


STATISTICAL SIGNIFICANCE

everything right: you've run a randomized double-blinded trial to test a prechosen

hypothesis of interest in terms of a preselected one-dimensional response measure-
ment. Now you face another difficult problem. Chapter 2 spole loosely of the measure-
ments showing a clear difference between the treatment and control groups, but what does
“a clear difference” mean in dealing with noisy data? Statisticians® have developed an an-
swer to this question, "significance testing”, that has become a standard tool of scientific
inference. It is used so often that the words “statistically significant™ are creeping into
popular usage, threatening to join other favorites like *quantum™ and “alsolute zera™ in
the lexicon of familiar but still somehow mysterious terms. This chapter will show you
how to run a signifeance twst, and exactly what statistical sipnificance really means.

S uppose that at the cost of considerable effort, you, the research scientist, havwe done

3.1 THE CHOLOSTYRAMIMNE EXPERIMEMNT

Table 3.1 presents the early data from a randomized clinical trial run in the 19705 Lo
test the efficacy of the drug cholestyramine for reducing cholesterol levels. Thirty eight

*Wleem of ihe ides dicussed here ware originally developed by RLA. Fisher, uilding on older methods, in the period
hetween 1930 and 1940.
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smallest decreases (Le. biggest increases) are in the control group. An eyeball comparison
of the two histograms conveys a general impression of cholestyramine's efficacy.

“Not so fast” says the skeptic. “It ian't as if every cholestyramine subject did better than
every placebo subject, there's lots of overlap between the two groups. Four of the 18
treatment decreases were actually increases. And one of the two group means had to be
bigrer, 50 how do we know that the nest 38 subjects would not show placebo better than
cholesty ramine™

These kinds of questions could go on forever. The theory of significance testing was
designed to give an objective answer to a difficult question: how certain can we be that
the observed difference in favor of the treatment group in Figure 3.1 is genuine, and not
just an accidental combination of small samples (only 18 and 20 subjects) and noisy data?

3.2 PERMUTATIOMN TESTS

A summary statistic is a single number that summarizes the results of an experiment
or abservational study. In the cholestyramine experiment we might use the difference
between the treatment amnd control means as our preferred summarizer. Calling it *D7
far short,

D=23~-69=224

[ is positive, favoring the efficacy of the treatment compared to placeho, but perhaps,
as the skeptic sugrested, it 18 just “accidentally™ positive rather then *actually™ positive,
reflecting random variability in the data rather then a genuine cholesty ramine effect. A
permutation test provides an objective resolution of this question.

Permutation wsts, and significance tests in general, begin with a “Null Hypothesis™, a
statement of what it means for nothing interesting to be happening. In this case we could
state it this way,

Null Hypothesis:  cholestyramine is equivalent to placebo in
its cholesteral reducing effect.

The Null Hypothesis is a devil's advocate that the researchers hope to disprove. Signifi-
cance testing is a skeptical court of scientific law, where treatments are considersd inef-
fective until proven effective. As we shall see, the permmtation test is required to rather
decisively reject the Null Hypothesis before we are entitled to claim that cholestyramine
is genuinely effective.

The key idea of permutation testing is that the Null Hy pothesis implies all subjects were
treated identically. There were 38 cholesterol subjects observed in the cholestyramine
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experiment, 18 treatments and 20 controls, but if the Null Hypothesis is true than all
38 of them were actually placebo subjects, and the 38 cholesterol decreases should be
interchangable with each other. The permutation test consists of comparing the sum-
mary statistic we actually have, D = 22,4, with the values of I we get by scrambling
[ “permuting” ) the data. If D is bigger than most of its scrambled versions we can tale
that as evidence against the Null Hypothesis and by implie- cation for the efficacy of the
treatment. There is a precise methodology for doing all of this, & described next.

The scrambling is carried out using a random number generator. All 38 decreases from
Table 3.1 are put inte a computer file, froam which 18 are randomly selected to act as the
permted treatment group, the remaining 20 acting as the permuted control group. Table
4 shows one such pero tation,

Permuted Treatment GGroup [(mean=13.1)
6 T & 9 1w 1l 12 13 14 15 16 1T 1&
T 2 14 44 -5 & ZI K BG 25 32 6 21 13 0O -4 T 46
Permited Comtrol GGroup (mean=21.5)
1 2 3 4 K & T & % 1w 11 12 13 14 1% 16 17T 18 15 3
=3 -1 5K B3 3T M -1 44 4 1 05K 41l F 1% 8T 11 31 21T 62

TABLE 3.2 Permuted data; grves permuted difference statestic D= -84 |

Comparing it with the original data in Table 3.1 we see that the first subject in the
treatment group, the one who showed a 41 point cholesterol decrease, has bocome the

twelfth subject in the permuted control group, the first of the actual contral subjects has
become the seventeenth permuted control subject, ete.

