On Homotopy-Smoothing Methods for Variational Inequalities

Xiaojun Chen^∗ Yinyu Ye^† School of Mathematics Department of Management Sciences The University of New South Wales University of Iowa Sydney 2052, Australia Iowa City, IA, USA E-mail: X.Chen@unsw.edu.au E-mail: yyye@dollar.biz.uiowa.edu

AMR 96/39, Applied Mathematics Report, The Unversity of New South Wales, Sydney, December 1996

Abstract

A variational inequality problem with a mapping g : ¡^n ! ¡^n and lower and upper bounds on variables can be reformulated as a system of nonsmooth equations F (x) = 0 in ¡^n. Recently, several homotopy methods, such as interior-point and smoothing methods, have been employed to solve the problem. All of these methods use parametric functions and construct perturbed equations to approximate the problem. The solution to the perturbed system constitutes a smooth trajectory leading to the solution of the original variational inequality problem. The methods generate iterates to follow the trajectory. Among these methods Chen-Mangasarian and Gabriel-Moré proposed a class of smooth functions to approximate F . In this paper, we study several properties of the trajectory defined by solutions of these smooth systems. We propose a homotopy-smoothing method for solving the variational inequality problem, and show that the method converges globally and superlinearly under mild conditions. Furthermore, if the involved function g is an affine function, the method finds a solution of the problem in finite steps. Preliminary numerical results indicate that the method is promising.

Key words. smoothing approximation, variational inequalities, P_0 function, finite convergence, homotopy.

AMS subject classifications. 65H10, 90C30, 90C33. Abbreviated title. Homotopy-Smoothing Methods for VI.

�This author’s work was supported by the Australian Research Council. yThis author is supported in part by NSF Grants DDM-9207347 and DMI-9522507. 1

1 Introduction

We consider the following variational inequality problem (VIP). Given a continuously differentiable mapping g : ℜ^n → ℜ^n, l ∈ {ℜ ∪ −∞}^n, and u ∈ {ℜ ∪ ∞}^n, where l < u. Find x ∈ [l, u] such that (y − x)^T g(x) ≥ 0, for any y ∈ [l, u]. Such problem is also called a box-constrained or mixed complementarity problem in [5, 8, 9, 12, 14, 15, 16, 21]. We denote this problem by VI(l, u, g).

If l_i = 0 and u_i = ∞ for i = 1, . . . , n, VI(l, u, g) reduces to the nonlinear complementarity problem (NCP). During the past few decades, this problem has become a well-established and fruitful discipline within mathematical programming [14, 17, 22, 27]. In particular, several homotopy methods, such as interior-point (e.g.,[23]) and smoothing methods (e.g., [5]), have been employed to solve the NCP. All of these methods use parametric functions and construct perturbed equations to approximate the NCP. The solution to the perturbed system constitutes a smooth trajectory leading to the solution of the original NCP. These methods generate iterates to follow the trajectory.

In particular, the NCP can be formulated as a nonsmooth equations:

F (x) = x − max(0, x − g(x)) = 0. (1.1)

Chen and Mangasarian [5] introduced a class of parametric smooth approximation functions for the nonsmooth function F in (1.1). A family of homotopy continuation methods, including an interior-point path-following method, can be constructed to solve the NCP based on Chen-Mangasarian smooth approximation equations. Using the proving techniques developed in Kojima, Megiddo and Noma [22], Chen and Harker [4] established the existence, uniqueness and limiting properties of the trajectory defined by these approximation equations under certain conditions. Recently, Xu and Burke [33] gave a polynomial complexity bound for an interior-point smoothing method for the monotone linear complementarity problem (LCP) based on the Chen-Harker-Kanzow smoothing function [3, 20] and Tseng’s convergence analysis for a class of infeasible interior point methods [32]. More recently, Burke-Xu [2] and Hotta-Yoshise [19] studied the global convergence of non-interior-point algorithms using the Chen-Harker-Kanzow smoothing function.

A number of important problems in engineering and economics have both lower and/or upper bounds on the variables, rather than just nonnegative constraints as in the NCP. The VI(l, u, g) model includes more general problems and attracts researchers’ attention [5, 8, 9, 12, 14, 15, 16, 21]. One can add slacks to transform the problem into a NCP. However, in doing so the problem dimension will be multiplied and some undesired computational difficulties may occur.

Many researchers try to develop direct homotopy-smoothing methods for solving VI(l, u, g). This is possible since VI(l, u, g) itself is equivalent to the nonsmooth equations [10] F (x) := x − Π_{[l,u]}(x − g(x)) = 0, (1.2) where Π_{[l,u]} is the projection operator onto [l, u] under the Euclidean norm. The special structure of box constraints [l, u] provides a convenient way to study VI(l, u, g) with each component. Precisely, (1.2) can be written as

F (x) = x − mid(l, u, x − g(x)) = 0, (1.3)

where mid(·) denotes the componentwise median operator. Note that for the NCP case (1.3) reduces to (1.1).

Gabriel and Moré [16] defined a parametric function f : ℜ^n × R_{++} → ℜ^n to directly approximate function F in (1.3), where f(x, ε) is continuously differentiable with respect to variable vector x and ‖F (x) − f(x, ε)‖ ≤ με. Here μ is a positive constant. In this paper, we study several properties of the trajectory defined by solutions of the equation f(x, ε) = r, where r is a given n-dimensional vector.

We will reformulate VI(l, u, g) as a generalized complementarity problem (GCP) in ℜ^n : q(x) ≥ 0, p(x) ≥ 0, p(x)^T q(x) = 0, where the set {x : p(x) ≥ 0, q(x) ≥ 0} is usually called the feasible set of the GCP. We will show that for any ε > 0, if x is a solution of f(x, ε) = 0 then x is approximately feasible for the GCP — q(x) ≥ 0 and p(x) ≥ −O(ε)e, and for each i, |p_i(x)q_i(x)| ≤ O(ε^2) (which is stronger than the current result that |p_i(x)q_i(x)| is bounded). Furthermore, if the VIP or GCP is merely an NCP, then any solution of f(x, ε) = 0 is an exactly feasible point of the NCP, i.e., x ≥ 0 and g(x) ≥ 0, and for each i, x_ig_i(x) ≤ O(ε^2).

Under the assumptions that g is a P_0 function and the level sets {x : ‖F (x)‖ ≤ Γ} with Γ > 0 are bounded, we will investigate the trajectory formed by solutions of f(x, ε) = r as ε and r vary. Our trajectory analysis is related to the one established in Chen and Harker [4]. However, there are several fundamental distinctions. For example, the Gabriel-Moré approximation function is not convex. Consequently, Assumptions A1, A2, A4 in [4], which play an important role in their proof, do not hold for the Gabriel-Moré approximation function.

Using the Gabriel-Moré approximation function, we will also modify a homotopy or smoothing Newton method for solving VI(l, u, g), which was originally proposed in [8]. The Chen-Qi-Sun method solves a system of linear equations at each step and generates iterates converging to a solution of (1.3) globally and superlinearly when g is a P -uniform function. Global convergence of the method only requires that g be a P_0 function and the level sets {x : ‖F (x)‖ ≤ Γ} with Γ > 0 be bounded. We will show that the monotone complementarity problem with a feasible interior point satisfies these conditions on certain level sets.

The Chen-Qi-Sun method is not finitely convergent when the VIP is a linear variational inequality problem (LVI). Motivated by the finite convergence result of other algorithms [13, 31, 36] and our trajectory analysis, we will add a Newton step in the Chen-Qi-Sun method [8]. We call the new method a hybrid Newtonsmoothing method. The new method converges globally, and superlinearly under weaker conditions. Furthermore, if the involved function g is an affine function, the method finds a solution of the LVI in finite steps.

We have tested the hybrid Newton-smoothing method with three approximate functions on five types of samples which contain 24 LVI problems. Our preliminary numerical results show that the new method is promising.

Some words about our notation are in order. Let N = {i : i = 1, 2, . . . , n}. The n × n identity matrix is denoted by I. The i-th row of an n × n matrix M is denoted by M_i. We use ‖ · ‖ to denote the Euclidean norm. Let e denote the vector of ones, i.e.

e = (1, 1, . . . , 1)^T .

We denote ℜ_+ = {ε : ε ∈ ℜ, ε ≥ 0} and ℜ_{++} = {ε : ε ∈ ℜ, ε > 0}. 2 Smoothing approximations

Let ρ : ℜ → ℜ_+ be a density function with a bounded absolute mean, that is

κ := ∫ ∞ −∞ |s|ρ(s)ds < ∞. (2.1) We also let ρ satisfy

ζ^2 := max { sup_{t≥0} ∫ ∞ t tsρ(s)ds, sup_{t≤0} ∫ t −∞ tsρ(s)ds } < ∞. (2.2)

It is easy to verify that ζ^2 ≤ ∫ ∞ −∞ s^2ρ(s)ds. The three approximate functions used in our computational experiment meet these two conditions. See section 4. Note that if the second moment of ρ is bounded, then ρ satisfies (2.1) and (2.2). The condition (2.2) is new. We introduce it to establish a strong complementarity error bound in Theorem 2.1 below.

