
Simple Dynamic Stock/Bond/Gold Portfolios

Nikhil Devanathan Alexandros E. Tzikas Stephen P. Boyd

September 5, 2026

Abstract

For more than four decades, the 60/40 stock/bond portfolio has served as a bench-
mark for delivering reasonable returns without excessive risk. More recently, a 50/30/20
stock/bond/alternative portfolio has been suggested. We use gold as the alternative
and as an inflation hedge. In this paper we ask: how much improvement over these
benchmark fixed-weight portfolios can be obtained using widely available public data
and standard methods from quantitative finance?

We restrict ourselves to long-only dynamic portfolios of stocks, bonds, and gold, plus
cash, rebalancing monthly, using only publicly available data. We evaluate portfolios
on the conventional metrics: return, volatility, Sharpe ratio (computed in excess of the
federal funds rate), drawdown, and turnover, in addition to consistency of performance
over time, judged by the consistency of the realized annual volatility.

Over the 20–year period 2006–2026, using a conservative estimate of trading costs,
we show that all risk-adjusted and drawdown metrics are improved using simple volatil-
ity control, where we dynamically mix the fixed-weight portfolios with cash so as to
target a fixed volatility. This method relies on a simple estimate of portfolio volatility
derived from past returns. We also demonstrate that more sophisticated portfolios
based on convex optimization—similar to those used in quantitative hedge funds—
yield further substantial improvement in return and risk-adjusted return. We consider
two such portfolios, one that uses a simple estimate of future returns based on past
returns, and one that forecasts future returns based on past returns and just a handful
of widely available public economic data. These portfolios also outperform a suite of
standard risk-based allocation methods, such as risk parity and minimum variance,
evaluated on the same assets and data.

Our paper is accompanied by open-source software that implements the methods
and replicates all results.
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1 Introduction

A risk-averse investor seeking steady growth of capital is conventionally advised to hold a
fixed-weight 60/40 portfolio of broad stock and bond indices, rebalanced annually [7, 9].
As the correlation between stock and bond returns has risen in recent years [15], vari-
ants that add a diversifying third asset class have gained traction, such as a 50/30/20
stock/bond/alternative portfolio [27]. Motivated by this proposal and by proposals to use
gold as an inflation hedge [63], we use a 50/30/20 stock/bond/gold portfolio as a gold-
augmented benchmark.

We ask a simple question: how much better can we do using standard tools of quantitative
finance? We work strictly within the constraints that make this simple setting attractive
to an individual investor: only the three broad assets (stocks, bonds, and gold), monthly
rebalancing, long only, no leverage, no derivatives, and no proprietary data. We restrict
ourselves to methods that are simple and completely transparent, can be implemented in
just a few lines of code, and rely only on publicly available data.

Given these constraints, and the very small set of assets we invest in, we do not expect
hedge-fund-level results. Instead we judge our methods against the classical 60/40 portfolio
and our 50/30/20 gold-augmented benchmark. We find that we can obtain a substantial lift
in performance compared to these benchmarks.

We state our contribution plainly. It is not methodological: volatility targeting, mo-
mentum, regression-based return forecasting, and mean-variance optimization with a risk
constraint are all standard and well established. What is new is empirical: what these stan-
dard components deliver under the constraints an individual investor actually faces—three
liquid assets plus cash, long only, no leverage, monthly rebalancing, only public data, and
net of trading costs—measured against the 60/40 and our 50/30/20 benchmark. We evaluate
them not only on the usual metrics, but also on an inflation-adjusted and a post-tax basis.
Finally, we give a transparent and fully reproducible implementation, with open-source code,
that a self-directed investor could run themselves.

We show this using the exchange-traded funds (ETFs) SPY (broad U.S. equity), AGG
(U.S. investment-grade bond market), and GLD (gold), plus cash, with simulations over the
20–year period 2006–2026, net of a conservative estimate of trading costs. We compare three
families of portfolios.

• Fixed-weight benchmarks. The conventional 60/40 and our 50/30/20 baseline portfolios
holding SPY/AGG/GLD, rebalanced annually.

• Volatility-controlled portfolios. The same fixed-weight portfolios, diluted with cash
each month so that their estimated (ex-ante) volatility equals a target, such as 7%
annualized [22].

• Optimization-based portfolios. Monthly rebalanced portfolios found using mean-variance
or, more generally, Markowitz-type methods, which use convex optimization to max-
imize a forecast of forward return subject to a limit on ex-ante volatility [11]. We
consider two return forecasts: a simple trailing average of past returns, and a regres-
sion forecast based on asset and economic features. We refer to the two associated
portfolios as simple Markowitz and Markowitz, respectively.
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We judge these portfolios using conventional metrics such as return, risk, average and
maximum drawdown. Our principal objective is Sharpe ratio, computed as the ratio of
excess return (above the risk free federal funds rate) to the volatility. We also consider the
steadiness or consistency of performance, judged by the variation in annual realized risk
across different economic regimes. We find that volatility control improves these metrics
over the fixed-weight benchmarks, with a substantial increase in Sharpe ratio along with
more consistent performance. The Markowitz portfolios improve the metrics further, lifting
the Sharpe ratio to 1.08, nearly twice the Sharpe ratio of the 60/40 portfolio (0.56). We find
that these improvements persist when they are judged using inflation-adjusted or post-tax
metrics.

Since both volatility control and our Markowitz portfolios size positions using an estimate
of risk, it is fair to ask whether their advantage is just a generic benefit of risk control. To
answer this we also compare against seven standard risk-based allocation methods—among
them risk parity, equal risk contribution, minimum variance, and Black–Litterman—using
the same assets, data, costs, and constraints. None of them reaches the performance of our
Markowitz portfolio: at a common volatility target their Sharpe ratios lie between 0.60 and
0.85, against 1.08. We give this comparison in appendix F.

Open-source software that implements all methods and reproduces every result accom-
panies the paper and can be found at

https://github.com/cvxgrp/simple-portfolio-code.

1.1 Related work

The fixed-weight stock/bond portfolio is the benchmark against which we measure perfor-
mance. Its appeal rests partly on evidence that a portfolio’s long-term allocation across
broad asset classes—for example, its target weights in stocks and bonds—explains most of
the variation in that portfolio’s returns over time, whereas security selection and short-term
market-timing decisions explain substantially less [13, 14]. At a high level, equities supply
the return and bonds hedge equity drawdowns in a portfolio. This hedge is good when the
stock/bond correlation is negative or positive and small. However, this correlation is regime-
dependent: negative when growth shocks dominate but positive when inflation shocks occur
[38, 17, 15]. Nevertheless, evidence suggests that there is an overall diversification benefit
to holding bonds [41]. As episodes of positive stock–bond correlation have become more
prominent in recent years, especially after 2010, the diversification benefit of the 60/40 port-
folio has shrunk [60], motivating the inclusion of a third, separately driven asset. Gold was
proposed as it can both hedge equities and act as a safe haven in market stress [35, 5, 6].
Unlike the private alternatives typically used for the same purpose, gold is directly acces-
sible to a self-directed investor. There are, however, counterarguments to including gold in
a portfolio, as researchers have questioned its reliability as an inflation hedge or source of
stable real value [24]. We demonstrate that, despite these concerns, a portfolio including
gold outperforms other portfolios.

The combination of equities, fixed income, and gold also has practical precedents in
investable multi-asset funds. The permanent portfolio mutual fund (PRPFX) combines
stocks, government securities, and precious metals [52], while the RPAR ETF allocates
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across equities, nominal and inflation-linked government bonds, and commodities including
gold [56]. Other multi-asset ETFs use either broad strategic allocations or momentum-based
rules to vary exposure across stocks, bonds, and real assets such as commodities, real estate,
and infrastructure. Such dynamic allocations are motivated by evidence that dynamic asset
allocations can improve static ones [41].

Scaling exposure to a target volatility is a long-standing way to improve risk-adjusted
return and attenuate the left tail of the return distribution, by de-risking when volatility is
high [48, 32, 36, 25, 28, 40]. The method also has industry precedents. Risk control indices
scale exposure using realized volatility and a specified volatility target [61]. This is effective
because periods of high volatility often coincide with market stress and adverse returns.
The evidence is not uniformly favorable. Across a large set of equity strategies, volatility
management does not systematically improve out-of-sample performance [18]. Volatility
control belongs to a broader family of risk-based allocation rules—such as risk parity and
equal risk contribution—that size positions by risk rather than by forecast return [54, 43,
1]. Risk parity and equal risk contribution portfolios choose relative asset weights so that
portfolio risk is distributed more evenly across assets. The same family includes inverse
volatility weighting, sometimes called näıve risk parity [42], risk budgeting, which splits
risk in prescribed (not necessarily equal) proportions [16, 55], the global minimum variance
portfolio [33, 20], the maximum diversification portfolio [19], and the equal weight, or 1/N ,
rule [21]. Volatility control addresses a different dimension of the allocation problem. Rather
than prescribing how risk should be divided among assets, it controls the total amount of
risk taken by scaling a given portfolio toward a specified volatility level. We adopt volatility
targeting but keep the long-only, unlevered constraints of our setting, so the strategy de-
risks into cash in volatile regimes, but does not lever up in calm ones. In appendix F
we implement seven of these rules in our setting, and find that none of them attains the
risk-adjusted performance of our Markowitz portfolio.

