R¥** we define their (X, T)-distance
by

disty (Cl,CQ) :=distx, 7 (91, 92) » (76)

where g; and gy are two centered Gaussian processes with covariance kernels C! and C?. By Minkowski
inequality, for a third kernel C3 the triangle inequality holds

distyr (C',C?) <distyr (C',C?) +distyr (C?,C?%) .

For function pairs R@ T, Rﬁ), i = 1,2, we overload the notation disty r (-, ) to define distances

distr 7 (R}, R7) :== sup e ||Rj(t,s) — Ri(t,s)]| , (77a)
0<s<t<T

distar (I',T2) := sup e M |T) —T% , (77b)
0<t<T

dista 7 (R, R3) == sup e ||Rj(t,s) — Ry(t,s)]| . (77¢)
0<s<t<T

It can be seen the triangle inequality still holds for the function spaces on which R;,I" and Ry are defined.
Finally, for any X; = (C}, R},T;) € S and Y; = (C§, R})) € S and i = 1,2, we define the distances

disty 7 (X1, Xz) := disty r (C},C7) +distar (R}, R}) +disty 1 ([1,T2) , (78a)
disty 7 (Y1, Ys) == disty 7 (Cg, C7) + disty 1 (Ry, R7) - (78b)

Part ITI: The contraction mapping 7. In this part, we will define the mapping 7 : S — S such that
any solution of & must be a fixed-point of 7 a nd show the mapping is a contraction. We will define 7 by

T(X) = ,TgaS © 7?9%3()() ) (79)

where Tg_ < : (Cp, Ry, T) = (Co, Rp) and Tsos: (Co, Rg) — X := (Cy, Ry, T),s0that T : X = (Cy, Ry, T') —
X = (Cy, Ry, T'). Specifically, the mapping Tg_,5 is defined by first solving Eqgs. (12a) and (13a)

t
%Ht = (A" +TH9" - / Ry(t,s)0°ds + u', u' ~ GP(0,Cy/9), (80)
0
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t t t s
%gzs :_(At‘f'rt)%—/ Re(t,sl)g‘is ds’, 0<s<t<T, (81)

with boundary condition 96" /du’ = I. We know 6" and 96" /0u® are uniquely defined by Lemma 5.4. This
allows us to define the mapping 75 ,5(C¢, R, T') = (Cy, Ry) via

with the convention Cy(t,s) = Ry(t,s) = 0 for all t < s. Similarly, we define 7-3%5(69,?9) = (Cy, Ry,T)
through Eqgs. (12b) and (13b), namely

0”] 0<s<t<T, (82)
et

] 0<s<t<T, (83)

1 [t _
=5 [ Rt sl s o, '~ GP(0,Cy), (84)
0
8&(7“75;2) t 1 ['— / 8[5/(7“8/;2) ;1 ]
TN ) . R -2 r 777 - — S. < < .
8ws Vrft(r ,Z) 5 /s Re(t7 S ) 3ws dS 5R9(t, S)V'rgs<7a 72) 5 0 <s< t ~ T (85)

The random functions rt, 9¢;(rt; z) /Ow* are uniquely defined by Lemma 5.4. The mapping then determined
by setting

Cu(t,s) =E [t(r'2)6,(r%2)T] 0<s<t<T, (86)
t.

Rg(t,s):E{W}, 0<s<t<T, (87)
ows*

T =E [V, 2)] 0<t<T, (88)

and on regions in R>o x R>¢ that are not defined for Cy, Ry, we set their values to be zero. The next lemma
shows we can choose ® g, (0) and ®¢, (0) large enough such that Tg_5:S — Sand T5_,5: S — S. Its proof
can be found in Appendix B.3.

Lemma 5.5. Under the same assumptions of Theorem 1, suppose ®c,(0) > Myo . and ®g,(0) > 1. Then
Ts_,5 maps S into Scont C S and Ts_, g maps S into Scony C S. In particular, this implies T = T5_,g0Ts_5
maps S into Seonty C S.

Next, we want to show 7T is a contraction mapping under the disty 7 (-, -) metric defined in Eq. (78a). To
this end, we need the following lemmas for the transformation Tg_ =

Lemma 5.6. Suppose X1 = (CZI7R},_F1)_,X2 = (C},R%,T3) € S, and further R} = R? on [0,T)? and
'y =T3 on [0,T]. Let Tg_,5(X;) = (62,?2) fori=1,2, then we have for any € > 0,

disty 7 (d,éﬁ) < e-distyr (C},C2) (89a)
Ry =Ry, (89b)
for all A > X1 := X\ (g, S).
We defer its proof to Appendix B.4.1.

Lemma 5.7. Suppose X1 = (C}, R}, T1), X2 = (C?,RZ,T'5) € S and C; = CF on [0,T)?. Let Tg_,5(X;) =
(6;,?;) fori=1,2, then we have for any ¢ > 0,

dista 7 (Ch, Ty ) < e (dista,r (RE B) + distar (D1, T2)) | (90a)
disty 7 (Eﬁﬁﬁ) < e (disty 1 (R}, R?) + disty 1 (T1,T5)) - (90D)

for all A > o := Xa(e, S).
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We defer the proof to Appendix B.4.2. We next derive the lemmas for the transformation 75_, 5.

Lemma 5.8. Suppose Y1 = (éé,ﬁé),Yg = (63,??) € S and E; = E; on [0,T)%. Let T5_,s(Y;) =
(Cy, Ry, T;) fori=1,2, then there exists a constant M := M(S) such that

disty 7 (62,65) <M -disty 1 (ce,cg) : (91)
disty 1 (E,Rﬁ) <M - disty 7 (09,69) : (92)
disty. 7 (fl,TQ) <M -disty 1 (09,09) : (93)

for all A > X3 := A3(S).
We defer the proof to Appendix B.4.3.

Lemma 5.9. Suppose Y1 = (éé,ﬁé),Yg = (63,?3) € S and 6; = 63 on [0,T%. Let Ts (V) =
(6Z,§Z,fi) fori=1,2, then there exists a constant M := M(S) such that

disty 7 (62,6?) <M -disty 1 RQ,RQ) : (94)
disty. 7 (Eé,ﬁﬁ) SM-dist,\T( ) : (95)
disty 7 (Tl,FQ) <M - disty. 7 (RQ,RQ) , (96)

for all X\ > Ny := X4(8).

We defer the proof to Appendix B.4.4. Now, we are ready to show that 7 is a contraction. We take
the constant M to be the maximum one among that of Lemma 5.8 and 5.9. Then we take ¢ = (12M)~!

and any A > max {1, A2, A3, A4}, where \; are defined in above lemmas. For any X = (C}, R}, T1), Xy =
(C2,R3,Ty) € S, we set V; = Ts_5(X;i) = (Cp, Ry) for i = 1,2. We also define Y3 = (Cy, R;), and thus

dista,7 (T(X1), T(X2)) = distx 7 (Ts_,5(Y1), Ts_,s(Y2))
<dista 1 (Tz_s(Y1), Tz, 5(Y3)) +disty 7 (Tz_ s(Y2), Tz, 5(Y3)) - (97)

We can then control disty 7 (T5_,5(Y1),Ts_,5(Y3)) by Lemma 5.9 and disty r (T5_,5(Y2), Ts_,s(Y3)) by
Lemma 5.8 which further gives

dista,r (T(X1), T(X2)) < dista r (T, (V1), T, 5(¥2)) + distar (Ts 5 (V2), T, 5 (V)
< 3M - distar (g, Ry) +3M - distar (T, Ty )
= 3Mdisty 1 (Y1, Ya)
= 3Mdisty 1 (Ts_,5(X1), Ts_5(X2)) - (98)

Then, we take X3 = (C}, R?,T2) and apply Lemma 5.6 and 5.7,

distx 1 (Ts_5(X1), Tso5(X2)) < dista 1 (Ts_,5(X1), Ts5(Xs)) + distar (Ts_,5(X2), Ts_,5(Xs))
< 2e- (distyr (Rf, R7) + distar (I'1,I'2)) + € - disty 1 (Cf, CF)
< 2¢- (disty 1 (C},CF) + disty 7 (R}, R7) + disty r (T'1,T2))
< 2¢ - disty 7 (X1, Xa) (99)

Substitute into Eq. (98),

1
dist>\7T (T(X]),T(XQ)) < 3M - 26di$t)\7T (Xl,XQ) = (GME)C“St)\,T <X17X2> = §dist,\,T (Xl,XQ) s (100)
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provided that € = (12M)~1

Since T is finite, it follows from Egs. (77a) to (77c) that the distances disty 7 (-, -) for Ry, Rg and T" are
equivalent to L distance on L>°([0,7]?) and L*°([0,T]). By Banach fixed-point theorem, we obtain the
uniqueness and existence for the fixed-point Ry, Ry and I' in S and S.

It requires a slightly longer argument to prove existence and uniqueness of Cy, Cy. Consider a pair of

covariance kernels C', C? : [0,7]? — R¥** and centered Gaussian processes g;, g2 with covariances Oy, Cs.
If Ct, O? satisfy the conditions of S (cf. Definition 5.2),

|C (¢, 5) = C*(t,5)|| = HE [ging] - [gégﬂ H
< [ o -] [ [ -t 7]
< [iot12] - ot — 0512] + /& [hos12] - [k — o412
= e (B [atat™]) = [t - 032] + /1 (= [siai™) - 1ot - abl]
< VE®e, MM - e (E [lg; - g313] +E [||of - g5l15] ) - (101)

Taking infimum over all couplings of g; and g» we have

|CH (¢, s) — C?(t, s)|| < 2¢/k®c, (T)eM distar (C1, Ca) (102)

This implies any Cauchy sequence under the metric disty r (+,-) is also a Cauchy sequence in L*([0,T]?).
As we have shown in Lemma 5.5, although we allow the input covariance kernel Cy to be only piecewise
continuous, the output Cy by mapping 7 is always continuous. Moreover, from Eq. (74) we actually have
Cj is Lipschitz continuous with a uniform Lipschitz constant.

By completeness of Lipschitz continuous functions under the L* metric, we can apply Banach fixed-point
theorem once more and conclude that there exists a unique X € S such that

T(X)=X. (103)

To see the uniqueness when Cy, Ry are bounded functions in any compact set, we can simply take ®¢, (0) —
00, Pg, (0) — oco.

6 Proof of Theorem 2

We first present a proof roadmap.

I. Discretization. For the general flow system § we construct a discrete approximation by Euler’s method
with step size n > 0, yielding a system §"7. We show that §7 is an approximation of § which is uniformly
good in the high dimensional asymptotics n,d — oo, n/d — 4.

IT. We introduce a discrete time approximation &” for the DMFT system &. We prove that &" exactly
characterizes the asymptotics of §"7. This is done by showing that the discretized system is equivalent
an AMP algorithm plus post-processing, and leveraging existing analysis of AMP.

III. We prove that the unique solution of &" converges to the unique solution of & as n — 0. The latter
therefore characterizes the general flow system 3.

Throughout this section, we denote by dw any distance that metrizes weak convergence of probability
distributions in R™ and with an abuse of notation, weak convergence in C([0,T], R¥). For instance, we can
take dw = dgr, the bounded Lipschitz distance

dp, (1 v) = sup { / fdp - / Fav 1o < 1, Il < 1} (104)

We further denote by Wy (i, ) the Wasserstein-2 distance between p and v. Also, we will focus on proving
Eq. (19), since (20) follows by repeating the same argument.
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Part I: Discrete time approximation of the flow. For the general flow § (whose definition we copy
from Eq. (11))

a0’

1
T —0'A" — gXTEt(XHt; z),

we consider a discrete time approximation with step size n > 0. For all ¢; = in and ¢ € Z>(, we set 02 =0
and

. . | .
0+ =0, +1- {—B;IA% - gXTEt,i (X6 z)} . (105)

This defines 0f7 on all ¢t; = in. We extend it to t — R>( as a piecewise linear function. Specifically, we define

|t] :==max{in |in <t,i€Z>o}, (106)

and the flow §" is given by

d 171

&0; = —oLAL — X (X0 2). (107)
Consider the empirical distributions of the rows of 6™,--- 6™ and 67*,---,0;™ for any 71, -+ , 7 € R>o,
denoted by

1

[ e orm = ﬁg . (108)

i 1y (109)

/1/97, yoee, O™ E — ._7 7(g"m) )

where figrs ... grm and fign . opm are probability distributions in R*™. The following lemma controls the dis-
tance between the two distributions uniformly with respect to n,d — oo. We defer its proof to Appendix C.1.

Lemma 6.1. Under the same assumptions of Theorem 2, consider the gradient flow 6 and its piecewise
linear approzimation Hf] by forward Euler with step size n > 0 and the same initialization 6°. Then, almost
surely, for any t > 0:

1
lim limsup —= sup ||6° — 0;“ =0. (110)
120 nooo Vdo<s<t
As a consequence, for any 11, ,Tm € [0,T], we have almost surely that
lim lim sup Wy (,ugn O7m s HgTi . erm) =0. (111)
=0 pnooco no K

In particular, since convergence in Wasserstein-2 distance implies weak convergence, we also have almost
surely that

lim lim sup dw (u.gn 9"'771,,//.//\9:;17“. Verm) =0. (112)

=0 noco K

Part II: Characterizing discrete flow §7 by reduction to AMP. In [CMW20b], the authors show
that the exact a general first order method of the type §7 can be reduced to an AMP algorithm followed by
a post-processing operation that operates row-wise on Gf] and rf] (and across multiple times). This allows us
to leverage existing high-dimensional characterizations of AMP that go under the name of ‘state evolution’
[BM11, BLM15, JM13, CL21].

We will use the notation [t] := |t|+7. We introduce the following DMFT system &7 := &"(0°, 0*, 2,5, \, £):

L¢]
%9;— (ALtJ+r},ﬂ)9,gtL/ R)(t], [s])oLds + ul, ul ~ GP(0,C}/5), (113a)
0
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1 L

rf7 =3 ; Ry([t],[s])¢s (ry;2)ds + w;, wf7 ~ GP(0,C)), (113b)
o0
RJ(t,s)=E ) 0<s<t<oo, (113c)
| Qus
Ke/4 t
R!(t,s) = E W"Z)] 0<s<t< oo, (113d)
| Owp
I =E [Vl (rh;2)] , (113e)
Cl(t,s) =E anwe}fJT} , 0<s<t<oo, (113f)
CJ(t,s)=E [ELtJ (r%tj;z)ELsJ (T,I-ISJ;Z)T} , 0<s<t< oo, (113g)

where the functional derivatives are determined by

d 89% agltj [t] aeLS,J
- — (Al Lty 22 _/ U / n ' 114
dtau% ( + n )8Uf1 s RZ(ULLSJ) au; ds ’ ( a)
0L (ryy; 2) 1 i Ay (rs'; 2) 1 .\
L(Q)Tg:vrthj(rZ;z). 5/ Rg(UL[3’})#@’_gRg(LtJ,[s])V,«ELSJ(Tn;z) :
(114b)
where Eq. (114b) is defined for [s] < [¢]. For [s] > [t] we set
Al (rt;2) 1 .
%Tf = =5 Vel (ry 2) Vel 1) (5 2) (115)
7
The boundary conditions are 92 = 0" and 005, /8qu = I. The system G" can be viewed as a discrete

approximation of &. The next lemma shows that the unique solution of &" characterizes the asymptotic
behavior of §".

Lemma 6.2. Under the assumptions of Theorem 2, suppose ®¢,(0) > Mgo ., and ®g,(0) > 1, the system
&" has a unique solution. In particular, the function triplet (C}, R},T';) that solves &" is in the space S

(cf. Definition 5.2). For any 71, ,Tm € [0,T], denote by Hort ... grm the joint distribution of (O, ,00m),
we have
I;iioﬂoldw (ﬁe;l,--- orm o Mot .. ,0;m> =0, (116)

where ﬁe;l).” orm s the empirical distribution of the discretized flow 0f7, defined in Eq. (108).

We notice that the solution of &" is uniquely by induction over time. We postpone the proof to Ap-
pendix C.2.

Remark 6.1. In case we are interested in discrete-time flows, e.g. gradient descent with stepsize 1, Lemma
6.2 provides the relevant characterization.

Remark 6.2. In the proof of Lemma 6.2 we use the results of [CL21] which establishes universality over
the class of matrices satisfying the assumptions of Theorem 2.

If X is a Gaussian matrix, we can use the results of [JM13] which imply convergence in Wasserstein-2
distance. Hence in this case, Theorem 2 will hold with convergence of finite-dimensional distributions in
Wasserstein-2 distance, as stated in Remark 3.2.

Part III: Approximating & by &". We approximate the unique solution of the DMFT system & by
the unique solution of the discretized system &"7. In particular, we have the following lemma, whose proof
is postponed to Appendix C.3.
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Lemma 6.3. Under the assumptions of Theorem 2, suppose ®c,(0) > Mgo , and ®g,(0) > 1, the systems

S and &" both have unique solutions in S. For any 11, -+ , T € [0,T], denote by pgri ... grm the distribution
of (0™,--- ,0™) and [Tt ... o7 the distribution of (071, ,07™), we have
lim WQ (uen gj-m,/,égfl’.“ 797—77,,) = O. (117)
n—00 n o2 Un

In particular, since convergence in Wasserstein-2 distance implies weak convergence, we also have

lim dw (g7 .. g s 072 g7 ) = 0. (118)

n—00

Using Lemma 6.2,

p-limsup dw (Lo ... grm s 71, g7m )

n—oo
< p-lim sup (dw (,U,97'17... 0mm s HgT 79;m> + dw (/lg:ll,.“ orm s Tt .. 79:7'"1) +dw (M9;17... 07m s HOTL .. ,afm))
n—oo
= p-limsup dw (ﬁgn’... omm s o .. )gzm) + dw (u9;17__, o7m s Hom . 707m) : (119)
n—oo

Finally, take n — 0 and combine Lemma 6.1 and Lemma 6.3, we obtain

p-limsup dw (Lo ... grm s flo71 ... o7m )
n—oo

< %lg%) dw (uggl,... o7m s e ,em) + %g% p-lim sup dw (uen,... 0m s Tt mm)

2Un
n—oo

= 0. (120)

Now, let u be the law of the DMFT process (0%)%', that is a probability law on C([0,7T],R¥). Indeed, by

condition (71) and Kolmogorov-Chentsov theorem, ¢ — 6 is almost surely a-Holder for any o € (0,1). Also,