Permuting the data changes the means in the two groups,

permuted treatment group mean = 131
permmted control group mean = 21.5

and of course chanpes our summary statistic too,
r=131-215=-8.4

Here we have put a “star”™ on D (pronounced “D star”) to distinguish it from the actual
value D=22.4.

Notiee that 7 is smaller (less positive) than D. This is what we would expect to happen
if the Null Hypothesis were false and cholestyramine was generally effective in decreasing
cholesteral levels. In that case the bigger decreases should preferentially appear in the
treatment group, an effect that is destroyved by data scrambling. Permutation destroys
any real cholestyramine effect, but the Null Hypothesis says that there is no such effect,
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and 50 D should not be systematically bigger than 7. Our first result, that the D7 in
Table 3.2 is less than the actual D, is a small bit of evidence against the Null Hypothesis
and for the efficacy of cholestyramine.

We can get more evidence by doing more permutations, that is by ereating more versions
of Table 3.2. Figure 3.2 goes whaole hog in this direction. The histogram represents 2000
" values, each generated by an independent random permutation of the original data.
Amuong the 2000 D values anly 13 excesded the actual value D=22.4. This is summarized
by saying “The permutation test attained significance level 13/2000 =.0065." The ratio
13/2000=.0065 is also called a “p-value™.

The strongest possible evidence against the Null Hypothesis would be a p-value of 0,/2000=0,
where all 2000 D*'s were less than D, Our evidenee is less strong than that, but still seems
impressive. We will see next that a pvalue as small as 0065 would usually be considered
strong evidence against the Null Hypothesis, Now we can relay good news to the anxious
researchers, “the Null Hypothesis that cholestyramine is equivalent to placebo has been
strongly rejected by the permutation wst. There is statistically significant evidence for
the efficacy of cholestyramine in lowering cholesterol levels.”

3.3 FISHER'S SCALE OF EVIDENCE

If seientific contributions are judged by usage then our next topic is a contender for the
heavyweight championship of the twentieth century. Pausing from his ground-hreaking
mathematical labors in the development of statistical theory, RA. Fisher rather informally
proposed a scale for the interpretation of significance levels or p-values. Fisher's scale has
been invoked literally millions of times sinee its debut in the 1920°s. When you read that
something is “statistically significant™ in a scientific journal or the newspaper it almost
always means exactly what Fisher proposed, that a significance wst has attained a p-value
of less than the magic level 105,

TABLE 3.3 Fmher's scale of evidence for imter preting pevalues {attained sig- nficance levels) in significance testing .
The smaller the povalue the stranger the evidence against the Mull Hypathesis. Feher's scale of evidence for interpreting
pewalues {attained sig- nificance bevels) in sgnficance testing. The smaller the pevallue the stranger the evidence aganst
the Kull Hypothess.

p-value: i A5 AI25 Al WG Al
strength of
evidense against BTy T

Null Hy poithesis:  borderline  Moderate substaniial strong  strong whelming

Fisher's scale of evidence appears in Table 3.3. This is a current in- terpretation, but
differs only in detail from the the original proposal. The key point on the seale is .05,



B CHAPTER T STATISTICAL SIGNTFICANCE

150

100

a0

-30 -20 -10 0 10 20 30

D*values --=

FIGURE 3.2 Hmtogram of the 2000 permutation walues D® for the chalesteral decrease difference. Only 13 of the
2000 emceeded the actual value D=22 4 This gives sgnificance level 0065=13/2000 , strang evidence against the Mull
Hypothess that chakestyraming & no different than placsba, and for the candusan that chakstyramine s effecties in
breering chabesteral beweds.
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Fisher's threshold for rejection of the Null Hypothesis. It has acquired so much clout that
major research projects, notably in the pharmaceutical industey®, can live or die on the
difference between a .06 p-value, “not significant™, and a .04, “significant!”.

This is putting much too fine a point on things. Fisher intended his scale a8 an aid to the
research seientist trying to decide whether or not an avwenue of investigation was worth
further pursuit. The cholostyramine researchers should be greatly encouraged by their
065 p-value, almost down to the *very strong” evidential level, and they have good
reason Lo believe that cholestyramine will fare well in future investigations. (It did, as
we will describe soon) A big p-value, say 30, would probably have ended any further
cholesty ramine work. This is what happened, or at least should happen, with the secretin
trial in chapter 2,

Experienced research worlers don't consider (05 to be anything more than moderate evi-
dence against the Null Hypothesis; 01 is much more resssuring. Going the other direction,
a p-value of .10 is just on the borderline between no evidence at all and perhaps a hint
of something interesting. Seientists operating under the impetus of a particularly strong
hunch might persevere in the fee of a 10 pvalue, but they should brace themselves for

disaig:lpﬂinL:u:nL.
4, Figure 3.3 shows histograns comparing cholesterol decreases in the two groups. Now

cholesty ramine’s efficacy seems much clearer, and the permutation test using the mean
difference, shown in Figure 3.4, givws overwhelming evidence against the Null Hypothesis:
the p-value is 0, the strongest possible result, and in fact none of the D*'s comes anywhere
near the actual difference D=24.43.

