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t
h
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t
 
c
o
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n
 
g
r
o
u
p
s
 

of 
non-

l
i
n
e
a
r
 
u
n
i
t
s
 
a
r
r
a
n
g
e
d
 
i
n
 
a
 
c
l
o
s
e
d
 
l
o
o
p
,
 
T
h
e
 
a
i
m
 

of 
the learning is to discover codes

that allow
 the activity vectors in a ""isible

"
 
g
r
o
u
p
 
t
o
 
b
e
 
r
e
p
r
e
s
e
n
t
e
d
 

by 
activity

v
e
c
t
o
r
s
 
i
n
 
a
 
"hidden

"
 
g
r
o
u
p
,
 
O
n
e
 
w
a
y
 to test w

hether a c
o
d
e
 
i
s
 
a
n
 accurate

representation is to try to reconstruct the visible vector from
 the hidden vector. T

he
difference betw

een the original and the reconstructed visible vectors is called the
reconstruction error, and the learning procedure aim

s to m
inllnize this eX

T
or. T

he
learning procedure has tw

o passes, O
n the first pass, the original visible vector is

p
a
s
s
e
d
 
a
r
o
u
n
d
 
t
h
e
 
l
o
o
p
,
 
a
n
d
 
o
n
 
t
h
e
 
s
e
c
o
n
d
 
p
a
s
s
 
a
n
 
a
v
e
r
a
g
e
 

of 
the original vector and

t
h
e
 
r
e
c
o
n
s
t
r
u
c
t
e
d
,vector is passed around the loop, T

he learning procedure changes
, each w

eight by an am
ount proportional to the product of the "presynaptic

"
 
a
c
t
i
v
i
t
y

,
 
a
n
d
 
t
h
e
 

difference 
i
n
 
t
h
e
-post-synaptic activity on the tw

o passes, T
his procedure is

m
uch sim

pler to im
plem

ent than m
ethods like back-propagation, S

im
ulations in

s
i
m
p
l
e
 
n
e
t
w
o
r
k
s
 
s
h
o
w
 
t
h
a
t
 
i
t
 
u
s
u
a
l
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y
 
c
o
n
v
e
r
g
e
s
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a
p
i
d
l
y
 
o
n
 
a
 
g
o
o
d
 
s
e
t
 

of 
codes, and

analysis show
s that in certain restricted cases It perfonns gradient d

e
s
c
e
n
t
 
i
n
 
t
h
e

squared reconstruction error,

IN
T

R
O

D
U

C
T

IO
N

S
upervised gradient-descent learning procedures such as back-propagation

have been show
n to construct interesting internal r

e
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s
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"hidden
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u
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i
t
s
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of 
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p
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t
 
o
r
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t
p
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t
 

of 
a connectionist netw

ork. O
ne criticism

 of
back-propagation is that it requires a teacher to specify the desired output vectors, It
is possible to dispense w

ith the teacher in the case of "encoder
, netw

orks 2 in w
hich

the desired output vector is identical w
ith the input vector (see Fig, 1), T

he pulpose
of an encoder netw

ork is to learn good "codes" in the intennediate, hidden units, 
for, exam

ple, there are iess hidden units than input units, an encoder netW
ork w

ill
perfonndata-com

pression
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I
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of 
constraints

on the hidden units
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c
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e
w
 
a
n
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n
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e
r
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w
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a
s
 
a
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y
 

of 
ensU

ring that the
input can be reconstructed from

 the activity in the hidden units 'w
hilst also m

aking
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the hidden units satisfy so
xrte other constraint.
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m
 

of 
back- propagation is that it is neurally im

plausible (and
,hard to im

plem
ent in hardw

are) because it requires all the connections to, b
e
 
u
s
e
d

packw
ards and it requires the units to use different input-output functions for the

forw
ard and backw

ard passes, R
ecirculation is designed to overcom

e this seeond
c
r
i
t
i
c
i
s
m
 
i
n
 
t
h
e
 
s
p
e
c
i
a
l
 
c
a
s
e
 

of 
e
n
c
o
d
e
r
 
n
e
t
w
o
r
k
s
.

output units

i
n
p
u
t
 
u
n
i
t
s

Fig,
!
,
 
A
 
d
i
a
g
r
a
m
 

of 
a three layer encoder netw

ork that ieam
s good codes-using

back-propagation, O
n the forw

ard pass, activity:flow
sfrom

 the input units in the
bottom

 layer to the output units in,
t
h
e
 
t
o
p
 
l
a
y
e
r
,
 
O
n
 
t
h
e
 
:
b
a
c
k
w
a
r
d
 
p
a
s
s
,
 error-

derivatives flow
 from

 the top layer to the bottom
 layer,

Instead 
of 

u
s
i
n
g
 
a
 
s
e
p
a
r
a
t
e
 
g
r
o
u
p
 

of 
units for the input and output w

e use the
very sarne group of" visible

units, so the,
i
n
p
u
t
v
e
c
t
o
r
 
i
s
 
t
h
e
 
i
n
i
t
i
a
l
 
s
t
a
t
e
 

of 
this glO

U
P

and the output vector is, the state after infonnation has passed around the loop, T
he

d
i
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f
e
r
e
n
c
e
 
b
e
t
w
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n
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h
e
 
a
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i
t
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of 
a
 
v
i
s
i
b
l
e
 
u
n
i
t
 
b
e
f
o
r
e
 
a
n
d
'
 