(n)

let i(™ = d~! Z?Zl d(e,)r- Denoting by 7.7, and [iz,;. ., , we proved that

~~~~~ m

p-lim dy (ﬂﬁ?,’...,wun,.i.,m) =0. (121)

n—oo

We are left with the task of proving dw (7", ) — 0 in probability. Recall the following basic fact.

Lemma 6.4. For a sequence of random variable (X,,)n>1, we have X, 20 if and only if for each diverging

subsequence (ng) there exists a refinement (ny) C (ne), such that X, “20.

Let (n¢) be a diverging sequence. Then for any m, and any 71,...,7, € [0,7] N Q, we can construct a
subsequence along which dy ([ZYJ@)

,,,,,

s uﬁ,m,m> %% 0. By successive refinements and a diagonal argument,
we can assume that the subsequence is such that

P(ﬁ&’f?}m = fhrym M, VT T € [o,:r]m@) —1. (122)

We finally need a tightness result, whose proof is presented in Appendix C.9.

Lemma 6.5. Under the assumptions of Theorem 2, there exists o € (0,1) and, for any € > 0 there exists
M (e) < oo such that

P(ﬁ(") ({116°)l2 > M ()} U{1(O){ Nl coe > M(e)}) > € for infinitely many n) =0. (123)

(Here || f]|co.« denotes the a-Holder seminorm of function f.)

By Eq. (122) and since finite-dimensional distributions on the rationals uniquely identify the limit on
C([0,T],R¥) [Bil13], we proved dw (ﬁ("z), ,u) %80, and therefore using Lemma 6.4 we obtain the desired

claim.
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A Summary of notations

We use ||u||, to denote the £, norm of a vector u. We also use || M|| and || M || to denote the operator norm
and Frobenius norm of a matrix M. For two vectors u, v of the same dimension, we write © > v or u < v to
represent entrywise inequality. For random variables £ and &1,&s,- -+ ,&,, - - - defined on the same probability
space, we denote convergence almost surely, in probability and weakly by &, “3 €, &, LN ¢ and &, = &,
respectively. We will also use convergence in Wasserstein-2 distance, denoted by e . In particular, for
two distributions j, v on R¥, the Wasserstein-2 distance of is defined by

W2 (/J/?V) = inf )\// ||€_77||§d’>/(£a77)7

YEL (v

where T'(u, v) denotes the collection of all couplings of p and v.

Throughout the paper we adhere to the convention that a symbol is boldfaced if and only if it is a high
dimensional object, namely whose dimension depends on n or d. For instance X € R"*¢ 8 € R¥** and
6 € RF.

B Auxiliary lemmas for the proof of Theorem 1

B.1 Proofs for the auxiliary real-valued system
B.1.1 Proof of Lemma 5.1

Existence of fi(t) and fy(t). We first look at Eqgs. (56a) and (56b) and prove the existence of f; and f.
Recall the equations

SR = i) +aafa(0),
fo(t) = asfi(t) + aq /Ot fi(t = s) fa(s)ds,
and we consider the measurable function pair space
Sg1(Aer,e2) = {(fhfz) | fi i Rso = Ro, I filly 00 < €ivi=1,2; f1(0) = 51} (124)

with the following metric

distA((f1, f2): (91, 92)) = 4[| fr = g1lllx oo + 12 = g2lllx - (125)

Let 1) be the measure on [0, o0) with Radon-Nikodym derivative e~** with respect to the Lebesgue measure
on [0,00). By the completeness of the space L'(uy), we can see that Sg (), e1,e2) is complete under the

metric disty. Next, we consider the mapping Ts  (f1, f2) := (f1, f5) such that

d—
/1) = arfi(t) + a2 fa(t), (126)
t
fa(t) = asfi(t) + 044/ fi(t — s) fa(s)ds, (127)
0
with f,(0) = f1(0). We have the following lemma.
Lemma B.1. There exists constants ; = g;(ay,- -+ ,aq, 1) > 0 for i = 1,2 such that for any A\ > A=
AMaa, a4, P1), T§,1 is an operator that maps S§,1()‘7 €1, €2) into itself, and for any (f1, f2), (91, 92) € 861’
the transformation T@,l 18 a contraction
. 1.
dISt)\ (TgJ(fla f2) ?Tg,l(gla 92)) S §d|5t)\ ((f17 f2)a (gla 92)) . (128)

28



We defer its proof to Appendix B.1.2. By completeness and the lemma above, we can conclude by Banach
fixed-point theorem that there exists a unique (fi, f2) € S@J()\, €1,&2) such that

Tsa(f1,f2) = (f1, f2), (129)
i.e. solving Egs. (56a) and (56b). By nonnegativity of fi and f3, one can then see that
d
1) = arfi(t) + a2 fa(t) 2 0,

G20 = s Fil0) +aupa(t) + an [ Ll =) a(e)ds > 0.

implying f1(¢) and f2(t) are nondecreasing. Then, we can upper bound their the other norm

t+1
[fillyoo < sup e M fi(t) < sup e-/ e M fi(s)ds < el fillly o0 < een,s (130)
0<t<oo 0<t<o0 t

and ||f2||)\,oo < eea.

Existence of f5(t) and fy(t). Take fi(¢) and fa(¢) that satisfy the first two equations (56a) and (56b).
We then seek measurable functions f3, fa : R>g — Rx>q solving Eqgs. (56¢) and (56d), i.e.

%\/ f3(t) = \/%fs(t) + ag fa(t) + 047/0 (t—s+1)2fa(t — 5)? fa(s)ds,

Ja(t) = ag + ag f3(t) + a0 /Ol(t —s+1)°fi(t — ) fa(s)ds.

Consider the space

S oA es,eq) = {(f3,f4) | fi : Rso — Rso, |V fi . <&, =3,4; f3(0) = 52} (131)
with the metric
distx((fs, f1), (93, 94)) == 4\/@“\/17— \/QEH/\ . + H\/JT— \/QZH/\ o (132)

'llhe space S5 (A, e3,€4) is complete under the metric disty. Then we consider the transformation TS.2 (fs, fa) =
(f3, f4) such that

%\/% = \/O‘Sffi(t) + ag fa(t) + 047/0 (t—s+1)2fa(t —s)2f3(s)ds, (133)
Fa(t) = a5 + aofs(t) + CVIO/O (t—s+1)*fi(t — 5)* fa(s)ds, (134)

with f5(0) = f3(0). Similarly, in the following lemma we show that for properly chosen e3,e4 and large
enough A, Tz, is a contraction mapping. We postpone its proof to Appendix B.1.3.

Lemma B.2. There exists constants €; := gilay, -+ ,ag, B1,B2) > 0 for i = 3,4 such that for any A > X :=

Mai, -+ as,B1,82), Ts o is an operator that maps Sg (A, €3,¢€4) into itself, and for any (f3, fa), (g3, 94) €
Sg.os the transformation Tg , is a contraction

diSt,\(7—§72(f3,f4) s T 2(93,94)) < %diSt,\((f37f4), (93,94)) - (135)

The proof of existence is then concluded by the applying Banach fixed-point theorem and Lemma B.2.
We see uniqueness in L, (R>o) by taking X\ — oo as any functions f;]o 7 will eventually fall in 51,552
by taking A — oo. This shows uniqueness up to any finite time T and thus concludes the proof.
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B.1.2 Proof of Lemma B.1

We first show that for some properly chosen 1,9 and large enough A, we have T€,1 : S@yl(/\,fil,&‘g) —
Ss (A €1,2). For any A > 0, by definition in Eq. (126) we have

t t
Fat) = b + / fi(s)ds + as / fals)ds.

and thus by nonnegativity of fi, fo we further have

|Hfl|umzﬁl/ _Mdt—i—m/ dt/ NEs) A g (s) ds—l—a2/ dt/ ME=5) L A (5)ds

= [ ea (Bt arllfill o + azllfel o)
0

1 1
=5 (Bt @l filly e+ allfollyne) < 5 - (B are +aze) (136)

Similarly by Eq. (127) we have

o] 00 t
17201l oo = 043/ e M fu(t)dt + a4/ dt/ e i (t—s) e fo(s)ds
’ 0 0 0

= || fillly o + call frllly ol f2ll5 o
< 31 + uuE1Es . (137)

Take

AR
IN

™
N
IA
—_

we immediately have
_ 1
|”f1|”k,oo < N (B1 + cier +ages) <1,
[ £2]ll, 0 < aser +aucies < (as + an)er < e

This shows Tg 1 maps Ss (N e1,¢2) into itself. Next we show the contraction. Suppose Tg_yl(gh g2) =
(91,92), and from Eq. (126} it follows that

|F1() —g,(t)| = |1+ /t fi(s)ds + ap /t fa(s)ds — B1 — /Otg1(8)ds—oz2 /Otgz(S)ds

<a1/ F1(s) — ga(s |ds+a2/ £2(5) — ga(s)| ds (138)

which further implies
[e%¢) t
17, =91l < an [t [ 9 (s) = )l ds
0 0
o] t
+ 042/ dt/ e A=) L7 As |f2(s) — ga(s)| ds
0 0

/Ooo oAt (al /OOO e | fi(s) = g1(s)| ds + az /oo<> TR el dS)

(@l = il + allfz = g2l ) - (139)

IN

IN
> =
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Substituting into Eq. (127) gives us
|f2(t) - §2(t)|
t t
azfi(t) +oa [ fi(t —s)fa(s)ds — azgi(t) — 04/ g1(t — s)ga(s)ds
0 0

<a3|f1<t>—gl<t>|+a4( 179 -t - 9l atoyas + [ gl<t—s>|f2<s>—92<s>|ds)7 (140)

and further
t
H‘f2_§2H|)\OO Sag/ e | f1(s) — g1(s ds+a4/ dt/ A=) | f(t—8) — gr(t — )| - e fo(s)ds
’ 0
v | dt/ Mgy (1= 5) eV fo(s) — gals)]ds
0 0

= asl[fr — 91llly oo + allfi = g1l s ool f2lx 00 + allgallly oolllf2 — g2l
< (az +aaea) - If1 = g1llly oo + ag1 - [If2 = 925 - (141)

Suppose

1
40&47
Qs
g9 < —
2_20447

A > 8ay + 8asaz,

€1<

and taking together Eqgs. (140) and (141) yields

diStA(Tg (f1, f2), T¢ (91,92)) = distx ((f1, f2): (91,92))

= das||Fy =G5 o0 + 172 = T2l o
< (40[10[3 4@2&3
A

+ag+aies) - lIfi = ill e + (s +aser) - llfz = g2l oo
< 205llf1 ~ rlly e + 512~ g2l
= %diSt,\((f1>f2)7 (91,92))- (142)
The proof is completed.

B.1.3 Proof of Lemma B.2

In the first step, we show that for some properly chosen €3, ¢4 and large enough A, ng maps Sg’Q()\, €3,€4)
into itself. We set F;(A fo e~ (s + 1)2f;(s)%ds for i = 1,2. For any A > 0, by Eq. (133)

V F3(t) = VB2 + /0 ds\/asf:s(é‘) +agfa(s) +az /OS(S — s +1)2fo(s — &) f3(s")ds’

Since

t s
Y / dS\/asfg(S) + aefa(s) +ar / (s — 8+ 1)2fals — /)2 f5(s)ds"
0 0

t s
= / e M=) e’\s\/a5f3(s) + agfa(s) + 047/ (s — 8" +1)2fa2(s — s")2 f3(s')ds'ds
0 0
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IN

(/ e‘A(t_s)ds> . sup e‘AS\/a5f3(s) + agfa(s) + a7 /s(s — s+ 1)2fo(s — s')2 f3(s")ds’
0 0<s<t 0
1

<

< sup e)‘s\/oz5f3(3) + agfa(s) + ay /S(s — s+ 1)2fa(s — s")2 f3(s")ds’, (143)
0<s<t 0

By Lemma B.1 we have F;()) is well-defined for any A large enough and F;(\) — 0 as A — oo. In addition
by the elementary inequality that va + b < v/a + v/b for any a,b > 0,

sup 6’\8\/0¢5f3(5) + agfa(s) + 047/ (s =s"+1)2f2(s — &) f3(s')ds’
0<s<t 0

< sup e - (\/a5f3(8) +Vagfa(s) + \/047 /s(s — s +1)2fa(s — S/)2f3(8/)d5'>
0<s<t 0
< vas |[Va[,  +vas ||V,

+Var sup \/ / TN (5 — o £ 1)2fols — )2 = fiy(s)ds!
<s< 0
< vas||VE|, v [V +VarRen |[VE]|,

(144)
Therefore

|7

= sup e ( B2 +/ ds\/a5f3(3) + ag fa(s) + a7/ (s = +1)2fa2s — 5/)2f3(5/)d5/)
Moo 0<t<oo 0 0
1

< VB2 + 3 (\/@53 +Voges + a7F2(2/\)53> .

(145)
Analogously through the same calculations, we can have from Eq. (134) that
B_M\/ﬁ = e_M\/Oés + ag f3(t) + 1o /Ot(t —s+1)2f1(t — )% fa(s)ds,
<@+ v |V, + R A,
and further
H\/fj R < ag + ages + /apF1(2M\)ey . (146)

By taking

€3 > 2 527
€4 > 209e3 + 208,

and large enough A such that

- (Vases + Vases + VarFa(2N)es) < VB2,

1

4 )

> =

<
a1pF1(A) <

we can then get from Eqs. (145) and (146)
[73lls € VB2 + VB2 =2¢/B2 < &3,
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[Tl <5 +5 <o

Next, we show Tg , is a contraction mapping. Let Tg (g3, 94) = (5, 94), we can get from Eq. (133)

Vi

t s
= |\/ B2 + / ds\/a5f3(s) + a fa(s) + 047/ (s — 8" +1)2fa(s — ') f3(s")ds’
0 0

— /B2 — /0 ds\/a593(8) + a6ga(s) + az /OS(S — s +1)2fa(s — 8')2g3(s')ds’

t
</

B \/%93(8) + agga(s) + ar /OS(S — 5" +1)2fa(s — s")2gs(s')ds’

\/asfs(S) + agfa(s) + a7 /OS(S — &' +1)%fa(s — ¢') fa(s')ds’

ds

< / <\/07 V) = Vas(5)| + Vs - |[VI(E) — Vaals)|

+ oz - \//08(5 — s+ 1)2fo(s — 82 f3(s")ds’ — \//Os(s — s+ 1)2fo(s — s")2g3(s")ds’

)ds7 (147)

where in the last inequality we use the elementary fact |v/a +b — vc+d| < y/Ja —c| + /]b —d| for any
a,b,c,d € R>o. By Minkowski inequality we also have

‘\//S(s — 8" 4+ 1)2f5(s — 8')2 f5(s")ds’ — \//S(s — 8" +1)2fo(s — s')?g3(s")ds’
0 0

< \//é(s —s' 4+ 1)2fy(s— )2 (\/fg(s/) - \/gg(s’))st’. (148)
0
Therefore, taken collectively we have
Vi - Vi
t
s - ef)\(tfs) . 67)\5
<va- [

ef/\t

V [3(8) —/g3(s)|ds
v [N N VR Vi) ds
+ \/0(77 /0 e—)\(t—s) . \//05 e_QA(s—s’)(s — s+ 1)2f2(8 _ S/)26—2>\s’ (\/m_ \/‘m>2dslds

S O e N N R e s R

which further implies by taking supremum over ¢ € [0, c0)

[Vis-va]_ <3 (v o vermem) [V val, vl - v, ) - o

Next from Eq. (134) it follows similarly that

JEa - Jth)\
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sz¢¢Mw%mw+¢aw¢4%s+Wﬁu$%¢ﬁ®v@@DQa (151)

and
Vi val,_<vmlvi-val, - vamen|va-val, . o
A,00 ,O0 ,00
We take A large enough such that
Vs + /o Fa(2)0) < 1
A 4’
4.\ /acog < 1
A 4’
1
0410F1(2)\) 1 5

and further with Eqgs. (151) and (152),

diStA( 3, 2(f37 f4) S, 2(93794)) = diSt)\((?&?zl)v (§3a§4))

<2 (vas [V -va,_+5 v val, )
= %dist,\((fs,f4)7(g37g4))- (153)

B.2 Proof of Lemma 5.4

We first show 6! is uniquely defined. Note that u’ has covariance kernel C,;/d, which implies for any
0<s<t<T,

E[[ut - w3] =E[T <

L T (Gt £) — 2Co(t, ) + Co(s, 5))
%HC’g(t £) = 2Cy(t, s) + Cols,5)]| - (154)

By the definition of S and in particular Eq. (6 ) we can invoke Kolmogorov continuity theorem (cf. [SV97,
Cor. 2.1.4]) and conclude that the sample path u! is continuous. In fact, u’ will be locally a-Hélder continuous
for any o € (0,1). Since the sample path u! is continuous almost surely, u! will be integrable on [0, T with
probability one. For any fixed sample path u!, we show there’s a unique path 6! € L([0,T]) satisfying
Eq. (12a), namely

t
%et (At+1“t)0t—/ Ry(t,s)0%ds + u'. (155)
0

This can be done by finding a contractlon mapplng and using Banach fixed-point theorem. Consider the
mapping Ty such that T : 0 8" such that 8 = 6 and

t
—0 = —(At+rf)9t—/ Ry(t,s)0%ds + u'. (156)
0
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For any 61,0y such that 69 = 09, we have

t t s
(A g/o (MA+M4)||9f—9§Hds+/O ds/o 1 R(s, )]0 — 65| as’ (157)

and further

t
7=l < s {00 6o —
’ 0<t<T 0

t s
+/ e_’\(t_s)ds/ e_)‘(s_s/)HRg(S,sl)H cem
0 0

1 oo
<3 {(MA + M) [|01 — 25 7 + (/ e Mg, (t)dt) 1601 — (92||A7T} . (158)
0

6; — 03 Hds’}

By Lemma 5.1 for ®p,, we see the integral [~ e~ ®p, (t)dt will be finite for sufficiently large A, and thus we
can take A large enough to ensure 7y is a contraction mapping with respect to the metric ||§1 — 0y || yp- The

uniqueness in L>°([0, T]) is immediate, while the uniqueness in L!([0,T]) follows from the fact that 7y maps
any element in L'([0,T]) into L>([0,T]). We can apply the exact same argument to 96'/0u® as Eq. (13a)
takes the same form of Eq. (12a).

Next we show ! is uniquely defined. Again by Eq. (71) and Kolmogorov continuity theorem, the sample
path w! is a-Holder continuous for any « € (0,1) with probability 1. Consider the mapping 7, such that
T, .1t — 7 and

t
