PREFACE

Teaching stochastic processes to students whose primary interests are in applications has long
been a problem. On one hand, the subject can quickly become highly technical and if mathe-
matical concerns are allowed to dominate there may be no time available for exploring the many
interesting areas of applications. On the other hand, the treatment of stochastic calculus in a
cavalier fashion leaves the student with a feeling of great uncertainty when it comes to exploring
new material. Moreover, the problem has become more acute as the power of the differential
equation point of view has become more widely appreciated. In these notes, an attempt is made
to resolve this dilemma with the needs of those interested in building models and designing al-
gorithms for estimation and control in mind. The approach is to start with Poisson counters
and to identity the Wiener process with a certain limiting form. We do not attempt to define
the Wiener process per se. Instead, everything is done in terms of limits of jump processes.
The Poisson counter and differential equations whose right-hand sides include the differential of
Poisson counters are developed first. This leads to the construction of a sample path representa-
tions of a continuous time jump process using Poisson counters. This point of view leads to an
efficient problem solving technique and permits a unified treatment of time varying and nonlinear
problems. More importantly, it provides sound intuition for stochastic differential equations and
their uses without allowing the technicalities to dominate. In treating estimation theory, the
conditional density equation is given a central role. In addition to the standard additive white
noise observation models, a number of other models are developed as well. For example, the wide
spread interest in problems arising in speech recognition and computer vision has influenced the
choice of topics in several places.
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Chapter 1

Probability Spaces

We recall a few basic ideas from probability theory and, in the process, establish some of the
notation and language we will use.

1.1 Sets and Probability Spaces

A set consisting of a finite collection of elements is said to be finite. In this case the cardinality
of the set is the number of elements in the set. If a set is finite, or if its elements can be put into
one-to-one correspondence with the positive integers, it is said to be countable. Sets that are not
countable, such as the set of real numbers between zero and one, are said to be non-denumerably
infinite. If A and B are subsets of a set S we use AU B and AN B to denote the union and
intersection of A and B, respectively. We denote the empty set by ¢. We use the notation {0, 1}
to indicate the set of all subsets of S with ¢ and S included. This is sometimes called the power
set. Tt is easy to see that if S is a finite set with cardinality s then the cardinality of {0,1}%
is 2% and hence {0,1}" is also finite. On the other hand, if S is countably infinite then, as was
discussed by Cantor, {0,1}° is non-denumerably infinite. This is a strong suggestion that one
must exercise care in attempting to reason about the set of all subsets of S when S is infinite.

In 1933 the mathematician A. N. Kolmogorov described a precise mathematical model for
the subject of probability. This model has come to be widely used because it is both elegant and
self contained. It is not, however, necessarily easy to relate the Kolmogorov axioms to real world
phenomena, nor are the axioms he used the only ones that deserve consideration. For example,
the use of probability amplitudes in quantum mechanics calls for a rather different set of ideas.
Although we will not give the arguments in detail, everything in these notes is consistent with
the Kolmogorov point of view. The idea behind the Kolmogorov formalism is that one associates
to the set S a collection of subsets P, called the events, such that each P € P has a well defined
probability, pu(P). Our intuitive ideas about probability are mostly based on the analysis of
simple situations for which S is a finite set and P is the set of all subsets of S. In this case we
ask that 4(S) =1, u(¢) = 0 and that u be additive on disjoint sets. This amounts to asking that

p(PrU Py) = pu(Pr) + p(Pp) — u(Pr N Py)

Sometimes such p’s are called additive set functions.

If the cardinality of S is infinite, and this is the situation that occurs most frequently is our
applications, then it is usually impossible to develop a satisfactory theory in which P is the set
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of all subsets of S. The problem stems from the fact that although the set of all subsets of a
finite set is finite, the cardinality of the set of all subsets of an infinite set is not only infinite but
is essentially larger than that of the original set in the sense that the elements of S cannot be
placed in one-to-one correspondence with those of {0,1}. One needs to be content with a more
restricted theory. In this case one asks that p be additive on countable disjoint unions i.e., that

p (U Pi) :Z/J(Pi)
i=1 i=1

if the P; are pair-wise disjoint but makes no claim about more general unions.

Collections of subsets, finite or infinite, that are closed under finite unions and intersections
are said to form a field of sets. A collection P of subsets of a set S is said to be a o-field if it
is closed under countably infinite unions and intersections. The natural setting for probability
theory is (S, P, u) with P being a o-field and p being additive on countable disjoint unions.

The basic construct in the Kolmogorov system is a triple (S, P, ), called a probability space.
The elements have the following properties:

1. S = set

2. P = a collection of subsets of S that includes S and the empty set and is closed under
complementation, countable unions and countable intersections.

3. p = a map of P into [0, 1] such that if {4;} is a disjoint collection then
Iz <U Ai) = n(4)
i=1 i=1

In order to describe a specific probability space it is necessary to specify S, P and u. If S is
a finite set then we can take P to be the set of all subsets of S and can specify p by giving its
value on each element of S with the understanding that its value on arbitrary subsets is just the
sum of its values on the constituents of the subset.

Example: Let S be the set of n-tuples, S = {(a1,aq9,...,a,)}, with the a; taking on the
value zero or the value one. This set has cardinality 2. We take P to be the set of all subsets of
S, a set with cardinality 22”. Let a be a real number between zero and one and let the probability
of the occurrence of (ay,as,... ,a,) be

p((al, az, ... ,an)) — Ozzai(l _ a)nfzai

In view of the identity 1 = (a + (1 — a))™ we see that >_p_ (})a*(1 —a)" % = 1. We extend
the definition of p from S to P using p(AU B) = p(A) + p(B) for AN B = ¢. Thus p defines a

probability measure on the set of all binary n-tuples.

1.2 Probability Distributions on Vector Spaces

We often base our models of real world phenomena on variables whose measured value can be any
real number or on vectors whose components are real numbers. This works well for phenomena
described by differential equations, linear algebra, etc. It is, however, the source of some technical
problems in probability theory because of the necessity of defining a suitable collection of subsets
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of R. More specifically, one needs to define a collection that is big enough to be useful but not
so big as to cause logical difficulties. It may be of some comfort to consider the fact that the
rational numbers, like the integers, are countable and the set of n-tuples with rational entries are
countable as well.

The standard topology on R can be explained this way. We say that a subset P C R is open
if for each o € P there exists an e > 0 such that {z||z — x| < €} C P. It is not hard to show
that finite unions and finite intersections of open sets are open. The countably infinite cases are
different. The infinite union of open sets is open, but it can happen that an infinite intersection
of open sets is closed. For example

N{el(-1/n <z <1+1/n))=[0,1]

n=1

Thus the smallest o-field that contains all the open intervals (a/b, ¢/d) with a, b, ¢, d being integers
(a countable family) contains all the closed intervals as well.