a
f
t
~
r
 sending activity

arow
id the loop is the ,

derivative 
of 

the squared reconstruction eX
T

or, So
,
 
i
f
 
t
h
e

v
i
s
i
b
l
e
 
u
n
i
t
s
 
a
r
e
 
l
i
n
e
a
r , w

e can perfonn'
g
r
a
d
i
e
n
t
 
d
e
s
c
e
n
t
 
i
n
 
t
h
e
 
s
q
u
a
r
e
d
 
e
r
r
o
r
 

c
h
a
n
g
i
n
g
 
e
a
c
h
 

of 
a visible unit

'
s
 
i
n
c
o
m
i
n
g
 
w
e
i
g
h
t
s
 

by 
an am

ount proportional to the
product 

of 
t
h
i
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d
i
f
f
e
r
e
n
c
e
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n
d
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h
e
 
a
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t
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i
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y
 

of 
the hidden unit from

 w
hich

, the
cqrinection em

anates, S
o learning the w

eights from
 the hidden units t() the output,

units is sim
ple. T

he harder problem
 is to learn the w

eights on corinectionscom
irig

i
n
t
o
 
h
i
d
d
e
n
 
u
n
i
t
s
 
b
e
c
a
u
s
e
 
t
h
e
r
e
 
i
s
 
n
o
 
d
i
r
e
c
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s
p
e
c
i
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i
c
a
t
i
o
n
 

of 
the desired states of these

q
n
i
t
s
.
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e
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t
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p
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by 
back-p

r
o
p
a
g
a
t
i
n
g
 
e
X
T
o
r
-derivatives

from
 the o

u
t
p
u
t
 
u
n
i
t
s
 
t
o
 
g
e
n
e
r
a
t
e
 
e
X
T
o
r
-
d
e
r
i
v
a
t
i
v
e
s
 
f
o
r
 
t
h
e
 
h
i
d
d
e
n

uriits,
R

ecirculation solves the problem
 in a quite different w

ay that is easier to im
plem

ent
b
u
t
 
m
u
c
h
 
h
a
r
d
e
r
 
t
o
 
a
n
a
l
y
s
e
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W
e i

n
t
r
o
d
u
c
e
 
t
h
e
 recirculation procedure by considering a very ,sim

ple
architecture in w

hich there is just one group of hidden units, E
ach visible unit has a

qirected connection to every hidden unit ,
 
a
n
d
 
e
a
c
h
 
h
i
d
d
e
n
 
u
n
i
t
 
h
a
s
 
a
 directed

connection to every visible unit, T
he total input received by a unit is

L
Y

jW

jj 

w
here 

Y
j is the sta~e of the ilb unit

jj 

is the w
eight on the connection from

 the ilb to
t
h
e
 
J
'
I
h
 
u
n
i
t
 
a
n
d
 

i
s
 
t
h
e
 
t
h
r
e
s
h
o
l
d
 
o
f
 
t
h
e
 
J 'Ih unit, T

he threshold tenD
 can be

e
l
i
m
i
n
a
t
e
d
 
b
y
 
g
i
v
i
n
g
 
e
v
e
r
y
 
u
n
i
t
 
a
n
 
e
x
t
r
a
 
i
n
p
u
t
 
c
o
n
n
e
c
t
i
o
n
 w

hose activity level is
fIX

ed at 1, T
he w

eight on this special connection is the negative of the threshold
, and

it can be learned in just the sam
e w

ay as the other w
e
i
g
h
t
s
,
 
T
h
i
s
 
m
e
t
h
o
d
 
o
f

im
plem

enting thresholds w
ill be assum

ed throughout the paper,

T
he functions relating inputs to outputs of visible and hidden units are sm

ooth
m

onotonic functions w
ith bounded derivatives, For hidden units w

e use the logistic
function: 

o(x.) 

O
t
h
e
r
 
s
m
o
o
t
h
'
 
m
o
n
o
t
o
n
i
c
 
f
u
n
c
t
i
o
n
s
 
w
o
u
l
d
 
s
e
r
v
e
 
a
s
 
w
e
l
l
,
 For visible units, our

m
athem

atical analysis focuses on the linear case in w
hich the output equals the total

input, though in sim
ulations w

e use the logistic functio~,
W

e have already given a verbal description
' of the

learning rule for the hidden-
to-visible connections, T

he w
eight

jj 

,
 
f
r
o
m
 
t
h
e
 

lh 
hidden unit to the ith

visible
unit is changed as follow

s:

j
j
 
=
 E

Y
/!) (Y

j(O
)-yP))

(2)

(3)

w
here 

(O
) 

i
s
 
t
h
e
 
s
t
a
t
e
 
o
f
 
t
h
e
 

ith 
v
i
s
i
b
l
e
 
u
n
i
t
 
a
t
 
t
i
m
e
 
0
 
a
n
d
 

Y
i(2) 

is its state at tim
e 2

after activity has passed around the loop once, T
he rule for the visible-to-hidden

c
o
n
n
e
c
t
i
o
n
s
 
i
s
 
i
d
e
n
t
i
c
a
l
:
 

jj 

E
Y

j (2)(y/!)-y/3))
(4)

w
here 

(l) 
i
s
 
t
h
e
 
s
t
a
t
e
 
o
f
 
t
h
e
 

lh 
hidden unit at tim

e 1 (on the fIrst pass around the
l
o
o
p
)
 
a
n
d
 

y/3) 
is its state at tim

e 3 (00: the second pass around the loop), F
i
g
,
 
2

s
h
o
w
s
 
t
h
e
 
n
e
m
r
o
r
k
 
e
x
p
l
o
d
e
d
 
i
n
 
t
i
m
e
,
 

I
n
 
g
e
n
e
r
a
l

' this rule for changing the visible-to-hidden co.nnections does
' not

perfonn steepest descent in the squared reconstruction error , so it behaves differently
from

 back-propagation, T
his raises tw

o issues: U
nder w

hat conditions does it w
ork

and under w
hat conditions does it approxim

ate steepest descent?