= / Ry(t, 5)0s(r; 2)ds + w' (159)
0

Similarly, we get for any 71,72 the mapping is a contraction

1 oo
71 —7ally r < < (/ e_)‘tqDRe(t)dt) sup e M Hét(ri;z) —ét(ré;z)H2
’ o 0 0<t<T
) M, o°
<=t </ e Mbp, (t)dt) sup e M Hr’i - réHQ
o 0 0<t<T
M R
<2 ([T e an ) in - ral (160)
0

where in (i) we use the Lipschitz property of the function ¢. Again by Lemma 5.1, by taking A — oo,
the integral fooo e~ M®p, (t)dt can be arbitrarily small, implying 7, is a contraction mapping. The proof of
uniqueness and existence for the functional derivative 0¢;(rt; z) /Ow?® is the same, provided that now the path
r! is uniquely defined.

B.3 Proof of Lemma 5.5

Ts_.5 maps S into Scone. Directly from Eq. (80), we can get
d t
7 19l < (A%} =+ [1e)) H9t||2+/0 1Re(t, )67, ds + [Juf]l,
t
< Oy + M) 0], + [ Bt = ) 16 ds+ ] (161)
0

where the last line follows from the assumptions that ||At|| < My, [[Tt]| < M, and ||R,(t,s)| < ®g,(t — s),

which further gives us
d 2
975
( = ||2> ]
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d 2
—\/E[|6¢)2 =
SVEI13

E [16°]l, 5 l16"11,) _
E|6¢3

E




<

L

B [( (Ma -+ My) [61], + / P, (t = 5) %], ds + ““t”Qﬂ
(

t t
E | (Ma + M) ||9t||§+/ (ts+1)2<I>Re(t5)2|95||§ds+||ut|§> - (1+/ (ts+1)2ds+1)]
0 0

INZ
&

IA

IN

t
3 E[(MA+Mz)2 ||9t||§+/ (t—s+1)°®g,(t —5)° ||95||3d8+|ut§}
0

3. {MA+M4 E lj64]3] —l—/ot(t—s—i—l)?(bm(t—s)?lﬁl [ ds+E[||ut||§}}
3. {MA+Mg {||9t||§} +/Ot(t—s+1)2(I>Rz(t—s)2E [Hesug} ds+];<1>cg(t)}, (162)

where in (i) we use Cauchy-Schwarz inequality and in the last line it is used that

E [l 2] = 1 (& [utt™]) < k& [utatT]|| = S cue ) < 2o, 0. (163)

While since ®¢, (0) > Mpo , > E [HQOHE} and recall Eq. (58¢)

d k i
a\/cbcg (t) = \/3 . {(MA + My)2®¢, (1) + S(I)C’Z )+ /0 (t —s+1)2Pg, (t — s)QCI)CG(s)dS} ,
we obtain that E [||9t||3} < D¢, (t) for all t € [0,T]. We thus have

ICote )]l = |[E [0 "] || <E[ll6"]3] < @cn(®). (164)

Next we look at the definition for the formal partial derivative 96 /du?®, as it is not a random function we
have from Eq. (81) that

%Rg(t )= — (A" +T) Rolt,s) - / Ro(t, ) Bo(s', 5)ds’ (165)

for 0 < s <t < T and with Ry(s,s) = I. Substituting in assumptions of S in Definition 5.2, it holds that

d = d—
L Rytr, )| < Hdth(t,s)

< (A + [I[]) [ Ro 2, 5)]] +/S [Ret, )| || Ro(s", )| ds’
< (MA—i—Mg)HRg(t,s)H—&—/ B, (t— ') ||[Rol5)]| s’ (166)

with || Rg(s, s)|| = 1. Since ®g,(0) > 1 and by Eq. (58a)

d

&@Re(t) = (MA + My)®g, (1) +A (I)Re(t — s)@Re(s)ds,

we can obtain that

[Ro(t,s)|| < @R, (t - s). (167)
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Finally, we note that for any 0 < s <t < T,
|Ca(t,t) = 2Co(t, ) + (s, 5)|| = [E[(6" — 6%)(6" — 6] || <E[[[(6 — 0°)(6" = 6)T[[] <E [[|6" — 6°||3] .
and thus further

[Co(t,t) —2Cy(t,s) + Co(s,s)|

t t
/ {—(At’ +T)e" — / Ry(t',s)6% ds’ +uf’}dt’
s 0 2

((MAJrMe)H@tHﬁ / D, (£~ 5) |6, ds + ||ut|>2> ]

2
<z|

< (t—s)? sup E
0<t<T

< (t—s)?- sup 3E [(MA—FMg HQtHQ / (t —s+1)*®g,(t — 5)? H@éHQd +Hut|‘}

0<t<T

< (t—s)*- sup -3 {(MA + My)? ®c, (1) + /t(t — 5+ 1)20p,(t — 5)*®c, (s)ds + %@cé (t)} . (168)
0<t<T 0

Since ®g,, Pr, and @, are nondecreasing, we get
— _ — k
[Co(t,t) — 2Co(t, ) + To(s,9)|| < 3 { [y -+ M0)? + T(T + 1%, (T)?] B, (T) + S0, <T>} (t—s)
= Mz(t—s)?. (169)

Similarly, we can see the continuity of Cy by Cauchy-Schwarz (as an even stronger result, we show Cj is
Lipschitz continuous)

ICo(t, ) = Tt )| < \/E[netnz} E[l67 = 07113] < \/oc, (1) Mg - |s - /. (170)
This shows that (Cy, Rg) € Scont and concludes the first part.

Ts,s maps S into Seoni. Next we will show ||Cy(t,t)| < ®¢,(t) assuming that (Cy, Rg) € S. By
Definition 5.3 and Eq. (84), it follows that

160 (5 2) 1, < 16 (0321, + Me [

M, [t =
<02+ 550 Bt )] [ 0752 s+ 0 ']

M t
<052+ 5 [ (= 5160 (0752 s+ 24 ()
Hence
E{lle (rts2) 3]
Aﬂ t s t ’
< | (1 @l + 5 [ onle = )16 (52l s o]

i t

A42
<5 |(16 021+ 5

—
=

t
(t — 5+ 1)20g, (t — 5)* ||t (r; z)||§ ds + M} ||wt|}§> . <1 + / (t—s+1)"%ds + 1”
0

M2 t s 2
33{1& (160 :2)18] + 55 [ 0=+ 1200, (0= 7 16, (75 2)3] s + 2178 [Hwtng}}
<3{M ME [ 1)2®p, (t — 8)2E |||ls (rs; 2)|2| ds + kMZ®¢, ( 172
<3\ Moo+ 5 | (0= s+ 120, (0= 9B [ (5 23] ds + kMR, (0) (172)
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where in (i) we use Cauchy-Schwarz inequality and in the last line it is used that E [||wt|| ] < k||Co(t,t) H <
k®c, (t). By Eq. (58d) we note that

2

M t
(I)Cz(t) =3- {M007z + k‘Mgz(I’Ce( ) + ?/ (t — S+ 1)2<I)R9(t - 8)2@02(8)(18} s

and along with the fact that ®¢,(0) > 3Mgo , + 3kM?®c,(0) > Mg, > E “VO (ro;z)Hﬂ, it must follow
that

[Cet. )| = |[E [alr'; 2)eulr'; )| S E [[[60 (r152)[3] < @, (1), (173)

Next we show Ry(t,s) < ®g,(t —s) for all 0 < s <t <T. By Eq. (85),

oy (rt;z) . 1 [t SOl (rs2) |, 1= s
W = vrgt(r aZ) ! S/S Rg(t,s )st SRQ(tvs)vrgs(r 72) 5

and the Lipschitz property of the function ¢, i.e. ||V,.4:(rt;2)|| < M, we have

8£ M t -_ a(sl S/; —
e [ 2] < 2 ([ o || 252 v an o
t s,
<J\§Z</ DR, (t —s')E W ds'+Mg<I>RO(t—s)>. (174)

Comparing to the deterministic system in Eq. (58b),

M

Pp,(t) = 7@ : {MZ‘I’RQ (t) + /Ot Pp,(t — 3)‘1>R£(8)d5} ;

t.
we see E [Hiae,,a(rs,z)
w

} < Pp,(t—s)forall0 <s<t<T, and further

— Ol ( Ol (
N 8 T R
Then we conclude from the Lipschitz property and Eq. (88) that
[T = 1 [7rtetts 21| < B[00t 2) ] < M. (176)

We note that for any 0 < s <t < T,

[Ce(t,t) — 2Ce(t, 5) + Cels, )|
= B [(e:(r's 2) = (" 2)) (4e(r"; 2) = €s(r52) ]|
<E[||602) — 0% 2)][3]

< MeE[(lr =l + i - 5]

SMWEKEAEm@ﬂ

1 i !/ !/
< M- 3E|:(62/( — s +1)%Pg, (t — 5')?

Co (1 2)

2
st’ + ||w* 7w5||2 + |t5> ]

Aas ot = w3+ - o7) |
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where in the last line we use the Cauchy-Schwarz inequality. Further we take ind

?|

E [l — w* 3] < k[|Cott,t) = 2Co(t, 5) + To(s, 5)|

ly (TS’;Z)HH < g, (s),

< 3k { [(MA + M)? +T(T +1)%®p, (T)ﬂ D¢, (T) + %qm (T)} (t—s)?,

it then follows that
Hé@(t,t) - 26@@7 8) +6€(87 S)H
< 3My(t — 8)2
1 k
) {52(7’ + 1)@, (T)?®c,(T) + 3k { [(MA + M) + T(T +1)2®g, (T)?| @¢,(T) + 5cI>cZ(T)} + 1}
= Ms(t - 8)2 .

Similar to Eq. (74) in the previous part, we also have Lipschitz continuity for Cy, namely Vs, s’ € [0, 1],

HCAnﬂ<n@wvnst[64ﬂwnﬂ-E[w4wm>&«wtaﬁ}s»@waM@-wy. (77)
This concludes the proof.

B.4 Proofs for contraction property of the mapping 7T
B.4.1 Proof of Lemma 5.6

Controlling the distance between 6é and éj. By Eq. (80), the equations that define 6; and 6y can
be put as for all t € [0,7] and i = 1,2,

t
%95 = —(At+rt)9§—/ Ry(t,s)0ds + ul | (178)
0

where u! are centered Gaussian processes with autocovariances C} /6 and Ry := R} = R7. By definition, we
can couple u! and u$ such that

2
Ve

sup e My /R [||u§ - u§||§} < 2-disty r (uf, ub) =2-disty 1 (C7 /6,C7 /) =
te[0,T)
L

t
/ Ro(t, $)(8] — 65)ds + (A" +T%) (81 — 68) — (uf — )
0

distr,r (C4,C7) . (179)
We observe that

d
R PACEE

t
< / Dp,(t —5) (167 — 051, ds + (Ma + M) [|6] — 05|, + [Juf — ub]], - (180)
0

oy
dt

2

By Lemma 5.1 we can choose a A large enough such that fooo e’XSCDRZ(s)dS < Mj + My, which implies that
5 d
e 210} — 03]

t _ _ _ _
< / e Mg (t—s) e 105 — 03], ds + e (Mp + L) [|05 — 04|, + e ||ub — b,
0
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< / e_“(I)RZ(s)ds)- sup € (|65 — 65]|, + e (Ma + L) ||6% — 65|, + e |lul —ub]],
0 0<s<t

0<s<t

o0 — — —
< (MA + M, +/ e_)‘s@Re(s)ds> - sup e |05 — 05, +e M |uf — uéHQ
0
2

(Ma + My) 'Oiugte*’\s 165 — 05115 + e [|uf — ub]], - (181)

Using the observation

4 sup e 65— 031, < max{je/\t ot - 9§||2,0} < max{e’\tc(lit ot - 9§||2,0}

dt 0<s<t t
<2(Ma+ M)« sup e 165 — 03], + e ||uf — ub], (182)
0<s<t
we can derive that
d — —
& (GQ(JV[,H»Mg)t sup oS Hof _ 95”2) < 672(MA+Mg)t7)\t Huﬁ _ U§||2, (183)
0<s<t

and consequently by Cauchy-Schwarz inequality

_ _ 2 t , 2
e—4(MA+Mz)t—2)\t Heii _ 95“5 < (e—Q(MA+Me)t sup e—)xs ”0f _ 95||2> < (/ e—Q(MA+Mz)S—)\s ||“i _ USHQ ds)
0<s<t 0

¢ 1 ¢ _
< —  d t— 1)2 —4(MA+Mg)s—2Xs ||, 8 _ ,,8 2d
_</0 (t—s+1)2 S) (/0( s+1)% [uf —u3l5ds

t _
S/w—wﬁﬂﬂW“WW%W@—@@w. (184)
0

Taking expectation on both sides, and choose some A > 2(My + M) + A, we have

o~ 2M [||9§ _ 95”;} < e 2(A2(Ma+M)=N)t | —4(Ma+M)t—2Xtg [Hei _ 95“;]

- ¢ B
e 202+ D)Xt [ g 4 )2 A(MaTL)s -2 “hﬁ —»ung}ds
0

IA

t —
< / e—2(>\—2(MA+L)—>\)(t—s)(t — 5+ 1)2 . e—QASE [”Ui _ u§||§:| ds
0

< </ 672(/\72(MA+L)7X)t(t+ 1)2dt> - sup e MK {Huﬁ - ugHg} . (185)
0

0<s<t

Taking supremum on both sides for ¢ € [0,7] and choosing a large enough \ yields

> X 2
sup efAt E [Hog o 95”5] < </ 672()\72(MA+L)*)\)t(t + 1)2dt> L. diSt;HT (C‘el7 C’g)
te[0,T] 0 Vo

<e-distyr (C},C}) , (186)

t s1T
for any prescribed € > 0. Consider a centered Gaussian process Bl} € R?? with covariance E HZ%] [gi] ] .
2 2] [V2
Clearly E [||gf — géﬂg} =E [||0§ - 95”3] for all ¢ € [0,00). Since g1 and g2 have covariance kernels éé and
C,p, we have

disty. 7 (dﬁﬁ) < sup e M /E [||9§ —95||§} < e-disty 1 (C},C2) . (187)
te[0,T)
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Controlling the distance between R, and R;. Note that both &, and R, are defined by the same
ODE by Eq. (81) for i = 1,2,

d— —i t —i
SRy (t,5) = ~ATy(t,5) — / Re(t, s\ B (s, 5)ds’ (188)

and with the same boundary condition Fé(s, s) = 1. Thus E; = Ez on [0,772.

B.4.2 Proof of Lemma 5.7

Controlling the distance between 6é and 63. Since C} = C7 on [0, T2, we have for all t € [0,7] and
=12,
i | .
aﬂf =—(A"+T})6; — / Ry(t,s)07ds + uy , (189)
0

where u; is a centered Gaussian process with the covariance kernel Cy/8§ := C} /6 = C? /5. Using

t t
(01— 08) = — (N T) (61— 08) — (13 1) 05 = [ Rl(e.9)(01 — 0500 — [ (Ri(0.9) — RE(t.5))5s.
(190)
it follows that
d d
G-t <) 5 6 -ep)|
t t
— H (A" +T7%) (0% —65) + / Ry(t,s)(0; — 05)ds + (T} — %) 0% + / (Ri(t,s) — R3(t, s))05ds
0 0 2
t
< (Ot + 30 05 = 0§, + [ 1= ) 105 = 05l s + [ — TS ] o,
t
+ [ IR - REe ) 1031, as. (191

By Lemma 5.1 we can choose a \ large enough such that fooo e*XSq)RZ (s)ds < My + My, and therefore
5 d
e 10} — 64
— t —
< (My + M) e ||y — 03], + / e M 0p, (= 5) - e 05 — 03|, ds
0
- _ ot
e g g gl + e [ IRA ) — R ) 1651, ds
0

< (Ma+ M) e ™ ||0F — 65|, + (/O e_’\S<I>Re(s)ds> : Oiggte—*s 165 — 05,

_ _ t
+ e MTE — 14| |64, +e*“/0 |RE(t,s) — RE(t,9)|| 116511, ds

') _ _ _
= <MA + M, +/ e_’\sq)Rz(s)ds) -~ sup e |65 — 05|, +e M T — T% | H9§H2
0 0<s<t

_ t
v [ R - B0 05l 0

- _ ot

< 2(My + M) e M Oiug e |03 — 055 + e M HF’i — FEH HH%H2 + e_)‘t/ HR%(t,s) — Rf(t,s)“ 16515 ds .
<s<t 0

(192)
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Similar to the proof in Appendix B.4.1, we obtain

d —
G (2o sup 3 jo; — g, )
0<s<t

— t
< e (g r | Jogl,+ [ k) - RG] 165105 (193)
0

and consequently

674(JVIA+Mg)t72Xt ||9§ - 05”;

B 2
< <62UWA+NQﬁ sup 6A8”9f9§”2>
0<s<t

2
2ds’>ds)
0
@) ! -2 ° ’ -2/ ! —4(MA+M;)s—2X 2
< /(t75+1) 1+/(s +1)72ds’ ) ds ¢ - /e (Ma+Mo)s=2Xs (4 _ 4 1)
0 0 0

.(||r§—F§2||9§||§+/0 (s + 1)%||Ri(s, ') — R2(s, 8| ||6% zds’) ds}

t _ s
<2 [ M s 1) (||ri—r;||2||e§||§+ [ 17 R, = B 62
0 0

t _ s
< ([ ersomenson e (g =gty + [ IR, - B2 62
0

2
5 ds’) ds,
(194)

where we invoke Cauchy-Schwarz inequality in (i). Take expectation on both sides and use Lemma 5.5 which

implies that E {Hﬂg, Z] <k HE [03,93/1 H2 < k®c,(s'), we have

o4 (Ma+Mp)t=23t [Hei _ 95”;}

t —
< 2/ { <€74(MA+M1,)572,\S(t s+ 1)2>
0

(et =P (622 + [ 0P R - RGP 63

H ds’) }ds

t _ s
< 2k/ e HMA+Me)s=2Xs (4 _ 5 4 1)2 <||r§ — T3> D¢, (s) +/ (s + 1)%||Ri(s,s') — Ri(s,8")||” @ (s’)ds') ds.
0 0
(195)

Now we take A > 2(My + My) + A, and for any ¢ € [0, 7],
eVE |16} - 63]]3]
<2k /t le—Q(’\—Q(MA+Mz)—A)(t—S)(t —s+1)?
0

ceT s <||I‘§ — T3> ®¢, (s) + k/os(s’ +1)%||Ri(s,s") — R7 (s, 8’)“2 Do, (3’)d8’) ]ds

< 2k (/Oo 672(>\72(MA+M5)7X)t(t+ 1)2dt>
0
. sup e ¢ <||Fi — F‘;H2 Dc, (s) + k/os(s’ +1)2 ||R}(s, s') — R} (s, s’)”2 ‘Ilce(s’)ds’>

0<s<t

o (/oo 6_2()\—2(MA+MZ)—>\)t(t+1)2dt)
0
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) ((I)Ce (t)- sup e 2|5 — F§||2 + (k/ (s +1)*®¢, (s’)ds') . sup e 2 HR%(S,S’) — Rf(s,s’)W)
0

0<s<t 0<s'<s
[ee] —
<2k (/ e 2(A2(MA+ M) =R)t(y 4 1)2dt> . (@Ce (T) - distsr (T'1,T9)? + kT(T +1)2®¢, (T) - dist (R}, R%)Z) .
0
(196)

Therefore, we can always take a large enough A such that for any € > 0

e [E [||9§ - agug} <e- \/distA,T (D1, Ts) + disty 1 (R}, R2)? < e - (disty 7 Ty, Ta) + disty 7 (RE, R2)) .

(197)

Using the same argument in Appendix B.4.1, we conclude that

disty 7 (6;,63) < sup e M IE{||6§79§||§] < e (disty 1 (R}, R2) +disty 7 (T'1,T5)) . (198)
t€[0,T]

Controlling the distance between R; and Rz. Again from Eq. (81) we get for any 0 < s <t < T and
1=1,2,

. . t .
%Rwﬁﬁ>4N+rwﬂw@—/fwawm@wmy, (199)

with the same boundary conditions RZ (s,8) =1, and thus for any 0 < s <t < T,
d /=1 =2
= (Bott.s) ~Ry(t.5)
t t\ (Bt B2 t t\ B>
— — (A 41Y) (Re(t,s) - Re(t,s)) — (T —T%) By (¢, 5)
t t
- [ RS ) - Tyl s~ [ (B - B )Rl (200
and Eé(s, s) — E;(s, s) = 0. It then follows that
d ||t —2 d /=1 —2
—_ _ < ||= _
& Rt - R <[ 5 (Roteoo) - Rite.o)|
t t\ (Bt B2 R 2/ /
< H (A'+T7) (R(,(t,s) —Rg(t,s)) +/ Rt ') (Ry(s',s) — Ra(s', 5))ds

t
+@?T®ﬁ@@ﬁ/WWJ%R%#W$$@M

t
S@h+wwﬂ@$*ﬁ@$+/©mWﬂﬁ ds

[Ry(s',5) — Rols'.9)

t
+||TL = Th|| - @Ry (t —s) + / |Ri(t,s') — Ry (t, )| - ®ry(s" — s)ds”, (201)
S

where in the last line we use ||| < M, and Hﬁz(t,s)H < Pp,(t — s) by invoking Lemma 5.5. We now

proceed almost identically to the proof in the previous part. We find some large enough A such that
fooo e M®p, (t)dt < My + M, and on which X it holds that for any 0 < s <t < T,

d s IR R
da (e_Q(MA-H\/IZ)t sup e HRé(s',s) — RZ(SI7S)H>
dt s<s'<t

t
s

< e 2(Ma+Me)t—Xt (Hrﬁ —Th|| @R, (t - s) +/ |Ri(t,s") — Ry(t, s)|| PR, (s — s)dsf) (202)