Our optimization-based portfolios combine a future return estimate with a returns co-
variance estimate in the mean–variance framework of [44], whose canonical scalar sum-
mary is the Sharpe ratio [58, 59], and follows the practical-implementation perspective of
[8, 10]. Empirical studies suggest that fixed-weight portfolios can be difficult to beat with
optimization-based portfolios, because future return forecasting is challenging [21]. In ad-
dition, Markowitz-type portfolios have received criticism for their sensitivity to the return
forecast and covariance estimate [46]. A well-known remedy is the Black–Litterman model
[8, 34], which shrinks a return forecast toward the returns implied by an equilibrium port-
folio; in appendix F we compare against it, giving it our own return forecast as its views.
We demonstrate that, with carefully constructed inputs and constraints, the Markowitz
portfolios outperform the fixed-weight benchmarks. The return forecast used in the sim-
ple Markowitz portfolio is a simple trailing average of past returns, which is a common
momentum signal [49, 37]. Momentum signals have performed well for many decades [37],
and scaling momentum by volatility can reduce its crash risk [4]. The return forecast used
in our Markowitz portfolio is a rolling regression of forward returns on asset-specific and
macro-financial features. Ridge regularization stabilizes the fit when predictors are corre-
lated or numerous relative to the rolling sample. Return prediction is difficult, and many
macro-financial predictors perform poorly out of sample [62]. We therefore keep the model
deliberately simple. Documented return predictors tend to decay once published [45], and
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complicated models are prone to over-fitting [31, 2, 3, 57]. More elaborate dynamic portfolio
methods account directly for signal persistence and trading cost [29]. Our method instead
uses a simpler one-period formulation.

Our optimization-based approach of first forecasting returns and then using the forecasts
in order to decide on allocations shares similarities with [39, 50, 41]. Kim et al. [39] construct
monthly U.S. growth and inflation indicators that define economic regimes, estimate asset
returns for each regime, and shift exposures toward attractive assets based on the current
regime. Mueller-Glissmann et al. [50] use macro and market indicators to identify regimes
and then apply three overlays: moves between 60/40 and cash, rotations between equities and
bonds, and additions of commodities/gold. Laipply et al. [41] first estimate the correlation
regime between stocks and bonds using a hidden Markov model, and then make allocations
using mean-variance optimization based on the historic performance of the assets in the
regime.

1.2 Outline

In §2 we set our notation and describe the two fixed-weight benchmarks, their volatility-
controlled versions, and our two optimization-based portfolios. In §3 we present the perfor-
mance metrics for the six portfolios, along with the performance of each of the assets (SPY,
AGG, and GLD). In §4 we evaluate the portfolios taking into account inflation, and also
taking into account a simple model of U.S. federal taxes. We conclude in §5. In appendix A
we give the details of the accounting we use, and in appendix B we give the details of the
return forecast used in our Markowitz portfolio. In appendix C we analyze the statistical sig-
nificance of our results. In appendix D we explore the effect of lagging the data we use in our
Markowitz portfolio. We address several questions related to our choice of the (few) hyper-
parameters in our Markowitz portfolio in appendix E. Finally, in appendix F we benchmark
our Markowitz portfolio against seven standard risk-based and Bayesian allocation methods,
all of which it outperforms, and in appendix G we report the sensitivity of our results to the
assumed trading cost and cash rate.

2 Portfolios

We first discuss our notation and then introduce the six portfolios.

2.1 Notation

We denote trading days (of which there are around 252 per year) by t = 0, 1, 2, . . . . We
consider portfolios that hold three assets (the ETFs SPY, AGG, and GLD), plus cash. The
(positive) value of the portfolio on trading day t is denoted Vt, with initial value V0 = 1.
The weights of the noncash assets on trading day t are denoted wspy

t , wagg
t , and wgld

t . These
represent the fraction of the total portfolio value held in each noncash asset. They are
nonnegative and satisfy

wspy
t + wagg

t + wgld
t ≤ 1, t = 0, 1, 2, . . . .
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The cash weight, the fraction of the portfolio value held in cash, is

ct = 1− wspy
t − wagg

t − wgld
t , t = 0, 1, 2, . . . .

We denote the portfolio as a weight vector wt = (wspy
t , wagg

t , wgld
t ). Using vector notation

we have, for example, (wt)2 = wagg
t . We can express ct as 1− 1Twt, where 1 = (1, 1, 1).

The relative asset weights are given by

ηspyt =
wspy

t

1Twt

, ηaggt =
wagg

t

1Twt

, ηgldt =
wgld

t

1Twt

,

whenever wt ̸= 0, i.e., the portfolio is not fully invested in cash.
After each day, the portfolio value and asset weights wt update according to the returns

of the assets and the prevailing risk-free interest rate on that day. On a rebalance day,
we trade to get wt to a specified target weight vector ŵt, taking trading cost into account.
§2.2–2.4 describe the different methods to compute the target weights. Details of the daily
value and weight update are given in appendix A.

2.2 Fixed-weight benchmarks

We consider two fixed-weight benchmarks: the traditional 60/40 stock/bond portfolio, with
target weight vector (0.6, 0.4, 0.0), and the 50/30/20 stock/bond/gold portfolio, with target
weight vector (0.5, 0.3, 0.2). Following custom, these benchmark portfolios are rebalanced to
their targets annually, on the last trading day of each calendar year. Between rebalances the
weights drift with the realized returns of the assets. These fixed-weight benchmarks do not
hold cash, and their relative weights after each rebalance are the target portfolio weights.

2.3 Volatility-controlled portfolios

From each fixed-weight benchmark we construct a volatility-controlled portfolio, which we
rebalance monthly, on the last trading day of each month. The volatility-controlled portfolio
dilutes the fixed-weight benchmark with cash to reduce the volatility to a given target value
σtgt, without changing the relative asset weights compared to the fixed-weight benchmark.
When t is a rebalance day, the weights are set to

ŵt =

{
(σtgt/σt)w

tgt, σt > σtgt

wtgt σt ≤ σtgt.
(1)

Here wtgt is the fixed-weight benchmark portfolio (i.e., either (0.6, 0.4, 0.0) or (0.5, 0.3, 0.2)),
and σt is its estimated volatility. The corresponding cash weight is ct = 0 when σt ≤ σtgt,
and ct = 1 − σtgt/σt when σt > σtgt. It is obvious from (1) that a volatility-controlled
benchmark preserves the relative weights at each rebalance.

We estimate the fixed-weight benchmark portfolio volatility σt as the empirical standard
deviation of the benchmark’s daily returns over a trailing window of 11 trading days, annual-
ized by the factor

√
252. A lookback period of 11 days is short by the standards of volatility

estimation, and gives a noisy estimate of σt; but it is more reactive to changes in volatility,
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and leads to better portfolio performance (after a modest search over various values). Other
volatility estimates, such as the Parkinson volatility estimator [51] that requires low and high
portfolio values, exist but we find that the simple trailing standard deviation works well in
our setting. These volatility-controlled portfolios are dynamic portfolios, i.e., they change
over time, because σt varies with the realized returns of the assets.

2.4 Optimization-based portfolios

Optimization objective. Our optimization-based portfolios depend on an estimate of the
future asset returns, given by the vector αt, and an estimate of the asset return covariance
matrix, denoted Σt, when t corresponds to a rebalance day. We express αt as an estimate
of next month’s asset returns. Let rrft be the contemporaneous daily federal funds rate
compounded over 21 trading days, and let wt denote the drifted risky-asset weights before
the rebalance. For candidate risky-asset weights w, the corresponding cash weight is 1−1Tw,
so the return on the cash is rrft (1− 1Tw). The estimated total gross return is then

αT
t w + rrft (1− 1Tw).

We also take trading cost into account. We assume that the assets have the same bid-
ask spread s, which we take as s = 0.0005 (5 basis points). With proposed weight w, the
estimated trading cost for trading from wt to w is then (s/2)∥w − wt∥1, where ∥a∥1 =
|a1|+ |a2|+ |a3| is the ℓ1 norm of a 3-vector a.

Our estimate of the portfolio return over the next month, net of the trading cost, is

αT
t w + rrft (1− 1Tw)− s

2
∥w − wt∥1.

We will maximize this estimated next-month return net of trading cost.

Optimization constraints. We start with the obvious constraints

wspy ≥ 0, wagg ≥ 0, wgld ≥ 0, wspy + wagg + wgld ≤ 1,

which state that our asset and cash weights must be nonnegative. These are simple linear
constraints on the variable w.

We also impose a constraint on portfolio risk. The estimated portfolio volatility is
(wTΣtw)

1/2. We limit this to be below a given target volatility σtgt, by imposing the con-
straint

(wTΣtw)
1/2 ≤ σtgt.

This is a convex constraint on the variable w.
We also limit the relative risky-asset weight deviation from wtgt = (0.5, 0.3, 0.2). Writing

η = w/(1Tw) when 1Tw > 0, we impose

∥η − wtgt∥1 = |ηspy − 0.5|+ |ηagg − 0.3|+ |ηgld − 0.2| ≤ 1,

or, equivalently,
∥w − (1Tw)wtgt∥1 ≤ 1Tw. (2)

This is a convex constraint on w.
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Optimization problem. On each rebalance day t, we find our target portfolio weights ŵt

by solving the optimization problem

maximize αT
t w + rrft (1− 1Tw)− (s/2)∥w − wt∥1

subject to wspy ≥ 0, wagg ≥ 0, wgld ≥ 0
wspy + wagg + wgld ≤ 1,∥∥w − (1Tw)wtgt

∥∥
1
≤ 1Tw,

(wTΣtw)
1/2 ≤ σtgt,

(3)

with variable w ∈ R3. Here we choose the weights to maximize the estimated next-month
return net of the estimated cost of the rebalance while limiting the estimated risk to not
exceed the target value and keeping the relative risky-asset allocation within the stated ℓ1
distance of the 50/30/20 portfolio. This is a small convex optimization problem [12] and
a variant of the classical Markowitz portfolio optimization problem [44]. We model the
problem in CVXPY [23] and solve it with the Clarabel solver [30]. This very small problem
can be solved in well under one millisecond.