(1)
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tim
e =

 I

tim
e =

0

Fig, 2, A
 diagram

 show
ing the states of the visi~le and ~dden units explode~in

tim
e, T

he visible units are at the bottom
 and the hidden unIts are at the top, T

lD
le

goes from
 left to right.
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For the sim
ple architecture show

n in Fig, 2
, the recirculation learning pro ~edure

changes the visible- to- hidden w
eights in the ~

irection
, ~

f steepest descent m
 the

squared reconstruction error provided the follow
m

g conditions hold:
1. T

he visible units are linear,
2
,
 
T
h
e
 
w
e
i
g
h
t
s
 
a
r
e
 
s
y
m
m
e
t
r
i
c
a
l
 
(
L
e
,
 

jj =
W

jj 

f
o
r
 
a
l
l
 

j),

3, T
he visible units have high regression,

R
egres!!ion " m

eans that , after one pass around the lo~
p, instead of setting

, the

a
c
t
i
v
i
t
y
 
o
f
 
a
 
v
i
s
i
b
l
e
 
u
n
i
t

to be equal to its current total m
put

(2), 
as qetenm

ned

by E
q I , w

e set its activity to be

(2) 
A

Y
j(O

) 
(I-

A
)X

P)
(5)

w
here the regression

, A
, is close to 1. U

sing high regression ensures that the visible
, units

only change state slightly so that w
hen the new

 visible vector is sent around the
loop again on the second pass , it has very sim

ilar effects to the fIrS
t pass, In order to

m
ake the learning rule for the hidden units as sim

ilar as ?~ssible to tl;te rule f ~r the
v
i
s
i
b
l
e
 
u
n
i
t
s , w

e also use regression in com
puting the activIty of the hidden um

ts on
the second pass

Y
P) 

A
Y

/!) 
+
 
(
I
-

A
)O

(X
P))

(6)

For a given input vector , the squared reconstruction error
i
s
 
,

&
L

 (Y
k(2)- yiO

))2

F
o
r
 
a
 
h
i
d
d
e
n
 

unit
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dE
 

dE
 

dY
i2)dX

(2) 

L
, 

-'----'- 

L
, (Y

i2)-
(
0
)
)
 
Y
k
 

(2) 

dY
P) 

k
 
d
Y
k (2) dx

(2) dY
P

) 

w
here

dY
i2)

;....

(2)

F
or a visible~

to-
h
i
c
i
d
e
n
 
w
e
i
g
h
t
 

iJE

-
-
'
-
 
=
 

Y
j 

(1) 
Y

i(O
)--:-

ji 
dY

P)

,
 
u
s
i
n
g
 
E
q
 
7
 
a
n
d
 
t
h
e
 
a
s
s
u
m
p
t
i
o
n
 
t
h
a
t
 

jk 
f
o
r
 
a
l
l
 

=
 
Y

!(I) 
(O

) 
(L

, Y
k(2) y,/(2)W

jk 
L
,
 
Y
k (O

) y,/(2) W
aw

.. 

T
he assum

ption that the visible units are linear(w
ith a- gradient of 1) m

eans that
f
o
r
 
a
l
l
 

, y,/(2) 
=
 
1
.
 
S
o
 
u
s
i
n
g
E
q
 
1
 
w
e
 
h
a
v
e

(I) 
(
O
)
 
(
x
,(3)-x, (I))

a
w
o
o
 
)
 

)1 
N

ow
, w

ith sufficiently high regression
, w

e can assum
e thatthe states rifunits

only change slightly w
ith tim

e so that

Y
f(l)(xP)-

xP)) 

"" 

cr(xP)) 
cr(xP)) 

(1 ~ A
.)

(y/3) 
yp)J

and
(O

) 

"" 

(2)

So by substituting in E
q 8 w

e get

dE
 "" ~Y

i
(2)(Y

P)-
Y

P)J
a
w
o
o
 
(
1
-

11.)

A
n interesting property of E

q 9 is that it does not contain a term
 for the gradient

o
f
 
t
h
e
 
i
n
p
u
t
-
o
u
t
p
u
t
 
f
u
n
c
t
i
o
n
 
o
f
 
u
n
i
t
 

so recirculation learning can be applied even
w
h
e
n
 
u
n
i
t
j
 
u
s
e
s
 
a
n
 

unknow
n 

non- linearity, T
o do back- propagation it is necessary to

know
 the gradient of the non-

l
i
n
e
a
r
i
t
y
,
 
b
u
t
 
r
e
c
i
r
c
U
l
a
t
i
o
n
 

m
easures 

the gradient by
m

easuring the effect of a sm
all difference in input

,
 
s
o
 
t
h
e
 
t
e
r
m
 

y/3)-
y/l) 

im
plicitly

contains the gradient.