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and then we have

Ry(t.s) By (t.s)|

‘Eé(s', s) — R;(& S)H

e—Q(MA+Mz)t—Xt

o
S e—Q(MA—‘y—M[)t sup e—)\é
s<s'<t

t
X
S / e—Z(MA-‘rM[)S —As (HF;/ _ Fi/
S

| Dy (s" — s) + / |Ri(s',s") — Ri(s',8")|| @Ry (s” — s)ds") ds’.
(203)

For any A > 2(My + My) +Xand 0 < s <t < T,

e MRt s) — Ralt, S)H

t —
</ e—()\—Q(MA—Q—JV]g)—)\)(t—s’)

a0 [ IR o

e <||F;, -1

1
A —2(Mpy+ Mp) — X

IN

S/
: ( sup e Ty —=T%| @R, (s —s) + sup / e_’\slf
s<s’'<t s<s'<tJs
1
< _
o )\—2(MA+M4)—)\
¢
. (CIDR6 (t)- sup e ** ||l"; — I‘i“2 + (/ @Rg(s)ds> . sup e HR}(S,S’) — R?(s,s’)”)
0

0<s<t 0<s/<s<t

Ry(s',s") = Ri(s',s")|| @Ry (s" — s)ds”)

Td g, (T) . . _—
_ . (disty.r (I'1,T2) + disty 1 (R}, R2)) . 204
T A—2(My+ M) — X (distar (P1, ) + dista.r (Re, 177)) (204)

For any € > 0, we can take a large enough A such that

disty 7 (Eﬁﬁ) — sup e M Hﬁé(t,s) —EZ(t,s)H < e (distyr (RY, R2) +distyr (T1,T5)) . (205)
0<s<t<T
B.4.3 Proof of Lemma 5.8

Controlling the distance between 6118 and 6?. Given that Ry := Ré = Ez on [0, T]?, we can write the
equations that define r; and ry as

1 [t
= 75/ Ro(t, s)ls(rf; 2)ds + w! (206)
0

for i = 1,2, where w! are centered Gaussian processes with covariance kernels Cy. We couple w! and w}

i

such that they achieve small (A, T')-distance, namely

sup e /R {Hw’{ — ng;} < 2-disty r (w],wh) = 2-disty 1 (éé,éz) . (207)
t€[0,T]

For any ¢t < T, we have
e It = rall,

I -
< (G [ IRt 16052) = 102l s+ st = )
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1/t —
< 5/0 e~ At=s) ||R9(t,s)|| e s [1€s(r75 2) — €s(r35 2) || ds + e M ||w§ — w§H2
M, ! —A(t—s) —AS [|,.8 s —At 4 ¢
< T/o e Op,(t—5)-e 7 |r] —r3l,ds+e le—w2H2 . (208)

Therefore square both sides and taking expectations, we have

=g [t — o4 ]

M, [! 2
4 —A(t—s —As ||,.8 s -
<E[<5/0 Ny 1= ) = s+ et - ) ]

</0t(t—s+1)_2ds+1)

M2 )
.E |: / (t — s+ 1)2 —2X(t— s)q) (t _ 8)2 . 6—2)\5 ||Tf _ réHgds + 6—2/\t ng _ wéHQ]

IN

2 2

2M i — —5 —2As s s(12 — 2
< 522 /0 (t—s+ 1)26 2(t )<I>Re (t— 3)2 Ce MR {”7"1 — T‘2H2} +2e MR [Hu}f — wéHZ}
2M2 ¢ L o\\2
<5t ( /0 e (4 1)2Dp, (t)2dt) -Oiugte*mﬂz [Hrf - 7‘§||§] 2. (2 - dist.z (0;,03)) . (209)

Note that the right hand side is increasing in ¢. By taking A to be large enough such that

2MZ [t _ 1
52@ /O e Mt +1)2Qp, (t)%dt < 3 (210)
we have
—2)\s s s12 . —1 =2\2
sup e “VE [”7"1 — TQHQ} <16 - disty 7 (09,09) . (211)
0<s<t
It then can be established following the same argument in Appendix B.4.1 that
distr (T, T} ) < sup \/E [lea(rts 2) = 0045 2) 3] < M- \/ sup e~ [E |} - r3][3]
te[0,T] 0<s<t
< 4M;, - disty 1 (6;63) . (212)

Controlling the distances between E; and Eﬁ, T; and Ty. From Eq. (85) we can obtain for any
0<s<t<Tandi=1,2,

0l (rt; 2) . ort
Tt <) P Wl 21
aws vret(r 72) aws ) ( 3)
ort I My (rs'sz) , 1
3 — s 7 _ S. X 1
s =5 Re( )78105' ds 6Rg(t,s)Vr€S(rl,z) (214)
and by Eq. (88),
i =E[V,(rl,2)] . (215)
Therefore, for any A satisfying Eq. (210) we have
e M ‘ T -T. H < e ME [HVJt(rl, 2) — Vb (rh; 2 m \/IE [||VT&(T§;2) — VLl (rk; z)Hﬂ ,  (216)
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and then we use Eq. (211) and obtain

T < ey R (19,0 2) - Vettrts 21

<M, e M E [||r§ - ré”i} = 4M, - disty 1 (dfﬁ) . (217)
Thus
disty 7 (T1,T5) = sup e Hfﬁ T - disty.z (6;65) . (218)
t€[0,7)
Next we focus on the A-distance between ﬁ; and E?. For any 0 < s <t <T, we have
—i ol 2)] " ort
R[(t, 3) =K |:au)5 =K VT&(T ,Z) . aws s (219)
which implies
|Ritts) Ry (t,9)|
art or}
= ||E {Vﬂt(r’i;z) . 8w13 — VLl (rh; 2) - 811;} ‘
ort orl
<E [Hvrét(ri;z) . awls — Vb (rh; 2) - anS }
or ort  orl
<E[I9:0%2) - Voo ook | + 19002l 5k - 22|
ort | 2 ort  orl
<, |E [ o ] - VE (19, :(r452) = 1tk 2) ] + M - B [H oo } S @)
where in the last line we use the fact that [|V,.£(r5; 2)|| < M,. Taking in Eq. (217), we have
_ _ Oy(ri;2) 9l (ry; 2)
At 2 t(ri;2 t\"2;
o [Rate ) = Rt < e || THE -0
art |I? . —1 =2 g ort  orl
L\ - disty r (09,09) + M- e ME || L - S22 (221)

Orf N 07‘;
ows ows

t
ort

ows

}. Substituting in the defi-

1 and e ME H

It only remains to bound the quantities /E U

V. 87’; .
nition of - gives us

ds’ + = HR@ (t,s H |Vls (13, 2)

_5/Hm

311)5
1 ors' M,
<3 gt ) vas (07.2)]| - |5 | 45 + 5 @y (= )
M PR, (T) /t ol
1 tild . 222
=T ) |ews | (222)
Invoking Gronwall’s inequality gives the upper-bound
t
Haa;18 < Mf@ge (T) - exp (qu)ge (T) (t _ S)) < MZ(I)(I;G (T) - exp (MET‘I;RQ (T)> 7 (223)
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and thus

87’{ 2 Mg@R (T) MET(I)R (T)
< RN Ml @R (1))
E U D ] < 5 exp( 5 > (224)
On the other hand we have using Eq. (214),
art  orh
“AR 1 0
[H ows  Ows }
_ } —At = / 868’(Tigl; Z) ol (TQ ) ) /
=5¢ E /S Ry(t,s") e o ds
1 —
+ 5 e TME [ Ro(t, s) (Vrls(r5; 2) — Vils(rs; 2))]|] - (225)

We bound the two parts separately. First we have

/ R9t8)<a£ 8(;19;2) ot 8(:;’ )>ds’ 1
865/(7"19';2) Oy (15 ; 2)

ows ows

—)\t]E

t
S/ ef)\(tfs') HRG(LS/)H . ef)\s']E

azs,(rf’;z) Oy (15 ; 2)

t
< / 67)‘@75')@39 (t—s") ) [

ows* ows*
< ( /O e Mg, (t)dt) s te*S’E[ azs;a(;ls,z) - aﬁsg;i’z) ] . (226)
Next we get
e ME [|[Ro(t, s) (Vrls(rf; 2) = Vills (r5; z))H]
< e M Dp, (t—s) - e R[|[Vils(r5:2) — Vil (r5; 2)|]
(227)

< Bp, (T) - 4M - dist 1 (@,63) ,

where we invoke Eq. (217) again in the last step. Take Eq. (226) and (227) into (225) and we get

|

1 /
<= (/ e Mg, (t)dt) - sup e ME
o 0 s<s’'<t

Further we substitute Eq. (224) into Eq. (221), we get

ort or
ows  ws

855/(rf/;z) Oy (15 2)
ows ows

0

] + 4ME¢R9(T) . diSt)\7T (éévéi) :

(228)

MR Oy(ri;2)  Ol(ry; 2)
ows® ows®
ort ||? : 1 2 _ ort  ork
L ] LM, - disty,r (T, C5) + My - e ME H ol ]

< AMieR,(T) (HW)) -distrr (Cp, C)

- 1) 1)
My ([ e |00 2) 0t (8 2)
—_— [0} t)dt | - SE
"5 (/0 ¢ PR, (1) ) S e S o
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AMF PR, (T)

+ - disty 7 (6;,63)

1
M, AW s Oy (153 2)  Oly(ry;2)
< —- Pr,(t)dt ) - SE —
-0 </0 ‘ 2o (f) > s?sl'pgte ow? ows
AM?Z®R, (T M,T®g, (T AM?®R, (T 1
4 (MEeR(T) | (MTOR(T) | AMPOR,(D) i (C;,Cj) . (229)
0 1 1) ’
Additionally we can also choose X such that 24 ( fo e Mdp, )dt) < % and using the fact that the right
hand side of the inequality is increasing in t, We can get
MR Al (rt; 2) 3&(7‘3; 2)
ows ows
< sup ef)\s/E oy (Tl ;Z) ol (TQ ) )
s<s'<t ows* ows*
8M2®R, (T MTog, (T SMZ2®g, (T —1 —
S ( 4 (;Re( ) . eXp ( L 6R9( )) + 4 5R6( )) . dist)\7T (O;,O;) . (230)

From Eq. (221), it follows that

e ME H‘agt(rf;z) _ 9y (ry; 2)

J

disty 7 (E;,R?) < sup

0<s<t<T ows* Ows
SMZ®R, (T MT®r,(T SMZ®R,(T —1 —
< (BMe2r D) o (MR (L)), 8Mi0r,(T) distar (Cp,Cp) . (231)
é ) ) ’
The proof is completed by taking
2 2
1 g (O (MTBY SRRV,

B.4.4 Proof of Lemma 5.9

Controlling the distance between 6; and 5?. Since 09 Ce on [0,7]2, we can write the equations

that define ! and 2 as .
1 —i
ﬁ:*&/RNJ%U?mb+W, (233)
0

. . . . . = —1 =2
for i = 1,2, where w' is a centered Gaussian process with autocovariance Cy := Cy = C,. For any t € [0, 7],
we have

— At t t
€ H’”l - 7'2||2

2 (5 [ R et - s s+ [ [Riteo )~ Fite o103 )
0 0

1/t “A(t—s)
e
d Jo

M t t
< J/ e NP g (t—s) - e |1 — 3|, ds + (/ 145 (rs; z)||2ds) - sup e M
0 0

1) 0<s<t<T

M > — —As s s ¢ S H -1 52
Té. </ e )‘t(bRe(t)dt) < sup e M|y =3, + (/ ||€s(r2;z)||2ds> -disty (RQ,R9> . (234)
0 0

0<s<t

IN

t
Bl —As s s - Bl B2 s
Fotts)|- e Iatrise) = gl ds+ [ e [Raen) = Fote. [ 164(r5:2) ) 00

Ry(t,s) — Rolt,s)

IN

The right hand side is increasing in ¢ and therefore
M o0
sup i = rilly < 5 (TN onar) - sup gl
0<s<t 0 0<s<t
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t
+ ( / ||€s(r§;z)2ds> distsr (Ro Ry ) (235)
0

which by choosing \ large enough such that % . (fooo e Mdp, (t)dt) < 3 yields

1
2
— —AS s s H »Hl 52

M [t =, < sup e v, < ( / s 2d5>.d.stA,T (7. %5) . (286)

Therefore

t 2
— . —1 2
V[T HES NI (/ |£S(r§;z)||2ds> ] -distsr (g, Ry )
0
! 2 . —=1 =2
2B |t | 16052 ds| -distar (7. 75)
2\/15 /E Lo(rs; 2)ls(rs; 2)T)] ds - disty (R;,RZ)
0

t
2\/kt | IE [ (r8; 2)Es(r5; 2)T|| ds - disty (E;Ei)
0

IN

IN

t
< 24/kt- / (I)C[, (S)dS . diSt)\’T (E;,Rz)
0

< 2t\/kc, (1) - disty.r (R;,Rj) , (237)

and consequently by Lipschitz continuity

_ — . —1 2
e ’\t\/IE IV:00(rt3 2) = V(15 2) 3] < Mo - e B [1rf = r4l13] < 20t /R, (0) - distar (R, By ) -
(238)

We then use the same argument in Appendix B.4.1 which gives us

disty 7 (62,6?) < s[up]e_’\t\/E [||v,£t(r§;z) —vret(rg;z)ng} < oMtk (1) - disty 7 (R}),Rﬁ) .
te[o0,T
(239)

Controlling the distances between R; and Rﬁ, T; and I';. From Eq. (85) we can obtain for any
0<s<t<Tandi=1,2,

ly(r};2) ort
w? =V gt( ; ) ' % s (240)
ort 1P 0l (rsz) ., 1 s
Ows = g R (t, S )st - SRH (t7 S)VTES (Ti ; Z) . (241)
and by Eq. (83),
T, =E[V,.4(r!,2)] - (242)

First, for any A satisfying 24 - ([;° e @, (t)dt) < 1, we have

—At |t =t
e r,-r,

) < e ME [Hvrét(r 2) — Vo ly(rh; 2 H] _)‘t\/IE [HVT&(W{;Z) — VTft(rg;z)||2
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= 2M, Tk, (T) - disty 1 (Rﬁ,ﬁﬁ) , (243)

where in the last line we invoke Eq. (238). Thus

disty 1 (fl,fQ) = sup e M fi —f;

t€[0,7)

| < 2MT\/k®,(T) - distar (R;,RZ) . (244)

Next we turn to the (A, T)-distance between E; and E?. Note that for any 0 < s <t < T, we have

—i Oy (r; or
Ry(t,s)=F {ggs’z)] =E [Vrﬁt(rf;z) . 8;15] 7 (245)
which gives us that
—1 — Ay (ris2)  Oby(ry; 2)
- < —
HRe(t,S) R[(t,S)H sk H‘ ows ows®
ort ot
_® [Hvrm;z) vt S
87‘ ort ort
||V et 7‘17 -V, Et(TQ, )H ow : + ||v gt 7’2’ )H ' Hawls - awi :|

ort ort  orl
Tl \/ ||v Uy(rls2) — Vol (1 2)|| } +M,-E [Ha’"ls - a;i

where in the last line we use Cauchy-Schwarz inequality and ||V,.4.(rk; 2)|| < M,. Taking in Eq. (243), we
can have for all A that 2t - ([° e P p, (t)dt) < 1

} , (246)

_ _ Ol (rt; ) 0ly(rl; 2)
At At t\I'15 _ t\"2
e R (t,s) — Re (t,s H E [H G D
t |2 t t
O ™| oM TR (T) - distar (E;,EZ) + M- e ME H‘g’"% - §T2 ] . (247)
w? w?

t 2 t
It only remains to bound the quantities (/E U g;ls } and e ME { s §;1 } From Eq. (241) we have
’RO (t,s) M ds’ + (t )| IVals(ris 2)l
0w‘5 - 5 ows 2 s /2
ar, M,
sg/ Dyt =) Vol r's2)] ‘ " ds' + =0, (t — 5)
Mg‘l)Re (T) / (97’ ’ ’
< ——71(1 8 . 24
< 5 + 7w ds (248)

This allows us to invoke Gronwall’s inequality, giving an non-random upper bound

t
Hg < MAD) y (VOT) ) MR o (MDY - (o1
wb

and thus

(250)

H ort

ows

] Mg(b?g(T) exp (MZTQ;RG(T)) |
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On the other hand we have

ort or}
At 1 Org
E H‘@ws ows ]

=§AE[/ (Ré(t 2l i2) gy ) Qi) )>ds’

1 — —
+ 5 e ME {HRé(t, $)Vly(r]; 2) — R;(t7 )Vl (r5; 2)

|

} . (251)

We bound the two parts respectively, first we have

_ - Ol (155 —2 Mg (155
el f (Reos,s )2lrii2) iy 2B i) g
Hl— Ay (r552)  Oly(ry;2)
< o MR 1 t s s\ 5 2)  Oks(Tg 5 /
‘ /s Ro(t, ) ( ows® ows® ds
t .
+e MR / (R;(t, s') — RZ(L‘, s )) % ds’]
t [ s, (S i
< / e—)\(t—s’) Hﬁé(ta S/) . e—)\s/E 8&5’6(;1572) _ 8£sa(;287z) ds’
! -t ||t N ’ s’ 37“3/ 1.
+ [ e Ry(t,s") — Ry(t, s )‘ CE ||| Vils (r5 5 2) - e ds
t I s, (s I
< / e—)\(t—s/)(I)R6 (t _ Sl) . e—)xs/E 8Es’a(rlS ) Z) _ 8653(7’23 ) Z) ds’
s w w

t 2
+M¢/ e M ’-E H ors ]ds’
s ows®

< e | |08 (i 52) 0ty 2)
< Mg, (t)dt ) - ME L 2
_(/0 e g, (t) ) JSup e | Dws dw

+ M, (/ E H org }ds) - distyr (Eé,ﬁﬁ)
< (/ e"“(I)Re(t)dt). sup e *'E ‘%'(mz) Ol (1% ;2 )’
0 s<s'<t L

ow*
ows ows
2
IS (IR g, (7). (252

Ry(t,s') — Ro(t,s'

~—

| S

where in the last line we use the upper bound from Eq. (249). For the second term in Eq. (251) we have
e NE [|| Rt )Vl (53 2) = Ry(t,5) V(5 2)

e ME [H( (t,s) — Re(t s)) Vil (r]; 2 m + e ME [HR t,8) (Vb (ri;z) — V,«KT(TS;,Z))‘H

< My e Ry(t, ) = Ryt s) | + €000, (t = 5)- e E[IV 4 (53 2) = Vil r5:2)]]
< M, - disty 1 (E;,Rj) 4 ®p, (T) - 2MT\/k®c, (T) - disty 7 (Ré,ﬁj) , (253)

where we invoke Eq. (243) in the last line. Define

— M?T®g (T M/ T®g, (T
Ml .= 4 RG( )-eXp< 4 Rs( )

: 5 ) + My + ®g, (T) - 2M,T\/k®c, (T) (254)
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— My®g, (T MTPR, (T My—
My = —— ?9( ) - exp (L] 5R9( )> 2M T/ k®c,(T) + TZMM (255)
and take Egs. (252) and (253) into (251) and we get
orf oy
dws  dws
_ e/ 865/ (Tsl' Z) 868/ (TS/' Z) 17 i —1 —2
< . )\t@ t . As E 15 _ 20 M, - )
<5 (A Ro )dt) Silslgte [ T N + 5 M disty 7 (RQ,RQ)

(256)
Further substituting Eq. (250) into Eq. (247), it follows that

MR H’a& (ri;2)  0b(rh;2) ]
ort  ork

ows ows®
| v T s (77 e | - 2

E
|

< M®r, (T) -exp (J\WRH(T)) - 2M,T+/k®c, (T) - disty 7 (Eéjﬁ?)
+M2 ~diSt)\7T (E;,EZ) .

IN

|

]

M, e ,
+ Te . (/ e My, (t)dt) - sup e ME
0

s<s'<t

Oy (13 2) 3 Ay (15 ; 2)

ows ows

M, 1 —
+ = - dista (75 B3

M o0 ’
=t (/ e Mbp, (t)dt> - sup e M E
J 0 s<s'<t

Recall that we choose A such that % . ( fooo e Mdp, (t)dt) < % and the right hand side of the inequality is
increasing in ¢, we can get

MR [H@Et risz) | Ob(rh;2)

Oy (rysz) Oy (r3;2)
ows ows

IN

(257)

azs,(r;’;z) Oy (13 2)

}< sup e M'E
2

ows* ow* s<s/ <t ows* ows*
< 9N, - disty 1 (Eé,ﬁj) . (258)
Again by Eq. (247),
dists r (By. By ) < s e [H az%(;g i) aeta(;g; 2) j <20, -distr (Ry Bp) - (259)
The proof is completed by taking
M := max {QMgT\/W, QMQ} . (260)

C Auxiliary lemmas for the proof of Theorem 2

C.1 Proof of Lemma 6.1

Since

&.M—‘

d m m
Wa (Bars e i ) < J >3 o7 - @) \L‘Jdileﬂ—eﬂnp (261
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the lemma follows immediately once we establish claim (110). To prove this, we first have

d d
el et < 701&
ol <l
1
= ||—6'A" — EXTZt(XOt; 2)
1 1
= [|—O'A! — EXT (6(X 0" z) — £,(0;2)) — gXTEt(O; z)
M, || X||? X| €. (0;
; (MH aks )||9f||+ L1602 (262)
where in the last line we use Assumption 1. Thus by Gronwall we have