The class of Gabriel-Moré approximation functions to function F in (1.3) is defined by f_i(x, ε) = x_i − ∫ ∞ −∞ mid(l_i, u_i, x_i − g_i(x) − εs)ρ(s)ds, i = 1, . . . n. (2.3) By using (2.3), a smooth approximation function can be generated by an appropriate density function. The following proposition is known.

Proposition 2.1 [6, 8, 16]. The function f : ℜ^n × ℜ_{++} → ℜ^n defined by (2.3) satisfies the following four conditions.

(i) For any (x, ε) ∈ ℜ^n × ℜ_{++}, |F_i(x) − f_i(x, ε)| ≤ κε, i = 1, 2, . . . , n. (2.4) (ii) f is continuously differentiable with respect to the first variable, and for any (x, ε) ∈ ℜ^n × ℜ_{++} f^′1(x, ε) = I − D(x)(I − g^′(x)), (2.5) where D(x) is a diagonal matrix whose diagonal elements are D_{ii}(x) = ∫ (x−g(x)−l)_i/ε (x−g(x)−u)_i/ε ρ(s)ds, i = 1, 2, . . . , n. (iii) For any x ∈ ℜ^n lim_{ε↓0} f^′1(x, ε) = f^0(x), (2.6) where for i ∈ N,

f^0_i (x) = g^′_i(x) if x_i − g_i(x) ∈ (l_i, u_i), I_i if x_i − g_i(x)_i ∉ [l_i, u_i], I_i − (∫ 0 −∞ ρ(s)ds ) (I_i − g^′_i(x)) if x_i − g_i(x) = l_i, I_i − ( ∫ ∞ 0 ρ(s)ds) (I_i − g^′_i(x)) if x_i − g_i(x) = u_i.

(iv) For any x ∈ ℜ^n, f satisfies the directional derivative consistence property at x, i.e. lim_{h→0}

F (x + h) − F (x) − f^0(x + h)h ‖h‖ = 0. (2.7) We now develop the following proposition which will be used in our analysis.

Proposition 2.2 For a given ε ∈ ℜ_{++} and a pair a, b ∈ ℜ ∪ {−∞, ∞} such that a < b, let ρ(s) = ρ(−s) and h(t) = ∫ ∞ −∞ mid(a, b, t − εs)ρ(s)ds. Then h(t) is an increasing function, h^′(t) ≤ 1, (2.8) and h(t) ≥ mid(a, b, t) ⇔ t ≤ a + b 2 . (2.9) Furthermore, if supp{ρ} = ℜ, then h^′(t) < 1 (2.10) and h(t) > mid(a, b, t) ⇔ t < a + b 2 . (2.11)

Proof: The result on h(t) and h^′(t) was proved in Lemma 2.3 of Gabriel and Moré [16]. We focus on proving the rest of the proposition.

Using ρ(s) = ρ(−s), we have ∫ ∞ −∞ sρ(s)ds = 0, which implies ∫_∞ −∞ (t − εs)ρ(s)ds = t. By the definition of the median operator, we obtain h(t) = ∫ (t−b)/ε −∞ bρ(s)ds + ∫ ∞ (t−a)/ε aρ(s)ds + ∫ (t−a)/ε (t−b)/ε (t − εs)ρ(s)ds = ∫ (t−b)/ε −∞ bρ(s)ds + ∫ ∞ (t−a)/ε aρ(s)ds + ∫ ∞ −∞ (t − εs)ρ(s)ds − ∫ (t−b)/ε −∞ (t − εs)ρ(s)ds − ∫ ∞ (t−a)/ε (t − εs)ρ(s)ds = ∫ (t−b)/ε −∞ (b − t + εs)ρ(s)ds + ∫ ∞ (t−a)/ε (a − t + εs)ρ(s)ds + t. (2.12) Suppose that t ≤ (a + b)/2. Then there are only two cases: mid(a, b, t) = t or mid(a, b, t) = a. If mid(a, b, t) = t, then from (2.12), b − t ≥ t − a ≥ 0 and ρ(s) = ρ(−s), we have h(t) − mid(a, b, t) = ∫ (t−b)/ε −∞ (a + b − 2t)ρ(s)ds + ∫ (b−t)/ε (t−a)/ε (a − t + εs)ρ(s)ds ≥ 0. (2.13) If mid(a, b, t) = a, then from (2.12) and 0 ≥ t − a ≥ t − b, we have h(t) − mid(a, b, t) = ∫ (t−b)/ε −∞ (b − a + εs)ρ(s)ds + ∫ ∞ (t−b)/ε (t − a)ρ(s)ds + ∫ ∞ (t−a)/ε (a − t + εs)ρ(s)ds = ∫ (t−b)/ε −∞ (b − a)ρ(s)ds + ∫ (t−a)/ε (t−b)/ε (t − a − εs)ρ(s)ds ≥ 0. (2.14) Hence, we obtain the ⇐ part of (2.9) from (2.13) and (2.14).

Assume that t ≥ (a + b)/2. Then following the same argument above, we can show that h(t) ≤mid(a, b, t). This implies the ⇒ part of (2.9). So the proof of (2.9) is completed.

Notice that supp{ρ} = ℜ implies that for any α, β satisfying α < β, ∫ α β ρ(s)ds > 0.

Using this fact and following the above argument, we can prove (2.11).

To study the path defined by the smooth equations f(x, ε) = 0 for ε > 0, we introduce a generalized complementarity problem. Let z ∈ ℜ^n and Σ be a diagonal matrix whose diagonal elements are

Σ_{ii}(z) = { 1, z_i ≥ 0 −1, z_i < 0, i = 1, 2, . . . , n. It is easy to verify that a vector x ∈ ℜ^n solves (1.3) if and only if x solves the following complementarity problem q(x) := min(x − l, u − x) ≥ 0 (2.15) p(x) := Σ( l + u 2 − x)g(x) ≥ 0 (2.16) q(x)^T p(x) = 0. (2.17) In the complementarity formulation (2.15)-(2.17), for i ∈ N we regard l_i · 0 = 0 and u_i · 0 = 0 even l_i or u_i is infinity.

Based on the complementarity problem (2.15)-(2.17), we define a restricted feasible set of the variational inequality problem VI(l, u, g) by X_0 = {x : q(x) ≥ 0, p(x) ≥ 0}. q(x) ≥ 0 implies that x ∈ [l, u] which is desired, but p(x) ≥ 0 implies that g(x) ≥ 0 if x ≤^{l+u}_2 and g(x) ≤ 0 if x >^{l+u}_2 , which is strictly contained in the feasible set of the original VIP:

{x : q(x) ≥ 0, g_i(x) ≥ 0 if x_i = l_i; g_i(x) ≤ 0 if x_i = u_i, i = 1, . . . , n}. Thus, we define another set X associated with X_0 as X = {x : q(x) ≥ 0, Σ( l + u 2 + g(x) − x)g(x) ≥ 0}, and its interior by

intX = {x : q(x) > 0, Σ( l + u 2 + g(x) − x)g(x) > 0}. Obviously, we have X_0 ⊆ X, and both X_0 and X contain the solution set of the VIP if it exists. Furthermore, if l_i = 0 and u_i = ∞, for each i ∈ N, then VI(l, u, g) reduces to the NCP and X_0 = X = {x : x ≥ 0, g(x) ≥ 0}, which is known as the feasible set for the NCP.

The following theorem shows that the homotopy equation f(x, ε) = 0 possesses several desired features and is closely related to the interior-point homotopy equation for the GCP (2.15)–(2.17).

Theorem 2.1 Suppose that ρ(s) = ρ(−s). Let x be a solution of f(x, ε) = 0. Then

(i) For any ε ∈ ℜ_{++}, x ∈ X. Furthermore, if supp(ρ) = {s : ρ(s) > 0} = ℜ, then x ∈ intX ∪ {x : x_i = l_i + u_i 2 , ∃ i ∈ N}. (ii) For ε ∈ ℜ_{++} satisfying ε <^1_{2κ} min_{1≤i≤n}(u_i − l_i), x ∈ X_ε = {x : q(x) ≥ 0, p(x) ≥ −κεe}. (iii) For any ε ∈ ℜ_{++}, |q_i(x)p_i(x)| ≤ ε^2(ζ^2 + κ^2/2), i = 1, 2, . . . , n.

Proof: To simplify the proof, we denote y = g(x).

(i) Since l_i ≤mid(l_i, u_i, x_i − y_i − εs) ≤ u_i and ρ(s) ≥ 0, we have l_i ≤ x_i − f_i(x, ε) = x_i ≤ u_i, i = 1, 2, . . . , n. Now we show Σ_{ii}( l + u 2 + y − x)y_i ≥ 0, i = 1, 2, . . . , n. (2.18) By Proposition 2.2, f(x, ε) = 0 implies that for any i ∈ N x_i ≥ mid(l_i, u_i, x_i − y_i) ⇔ x_i − y_i ≤ l_i + u_i 2 . (2.19) Suppose that x_i − y_i ≤^{li+ui}_2 . Then from (2.19), we have either x_i ≥ x_i − y_i ≥ l_i or x_i ≥ l_i ≥ x_i − y_i.

In either case, y_i ≥ 0.