(7)

(8)

(9)
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,
 
t
h
e
 
s
y
m
m
e
t
r
y
 
r
e
q
u
i
r
e
m
e
n
t
 
t
h
a
t
 

ij 
ji 

unrealistic unless it can be show
n that this sym

m
etry of the w

eights can be learned:
T

o investigate w
hat w

ould happen if sym
m

etry w
as not enforced (and if the visible

units used the sarne non- linearity as the hidden units), w
e applied the recirculation

learning procedure to a netw
ork w

ith 4 visible units and 2 hidden units, T
he visible

vectors w
ere 1000

,
 
0
1
0
0
,
 
O
O
l
O
 
a
n
d
 
0
0
0
1
,
 
s
o
 
t
h
e
 
2
 
h
i
d
d
e
n
 
u
n
i
t
s
 
h
a
d
 
t
o
 
l
e
a
r
n
 
4

different codes to represent these four visible vectors, A
ll the w

eights and biases in
the netw

ork w
ere started at sm

all random
 values unifonnly distributed in the range

;....0.5 to +
0.5, W

e used regression in the hidden units, even though this is not strictly
n
e
c
e
s
s
a
r
y
,
 
b
u
t
 
w
e
 
i
g
n
o
r
e
d
 
t
h
e
 
t
e
r
m
 
I
f
(
I
-

A
.) in E

q 9,

U
sing an e of 20 and a A

.
 
o
f
 
0
,75 for both the visible and the hidden units , the

netw
ork learned to produce a reconstruction error of less than 0, 1 on every unit in an

average of 48 w
eight updates (w

ith a m
axim

um
 of 202 in 100 sim

ulations), E
ach

w
eight update w

as perform
ed after trying all four training cases and the change w

as
the sum

 of the four changes prescribed by E
q 3 or 4 as appropriate, T

he rm
al

reconstruction error w
as m

e
a
s
u
r
e
d
 
u
s
i
n
g
 
a
 
r
e
g
r
e
s
s
i
o
n
 
o
f
 
0
,
 
e
v
e
n
 though high

regression w
as used during the learning, T

he learning speed is com
parable w

ith
back- propagation

, though a precise com
parison is hard because the optim

al values of
e are different in the tw

o cases, A
lso

, the fact that w
e ignored the tenn If (I-

A
.)

w
hen m

odifying the visible- to-h
i
d
d
e
n
 
w
e
i
g
h
t
s

' m
eans that recirculation tends to

change the visible- to-hidden w
eights m

ore slow
ly than the hidden- to-visible w

eights
and this w

ould also help back- propagation,

It i,s not im
m

ediately obvious w
hy the recirculation learning procedure w

orks
w

hen the w
eights are not constrained to be sym

m
etrical, so w

e com
pared the w

eight
changes prescribed by the recirculation' procedure w

ith the w
eight changes that

w
ould cause steepest, (jescent in the sum

 squared reconstruction error (i,
the w

eight
c
h
a
n
g
e
s
 
p
r
e
s
c
r
i
b
e
d
 
b
y
 
b
a
c
k
-
p
r
o
p
a
g
a
t
i
o
n
)
,
 
A
s
 
e
x
p
e
c
t
e
d , recirculation and back-

propagation agree on the w
eight changes for the hidden- to-visible connections, even

though the gradient of the logistic function is not taken into a
c
c
o
u
n
t
 
i
n
 
w
e
i
g
h
t

adjustm
ents under recirculation, (C

onrad G
alland has observed that this agreem

ent
is only slightly affected by using visible units that have the non- linear input-output
function show

n in E
q 2 because at any stage of the learning, all the visible units tend

to have sim
ilar slopes for their input-output functions, so the non- linearity scales all

the w
eight changes by approxim

ately the sam
e am

ount,
F

or the visible-to-hidden connections, recirculation initially prescribes w
eight

changes that are only random
ly related to the direction of steepest descent , so these

changes do not help to im
prove the perform

ance of the system
, A

s the learning
proceeds , how

ever, these changes com
e to agree w

ith the direction of steepest
descent, T

he crucial 
o
b
s
e
r
v
a
t
i
o
n
 
i
s
 
t
h
a
t
 
t
h
i
s
 
a
g
r
e
e
m
e
n
t
 
o
c
c
u
r
s
 

after 
the hidden- to-

visible w
eights have changed in such a w

ay that they are approxim
ately aligned

(
s
y
m
m
e
t
r
i
c
a
l
 
u
p
 
t
o
 
a
 
c
o
n
s
t
a
n
t
 factor) w

ith the visible- to-hidden w
eights, So it

a
p
p
e
a
r
s
 
t
h
a
t
 
c
h
a
n
g
i
n
g
 
t
h
e
 
h
i
d
d
e
n
- to-visible w

eights
, in t

h
e
 
d
i
r
e
c
t
i
o
n
 
o
f
 
s
t
e
e
p
e
s
t

descent creates the conditions that are necessary for the recirculation procedure to
cause changes in the visible- to-hidden ,w

eights that follow
 the direction of steepest

descent, 
It is not hard to see w

hy this happens if w
e start w

ith random
, zero-m

ean

common
Pencil

common
Pencil

common
Pencil

common
Pencil

common
Pencil

common
Pencil

common
Pencil

common
Pencil

common
Pencil



364

visible-to-hidden w
eights, If the visible-to-

h
i
d
d
e
n
 
w
e
i
g
h
t
 

ji 
is positive, hidden unit

j
 
w
i
l
l
 
t
e
n
d
 
t
o
 
h
a
v
e
 
a
 
h
i
g
h
e
r
 
t
h
a
n
 
a
v
e
r
a
g
e
 
a
c
t
i
v
i
t
y
 
l
e
v
e
l
 
w
h
e
n
 
t
h
e
 

itk 
visible unit has a

h
i
g
h
e
r
 
t
h
a
n
 
a
v
e
r
a
g
e
 
a
c
t
i
v
i
t
y
,
 
S
o
 

Y
j w

ill tend to be higher than average w
hen the

r
e
c
o
n
s
t
r
u
c
t
e
d
 
v
a
l
u
e
 
o
f
 

Y
i 

should be higher than average -- i,e
,
 
w
h
e
n
 
t
h
e
 
t
e
n
D

(Y
i (O

)-
yP)) 