M+ Ml X12 t]| X |]£:(0;
o] < oM )" (o + LX) 263
Recall the discrete time approximation system F" in Eq. (107),
dor — _glall — LxTe, (x0l1);
dg m - n 3 Ltj( n’z)’
which allows us to write
d 1o
(0 —01) = - (etAt - 0,gtJAM) - X (zt(xet; z) — £, (X0, z)) . (264)
Therefore, we can bound
d o t
Lo -]
M || X||
< |6t — oL || [|At] + ] 0,A" —oliAl | 4 L2 (11116 — 64| + 1¢ — L£11)

2
< My 0" - 8} + ||osar — ol Al | + M (lle" e

M| X||? M || X M| X||?
< (ara+ ML Y o g+ X gpar - oppate ]+ HeEEE ot — gy

‘“447”‘(”
t

(265)

Substituting in 8}, = 0}7” —(t—[t]) (0#”\“J + 31X T, (X@,LfJ ; z)) gives us

2
’ Of,At _ GMAM i M, HX” ’ 0:} _ OUJ
< [ - atet]| ok H )(BMA“J+§XT5H( enl”;z)> At
M, | X
+% (t—t]) <9LtJAM + 5XTeM >H
M ||X|| 1X || [|€,4)(0; 2)||
< Mgt s s ¢ 1t]
e R e e |
Men | X AL o] 4 11 €100 2)|
+ § [Ot] x 1AM+ —5— 6 H@n ‘+ )
0 " M XY o M X7 1 €00 2)]
<MA’I7H0 MA-i-T HO,, +n My + 5 5
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< (., 11D (|| 0141]| + |61 — 84 + [ley (0 2)]]) . (266)

where in (i) we use max,ep 4 ||A®|| < M, and we define

M Mau?\?
A1 :Z)\1(77,t,u)=77~{MA+ /(;u +(MA+ gu) } (267)

Making use of Eqs. (265), (266) and the fact that

o, ,

d t
a e e -l < g <o -

we can further obtain

T Oigr;tH@S — 65|

< (MA + W) 6" — 6% + w + A (n,t, || X||) (Hew H + HBW — oLt H + 1181 (O;Z)H)

Mm || X
e R L
MeHtz tI X e, (0:
+>\1< (251 (te) + XL 4 e 012
< (MA + — M[”X” ) sup ||t9S Of]H + <MM(SIX” +>\1Mg77> +
MeHXH2 .
+ M ( (MA+ >t (HBOH t”XH ||f;t(07z)||) + Hzt (0,2)”)
M| X
< (MA+ dXI >Os<u12tH08 6; || + A2 + As (|[6°] + l1£:(0; 2)]]) (268)
where
Mm || X
da =l 11 = ML 3 a, (269)
M1 X1 X
Az = )\3(’[7,t7 ||XH) = Ale(M At ) (1 + t|5||> . (270)
This would then imply
Myl x |2 t
sup [|6° - 65| < Lo ) (/\2t+)\3t||00||+>\3/ e (0;z)ds> . (271)
0<s<t 0

Recall the Assumption 1 which allows us to invoke Bai-Yin law (cf. [BS10, Thm. 5.8]) that guarantees the
almost sure convergence of the largest singular value of X, namely || X — 1+ /6 with probability 1. Hence
for any fixed time point ¢t € R>,

S L P (e

. +A10Ln1+v%)>t
1m su I <
noo t 4100 + [ [[€ (0 2)[ ds

(A2(n,t, 1+ V6) + As(n,t, 1+ V6)).

(272)
However, since both Aa(1,t,14/8) = 0 and A3(n,t,14/8) — 0 as g — 0, it then holds almost surely that

Sups<tH05 OSH
lim lim su
=0 nsoo t+tH00H+fU 145 (0; z)||d5

(273)
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Finally, note that

””%'F > \JE1eo)?]. “"fd)”F = | JE[le.0:2)]. (274)

by the assumptions. By equivalence of Frobenius norm and spectral norm, we get almost surely that

lim lim su M =0
psup =0. (275)

=0 nooo s<t Vd

C.2 Proof of Lemma 6.2

We introduce the following approximate message passing (AMP) algorithm that admits an asymptotic charac-
terization by state evolution. For sequences of Lipschitz functions f; : REGHD+1 5 RF and ¢, : RFG+HD) 5 RF
with ¢ = 0,1,---, we consider the following matrix sequences {ai“, bi}i>0 in R¥*k and R™** respectively,
generated by B

atl = —%XTfi(b07~-~ bhz)+ > gilal,,al 008, (276)
J=0
i—1
. ) 1 ]
bZ:Xgi(al,-n ,02;00)4-5 fj(bo,'“ ,bJ;Z>Ci)j, (277)
Jj=0

where f;, g; are functions that apply f;, g; row-wise similar to £;. {&; ;}, <j<; and {Giito <j<i_1 Are sequences
of deterministic matrices in R¥** that depend on the {f;,g;},~, in a specific way that we shall explicitly
define later. The algorithm is initialized by go(8°) = 6°,b° = X6°. To relate this AMP algorithm with the
discretized flow system §”7, we consider the specific choice of

gi(a',---,a’6") =0} (278)

Fi(b0, b 2) = £, (X0 2), (279)

where t; = in. We next show that 8} is indeed a function of a',---,a’,68° and —€;,(X6}; z) is indeed a
function of 8%, - -, b%, z. This can be seen by induction

0, =0/ +n- {—af;lAtH - (];XTétil(Xfol;z)}

1 A
— 0:}1'71 + n - {0;5;‘1At1'1 _ SXTfi—l(boa . ,bll;z)}
=gia(a',--- a0 (T—pA )+ [ a =) gi(a', - ,a;6%& 1, | (280)
j=0
Eti(XHf;’;z) =4£;,(Xgi(a', - ,a’;0°);2)
R _
=, | b =S f00 bRz (281)
j=0

By Lipschitz property of £; in Assumption 1, we can see by this inductive definition, g; and f; are all Lipschitz
continuous. To apply the standard AMP result in [CL21] we only need to specify the matrices {&i;}o<;<;

. . . . —tiv1 —t,
and {i;}, <j<i_1- To this end we iteratively define sequences of centered Gaussian vectors {un Wy o

in R¥ according to

E [@f{ (EZJ)T} =E [gl(ﬂzl, o aﬁzi;ao)gj(ﬂzla e 7Hf7j;00)T] ) 0 S] < 1< oo, (2823“)
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1
E [ﬂf;*l (ﬂ;ﬁrl)—r} = SE [fz(wfyoa o 7E£]i;z)fj(@f]07 e >w£]j;z)T:| ) 0 S] < 1< oo, (282b)

9
Gij = ng(ﬂf,%-~- mg;eo)] , 0<j<i—1, (282c)
n
9 —t t; . .
&;=E P fi@y, - w5 z)| 0<j<i. (282d)
Wy

Here the expectation is taking over the Gaussian random vectors Hf]

distributed random variables (6°, 2) ~ figo .

The above equations define inductively the matrices {;,j }o<j<;> {Gijto<j<;_1 and also the Gaussian vec-
tors {ﬁf{“,@f{} . The sequence is initialized by w,° ~ N (07 E [90 (HO)TD and o0 = to fo(@y; 2)|.
Suppose for some r = 0,1,---, we have define @/, w,’ and the matrices (; ;,&;; for i < r. Accordmg to
Eqgs. (280) and (281), the functions fo, -, fr41;90," - ,gr+1 are all explicitly defined. Substituting into
Eq. (282b) we can then determine Wy *' and next by Eq. (282a) we obtain @y *'. Finally, by Egs. (282c)
and (282d) the matrices ¢; ;,&; ; for i =+ 1 are determined.

Under the conditions of Theorem 2, we can invoke [CL21, Theorem 2.4] and [JM13, Theorem 1] to obtain?
that, for any fixed t; =1, ,t,, = mn and any Lipschitz bounded function 1 : RE(»+1) 4 R,

,Ef]"' and also on the independently

i>0

d
1 _
o> w((a), e (al) 5 (00),) BE[W @, )] (283)
j=1
For any Lipschitz bounded function 1 : (R¥)™+1 — R, define ¢ : (RF)™+! — R via
_ _ ~ —t ——T] il
¢(U;1a"' 7uf7m;90) = Tp(enla"' 7917 )aen = gll( : ,’U/,,] ,90)7
gtm . =1 im0
0, = Gi,, (W, U5 07) .

By the Lipschitz property of g;,,-- - , gi,,, ¥ is also Lipschitz bounded. We thus proved that, for any Lipschitz
boiunded function v,

& \

i 065,00 (67),5(6°);) HE[D (8. 8,7300) (284)

The next lemma relates the random variables 5;1, e Htm to the DMFT system &"7. We defer the proof
to Appendix C.4.

Lemma C.1. The discrete-time DMFT system &" has a unique solution in the space S and (%)t:imﬁm 4

(0F)i=in.i<m- Furthert — 0! is piecewise linear with knots t; = in.

Fix T and set m = T'/n. By this lemma, and since ¢ — 0f7 is also piecewise linear with knots at t = in,
Eq. (284) implies that, for any ¢, any 71,...7, € [0,T], and any bounded Lipschitz function 1 : (R¥)¢ — R,
we have

clzi ((67),0 - (07),) B [w (5 0750) ] (255)

The proof is completed by applying the following basic fact about weak convergence to the probability
measures v,, = /79:]1’___ o76s V= Hgri . grm ON RY, d = (k.

2Note that [JM13, Theorem 1] only considers AMP algorithms on which the nonlinearities depends on the last iterate.
However by enlarging the dimension k, this also covers the case of nonlinearities depend on any constant number of previous
times. This reduction is explained in several earlier papers, e.g. [Mon21, Appendix A].
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Lemma C.2. Let (v,)n>1 be a sequence of random probability measures on Rd, and assume that, for any
bounded Lipschitz function ¢ : R? — R, we have [(x)vn(dz) B [1h(z)
Then dyw (v, v) 2 0.

Proof. By Lemma 6.4, it is sufficient to show that for any subsequence (n;);>1 we can construct a further
a.s.

subsequence (n));>1 such that dw (l/n;,l/> = 0.

Fix such a subsequence (n;), and let (¢;);en be a countable collection of bounded Lipschitz functions on
R which determine weak convergence (i.e. such that [ ¢;(z) ¢, (dz) — [4;(x)q(dz) imply dw (¢n,q) — 0.)
One can take for instance all functions of the form ¢ (z) = (1 — d(z, Q)/e)+ where Q C R? is a rectangle
with rational corners, and € > 0 is rational.

By Borel-Cantelli, we can construct a subsequence (nj) C (n;) such that [ ¢, (x)l/n; (dz) = [ (z)v(dz).

Refining this sequence, we obtain, for each k a subsequence (n’;) such that [, (z)v,x(dz) = [Ya(z)r(dz)
- J
for all a < k. Taking the diagonal n; = ng yields a subsequence along which dwy (l/n; , 1/) as desired. O

This concludes the proof of Lemma 6.2.

Remark C.1. By [BMN20], Eq. (283) holds for test functions ¢ which are pseudo-Lipschitz of order 2 when
the matrix X has Gaussian entries. In this case, using the same argument as above, we may conclude that
(116) holds also for the Wassersetin distance.

C.3 Proof of Lemma 6.3

First, we define the transformation 77 = ’Tg_) s° ’7;'7_>§ where we let 7;"_>§ : (C¢, Ry, T) = (Cg, Ry) and

’7';7 5! : (Cy, Rg) + (Cy, Ry, T'). We remind the readers that 7;'7_>§ does not necessarily map S into S and nor

does 7';] s map S into S. We use this notation here because exactly similar to our previous definitions of

Ts_ 5 and T5_, g, the transformation ’7'”7 5ls defined by taking the input function triplet through Egs. (113a)

and (114a) and then we obtain (CQ7R9) by Egs. (113f) and (113c); Tz_, s is defined by taking the input
function pair into Egs. (113b), (114b) and (115) and (Cy, Ry, T) is obtained by Eqgs. (113g), (113d) and

(113e).
As we have shown in the proof of Lemma 6.2, the mappings 7'17 and 7'77 are essentially determined
recursively on the discrete time knots ¢; = in, ¢ = 0,1,---, so they are unlquely defined. We express the

solution of the system " as the unique fixed-point of 77, namely if we let X" = (C/, R},T;,) be the function
triplet that solves &7, it holds that

THX") =X". (286)
Suppose 7;;3()( ") = (Cy, Ry), we have the following lemma characterizing the unique solution of &".

Lemma C.3. Under the same conditions of Lemma 6.3, the unique solution of &" satisfies X" = (C/,R],T,) €
S and (C],R]) € S.

Let X € S be the unique fixed-point of 7, we can then control the distance between X and X" by
disty 7 (X, X") =disty 7 (T(X), T"(X"))
<distyr (T(X), T(X")) +distxpr (T(X"), T"(X™)), (287)
0] (IT)

where by Eq. (100) we can choose A large enough such that
1
1M < idistA,T (X, XM . (288)

The following lemma controls the quantity (ii). We defer its proof to Appendix C.6.
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Lemma C.4. Under the same conditions of Lemma 6.3, it holds for all A\ > X5 := \5(S,S) that
disty, 7 (T(X"), T"(X")) < h(n) (289)

for some nondecreasing continuous function h(n) with h(0) = 0. Here the function h only depends on the
spaces S and S.

Substituting Lemma C.4 and Eq. (288) into Eq. (287) yields
disty 7 (X, X") <2h(n) =0 (290)

as 71 — 0. The following lemma estabilishes if X and X" are close and the step size 7 is small, we can couple
0* and 6, such that their (A, T')-distance is small. A proof can be found in Appendix C.7.

Lemma C.5. Under the same conditions of Lemma 6.3, for all X > \g := X\s(S,S) we can find a coupling
for 6" and 6}, such that

sup e [ [[[or — 04 12] < Hn distrr (X, X7)), (291)
0<t<T

where H is a nondecreasing function in each coordinate and lim, ) 0,0y H(u,v) — 0. Here the function H
only depends on the spaces S and S.

By coupling #* and 95, as in Lemma C.5, we can then conclude the proof by invoking Lemma C.4 and
Lemma C.5 since

L m e 112

Wa (po7 g om e ) < | =D (1077 = 07|13 < 7 - H . 2(m) (292)
j=1

The proof is completed by taking n — 0.

C.4 Proof of Lemma C.1

First we show any solution of &" must be uniquely determined by its values at discrete time knots ¢; = in

for i = 0,1,---. From Egs. (113f) and (113g) we have u}, and w}, must be piecewise constant, namely
t_ ot t_ ot
unfu%J, wnfw,%J, (293)

and therefore we have 0;‘/7 is piecewise linear with time knots ¢; and rf7 is piecewise constant with time knots

t;. Finally, from Eqs. (114a) and (114b) we have 96}, /dus, is piecewise linear and 4|4 (r}; z) /0w is piecewise
constant with time knots ¢;, this then implies R, is piecewise linear and R} is piecewise constant with knots
t;. By Eq. (113e) we have Ff] must be piecewise constant with knots ¢;. We then conclude that & is uniquely
determined at t; = in.

We show by induction the unique solution of &7 at discrete time knots ¢; = ¢n must be

(0207"'30#)2(9:]07”'7 71)’ (294&)
Ry(ti,tj) = Gij—1/n, 0<j<i<r, (294b)
R(ti,t;) = &.3/n, 0<j<i<r, (294c)
Ty =&, 0<i<r, (294d)
where we define
0 _ e
Ci,—l =E |:8(00/n)g7,(u$]1? 7u§;;90):| . (295)

For » = 0, provided that 02 4 ?2 2 6°, it follows immediately that wg 4 @2 <N (O,E [90 (HO)TD and

therefore I‘g =E [Vrﬁo(rg; z)} =E {%fo (Eg; z)} = £p,0. Suppose the induction hypothesis holds for r, we
0
next show Eqgs. (294a) to (294d) hold for r + 1.
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Induction on Eq. (294a). First, by Egs. (282b) and (113f) we have

T _ —t; [(—t;\ | o NT
B [o; )] = Bl 0y )] =B |7 (7)) =B [0 )] = ),
(296)
which implies (w!°, - - - ,w}") 4 (wle,--- ,wir). Similarly it also holds (!}, - -- Tt 4 (up?, -+ uyr). Thus,

substituting into Eq. (113a) gives us for ¢ € [t,, t,11),

%9; = —(A" 41l — /Om RY(t], [s))okdds + u!
= — (A + Ff{)@f{ — /OtT R}([t], LSJ)G%SJ ds + uf{
(A" +&.,)0 meet +uly (297)
and further
Ol = (I —nA")0L +n [ uly Z 405 | - (298)
Comparing to Eq. (280) which asserts
0,7 = (I =A™, 4 | ng iy (209)

which immediately implies Eq. (294a) holds for r + 1.

Induction on Eq. (294b). With the same calculations applied to Eq. (114a), for an 0 < i < r it follows
that

0,7+ N T o0y
ous = —nA )@ - 77267"j87ff
Jj=i
gt r 0%
= —nA")—L —q Erjm—r — Nri s (300)
ouli j:zi;Ll " guli ’

where we use 96} /Ouli = I. We slightly abuse the notation here by taking @ := 6°/n, and as a direct