Suppose that x_i − y_i ≥^{li+ui}_2 . Then from (2.19), we have either x_i ≤ x_i − y_i ≤ u_i or x_i ≤ u_i ≤ x_i − y_i.

In either case, y_i ≤ 0.

Therefore (2.18) holds and hence x ∈ X.

The assumption supp(ρ) = ℜ implies that ρ vanishes in any nontrivial interval. In such case, from x_i = x_i − f_i(x, ε) = ∫^xi^{−y}i^{−u}i_ε −∞ u_iρ(s)ds + ∫ ∞ xi−yi−li ε l_iρ(s)ds + ∫^xi^{−y}i^{−l}i_ε xi−yi−ui ε (x_i − y_i − εs)ρ(s)ds, we have l_i < x_i < u_i. Furthermore, using (2.11) and following the same argument above, we can show

Σ_{ii}( l + u 2 + y − x)y_i > 0, for x_i − y_i ≠ l_i + u_i 2 i = 1, 2, . . . , n. If x_i − y_i = (l_i + u_i)/2, then by (2.11) y_i = 0. Hence, we obtain x ∈int X ∪ {x : x_i = (l_i + u_i)/2, ∃ i ∈ N}. (ii) By (2.4) and f(x, ε) = 0, we have |F_i(x)| = |x_i − mid(l_i, u_i, x_i − y_i)| ≤ κε. This implies x_i − κε ≤ mid(l_i, u_i, x_i − y_i) ≤ x_i + κε. (2.20)

If x_i ≤ (l_i + u_i)/2, then from the second inequality in (2.20) and ε <^{ui−li}_{2κ} , we have either mid(l_i, u_i, x_i − y_i) = l_i (2.21) or mid(l_i, u_i, x_i − y_i) = x_i − y_i. (2.22)

Moreover, (2.21) implies that y_i ≥ x_i−l_i ≥ 0, and (2.22) with (2.20) implies y_i ≥ −κε.

If x_i ≥ (l_i + u_i)/2, then from the first inequality in (2.20) and ε <^{ui−li}_{2κ} , we have either mid(l_i, u_i, x_i − y_i) = u_i (2.23) or mid(l_i, u_i, x_i − y_i) = x_i − y_i. (2.24)

Moreover, (2.23) implies that y_i ≤ x_i −u_i ≤ 0, and (2.24) with (2.20) implies y_i ≤ κε.

Hence p_i(x) = Σ_{ii}(^{l+u}_2 − x)y_i ≥ −κε. (iii) For a fixed i, we consider three cases. Case 1: mid(l_i, u_i, x_i − y_i) = l_i. We have x_i − y_i ≤ l_i < u_i, x_i − l_i ≥ 0, y_i ≥ 0, and x_i − l_i ≤ κε.

Moreover, x_i − l_i = ∫^xi^{−y}i^{−u}i_ε −∞ (u_i − x_i + y_i + εs)ρ(s)ds − ∫^xi^{−y}i^{−l}i_ε −∞ (l_i − x_i + y_i + εs)ρ(s)ds = ε (∫_{xi−yi−uiε} −∞ ( u_i − x_i + y_i ε + s)ρ(s)ds − ∫^xi^{−y}i^{−l}i_ε −∞ ( l_i − x_i + y_i ε + s)ρ(s)ds )

≤ −ε ∫^xi^{−y}i^{−l}i_ε −∞ ( l_i − x_i + y_i ε + s)ρ(s)ds ≤ −ε ∫^xi^{−y}i^{−l}i_ε −∞ sρ(s)ds, since the first integral in the parenthesis has a negative value and l_i − x_i + y_i ≥ 0. Thus,

y_i(x_i − l_i) ≤ (l_i − x_i + y_i + x_i − l_i)(−ε ∫^xi^{−y}i^{−l}i_ε −∞ sρ(s)ds) ≤ (l_i − x_i + y_i + κε)(−ε ∫^xi^{−y}i^{−l}i_ε −∞ sρ(s)ds) = ε^2 x_i − y_i − l_i ε ∫^xi^{−y}i^{−l}i_ε −∞ sρ(s)ds − ε^2κ ∫^xi^{−y}i^{−l}i_ε −∞ sρ(s)ds ≤ ε^2(ζ^2 + κ^2/2).

Case 2: mid(l_i, u_i, x_i − y_i) = u_i. The proof of Case 2 is similar to Case 1, where we have l_i < u_i ≤ x_i − y_i, u_i − x_i ≥ 0, y_i ≤ 0, and u_i − x_i ≤ κε. Case 3: mid(l_i, u_i, x_i − y_i) = x_i − y_i and l_i < x_i − y_i < u_i. We have |y_i| ≤ κε. Moreover,

y_i = ∫^xi^{−y}i^{−u}i_ε −∞ (u_i − x_i + y_i + εs)ρ(s)ds + ∫ ∞ xi−yi−li ε (l_i − x_i + y_i + εs)ρ(s)ds. Since the first integral has negative value and the second has positive value, we have ∫^xi^{−y}i^{−u}i_ε −∞ (u_i − x_i + y_i + εs)ρ(s)ds ≤ y_i ≤ ∫ ∞ xi−yi−li ε (l_i − x_i + y_i + εs)ρ(s)ds.

Furthermore, since u_i − x_i + y_i ≥ 0 and l_i − x_i + y_i ≤ 0, we have ∫^xi^{−y}i^{−u}i_ε −∞ εsρ(s)ds ≤ y_i ≤ ∫ ∞ xi−yi−li ε εsρ(s)ds. Thus,

min(x_i − l_i, u_i − x_i)y_i ≤ (x_i − l_i) ∫ ∞ xi−yi−li ε εsρ(s)ds = (x_i − l_i − y_i + y_i) ∫ ∞ xi−yi−li ε εsρ(s)ds ≤ (x_i − l_i − y_i + κε) ∫ ∞ xi−yi−li ε εsρ(s)ds = ε^2 x_i − l_i − y_i ε ∫ ∞ xi−yi−li ε sρ(s)ds + ε^2κ ∫ ∞ xi−yi−li ε sρ(s)ds ≤ ε^2(ζ^2 + κ^2/2).

Similarly, we can prove

min(x_i − l_i, u_i − x_i)y_i ≥ −ε^2(ζ^2 + κ^2/2).

Therefore, | min(x_i − l_i, u_i − x_i)y_i| ≤ ε^2(ζ^2 + κ^2/2).

Statement (i) of the above theorem implies that l ≤ x ≤ u (l < x < u if supp(ρ) = {s : ρ(s) > 0} = ℜ); (ii) together with (i) implies that x might be an exterior point but is approximately feasible; (iii) implies the complementarity gap goes to zero quadratically in ε. Thus, the solution of f(x, ε) = 0, if it exists, converges to the solution set of the VIP as ε → 0.

The following two assumptions will be used to establish a sufficient condition for the existence of a solution to f(x, ε) = r, where r is a given n-dimensional version.

A1. The level sets D(Γ) = {x ∈ ℜ^n : ‖F (x)‖ ≤ Γ} are bounded for all positive numbers Γ.

A2. For any ε > 0 and x ∈ ℜ^n, f^′1(x, ε) is nonsingular.

Assumptions related to A1 and A2 have been used in several papers on smoothing methods. We state some here.

Proposition 2.3 One of the following conditions implies Assumption A1:

(i) g is a P uniform function [8];

(ii) −∞ < l_i < u_i < ∞, for i = 1, 2, . . . , n [8]; (iii) l_i = 0, for i = 1, 2, . . . , n, and g is a R_0 function [4].

One of the following conditions implies Assumption A2: (i) g is a P uniform function [16]; (ii) g is a P_0 function and supp{ρ} = ℜ [16].

Many interior-point algorithms (e.g.[22, 34]) for solving the NCP use the following assumption

AIP. g is monotone and the set of all the strictly positive feasible solutions

S_{++}(g) = {x ∈ ℜ^n : g(x) > 0, x > 0}

is nonempty.

The existence of a feasible interior point is the standard assumption for any interior point algorithm, and the monotonicity of g is necessary for LCP to have a convex objective [34]. It is interesting to see the relation between interior point methods and smoothing methods from the difference of their assumptions.

Since the monotonicity is stronger than the P_0 property, the assumption AIP implies A2 for smoothing functions with supp{ρ} = ℜ. However, neither of the two assumptions A1 and AIP implies the other. A1 does not imply AIP, because the P uniform property satisfies A1 but fails the monotonicity. The following example shows that AIP does not imply A1. Let g(x) ≡ q > 0, where q is a given ndimensional vector. Then g is monotone and S_{++}(g) is nonempty. However, for Γ ≥ min_{i∈N} q_i := q_{i0} , {x^k : x^k_{i0} → ∞, x^k_i = 0, i ≠ i_0} ⊂ D(Γ) = {x : ‖ min(x, g(x))‖ ≤ Γ}. Nevertheless, the following proposition shows that AIP implies the boundness of certain level sets.

Proposition 2.4 Under the assumption AIP, the level set D(Γ) = {x ∈ ℜ^n : ‖F (x)‖ ≤ Γ} are bounded for all positive numbers Γ < Γ_0, where

F (x) := min(x, g(x)) and Γ_0 := sup{min_{i∈N} F_i(x), x ∈ S_{++}(g)}.