in E
q 3 is positive, It w

ill also be low
er than average w

hen this tennis
n
e
g
a
t
i
v
e
,
 
T
h
e
s
e
 
r
e
l
a
t
i
o
n
s
h
i
p
s
 
w
i
l
l
 
b
e
 
r
e
v
e
r
s
e
d
 
i
f
 

ji 
is negative

,
 
s
o
 

W
 ij 

w
ill grow

f
a
s
t
e
r
 
w
h
e
n
 

is 
p
o
s
i
t
i
v
e
 
t
h
a
n
 
i
t
 
w
i
l
l
 
w
h
e
n
 

ji 
is negative, S

m
olensky4 presents a

m
athem

atical analysis that show
s w

hy 
sim

ilar learning procedure creates
sym

m
etrical w

eights in a purely linear system
, W

illiam
s
5
 
a
l
s
o
 
a
n
a
l
y
s
e
s
 
a
 
r
e
l
a
t
e
d

learning rule for linear system
s w

hich he calls the "sym
m

etric error correction
procedure and he show

s that it perfonns principle c
o
m
p
o
n
e
n
t
s
 
a
n
a
l
y
s
i
s
,
 
I
n
 our

sim
ulations of recirculation

, the visible-to-hidden w
eights becom

e aligned w
ith the

c
o
r
r
e
s
p
o
n
d
i
n
g
 
h
i
d
d
e
n
-to-visible w

eights, though the hidden-to-visible w
eights are

generally of larger m
agnitude,

A
 PIC

T
U

R
E

 O
F R

E
C

m
C

U
L

A
T

IO
N

T
o gain m

ore insight into the conditions under w
hich recirculation learning

produces the appropriate changes in the visible-to-h
i
d
d
e
n
 
w
e
i
g
h
t
s, w

e introduce the
pictorial representation show

n in Fig, 3,
T

he initial visible vector
is m

apped into
t
h
e
 
r
e
c
o
n
s
t
r
u
c
t
e
d
 
v
e
c
t
o
r, C

,
 
s
o
 
t
h
e
 
e
r
r
o
r
 
v
e
c
t
o
r
 
i
s
 

A
C

, 
U

sing high r~gression, the
v
i
s
i
b
l
e
 
v
e
c
t
o
r
 
t
h
a
t
 
i
s
 
s
e
n
t
 
a
r
o
u
n
d
 
t
h
e
 
l
o
o
p
 
o
n
 
t
h
e
 
s
e
c
o
n
d
 
p
a
s
s
 
i
s
 

w
here the

d
i
f
f
e
r
e
n
c
e
 
v
e
c
t
o
r
 

A
P 

i
s
 
a
 
s
m
a
l
l
 
f
r
a
c
t
i
o
n
 
o
f
 
t
h
e
 
e
r
r
o
r
 
.
v
e
c
t
o
r
 

A
c. 

If the regression is
sufficiently high and all the non-linearities in the system

 have bounded derivatives
a
n
d
 
t
h
e
 
w
e
i
g
h
t
s
 
h
a
v
e
 
b
o
u
n
d
e
d
 
m
a
g
n
i
t
u
d
e
s
,
 
t
h
e
 
d
i
f
f
e
r
e
n
c
e
 
v
e
c
t
o
r
s
 

,
 
B
Q
,
 

and 

w
ill be very sm

all and w
e can assw

ne that, to fIrst order, the system
 behaves linearly

i
n
 
t
h
e
s
e
 
d
i
f
f
e
r
e
n
c
e
 
v
e
c
t
o
r
s
,
 
I
f, for exam

ple
,
 
w
e
 
m
o
v
e
d
 

so as to double the length
of 

A
P 

w
e
 
w
o
u
l
d
 
a
l
s
o
 
d
o
u
b
l
e
 
t
h
e
 
l
e
n
g
t
h
 
o
f
 

B
Q

 
and 

C
R

,

Fig, 3, A
 
d
i
a
g
r
a
m
 
s
h
o
w
i
n
g
 
s
o
m
e
 
v
e
c
t
o
r
s
 

,
 
P
)
 

over the visible units
,
 
t
h
c
;
:
i
r

hidden
"
 
i
m
a
g
e
s
 

,
 
Q
)
 

over the hidden units, and their "visible
"
 
i
m
a
g
e
s
 

(C
, R

)
o
v
e
r
 
t
h
e
 
v
i
s
i
b
l
e
 
u
n
i
t
s
,
 
T
h
e
 
v
e
c
t
o
r
s
 

B
' 

and C
' are the hidden and visible im

ages of
after the visible-to-hidden w

eights have been changed by the learning procedure,
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Suppose w
e change the visible- to-hidden w

eights in the m
anner prescribed by

E
q4

,
 
u
s
i
n
g
 
a
 
v
e
r
y
 
s
m
a
l
l
 
v
a
l
u
e
 
o
f
 
E
,
 
L
e
t
 

Q
' 

b
e
 
t
h
e
 
h
i
d
d
e
n
 
i
m
a
g
e
 
o
f
 

(L
e, the im

age
of 

in the hidden units) after the w
eight changes. T

o first order
Q

' 
w

ill lie betw
een

and 
o
n
 
t
h
e
 
l
i
n
e
 

B
Q

, 
T

his follow
s from

 the observation that E
q 4 has the effect

o
f
 
m
o
v
i
n
g
 
e
a
c
h
 

y/3) 
t
o
w
a
r
d
s
 
y
/
l
)
 
b
y
 
a
n
 
a
m
o
u
n
t
 proportional to their difference,

Since 
i
s
 
c
l
o
s
e
 
t
o
 

Q
, 

a
 
w
e
i
g
h
t
 
c
h
a
n
g
e
 
t
h
a
t
 
m
o
v
e
s
 
t
h
e
 
h
i
d
d
e
n
 
i
m
a
g
e
 
o
f
 

from
 

Q
' 