consequence of Eq. (280), we get the recursion when 0 < ¢ < r,

—t11
0 s —trir g0y _ 9%
gt 9 T+ T3 6°) = e
0
_ tr —t —t, —t;. 0
0
_ tr —t ti.- 00y _ n2¢ .
*(Ian )aﬂgigr(unl,"'a 177 ];1£T,J67t .g] "’,un70 ) 7751”,1, (301)
where in the last line it is used that dg; (ﬂﬁll, SRR ,90)/8u i = nl. We thus have

) - -
(77 1%9r+1(“2 gt ’u;r+1 : 90))
n
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., 0 _ 0
= (I_nAtT) (77 1@97"(“4?7"' ) ;Tvao ) n Z g’l”j (77 13Ut gj( DR 57]’90)) = Nryi - (302)

Jj=i+1

Together with the induction hypothesis we then show for all 0 < ¢ <r 41,

00,7+ 4 0 _ _
Ry(tr41,t;) =E [ aZti ] =E [77 1@%“(“?’ o 7Ufyr+1§90)] = Gr41,i-1/7- (303)
n n

Induction on Egs. (294c) and (294d). By Eq. (113b), for all 0 < i <r+1,

S 1gn
rf; :—5/0 (LtJ (SDEM(T z)derw
=
Z—EZHR (ti, tjr1)le, (1) 2) + wyf
j=0
1 i—1
=-5 Gi,jlt; (r iiz) 4 w,t7 , (304)
j=0
which further gives
i—1
fti (’/‘f]’, Z) = Zti 5 Z Cz,]ét] ,,7 5 ) + UJ . (305)
From Eq. (281) we get similarly
1« ) )
fi(ﬁg°,~-~,@fl, = SZ i@ --,@f{;z)—i—@f;;z ) (306)
j=0
Since Eq. (294a) holds for r+1, this implies we can assume Wlthout loss of generality that ( 0 .- wff“) =
wio, ... wrtt). In this case, it always holds that f;(w,’, - - LW 2) = by, T ti-z) for 0 S 1 <r+1. In
foular !
particular
=
Vily, (rfl,z) = V.l -5 Cijly, (1l 75 2) + w
j=0
1 i—1
:Vrgti _g Ci,jfj(wgov"' awzj7z)+w%72
j=0
1< —t; tl
= ot (S G ) v
j=0
8@“ fl( 0 ... ,@f;’; z). (307)

Taking expectation on both sides and we obtain Ff;' = for 0 <7 <74 1. It then only remains to be
shown that Eq. (294c) holds for r + 1. From Eq. (114b), we have for all 0 <4 < r,

ol (ri+1:2)
owy
1 [tr1 Ol rss 2 1 ,
= Vol (P 2) - <5 / Rg(t,nﬂ,[s])Laj(fj)dS’6Rg(tr+1,ti+1)vrﬁti(rf;;z))
tit1 w77
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1 < Ol (1) ; 1 ,
=Voly, (rlrs2) | =5 0 URZ(U-HJJ'H)LZ) <Ry (tri1,tig1)Voly, (175 2)
6j:i+1 Owrf 0
1 « ol (r iz) 1 A
= Vol (1 52) - [ =5 D0 Gy = G Vb (i) | (308)
Wn
Jj=i+1
Since
—— wo . ... ottt
8@% f’r+1(w7] ) 7w77 7Z)

9 _
= %Ziétwrl _gzgr-i-l,jfj(wzoa" wny )“‘w Tz
J:

1 _ . _ _
=Vl 5 Z §r+1,jfj(wf,oa s awf{ ;2) + wf{“ -7 Z Crt1j 7t 8—t f]( o 7wnj ;2)
§=0
1 a .,
=V by (r 7‘+1’ -3 ZCT‘*Ljﬁfj(w?’ . wnJ,Z)
=i n
) 1 ¢ —y 1 "
=V gt,+1( prt 73) : _6 Z CT+1,] 8Et f]( : ,’LUWJ;Z) - gCrJrl,ivrgti (Tnl; Z) ) (309)
Jj=i+1
where in the last line we use afi(@f;], e ,@f;‘; z)/@ﬁf; =V, 4, (rf;; z). Comparing the above two equations,
it then follows that
ag ; r+17z _ a
# =" 1%][7‘%»1(@;07”' 7@2#1;2), (310)
n n

which further implies Eq. (294c) for r+ 1 by taking expectation on both sides. This concludes the induction.
Finally, we invoke Lemma C.3 to show the solution of &" is in the space S.

C.5 Proof of Lemma C.3

Since the covariance kernels Cy and Cy are piecewise constant, the continuity conditions are automatically
satisfied by Definition 5.2 and 5.3. To show the lemma we only need to prove the upper bounds

5% ;%)
||Rg(t,s)||§<I>RG(t—s), ||R"(t S| <E||—————||| < Pg,(t—3), 0<s<t<T, (311a)
||Cg(t7t)|| < (I)Ce (t)7 ||Cg(t7t)‘| < (PCZ( )’ 0<t<T, (311b)
(Th|] < My, 0<t<T. (311c)
Note that
[Tl < E{[[Vrliey (s 2)[[] < M, (312)

which proves Eq. (311c).

Upper bounds for Rj and R]. From the definition of R} in Eq. (113d) and that ], and wj, are piece-
wise constant, we know R}(t,s) = R](|t],[s]). Since max{[t|] —[s],0} < ¢t — s, it suffices to prove
|RY([t], Ls])|] < ®r,(max{[t] — [s],0}). We prove Eq. (311a) for all [t| — |s| < mn for all m € Zx.
When m = 0, we have

d
g 186 (8 9) < (M + Mo) [|Rg (2], )]l < Ma + M, (313)
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1 . M
IR0 = |~ 38 [Foti rys 20915520 | < 5 (314
Comparing to Egs. (58b) and (58a) we see ||R](t,s)|| < ®g,(t — s), ||Pg, (¢, )]

| <@
Suppose Eq. (311a) holds for |t] — [s] < mmn, then by Eq. (114a) one has for [t| —

r,(0) when [t| = |s].
ls] = (m+1)n,

1t]
%IIRZ(IZS)II < (Ma + Me) || By (2], 5)] +/ 1R (2], L5 DI BG (L"), )] ds’

—~
=

1t

lim {(MA+Me) ||RZ(t’,s)||+/ IR (Lt), Ls" DI IIRZ(LS’LS)II}dS'

IN

Lt]
(MA+M5)<I>R0(7575)+/ Dp, (t—s)Ppg, (s — s)ds’

(“) d
— t— 1
7 Re( s) (3 5)

where in (i) we use that R](t,s) is continuous in ¢ and in (ii) we use Eq. (58a). We conclude ||R{(t, s)|| <
®p,(t —s) when [t| — |s] < (m+ 1)n. Similarly by Eq. (114b) when [¢] — |s] = (m + 1)n it holds

E[HW } ((15/(? RI(t), [ DE Ay (ry32) d5'+ﬂ?.32(m,m>>

8wg 0w$7’
M [t]
Té {MK‘I)RS (t) + /( : Dp, (t — s )Pg, (s — s)ds'}

IN
S

INZ

(i)

< @R, (t—9), (316)

where we use [t| — [s] < mn and the induction hypothesis at m in (i), in (ii) we invoke Eq. (58b). Finally,
t.z

note that | R} (¢, s)|| <E [Haﬁgi(rn)

s
w"

} holds and we complete the proof by induction.

Upper bounds for C} and C}/. Since CJ and C} are piecewise constant we only need to show [|CJ([t], [¢])] <

P, ([t]) and ||C]([t], [t])] < Pe, (L], [t]) and Eq. (311b) will follow by monotonicity of ®¢, and ®¢,. We
show this by induction on |¢| = rn with hypotheses

E [HQ#JHQ] <, (1)), (317)

When r = 0, the initial condition holds at time 0. Suppose the inductive hypotheses hold for [t] < rn, when
rn <t < (r+1)n, we can obtain from Eq. (113a) that

Lt

|}9f||2 (M + Mo) |04 +/ D, (t— 5)||0}”

d H LtJH . 318
, s+ |lugp , (318)

By the same calculations in Eq. (162) we get

< VElesl2]

3- {(MA+Me {HGL”M /H(ts+1)2<1>m(ts)2u<: [Ho}ﬂ

IN

z:| ds + %@CZ (t)}

, 1¢] k
3. (M + My)? ®¢, (1) + /0 (t = 5+ 1)%@R, (t — 5)2®c, (5)°ds + <Pc, (t)} : (319)

IN
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which together with Eq. (58¢) implies [Hﬂt | ] < &g, (t) when t < (r + 1)n. It then follows that

1C2(t,1)]| = HE [%Qﬂ H <E [Hag”ﬂ < D, (1) (320)
By Eq. (113b) we have

e1e) (o 2) < ey 052, + Me ||

M [t]
< Doy @+ 22 [ BB DN ey (5:9) s+ 0 ]

M [t]
<l @)+ 5 [ (=) e (r5i2) | s+ 2, @20

where in the last line we use the fact that rf7 is piecewise constant. Repeat the same argument in Eq. (172),
we obtain

E [Jlegs (rd32) I
<3 {IE [lees ©:2)]I5] + f‘g/om (t — 5+ 1)%Bp, (f — 5) [H% (ie:2) } ds + MZE [HwnHﬂ}
<3 {Mgo’z + % /OUJ (t —s+1)*®g, (t — 5)*®c,(s)ds + kM7 P, (t)} , (322)

where we use E [Hwﬁ,”ﬂ < k|Ca(t,t)| < kPc,(t). Comparing to Eq. (58d) we have E [HEUJ (r%,z)”ﬂ <
D¢, (t) and

IC7 A = [[E [e (s )00 (s )T S E ([0 (755 2) 15 < @ 1) (323)

We conclude the proof by induction.

C.6 Proof of Lemma C.4

We first introduce a lemma for mappings 75,5 and 7;'7 on X". The reader can find its proof in Ap-
pendix C.8.

Lemma C.6. Under the same conditions of Lemma 6.3, suppose Tg_5(X") = (Cy, Ry), 7';7%3(X77) =
(Cy, Ry) and define [Ry] (t,s) := Rj([t],[s]) when [s] < [t], [Ry](t,s) := I when [s]| > [t]. It then holds
for all A > Xg := Xg(S,S).

dista.r (C5.C7 ) < hln), (324)

distar (g, [R]) < hin). (325)

for some nondecreasing function h(n) with h(0) = 0. Here the function h only depends on the spaces S and
S.

Suppose T(X") = (C;,Ry,T,) and the fixed point equation 77(X") = X" = (C}, R},T,). Using the

same notations in Lemma C.6 we can then write out the equations determining (62, RZ, T,) and (C}, R}, T,)
as

t
= fé/ Ry(t, s)Ls(75; 2)ds + @, w' ~ GP(0,C),
0

D0, (Tt ; t_ oy (75 _
Wulroi2) _ g g5ty ((15/ RZ(t,S’)%dS/ _ ;RZ(t,s)Vﬂs(rf];z)> L 0<s<t<T,
5 n
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Cllt,s) =B [t(Fl; )ty )| 0<s<t<T,
0l (7t
R/(t,s)=E M] 0<s<t<T
Bwn
T, =E [V.4(:2)] 0<t<T,
and
1 Lt
rf7 =3 [Rg] (t,5)0 5] (55 2)ds —|—w
0

8@” (rt;z)

1 Lt My | (r3:2) 1 .
Bw;; = Vil (7'57; z) - (‘5/ [Rg] (t,s )Tdsl -3 [Rg] (t, 5)Virl |4 (7"775 2) |,

min{[s],[#]}
CH(t,s) = E [y (rlth 20y (r52)T]

é%M (7" ;Z)
n _ n
R)(t,s) =E [810;3 ] ,

].—‘57 = E [VTELH (Tf?; Z)] ;

where w}, ~ GP(0,Cy). Note that since we set [Ry] (t,s) = I when [s] > [t], it is consistent with the

definition in Eq. (115).

Controlling the distance between 62 and C/. By Lemma C.6, we can couple the Gaussian processes

w;, and w}, such that for all A > Y

sup e M /E [Hﬁf, - w%Hﬂ < 2-disty (62,6’3) < 2h(n).

t€[0,77]
By definition of C}] we know wfz is piecewise constant in the sense that w% = wL J. Hence Tn = rL !
1 [ty [t] ,
||Ff]—rnH2: _5/ Ry(t,s)ls )ds+w +5/ [Ry] (t, )L (r5; 2)ds — wy,
2
< 5/ A H 16475 2) — £ (5 )], ds + 5/ [Ract. ) — =3y .9 News

+5UJWW@MM@@M®+W%WNQ

< /OUJ @, (t =) (|75 = ryll, + s — Ls)[) ds + (15/:” |75t = 15y )] 110y

Br,(T) [* 1) s _
# 2 [ sl ds+ [ w

We choose A large enough such that Lemma C.6 holds and we can get

7/\tHT _TnHz
o ] i Lt]
R (R PNy e T
0 0
e—)\t(I) (T)
MR R L)

Square both sides and take expectations. It follows by Cauchy-Schwarz inequality that

e E (|7 )
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and

)||2ds

z)Hst

(327)
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= /0 =9 (t—s 72)\s< [H TZ”;}JFnQ) ds
R W (I LA

Lt h(n)2
o1 {Me/ I (¢ - 52 ( [|75 - 13)12] + ) ds o 1) kgI)cz(T)
0

Lt] t
< {2/0 (t—s+1)_2ds+/0 (t—s+1)_2+1}

nk®c, (1), (T)*
02

+ 4h(n)2} , (329)

where in the last line we invoke Eq. (326) and use E [Hfs(?;; z)Hi} < k|Ce(t, 1)|| < k®c,(T). Next, we take
A large enough such that

M} % _on 1
57/0 e NP, (1) < 3
which will further induce that
—2\t —t 2
€ E {Hrn - rn”z]
1 1 4h(n)2kTd o, (T Ank® o, (TP R, (T)? —
Z su p e 2)\sE [Hr —r H2] +7772_~_ (77) Ce( )+ n Ce( ) Ro( ) +16h(’l7)2, (330)
2 0<s nll2 2 52 52

and taking supremum over ¢t € [0,7] on both sides

kTCI) 8k®o, (T)Pp, (T)2 —
el ] < o LD SO e g

Further following the same coupling argument in Appendix B.4.1, we obtain
dISt)\T<C£,C ) < sup e M E{
te[0,T]
— \/ [earts2) = £yt 0]
t€[0,T]

<M, sup e)\t\/]E {(Hr% —rt |, + nﬂ . (332)
t€[0,T]

2
G(Th;2) — Ly (TftytJ;Z)HJ

By triangle inequality, we then get

dita.r (C1.C7) < Me sup o™\ E 7, = 5] + 2
tel0,T

8h(n)?kT®c,(T) | 8nk®Pc,(T)®r,(T)?
SMZWM ATR6,(T) | Sk, ()01,

=: hi(n). (333)

+ 32h(n)2 + Myn

Clearly hy(n) — 0 as n — 0.
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Controlling the distances between EZ and R}, T, and I',. First we consider the distance between
I';, and T',,. By Eq. (333), we can get
disty 7 (fm Fn) = sup e M HE [V,lt(?f]; z)] - E [V,«EM (TZ; z)] H
t€[0,T]
< sup e ME[||Vile(T; 2) — Vil (ry 2)|]
t€(0,T]
< M; sup e M /E [Hﬁ, — 7“%”3} + My
te[0,T]
< hi(n). (334)

Now we only need to bound the distance between EZ and R]. To this end, we introduce two auxiliary
functions

o7t 1 [t oy (7 2) 1—
71::_7 4 ARSI/ BRI PV > Y| (7S < <T
- 5/5 R0,) = G a8 = SR, 9947y 2), 0<s<t<T, (335
ort 1 [ 0y (rs 2 1
Fi= s | - [R1] (t,s’)%ds’ — S [RYI (L 9V L (rs2), 0<s<t<T. (336)
n min{|s]|, n
We can then write
Oy (Th; 2) ort
= re 7t; ' 4 y
ow;, Vrla(Ty; 2) ow;,
014 (r};2) ort
= Té t; : 4
ows Vrliey(ryi2) ow;

Therefore, we can derive

v Ou(Fr;2) 0Ly (ry;2)
ow, owy
a7t || ort ort
S BiAtE [ |V,»€t(7‘;; Z) - Vrﬁm (7‘;, Z) 67@:% + eiAt]E VTELH (7’%, Z) 8@% - aw:]s? ‘| . (337)

Since (Cy, Ry) € S, we are allowed to invoke Eq. (223) that helps us bound the first term

|

M®g,(T) exp (MZT‘I)Ra (T)> e MR l

=t
87‘n

5755
8wn

V(T 2) = Vol (s 2)

e ME l

|

‘Vrft(Tf,; z) = Vol (17 2)

= S 5
. Mg@ge (T) e (MET‘I;RQ (T)> (). (338)

where in the last line we apply Eq. (334) when ¢t € [0,T]. By Lipschitz property in Assumption 1, we can
upper bound the second term by

ot ort
At t.
e ME HV,«EM (rn; 2) 6@% — 3w:% 1
< enefl o

8wn 8w;7

N G Lt 00 (r;

< MZ*{E / (e, ) ) g / w5 22 g
g s ow,, min{[s], 1t} dws,
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[HRG S)Vnly(F: 2) — [RI] (¢, $) Vol o) (7 ‘H } (339)

From Eq. (223) we can also get for any 0 < s <t < T,

oy (Th; 2) or, MZ®g,(T) MT®g,(T)
AN e . . 4
| ow, ||~ | 0w 5 eXp( 5 ) : (340)
and therefore
; LtJ 8£ s’/ s/;
_)\tE / R@ ( ’r; Z) dS/ _ / [RZ] (t, S/)Lsﬂz)dsl ]
oy, min{[s],[¢]} wy
2
< 277(I)R9 (T) . Mf q)é?e( ) -exp <M€T(I)5R9 (T)>
Lt] B Oy (75 Lt] ol o (5
+ e ME l / Ry (t, s’)#ds’ — / [R)] (¢, s’)sz)ds’
min{[s7, 1]} dwy, min{[s7,1¢]} dwy,
2
< 2D, (T) - M exp (MfT‘I;Re(T)>
1] _ Oy (7
reE l/ 73t ) (R e, - | 2eizn i) ds']
min{[s], 1]} o,

Oy (75 32)  Olw (135 2)
8@; 3w$7

ds’]

Lt
e NE [ / (EAIONIE
min{[s],[t]}

M2 5 (T MT®g,(T = M}OR, (T MT®g, (T
< 2t (1) H ) <e<sRe()>+diSt*’T (3. 1my) - MR )'eXp< o ))
1t] , loea 2 oty (3
+/ e MNP (t—5') - e MR (ing 2 J(T: 2 ] ds’. (341)
min{[sT,[t]} owy, dwy,

Take A large enough such that Lemma C.6 holds and also
o 1
/ e MPp, (H)dt < =,
0 2

we can further get

t ol 75'; |t] o0, 4 s';
e (| [ Ean T oy ) 1,y 20 ) g
. owy, min{[s1,[¢]} ow;,
M?®p, (T M/ T®g, (T — M?®g, (T M, Tog, (T
< P, (T) - —L—Lo (f;e( )-exp (4 5R9( )> +h(n) - T —— (I;L )-exp (“ 539( ))
+1 sup ¢ ME 3&(?375;2) B Ol (Tf];z)
2 0<s<t<T ow, ows
1 oU,(T%; 2) Ol (rt;z)
e ho(n) + © ~MER n ’ 349
) 2 0<21<113<T6 ows; ows (342)
where ho(n) — 0 when 7 approaches 0. For the same A, we also get
e ME (| Ryt )V, 2) = [RY) (1, 5) Vol (52) |
< e ME[|[Ri(t5) — [RY (49| 19075 2)] ] +e*”15: IRD) (1, )| ||Vt (P 2) = Wty (5 2)] ]
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< Mgh(n) + ®g, (T)h1(n), (343)
in the last line we make use of Eq. (334). Taking Eqgs. (342) and (343) into Eq. (339) yields

&

Further with Eq. (338), substituting into Eq. (337) gives us

87’
e ME

Vil (Tf]; 2) 8w5

Ol (?f,; z) Ol (rf,; 2)
ow;  Ow

sup e ME
0<s<t<T

< ha(n) + Mgh(n) + ®r, (T)h1(n) +

] . (344)

v E)Et(rn,z) aew (rﬁ,;z) ]
awfl 8w$7’
M®g, (T MT®gr, (T —
< %() - exp (f(;”)) - hi(n) + ha(n) + Meh(n) + ®r, (T)h1(n)

ot (7‘ 2) 3€M (rf,; 2)
3@; 8w$7

—I—f sup e ME

(345)
2 g<s<t<T

Taking supremum on both sides for 0 < s <t < T it then follows that

ol ol ts
sup e ME t(;is Z) Lg(r: 2
0<s<t<T Wy wy,
<o { MR e (MR ) o) )+ M) + By (DY) | =5 hao), (340)

and hz(n) — 0 when n — 0. Finally

— 0l (7L ov ¢
s (0hcr) = o o o] s [
n n

0<s<t<T
v (‘%t(r 2) 8@” (rf]; 2)