Proof: Let Γ < Γ_0 and x̂ ∈ S_{++}(g) satisfy

Γ < min_{i∈N} F_i(x̂).

This means that for each i ∈ N, g_i(x̂) > Γ and x̂_i > Γ.

Suppose on the contrary that we have an unbounded sequence {x^k} ⊂ D(Γ). Since x^k ∈ D(Γ) implies that | min(x^k_i , g_i(x^k))| ≤ Γ for each i ∈ N, there is no index j such that x^k_j → −∞ or g_j(x^k) → −∞. Define the index sets J = {i : x^k_i → ∞, i ∈ N} and L = {ℓ : g_ℓ(x^k) → ∞, ℓ ∈ N}. By the unbounded assumption on {x^k}, the set J is nonempty, while the set L can be either empty or nonempty.

Then there is a k^′ ≥ 0 such that for all k ≥ k^′, | min(x^k_i , g_i(x^k))| = |g_i(x^k)| ≤ Γ, for i ∈ J and | min(x^k_ℓ , g_ℓ(x^k))| = |x^k_ℓ | ≤ Γ, for ℓ ∈ L (if L ≠ ∅).

Hence we have x^k_i − x̂_i → ∞, |g_i(x^k)| ≤ Γ < g_i(x̂) for k ≥ k^′, i ∈ J and g_ℓ(x^k) − g_ℓ(x̂) → ∞, |x^k_ℓ | ≤ Γ < x̂_ℓ for k ≥ k^′, ℓ ∈ L (if L ≠ ∅). Note this results in a contradiction with the monotonicity of g, i.e, (g(x^k) − g(x̂))^T (x^k − x̂) ≥ 0.

Thus D(Γ) must be bounded.

Theorem 2.2 Suppose that assumptions A1 and A2 hold, then for any ε > 0 and r ∈ ℜ^n, there is a solution x(ε, r) of f(x, ε) = r. Furthermore, if g is a P_0 function and supp{ρ} = ℜ. Then, x(ε, r) is unique. Proof: Let μ = κ √ n. We choose x^0 ∈ ℜ^n and a positive number Γ satisfying Γ > με + ‖r‖ and Γ − με − ‖r‖ > ‖F (x^0)‖. We define C_{ε,r}(Γ) = {x : ‖f(x, ε) − r‖ ≤ Γ}. By (2.4), we have ‖f(x, ε) − r‖ ≤ ‖F (x)‖ + με + ‖r‖ (2.25) and ‖F (x)‖ ≤ ‖f(x, ε) − r‖ + με + ‖r‖. (2.26) Since x^0 ∈ D(Γ − με − ‖r‖), (2.25) implies that x^0 ∈ C_{ε,r}(Γ) and hence C_{ε,r}(Γ) is nonempty. By (2.26), we have C_{ε,r}(Γ) ⊆ D(Γ + με + ‖r‖). Hence, from Assumption A1, the level set C_{ε,r}(Γ) is bounded.

Let θ(x) :=^1_2 ‖f(x, ε) − r‖^2. The boundedness of C_{ε,r}(Γ) and the continuous differentiability of f(·, ε) imply that θ has a global minimum point x^∗ in C_{ε,r}(Γ)

[26, 4.2.2]. Since θ(x^∗) ≤ θ(x^0) and ‖f(x^0, ε) − r‖ < Γ, x^∗ ∈ int C_{ε,r}(Γ). Moreover, by Assumption A2, f^′1(x^∗, ε) is nonsingular. Therefore, by [26, 4.1.3], θ^′(x^∗) = f^′1(x^∗, ε)^T (f(x^∗, ε) − r) = 0, and so f(x^∗, ε) = r.

Now we prove the uniqueness of x(ε, r). Let y = g(x), t = x − y, and

h_i(t) = ∫ ∞ −∞ mid(l_i, u_i, t_i − εs)ρ(s)ds, i = 1, . . . n. By Proposition 2.2, h_i(t) is an increasing function; therefore, an increasing function in x_i and a decreasing function in y_i. Furthermore, by Lemma 2.3 in [16], we can claim h^′_i(t) ∈ (0, 1).

Suppose on the contrary that we have x^1 and x^2 are both solutions. Let y^1 = g(x^1) and y^2 = g(x^2). Since g(x) is a P_0 function, we have an index i such that

x^1_i ≠ x^2_i and (y^1_i − y^2_i )(x^1_i − x^2_i ) ≥ 0.

Assume that, without loss of generality, x^1_i > x^2_i . Then we have y^1_i ≥ y^2_i . Moreover,

x^1_i − x^2_i

= h_i(x^1_i − y^1_i ) − h_i(x^2_i − y^2_i ) ≤ h_i(x^1_i − y^2_i ) − h_i(x^2_i − y^2_i ) = h^′_i(θ)(x^1_i − x^2_i ) < x^1_i − x^2_i ,

where θ is between x^1_i − y^2_i and x^2_i − y^2_i according to the Taylor theorem. Note this results in a contradiction. Thus, we must have x^1 = x^2.

3 Algorithm and convergence

In this section, we propose a hybrid Newton-smoothing algorithm for solving VI(l, u, g). We show that the algorithm converges globally and superlinearly under assumptions A1 and A2. Furthermore, the method is finite convergence, if g(x) = Mx + q, where M is an n × n matrix and q is an n-dimensional vector. In this case, we denote the linear variational inequality by VI(l, u, M, q).

We denote Θ(x) = 1 2 ‖F (x)‖^2 and θ_k(x) = 1 2 ‖f(x, ε_k)‖^2.

Algorithm 3.1 Given ρ, α, η ∈ (0, 1), and a starting point x^0 ∈ ℜ^n. Choose a scalar σ ∈ (0,^1_2 (1 − α)). Let ν =^α_2^√_{nκ} . Let β_0 = ‖F (x^0)‖ and ε_0 = νβ_0.

For k ≥ 0:

1. Find a solution d̂^k of the system of linear equations F (x^k) + f^0(x^k)d = 0. (3.1) If ‖F (x^k + d̂^k)‖ ≤ ηβ_k, let x^{k+1} = x^k + d̂^k. Otherwise perform Step 2.

2. Find a solution d^k of the system of linear equations F (x^k) + f^′1(x^k, ε_k)d = 0. (3.2) Let m_k be the smallest nonnegative integer m such that θ_k(x^k + ρ^md^k) − θ_k(x^k) ≤ −2σρ^mΘ(x^k). (3.3) Set t_k = ρ^{mk} and x^{k+1} = x^k + t_kd^k.

3. 3.1 If ‖F (x^{k+1})‖ = 0, terminate.

3.2 If

0 < ‖F (x^{k+1})‖ ≤ max{ηβ_k, α^{−1}‖F (x^{k+1}) − f(x^{k+1}, ε_k)‖}, (3.4) let β_{k+1} = ‖F (x^{k+1})‖ and ε_{k+1} = min{νβ_{k+1}, ε_k 2 }. 3.3 Otherwise, let β_{k+1} = β_k and ε_{k+1} = ε_k.

Theorem 3.1 Suppose that assumptions A1 and A2 hold. Then for any starting point x^0 ∈ ℜ^n, Algorithm 3.1 is well defined and the generated sequence {x^k} remains in D_0 := D((1 + α)‖F (x^0)‖) and satisfies lim_{k→∞} ‖F (x^k)‖ = 0. (3.5) Proof: By Lemma 3.1 in [8], there exists a finite nonnegative integer m_k such that (3.3) holds. Hence Algorithm 3.1 is well defined. Let K = {k : ‖F (x^k + d̂^k)‖ ≤ ηβ_k, k ≥ 0}. By the construction of Algorithm 3.1, for k ∈ K, x^{k+1} = x^k + d̂^k and β_{k+1} = ‖F (x^{k+1})‖ ≤ ηβ_k ≤ (1 + α)‖F (x^0)‖. Hence x^{k+1} ∈ D_0 for k ∈ K. Moreover, following the proof of Theorem 3.1 in [8], we can show x^{k+1} ∈ D_0 for k ∉ K. Hence {x^k} remains in D_0.

Now we prove (3.5).

If K is finite, then there exists k_0 ≥ 0 such that Step 2 is performed for all k ≥ k_0. By Theorem 3.1 in [8] lim_{k→∞} k≥k0 ‖F (x^k)‖ = 0. Hence the whole sequence {x^k} satisfies (3.5).

If K is infinite, then by the construction of Algorithm 3.1, lim_{k→∞} k∈K ‖F (x^k)‖ = 0. Let K̄ = {k : ‖F (x^{k+1})‖ ≤ max{ηβ_k, α^{−1}‖F (x^{k+1}) − f(x^{k+1}, ε_k)‖}}. Then K ⊆ K̄. Assume that K̄ consists of k_0 = 0 < k_1 < k_2 < . . .. Let k be an arbitrary nonnegative integer. Let k_j be the largest number in K̄ such that k_j ≤ k. Then ε_k = ε_{kj} and β_k = β_{kj} . By the line search rule ‖f(x^k, ε_{kj} )‖ ≤ ‖f(x^{kj} , ε_{kj} )‖. Hence by (2.4), for j ≥ 0 ‖F (x^k)‖ ≤ ‖f(x^k, ε_k)‖ + ‖F (x^k) − f(x^k, ε_k)‖ = ‖f(x^k, ε_{kj} )‖ + ‖F (x^k) − f(x^k, ε_{kj} )‖ ≤ ‖f(x^{kj} , ε_{kj} )‖ + με_{kj} ≤ ‖F (x^{kj} )‖ + 2με_{kj} = β_{kj} + 2με_{kj} , where μ = κ √ n. Since K is infinite, K̄ is infinite and hence β_{kj} → 0 and ε_{kj} → 0, as j → ∞.