There is a rich collection of subsets of R™ called the Borel sets which are generated from the
open subsets of R™ by taking countable intersections and countable unions, countable intersec-
tions of countable unions, etc. The development of measure theory, which we do not undertake
here, focuses on Borel sets and, in some cases, a certain larger collection called Lebesgue mea-
surable sets. For our purposes the Borel sets are adequate. It is often useful to consider the
probability triple (S, P, u) where S is R™, P is the Borel sets and p is the measure one gets by
extending the ordinary idea of length to the Borel sets.

If S = (—o0,00) and if P is the Borel o-field then we can specify p by giving a nondecreasing
function ¢ which maps (—oo, c0) onto [0, 1] with

¢(&) = probability x < &
In this case ¢ is said to be the probability distribution function. We see immediately that

p((a,b]) = o(b) - ¢(a)

and, using the axioms, we can extend the definition of y to countable unions and countable
intersections. If it happens that ¢ is a differentiable function of x then d¢/dzx is called the
probability density associated with (S, P, u).

Example 1: One-dimensional gaussian densities. The integral I = ffooo e~ dx can be
evaluated by noticing that 12 = fix;o ffooo e_(““”2+y2)dxdy and then transferring to polar coordi-

nates to get I = fooo 0% re~" dodr = . By rescaling x we see that

& 2
/ e /2 dx = /20
— o0

thus (1/\/2770)6’9”2/2" is a probability density on (—oo,00). Karl Fredrich Gauss (1777-1855),
in addition to his many other claims to fame, made an extensive study of this density and for
this reason it is usually named after him. Generalizing slightly so as to include a possible shift
of origin the gaussians take the form

1

2ro

p(ﬂ?) — e—(x—m)z/Qo

with m being the mean and o the variance. An integration by parts is all that is required to
show that the moments of a zero mean Gaussian random variable satisfy
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ExP = (2770)_1/2/ ZPe /20 = o(p—1)ExP~2

— 00

and so, while for p odd £(z —m)? = 0, for p even we have
E(w—m)’ =o"(p—1)(p—3)---(3)(1)

thus
@ —m)P = (a/2)"?p!/(p/2)!
The Gaussian density is the only probability density with these moments.

Example 2: n-dimensi2onal gayssian den2sities. Now let & be an n-vector. Because the
integral over all space of e~%1/201¢=%2/202 ... =%1/20n ig just the product of the integrals of the
factors we see that

oo oo oo ) ) )
/ / / 8_371/25716_352/2‘72 "'€_x”/20”’d.7}1d.’1}2"'dl'n
—00 J —00 —00

=/ (2m)"o109 -0

We may say, therefore, that if D is diagonal and positive definite with eigenvalues {d;}, then

/ / / e D) dpy - day, = \/(20)Pdids - dn

Given any n by n matrix () which is symmetric and positive definite one can find an orthogonal
matrix © such that ©7QO is diagonal. Thus by letting 2 = ©Tx we see that the density

pla) = e
(2m)" det Q
becomes
o(z) = 1 20T (2Q) 10
(2m)n det Q

which is a nonnegative function such that

/n p(z)dz =1

That is, p(z) is a probability density. If we make the further change of variables, w =  + m we
get the still normalized, but more general, form

p(w) = (=) Q) (wrm)
(2m)n det Q

called the multidimensional Gaussian density of variance ) and mean m. That is to say, we have

the identities

pe—@—m)T(QQ) " @-m) g,

1
" e e

and

m)T e (E=mT Q)7 @=m) g,

1
Q= T ol
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valid for all @ = Q7 > 0. The latter of these equations can be verified by computing the
derivative with respect to a of

V(2m)" det 2@ = / e~ 20Q)7 e gy

and then evaluating the result at o« = 1 to get

__xTQflxea:T(ZQ)_lm dr

—n _/ 1
2,/2m)"detQ  Jrn 2

1.3 Independence and Conditional Probability

Given a probability space (S, P, u) with P, and P, in P, Consider the difference
d(Py, Py) = p(Pr N Py) — p(Pr) - p(P2)

In general, this need not be zero. However, if it is we will say that P, and P, are independent.
Assuming independence often simplifies the analysis. On the other hand, when making measure-
ments one hopes that the results of the measurements will reveal something about the state of the
system being measured, i.e., that the measurements are not independent of the other variables
present. This leads to the study of conditional probabilities. We use the notation p(P;|Ps) to
denote the probability of P, given Ps.

Because estimation theory involves estimating a random variable on the basis of observations,
we are often in the situation of computing conditional probabilities. A basic tool will be the rule
of Bayes which expresses the conditional probability of A given B in terms of the conditional
probability of B given A and the probabilities of A and B alone. This rule is

p(A|B) = p(B|A) - p(A)/p(B)

The demonstration of this fact is completely elementary being based on the fact that one of the
four possibilities, A and B, A and not B, not A and B, not A and not B, must occur. If they
occur with probabilities p1, p2, ps and py respectively, then

b1
AlB) = ———
p(41B) p1+ps

and

p1 p1+ D2
BlA) - p(A B) = .
p(BIA) -p(A)/p(B) = L DL

These are equal and nothing more is to be said.

If we are dealing with continuous random variables which have probability densities, then
there is an infinitesimal version of the rule in which the probability p is replaced by the density

p, i.e.,

p(alb) = p(bla) - p(a)/p(b)

To see this, let a and b be real valued random variables with a joint probability density ,
then the conditional probability of a given b is clearly

pwmzwwwv[%w@w%



6 CHAPTER 1. PROBABILITY SPACES

A similar formula holds for p(b|a), the probability density of a is just

pa) = [ " (a)de

Thus we have a probability density version of Bayes’ rule which is identical in form to the non-
infinitesimal version with the probabilities being replaced by probability densities.

Example 1: If we observe x +n = y and if we know that x, n and y are real valued random
variables with densities p1, p2 and ps, respectively, then, assuming that n and x are independent,
the probability density for x, conditioned on the fact that x +n =y, is

p(zly) = plylz)-pr(z)/ps(y)
= pg(y—x)-pl(x)//_ p2(y —n) - p1(n)dn

Notice that we used a convolution formula to express the density of y = x + n in terms of the
densities of x and n

p3(y) = /OO p2(y —n)p1(n)dn

— 0o

Example 2: If in the previous example x and n have Gaussian distributions with means
and 0, respectively, and variances o, and o, respectively, then having observed that z +n =1y
the conditional density for x changes from its a priori form

L a-2)?/20,

pi(x) = NerTn €
to
plaly) = c-eWD)/2n o=@ /20,

L —-a)/20,

\2mog

with 03 = 0,0, /(0 + 0,) and « being (o,y + 0,%) /(0% + op).

