Shift-invariant systems and Toeplitz matrices

s For a separable, shift-invariant, linear system
hx [X’ a]: hsiv/x [0( o X] and hy [y1ﬂ]: hsiv/y [ﬂ_ y]

= Matrices H, and H, are square, and Toeplitz matrices, e.g.,

hsiv/x [0] hsfv/x [1] Tt hsfv/x [N T 1]
H — hsiv/x [_1] hsiv/x [0] Tt hsiv/x [N - 2]

ivix [Z_N] hsfv/:c [O]

= Operation Is a 2-d separable convolution (,filtering")

hsfv/x [1 _ N] hs

N-11L-1

9 [a,,B]: ZZ f [X’ Y]' hsiv/x [0( B X]hsiv/y [,B— y]

x=0 y=0
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Non-separable 2-d convolution

= Convolution kernel of linear shift-invariant system (,filter) can also be
non-separable

N-11L-1

> fIxy]hg[e—xB-Y]

x=0 y=0

gle. B]=

= Viewed as a matrix operation . . .

g=Hf

... His a block Toeplitz matrix
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X—> X—>
Va Va

X—> X—>
Vo Va

) o

) [ ]

) [ ]

X—> X—>
Vo Vo
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Structure of H for non-separable convolution

Vo

X—>

X—>
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Convolution: superposition of impulse responses

f[a,b]&[x—a,y—b] g[x,y]zhm[xtl_a,y—b]f[a,b]
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Convolution: linear combination of neighboring pixel values

f[x»)’]'hm[a—x:ﬂﬂ’] g[a"B]: ZZ f :X’y]'hsiv [Ot— X’ﬂ_y]

x=0 y=0

X
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Convolution examples

Original Bike blurred by convolution
Bike Impulse response ,box filter*

(11 1 1)

o

—l 11 1] 11

> [1]
11 1 11
L1 1 1 1)
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Convolution examples

Original Bike blurred horizontally
Bike Filter impulse response

1

§(1 1 [1] 1 1)
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Convolution examples

Original Bike blurred vertically
Bike Filter impulse response
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