Therefore, the whole sequence {x^k} satisfies (3.5).

Corollary 3.1 Suppose that assumption AIP holds and l_i = 0, u_i = ∞ for each i ∈ N. Then for any smoothing function f with supp{ρ} = ℜ and any staring point x^0 ∈ ℜ^n, Algorithm 3.1 is well defined and the generated sequence {x^k} remains in D_0 := D((1 + α)‖F (x^0)‖). Furthermore, if x^0 satisfies

(1 + α)‖F (x^0)‖ < sup{min_{i∈N} F_i(x), x ∈ S_{++}(g)}, (3.6)

then lim_{k→∞} ‖F (x^k)‖ = 0.

Proof: By Theorem 4.2 in [16], the monotonicity of g implies the assumption A2. By Lemma 3.1 in [8], there is a finite nonnegative integer m_k such that (3.3) holds. Hence Algorithm 3.1 is well defined. Following the proof of Theorem 3.1 in [8] and Theorem 3.1 here, we can show {x^k} ⊂ D_0 for any starting point x^0 ∈ ℜ^n. By

Proposition 2.4, if x^0 satisfies (3.6), then D_0 is bounded. Therefore, we can show that lim_{k→∞} ‖F (x^k)‖ = 0 by following the proof of Theorem 3.1.

The following lemma shows that if an iterate is sufficiently close to a solution of VI(l, u, M, q), Algorithm 3.1 finds the solution in one step. We definite γ(x) = min_{1≤i,j≤n}{|x − Mx − q − l|_i, |x − Mx − q − u|_j : (x − Mx − q − l)_i ≠ 0, (x − Mx − q − u)_j ≠ 0}. Since l_i < u_i for all i ∈ N, γ(x) > 0 for any x ∈ ℜ^n.

Lemma 3.1 Let x^∗ ∈ ℜ^n be a solution of VI(l, u, M, q). Let

S := { {x ∈ ℜ^n : ‖x − x^∗‖_∞ ≤ γ(x^∗)/‖I − M‖_∞} if I ≠ M ℜ^n otherwise. (3.7) Then for any x ∈ S F (x) + f^0(x)(x^∗ − x) = 0. (3.8) Proof: If M = I, then f^0(x) = I for any x ∈ ℜ^n. Moreover, x^∗ =mid(l, u, −q) is a solution of F (x) = 0. Hence, in this case for any x ∈ ℜ^n, F (x) + f^0(x)(x^∗ − x) = x − mid(l, u, −q) + (x^∗ − x) = 0.

Suppose that I ≠ M and x ∈ S. Then |x − Mx − q − x^∗ + Mx^∗ + q|_i ≤ ‖I − M‖_∞‖x − x^∗‖_∞ ≤ γ(x^∗). (3.9) For a fixed i, we consider two cases.

Case 1. (x^∗ − Mx^∗ − q)_i ≠ l_i and (x^∗ − Mx^∗ − q)_i ≠ u_i. By the definition γ(x) and (3.9), we have (x^∗ − Mx^∗ − q)_i < l_i ⇒ (x − Mx − q)_i < l_i (3.10) l_i < (x^∗ − Mx^∗ − q)_i < u_i ⇒ l_i < (x − Mx − q)_i < u_i (3.11) and (x^∗ − Mx^∗ − q)_i > u_i ⇒ (x − Mx − q)_i > u_i. (3.12) If (x^∗ − Mx^∗ − q)_i ∈ (l_i, u_i), then (Mx^∗ + q)_i = 0. By (3.11) and (2.6), f^0_i (x) = M_i and F_i(x) + f^0_i (x)(x^∗ − x) = x_i − (x − Mx − q)_i + M_i(x^∗ − x) = (Mx^∗ + q)_i = 0. (3.13) If (x^∗ − Mx^∗ − q)_i < l_i, then x^∗_i = l_i. By (3.10) and (2.6), f^0_i (x) = I_i and F_i(x) + f^0_i (x)(x^∗ − x) = x_i − l_i + I_i(x^∗ − x) = x^∗_i − l_i = 0. (3.14)

Similarly, we can show

F_i(x) + f^0_i (x)(x^∗ − x) = x^∗_i − u_i = 0,

for (x^∗ − Mx^∗ − q)_i > u_i.

Case 2. (x^∗ − Mx^∗ − q)_i = l_i or (x^∗ − Mx^∗ − q)_i = u_i. If (x^∗ − Mx^∗ − q)_i = l_i, then x^∗_i = l_i and (Mx^∗ + q)_i = 0.

If (x − Mx − q)_i > l_i or (x − Mx − q)_i < l_i, we can find F_i(x) + f^0_i (x)(x^∗ − x) = 0 by following the same argument in (3.13) and (3.14). If (x − Mx − q)_i = l_i, then f^0_i (x) = I_i − λ(I_i − M_i), where λ ∈ (0, 1). Furthermore, we have

F_i(x) + f^0_i (x)(x^∗ − x) = x_i − l_i + (I_i − λ(I_i − M_i))(x^∗ − x) = λ(M_i − I_i)(x^∗ − x) = λ(x_i − l_i + (Mx^∗ + q − Mx − q)_i) = λ((x − l − Mx − q)_i + (Mx^∗ + q)_i) = 0.

The proof of the case (x^∗ − Mx^∗ − q)_i = u_i is similar.

Theorem 3.2 Suppose that A1 and A2 hold. Assume that for any accumulation point x̄ of {x^k}, there are an open ball S := S(x̄, r̄) = {x : ‖x − x^∗‖ < r̄} and a positive number Υ such that for any x ∈ S, f^0(x) is nonsingular and ‖f^0(x)^{−1}‖ ≤ Υ. Then {x^k} converges to a solution x^∗ of (1.3) superlinearly. Moreover, if g has a locally Lipschitz continuous derivative around x^∗, the convergence rate is quadratic. In addition, if g is an affine function, the convergence is finite.

Proof: Let x̄ be an accumulation point of {x^k}. By Theorem 3.1, x̄ is a solution of (1.3). By Lemma 2.4 in [6], x̄ is the unique solution of (1.3) in S. Hence {x^k} only has a finite number of accumulation points. Let x^∗ be an accumulation point and K_∗ be a subsequence of {0, 1, . . . , } such that lim_{k→∞} k∈K∗ x^k = x^∗.

By the directional derivative consistence property of f at x^∗, for k ∈ K_∗, ‖x^k + d̂^k − x^∗‖ = ‖x^k − f^0(x^k)^{−1}F (x^k) − x^∗‖ = ‖f^0(x^k)^{−1}(f^0(x^k)(x^k − x^∗) − F (x^k) + F (x^∗))‖ ≤ Υ‖F (x^k) − F (x^∗) − f^0(x^k)(x^k − x^∗)‖ = o(‖x^k − x^∗‖). (3.15)

Following the proof of Theorem 3.1 in [28], ‖F (x^k + d̂^k)‖ = o(‖F (x^k)‖).

This implies that there is k_∗ ∈ K_∗ such that for all k ≥ k_∗ ‖F (x^k + d̂^k)‖ ≤ η‖F (x^k)‖ and x^{k+1} = x^k + d̂^k. Hence {x^k} converges to x^∗ superlinearly.

Moreover, if g has a locally Lipschitz continuous derivative, then F is strongly semi-smooth at x^∗ [28, 8]. Since f has the Jacobian consistence property [8] and f^0(x) ∈ ∂_C F (x) for any x ∈ ℜ^n [6],

‖F (x^k) − F (x^∗) − f^0(x^k)(x^k − x^∗)‖ = O(‖x^k − x^∗‖^2).

Following the argument in (3.15), we obtain the quadratic convergence rate.

The finite convergence follows from Lemma 3.1 and that k ∈ K_∗ for all k ≥ k_∗.

Remark 3.1 If g is a P-uniform function, by Theorem 4.3 in [16], for any x ∈ ℜ^n, f^0(x) is nonsingular. Hence, by Proposition 2.3, Algorithm 3.1 converges globally and superlinearly for VI(l, u, g), and converges globally and finitely for VI(l, u, M, q), assuming only that g is a P-uniform function. It is notable that global convergence of Algorithm 3.1 only requires that g be a P_0 function and the level sets {x : ‖F (x)‖ ≤ Γ} with Γ > 0 be bounded. Furthermore, Algorithm 3.1 converges to the solution set of the NCP, if g is monotone, S_{++}(g) is nonempty and the starting point is in a certain level set.