Optimization problem data. The portfolio problem (3) requires the data αt, rrft , s,
wt, Σt, and σtgt. The target volatility σtgt is specified. We take the bid-ask spread to be
s = 0.0005. We take the estimated covariance Σt to be the empirical covariance matrix of
the three assets’ daily returns over a trailing window of 11 trading days, annualized. As
with our estimates of the volatilities of the fixed-weight benchmarks, this gives a noisy but
reactive estimate, which improves portfolio performance. We use two different methods to
estimate αt, one very simple and one somewhat less simple.

Simple Markowitz. For the simple Markowitz portfolio, we take αt to be the exponen-
tially weighted moving average of each asset’s past daily returns, with a half-life of 252
trading days (one year), multiplied by 21 to put it on the next-month scale. This is a simple
momentum signal: it favors assets that have performed well over the trailing year, and it
uses only the return history.

Markowitz. For our Markowitz portfolio, αt is a return forecast based on previous asset
returns, and in addition some quantities that are publicly available on day t. These fall into
three groups.

• Asset-specific features, such as the trailing returns, trading volumes, and volatilities.

• Macro-financial features, such as yields, inflation rates, and the VIX measure of ex-
pected U.S. equity-market volatility.

• Fama-French factors [26], such as the market excess return.

The forecast is produced by a rolling regression that links these quantities to the assets’
future returns; its construction is causal (at time t, the forecast only depends on data avail-
able at time t) and is described in appendix B. Our estimation method is simple, transparent,
and interpretable, unlike more complex methods such as random forests or neural networks.
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2.5 Data and simulation

We evaluate the six portfolios over the 20 years from Jan. 1st 2006 to Jan. 1st 2026. Daily
adjusted close prices for SPY, AGG, and GLD were obtained from Yahoo Finance; the
federal funds rate (FRED series DFF) and core CPI (CPILFESL) are downloaded from FRED.
Our simulation tracks daily portfolio value, and includes a trading cost of 5 basis points
(a 2.5 basis point half-spread) on asset trading, charged against the portfolio value at each
rebalance. The optimization-based portfolios anticipate this same cost in their objective. In
appendix G we report the sensitivity of our results to the assumed trading cost and to the
rate at which cash accrues.

2.6 Metrics

We report six metrics, all computed from the portfolio value time series. Annualized return
is the compound annual growth rate (CAGR), i.e., the constant annual rate of growth that
takes the portfolio from its initial to its final value over the simulation. Annualized volatility
is the standard deviation of the daily returns, annualized by the factor

√
252. The Sharpe

ratio is the compound annual growth rate of the portfolio value relative to the compounded
federal funds rate, divided by the annualized volatility. This is a geometric, CAGR-based
measure, and not the conventional Sharpe ratio, which uses the arithmetic mean of the
periodic excess returns. The two agree closely here: over the full sample the conventional
Sharpe ratios are 1.08 for the Markowitz portfolio (against the 1.08 we report), 0.92 (0.91)
for the simple Markowitz portfolio, 0.83 (0.82) for the 50/30/20 VC portfolio, 0.73 (0.71) for
the 60/40 VC portfolio, 0.73 (0.70) for 50/30/20, and 0.60 (0.56) for 60/40. The conventional
measure is slightly more favorable to the higher-volatility benchmarks, so the margins we
report are, if anything, mildly conservative. Maximum drawdown (max DD) is the largest
percentage decline of the portfolio value from its previous running peak, i.e., the worst
peak-to-trough loss. Mean drawdown (mean DD) is the average percentage decline from the
running peak over time. Turnover is half the total absolute change in the non-cash weights,
so that selling one asset to buy another counts the exchanged value once, averaged over
trading days and annualized.

3 Results

In all results reported below we use a common annualized volatility target of σtgt = 7%
for both volatility-controlled portfolios and the optimization-based portfolios, so that the
portfolios are compared at the same level of targeted risk. (The realized risks are, however,
a bit different.)

3.1 Metrics

Cumulative return. Figure 1 shows the cumulative return of the six portfolios, on a log-
arithmic vertical scale, so a straight line corresponds to a constant rate of return. The two
volatility-controlled portfolios track visibly smoother paths than their fixed-weight coun-
terparts, particularly through the 2008 and 2020 drawdowns, and the optimization-based
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Figure 1: Cumulative return of the three assets (top left) and the six portfolios. VC corre-
sponds to volatility control.

portfolios dominate all four benchmarks over the full period. Both optimization-based port-
folios have a positive return in 2008, of 2.6% for the Markowitz portfolio and 1.2% for the
simple Markowitz portfolio.

Metrics. Table 1 reports the metrics for the six portfolios. We can see that volatility
control results in realized volatility near the target value and reduces maximum and mean
drawdown, at the cost of lower return but higher Sharpe ratio, despite higher turnover. The
optimization-based portfolios improve the risk-adjusted returns further, with higher Sharpe
ratios and drawdowns well below the fixed-weight benchmarks. The Markowitz portfolio
achieves a Sharpe ratio of 1.08, a substantial step up from both the fixed-weight bench-
marks and the volatility-controlled portfolios. Accounting for realized risk, it delivers nearly
twice the excess return of the 60/40 benchmark, which has Sharpe ratio 0.56. The simple
Markowitz portfolio lands between the volatility-controlled benchmarks and the Markowitz
portfolio, with a Sharpe ratio of 0.91. The volatility-controlled and optimization-based port-
folios have substantially higher turnover compared to the annually rebalanced fixed-weight
benchmarks; we remind the reader that all of the results we report take into account trad-
ing costs. The same metrics for seven standard risk-based allocation methods, run on the
same assets and data, are given in appendix F; all of them fall well short of the Markowitz
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Portfolio Return Volatility Sharpe Max DD Mean DD Turnover

Markowitz 11.6% 9.0% 1.08 18.1% 3.0% 284.4%
Simple Markowitz 10.4% 9.3% 0.91 15.8% 3.1% 278.9%

50/30/20 VC 7.8% 7.3% 0.82 15.9% 2.4% 79.0%
60/40 VC 7.1% 7.4% 0.71 16.9% 2.6% 85.0%

50/30/20 9.1% 10.3% 0.70 27.1% 3.0% 4.0%
60/40 8.1% 11.3% 0.56 33.7% 3.8% 3.4%

GLD 10.6% 17.9% 0.49 45.6% 17.0% 0.0%
AGG 3.1% 5.3% 0.26 18.4% 2.9% 0.0%
SPY 10.8% 19.4% 0.46 55.2% 7.5% 0.0%
Cash 1.7% 0.0% 0.00 0.0% 0.0% 0.0%

Table 1: Performance metrics for the six portfolios (top) and the individual assets and cash
(bottom).

portfolio.
A detailed analysis of the statistical significance of these results is given in appendix C.

Consistency. Table 1 gives the aggregate performance of the portfolios over many years.
One important additional metric not captured in these aggregate values is the consistency
of performance over time, through different market regimes. We illustrate this by examining
the annual realized volatilities of the six portfolios, shown in figure 2. We see that volatility
control leads to much more consistent realized volatility, as judged by the variability of
realized calendar year volatility; with the volatility-controlled and Markowitz portfolios all
comparably consistent. The two fixed-weight benchmarks experience spikes in volatility,
ranging from around 4% to above 20%. The volatility-controlled and Markowitz portfolios
bring this range down, from around 4% to 12%.

It is well known that return-forecasting strategies can exhibit decreasing performance over
long periods of time, presumably as other traders learn the (small) arbitrage opportunities
being exploited [45]. Our Markowitz portfolio shows no clear sign of this phenomenon over
our simulation period. Its annualized returns in the four consecutive five-year periods are
14.0%, 8.0%, 12.5%, and 11.8%, at annualized volatilities of 8.4%, 9.2%, 9.6%, and 8.6%, for
Sharpe ratios of 1.34, 0.86, 1.16, and 0.97; the Sharpe ratios of all six portfolios by subperiod
are given in table 2.

3.2 Weights over time

Figure 3 shows the weights for the six portfolios over time. The fixed-weight benchmarks
(panels 3a and 3b) drift a bit between annual rebalances; the volatility-controlled variants
(panels 3c and 3d) visibly scale down during high-volatility market regimes, holding more in
cash; and the Markowitz portfolio (panel 3f) shifts weight dynamically across all three assets
each month, as does the simple Markowitz portfolio (panel 3e).
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Figure 2: Calendar-year realized volatilities.

Portfolio 2006–2011 2011–2016 2016–2021 2021–2026 2006–2026

Markowitz 1.34 0.86 1.16 0.97 1.08
Simple Markowitz 1.11 0.94 0.82 0.81 0.91

50/30/20 VC 0.63 0.65 1.17 0.84 0.82
60/40 VC 0.35 0.99 0.96 0.57 0.71

50/30/20 0.40 0.75 1.05 0.75 0.70
60/40 0.13 0.99 0.87 0.48 0.56

Table 2: Sharpe ratios of the six portfolios by five-year subperiods, and over the full period.

