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Convex-concave procedure

the convex-concave procedure (CCP)
▶ is a heuristic method for solving a specific type of nonconvex problem
▶ involves solving a (typically small) sequence of convex problems
▶ leverages expressiveness and reliability of convex optimization
▶ is a good street-fighting trick to know about
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Difference of convex functions

▶ a difference of convex (DC) function h : Rn → R has the form

h(x) = f (x) − g(x)

with f and g convex
▶ any function with continuous second derivative has this form, but most useful when

we have explicit expressions for f and g
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Examples

f (x) = x4 + 0.2x, g(x) = x2
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1 0 1
x

1

0

1

f (x) in black, g(x) in magenta, h(x) = f (x) − g(x) in blue
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Quadratic function as DC

▶ (nonconvex) quadratic function h(x) = (1/2)xTPx + qTx + r, P ∈ Sn

▶ decompose P into its PSD and NSD parts P = Ppsd − Pnsd, Ppsd,Pnsd ⪰ 0
– P = QΛQT is eigenvalue decomposition
– Ppsd = QΛ+QT , with Λ+ = max{0,Λ} (elementwise)
– Pnsd = QΛ−QT , with Λ− = max{0,−Λ} (elementwise)

▶ express h in DC form as h = f − g with

f (x) = (1/2)xTPpsdx + qTx + r, g(x) = (1/2)xTPnsdx
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A simple majorizer for a DC function

▶ if (convex) g is differentiable, then for all x

ĝ(x; z) = g(z) + ∇g(z)T (x − z) ≤ g(x)

(for nondifferentiable g, replace ∇g(x) with any subgradient)
▶ for DC function h = f − g, define

ĥ(x; z) = f (x) − ĝ(x; z)

▶ ĥ is convex (in x) and satisfies ĥ(x; z) ≥ h(x) for all x, ĥ(z; z) = h(z)
▶ i.e., ĥ(x; z) is a majorizer of h, tight at z
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Examples

h(x) = x4 + 0.2x − x2,
majorized at z = 0.3
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h(x) = (x3)+ − (x3)− = x3,
majorized at z = −0.5
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h(x) in blue, ĥ(x; z) in gray
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Minimizing a DC function

▶ (unconstrained) DC problem: minimize DC function h(x) = f (x) − g(x)
▶ convex constraints can be handled as indicator functions added to f
▶ convex-concave procedure (CCP): iterate

xk+1 = argmin
x

ĥ(x; xk) = argmin
x

(
f (x) − ĝ(x; xk)

)
▶ xk+1 can be found via convex optimization
▶ CCP has no parameters, no line search / trust penalty, . . .
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Properties of CCP

▶ CCP is a descent method:

h(xk+1) ≤ ĥ(xk+1; xk) ≤ ĥ(xk; xk) = h(xk)

▶ h(xk) converges, but not necessarily to h★ = infx h(x)
▶ ultimate value limk→∞ h(xk) depends on initial point x0

▶ standard trick: run CCP for multiple initial points; take best ultimate point found
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Example

f (x) = x4 + 0.2x, g(x) = x2, initialized at x0 = −0.2
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h(x) in blue, ĥ(x; xk) in gray,
(xk, h(xk)) as squares, (xk+1, h(xk+1)) as circles
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Example

f (x) = x4 + 0.2x, g(x) = x2, initialized at x0 = 0.2
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h(x) in blue, ĥ(x; xk) in gray,
(xk, h(xk)) as squares, (xk+1, h(xk+1)) as circles
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SAT problem

▶ SAT problem: find xi ∈ {0, 1} with Ax ⪯ b
▶ includes 3-SAT; NP-hard
▶ encode Boolean constraint using xi ∈ {0, 1} ⇐⇒ x2

i − xi = 0
▶ SAT problem equivalent to minimizing DC function h = f − g with

f (x) =
{

0 Ax ⪯ b, 0 ⪯ x ⪯ 1
∞ otherwise g(x) =

n∑︁
i=1

(x2
i − xi)

since h(x) ≥ 0 for all x and

h(x) = 0 ⇐⇒ Ax ⪯ b, xi ∈ {0, 1}, i = 1, . . . , n
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SAT problem via CCP

▶ CCP: xk+1 is a solution of LP

minimize (1 − 2xk)Tx
subject to Ax ⪯ b, 0 ⪯ x ⪯ 1

▶ example: find x ∈ {0, 1}4 that satisfies predicate

(x1 ∨ x2 ∨ ¬x3) ∧ (¬x1 ∨ ¬x2 ∨ x4) ∧ (¬x2 ∨ x3 ∨ ¬x4)