w
i
l
l
 
m
o
v
e
 
t
h
e
 
h
i
d
d
e
n
 
i
m
a
g
e
 
o
f
 

from
 

to 
w

here 
B

' 
lies on the extension of

t
h
e
 
l
i
n
e
 

B
Q

 
as show

n in Fig, 3, If the hidden-to-visible w
eights are not changed

, the
v
i
s
i
b
l
e
 
i
m
a
g
e
 
o
f
 

w
i
l
l
 
m
o
v
e
 
f
r
o
m
 
C
 
t
o
 

w
here C

' lies on the extension of the line
C

R
 

a
s
 
s
h
o
w
n
 
i
n
 
F
i
g
,
 
3
,
 S

o the visible- to-hidden w
eight changes w

ill reduce the
s
q
u
a
r
e
d
 
r
e
c
o
n
s
t
r
u
c
t
i
o
n
 
e
r
r
o
r
 
p
r
o
v
i
d
e
d
 
t
h
e
 
v
e
c
t
o
r
 

C
R

 
is approxim

ately parallel to the
vector 

A
P,

B
u
t
 
w
h
y
 
s
h
o
u
l
d
 
w
e
 
e
x
p
e
c
t
 
t
h
e
 
v
e
c
t
o
r
 

C
R

 
t
o
 
b
e
 
a
l
i
g
n
e
d
 
w
i
t
h
 
t
h
e
 
v
e
c
t
o
r
 

A
P? 

general w
e should not , except w

hen the visible- to-h
i
d
d
e
n
 
a
n
d
 
h
i
d
d
e
n
- to-visible

w
e
i
g
h
t
s
 
a
r
e
 
a
p
p
r
o
x
i
m
a
t
e
l
y
 
a
l
i
g
n
e
d
,
 T

he l
e
a
r
n
i
n
g
 
i
n
 
t
h
e
 
h
i
d
d
e
n
- to-visible

connections has a tendency to cause' this alignm
ent, In addition

, it is easy to m
odify

the recirculation learning procedure so as to increase the tendency for the learning in
the hidden- to-visible connections to cause alignm

ent. E
q 3 has the effect of m

oving
t
h
e
 
v
i
s
i
b
l
e
 
i
m
a
g
e
 
o
f
 

c
l
o
s
e
r
 
t
o
 

by an am
ount proportional to the m

agnitude of the
e
r
r
o
r
 
v
e
c
t
o
r
 

A
C

, 
If w

e apply the sam
e rule on the next pass around the loop, w

e
m
o
v
e
 
t
h
e
 
v
i
s
i
b
l
e
 
i
m
a
g
e
 
o
f
 

c
l
o
s
e
r
 
t
o
 

by an am
ount proportional to the m

agnitude
of 

PR
, 

I
f
 
t
h
e
 
v
e
c
t
o
r
 

C
R

 
is anti-

a
l
i
g
n
e
d
 
w
i
t
h
 
t
h
e
 
v
e
c
t
o
r
 

t
h
e
 
m
a
g
n
i
t
u
d
e
 
o
f
 

A
C

 
w

ill
e
x
c
e
e
d
 
t
h
e
 
m
a
g
n
i
t
u
d
e
 
o
f
 

so the result of these tw
o m

ovem
ents w

ill be to
im

prove the alignm
ent b

e
t
w
e
e
n
~
 
a
n
d
 

C
R

, 
W

e have not yet tested this m
odified

procedure through sim
ulations , how

ever,

T
h
i
s
 
i
s
 
o
n
l
y
 
a
n
 
i
n
f
o
n
n
a
l
 
a
r
g
u
m
e
n
t
 
a
n
d
 m

uch w
ork rem

ains to be done in
establishing the precise conditions under w

hich the recirculation learning procedure
a
p
p
r
o
x
i
m
a
t
e
s
 
s
t
e
e
p
e
s
t
 
d
e
s
c
e
n
t
,
 T

he infonnal argum
ent applies equally w

ell to
system

s that contain longer loops w
hich have several groups of hidden units

arranged in series, A
t each stage in the loop, the sam

e learning procedure can be
applied, and, the w

eight changes w
ill approxim

ate gradient descent provided the
difference of the tw

o visible vectors that are sent around the loop aligns w
ith the

, difference of their im
ages, W

e have not yet done enough sim
ulations to develop a

clear picture of the conditions under w
hich the changes in the hidden- to-visible

w
eights produce the required alignm

ent,

U
S
I
N
G
 
A
 I
l
l
E
R
A
R
C
H
Y
O
F
 
C
L
O
S
E
D
 
L
O
O
P
S

Instead of using a single loop that contains m
any hidden layers in series

,
 
i
t
 
i
s

possible to use a m
ore m

odular system
, E

ach m
odule consists of one " visible" group

and one " hidden" group connected in a closed loop, but the visible group for one
m

odule is actually com
posed of the hidden groups of several low

er level m
odules, as

show
n in Fig, 4, Since the sam

e learning rule is used for both visible and hidden
units, there is no problem

 in applyjng it to system
s in w

hich som
e units are the

visible units of one m
odule and the h

i
d
d
e
n
 
u
n
i
t
s
 
o
f
 another, B

a
l
l
a
r
d
6
 
h
a
s

experim
ented w

ith back- propagation in this kind of system
, and w

e have run som
e

sim
ulations of recirculation using the architecture show

n in Fig, 4, T
henetw

ork

common
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Pencil
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learned to encode a set of vectors specified over the. bottom
 layer, A

fter learning,
each of the vectors becam

e an attractor and the netw
ork w

as capable of com
pleting a

partial vector, even though this involved passing infonnation through several layers,