1.4 Statistical Measures

If = is a real valued random variable distributed with density p and if ¢): R — R is a map then
one can investigate the existence of

eve) = [ viple)is

Of course such integrals can fail to exist in a variety of ways. If
oo
Ex = / zp(z)dz
— 00
exists then we say that the density p has finite expectation. If
o0
Ea? = / 22 p(x)dx
— 00

exists we will say that the density p has finite variance.
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1.5 Transformation of Densities

If y is a random variable that takes on values in R™ and if ¢: R™ — R™ is a differentiable map,
then © = ¢(y) is also a random variable. Many problems involve making computations that
characterize the way x is distributed, given the distribution of y. In the situation where y has a
smooth density and ¢: R! — R! the matter can be dealt with rather easily. Let S C R! denote
the set S = {z|x = ¢(y) has a solution}. If x has a probability density p it follows that p is zero
for any x not in S. On the other hand, at a point zy in S there is an inverse image yg such that
2o = ¢(yo). If we linearize ¢ near yo then

d(yo +0) = xo + o9 0 4+ higher order terms

ay Yo

and the measure of the set of points T' = {y| |y — yo| < €} is approximately p(yp) - €. Thus the
measure of the set that 7' maps into is p(yo) - €. However, the length of this interval in z-space

. d¢ N | -1 :

is the absolute value of FZ| €. Thus, we see that p(z) = Wp(qb (z)). However a given x
Yo

may have several inverse images. In such cases we need to express matters as

)= 3 mmfl@))

{ylo(y)=x}

with the understanding that d¢/dy is to be evaluated at the appropriate inverse image of x.
Suppose now that m = n > 1. If p1(-) and p(-) are the probability densities of the random
variables x and y with = and y taking on values in R” and R™, respectively, then the appropriate
formula involves the determinant of the Jacobian

1
p1(z) = (¢ (y))
1 {w%):—m} | det(0¢/0y)]

where the sum is to be taken over all inverse images of the given value of y. Of course this only
works if z = ¢(y) has a finite number of solutions.

Example 1: Suppose that y has gaussian density p(y) = \/217r—ge’y2/2" and that » = 2. Thus
dr = 2ydy. Let p denote the density with respect to r. Then p is zero for negative arguments.
There are two inverse images for > 0 and the above formula yields

1 1 1 1
N —r/20 -r/20 ) _ _
r)= — + e =
)= oo (M 27 ) Vara

67r/20'

Example 2: Let z; and x2 be gaussian with density

1 2.2
px1,22) = Dy (@1+3)/20

with 7 = /22 + 22 and let § = tan~!(z2/2z1). Find the density with respect to (r,6). In this

case r is non negative and each r > 0 has a circle of inverse images. The Jacobian of the map

from (x1,x2) to (r,0) is given by

or oOr L1 L2
dzy dxy | _ | Vi +as Val+al
00 00 | — —I2 T1

O0x1 Oxo i +ys af + a3

1

The determinant of the Jacobian is simply r~*, and so

pr.0) = 5%
2ro
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Remark: If 2 and y take on values in R™ and R™, respectively, then the map (z,y) — =
gives rise to the change of density formula

p1(z) = /m polx,y)dy

Example 3: Suppose that (x,y) is a gaussian random vector in R?, with zero mean and

variance
a b
=[5 o]

Show that the probability that the product zy is positive is given by

2 / b
p=—tan * ot
s a—>b
We begin by observing the identity

11
-1 1 b a
V2 V2

This shows that the change of variables

1 11
L a+b V2 V2 z
v 0 _1 -1 1 Yy
a—b V2 V2
results in a pair of variables that are gaussian with zero mean and unity variance. Thus, key to

the solution of the problem is determining which values of (u,v) correspond to a positive value of
zy. To this end, observe that zy changes sign if and only if either x or y changes sign. However,

VovVa+bu=xz+y
\/ix/a—bv:—m—i—y

SS-
SSIL
| F—
I
| —— |
s}
o+
=
s}
| ©
S
—_

o

=

Thus = = 0 implies that

Vova+bu = vV2vVa — v
and y = 0 implies that

Vova+bu=—vV2vVa—tw

The straight lines defined by these equations pass through the origin and define an angle

d

+

a —

0 =tan"!

(=l

Because the denisty is circularly symmetric in this coordinate system, this angle, divided by 7 is
the value of the integral of the density over the region where zy is positive.

Example 4: Suppose that z is a real valued random variable taking on values in the interval
[0,00). Suppose that the probability density for z is p(z) = Xe ™. If y = |z], i.e., if y is the
largest integer less than or equal to x then what is the probability density for y and what is the
expected value of yP? Direct analysis shows that the probability p, that y = n is given by

n+1
Dn = / e Mdy = e A (1 — e )



1.6. SAMPLING 9

To evaluate the expected value of y? we need to evaluate
o0
EyP = Z nPe (1 —e )
n=0

However, if we observe that this is expressible as
dp o0
P __ (_1\P(1 _ »—A —An
EyP = (—1)P(1—e )_d)\P E e

n=0
then, summing the geometric series, we see that
ar 1

&y = (11— )05

and, in particular, that &y = 1/(e* — 1)

Example 5: Let H = H” be an n by n matrix. We denote its ij** entry by h;; and of course
hij = hj;. We assume that the h;; are random and are distributed according to a zero mean
gaussian distributions. The h;; are independent except for the requirement that h;; = hj;. Given
this distribution on the entries of H we want to use the change of coordinates formula to find the
distribution law for the eigenvalues. To begin with, we recall that it is possible to represent an
arbitrary symmetric matrix H as ©7A© with A being diagonal and © being orthogonal. In this
case the diagonal entries of A are the eigenvalues. Given H, there is more than one orthogonal
matrix such that @ HOT is diagonal. However, if the eigenvalues of H are distinct then © is
unique to within multiplication on the left by a diagonal matrix D whose diagonal entries are
41 and a further multiplication on the left by a permutation matrix P. Taking the derivative of
OTAO = H we get dQH — HdQ) = dH with df) being skew symmetric. Adding in the change of
A we get

HdQ — dQH + 67 (dA)O = dH
where df) is skew-symmetric and equal to dOOT Write ady (dQ) = [H,dS)]. We see that the
inverse image in H space associated with the set of eigenvalues

A=A <efha—Xp| <€A — A <€

is just ad;I1 (dH). We can use this to show that the eigenvalues of H are distributed according
to the law )
p(A1, Az, .o, Ap) = Ne 7™M H(/\i —Aj)
4,J
where N is the normalization factor needed to make the area under the function one.