12



2008 2012 2016 2020 2024
Date

0.0

0.2

0.4

0.6

0.8

1.0

W
ei

gh
t

SPY AGG Cash

(a) 60/40

2008 2012 2016 2020 2024
Date

0.0

0.2

0.4

0.6

0.8

1.0

W
ei

gh
t

SPY AGG GLD Cash

(b) 50/30/20

2008 2012 2016 2020 2024
Date

0.0

0.2

0.4

0.6

0.8

1.0

W
ei

gh
t

SPY AGG Cash

(c) 60/40 VC

2008 2012 2016 2020 2024
Date

0.0

0.2

0.4

0.6

0.8

1.0
W

ei
gh

t

SPY AGG GLD Cash

(d) 50/30/20 VC

2008 2012 2016 2020 2024
Date

0.0

0.2

0.4

0.6

0.8

1.0

W
ei

gh
t

SPY AGG GLD Cash

(e) Simple Markowitz

2008 2012 2016 2020 2024
Date

0.0

0.2

0.4

0.6

0.8

1.0

W
ei

gh
t

SPY AGG GLD Cash

(f) Markowitz

Figure 3: Portfolio weights over time.
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Portfolio SPY AGG GLD Cash

Markowitz 41.5% 20.1% 23.3% 15.1%
Simple Markowitz 46.5% 19.1% 21.2% 13.2%

50/30/20 VC 42.0% 25.1% 16.8% 16.2%
60/40 VC 48.9% 32.4% 0.0% 18.7%

50/30/20 50.3% 29.2% 20.6% 0.0%
60/40 60.8% 39.2% 0.0% 0.0%

Table 3: Average weights over time for the six portfolios, averaged over all trading days in
the simulation.

3.3 Average weights over time

Table 3 gives the average weights over time for each portfolio. Interestingly, the Markowitz
portfolio, which has the best performance, holds about 15% of its value in cash on average,
similar to the volatility-controlled benchmarks. A fixed-weight portfolio with these average
weights, however, does poorly: rebalanced annually, it realizes a return of 8.5% at a volatility
of 9.1%, for a Sharpe ratio of 0.73—at essentially the same volatility as the Markowitz
portfolio, but well below its Sharpe ratio of 1.08. The benefit of the Markowitz portfolio is
therefore not simply in holding more cash, but in varying the cash holdings (as well as the
mix of stocks, bonds, and gold) strategically.

3.4 Risk-return trade-off

In results reported above we target an annualized volatility of 7%. Here we study the risk-
return trade-off by varying the volatility target in the volatility-controlled and optimization-
based portfolios, over the range 3% to 12%, in 0.5% increments. Figure 4a shows realized
return versus realized volatility for these three portfolios, and figure 4b shows Sharpe ratio
versus realized volatility. We can see that the Markowitz portfolio dominates the volatility-
controlled benchmarks across the entire range of volatility targets, both in realized return at
a given level of risk, and in Sharpe ratio. The raw assets and the fixed-weight benchmarks
are shown as single points; all of them lie well below the Markowitz frontier in both panels.
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Figure 4: Performance of portfolios as the risk target is varied from 3% to 12% in 0.5%
increments. Raw assets and benchmarks without volatility control are shown as single stars.
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Figure 5: CPI-adjusted (real) cumulative return of the three assets (top left) and the six
portfolios.

4 Inflation and taxes

In this section we examine the post-inflation and post-tax performance of the six portfolios.

4.1 Inflation-adjusted performance

We deflate the portfolio value by core CPI (FRED series CPILFESL) and recompute the
cumulative return and Sharpe ratio, the latter now measuring return in excess of realized
inflation rather than the federal funds rate.

Figure 5 shows the CPI-adjusted (real) cumulative return of the three assets and the
six portfolios—the inflation-adjusted analog of figure 1—and table 4 reports the realized
annualized return and realized Sharpe ratio. Inflation lowers every return, but the ranking is
essentially unchanged. The Markowitz portfolio retains the highest real Sharpe ratio, 0.99;
its real return of 8.8% exceeds that of raw equity (SPY, 8.1%) and gold (GLD, 7.9%) while
realizing less than half their volatility. The advantage of the Markowitz portfolio over the
fixed-weight and volatility-controlled benchmarks thus persists after adjusting for inflation.
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Portfolio Return Sharpe

Markowitz 8.8% 0.99
Simple Markowitz 7.7% 0.82

50/30/20 VC 5.1% 0.70
60/40 VC 4.4% 0.60

50/30/20 6.4% 0.62
60/40 5.5% 0.49

GLD 7.9% 0.44
AGG 0.6% 0.12
SPY 8.1% 0.42

Table 4: CPI-adjusted annualized return and Sharpe ratio, both in excess of realized inflation,
for the six portfolios and the three assets.

4.2 Tax adjusted performance

The results given so far are pre-tax. In a taxable account, rebalancing realizes capital gains
(or losses), and since our dynamic portfolios trade far more than the annually rebalanced
benchmarks, we ask how much of their advantage survives tax. We estimate post-tax per-
formance using a simple accounting model described below.

Tax brackets. We consider four brackets, each with a pair of marginal rates (τ lt, τ st):
the long-term rate τ lt on gains from positions held more than one year, and the short-
term (ordinary-income) rate τ st on positions held one year or less. They correspond to
representative U.S. federal single-filer rates:

• B1, (0%, 0%): a tax-advantaged or tax-exempt account (e.g., an IRA or 401(k)), or
the lowest bracket. This corresponds to ignoring taxes, i.e., the pre-tax results.

• B2, (15%, 22%): a middle-income investor.

• B3, (15%, 35%): a high-income investor.

• B4, (20%, 37%): the top bracket.

Two adjustments apply on top of these headline rates. The net investment income tax
(NIIT) adds a 3.8% surtax on investment income above a modified adjusted gross income of
$200,000 for a single filer, so it applies in B3 and B4 but not in B2; the effective pairs are
therefore (18.8%, 38.8%) and (23.8%, 40.8%). Also, GLD is a grantor trust holding physical
metal, so a long-term gain on its shares is a collectibles gain, taxed at ordinary rates capped
at 28% rather than at the rate that applies to stock. Its long-term rate is thus 22% in B2
and 31.8% in both B3 and B4.
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Accounting. We track individual tax lots. Each purchase opens a lot recording its acquisi-
tion date and cost basis, and each sale realizes a gain or loss (proceeds minus basis), classified
as long-term or short-term by whether the lot was held more than one year. Whenever a
transaction realizes a gain or loss at a rebalance, we deduct the tax liability immediately
from the cash account. (In a more realistic simulation the taxes for the preceding calendar
year would be deducted from the cash account each April.) Our results are therefore conser-
vative: settling at once rather than the following April gives up the use of the money in the
interim, and the more a portfolio trades the more of that deferral it forgoes. Interest earned
on cash (at the federal funds rate) is taxed as ordinary income, i.e., at the short-term rate
rather than the long-term rate.

Our simulations run on adjusted close prices, whose returns reinvest every distribution,
so a model that taxed only realized capital gains would silently defer dividend and coupon
income into capital appreciation. We therefore separate the income component of each
asset’s daily total return and tax it in the period received: SPY’s distributions as qualified
dividends, at the long-term rate, and AGG’s as interest, at the ordinary rate. (GLD makes
no distributions.) The basis of the holding is stepped up by the amount taxed, so the same
dollars are not taxed a second time when the position is sold. Over 2006–2025 this income
averaged 1.9% a year for SPY and 3.1% for AGG.

We also apply the wash-sale rule. A realized loss is deductible only if no purchase of the
same asset falls within 30 calendar days either side of the sale; otherwise the loss is disallowed
and added to the basis of the replacement shares. Since consecutive monthly rebalances are
28 to 31 days apart, a large share of our realized losses fall inside that window. We ignore
state and local taxes.

When we sell assets, we use a simple greedy rule to determine which lots to sell. We
choose the lots so as to minimize the immediate tax liability. This depends on the basis of
the lots, their short-term or long-term status, and the two marginal tax rates. We start from
cash, and at the end of the simulation horizon we liquidate the entire portfolio and tax the
remaining unrealized gains, so even a zero-turnover holding (buy-and-hold SPY) is taxed,
since its accumulated gain must eventually be realized.

A tax-aware investor could do better, by harvesting losses and deferring gains more
aggressively [47]; our simple analyses here estimate the post-tax performance of a näıve
investor who simply runs each strategy and pays the resulting taxes. Also, the tax analysis
assumes that the investor is carrying out the rebalancing. If the portfolios were instead
offered as ETFs, the investor would only pay taxes when shares of it are sold. This tax
advantage to the investor would presumably exceed ETF fees.

Results. Tables 5 and 6 report the post-tax annualized return and Sharpe ratio (in excess
of the federal funds rate) under the four brackets. For the Sharpe ratio we hold volatility
fixed at its pre-tax (B1) value, since the tax drag is a largely deterministic reduction in
return, not investment risk; the B1 column thus reproduces table 1 exactly.