- 8wn 8w;‘f,

< hs(n). (347)

By Egs. (333), (334) and (347), we conclude the proof by taking h(n) = max {h1(n), hs(n)}.

C.7 Proof of Lemma C.5
By Egs. (12a) and (113a), we can write

t

%9’5 = — (A" +THo" — / Ry(t,8)0%ds + u', u' ~ GP(0,Cy/9),
0

d lt] L Ttaltl el Ls] ¢ ¢ "

&Gn* —(A™ +T5)0," — ; R/ (t,5)0;% ds + u u, ~ GP(0,C//6),

where we use the fact that R} ([t], [s]) = R/ (t,s) and F%ﬂ =T7. We can couple v’ and uj;, such that

2
7diSt)\’T (Cg, CZ) . (348)

sup e M /E [Hut —u$,||§] < 2-distyr (u',ul)) = 2 dista 7 (Co/5,C} /6) = 7

te[0,T)

We can derive the upper bound

_ d
Lo,
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d d
<o M |[Lgt _ Cpt
=€ a! @l

2
¢ 1)
ML (AT 4 THe — /O Ry(t,s)0°ds +u' + (A +TE)olt + /O R(t,s)0k)ds —u!

¢ Lt]
/ Ry(t,5)0°ds —/ RZ(L‘,S)HULSJ ds
0 0

(I (11)
(349)

e lut =, -

2

<e M |(AP+ 10" — (A 4T )oLt
2

2

We upper bound (I) and (IT) respectively

(A" +T"— Al —T)plt]

(1) < e [[(A7 +T9)(6" = 0)]|, + e || (A" + 705 — 8|+ .
<t (=l 000 o (e
—\ —A
< e (M + My) - ([0 = 41, + |6 — 05| )+ (mada + Tt~ T4 ) 0} (350)
and
t Lt]
(II) < e . / Ry(t,s)0%ds|| +e . / (Re(t,s) — R](t,s)) 0°ds
L¢] ) 0 )
—\t Lt] 7 s s —\t Lt] 7 s Ls]
et /O RI(t,s) (6° —03) ds|| +e /O RI(t, s) (9»7 s )ds
2 2
t L]
<N (@) [ 0lds e [ Rits) - B )] 6], ds
L] 0
Lt) 1¢]
+ / e MG, (1 —5) e l|6° — 9‘;”2 ds + e Mg, (T) / ‘ 0y — G%SJ ) ds. (351)
0 0
Suppose A satisfies fooo e NP r, (t)dt < Mp + My, combining inequalities above yields
5 d
Y
R )
EY t t t —Xt t
< ey 0) - (10— 05, + [l — o3 |) e onta = ) ok

_ t _ [t]
L e NPy (T) /L 07l s 4o / |Relt, 5) — B2 (2, 5)]| [6°]], ds
t

05— 047 | s+ e [t~

_ _ L]
+ (Ma + M) - sup ef)‘sH95—9f7||2+67)‘t(I>R£(T)/ ‘
0<s<t 0
Xt |, t ot -t t _ pltl
+e M ut =, +e (MA+M‘)H977 O H2

<2(Mp+ M) sup e [[6° — 03],

0<s<t

_ L¢]
+e Mg, (T) /

0

05— 057)|| ds+ ™ (nMa + [[1* — T ) Hegﬂ Hz

(352)

- ¢ [¢]
+6”‘1>RZ(T)/H \\95||2d5+67”/ [Re(t,5) = R (L, 5[] [10°]]5 ds
t

0
Similar to previous proofs in Eqgs. (182) and (183), it follows that

6—2(MA+Mg)t—Xt Het o 957“2
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' . sl
g/ 6_2(MA+M£)S_’\S-{Hus—unnz MA+MZ)‘ s — ol 2+<I>R£(T)/ 0; — oL 2cls’
0 0
s s Ls] ° s’ ’ LeJ / n ’
+ (M + T *HH)H‘% _+ Or,(T) . 0 a5+ [ IR, — R Jds’ tds.

(353)

This implies for any A > 2(My + My) + A, one has

e[| — 65,

t
< [l f el 0 an
0

/

oy oy -0y

Ls]
ror(r) [ ]
2 0

95’

ds’ }ds
2

ds’) ds.
2

(354)

Ls]
A5 [ IRl s) - R
0

, + ®p, (T /S

Ls]

+ (o + o= ) 0

05 — oL

’ ds’
2

t Ls]
S/ <_stu up ||, + MA+M5)‘ ; 2+<I>R£(T)/ ‘
0 0

0% 0%

Ls]
ds’ + diSt)\’T (Re, RZ) : /
0

+ ®p, (T) /
2 Ls]

+ (M + distr (I, T) ||} .

Square both sides and take expectations, we have

e E [j0* — 64

t Ls] , ,
<E {/ <e>‘s||us usll, + (Ma + My) |65 — 65 2+<I>RZ(T)/ gL ]2015'
0 0
S o)y, ’
+ (nMy + disty 7 (r,r,,))He,L,SJ 2+<I>RZ(T)/ 6 2ds’+dist,\,T (Rg,RZ)-/ 9 2ds’ ds
L] 0

1)
<E

t Ls] s Ls]
/ 1—|—1—|—/ 1ds'+1+/ 1d8’—|—/ 1ds’ | ds
0 0 Ls] 0
t " Ls]
. / e SHUS 77“2 MA—f—Mz) ‘ —|—(I>R( ) /
0 0

2 s 2
2+®Re(T)2/ ds'+distA7T (Rg,R?)Q /
Ls]

2 0
<{ [l L (o2 ]+ o+t o o]

+<I>R£(T)2/LSJ]E{ ‘ }ds + (M + disty 7 (T, T,) [Haw } + ®p, (T)? /L;E U

0
z] ds’) ds} , (355)

where in (i) we use Cauchy-Schwarz inequality. Substituting in Eqs. (359), (348) and E [||0H§} <k|E[667]|

2 !
‘ds
2

oy

’ I‘SJ ’
0° 0°

)

2
} ds’

+ ($M + dist 7 (D, T,))? Ha,gSJ

s _ 0%5]

’

98

2

6/ el_sl
n — Un

Ls]
+ diSt)\vT (Rg, RZ)2 . / E |:
0

yields
e E [j0* — 64
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t [y . s]
<(+31)- [ <5diStA,T (C P + Oy + MPTan) + @, (12 [ Tl
0 0

+ (UMA + diSt)\vT (F, Fn))Z k(I)Cg (T) + CI)R[ (T)2 /

Ls]
k®c, (T)ds' + disty 7 (Re, RY)? - / k®c, (T)ds/> ds
Ls] 0

4 H 7 N .
< (T3 +31?)- <6d.stw (Cy, 02)2 + (M + M)*hy(n) + T®g, (T)*h1(n) + (nMp + disty 1 (T, T,))* k®c, (T)

+ UCDRZ (T)2kq)ce (T) + dist>\7T (Rg, R?)Z kT@CQ (T)> . (356)

The proof is then completed by
e JE |0~ o]

. [ 4 _ _
(T3 4 3T%)= - <5distA7T (X, X" + (My + My)?hi(n) + T®g, (T)*h1(n)

IN

1
2

+ (M + disty 1 (X, X"))? k®c, (T) + n® g, (T)*k®c, (T) + disty r (X, X")? kT, (T))
=: H(n,disty 1 (X, X")). (357)

C.8 Proof of Lemma C.6
We write the equations that define (Cy, Ry) and (Cy, R}) as

d ¢ —t ¢ —s _ _
&97] =—(A"+ F;)Gn —/O RZ(t,s)@nds + uf,, u; ~ GP(0,C} /),
—1 —1 —s'
d 09, ¢ 09, b 190,
— <s<t<
dtaﬂ —(A +F)87 /SRe(t,s)auf]ds7 0<s<t<T,
Cht,s) = [etaﬂ : 0<s<t<T,
Rt s)=EF a@; 0<s<t<T
0( ,S) - 6%% 9 S5 = )
and
d e oy plengte [ e ls] . .
qit =~ el — [ Ry, L)) ds + ut, ul ~ GP(0,C}/5),
d 09} ooy 065"
a Lt Lt n " <s<t<
G = AT T / RY(1),13') T 0<s<t<T,
Cl(t,s)=E [ogtJe,gsJT} , 0<s<t<T,
00!
Rg(t,s):]E[ Z} 0<s<t<T
8u;7

Controlling the distance between GZ and CJ. From Eq. (113g) we know that C is piecewise constant,

ie. O/(t,s) = CJ/([t],|s]) and ul = u%tJ. Further since R} is piecewise constant from Eq. (113d), it follows
that

[¢]
o0t — ol = (t - |t])- ((AM + gkt — / R;’(t,s)e}lsteru},”) . (358)
0
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Hence using the fact that (C}, R}, T,) € S,

o - |

2 [ 1t]
J<rE H‘(AM”#JM#J— [ raeooias sy

2

2
un

2
2

1)
<i-E <(MA+MZ)-H9#JH2+/ D, (t = 5) |0}
0

<o -E ((MA + M,)° - o}

2 [t] 2 |l Ls] 2 4]
N R e

>~(1+T+1)

k
< (T+2)- {(MA + My)? - kP, (T) + TR, (T)? - ke, (T) + 5%c. (T)}
=T (n). (359)
where in the last line we use the inequality E [HOHg] =Tr(E[667]) < k|E[067]|| for any k dimensional
random vector 6. Note that hy(n) — 0 as  — 0. Next by using the coupling ﬂ; = u% and using Ff, = F,ij

by Eq. (113e),
d /-t .
2~ || dt (0" B 9”)

d
—t ¢ s [t]
B RO T L,

N

6, — 6!

dt

2

2

< |- (ar+1t) (5}95) — (A'4+TY) (egfagﬂ) - (ALAM)ayJ 2
+ /0 tRZ(t,s) (9;—0;) ds + /0 tR?(t,s) (ag—egﬂ)ds— L; RY(t,)0") ds 2
< (M + My) Héz —G;HQ + (My + My) ||6! - agtJHQ + My He#JHQ

t
2ds+/0 D, (t = 5)||65 — 0}

+/t Bp,(t—s) HEZ e ds + 0, (T) He,gﬂ
0

’
2

(360)

where in the last line we use Assumption 1 which gives HAt — ALt | < nMa, the fact H%SJ = 9,%” when

|t] <s <tand also ®,(t) is a nondecreasing function in ¢ € R>o. By taking A such that [, e_th)Re (t)d <
Ma + M, and repeating the argument in Eq. (181), we can have

— d ¢
—At ¢
¢ dat I17n = nl,
<2(My+ M,)- su H@s_es
(Ma ) ogsgt L P
X t
+e_/\t{<MA+MZ)Hg’g_ertthH2+77(MA+q>Re(T))H%”HQ-F‘I’RE(T)/ ‘9;_9#] 2ds} . (361)
0
Consequently
o~ 2(Ma+M)t—Xt 5;79; )

t
</ 672(MA+M2)37X5
~—Jo

s _ pls]
05 — ol

: {(MA + M) ‘ 9;’ _ 9#@

, T (Mp + @R, (T)) H%SJ

P, (T) /0‘ ‘st’}dt, (362)
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which further implies for any A > 2(My + My) + \, we have

t

-t ||7' t

e 97, — 9,7 )
t s

< / <(MA + M) \ 0 — 05|+ (M + (1)) H@gSJ L+ @RZ(T)/ ‘ 6; — ols'] ]2 ds’> dt
0 0
T

< / ((MA + My + T, (1) ||6f = 041+ (M + P, () Ha,gtJ 2) dt . (363)
0

By triangle inequality,

o fe -]

IN

2
-] oo oo ] )

(My + My + T, (T)) - E[(/ th>]+n<MA+<I>Re<T>>- E[(/ Jos 2dt>]

T T 2
/ I et
0 0 2

2
where we invoke Cauchy-Schwarz inequality in the last line. Substituting in Eq. (359) and E [HG#J HQ] <

0

E {(/T ((MA+MZ+T<I>R[(T))

6t — 6}

IN

2
t
oy — 0|t

+77(MA+<I>RZ(T))'\JT'E

< (MAJerJrTfI)R,Z(T))\JT'E

k®c,(T), we get

e e[, - 4] < 7 sk Mk T (T a0 0T (01 B (1) VBT (300

Following the same coupling argument in Appendix B.4.1, we obtain

distar (C5.CJ)
< sup e M IEU
t€[0,T]
_ 2
< eyl + o,y
te[0,T] te[0,T]

< T (Mp+ Mg+ TPg,(T))hi(n) +nT (Mp + ®g,(T)) \/ k®c, (T) + h1(n) =: ha(n), (365)

— 2
b = ‘97% J HJ

¢ 2
-],

where ho(n) — 0 as n — 0.

Controlling the distance between R, and [R]]. Since 8@; /0u;, and 96}, /Ou; are not random, we can

write

t
%Eg(t, s) = —(A"+ T )Ry(t, s) — / R](t,s"\Ry(s',s)ds’ 0<s<t<T, (366)
d Ui [t] [t]\ "1 1 n NP /
ERQ(t,s):—(A + T YRy ([t],s) — RJ(t,s")Ry(s"],s)ds", 0<s<t<T. (367)

with the same boundary conditions Ry (s, s) = Rj(s,s) = I and the convention that R} (t,s) = 0 when t < s.
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First we try to control the error ||[Rj(t,s) — [Ry] (t,s)||. By definition, we have [R]] (t,s) = I when
[s] > [t]. In this case, we have || < s and therefore || &Ry (t,s)|| < (Ma + M) [|R([t],5)[| < (Ma + My).
We can then control

1R (t, s) — [Rg] (¢, 5)]| = 1 Ry (¢, 5) — Ry (s, s)| < m (Ma + Me) - (368)

We can then assume [s] < |¢]. One then can derive

IRg(t,s) — R([t], s)| < sup

[t]<s'<t

,Rn(s s)

ds

<n- |—(A“J + TRy ([t 5) -

<0 {(Ma + Mp) @g,(T) + TOr,(T)Pr, (T)} = ha(n) . (369)
In particular, take t = [s] — € and let € — 0, it follows then
IR ([s1,5) — Ry (s, s)l| = IR ([s1,5) — Ry([s], [sDIl < hs(n). (370)

Note that for all t > [s],
d
3 1Ba(t:8) = Ry (¢, [sT)]

HR” (t,s) — —R”(t M)H

[t]

_ H = A D) R ) = R [5D) = [ R0 R, ) = RS [
[s]

- RZ(t,S/)Rg(LS/J,S)dS/

) 1t]
< (Ma + Me) | Ry([t], ) = Ry ([t], TsDl +/H Cr,(t =) [RG([5'),s) = Rg(Ls'], [s])]| ds’

+ PR, (T)Pr,(T). (371)

Similar to what we did in Eq. (181), taking A such that [~ e MPp, (t)d < My + M, gives us
e d n n
ey IRg (8 8) = Ry (2, [s])l

- o -,
< (MA+Me)e’”HRZ(LtJ,S)*RZ(LtJ,[SDIH/ e N op, (¢ =) e | RG(L8),8) — RY(['), 1) ds’

[s]

+ e Mpdp, (T)Pg, (T)

_ T Tl
< (Mp + M)e M IIRZ(LfLS)—RZ(UHSDIH/H e Mg, (t— ) e M RY(LS],5) - RY(LS') [s])]| ds”

+ e Ndp, (T)Pp, (T)

2AMy+ M) - sup e ||RI(s,s) — RIS, [s))| + e Xn®g, (T)®r, (T) . (372)
[s]<s'<t

Further, this allows us to derive by taking in Eq. (370)
e 2MAMOIA Rt 5) — Ry (¢, 1)

< RG([s],5) — Rg([s], [sDl +/O e 2MAMOI= NG (T)D g, (T)ds
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< h3(n) + TR, (T) g, (T). (373)
This implies for any A > 2(Mp + My) + X,
e RJ(E, ) — RY(E [sDI| < Rs(n) + 0T @, (T) i, (T) (374)
Combining Egs. (368), (369) and (374), we obtain for any 0 < s <t < T,

e MR (t, ) — [Rg] (t, 5)|| < max {n (Ma + Me) , 2h3(n) + nT®r, (T)®r,(T)} =t ha(n). (375)

Next we control the term HEZ (t,s) — RJ(t,s)||, by definition and the fact that 1",%” =T we have

d (|=n .
=R - Ry 9)|
d —n d
< ||—= _ "
—_ dt R¢9 (t5 S) dt RH (t) S)

— t _ 1¢]
= |[—(A" +T})Ry(t,9) —/ R)(t.")Ry(s', s)ds + (A + TLRY([t],8) + | RY(t, 8" )Rj([s']. 5)ds’

S

< =) (B ) — Byt9) — (A" 4+ Th) (RY(t, ) = RY(1t), ) — (A= ALY RJ(12),9)|
L] . [t]
; H - [ R (i) — Rys9)) a5 [ RIS (RYS 8) = RIS )5
N /L ; RI(t, s\ RA(s, 5)ds'
< (M + My) Hﬁg(t, s) — RI(t, s)H + (Ma + M) | Ry (t, 5) = Ryg([t], 8)| + nMa® g, (T)

[t]
+ / DR, (t — S/)

+ 1R, (T)Pr,(T). (376)

[Ry(' ) = RY(s',5)||ds' + TOR,(T) sup [[R)(s',5) = R(|' ).

s<s'<t

Further by Eq. (369), we can obtain

| Rate.s) ~ By(e.9)|

< (Mp + M) Hﬁg(t, s) — RI(t, S)H n /S“J Op,(t— )

‘Rg(s’, s) — RJ(s, S)H ds’
+ 1 (MA®R, (T) + ®r, (T)Pr, (T)) + (Mp + M + TP, (T)) ha(n) - (377)

We get the exact same type of inequality as in Eq. (360) and we can repeat the same argument and get for
all A > 2(My + Mp) + A

e | Ry(t,s) = Ry(t,s)|| < nT (Ma®r, (T) + @r,(T)®@r, (T)) + T (Ma + M + T®r, (T)) h3 (1) =: hs(n) -
(378)

Putting together Eqgs. (375) and (378) yields
distar (B, [R)]) < sup ™ |[Ry(ts) = [RY] (4.9) | < Baln) +Fos(m) =t hs(m). (379)

0<s<t<T

Clearly 7 — 0 we have hg(n) — 0. The proof is completed by taking h(n) = max {ha(n), he(n)}.
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C.9 Proof of Lemma 6.5

The claim of this lemma follows by establishing separately the following two statements (possibly after
adjusting the constants M ()e)):

P(ﬁ(”) (116°]] > M{(e)) > e for infinitely many n) ~0, (380)
]P’(ﬂ(”) ([1(0)§ [ co.e > M (e)) > ¢ for infinitely many n) =0. (381)

We begin by Eq. (380):
1< 1 < 1
~(n 0 _ 0512 _ 012
A (16°] > M(e)) = - ;1{\|9?\|>M} <o ; 16911° = —= =5 116°1%

Since by assumption E , [H@OHZ] = Eupo [H@OHz} < 00, there exists a constant C' such that ||8°)|%./d < C
for all n large enough. Therefore

<<

R NVE

for all but finitely many values of n, which yields the claim (380).

Next, to prove Eq. (381), we begin by noting that, for any differentiable function f : [0,7] — R¥, ans
any 0 < s <t <T, we have

A (16°] > M (o))

o -s@l = [ )L ) du
< (t—s)1/2</OT ||f’(u)u2du)”2,

which implies || f||co.1/2 < ||f']| 2. Therefore

d
~(n ~(n ) 1
A 1O leoars > M) < BV (1O ez > M) = 2> 167,250y

i=1

1 Zd 1 Zd T
< '\T 22 - t 2

1
M?23d
where in the last step we used the definition of the flow, per Eq. (11).
By the Bai-Yin law, there exists C' = C(§) such that almost surely || X || < C(6) for all but finitely man
values of n. Using the conditions on Af, £ in Assumption 1, we deduce that, for all but finitely many values
of n,

T 1 9
/O HHtAt—f—gXEt(XBt;z)Hth,

~n c [
2 (1) llgorre > M) < MQd/O (1611 + l[€:(0; 2)[ %) dt . (382)

It is therefore sufficient to bound ||8¢||%. We established already such a bound in Eq. (263), which implies
that, for all but finitely many values of n, and for all ¢,

1671 < Ce“* (116°]1 7 + l1€:(0; )| ) -

By the assumptions on ¢; and z, we have |[£;(0;z)||* < C(||£:(0;0)||? + ||z]|?) < C’d. Substituting these
bounds in Eq. (382), we obtain

Cl
(16°11% + [1€:(0; 2)||13) dt < — (383)

~(n) T CeCT
"™ ([10)g llcor/z > M) < .

- M?3d

where the last step follows for all n large enough from the assumptions Ej [HGOHQ} — Eppo [HGOHﬂ < 00

and Eg, {Hz\ﬂ — E,, {Hz\ﬂ < oo. This concludes the proof of Eq. (381).
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D Proofs for fixed-point equations

D.1 Proof of Corollary 4.1
We write the flow Eq. (28) as

e’ atit LTz At
where _ -
~ diag(AL},0),  A(X8z) = (MX o ;z)l) , (385)

initialized at 8° = (8°,6*). Here, we have identified A = A}, and £,(X 6, X0*;2) = £,(X 6", X0*; 2),.
Corollary 4.1 will follow from applying Theorem 2 to the special case that A and /; take the special form