1.6 Sampling

Given a random variable z whose density is unknown one can attempt to find the density by
sampling = repeatedly and then determining p from various “averages” of the samples. For
example, one can form the sample mean

xr =

n
D> o
k=1

S|

and the sample variance

2
1 o 1 &
Elx —1)? = EZ <93l - ank>
=1 k=1

and show that under reasonable assumptions on the underlying distribution these sample statis-
tics will approach the true mean and variance, as k approaches infinity.
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1.7 Exercises 1

1. Consider a coin which comes up heads with probability p and tails with probability ¢ = 1—p.

If the coin is tossed n times and the tosses are independent show that the probability that
the n tosses will yield exactly k heads is

(n\ n! ki \n—k
Crm = <k;> = WP P

t €
lim (1 — > =t
€E— 00 €

Give this a probabilistic interpretation, restricting e to integer values.

. Show that

. If In denotes the natural logarithm then

lnn!:ZIHk%/ lnxdx:mlnm|;—/ ldr =nlIn(n) —2In(2) — (n — 2)
k=2 2

2

and so

n!l~n"e™ "

Refine this idea to obtain the better approximation
n! ~ ey/nn"e "

If you are more ambitious you can try to get the still better Stirling’s approximation
n! &~ V2rnn"e™™

Hint: For the latter analysis you may wish to consider the gamma function

F(x):/ t*Le~tdt
0

which, as can be verified by repeated integration-by-parts, for positive integer values of x
satisfies I'(z) = (x — 1)L

. If 1 and x5 are scalar Gaussian random variables with zero mean and variance o and if

y1 = max{x1,x2}, and yo = min{xy, 22}, show that the probability density for y; is

1 Y —n2/20
p(y1) = oo e dy
— 00

. Let H be an n by n symmetric matrix with real entries. Suppose that the entries are

independent and identically distributed random variables, distributed according to a gaus-
sian distribution with zero mean and variance o. Show that the sum of the squares of the
eigenvalues of H is distributed according to the Poisson density for 3 = 3\2

p(B) = Ne=?/me

6. Let p1: (—00,00) — [0,00) and pa: (—o0,00) — [0,00) be such that

/ pi(x)de =1;i=1,2

— 00



1.7. EXERCISES 1 11

10.

11.

Show that if p3 is defined by

po@) = [ it =gl

—0Q0

/_Z p3(z)de =1

Let p; and ps in problem 6 be equal and suppose that

/oo epr(z)de =0 ; /OO zpa(z)dz = 0

then

and - -
/ 22py(x)dr =a; / 22 py(z)dr = a
Show that

/ 22 p3(x)dx = 4a

— 00

If p1: P — [0,1] and po: P — [0,1] are two different probability measures corresponding
to the same choice of S and P then we can define the distance between py and puo as

d = P) — P
(1, pz) = max [ (P) — 2 (P))]
If S is a finite set and P is the set of all subsets of S then show that

d(p, o) =Y |pa(s (s1)]

$; €S

show that d(p1, p2) + d(p2, p3) = d(p, pis).

Let S be a finite set and let P be the set of all subsets of S. Find the probability measure
w: P —[0,1] that maximizes the sum

H= Z (si) In(u(s;))

s; €S

If S = (—00,00) and P is set of all Borel subsets of (—o00,00) find the probability density
function p that maximizes
H = / x) In p(x) dz

subject to Ex = 0 and £z = 0.

Suppose that a1, aq,... ,a, are independent gaussian random variables with mean 0 and
variance o. Consider

Zn(t) = agp + \/52 ay, cos kt

k=1
(i) Show that € z,(t) =0
(ii) Show that £ z2(t) <n
(iii) Compute the probability density for z(t)
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12.

13.

14.
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If we integrate this sum from ¢ = 0 we get
" a
yn(t) = aot + \/5; ?k sin kt

Repeat the above calculations for y,, (). What about taking the limit as n goes to infinity?

Let Q = QT be positive definite and let 2 be a vector-valued Gaussian random variable
with zero mean and variance Q Assume R = RT. Show that

gea:T(2R)_1z

exists if Q~' — R~ is positive definite and that in this case

5@IT(2R)71I _ \/det(Qfl — Rfl)fl
Vdet Q

If = is a random variable that takes on values in a finite set x = {x1,x2,... ,2,} then the
possible ways to assign probabilities to this set can be identified with the set

S ={(p1,p2,--- ,pn)lpi = 0;3p; =1}

S is a closed bounded subset of R™ called the standard simplex. (a) Show that if T is a
linear transformation of R™ into R™ then 7" maps the standard simplex into itself if and
only if the matrix representation of T' = (¢;;) has nonnegative entries and

n
d tij=1
j=1

consider a random vector in R? with a gaussian distribution having mean 0 and variance
3. Suppose that
a b
=
e

Show that if @ = ¢ then the probability that z;xs is positive is

p= l tan~! a_—l—b
s a—>b
Hint: The change of variables y; = (v1 + 22)/V2,y2 = (1 — 2)/v/2, followed by the
change of variables z; = \/(a + b)y1,22 = +/(a — b)y2 makes the equiprobable contours
circles. The positive quadrant is mapped into a cone defined by a pair of lines passing
through the origin and separated by an angle

0 = tan~* a_—f—b

1.8 Notes and References

The basic elements of set theory are covered in many books introducing topology, measure theory,

etc.

In the last century Cantor showed that the treatment of infinite sets leads to nontrivial

problems. With the formalization of various aspects of combinatorics it is now widely appreciated
that there are decidedly nontrivial questions about finite sets as well. A standard reference is
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1. F. Hausdorff, Set Theory, Chelsea, New York, 1962. (Translation of the original German
edition)

Basic works on probability include:

1. A. N. Kolmogorov, Foundations of Probability Theory, Chelsea, New York, 1950. (Trans-
lation of the 1933 German edition)

2. W. Feller, An Introduction to Probability Theory and Its Applications, J. Wiley, New York,
1956.
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PROBABILITY SPACES



Chapter 2

Poisson Counters and Differential
Equations

A stochastic process is, from one point of view, just a random variable whose events are collections
of functions of one or more independent variables. We are mostly interested in the cases where
there is just one independent variable and we think of it as being time. It is not our intention to
give a precise, general definition at this point. We prefer to discuss some specific cases instead.
Indeed, we begin our discussion of a very flexible and interesting family of Markov processes
based on a simple counting model of the type which describes a great many natural phenomena.
We introduce stochastic differential equations, discuss statistical properties of their solutions,
and derive characterizations of the corresponding probability laws.