0000
0000

Fig 4, A
 netW

ork in w
hich the hidden units of the bottom

 tw
o m

odiIles are the
visible units of the top m

odule,

C
O

N
C

L
U

SIO
N

W
e have described a sim

ple learning procedure that is c
a
p
a
b
l
e
 
o
f
 
f
o
n
n
i
n
g

representations in non-linear hidden units w
hose input-output f

u
n
c
t
i
o
n
s
 
h
a
v
e

bounded derivatives, T
he procedure is easy to im

plem
ent in hardw

are
, even if the

non-linearity is unknow
n, G

iven som
e strong assum

ptions, the procedure perlonns
gradient descent in the reconstruction elT

or, If the sym
m

etry assum
ption is violated

the learning procedure still w
orks because the changes in the hidden-to-visible

w
eights produce sym

m
etry, If the assum

ption about the linearity of the visible units
is violated, the procedure still w

orks in the cases w
e have sim

ulated, For the general
c
a
s
e
 
o
f
a
 
l
o
o
p
 
w
i
t
h
 
m
a
n
y
 
n
o
n
-linear stages, w

e have aninfonnal pic~e of a
condition that m

ust hold for the procedure to approxim
ate gradient descent, but w

e
d
o
 
n
o
t
 
h
a
v
e
 
a
 
f
o
n
n
a
l
 
a
n
a
l
y
s
i
s, and w

e do not. have sufficient experience w
ith

sim
ulations to give an em

pirical description of the general conditions under w
hich

the learning procedure w
orks,
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E
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U
M

J
a
m
e
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C
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H
o
u
k
,
 
P
h
.

N
o
r
t
h
w
e
s
t
e
r
n
 
U
n
i
v
e
r
s
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t
y
 
M
e
d
i
c
a
l
 
S
c
h
o
o
l
,
 
C
h
i
c
a
g
o
,
 
I
llinois

60201

A
B

ST
R

A
C

T

T
h
i
s
 
p
a
p
e
r
 
o
u
t
l
i
n
e
s
 
a
 
s
c
h
e
m
a
 
f
o
r
 
m
O
v
e
m
e
n
t
 
c
o
n
t
r
o
l

b
a
s
e
d
 
o
n
 
t
w
o
 
s
t
a
g
e
s
 
o
f
 
s
i
g
n
a
l
 
p
r
o
c
e
s
s
i
n
g
.
 
T
h
e
 
h
i
g
h
e
r
 
s
t
a
g
e

i
s
 
a
 
n
e
u
r
a
l
 
n
e
t
w
o
r
k
 
m
o
d
e
l
 
t
h
a
t
 
t
r
e
a
t
s
 
t
h
e
 
c
e
r
e
b
e
l
l
u
m
 
a
s
 
a
n

array of, adjustable m
o
t
o
r
 
p
a
t
t
e
r
n
 
g
e
n
e
r
a
t
o
r
s
.
 
T
h
i
s
 netw

ork
u
s
e
s
 
s
e
n
$
o
r
y
 
i
n
p
u
t
 
t
o
p
r
e
s
e
t
 
a
n
d
 to trigger elem

ental 
pattern generators and to evaluate their perform

ance. T
he

a
c
t
u
a
l
 
p
a
t
t
e
r
n
e
d
 
o
u
t
p
u
t
s
,
 
h
o
w
e
v
e
r
,
 
a
r
e
 
p
r
o
d
u
c
e
d
 
b
y
 
i
n
t
r
i
n
-

s
i
c
 
c
i
r
c
u
i
t
r
y
 
t
h
a
t
 
i
~
c
l
u
d
e
s
 
r
e
c
u
r
r
e
n
t
 
l
o
o
p
s
 
a
n
d
 
i
s
 
t
h
u
s

c
a
p
a
b
l
e
 
o
f
 
s
e
l
f
-
s
u
s
t
a
i
n
e
d
 
a
c
t
i
v
i
t
y
.
 
T
h
e
s
e
 
p
a
t
t
e
r
n
e
d

o
u
t
p
u
t
s
 
a
r
e
 
s
e
n
t
 
a
s
 
m
o
t
o
r
 
c
o
m
m
a
n
d
s
 
t
o
 
l
o
c
a
l
 
f
e
e
d
b
a
c
k

s
y
s
t
e
m
s
 
c
a
l
l
e
d
 
m
o
t
o
r
 
s
e
r
v
o
s
.
 
T
h
e
 
l
a
t
t
e
r
 
c
o
n
t
r
o
l
 
t
h
e
 
f
o
r
c
e
s

and lengths of individual m
uscles. O

v
e
r
a
l
l
 
c
o
n
t
r
o
l
 
i
s
 
t
h
u
s

a
c
h
i
e
v
e
d
 
i
n
 
t
w
o
 
s
t
a
g
e
s
:
 
(
1
)
 
a
n
 
a
d
a
p
t
i
v
e
 
c
e
r
e
b
e
l
l
a
r
 
n
e
t
w
o
r
k

g
e
n
e
r
a
t
e
s
 
a
n
 
a
r
r
a
y
 
o
f
 
f
e
e
d
f
o
r
w
a
r
d
 
m
o
t
o
r
 
c
o
m
m
a
n
d
s
 
a
n
d
 
(
2
)
 
a

s
e
t
 
o
f
 
l
o
c
a
l
 
f
e
e
d
b
a
c
k
 
s
y
s
t
e
m
s
 
t
r
a
n
s
l
a
t
e
s
 
t
h
e
s
e
 
c
o
m
m
a
n
d
s

i
n
t
o
 
a
c
t
u
a
l
 
m
o
v
e
m
e
n
t
s
.