given above, namely, that they contain zeros in certain coordinates. We will show then that in this case, the
unique solution to the integro-differential equations (3.1) and (13) are of the form

_ ot it at ot
t_ (U1 st _ (T =t _ (U1 =t _ 1
=) =) () -G

Rolts) = <Re(t $)11 Re(tvs)lz) C Rults) = (Re(ta )11 RE( $)12 ) Y

Il
7N\
S

=
o d

(V)
N~

0
2 (), @) g (4, (%))
our 0 Iy, Ows
V.l (7 2) = (VT&(;”;%Z)M Vr&(g’;z)m) 7

o _ (Co(t;5)11 Co(t,0)12 A Co(t,s)11 0
C&(tas) - (69(07t>21 09(070)22 s Cz(t,s) 0 0]
_ (386)
Indeed, it is immediate that V,.0;(7%; z) is of the claimed form. Then, by Egs. (12¢), (12g), and (13b), we

must have that M ,Tt, Cy, and Ry are of the claimed form (i.e., they have zeros in the locations specified
by the preceding dlbplay) Thub @y, = 0 for all t. Moreover, by Eq. (13&) we must have that the final k-rows

of St gzg are 0 for all ¢, whence by the intial condition gug = I5;, we have that ags and thus also Ry(t,s)

are of the claimed form. Then, by Eq. (12a), (%ét)z is equal to zero for all ¢, whence 05 = 69, so that 6 is

of the claimed form. Then, by Eq. (12f), Cy(t, s) is of the claimed form (because 65 = 69). Because w' has
covariance kernel Cy, we have that w) = w3 for all t. Then, by Eq. (12b), we have that 75 = wh = w3, so
that @' is of the claimed form. We thus conclude that the unique solution to Egs. (3.1) and (13) is of the
form given in the preceding display.

To complete the proof of Corollary 4.1, we must show that 6,7, at, w?, Ry, Ry, T, Cy, Cy of the form
(386) solves Egs. (3.1) and (13) if and only if it solves Egs. (31) and (32). Indeed, plugging (386) into
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Egs. (3.1) and (13) and simplifying where possible gives

d - _ _ -~ t B _ B t B _
gl = ~(An +T)f —/ Ry(t,5)1101ds — (F§2 +/ Re(t,S)mdS)@S +al,
0 0
%@:Q
1 [t
7= _5/0 Ry(t, 8)110s (75, 035 2)1ds + w0t
Ty = Wy =y,
Lk
Bo(t, 5) :E{(aﬂs)n}’
o0t
Ro(t,s) :E{(@as)m},
= - (%_t(ft;z)
Rt ) = E[( o0 )J’
(0L (7 2)
Relt, ) _E.( )12}’
0.
2

[y = B[ Vagl(rh, 0 2)1)
Colt,s)n =E[01(0) "], Co(t,0)12 =E[07(63) 7], Cp(0,0)22 = E[A3(63) 7],
éf(ta 3)11 = E[gt(rb w27 )gt(rh wgv )T]

d /06 _ 90°' /
a<8ﬂ5)11 =ML+ AL aus 11 / Ru(t, ') ) ds’,
d (06" S xe (08 aes' P AN
a<8ﬂ5>12 = +A11)(8u5> /S R(t s ) (8113 )12ds 7/5 Ry(t, 8")12ds’,
ol (Tt 2 _ 1t , Oy (7 ; 2 1= -
( ta(ws )>11 = V., b (7], 033 2)1 - <5/ Ro(t,s")11 (%)Hds’ — 6R9(t,s)uvrlés(ﬁ,wg;z)n) )
6€_ _t, — f ; 1 B _
( g;s z))12 =V, le(F], 03 2) <—/ Ro(t,s") (“)( )) 2d5’ - gRg(t,s)angés(Ff,wg;2)1

(387)
By Theorem 1, there exists a unique solution to the equations in the previous display. -
We can simplify the above equations. In particular, integrating the last line and adding ngﬂt(ﬁ, wY; 2)1
to both sides gives

b ol (rt; 2)
woﬂt(rl,wg, )1-'—/0v (W)lzds

7=t - ¢ = L[t Oy (7; 2 1= .
= Vmgt(riaw&z)l +/; Vrlft(ri,wg;zh . <_5/S Ra(t,S/)ll (%)12d$/ — gRg(t,8)11ng€3(7‘1,’w8;2’)1 dS

5ot 1o 5.4 = - S 1 00,(7%; 2
:vwget(rivwg;z)l_Svrlet(riawg;z)l'A (Ro(t,S)u <ng€ (73, 103; 2 )1+/0 <8(ws'))12d8/>)d8'

(388)
Define i Y Do
oU(rt, w*; 2 0l (T 2)
T =V Ogt('f’l, w2, )1 +/() (W)lzds. (389)
Then we get
oLy, w*; 2 lg 5 - o(rs, w*; 2 _
(éw*)5Vnﬁﬁiw&2h~Z;RduSh1(éw*)ds+vaxﬁ,w&zh. (390)
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Taking expectations, we get

OU(r, w*; 2)

t
iy _ -
I, +/O Re(t, s)12ds JE[ L

We thus see that the state evolution equations (3.1) and (13) applied to A? and /; as in Eq. (385) gives the
planted state evolution Egs. (31) and (32) under the change of variables (with the notation appearing in
Eq. (31) and (32) on the right)

(391)

0t =6t A=At It =11, Ry(t,s) = Ry(t, )11

t
Ry(t,x) = 1:‘32 —|—/ Ry(t, 8)12ds, ut = ﬂtl, rt = Ff, Ry(t,s) = Ry(t,8)11,
0

wt = wg7 wt = wi,
00t oLk o - ) 592
ous (6@8)11’ L(r®,w*; 2) = Ls(r®,w*; 2)1, Ry(t,s) = Ry(t, s)11,
agt(rth*;Z) 8Zt(77t;z) N
ows ( B )117 Co(t,s) = Co(t,s)11, 0<s<t,

C@(ta *) = C’O(t70)12, Cﬁ(*a *) = C@(Oa 0)22~

Note that Rg(t,s)12, though defined by the state evolution equations (3.1) and (13), plays no role in the
dynamics of Egs. (31) and (32), so is omitted.

In summary, we have shown that the unique solution to Egs. (3.1) and (13)with inputs (385) gives a
solution to Egs. (31) and (32). Thus, we have shown existence of a solution to these equations. Uniqueness
requires a few more steps of argumentation. We have already shown that (387) have a unique solution. Note
that any solution to Egs. (31) and (32) generates a solution to (387) using the change of variables in the
previous display, as well as setting

[y =E[Vue b0 0's2)] . Relts)iz = EK%)J

J. (wt. t =s’.
(agg;; Z)>12 = Vo b(71, 055 2)1 - <_§/5 Ry(t, s )1 (78 Sla(;s7z))12d8' - ;Re(t5)11ng€s(7‘f,wg;z)1>

(393)
By (388), we have that Eq. (32c¢) is satisfied with V.« ;(r®, w*; z) —l—f; (%ﬁ;’ﬁz)) 12ds’ in place of %.
This implies that

ol(re, w*; z) - s 3@(775/;2) ,
o —Vw*ét(r,w,z)—i—/o( e )12ds, (394)

and that Ry(t,*) = T%y + fot Ry(t,s)12ds. We have thus generated from Egs. (31) and (32) a solution to

Egs. (387). Because distinct solutions to Eqgs. (31) and (32) will generate distinct solutions to Eqs. (387),
and the solution to Eqs. (387) is unique, we conlude the solution to Eqgs. (31) and (32) is unique.

D.2 Proof of Theorem 3: convergence to fixed points

Proof of Theorem 3. Throughout the proof, we will repeatedly use that for x € {6, ¢},

t—o0

lim/o IRe(tt — ) — Re(s)]|ds = 0. (395)

Indeed, for any ¢t > A > 0, we have f(f |Ru(t,t — 8) — Ru(s)||ds < A||Ry(t,t — ) — Re()||oo +2Ce™A. The
previous display follows by taking ¢ — oo followed by A — co.
Theorem 3 will hold for

RP =T+ / Ry(s)ds, Ry = / Ry(s)ds. (396)
0 0
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We begin by establishing Eq. (38). Note that as t — oo,

[(A+T0" — (A +T)0%| L2 < [[A+ T[]0 — 0|2 + T = T*[[|6°]| 2 — O, (397)
and
t t
H/ Ry(t,t — 5)0" 5ds —/ Rg(s)QoodsH
0 0 L2
t t
< / [Re(t,t — s)[[[]6°° — 6> L2ds + / [Re(t,t —s) — Re(s)[|ds [|67| 2 (398)
0 0
t
< CeesCeelt=) +/ Ro(tt — 5) — Re(s)||ds [0 1= — 0,
0
and

| Re(t, )0 — R;60*|| 12 — 0, lut —u|L2 — 0. (399)

Combining these bounds, we conclude that

o= (- = [ Riowas—mo )| o (o0

2
Because I'™° + fot Ry(s)0>°ds L R3°6>, we conclude that

d 2
i L (A + RP)0® — Ri0* + u™. (401)

Because 6! stays bounded in L? as t — oo, we must have that
0=—(A+ Ry°)0>° — R;0" + u™. (402)

Similarly, as t — oo

¢ ¢
H / Ro(t,t — s)l(r'—% w*; 2)ds — / Ro(s)l(r*,w*; z)ds‘
0 0

L2
t t

< [ IRottt = )65 ws2) €% w5 pads + [ Raftst ) = Rofs)ds 0, w3 )1
0 0

t
< CLe ¢*Ceclt=%) +/ |Ro(t,t — s) — Ro(s)||ds [[£(r>°,w*; 2)||L> — O.
0

Because fot Ry(t,t — s)ds = Ry(s)ds, we conclude that e
r° = —%Rgor“’ + w™. (404)
Because u' 55 4% and rt 5 7°°, we have u™ ~ N(0,Cp°/6), where
Cpe = tl—l>Igo Cy(t,t) = tliglo E[e(rt, w*; 2)0(rt w*; 2) 7] = B[0(r™, w*; 2)0(r*°, w*; 2) T]. (405)
Likewise, because (w?,w*) N (w™, w*) and (0%, 6*) N (6>, 0%), we have (w*™, w*) ~ N(0,C§°), where
C3° = lim Cy({t, %}, {t,x}) = lim E[(6'T,0°T)T(0'T,0° )] = E[(6>T,0"T)T(6=",0°T).  (406)

We have finished the proof of Eq. (38) and that u™ ~ N(0,C;/d) and (w,w*) ~ N(0, Cp).
We now show that Ry, Ry°, R} satisty Eq. (39). By Eq. (13a), gTez is deterministic, so Ry(t,s) = gzz.
First compute

d s s t+s
d—/ Ry(t+s,t+s")ds’ = Ik—i—/ (—(A—i—I‘t)Rg(t—i—s,t—l—s’)— Ry(t+s, s”)Rg(s”7t—i—s’)ds”)ds', (407)
S Jo 0

t+s’
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where we have used Eq. (13a), and that we may exchanged differentiation and integration by Definition 4.2
(using the boundendess of the derivative). Taking s — oo, the right-hand side converges to

I, — A—|—FOO / R9 dS —/ Rg dS/ Rg (408)
where to get the second term, we have used that
t+s
/ / Ry(t+s,5")Ro(s", t+s")ds"ds’ —/ / o(t+s,t+s—s ) Ro(t+s—s' t+s—s —s")ds"ds,
(409)

and taken ¢t — oo followed by s — 0o, and used the convergence and decay conditions of R;, Ry. Beecause
Ry(t+s,t+ ") < Ce™° | we must have that fos Ry(t + s,t + s")ds’ converges as s — oo, which implies that

0=l — (A+T) / Ro(s')ds' — / Re(s)ds / Ro(s)ds = I — ARF — RR®.  (410)
0 0 0
(because otherwise, we would have that [ Rg(t + s,t + s')ds’ diverges). This gives us the second equation
in Eq. (39).
Now define
~ 1 /[° ~ 1
Rél)(s) =V, L(r*,w;z) - <_6/ Ry(s — s")Ry(s')ds’ — gRg(s)Vrf(roo,w*; z)) . (411)
0

We bound

t+s s k. s ~
/ Ry(t + s, s’)Mds’ - / Ry(s — s")Ry(s")ds’
t ow 0

Lo
bs oU(rs w*; 2 ~ ths
</ ||R9<t+s,s'>|||(8ws)m<s> a5+ [ IR s Roft +5.5) = Bals = ) as
t Lo t
t+ s’ *, -
sCS/ W—m(s’) ds’ + C||Ro(t + 5,t + 5 — ) — Ro(-)]|oc — O
t
Lo

(412)
where the limit is for s fixed and ¢ — oo. One can likewise show that as t — oo, Rg(t + s,t)V,.L(rt, w*; 2) L
Ry(s)V, £(r>,w*;z) and V,.L(r'Ts w*; 2) I V., £(r>°, w*; z). Because each of these terms is also bounded,
using Eq. (411) we conclude that % L ﬁy)(s). Then, we must have that Egl)(s) = E@(s). In
particular, Ry(s) satisfies the equation

~ 1 [° ~ 1
Ry(s) = V., L(r*°, w*; z) - (—5/ Ry(s — s")Ry(s")ds" — gRg(s)VJ(roc,w*; z)) , (413)
0
and moreover,
=~ L oU(r' e w*2)] B
E[R[(S)] = tli)IéloE |:a’u]t:| = tli)rgo Rg(t + S, S) = R[(S). (414)

Because Ry(s), Re(s) < Ce™°*, we may integrate Eq. (413) and apply Fubini’s theorem to get

/0OQ Ry(s)ds = V,.0(r, w*; 2 (—/ Ry(s ds/ R(s ds—f/ Ry(s)dsV,.£(r™ )> (415)

Recalling the definition of Ry (Eq. (396)), this can be rearrnaged to

o0 Y 1 —1
V. l(r*° w*; z) + / Ry(t)dt = (Ik + SVJ(TOC, w™; Z)Rg") V. (r*° w*; 2)
0

1 » (416)
= (5(Ik - (Ik + gvrﬁ(r“,w*;z)RE") )(R?)‘1
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Taking expectations and using Eq. (396) gives the first equation in (39).
Now consider Eq. (32¢). Recall

A (rt, w*; 2)
ow*

A(rt=5 w*; 2

1 t
= ——Vrﬂ(rt,w*;z)/ Ro(t, t —s) )ds—&—Vw*E(Tt,w*;z). (417)
5 0 aw*

L
Because V,.£(rt, w*; 2) ¥, £(r*, w*; 2), | Ro(t,t—-) — Ro(")]|oc — O, M L R}, Ve l(rt w*; 2) Vw
0(r>°,w*;z), and we have that ||V,.£(rt,w*; 2)|[, |V L(r>°, w*; 2)|, |V £(rt, w*; 2) ||, || Vi £(r*°, w*; 2) || <
My, and ||Ry(t,t — s)|,[|Ra(s)]] < Ce™'*, we can take the hmlt of the previous display as t — oo to get

~ 1 o ~
R; = —gvré(rm,w*; z)/ Ro(s)dsRj + V- 0(r, w*; z). (418)
0
This can be rearranged to
~ 1 -1
R; = (Ik + gvré(roo,w*;z)Rgo) Vo b(r™, w*; 2). (419)
Taking expectations gives the third equation in Eq. (39). This completes the proof. O

D.3 Fixed-point equations for logistic regression

Note that under the change of variables in (51), we have

N(re)— [L05w™; 2) /6] (W) = nAL(, w™; 2)| (w™), (420)

where the absence of a subscript on 7 denotes taking the subscript to be 1. In establishing the correspondence
o [SC19], we will frequently use the identities that P(y|w*) = p'(yw*) = 1 — p/(—yw*) and n[Ap](w™>) =
—n[Ap(—)](—w), which are straightforward to check.

Note that in this case, n is not almost differentiabily in w* because ¢ is not continuous in w*, z. Never-
theless, we will formally apply Gaussian integration by parts. For example, we will write

Blu gy 1L 2)/0)(w)] o
= Var(w )EDu- n(g) -1 [£( s 2)/8(w)] + Cov(w® w Y[z [£( w*; 2) /8] (w™),
even though the derivative with respect to w* is not well defined. Our goal is simply to show the formal
equivalence between the fixed-point equations Eq. (38) and (39), even though Theorem 3 does not directly
apply to the case of logistic regression. One could extend our result to logistic regression via differentiable
approximations of ¢, though we do not pursue this here. Alternatively, the work of [SC19] and our calcula-
tions below show that by formally applying Gaussian integration by parts to Eqs. (38) and (39), we arrive
at fixed point equations which correctly characterize the behavior of the logistic regression estimate.

With this discussion in mind, we now pursue establishing the equivalence between Eqgs. (38) and (39) of
the current work and Eq. (5) of [SC19]. By Eq. (38),

Co = E[p' (—yr™)’]
= E[P(y = 1|w")p' (=n[Ap(=)(w™))? + P(y = —1|w*)p’ (n[Ap) (w™))?]
=B (w*)p (=n[Ap(= )(w™))* + p' (—w*)p' (n[Ap) (w™))?] (422)
= Eo' (w*)p' (n[Ap](—w™))? + p' (—w*)p' (n[Ap) (w™))?]

)
= 2E[\ (w”)p (n[Ap] (—w™))?].

This agrees with the first equation in Eq. (5) of [SC19] under the change of variables above.
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By the first two equations in Eq. (39),
1= 31 = Eldun(ng) - [0 2)/3) (™))

1
—5_ 51E[1 M,(rw w*.z)/(aRgO)]

—§— 0E|p(w 1 L }

T el =)~ I T A i)

o (423)
5 — OF [p’ ! —p/(~w*) : }
|

)7 + )\p” n\pl(—w>)) L+ Ap" (n[Ap)(w™))

0 —JOE

1+Aﬂ’ —ww»’

which agrees with the last equation in Eq. (5) of [SC19] under the change of variables above.

By Theorem 3, we have Var(w*) = Var(§*) and Cov(w*,w*) = Cov(6*,0>) = —(R;/R°)Var(0*),
where in the last equality we use that 0°° = (u™ — R;6*)/R7°. Recall also by the first equation in Eq. (39)
that E[Dyec(ree)—1[L(- w*;2)/8](w™)] = 1 —1/§. Thus, we have®

Elw™ (w™ = nerge)-1 [£(- w"; 2)/6](w™))]

= Var(0") (= (R} /RE) = Eldwnnge) 1 [£0 w5 2)/6](@™)] + (R /RF)(1 = 1/9) ).
We see that the third fixed-point equation is equivalent to
E[w*(w® = nrge)-1[L(-, w"; 2) /6](w™))] = 0. (425)

By a standard proximal operator identity, we may rewrite this as

0 =E[w"(w™ = nrg)-1 [£(, w; Z)/5](w°°))]
= Elw™(nrge) -+ [L£(; w5 2) /6](w™), w*; 2)]/ (R7°0)

= AE[—w*p' (w*)p' (=n[Ap(= )] (w™)) + w*p' (—w*)p’ (n[Ap] (w™))] (426)
= AE[—w"p' (w")p' (n[Ap](—w™)) 4+ w" p' (—w™) p’ (n[Ap] (w™))]
= —2XE[w*p'(w*)p' (n[Xp](—w™))].

Thus, we get the second equation in Eq. (5) of [SC19] under the change of variables (51).

3Recall that we apply Gaussian integration by parts formally
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