4 Numerical experiments

We numerically tested Algorithm 3.1 with five examples containing 24 linear box constrained variational inequality problems. We use three smooth approximation functions which are generated by (2.3) and density functions ρ satisfying (2.1) and (2.2). (cf. [4, 5, 6, 7, 8, 12, 16, 29]). Let z = x − Mx − q. Neural networks smooth approximation function (S1)

Let the density function be ρ(x) = e^{−s} (1 + e^{−s})^2 . The smooth approximation function is f_i(x, ε) = x_i − u_i − εlog(1 + e^{(li−zi)/ε}) + εlog(1 + e^{(ui−zi)/ε}) and f^′1(x, ε) = I − D(x)(I − M) where d_{ii}(x) = e^{(li−zi)/ε}/(1 + e^{(li−zi)/ε}) − e^{(ui−zi)/ε}/(1 + e^{(ui−zi)/ε}). Chen-Harker-Kanzow-Smale smooth approximation function (S2)

Let the density function be ρ(s) = 2 (s^2 + 4)^32 . The smooth approximation function is f_i(x, ε) = x_i − 1 2 ( √ (l_i − z_i)^2 + 4ε^2 − √ (u_i − z_i)^2_i + 4ε^2 + u_i + l_i)

and f^′1(x, ε) = I − D(x)(I − M) where d_{ii}(x) = 1 2 ( z_i − l_i √ (z_i − l_i)^2 + 4ε^2 − z_i − u_i √ (z_i − u_i)^2 + 4ε^2 ).

Uniform smooth approximation function (S3)

Let the density function be ρ(s) = { 1, |s| ≤ 0.5 0, otherwise. For 0 < ε ≤ min_{1≤i≤n}{u_i − l_i},

f_i(x, ε) = 1 2 (Mx + q + x)_i +^1_{2ε} (u_i − z_i)^2 +^ε_8 −^{ui}_2 if |u_i − z_i| ≤^ε_2 , 1 2 (Mx + q + x)_i −^1_{2ε} (l_i − z_i)^2 −^ε_8 −^{li}_2 if |l_i − z_i| ≤^ε_2 , F_i(x) otherwise, and f^′1(x, ε) = 1 2 (I_i + M_i) +^1_ε (u_i − z_i)(M_i − I_i) if |u_i − z_i| ≤^ε_2 , 1 2 (I_i + M_i) −^1_ε (l_i − z_i)(M_i − I_i) if |l_i − z_i| ≤^ε_2 , F^′_i (x) otherwise.

The three density functions have a common property: ρ(−s) = ρ(s). By (2.6), this implies that for any x ∈ ℜ^n, the derivatives f^′1(x, ε) of the three smooth approximation functions have the same limit f^0(x) as ε ↓ 0, where

f^0_i (x) =

M_i if z_i ∈ (l_i, u_i), I_i if z_i ∉ [l_i, u_i], 1 2 (I_i + M_i) otherwise.

(4.16)

Furthermore, the three density functions satisfy (2.1) and (2.2).

We chose x^0 = e, ρ = 0.75, α = 0.56, η = 0.87 and σ = 0.2 in Algorithm 3.1. The stopping criterion was ‖F (x^k)‖ ≤ 10^{−8}. Numerical results were obtained using Matlab 4.2c on a Sun 2000 workstation. These testing problems are constructed from some testing problems for LCP. We added different lower and upper bounds on the variables. We report the iterations k, the total numbers of line search steps ∑k i=1 m_i and CUP time in Table 1 – Table 5 for solving these problems.

Table 1: Example 4.1, iterations, total number of line search steps, CPU(sec.)

l = 0, u = 107e n 100 200 400 500 S1 2, 0, 0.3 2, 0, 2.1 2, 0, 20.5 2, 0, 45.0 S2 2, 0, 0.2 2, 0, 1.6 2, 0, 18.3 2, 0, 45.5 S3 2, 0, 0.2 2, 0, 1.5 2, 0, 10.0 2, 0, 30.9 l = 0.5e, u = e n 50 100 200 400 S1 2, 0, 0.1 2, 0, 0.3 2, 0, 1.8 2, 0, 12.5 S2 2, 0, 0.0 2, 0, 0.2 2, 0, 2.0 4, 0, 24.3 S3 2, 0, 0.0 2, 0, 0.2 2, 0, 1.9 2, 0, 7.3 l = −e, u = e n 50 100 200 300 S1 12, 32, 0.8 16, 57, 3.4 22, 103, 25.3 28, 143, 114.1 S2 12, 32, 0.3 18, 57, 2.2 22, 97, 20.8 28, 142, 106.0 S3 13, 35, 0.5 16, 58, 2.4 24, 107, 21.9 27, 141, 66.9 l = −e, u = 0 n 50 100 200 400 S1 3, 0, 0.1 3, 0, 0.4 3, 0, 3.0 3, 0, 29.6 S2 3, 0, 0.1 3, 0, 0.3 3, 0, 2.9 3, 0, 29.6 S3 3, 0, 0.1 3, 0, 0.3 3, 0, 2.6 3, 0, 18.9 l = 0, u_i = 1 for i is even, u_i = 107 for i is odd. n 50 100 150 180 S1 2, 0, 0.1 2, 0, 0.2 2, 0, 0.8 2, 0, 1.5 S2 2, 0, 0.0 2, 0, 0.2 2, 0, 0.7 2, 0, 1.4 S3 2, 0, 0.0 2, 0, 0.2 2, 0, 0.8 2, 0, 1.0 l_i = −1.0, u_i = 0.5 for i is even, l_i = −0.5, u_i = 1.0 for i is odd. n 50 100 150 180 S1 14, 32, 0.7 18, 58, 3.0 25, 108, 26.4 26, 104, 17 S2 14, 30, 0.3 17, 53, 1.7 24, 101, 21.4 7, 10, 3.4 S3 14, 32, 0.5 18, 58, 2.2 25, 108, 19.2 45, 307, 24.4

Example 4.1 (Murty[25])

M = 1 2 2 . . . 2 0 1 2 . . . 2 0 0 1 . . . 2 . . . . . . ... . . 0 0 0 . . . 1 , q = −e.

Example 4.2 (Fathi[11])

M = 1 2 2 . . . 2 2 5 6 . . . 6 2 6 9 . . . 10 . . . . . . ... . . 2 6 10 . . . 4(n − 1) + 1 , q = −e.

22 X. Chen, Y. Ye

Table 2: Example 4.2, iterations, total number of line search steps, CPU(sec.)

l = 0, u = 107e n 100 200 300 400 S1 8, 21, 1.1 9, 34, 7.7 8, 19, 24.5 9, 22, 81.0 S2 8, 21, 0.9 9, 34, 7.8 8, 19, 26.0 9, 22, 89.7 S3 8, 21, 0.8 9, 34, 5.3 8, 19, 12.9 9, 22, 40.9 l = 0.5e, u = e n 100 200 300 400 S1 2, 0, 0.2 2, 0, 1.4 2, 0, 5.6 2, 0, 16.2 S2 2, 0, 0.2 2, 0, 1.3 2, 0, 5.4 2, 0, 16.6 S3 2, 0, 0.2 2, 0, 1.0 2, 0, 3.0 2, 0, 9.2 l = −e, u = 0 n 100 200 300 400 S1 3, 0, 0.3 3, 0, 2.2 3, 0, 8.4 3, 0, 24.2 S2 3, 0, 0.2 3, 0, 2.0 3, 0, 8.1 3, 0, 25.5 S3 3, 0, 0.2 3, 0, 1.4 3, 0, 4.5 3, 0, 13.4 l = −10e, u = 5 n 64 128 256 320 S1 17, 69, 1.4 26, 147, 10.3 15, 207, 43.1 26, 187, 140.1 S2 12, 57, 0.5 11, 108, 3.2 25, 164, 66.3 20, 153, 100.4 S3 17, 71, 1.0 10, 101, 2.8 25, 180, 41.5 16, 236, 43.5 l = 0, u_i = 1 for i is even, u_i = 107 for i is odd. n 32 64 128 256 S1 5, 3, 0.1 7, 13, 0.4 6, 4, 2.0 8, 14, 19.1 S2 5, 3, 0.1 7, 13, 0.3 6, 4, 1.9 8, 14, 20.6 S3 5, 3, 0.1 7, 13, 0.3 6, 4, 1.3 8, 14, 10.1 u = 0, l_i = −1.0 for i is even, l_i = −107 for i is odd. n 32 64 128 256 S1 4, 0, 0.1 4, 0, 0.2 6, 0, 2.1 4, 0, 10.8 S2 4, 0, 0.0 4, 0, 0.2 6, 0, 1.9 4, 0, 10.4 S3 4, 0, 0.1 4, 0, 0.2 6, 0, 1.6 4, 0, 6.7

Example 4.3 (Ahn[1])

M = 4 −2 0 0 . . . 0 1 4 −2 0 . . . 0 0 1 4 −2 0 . . . 0 . . ... ... ... ... . . 0 . . . . . . 0 1 4 , q = −4e.

Example 4.4 We randomly generated 100% dense A ∈ ℜ^{n×n} and q ∈ ℜ^n whose elements distributed in (−5, 5). We used the QR decomposition of A to get a upper triangular matrix N. Then we replaced the diagonal elements of N by their absolute values and obtained a triangular matrix M with positive diagonal elements. The matrix M is P matrix.