2.1 Poisson Counters

By a continuous time, countable state Markov process we understand an ensemble of sample
paths {z(-)} that are functions of time with the functions taking on values in a countable set X,
subject to the condition that probability that z(t + 7) = x; given the values of z:(c) for all o < ¢
is the same as the probability that x(t + 7) = x; given only x(t).

We let Z denote the integers {0, £1, 42, ...} and let Z* denote the positive integers {1,2, ... }.

Let z; be a stochastic process which takes on values in the nonnegative integers Z U {0}, and
let it be characterized by the transition rule.

Pn(t) = =App(t) + Apn—1(t) 5 po(0)=1 ; p;(0)=0fori>0

where ) is a constant called the counting rate and p;(t) is the probability that z; = i. We call
this the Poisson counter of rate A. We can write these equations as an infinite system

Do A 0 0 ---7[Po 1
D1 A =X 0 .- D1 0

D2

15
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and solve them one at a time, starting with the equation for py. This yields

po(t) — 67/\t

pi(t) = Me M

pe(t) = (A22/2D)e M
pa(t) = (A"t"/nle M

Notice that the sum po(t) 4+ p1(t) +p2(t) +- - - is one as it should be. If z is a real valued random
variable we let £x denote its expected value. We justify our use of the term “counting rate” with
the calculation

Exy = Y npu(t) =Y (n(At)"/nl)e
n=0 n=0

= e”‘t(/\te)‘t)
= M

Thus the expected value of x; increases by one every 1/ units of time. More generally, we can
use this same method of computation to evaluate £z} in terms of the lower order moments. That
is,

Exl = ef)‘thp()\t)"/n!

= ”\t)\tz PO/ (n)!

n=0

= —AWZ P )™ /(0 — 1)

= e M)t Z(r + )P )"/ (r)!

r=0

—M/\tio:pZ:1 ()" /!
)

r=0 k=0
p—1 p—1

= M\ Exy
()

Thus, for example, Ex} = (At)(ExY + 2Ex} + Ex?)

X(t)

:: hl—li

Figure 2.1. A sample path for a Poisson counter

We will also have occasion to use a bidirectional Poisson counter of rate \. This is a process
can be defined as the difference between two independent poisson counters of rate A. It takes on
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values in Z and starts at zero at t = 0. It’s probability law is defined implicitly by the family of
ordinary differential equations.

Pi = +Api—1 — 2Ap; + Apip1 ;5 i=0,£1,+2,...

subject to the initial conditions pg(0) = 1 and p;(0) = 0 for ¢ # 0. One sees easily that the sum
of the p’s is always one. In order to develop the properties of the bidirectional counter it is useful
to introduce the generating function

oo

gt.2)= 3 Zpilt)

1=—00

Because the p; are nonnegative and sum to one, this series converges uniformly for z on the unit
circle, i.e., for z = €' and 6 real. Clearly dg(t,z)/0t = A\(z — 2+ 2z~ 1)g(t, 2) and so

glt, 2) = e~ Pele+s N

In terms of z = € we have
g(t 61’9) — e(2c05972))\t

Using the binomial formula to expand e(**% )M we see that g(t, z) can be expressed as

glt,z)=e 2”22( ) n=2k(\t)" /n!

n=0 k=0

—2)\t Z Z 'k' n—2k(>\t)n/n!

nOkO

or

o t2m

) = e—2M
Palt) = e Z 22mml(n 4+ m)!

m=0
It is well known that this implies that p, can be expressed in terms of the Bessel functions of the
second kind and of integral order. (These are ordinary Bessel functions with purely imaginary
argument.) In fact

e t2m
In(t) = mZ:O 22mml(n +m)!

is the series definition of the n*" Bessel function of the second kind. Thus
pu(t) = e M1, (M)
It may also be shown that
Fult) + 3 Fu(t) + (1 + ’Zj) L(t) = 0

with Io(0) = 1,15(0) = —1 and 1,,(0) = 0;n # 0.
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Figure 2.1. The plots of p1,p2 and p3 for the bidirectional counter.

The utility of counters is greatly extended by combining them with some ideas from differential
equations. Consider a differential equation in R™ written as

or as

t
o(t) =2(0) + | f(al0).) do
0
Suppose that f(-,-) is continuous in both arguments and suppose that

1 (z,0) = [y, o)l < Kz —yl|

for some k and all o, x and y. It is known that such an equation has a unique solution correspond-
ing to a given x(0). We are interested in a stochastic version of this, i.e., stochastic differential
equations. Consider

x(t) = x(0) +/0 f(z(0),0) do +/() 9(z(0),0) dN, (2.1)

where N is a Poisson counter. How can we give meaning to such an object?

Definition: A function z(-) is a solution of (2.1) in the It sense if, on an interval where
N is constant, x satisfies & = f(x,t) and if, N jumps at t1, « behaves in a neighborhood of ¢
according to the rule

lim z(t) = g(lim x(t),t1) + lim z(t)
t—ty t—ty t—tq
t>t t<ty t<ty

and z(-) is taken to be continuous from the left.

Notation: When this definition is in force it is common to rewrite equation (2.1) as

dx = f(z,t)dt + g(x,t)dN

X(t)

\—/\//

Figure 2.1. Showing a sample path of a solution.

Example: Consider

dr = zdt + xdN ; z(0) =1
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where N is a Poisson counter of rate A\. Then z(¢) will be of the form

et 0<t<ty
2et t; <t <ty

o(t) =9 gt ty <t <ts

if t1,ts,... are the times at which the jumps of N occur.

Beware: An important part of the definition of the solution of an It6 equation is that the
equation must be solved for dx. You cannot manipulate an It6 equation with dN’s on the right-
hand side before solving it. For example, one cannot replace the equation dx = xdt + xdN by
the equation

d—x:dt—i—dN
x

and then integrate as one would do in the classical situation to get
z(t) = MeNOF

This is not the solution we defined above for the equation dz = zdt + xtdN. DO NOT FAIL
TO GRASP THIS POINT.