Take a moment to compare Figure 3.3, all 337 subjects, with Figure 3.1, just the first
38. We can see that the early data was wvery sketchy, giving a noisy picture at best of
the eventual results. Nevertheless our permutation test provided a clear indication of
cholesty ramine's effect. Significance testing is a powerful tool, designed to vield an early
answer Lo a rather erude question: i8 there or is there not something promising about the
treatment? Powerful tools aren’t necmssarily the sharpest ones, amd we will be discussing
other statistical methods that answer more subtle questions.

Omne scarcely needs a significance test for the full data set of Figure 5, the effect of the
treatment being almost obvious to the eye, but it was a necessity in the small-sample
context of Figure 3.1. What is a “small sample”, amnd when do we need significance
tests, Unfortunately there is no general answer to that question. IF cholestyramine had

I The Food and Drug Adminktration requires 0% skgnificance from two independent randomized clinical triaks o qualify
a new drug for approval.

1 This iral, conducied ai Stanford Unlversiiy, was one “arm® of iwdve similarsiudis carded out ai varkous slies in the
United States. All twelve verified the dflcacy of cholesty ramine for lowerng cholesteral kevels.
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FIGURE 3.3 The chakstyramine experiment went on to enrall 2 total of 337 subpcts, randomly assgning 165 to the
chalestyramine treatment and 172 to the placeba contral
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been less effective, reducing chol- esterol levels by an average of say 8 points instead to
the 244 points shown in Figure 3.3, then we would have required all 337 subjects, and
maybe more, to verify a significant difference. A much bigger cholestyramine effect, say
30 points reduction on averape, would have made the results eyeball obvious even with
only 38 subjects. Researchers usually make a preliminary guess of the effect size before
planning the size of an experiment, as discussed briefly with the coneept of statistical
*power” in the next chapter.

34 HOW MANY PERMUTATIONS?

We used 2000 permutations for the test of Figure 4 This was excessive. Table 6 shows
the significance levels we would have attained if we had stopped the computer earlier.
Even after just 100 peroutations it was clear® that the attained significance level was
going to fall somewhere near the “strongly significant™ mark.

This didn't matter much in our situation because the basic computation, taking the
difference of two means, is 50 fast on a modern computer. All of Figure 4, including the
randomizations, took less than a second of computer time, However permutation tests are
often applied to much more involved pro- blems where evaluating the summary statistic
of interest, the equivalent of our *D™. can take a while even on a [ast machine. I one
evaluation of D or I takes a minute then we probably won't do 2000 of them. Asa rough
rule of thumb, 100 permutations are usually enough to get a reasonable idea of where we
are on Fisher's scale; as few as 25 can be informative in truly difficult situations. It is
important to emember that running more permutations doesn't create new information
about the question of interest (only increasing the number of subjects does that), but it
does help tell us what that information is.

TABLE 3.4 ‘We could hawe stopped the permutation test in Figure 4 much earber. Ewen after 100 permutations it was
clear that we wene gaing to abtan a small powalue.

Number of
Permutations: 1 250 RO LD0 30D

Number of 2% values exceeding D=224: 1 1 3 & 13

p=valisg: A1 . DG D08 (RN

3 Just how clear must await Pan 1T, where we discuss the accuncy of statistica] estd mates,
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FIGURE 34 The permutatson test on 2l 337 subjects sn't even close: ol 1000 0 walues are much than the actual
walue [, ghving & p-value 0.
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The choice of .05 as the crucial point on Fisher's scale of evidence reflects a stong desire to
protect the seientific literature from misleading "results”. Followed scrupulously, the scale
guarantees that only one out of twenty claimed effects will turn out to be false alarms. OF
course Fisher could have been more conservative by choosing .01 instead of .05, or more
liberal by choosing 10; however 05 has worn well with the scientific community.

Various trade-offs are at work here. The little boy who crys woll has to be balanced
with not crying woll often enough. In the real world scientific experiments are expensive
to run, both in time and money, and an overly strict standard of evidenoe would price
smaller teams out of the research market. The choice of .05 is a convention, not a physical
congtant like the speed of light, but it is a convention that has become an integral part
of the modern scientific method.

In actuality Fisher's choioe of 05, and the other points oo his scale, had a lot to do
with the computational equipment of the 1920'5. Mechanical caleulators, loud, heavy,
and slow, were the state of the art. " Computers™ wete the people who ran them, Room-
fuls of computers, majority of them woren, labored for years to do a second’s worth of
electronic caleulation. The computational extravagenee of Figure 4 was beyond imagin-
ing, and statisticians relied on standard tables of the type discussed in chapter 4 Even
these had to be quite limited in scope: rather than tabulating complete probability dis-
tributions for standardized significance tests, Fisher cut corners by publishing only a few
crucial percentiles, the upper 10% point, 5% point, 2% point, and 1% point. Under these
circumstances if was natural for him to seize on one of these as the basic milepost of
evidenoce,