Example 4.5 (Harker and Pang [18]) We randomly generated 100% dense A ∈ ℜ^{n×n}, B ∈ ℜ^n2^{× n}2 , d ∈ ℜ^n and q ∈ ℜ^n, where a_{ij} ∈ (−5, 5), b_{i,j} ∈ (−5, 5), d_i ∈ (0, 0.3)

Homotopy-Smoothing Methods for VI 23

Table 3: Example 4.3, iterations, total number of line search steps, CPU(sec.)

l = 0, u = 107e n 100 200 300 400 S1 3, 0, 0.3 3, 0, 2.2 3, 0, 8.8 3, 0, 24.7 S2 3, 0, 0.3 3, 0, 2.1 3, 0, 8.5 3, 0, 25.3 S3 3, 0, 0.2 3, 0, 1.4 3, 0, 4.6 3, 0, 14.8 l = 0, u = e n 100 200 300 400 S1 4, 2, 0.5 4, 2, 3.1 4, 2, 11.7 4, 2, 33.2 S2 4, 2, 0.3 4, 2, 2.8 4, 2, 11.3 4, 2, 33.0 S3 4, 2, 0.3 4, 2, 2.0 4, 2, 6.2 4, 2, 20.9 l = −e, u = e n 100 200 300 400 S1 2, 0, 0.2 2, 0, 1.3 2, 0, 5.7 2, 0, 16.2 S2 2, 0, 0.2 2, 0, 1.3 2, 0, 5.6 2, 0, 16.3 S3 2, 0, 0.1 2, 0, 0.9 2, 0, 3.0 2, 0, 8.6 l = −e, u = 0 n 100 200 300 400 S1 3, 0, 0.3 3, 0, 2.2 3, 0, 8.6 3, 0, 24.0 S2 3, 0, 0.3 3, 0, 2.1 3, 0, 8.4 3, 0, 24.5 S3 3, 0, 0.2 3, 0, 1.5 3, 0, 4.6 3, 0, 13.8 l_i = −1, u_i = 1 for i is even, l_i = 0, u_i = 107 for i is odd. n 100 200 300 400 S1 2, 0, 0.2 2, 0, 1.6 2, 0, 6.0 2, 0, 22.3 S2 2, 0, 0.2 2, 0, 1.4 2, 0, 5.8 2, 0, 21.5 S3 2, 0, 0.2 2, 0, 1.0 2, 0, 3.1 2, 0, 12.9 l_i = −1.0, u_i = 0.5 for i is even, l_i = −0.5, u_i = 1.0 for i is odd. n 100 200 300 400 S1 3, 0, 0.3 3, 0, 2.3 3, 0, 8.6 3, 0, 30.6 S2 3, 0, 0.3 3, 0, 2.1 3, 0, 10.6 3, 0, 33.3 S3 3, 0, 0.2 3, 0, 1.4 3, 0, 4.6 3, 0, 18.6

and q_i ∈ (−500, 500). We define a P-matrix as

M = A^T A + ( 0 B^T −B 0 ) + diag(d).

Remark 4.1. Both Lemke’s complementarity pivot algorithm and the Cottle and Danzig’s principal pivoting method are known to run in exponential time for Example 4.1 and Example 4.2 with l_i = 0, u_i = ∞ (i.e. the LCP). Table 1 and Table 2 show that the hybrid Newton-smoothing method takes only a few iterations for the LCP. It is notable that the LCP is relatively easier than the problem having different lower and upper bounds. To see the reason, we consider Example 4.1. The solution for the LCP is x^∗ = (0, 0, . . . , 0, 1)^T , and Mx^∗ + q = (1, 1, . . . , 1, 0)^T .

In this case q_i(x) + p_i(x) > 0, i = 1, 2, . . . , n, i.e., x^∗ is a strictly complementary solution. The function F is differentiable at x^∗.

24 X. Chen, Y. Ye

Table 4: Example 4.4, iterations, total number of line search steps, CPU(sec.)

l = 0, u = 107e n 100 200 300 400 Max 8, 12, 1.1 8, 3, 8.3 7, 0, 28.1 7, 0, 69.1 S1 Avg 7, 2, 0.8 7, 0, 5.2 7, 0, 27.7 7, 0, 67.1 Min 5, 1, 0.6 6, 2, 6.4 6, 0, 24.8 6, 0, 62.5 Max 9, 5, 0.8 9, 7, 8.9 8, 4, 31.4 7, 0, 67.6 S2 Avg 7, 5, 0.7 8, 6 6.6 7, 0, 28.6 7, 0, 67.5 Min 6, 1, 0.6 7, 0, 4.9 6, 0, 23.9 6, 0, 60.0 Max 8, 12, 0.8 12, 17, 10.4 7, 1, 21.1 7, 0, 39.1 S3 Avg 7, 4, 0.7 7, 2, 6.7 7, 0, 19.1 7, 0, 38.9 Min 5, 1, 0.5 7, 0, 3.6 6, 0, 18.4 6, 0, 38.7 l_i = −1, u_i = 1.0 for i is even, l_i = 0, u_i = 107 for i is odd n 100 200 300 400 Max 24, 78, 4.0 33, 180, 33.7 30, 133, 115.7 42, 202, 421.3 S1 Avg 22, 87, 3.9 32, 126, 31.4 28, 119, 109.2 41, 200, 342.1 Min 22, 53, 3.4 28, 113, 26.8 27, 119, 103.5 41, 196, 337.1 Max 20, 67, 1.8 35, 160, 26.4 42, 188, 157.4 41, 196, 398.7 S2 Avg 19, 58, 1.8 32, 135, 24.2 34, 146, 126.1 38, 193, 300.0 Min 15, 30, 1.3 26, 101, 20.6 32, 145, 117.3 31, 147, 243.8 Max 24, 90, 2.8 32, 141, 21.2 33, 149, 85.4 43, 203, 338.8 S3 Avg 19, 75, 2.4 27, 100, 16.8 32, 138, 82.4 40, 183, 206.1 Min 14, 37, 1.6 25, 99, 15.9 27, 113, 70.2 37, 174, 190.1 l_i = −100, u_i = 0.0 for i is even, l_i = 0, u_i = 100 for i is odd n 100 200 300 400 Max 9, 7, 1.2 10, 2, 7.3 13, 16, 40.4 16, 32, 132.2 S1 Avg 7, 0, 0.8 8, 0, 5.7 12, 14, 35.4 12, 18, 100.0 Min 6, 0, 0.7 7, 1, 5.1 10, 14, 30.3 10, 4, 82.4 Max 8, 5, 0.7 9, 4, 6.0 11, 8, 31.4 12, 18, 95.3 S2 Avg 7, 0, 0.6 8, 0, 5.4 10, 7, 29.4 12, 7, 93.5 Min 6, 0, 0.5 7, 0, 4.8 10, 3, 27.9 11, 2, 88.2 Max 7, 2, 0.8 10, 6, 5.5 15, 27, 27.1 16, 33, 69.6 S3 Avg 7, 1, 0.7 8, 1, 4.4 12, 18, 21.4 15, 31, 67.6 Min 6, 0, 0.5 7, 1, 3.9 12, 16, 21.4 13, 14, 62.0

For 0 < l < u = 1, the solution for VI(l, u, M, q) is x^∗ = (l_1, . . . , l_{n−1}, u), and (Mx^∗ + q)_i > 0, i = 1, . . . , n − 1, (Mx^∗ + q)_n = 0.

In this case, q_i(x) + p_i(x) > 0, i = 1, 2, . . . , n − 1 and q_n(x) + p_n(x) = 0.

This problem is relatively easy to solve, if l ≥ 0 or u ≤ 0. However, this problem becomes hard if l < 0 but u > 0. For example, if l_i = −1 and u_i = 1 for each i ∈ N, the solution is x^∗ = (1, −1, 1, −1, . . . , 1), if n is odd or x^∗ = (−1, 1, −1, 1, . . . , 1), if n is even, and Mx^∗ + q = 0.