Three patterns stand out. First, the tax drag grows with turnover: the annually re-
balanced benchmarks and raw assets realize gains slowly and mostly at long-term rates, so
SPY (zero turnover) loses about 1.6 points of return at the top bracket—most of it from the
terminal liquidation—whereas the volatility-controlled and Markowitz portfolios (turnover
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Portfolio B1 B2 B3 B4
(τ lt/τ st) (0/0) (15/22) (15/35) (20/37)

Markowitz 11.6% 9.2% 7.8% 7.5%
Simple Markowitz 10.4% 8.4% 7.3% 7.0%

50/30/20 VC 7.8% 6.5% 5.9% 5.6%
60/40 VC 7.1% 5.9% 5.5% 5.2%

50/30/20 9.1% 7.9% 7.4% 7.2%
60/40 8.1% 7.1% 6.7% 6.4%

GLD 10.6% 9.4% 8.8% 8.8%
AGG 3.1% 2.5% 1.9% 1.9%
SPY 10.8% 9.9% 9.6% 9.2%

Table 5: Post-tax annualized return for the six portfolios and the three assets under the four
tax brackets B1–B4, with (τ lt/τ st) the long-term and short-term marginal rates in percent.

Portfolio B1 B2 B3 B4
(τ lt/τ st) (0/0) (15/22) (15/35) (20/37)

Markowitz 1.08 0.83 0.67 0.64
Simple Markowitz 0.91 0.71 0.59 0.56

50/30/20 VC 0.82 0.64 0.56 0.53
60/40 VC 0.71 0.56 0.50 0.46

50/30/20 0.70 0.59 0.55 0.52
60/40 0.56 0.47 0.43 0.41

GLD 0.49 0.42 0.39 0.39
AGG 0.26 0.14 0.04 0.03
SPY 0.46 0.41 0.40 0.38

Table 6: Post-tax Sharpe ratio (in excess of the federal funds rate) for the six portfolios and
the three assets under the four tax brackets B1–B4. The volatility in the denominator is
held fixed at its pre-tax (B1) value.
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79%–284%) give up much more. Second, income matters as much as turnover for the bond-
heavy positions. AGG distributes about 3.1% a year as interest, taxed at the ordinary rate,
so its post-tax return falls from 3.1% to 1.9% and its Sharpe ratio from 0.26 to 0.03 at the
top bracket. The zero-turnover buy-and-hold benchmark is not the tax-efficient one; the
tax-efficient asset is the one that pays no income, which here is gold. Third, the Markowitz
portfolio’s advantage narrows under taxation but remains clear: its Sharpe ratio falls from
1.08 to 0.83, 0.67, and 0.64 across B2–B4, yet it stays the highest in every bracket—at the
top bracket it reaches 0.64, above the 0.56 of the next-best portfolio. Its edge thus survives
taxation, though a high-bracket investor would weigh its higher turnover more heavily.
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5 Conclusions and discussion

Return forecast. We do not believe that our return forecasting method is the best pos-
sible; we consider it merely good enough to provide a performance lift. More sophisticated
return forecasting could certainly be developed, even using the same features that we use.
We also imagine that further improvement would come from using more exotic (even if still
public) data sources.

Timing the market? As shown in §3.2, the average weights of the Markowitz portfolio
does not by itself explain its performance: a fixed-weight portfolio that statically holds those
average weights yields a Sharpe ratio of only 0.73, well below the 1.08 of the dynamic portfolio
at similar volatility. The extra performance comes from how the portfolio varies its exposure
over time, shifting among stocks, bonds, gold, and cash from month to month in response
to the return forecast and the risk model—which is what one would call market timing.
Consistent with this, the portfolio de-risks into cash during turbulent periods: it is the only
portfolio we consider with a positive Sharpe ratio through the 2008 crisis, and its realized
volatility stays in a much narrower band than the fixed-weight benchmarks (figure 2).

Comparison with other methods. In appendix F we benchmark our portfolios against
seven standard risk-based allocation methods—among them risk parity, minimum variance,
maximum diversification, and Black–Litterman—run on the same assets, data, costs, and
constraints. All of them land near our simple volatility-controlled benchmark, with Sharpe
ratios between 0.60 and 0.85, and well below the 1.08 of the Markowitz portfolio. Sizing
positions by risk is evidently not enough on its own; the lift comes from combining a return
forecast with a hard limit on estimated risk.
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A Portfolio accounting

Let rt ∈ R3 be the vector of close-to-close daily simple returns on day t, and let rrft be the
daily risk-free rate (the federal funds rate expressed per trading day). The cash weight is
ct = 1− (wspy

t + wagg
t + wgld

t ).
On a day that is not a rebalance day, each asset holding grows with its return and cash

grows at the risk-free rate. The portfolio value Vt updates as

Vt = Vt−1

(
3∑

i=1

wi
t−1 (1 + rit) + ct−1 (1 + rrft )

)
,

and the drifted weights become

(wt)i =
Vt−1

Vt

wi
t−1 (1 + rit), i = 1, 2, 3.

The numerator is the value of the ith asset after its return, and the denominator is the new
portfolio value, so the ratio is the new weight of the ith asset.

On a rebalance day, the value and weights are first updated as above, giving the drifted
weights wt and the pre-trade value Vt. We then compute the target weights ŵt by one of the
methods in §2. We finally trade so that the weights equal the desired weights ŵt; buying
or selling an asset moves the difference into or out of cash, so the post-trade cash weight is
ĉt = 1− (ŵspy

t + ŵagg
t + ŵgld

t ).
The total traded fraction of the portfolio is

∑3
i=1 |ŵi

t −wi
t|, counting the three (noncash)

assets only; moving value into or out of cash is not itself a trade. Trading incurs a trading
cost at the half-spread s/2. With s = 5 basis points, the trading cost of a rebalance is

s

2

3∑
i=1

∣∣ŵi
t − wi

t

∣∣Vt.

This cost is deducted from the cash account, so the post-trade value is the pre-trade value mi-
nus the trading cost, and the post-trade weights are re-computed using the updated portfolio
value.

We define the turnover of a rebalance as half the total traded fraction, 1
2

∑3
i=1 |ŵi

t−wi
t|, so

that selling one asset to buy another counts the exchanged value once. We report annualized
turnover as 252 times the average daily turnover, with zero turnover on non-rebalancing
days.
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Group Number Features

Asset trend 12 Trailing returns of ETFs over 63, 126, and 252 days, and the
252-day trailing return divided by its trailing volatility.

Asset volatility 3 Log short (21 day) minus log long-run (252 day) volatility of
ETFs.

Asset liquidity 9 Average log trading volume of ETFs over 21, 63, and 126 days.
Rates 7 Treasury yields at 3 months, 2, 5, 10, and 30 years, the 10-year

real yield, and the 10-year breakeven inflation rate.
Market state 3 Smoothed (63 day average) log VIX, smoothed (512 day average)

broad dollar index, and the 2-year minus 3-month yield-curve
slope.

Fama–French 8 Smoothed (63 day average) returns of market, size, value, prof-
itability, investment, momentum, short-term reversal, and long-
term reversal factors.

Table 7: The feature vector zt used for the return forecast.

B Return forecasting

In this section we describe the return forecast αt used by the Markowitz portfolio, which is
based on simple regression.

B.1 Target and features

Target and features. The forecast target is rforwt ∈ R3, the 100-trading day forward
return of the three assets, annualized by scaling by 252/100. It is computed from the same
adjusted close prices used in the simulations (§2.5). The feature vector zt ∈ Rp is described
in table 7. The asset-level features—trailing returns, volatilities, and trading volumes—are
computed from the ETF price and volume data; the rates and market-state features are
downloaded from FRED; and the factor features are downloaded from the Kenneth French
data library. For forecasting on day t, all features are computed using only data available
on day t, on a rolling basis. The total number of features is p = 42.

B.2 Forecasting method

On each day t, we fit a multivariate ridge regression from the feature vector zτ to the
forward-return vector rforwτ . The training set contains at most the most recent 512 complete
observations. Its final target observation is dated t− 100, so that the corresponding forward
return ends at t and no target uses prices after the forecast date, i.e., the method is causal.
We require at least 63 complete observations; before then, the forecast is set to zero.

Within each training window, feature j is divided by its sample (equal weight) standard
deviation dj (with a small numerical floor). Features are not centered, and no intercept is
included. Let z̃τ ∈ Rp denote this scaled feature vector. We choose the coefficient matrix
Bt ∈ R3×p by solving the convex quadratic optimization problem

minimize
∑

τ ρτ
∥∥Bz̃τ − rforwτ

∥∥2
2
+ λ∥B∥2F , (4)
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with variable B ∈ R3×p, where the normalized observation weights ρτ decay exponentially
with a half-life of 252 trading days. We use regularization parameter value λ = 10. The
annualized return forecast is then

αann
t = Btz̃t ∈ R3,

where Bt is the solution of (4) and z̃t is the scaled feature vector on day t. Only features
observed throughout the training window and on day t are used. For the monthly portfolio
decision in (3), we put this forecast on the same 21-trading-day scale as the cash return
by using αt = (21/252)αann

t . The simple Markowitz forecast is put on the same scale by
multiplying its exponentially weighted average daily return by 21. This simple forecast
model is a ridge-regularized linear forecast, re-fit each trading day using a rolling sample.

B.3 Forecast performance

The return forecasts used by the simple Markowitz and Markowitz portfolios are shown in
figure 6, alongside the realized 100-day forward return (the target for the forecast method).
The trajectories are shown in their original annualized units. The trailing average is smooth,
while the regression forecast responds to a broader set of market information. The two
forecasts are generally, but not always, in agreement. It is easy to identify times when
both forecasts are poor, e.g., have the wrong sign compared to the realized 100-day forward
returns.