IN
T

R
O

D
U

C
T

IO
N

T
h
e
r
e
 
i
s
 
c
o
n
s
i
d
e
r
a
b
l
e
 
e
v
i
d
e
n
c
e
 
t
h
a
t
 
t
h
e
 
c
e
r
e
b
e
l
l
u
m
 
i
s

i
n
v
o
l
v
e
d
 
i
n
 
t
h
e
 
a
d
a
p
t
i
v
e
 
c
o
n
t
r
o
l
 
o
f
'
m
o
v
e
m
e
n
t
1
;
 
a
l
t
h
o
u
g
h
 
t
h
e

m
a
n
n
e
r
 
i
n
 
w
h
i
c
h
 
t
h
i
s
 
c
o
n
t
r
o
l
 
i
s
 
a
c
h
i
e
v
e
d
 
i
s
 
n
o
t
 
w
e
l
l
 
u
n
d
e
r
-

s
t
o
o
d
.
 
A
s
 
a
 
m
e
a
n
s
 
o
f
 
p
r
o
b
i
n
g
 
t
h
e
s
e
 
c
e
r
e
b
e
l
l
a
r
 
m
e
c
h
a
n
i
s
m
s
,

m
y
 
c
o
l
l
e
a
g
u
e
s
 
a
n
d
 
I
 
h
a
v
e
 
b
e
e
n
 
c
o
n
d
u
c
t
i
n
g
 
m
i
c
r
o
e
l
e
c
t
r
o
d
e

s
t
u
d
i
e
s
 
o
f
 
t
h
e
 
n
e
u
r
a
l
 
m
e
s
s
a
g
e
s
 
t
h
a
t
 
f
l
o
w
 
t
h
r
o
u
g
h
 
t
h
e
 
i
n
t
e
r
-

m
e
d
i
a
t
e
 
d
i
v
i
s
i
o
n
 
o
f
 
t
h
e
 
c
e
r
e
b
e
l
l
u
m
 
a
n
d
 
o
n
w
a
r
d
 
t
o
 
l
i
m
b

m
u
s
c
l
e
s
 
v
i
a
 
t
h
e
 
r
u
b
r
o
s
p
i
n
a
l
 
t
r
a
c
t
.
 
W
e
 
r
e
g
a
r
d
 
t
h
i
s
 
c
e
r
e
b
e
l
~

l
o
r
u
b
r
o
s
p
i
n
a
l
 
p
a
t
h
w
a
y
 
a
s
 
a
 
u
s
e
f
u
l
 
m
o
d
e
l
 
s
y
s
t
e
m
 
f
o
r
 
s
t
u
d
y
i
n
g

g
e
n
e
r
a
l
 
p
r
o
b
l
e
m
s
 
o
f
 
s
e
n
s
o
r
i
m
o
t
o
r
 
i
n
t
e
g
r
a
t
i
o
n
 
a
n
d
 
a
d
a
p
t
i
v
e

b
r
a
i
n
 
f
u
n
c
t
i
o
n
.
 
A
 
s
u
m
m
a
r
y
 
o
f
 
o
u
r
 
f
i
n
d
i
n
g
s
 
h
a
s
 
b
e
e
n
 
p
u
b
-

l
i
s
h
e
d
 
a
s
 
a
 
b
o
o
k
 
c
h
a
p
t
e
r

O
n
 
t
h
e
 
b
a
s
i
s
 
o
f
 
t
h
e
s
e
 
a
n
d
 
o
t
h
e
r
 
n
e
u
r
o
p
h
y
s
i
o
l
o
g
i
c
a
l

r
e
s
u
l
t
s
,
 
I
 
r
e
c
e
n
t
l
y
 
h
y
p
o
t
h
e
s
i
z
e
d
 
t
h
a
t
 
t
h
e
 
c
e
r
e
b
e
l
l
u
m
 
f
u
n
c
-

t
i
o
n
s
 
a
s
 
a
n
 
a
r
r
a
y
 
o
f
 
a
d
j
u
s
t
a
b
l
e
 
m
o
t
o
r
 
p
a
t
t
e
r
n
 
g
e
n
e
r
a
t
o
r
s

T
h
e
 
o
u
t
p
u
t
s
 
f
r
o
m
 
t
h
e
s
e
 
p
a
t
t
e
r
n
 
g
e
n
e
r
a
t
o
r
s
 
a
r
e
 
a
s
s
u
m
e
d
 
t
o

f
u
n
c
t
i
o
n
 
a
s
 
m
o
t
o
r
 
c
o
m
m
a
n
d
s
,
 
i
.
 
e
.
,
 
a
s
 
n
e
u
r
a
l
 
c
o
n
t
r
o
l
 
s
i
g
n
a
l
s

t
h
a
t
 
a
r
e
 
s
e
n
t
 
t
o
 
l
o
w
e
r
-
l
e
v
e
l
 
m
o
t
o
r
 
s
y
s
t
e
m
s
 
w
h
e
r
e
 
t
h
e
y

p
r
o
d
u
c
e
 
m
o
v
e
m
e
n
t
s
.
 
A
c
c
o
r
d
i
n
g
 
t
o
 
t
h
i
s
 
h
y
p
o
t
h
e
s
i
s
,
 
t
h
e

c
e
r
e
b
e
l
l
u
m
 
u
s
e
s
 
i
t
s
 
e
x
t
e
n
s
i
v
e
 
s
e
n
s
o
r
y
 
i
n
p
u
t
 
t
o
 
p
r
e
s
e
t
 
t
h
e
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