Homotopy-Smoothing Methods for VI 25

Table 5: Example 4.5. iterations,total number of line search steps,CPU(sec.)

l = 0, u = 107e n 50 100 200 300 Max 15, 114, 1.3 19, 132, 4.4 7, 0, 6.8 7, 0, 30.7 S1 Avg 9, 33, 0.6 9, 25, 2.1 6, 0, 6.7 7, 0, 29.3 Min 5, 1, 0.2 7, 0, 1.2 6, 0, 5.9 6, 0, 24.8 Max 31, 271, 1.0 48, 534, 7.1 7, 0, 6.4 7, 0, 30.2 S2 Avg 22, 210, 1.0 36, 295, 6.1 6, 0, 6.0 7, 0, 29.0 Min 19, 144, 0.6 7, 0, 1.1 6, 0, 5.7 6, 0, 25.5 Max 14, 66, 0.9 15, 67, 2.8 7, 0, 5.4 7, 0, 22.2 S3 Avg 6, 1, 0.2 10, 7, 2.1 6, 0, 4.9 7, 0, 20.2 Min 5, 0, 0.2 7, 0, 1.1 6, 0, 4.7 6, 0, 16.4 l = −107, u = 0 n 100 200 300 400 Max 23, 171, 6.0 8, 0, 10.7 10, 19, 36.0 10, 21, 101.3 S1 Avg 14, 60, 3.0 8, 0, 10.0 7, 0, 24.4 8, 0, 77.3 Min 7, 0, 0.9 7, 0, 9.4 7, 0, 23.7 7, 0, 23.7 Max 18, 57, 24.5 8, 0, 9.9 10, 10, 34.5 10, 3, 99.3 S2 Avg 12, 26, 1.3 8, 0, 9.5 7, 0, 23.6 8, 0, 72.9 Min 7, 0, 0.7 7, 0, 8.4 7, 0, 23.6 8, 0, 72.7 Max 23, 145, 4.5 8, 0, 10.1 10, 19, 22.5 10, 21, 58.8 S3 Avg 14, 55, 2.2 8, 0, 9.8 7, 0, 15.0 8, 0, 45.5 Min 7, 0, 0.8 7, 0, 9.2 7, 0, 14.6 8, 0, 42.3 l_i = 0, u_i = 107 for i is even, l_i = −107, u_i = 0 for i is odd. n 100 200 300 400 Max 7, 0, 0.9 7, 0, 8.9 7, 0, 24.2 8, 0, 78.4 S1 Avg 6, 0, 0.8 7, 0, 8.8 7, 0, 23.9 8, 0, 77.2 Min 6, 0, 0.7 6, 0, 7.5 6, 0, 20.4 7, 0, 68.2 Max 7, 0, 0.8 7, 0, 8.3 7, 0, 23.5 8, 0, 73.7 S2 Avg 6, 0, 0.7 7, 0, 8.2 7, 0, 22.9 8, 0, 73.1 Min 6, 0, 0.6 6, 0, 7.5 6, 0, 20.1 7, 0, 61.4 Max 7, 0, 0.8 7, 0, 8.9 7, 0, 15.7 8, 0, 46.8 S3 Avg 6, 0, 0.7 7, 0, 8.7 7, 0, 14.4 8, 0, 45.4 Min 6, 0, 0.6 6, 0, 7.1 6, 0, 12.7 7, 0, 40.4

This means p_i(x) + q_i(x) = 0 for i = 1, . . . , n.

Ackownlegment. The authors would like to thank D. Sun for his helpful comments.

References

[1] B.H. Ahn, Iterative methods for linear complementarity problem with upperbounds and lowerbounds, Math. Programming, 26 (1983), pp. 265-315.

[2] J.V. Burke and S. Xu, The global linear convergence of a non-interior pathfollowing algorithm for linear complementarity problems, Preprint, Department of Mathematics, University of Washington, Seattle, December, 1996.

[3] B. Chen and P.T. Harker, A non-interior-point continuation method for linear complementarity problems, SIAM J. Matrix Anal. Appl., 14 (1993), pp. 1168- 1190.

[4] B. Chen and P.T. Harker, Smooth approximations to nonlinear complementarity problems, SIAM J. Optim., to appear.

[5] C. Chen and O.L. Mangasarian, A class of smoothing functions for nonlinear and mixed complementarity problems, Comp. Optim. Appl., 5 (1996), pp. 97-138.

[6] X. Chen, Superlinear convergence of smoothing quasi-Newton methods for nonsmooth equations, J. Comp. Appl. Math., to appear.

[7] X. Chen and L. Qi, A parameterized Newton method and a Broyden-like method for solving nonsmooth equations, Comp. Optim. Appl., 3 (1994), pp. 157-179.

[8] X. Chen, L. Qi and D. Sun, Global and superlinear convergence of the smoothing Newton method and its application to general box constrained variational inequalities, Applied Mathematics Report 96/26, University of New South Wales, Sydney, 1996.

[9] S.P. Dirkse and M.C. Ferris, The PATH solver: A non-monotone stabilization scheme for mixed complementarity problems, Optim. Method. Softw., 5(1995), pp. 123-156.

[10] B.C. Eaves, On the basic theorem of complementarity, Math. Programming, 1 (1971), pp. 68-75.

[11] Y. Fathi, Computational complexity of LCPs associated with positive definite matrices, Math. Programming, 17 (1979), pp. 335-344.

[12] F. Facchinei, A. Fischer and C. Kanzow, A semismooth Newton method for variational inequalities: the case of box constraints, in: M.C. Ferris and J.S. Pang, eds., Complementarity and Variational Problems: State of the Art, SIAM, Philadelphia, Pennsylvania, 1996.

[13] A. Fischer and C. Kanzow, On the finite termination of an iterative method for linear complementarity problems, Math. Programming, 74 (1996), pp. 279-292.

[14] M.C. Ferris and J.S. Pang Engineering and economic applications of complementarity problems, Preprint, Computer Sciences Department, University of Wisconsin, 1995.

[15] S.A. Gabriel, A hybrid smoothing method for mixed nonlinear complementarity problems, Preprint, ICF Kaiser International, Inc. Virginia, 1996.

[16] S.A. Gabriel and J.J. Moré, Smoothing of mixed complementarity problems, Technical Report MCS-P541-0995, Mathematics and Computer Science Division, Argonne National Laboratory, Argonne, 1995.

[17] P.T. Harker and J.S. Pang, Finite-dimensional variational inequality and nonlinear complementarity problem: A survey of theory, algorithms and applications, Math. Programming, 48 (1990), pp. 161-220.

[18] P.T. Harker and J.S. Pang, A damped Newton method for the linear complementarity problem, in E.L. Allgower and K. George, eds, Computational Solution of Nonlinear Systems of Equations, Lectures in Applied Mathematics, 26, AMS, Providence, Rhodel Island, (1990), pp. 265-284.

[19] K. Hotta and A. Yoshise Global convergence of a class of non-interior-point algorithms using Chen-Harker-Kanzow functions for nonlinear complementarity problems, Discussion Paper Series No. 708, Institute of Policy and Planning Sciences, University of Tsukuba, Tsukuba, Ibaraki 305, Japan, December, 1996.

[20] C. Kanzow, Some noninterior continuation methods for linear complementarity problems, SIAM J. Matrix Anl. Appl., (1996).

[21] C. Kanzow and M. Fukushima, Theoretical and numerical investigation of the D-gap function for box constrained variational inequalities, Preprint 106, Institute of Applied Mathematics, University of Hamburg, Hamburg, 1996.

[22] M. Kojima, N. Megiddo and T. Noma, Homotopy continuation methods for nonlinear complementarity problems, Math. Oper, Res., 16 (1991), pp. 754- 774.

[23] M. Kojima, N. Megiddo, T. Noma and A. Yoshise, A unified approach to interior point algorithms for linear complementarity problems, Lecture Notes in Computer Science 538, Springer Verlag, New York, 1991.

[24] M. Kojima, N. Megiddo and Y. Ye, An interior point potential reduction algorithm for the linear complementarity problem, Math. Programming, 54 (1992), pp. 267-279.

[25] K.G. Murty, Linear Complementarity, Linear and Nonlinear Programming, Sigma Series in Applied Mathematics 3, Heldermann, Berlin, 1998.

[26] J.M. Ortega and W.C. Rheinboldt, Iterative Solution of Nonlinear Equations in Several Variables, Academic Press, New York, 1970.

[27] F. Potra and Y. Ye, Interior-point methods for nonlinear complementarity problems, J. Optim. Theory Appl., 88 (1996) 617-642.

[28] L. Qi, Convergence analysis of some algorithms for solving nonsmooth equations, Math. Oper. Res., 18 (1993), pp. 227-244.

[29] L. Qi and X. Chen, A globally convergent successive approximation method for severely nonsmooth equations, SIAM J. Control Optim., 33 (1995), pp. 402-418.

[30] S.M. Robinson, Newton’s method for a class of nonsmooth functions, Set-Valued Anal., 2 (1994), pp. 291-305.

[31] D. Sun and J. Han, On the finite termination of the damped-Newton algorithm for the linear complementarity problem, Acta Math. Numer. Appl., to appear.

[32] P. Tseng, Simplified analysis of an o(nL)-iteration infeasible predictor-corrector path-following method for monotone LCP, In R.P. Agarwal ed., Recent Trends in Optimization Theory and Applications, World Scientific Press, Singapore, (1994), pp. 423-434.

[33] S. Xu and J.V. Burke, A polynomial time interior-point path-following algorithm for LCP based on Chen-Harker-Kanzow smoothing techniques, Preprint, Department of Mathematics, University of Washington, Seattle, WA 98195- 4350, 1996.

[34] Y. Ye and K. Anstreicher, On quadratic and O( √ NL) convergence of a predictor-corrector algorithm for LCP, Math. Programming, 62 (1993), pp. 537- 552.

[35] Y. Ye, A further result on potential reduction algorithm for the P-matrix linear complementarity problem, in P. Pardalos eds., Advances in Optimization and Parallel Computing, North-Holland, NY, (1992), pp. 310-316.

[36] Y. Ye, On the finite convergence of interior-point algorithms for linear programming, Math. Programming, 57 (1992), pp. 325-335.