We evaluate the forecast performance by computing the cosine similarity between the
forecast at time t and the realized 100-day forward return at time t. The results are shown
in figure 7. The good news is that these are generally positive. From comparison with
figure 1, we see that the periods with large cosine similarity correspond to periods with large
cumulative returns.
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Figure 6: The two return forecasts and the realized 100-day forward return rforwt , plotted
at the forecast date t, one panel per asset. The forecasts and realized returns are shown in
annualized units, without normalization.
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Portfolio Return 95% interval Sharpe 95% interval Max DD 95% interval

Markowitz 11.6% [7.5%, 15.7%] 1.08 [0.62, 1.57] 18.1% [9.9%, 26.1%]
Simple Markowitz 10.4% [6.4%, 14.5%] 0.91 [0.48, 1.38] 15.8% [10.5%, 25.9%]

50/30/20 VC 7.8% [4.7%, 10.8%] 0.82 [0.39, 1.26] 15.9% [8.5%, 22.4%]
60/40 VC 7.1% [4.0%, 10.1%] 0.71 [0.29, 1.16] 16.9% [9.1%, 23.9%]

50/30/20 9.1% [4.7%, 13.3%] 0.70 [0.27, 1.17] 27.1% [12.7%, 36.2%]
60/40 8.2% [3.4%, 12.8%] 0.56 [0.13, 1.04] 33.7% [14.9%, 41.9%]

Table 8: Point estimates and bootstrap 95% intervals for the return, Sharpe ratio, and
maximum drawdown of the six portfolios.

Portfolio Mean of ∆ 95% interval P (∆ ≤ 0)

Simple Markowitz +0.17 [−0.06,+0.40] 0.068

50/30/20 VC +0.26 [−0.06,+0.61] 0.057
60/40 VC +0.37 [−0.02,+0.78] 0.033

50/30/20 +0.38 [−0.01,+0.79] 0.027
60/40 +0.52 [+0.07,+0.99] 0.011

Table 9: Difference ∆ between the Sharpe ratio of the Markowitz portfolio and that of each
of the other portfolios, paired across bootstrap replications, with its 95% interval and the
bootstrap probability that it is not positive.

C Statistical significance

All confidence intervals reported here come from a stationary block bootstrap [53], with a
mean block length of 21 trading days and 10,000 replications applied on the portfolio returns
time series. The stationary bootstrap preserves dependence within randomly selected runs
of consecutive observations. So if the time-series has a short-memory autocorrelation, that
structure is approximately retained in each replication. Within each replication we sample
the time series of returns for each portfolio (and the fed funds rate series) in the same
manner (dictated by the index series produced by the bootstrap), so the contemporaneous
correlation between the portfolios is preserved, and the Sharpe ratio differences reported
below are paired.

Table 8 gives the point estimate and the 95% interval for the return, Sharpe ratio, and
maximum drawdown of each of the six portfolios.

Table 9 gives the difference between the Sharpe ratio of the Markowitz portfolio and that
of each of the other five portfolios, with its 95% interval and the bootstrap probability that
the difference is not positive.

The intervals are wide, as is expected for Sharpe ratios estimated over twenty years. The
advantage of the Markowitz portfolio over the 60/40 fixed-weight benchmark—the principal
benchmark this paper sets out to beat—is significant at the 5% level: its interval excludes
zero. The interval for the 50/30/20 fixed-weight benchmark narrowly includes zero.
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The advantages over the volatility-controlled benchmarks and over the simple Markowitz
portfolio are of comparable magnitude in point estimate—the difference over the 60/40 VC
benchmark, +0.37, is very nearly the difference over the 50/30/20 benchmark, +0.38—
but their intervals include zero, so they are not significant at the 5% level on this sample.
(The intervals are two-sided, so significance at this level corresponds to P (∆ ≤ 0) ≤ 0.025.)
Twenty years of data cannot resolve differences of this size. These last comparisons are among
portfolios we propose here: the volatility-controlled benchmarks and the simple Markowitz
portfolio are constructions of this paper rather than established methods, so they bear on
which of our portfolios an investor should prefer, and not on whether we improve on the
status quo. We therefore do not claim that the Markowitz portfolio is significantly better
than its volatility-controlled counterparts, only that it ranks above them consistently. We
note that these intervals describe sampling variation only. They do not account for the
specification search discussed in appendix E.

Table 2 gives the Sharpe ratios of the six portfolios over the four consecutive five-year
subperiods, and over the full period. The Markowitz portfolio has the highest Sharpe ratio
in two of the four subperiods, and over the full period. In 2011–2016 it does not: its Sharpe
is 0.86, below the simple Markowitz portfolio, at 0.94, and both of the 60/40 portfolios, at
0.99. Its margin over the volatility-controlled benchmarks is widest in the first subperiod,
which contains the 2008 crisis, and is narrower afterwards. Excluding the 2008 and 2009
calendar years entirely and splicing the remaining daily returns, the Sharpe ratios are 1.11
for the Markowitz portfolio, 0.95 for the simple Markowitz portfolio, 0.93 for 50/30/20 VC,
0.83 for 60/40 VC, 0.87 for 50/30/20, and 0.74 for 60/40, so the ordering is essentially
preserved—only 50/30/20 moves above 60/40 VC—but the margin narrows.

32



Lag Return Volatility Sharpe Max DD Mean DD Turnover

0 days 11.6% 9.0% 1.08 18.1% 3.0% 284.4%
1 day 11.6% 9.0% 1.08 18.1% 2.9% 284.8%
5 days 11.5% 9.0% 1.07 17.6% 2.9% 285.3%

21 days 10.9% 9.0% 1.00 15.1% 3.3% 284.2%

Table 10: Performance of the Markowitz portfolio when its return forecast is lagged.

Lag Return Volatility Sharpe Max DD Mean DD Turnover

0 days 11.6% 9.0% 1.08 18.1% 3.0% 284.4%
1 day 10.9% 8.9% 1.01 18.8% 2.8% 268.8%
5 days 10.1% 10.2% 0.81 30.6% 3.6% 274.5%

21 days 9.4% 10.3% 0.73 23.0% 4.4% 285.4%

Table 11: Performance of the Markowitz portfolio when both its return forecast and covari-
ance estimate are lagged.

D Lagged information

In this section we experiment with the effect on performance of lagging the information
provided to the Markowitz portfolio by one day, one week, and one month. In the first
experiment we lag αt, but not Σt, with the results shown in table 10. We can see that lags in
αt barely affect the portfolio performance, with only a modest degradation with full month
lag. In summary, our simple return forecast αt is not sensitive to lag.

In our second experiment, we lag both αt and Σt, with the results shown in table 11. Here
too a one day lag has little effect, but longer lags do degrade performance more than when
αt alone is lagged. Our conclusion is that in our Markowitz portfolio, a reactive covariance
forecast appears to be substantially more important than a reactive return forecast. This is
consistent with the covariance estimate’s short 11-day window, which is intended to respond
quickly to changing market risk.
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E Hyper-parameter sensitivity and choice

Sensitivity to backtest years. Our simulations and analyses are for the specific span
from 2006–2026, which includes several market disruptions and multiple market conditions.
When other date ranges are chosen, the performance numbers vary a bit, but the overall
conclusions are almost always the same: the volatility-controlled portfolios have better per-
formance than the fixed-weight benchmarks, and the Markowitz portfolios have even better
performance.

Hyper-parameter sensitivity. We first address the question of sensitivity of our results
for the Markowitz portfolio to the hyper-parameters. The Markowitz portfolio has very few
hyper-parameters to choose. They are target volatility (which we take as 7%), the allowed
deviation of the relative weights from (0.5, 0.3, 0.2) (which we take as one), the trailing
period for the covariance estimate (which we take as 11 days), and the hyper-parameters in
our return forecast. Our choice of features, and their processing (listed in table 7) seem to
be unremarkable. The hyper-parameters in the return forecast are the target horizon (which
we take as 100 days), the half-life used to fit the regression matrix B (which we take as 252
days), and the ridge regularization parameter λ (which we take to be 10).

We analyze the performance for varying target volatilities in §3.4; the results are what we
would expect, and the high level conclusions remain. The limit on relative weight deviation
has a small and positive effect on performance, and could be removed without much change.
The covariance estimate window does affect the performance, though smoothly. The three
hyper-parameters in the return forecast have a smooth effect on performance. As for choice
of features, we can drop several without much decrease in performance. (And we have no
doubt that adding others could improve performance.) In summary, the performance of the
Markowitz portfolio is not particularly sensitive to the choice of the (few) hyper-parameters.
Large changes do, however, affect the performance.

Choice of hyper-parameters. Another question we address is when we choose the hyper-
parameters, by doing simulations on past data. (As usual, hyper-parameters are crudely
gridded, say by factors of 2.) For a fixed 2006 start, the current specification remains close
to the best tested one-at-a-time neighboring specification at every annual endpoint from
2011 through 2025. A longer alpha-fitting half-life of 315 days performs slightly better over
these endpoints, but improves the full-period Sharpe ratio by only 0.01. We also compare
the fixed specification against annual walk-forward selection, in which, at each year end, the
specification is chosen by Sharpe ratio over the trailing window, using only data preceding
the deployment year, and is then applied for the following year. The evaluation window
begins at the first year at which a selection can be made, so the two selection rules are
evaluated over different windows. Table 12 gives the results. The trailing five-year rule
sometimes chose neighboring covariance-window or decay values. Thus, annual retuning
did not improve out-of-sample performance, and the results appear locally robust, although
shorter estimation windows do not always select exactly the same parameters.
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Selection rule Evaluation window Fixed specification Walk-forward selection

Trailing five years 2011–2026 1.00 0.93
Trailing ten years 2016–2026 1.08 1.00

Table 12: Sharpe ratio of the fixed specification and of annual walk-forward selection, for two
selection windows. The two rules are evaluated over different windows, since the evaluation
window begins at the first year at which a selection can be made.