How can one simulate such a differential equation on a computer? Most implementations of
the better known computer languages allow the program to call a random number generator that
returns a “random” number that is, to the accuracy of the real numbers being used, uniformly
distributed between zero and one. If r; for 4 = 0,1,2,... are random variables that are indepen-
dent and uniformly distributed on the interval [0,1] and if we chose a small constant h as a step
size, we can simulate a Poisson counter via a difference equation approximation corresponding
to step size h? Let

a((n+1)h) =a(nh)+m(n) ; n=0,1,2,...

with m(n) being one if r, is smaller than h\ and zero otherwise. This means that in h units of
time the probability of jump is AA. A more accurate version would equate this probability to
1 — e~*"; this could be achieved by equating m(n) to one if r,, is smaller than 1 — e~*" and zero
otherwise.

2.2 Finite-State, Continuous-Time Jump Processes

Consider a finite set X = {x1,29,... ,2,} and consider a stochastic process x; which takes on
values in X. Let p;(t) be the probability that x; = x; and suppose that

pi(t) = Z a;;p;(t)

The matrix

ailr a2 - Qin
az; Q22 - 42
A= "

Gp1  an2 e Ann
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is called the intensity matrix of the process. Conservation of probability, (i.e., the condition
p1+ D2+ - + Ppp = 0) requires that the entries in the columns of A sum to zero, i.e.,

n
Zaijzo ) jZl,Q,...,’I’L
i=1
Non-negativity of the p; requires that we impose the condition
ai; >0 5 1#]

for otherwise we would get negative value for p;(t) if p;(0) = 1 and a;; were negative for some
i # j. These two conditions and no others are required for A to be an intensity matrix. Of course
these imply a;; < 0. Because the columns sum to zero the set of all n by n intensity matrices is
parameterized by n(n — 1) parameters which we may take to be the (a;;) for ¢ # j.

Example: Consider a continuous time jump process taking on values in the set {4,2,—5}.
Let p; be the probability that x = 4, ps be the probability that x = 2 and p3 be the probability
that © = —5. Let the probabilities evolve according to

g [ -1 1 0] [m
it P2 = 0 -1 1 b2
D3 10 -1 D3

find the steady state probability distribution. Find the steady state mean of z. Find the steady
state value of £(x — Z)?. Make a quanitative statement about how fast p aproaches its steady
state value.

Solution: If the steady state eigenvector has components [a, b, ¢] then from the first compo-
nent we see a = b and from the second b = ¢ and so the steady state is [1/3,1/3,1/3]. Thus
the expectation of x is 4/3+2/3-5/3=1/3. Similarly, £(z — z)? = 1/3(121/9 + 25/9 + 196/9) =
402/27 = 134/9. The real parts of the two nonzero eigenvalues are —1.5 and the rate of approach
is ert.

We can give a sample path realization of such a process in terms of Poisson counters. Suppose
we consider
dx = —2xdN ; z(0)=1 (2.2)

then x jumps first to -1, then back to +1, etc., so we have defined a finite state process. (If
2(0) = a then z(t) takes on the values a and —a.) If we let p; be the probability that z(t) =1
and let po be the probability that z(t) = —1, then the corresponding description in terms of an
intensity matrix is expressible in terms of the rate of the counter N as

P A Al m
1= 2.3
[M] [ A—AHM] 23
To see this notice that the probability that there will be a jump in At seconds is AAt+ higher

order terms in A¢. The following language will be used. We speak of (2.2) as being a sample-path
description of the process and speak of (2.3) as being a probabilistic description.

Given a probabilistic description of an arbitrary finite state continuous-time jump process we
can carry out an analogous construction to get a sample path description corresponding to it. One
way to do this goes as follows. Code the states {x1,z2,... ,z,} of the finite-state, continuous-
time jump process as distinct real numbers, say z1, 2z2,... ,2,. Let ¢;; for 7,5 =1,2,... ,n and
i # j be such that

0 if z# 2z
zi—z; i 2=z

ij(z) = {
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Let N;; be a Poisson counter with rate A;;. Consider
dz = Z ¢2](Z)dN” ) Z(O) S {21,227 e ,Zn}
i#j=1

(a) If this process starts in the set {z1,22,...,2,} it remains in the set {21, 22,...,2n}
(b) If p;(t) is the probability that x(t) = z;, then

n n
pi=Y_ Nijpi— [ DN | pi
=1 =1

(Notice there is no dependence on \;; because the terms cancel.) That is, if we wish to obtain a
realization of p = Ap we may do so by choosing the rates \;; = a;; for ¢ # j. This gives a sample
path description of the continuous-time jump process. In this sense we may think of Poisson
counters as having a certain “universal” property insofar as continuous time jump processes are
concerned.

Example: Find functions ¢4 (z), ¢2(x) and ¢3(z) and counting rates Ai, A2, Az such that if
z(0) € {3,7,9} then for

dz(t) = ¢ (z(t))dNy + ¢ (2(t))dNa + ¢3(x(t))dN3

it happens that x(¢) belongs to {3,7,9} for all future time and

pi(t) -3 0 8 pi(t)
p(t) | = 3 -2 0O pa(t)
p3(t) 0o 2 -8 p3(t)

with p1(f) being the probability that x(t) is 3, p2(t) being the probability that z(t) = 7 and p3(t)
being the probability that x(t) is 9.

To get the appropriate ¢’s we see that

$1(x) = (z = 9)(x —7)/6

takes on the value 4 at x = 3 and is zero if x = 7 or x = 9. Thus it can be used with a counter
of rate 3 to generate the transaction from 3 to 7. Likewise, we use

pa(z) = (x = 3)(z —9)/4

and
¢3(x) = —(z = 3)(z —7)/2

taking the rates of Ny, N and N3 to be 3,2 and 8 completes the specification.
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2.3 The Ito6 Rule for Jump Processes

If we have a stochastic differential equation
dt—i—ZgZ )AN; ; x eR"

and if ¢ : R™ — R is a given function, then of course w(x(t)) is a stochastic process and using
the given definition we see that

di(t,z) = %fdt+<a >dt+z U(t,z+ gi(x)) — Y(t, x)]dN;

This is the so-called It6 rule for jump processes. In writing it down we have used the fact that the
probability that two counters will jump at the same time is zero and therefore such a possibility
can be ignored. Notice that in this context the Ito rule is a completely trivial consequence of the
definition of the solution of the differential equation.

Example: Given that
dx(t) = —x(t)dt + dN1(t) — dN2 (1)

where N; and Ny are Poisson counters of rates A; and \s, respectively, find an equation for z2.