(a feasible 3-SAT instance with n = 4 variables and 3 clauses)
▶ can be represented as

A =


−1 −1 1 0

1 1 0 −1
0 1 −1 1

 , b =


0
1
1


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SAT problem via CCP

1 n = 4

2 x = Variable(n)

3 xk = Parameter(n)

4

5 obj = Minimize((ones(n) - 2 * xk) @ x)

6 constr = [A @ x <= b, 0 <= x, x <= 1]

7 prob = Problem(obj, constr)

8

9 xk.value = ones(n) / 2

10 for _ in range(3):

11 prob.solve()

12 xk.value = x.value
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SAT problem via CCP

larger example, (feasible) 3-SAT instance with n = 40, 120 clauses
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finds feasible point for 19% of random initializations
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Constrained DC problem

▶ DC problem with DC inequality constraints has form

minimize f0 (x) − g0 (x)
subject to fi (x) − gi (x) ≤ 0, i = 1, . . . ,m

fi and gi are convex
▶ CCP algorithm: xk+1 is solution of convex problem

minimize f0 (x) − ĝ0 (x; xk)
subject to fi (x) − ĝi (x; xk) ≤ 0, i = 1, . . . ,m

▶ in words: linearize concave parts; solve; repeat
▶ if xk is feasible, then so is xk+1, and h(xk+1) ≤ h(xk)
▶ CCP is a feasible descent method
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Convex restrictions

▶ if ĥi (x; xk) = fi (x) − ĝi (x; xk) ≤ 0, then hi (x) ≤ ĥi (x; xk) ≤ 0
▶ so convexified constraint is a convex restriction of original constraint
▶ example: f (x) = 0, g(x) = ∥x∥2 − 1, xk = (3, 1) (left) and xk = (1, 2) (right)
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h(x) ≤ 0 in white, ĥ(x; xk) ≤ 0 in gray
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Convex restrictions

▶ example: CCP for simple problem

minimize ∥x − c∥2
subject to ∥x∥2 ≥ 1

with variable x ∈ R2, data c with ∥c∥2 < 1, c ≠ 0
▶ i.e., find closest point to c that is outside unit ball
▶ solution is x★ = c/∥c∥2

▶ consider c = (−0.4, 0.6) and x0 = (2.5, 1)
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CCP iterations
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CCP iterations
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Disciplined convex-concave programming (DCCP)

▶ recall that a DCP problem is convex-by-construction, built from atoms combined by
the DCP composition rules

▶ disciplined convex-concave program (DCCP) has form

minimize/maximize o(x)
subject to li (x) ∼ ri (x), i = 1, . . . ,m,

▶ o, li, ri are DCP convex or concave expressions
▶ ∼ can be ≤, ≥, or =
▶ to minimize DC objective f0 − g0

– introduce epigraph variable t and DCCP constraint f0 (x) − g0 (x) ≤ t
– minimize t

▶ implemented in DCCP package
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Disciplined convex-concave programming (DCCP)

▶ example (revisited):

minimize ∥x − c∥2
subject to ∥x∥2 ≥ 1

with variable x ∈ R2, data c

1 x = Variable(2)

2 obj = Minimize(norm(x - c))

3 constr = [norm(x) >= 1]

4 prob = Problem(obj, constr)

5

6 x.value = [2.5, 1]

7 prob.solve(method='dccp')
8 print(x.value)
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Path planning with obstacles

▶ find shortest path connecting points a and b in Rd, avoiding m disks
▶ disk j has center cj, radius rj

▶ discretize path as points x0, . . . , xn and solve

minimize L
subject to x0 = a, xn = b

∥xi − xi−1∥2 ≤ L/n, i = 1, . . . , n
∥xi − cj∥2 ≥ rj, i = 1, . . . , n, j = 1, . . . ,m

with variables L and x
▶ useful initialization: straight line connecting a and b
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Path planning with obstacles

1 L = Variable()

2 x = Variable((n+1, d))

3 L.value, x.value = ... # initialize to straight line

4

5 constr = [x[0] == a, x[n] == b]

6 for i in range(1, n+1):

7 constr += [norm(x[i] - x[i-1]) <= L/n]

8 for j in range(m):

9 constr += [norm(x[i] - c[j]) >= r[j]]

10

11 prob = Problem(Minimize(L), constr)

12 prob.solve(method='dccp')
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Path planning with obstacles

d = 2, n = 50, m = 5
return the domain of a DCP expression (as a list of con-
straints), and gradients (or sub/supergradients) were added to
the atoms. The linearization, damping, and initialization are
handled by the package DCCP. Users can form any problem
of the form (2) conforming to the DCCP rules, with each
expression composed of functions in the CVXPY library.