Deflated Sharpe ratio. We account for the specification search using the deflated Sharpe
ratio of Bailey and López de Prado [3, 2]. The documented sweep contains 17 specifications,
whose annualized Sharpe ratios have a standard deviation of 0.07, which gives an expected
maximum Sharpe ratio, under the null hypothesis of no skill, of 0.12. The resulting deflated
Sharpe ratio for the Markowitz portfolio exceeds 0.99, and remains above 0.99 when the
assumed number of trials is raised to 1000, which lifts the expected maximum under the
null only to 0.22. This calculation assumes that the trials are the documented one-at-a-time
neighbors of the chosen specification. These are highly correlated with one another, so the
dispersion of the trial Sharpe ratios—and hence the deflation—is likely understated.
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F Comparison with risk-based portfolios

Both our volatility-controlled and our optimization-based portfolios size their positions using
an estimate of risk, so it is natural to ask whether their performance simply reflects a generic
benefit of risk control, which is shared by a large family of well known risk-based allocation
rules. In this appendix we address this question by comparing the Markowitz portfolio
against seven standard alternatives, implemented in our setting.

Each benchmark holds the same three assets (SPY, AGG, and GLD) plus cash, is long
only and unlevered, rebalances monthly, uses the same covariance estimate Σt described in
§2.4, and pays the same trading cost, over the same 2006–2026 period. Each is evaluated us-
ing the metrics of §2.6. The comparison is therefore an apples-to-apples one: the benchmarks
differ from our portfolios only in how they turn the same data into weights.

F.1 Methods

On each rebalance day, each of the seven methods produces a fully invested vector of relative
weights η ∈ R3, satisfying η ≥ 0 and 1Tη = 1. Let νt ∈ R3 be the vector of estimated asset
volatilities, (νt)i = (Σt)

1/2
ii , and let

RCi(η) =
ηi(Σtη)i
ηTΣtη

, i = 1, 2, 3,

be the fraction of portfolio variance contributed by asset i; these fractions sum to one, though
an individual fraction can be negative when the covariance estimate has negative off-diagonal
entries. The seven methods are the following.

• Equal weight. η = (1/3)1, the 1/N rule, which is a surprisingly strong benchmark in
practice [21].

• Inverse volatility. ηi ∝ 1/(νt)i, sometimes called näıve risk parity [54, 42].

• Equal risk contribution. η is chosen so that RCi(η) = 1/3, i.e., each asset contributes
the same share of portfolio variance [43, 54].

• 50/30/20 risk budget. η is chosen so that RC(η) = (0.5, 0.3, 0.2), i.e., risk, rather than
capital, is split in the proportions of the 50/30/20 benchmark [16, 55].

• Global minimum variance. η minimizes ηTΣtη [33, 20].

• Maximum diversification. η maximizes the diversification ratio (νT
t η)/(η

TΣtη)
1/2, i.e.,

the ratio of the weighted average asset volatility to the portfolio volatility [19].

• Black–Litterman. The return forecast is shrunk toward the returns implied by an
equilibrium portfolio [8, 34]. We take the 50/30/20 benchmark as the equilibrium
portfolio, giving the implied returns πt = δΣtw

tgt with risk aversion δ = 2.5, and
use the same return forecast αt as our Markowitz portfolio (appendix B) as absolute
views on all three assets. With prior covariance τΣt and diagonal view covariance
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Ωt = τ diag((Σt)11, (Σt)22, (Σt)33), i.e., view uncertainty proportional to each asset’s
variance, and τ = 0.05, the posterior mean return is

µ̄t =
(
(τΣt)

−1 + Ω−1
t

)−1 (
(τΣt)

−1πt + Ω−1
t αt

)
.

The weights η then maximize the mean-variance utility µ̄T
t η − (δ/2) ηTΣtη. (Here Σt

and αt are expressed in annual units, since δ and τ are not scale free.)

The first six methods use only the covariance estimate Σt; only Black–Litterman uses a
forecast of returns, and it uses exactly the forecast that our Markowitz portfolio uses. The
first two are given in closed form; the others are small smooth problems over the simplex,
which we solve numerically, warm started at the previous month’s solution.

None of these methods holds cash; each prescribes only the relative weights of the three
assets. To compare them with our portfolios at a common level of targeted risk, we also form
a volatility-controlled version of each, exactly as in (1): on each rebalance day the weights
are

ŵt = min

{
σtgt

(ηTΣtη)1/2
, 1

}
η,

with the same target σtgt = 7% used throughout the paper, and the remainder held in cash.
We report both the fully invested and the volatility-controlled variants.

F.2 Results

Table 13 gives the metrics for the seven benchmarks, in both variants, with the Markowitz
portfolio repeated from table 1 for reference. Table 14 gives their average relative weights,
along with the average cash weight of the volatility-controlled variants. (The relative weights
do not depend on the variant, since scaling toward the volatility target does not change them.)

Risk control alone does not explain the performance. At their standard specifi-
cations, every one of the seven methods lands well below the Markowitz portfolio. With
volatility control, their Sharpe ratios range from 0.60 to 0.85, against 1.08 for the Markowitz
portfolio. The best of them, the 50/30/20 risk budget portfolio, at 0.85, is only slightly above
our own 50/30/20 volatility-controlled benchmark, at 0.82; indeed the four best methods are,
for practical purposes, tied with it. The picture is much the same without volatility control,
where the Sharpe ratios range from 0.63 to 0.80. It is worth stating this comparison the
other way around. In their conventional fully invested form, every one of the seven meth-
ods falls below our 50/30/20 volatility-controlled benchmark; the highest of them, inverse
volatility, reaches 0.80 against its 0.82. The four that do edge past it are those given our
volatility-control overlay. Sizing positions by risk, however it is done, gets an investor to
roughly the same place as the simple volatility-controlled benchmark of §2.3, and no further.

The comparison is not an artifact of the risk level. Because these methods cannot
lever up, several of them realize volatilities well below the 7% target—as low as 4.9% for
the global minimum variance portfolio—so we compare them on Sharpe ratio rather than
return. The Markowitz portfolio’s Sharpe ratio is in any case not very sensitive to the risk
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Portfolio Return Volatility Sharpe Max DD Mean DD Turnover

Markowitz 11.6% 9.0% 1.08 18.1% 3.0% 284.4%

Volatility-controlled, 7% target
50/30/20 risk budget 6.6% 5.6% 0.85 14.7% 1.8% 178.9%
Equal risk contribution 6.2% 5.3% 0.83 14.7% 2.0% 158.5%
Equal weight 7.7% 7.2% 0.82 14.2% 2.6% 74.2%
Maximum diversification 6.6% 5.9% 0.82 15.8% 2.1% 276.3%
Inverse volatility 6.1% 5.4% 0.80 15.1% 2.0% 126.1%
Black–Litterman 8.5% 8.6% 0.77 16.2% 3.1% 270.4%
Global minimum variance 4.7% 4.9% 0.60 16.2% 1.8% 161.8%

Fully invested
50/30/20 risk budget 7.3% 7.1% 0.77 18.7% 1.9% 189.9%
Equal risk contribution 6.4% 6.9% 0.67 19.4% 2.0% 168.1%
Equal weight 8.7% 9.3% 0.73 23.8% 2.9% 13.5%
Maximum diversification 6.9% 6.7% 0.75 22.0% 2.3% 278.3%
Inverse volatility 6.6% 6.1% 0.80 17.0% 1.9% 120.7%
Black–Litterman 11.4% 15.2% 0.63 27.7% 6.1% 315.3%
Global minimum variance 5.1% 5.3% 0.63 17.1% 1.8% 157.8%

Table 13: Performance metrics for the seven risk-based benchmarks, in the volatility-
controlled (middle) and fully invested (bottom) variants, with the Markowitz portfolio for
reference (top). Within each panel the methods are ordered by the Sharpe ratio of the
volatility-controlled variant.

Portfolio SPY AGG GLD Cash

Markowitz 48.3% 23.4% 28.3% 15.1%

50/30/20 risk budget 27.5% 58.7% 13.7% 5.4%
Equal risk contribution 20.5% 63.0% 16.5% 3.2%
Equal weight 33.4% 33.2% 33.4% 12.9%
Maximum diversification 23.0% 61.6% 15.4% 2.8%
Inverse volatility 18.7% 64.2% 17.1% 2.1%
Black–Litterman 44.9% 12.1% 43.0% 33.0%
Global minimum variance 10.8% 84.9% 4.4% 1.2%

Table 14: Average relative weights of the three assets, and average cash weight of the
volatility-controlled variant, for the seven risk-based benchmarks and the Markowitz port-
folio, averaged over all trading days in the evaluation window. The relative weights are the
same for both variants.
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level (figure 4b): run at a 3% target it realizes 4.8% volatility with a Sharpe ratio of 0.92, and
at a 5% target it realizes 7.1% volatility with a Sharpe ratio of 1.07. So at each benchmark’s
own realized volatility, the Markowitz portfolio still has a substantially higher Sharpe ratio.