Solution:

de®(t) = —22%(t)dt + ((z(t) +1)* — 22)dNy + ((x(t) — 1) — 22(t))d N,
= —22%(t)dt + (22(t) + 1)dNy + (1 — 22(t))d N>

2.4 Computing Expectations

If = satisfies the differential equation

dr = f(w,t)dt+ Y gi(w,t)dN;

=1

how can we get an equation for the expectation of 7 The key observations here are that

(a) (EN(t) — At) = 0 (This was established in section 2.1) and
(b) the probability that N(¢) will jump in the interval [t,t + A] is independent of the value of

x(t).
Thus
m +A
E(x(t+A) —a(t 5/ d0+25/ 9i(z(0),0)dN;(0)

Expanding in a Taylor series and taking the limit as A goes to zero we get

%&U(t) =Ef(z(t),t) + ; (Sgi (z(t), t)) i
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Thus the general rule for computing expectations is to replace dIV; by \;dt, divide by dt and take
expectations.

Example 1: Given
dx = —x(t)dt + dN1 — dN

the above rule implies that

d
Eé‘x =-Ex+ A — A\

Using the It6 rule for 22 and the calculating the expectation we get

d

E&'xz = 2827 + E(2x + 1)A; + E(1 — 22)\o
etc.

Example 2: Let n be a Poisson counter of rate A and let = and z satisfy z(¢) € {—1,1}
dr = —xdt + zdt

dz = —2zdN

We wish to find an equation for the variance of z. We begin by using the differentiation rule to
write
dr? = —222dt + 2xzdt

d(zz) = (—xz + 2%)dt — 202dN
Taking expectations we get

%Eﬁ = 2822 + 2822

d
a&tz =—(14+2)\)Exz+1
These linear equations can then be solved by standard means. Notice that steady-state value is

Ex? =1/(1+2)\)

2.5 The Equation for the Density

In order to gain a more complete understanding of the class of problems introduced in 1.3 we
will develop an equation for the probability law associated with the state. In general this is
complicated because the solution of stochastic differential equations involving Poisson counters
need not visit all points in the space. However, when it does, and does so often enough, there is
a nice theory.

Let A denote the set of all subsets of R™ which are parallelpipeds; i.e., sets that are the
intersections of n slices of the form {z|a; < x < b;}. Given an equation

dz = f(x(t))dt + Zg (z(t))dN;

suppose that there exists a differentiable function p such that for all sets A C A

pa(t) € 4) = [ plt.a)da
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In this case it is of interest to find an equation for the evolution of p. The device to be used here
will be used several times in these notes. First of all introduce a smooth “test function” v, a
map of R™ into R. Use the Ito6 rule to get

fdt + Z (z + gi(x)) — (x)) dN;
Next we compute the expected value of ¥ using the results of section 1.4. This gives
d
SE(a) = €507+ sz )+ 9i(x(1)) = (@) A

Now notice that if p exists then we can also compute the expectation of 1 by integrating against
p. That is, £¢ = [ ¢(x)p(z)dz. Differentiating this expression with respect to time gives

at/w dx/{

If p is smooth we may use integration-by-parts to get

[ @25 = [ oL (19)— S nvpte + 3 [ Nte +taple )i

provided ¢ (z) = 0 for |x| sufficiently large.

)+ Z x +gi(x w(x)))\l)} p(t, z)dx

In order to go further it is necessary to make some assumptions about the function defined
by

9i(x) =z + gi()

If, for example, = takes on values in R! and § defines a map of R! onto R! which is one to one,
then letting

9gi
dz = |det(I + =—)| d
s = |det(T + ) da
allows us to change variables in the last integral in the following way.

[ vta ot ayia = [ oot 0y e (1 22|

In this case we can argue that because 1 is arbitrary this integral equation can be replaced by
the differential difference equation.

dz

S = o f@)p(ta)] + i/\ (o(t,5: ()] (det (1 + ‘2@) - plt.))

z+gi(z)

This is, then, an evolution equation for the density, provided a smooth density exists. If g is not
one to one but yet has a finite number of solutions for each point in the range, this argument
can be modified to yield a density equation.

Example 1: Consider the linear equation
dx = —xdt + dN; — dNy

with N7 and N, being standard Poisson counters of rate A. It can be thought of as a stabilized
version of the bidirectional counter. If a smooth density exists it satisfies
dp

0
v xmp + Ap(t,x ) Ap(t,x) + Ap(t,z+ 1)
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This is an example of a functional differential equation. Explicit solutions of this type of equation
are virtually nonexistent in spite of their simple appearance. On the other hand, qualitative
information about the solution can often be obtained. In this case there is a steady state solution
satisfying

0= gxp + Ap(t,x —1) = 2X\p(t,x) + Ap(t,z + 1)
x

It can be solved using Fourier transforms.

Example 2: Consider a model for a queueing problem in which customers arrive for service
and service is provided as long as there is a customer to be served. Assume that the arrival of
customers is modeled by a Poisson process of rate A and that each customer requires p amount
of time to be served. (We could also let x4 be random at the expense of some extra work.) Let
fpo(x) denote the function whose value is 1 if x is positive and zero if = is non positive. The
variable x in the differential equation

1
de = ——fp(z)dt + dN
W

then describes the total effort that the server must provide to meet the demands of those presently
in the queue, including the customer currently being served. The probability density satisfies
8p(t7 SC) . afp(x)p(ta x)

= Ap(t,x —1) — Ap(t

We expect that there will be a steady state condition if the arrival rate is smaller than the
service rate, i.e. if A\/u < 1. Of course there is a nonzero probability that the queue will be
empty. Taking expectations of both sides of the sample path equation we see that in steady
state & fp(x) = Ap. Thus in steady state the probability that the queue is empty is just 1 — Au.
There is a steady state solution of the density equation having the form of a delta function plus
a density
pss(x) = (1 = Ap)d(z) + ()
We can solve for ¥ only by dividing the positive half-line in to unit length segments. In the
segment (0, 1] the p(x — 1) term is zero and thus we need only solve the homogenous equation
1dp
—— —Ap=0
wdx P
and so p(z) = f*. We observe that the drift term adds probability to the set {x|z = 0} at the
rate p(07)/u = 3/ and the counter removes probability at the rate (1 — Ap)A. These must be
equal in equilubrium and so 8 = (1 — Ap)Au. On the interval (1,2] we have
1d
~@p _ A= (1— )\,u))\ue)‘”(”_l)
wdx
This is a linear differential equation with a confluence between the forcing term and the homo-
geneous response so the solution on (1, 2] takes the form

plx) = (az + by

With a and b being determined by the boundry condition at x = 1 and the differential equation
itself. Continuing on, for the interval (2, 3] we have the differential equation