When the solve(method = ’dccp’) method is
called on a problem object, DCCP first verifies that the
problem satisfies the DCCP rules. Then it splits each non-
affine equality constraint li = ri into li  ri and li � ri.
The curvature of the objective and the left and righthand sides
of each constraint is checked, and if needed, linearized. In
the linearization the function value and gradient are CVXPY
parameters, which are constants whose value can change
without reconstructing the problem. For each constraint in
which the left or righthand side is linearized, a slack variable
is introduced, and added to the objective. For any expression
that is linearized, the domain of the original expression is
added as a constraint.

If a valid initial value for the variable x is given by
the user, it is used. Otherwise several random points are
generated from the standard normal distribution (or the
uniform distribution on [0, 1] if the variable is declared
as nonnegative) and projected onto the domain D (which,
according to the discussion in §II-B, is a DCP problem). The
projected points are then averaged to give an initial value for
x. This random initialization is a generic heuristic for finding
a starting point in the interior of D, and seems to work well
in practice.

Algorithm I.1 is then applied to the convexified prob-
lem. In each iteration the parameters in the linearizations
(which are function and gradient values) are updated based
on the current value of the variables. If a gradient (su-
per/subgradient) with respect to any variable does not exist,
damping is applied to all variables. The convexified problem
at each iteration is solved using CVXPY.

Some useful functions and attributes in the DCCP package
are listed below.

• Function is_dccp(problem) returns a boolean in-
dicating if an optimization problem is DCCP.

• Attribute expression.gradient returns a dictio-
nary of the gradients (or sub/supergradient) of a DCP
expression with respect to its variables at the points
specified by variable.value. (This attribute is also
in the core CVXPY package.)

• Function linearize(expression) returns the lin-
earization (3) of a DCP expression.

• Attribute expression.domain returns a list of con-
straints describing the domain of a DCP expression.
(This attribute is also in the core CVXPY package.)

• Function convexify(constraint) returns the
transformed constraint (without slack variables) satis-
fying DCP of a DCCP constraint.

• Method problem.solve(method = ’dccp’)
carries out the proposed algorithm, and returns the
value of the transformed cost function, the value of the
weight µk, and the maximum value of slack variables
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Fig. 1: Path planning.

at each iteration k. An optional parameter ccp_times
is used to set the number of times to run the CCP
based algorithm, using the randomized initialization.

IV. EXAMPLES

In this section we describe some simple examples, show
how they can be expressed using DCCP, and give the results.
In each case we run the default solve method, with no tuning
or adjustment of algorithm parameters.

A. Path planning

The goal is to find the shortest path connecting points
a and b in Rd that avoids m circles, centered at pj with
radius rj , j = 1, . . . , m [38]. After discretizing the arc
length parametrized path into points x0, . . . , xn, the problem
is posed as

minimize L
subject to x0 = a, xn = b

kxi � xi�1k2  L/n, i = 1, . . . , n
kxi � pjk2 � rj , i = 1, . . . , n, j = 1, . . . , m,

where L and xi are variables, and a, b, pj , and rj are given.
The code is given below.
x = Variable(d,n+1)
L = Variable()
constr = [x[:,0] == a, x[:,n] == b]
for i in range(1,n+1):

constr += [norm(x[:,i]-x[:,i-1])
<= L/n]
for j in range(m):

constr += [norm(x[:,i]
- center[:,j]) >= r[j]]

prob = Problem(Minimize(L), constr)
prob.solve(method = ’dccp’)

An example with d = 2 and n = 50 is shown in figure 1.

B. Control with collision avoidance

We have n linear dynamic systems, given by

xi
t+1 = Aixi

t + Biui
t, yi

t = Cixi
t, i = 1, . . . , n,

where t = 0, 1, . . . , T denotes (discrete) time, xi
t are the

states, and yi
t are the outputs. At each time t for t = 0, . . . , T

the n outputs yi
t are required to keep a distance of at least

1012

Authorized licensed use limited to: Stanford University. Downloaded on December 18,2024 at 13:29:04 UTC from IEEE Xplore.  Restrictions apply. 

Convex-Concave Procedure 28



Outline

Convex-concave procedure

Disciplined convex-concave programming

DCCP examples

Conclusions

Convex-Concave Procedure 29



Conclusions

▶ the convex-concave procedure is a heuristic for difference of convex problems
– linearize concave parts; solve; repeat
– solves a (typically small) sequence of convex problems

▶ disciplined convex-concave programming automates CCP, via the DCCP package

▶ CCP lacks optimality guarantees and depends on the initialization
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