Where the risk-based methods lose. Five of the six purely risk-based methods (all
but equal weight) allocate using the covariance estimate alone, and are therefore drawn
toward the lowest volatility asset. As table 14 shows, they hold between 59% and 85% of
their risky value in AGG, whose annualized return over the period is 3.1% (table 1). Their
returns—4.7% to 6.6% with volatility control, and 5.1% to 7.3% fully invested—reflect this:
they diversify risk well, but they have no mechanism for tilting toward the assets that are
expected to perform well. The Markowitz portfolio, by contrast, holds a far more balanced
average mix, 48.3/23.4/28.3, and—as discussed in §3.2—derives its performance from varying
that mix over time rather than from its average.

The return forecast is necessary but not sufficient. The Black–Litterman portfolio
uses the same return forecast αt as our Markowitz portfolio, and it does earn a higher return
than the purely risk-based methods, 8.5% with volatility control and 11.4% without. But it
earns those returns at a much higher risk: fully invested it realizes 15.2% volatility with a
27.7% maximum drawdown, and even with volatility control its Sharpe ratio is 0.77. Trading
off risk against return in a utility function, with the forecast shrunk toward an equilibrium
prior, is simply less effective here than imposing a hard constraint on the estimated volatility
and an ℓ1 trust region around the 50/30/20 mix (2), as in (3). The lift we report therefore
comes neither from the return forecast alone nor from risk control alone, but from the combi-
nation. Black–Litterman is the only benchmark considered here with free hyper-parameters;
we sweep them in §F.3, and its advantage over the purely risk-based methods survives, but
the ranking against the Markowitz portfolio does not change.

Turnover. The Markowitz portfolio has the highest turnover of the portfolios in table 13,
at 284.4%. But turnover does not explain the ranking: the maximum diversification and
Black–Litterman portfolios trade nearly as much, at 276.3% and 270.4%, with Sharpe ratios
of 0.82 and 0.77; and all of the figures reported here are net of the same trading costs.

The covariance estimate does not favor our method. All seven methods use the
covariance estimate Σt of §2.4, whose 11-day window we chose for our own portfolios, so
one might ask whether that choice handicaps them. We therefore re-ran every method, in
both variants, over a grid of trailing covariance windows of 11, 21, 63, 126, and 252 trading
days, i.e., 70 specifications in all. Table 15 gives the Sharpe ratio of the volatility-controlled
variant.

For every one of the seven methods the volatility-controlled variant attains its highest
Sharpe ratio at the 11-day window—the window our own portfolios use—and longer, more
conventional windows make every method worse, monotonically or nearly so; the shared
covariance estimate helps the comparators, it does not handicap them. Taking the best cell
of the whole grid, selected in sample, the highest Sharpe ratio any of these methods reaches
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Method 11 days 21 days 63 days 126 days 252 days

50/30/20 risk budget 0.85 0.75 0.73 0.68 0.68
Equal risk contribution 0.83 0.77 0.74 0.69 0.70
Equal weight 0.82 0.78 0.72 0.69 0.67
Maximum diversification 0.82 0.78 0.75 0.69 0.71
Inverse volatility 0.80 0.74 0.73 0.70 0.69
Black–Litterman 0.77 0.70 0.66 0.66 0.70
Global minimum variance 0.60 0.45 0.42 0.37 0.37

Table 15: Sharpe ratio of the volatility-controlled variant of each of the seven risk-based
benchmarks, for trailing covariance windows of 11 to 252 trading days. The methods are
ordered as in table 13.

is 0.85, against 1.08 for the Markowitz portfolio; in the fully invested variant the best cell
anywhere in the grid is 0.80, for inverse volatility at the 11-day window.

F.3 Tuning Black–Litterman

The six purely risk-based methods have no free hyper-parameters beyond the covariance
estimate, which they share with our portfolios. Black–Litterman does, so we sweep them
and report its best in-sample performance.

We first note that the scale τ has no effect at all. With prior covariance τΣt and view
covariance Ωt = τ diag(Σt), as in §F.1, the factor τ cancels from the posterior mean, leaving

µ̄t =
(
Σ−1

t + diag(Σt)
−1
)−1 (

Σ−1
t πt + diag(Σt)

−1αt

)
,

where diag(Σt) denotes the diagonal part of Σt. (In simulation, τ = 0.005, 0.05, and 0.5
give identical results to six significant figures.) To vary the confidence placed in the views
we therefore introduce a multiplier ω > 0, taking Ωt = ωτ diag(Σt), which gives

µ̄t =
(
Σ−1

t + ω−1 diag(Σt)
−1
)−1 (

Σ−1
t πt + ω−1 diag(Σt)

−1αt

)
.

As ω → 0 the posterior mean approaches the return forecast αt, and as ω → ∞ it approaches
the equilibrium returns πt; the canonical specification is ω = 1.

We sweep the risk aversion δ over ten values from 0.5 to 100 and the view confidence
ω over nine values from 10−4 to 100, giving 90 specifications, each run in both variants.
Table 16 reports the best of them, alongside the canonical specification and the Markowitz
portfolio.

Three things are worth noting. First, even at its best specification—selected with
full hindsight over the entire simulation, on the metric being compared—Black–Litterman
reaches a Sharpe ratio of 0.95 with volatility control and 0.94 fully invested, against 1.08
for the Markowitz portfolio. Over all 90 specifications the volatility-controlled Sharpe ratio
ranges from 0.70 to 0.95, and the fully invested one from 0.57 to 0.94; all of them remain be-
low 1.08. The comparison is a conservative one, since the hyper-parameters of the Markowitz
portfolio are not selected this way (appendix E).
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Specification Return Volatility Sharpe Max DD Mean DD Turnover

Markowitz 11.6% 9.0% 1.08 18.1% 3.0% 284.4%

Volatility-controlled, 7% target
Canonical, δ = 2.5, ω = 1 8.5% 8.6% 0.77 16.2% 3.1% 270.4%
Best, δ = 20, ω = 10−4 10.1% 8.7% 0.95 19.1% 3.4% 327.4%

Fully invested
Canonical, δ = 2.5, ω = 1 11.4% 15.2% 0.63 27.7% 6.1% 315.3%
Best, δ = 15, ω = 10−4 12.3% 11.0% 0.94 24.3% 4.4% 328.1%

Table 16: Black–Litterman under its canonical specification and under the best of the 90
specifications swept, selected in-sample on the Sharpe ratio, with the Markowitz portfolio
for reference.

Second, the best specifications are those with ω near zero, i.e., those in which the equi-
librium prior is switched off entirely and the posterior mean is just our return forecast αt.
The shrinkage that Black–Litterman is designed to provide does not help here; what the
portfolio gains, it gains from the forecast it is given.

Third, what remains once the prior is switched off is a difference in formulation. With
ω → 0 the benchmark chooses a fully invested portfolio maximizing αT

t η − (δ/2)ηTΣtη and
then scales it toward the volatility target, whereas our Markowitz portfolio chooses the cash
weight and the asset mix jointly, subject to a hard constraint on estimated volatility and an
L1 trust region around 50/30/20. That difference is worth about 0.13 of Sharpe ratio here.

F.4 Caveats

These are implementations of the seven methods within the restrictive setting of this paper:
three assets, long only, no leverage, and monthly rebalancing. Risk parity in particular is
normally applied to a broader universe and with leverage, which is how it reaches equity-like
returns; denied leverage, it is confined to the low-volatility corner of the universe. Our claim
is therefore the narrow one: for an investor working under the constraints we consider, and
using the same data, these methods do not reach the performance of the Markowitz portfolio.

41



G Simulation assumptions

Trading cost. Our simulations charge a spread of 5 basis points on each trade, which we
consider conservative for the three highly liquid ETFs we use. To check that our results do
not rest on this, we re-run the six portfolios at 10 and 20 basis points; table 17 gives the
Sharpe ratios. At each spread, the optimization-based portfolios use that same spread in
their objective and the simulation charges it to realized value. At four times the assumed
cost the Markowitz portfolio still returns 11.1%, at a Sharpe ratio of 1.03, and the ranking
of the six portfolios is unchanged at every cost level. The annually rebalanced benchmarks
are essentially unaffected, since they barely trade.

Portfolio 5 bp 10 bp 20 bp

Markowitz 1.08 1.07 1.03
Simple Markowitz 0.91 0.92 0.89

50/30/20 VC 0.82 0.81 0.80
60/40 VC 0.71 0.71 0.69

50/30/20 0.70 0.70 0.70
60/40 0.56 0.56 0.56

Table 17: Sharpe ratios of the six portfolios at trading cost rates of 5, 10, and 20 basis
points. The paper uses 5 basis points throughout.

The cash rate. Our simulations accrue cash at the effective federal funds rate, which an
individual investor cannot obtain directly; the practical substitute is a Treasury bill fund,
which yields slightly less. We therefore re-run the simulations with cash accruing at the
federal funds rate less 25 basis points annualized, while still measuring the Sharpe ratio
in excess of the federal funds rate itself. The optimization-based portfolios also use this
lower cash return in their objective and therefore re-optimize their allocations. The simple
Markowitz Sharpe ratio falls by 0.002, and the volatility-controlled portfolios fall by less
than 0.007. The Markowitz portfolio instead increases its risky allocation and its realized
Sharpe ratio rises by 0.014 in this historical simulation; this is a reallocation effect, not a
direct benefit from receiving less interest. The two fixed-weight benchmarks are unaffected,
since they hold no cash. The direct effect is small because even the Markowitz portfolio
holds only around 15% of its value in cash on average.
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