1dp

—E = —1) + byl

L= (ale = 1) + e
which has a double confluence and hence a solution of the form of an exponential times a cubic
polynomial, etc. It is of interest to note that while the exponential involved grows with x, the
polynomials are such that p decays to zero.
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Example 3. Consider the coupled equations of example 2 of the previous section. In this
case it is convenient to write the equation for the density as a pair of coupled equations. Let
p+(t,z) be the probability density associated with x, given that z = 4+1 and let p_(¢,x) be the

probability density associated with z given that 2 = —1. In terms of this notation we have
Op4(t,z) O
—i_ait = %(I — 1)p+(t,$) + )\(p—(tvx) - p+(t,l‘))
Op_(t,x 0
% = (@4 Dp-(t,2) + Aps (t,2) = p- (7))

2.6 The Backwards Evolution Equation

Although there are many problems in which the forward evolution of the density, as described in
the previous section, is the most natural evolution to focus on, there are other problems for which
an evolution in a negative direction is important. For example, if it is known that z(1) = 2 we
may wish to know the probability density at ¢ = 0. More generally, given p(1,z) what governs
the evolution of p backwards in time? Because the definition of what one means by a solution of
the differential equation does not treat t and —t symmetrically, it is not to be expected that one
can get the evolution of p backwards in time simply by changing the sign of the right-hand side
of the equation.

To gain some intuition about this question it is useful to consider a finite state discrete-time
process whose transition probabilities are such that

p(i +1) = Ap(i)

Given that z(1) = x, we see that the probability vector at time 0 is determined by the k" row
of A. In fact, if the entries in the k** row of A sum to sy then

1
p(0) = —AF ; A% = k" row of A
Sk
We can, therefore, express the backwards equation as
p(i —1) = AT Dp(i)

with T denoting the transpose of A and D being a diagonal matrix that normalizes the columns
of AT so that the sum of their entries is one.

The corresponding equation situation in continuous time relates the forward equation p = Ap
to the backwards equation
p= (A" +D)p
with D being a diagonal matrix chosen so as to make the sum of the entries in a column of
AT + D equal to zero.

Example: Consider a continuous-time jump process whose probability law satisfies

D1 -1 1 2 P1
p2 | =] 1 -1 1 D2
D3 0o 0 -3 D3

Given that p1(1) = 1,p2(1) = 0,p3(1) = 0, find p(0). To get the backward propagation equation
we observe that
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D1 -3 1 0
po | = AT+Dp=| 1 -2 0 |p=Bp
D3 2 10
-2
D= -1

p(0) = e”p(1)

Example: Consider a continuous-time jump process whose probability law satisfies

P1 -1 1 1 P1
P2 | = 1 -1 1 D2
D3 0 0 -2 D3

Given that p(1) = 1,p2(1) = 0,p3(1) = 0, find p(0). (You will need to solve a system of three
linear equations for a particular initial condition; the eigenvalues are 0, -1, -3.)

Solution: The relevant backwards time matrix, B = AT — D is

B =

— =N
\

— N =

o OO

The eigenvalues of B are A =0, —1, —3. Some work shows that

e 2tcosht e ?sinht 0
Pt = | e 2ginht e 2fcosht 0
1—et b(t) 1

The value of the probability at ¢ = 0 is simply thie first column of this matrix evaluated at t=1.

2.7 Computing Temporal Correlations

Let x; be a finite-state, continuous-time jump process which takes on values in the set {1, xa,... ,2,} C
R. To compute the expected value of E(xixi1,) we let ;;(¢,7) denote the probability that
z(t) = x; and x(t + 7) = x; and use the formula

Exmryr =Y Vi(t,7) mim,
(2%

Now the probability that ; = x; is just p;(t). The probability that x;;, = x; given that z; = z;
is just the ji*" element of eA”, provided 7 > 0. Thus we see that for 7 > 0.

E(rimiyr) = Z pi(t)dji(T)wi2;

,J
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where ¢;;(7) is the ij*" entry in eA7. Of course if we are given p;(0), then this is

5$txt+T = ¢1k:(t)pk(0)¢ﬂ(7—)$lxj
k

75

If we want to write this in matrix notation, it is

.131(t)

1(t) 0
ot b ry = OO m @l 0T 0
0 0 xn(t)

An application of the same methodology yields formulas for more complicated statistical prop-
erties such as

¢(t17t27 . ,tn) = SItll‘tQ . Ty,

There is a second approach which is sometimes more convenient if we have a sample path
description. Consider

dx; = f(xt)dt + Zgi(xt)dNit
and
L v = Exiflan) + 3 Erpgilen)A
—Exyx, = Ex f(x, T19i ()N
arcr t tg
Now suppose that f is linear and g is constant. Then
d
%&Eth =Eaxix, + Ex BN
and we can obtain Ex;x, from £x? and Ex;. Again the sample path approach is very effective.
Example: Consider the stochastic process y defined by
oo ifz(t)=1
y(t) _{ B if a(t) = —1
where the transition probabilities for the x process are such that
pr|_| —a D »m
P—1 a —b p—1

(p1 = probability = 1; p_; = probability z = -1).

(a) Find conditions such that

lim Ey(t) =0

t—o0
(b) Find conditions such that (a) holds and

tlim Ey)yt+71)=e "
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Begin by finding a sample-path description for y(t); i.e., by finding appropriate ¢;; as in
section 2.2. Consider the specification

_Jo0 i y#B
¢aﬁ(y)_{ Ozfﬂ if yiﬂ

for which ¢,5(y) = a — y is suitable. By the same token, we may choose ¢g,(y) = 5 —y. Now
consider the process whose sample-path description is

dy = (@ —y)dNag + (8 — y)dNga,
with counters of rates A\og, Ago respectively; if y = « this reduces to dy = (8 — «)dNgq, so that

D3 = Aga and hence p, = —Ago. Repeating this argument assuming y = 8 and combining, we
get

pa = _)\,Bapa + )\aﬁpﬂ
pﬁ = )\ﬂapoz - /\aﬁpﬁ-

Now if we set A\og = b and Ago = a we recover the probabilistic description given in the
problem and hence a sample- path description of y(t):

dy = (a — y)dNy + (8 — y)dN,,

where the subscripts denote the counting rates.

a) Using the sample-path description we see immediately that

%gy(t) =af + ba — (a+b)Ey(t),

so that lim;_, . Ey(t) = %. Thus the required condition is a3 + ba = 0.

b) To find the correlation Ey(t)y(t + 7) we first need to find Ey?(t). The It6 formula gives

dy?(t) = ((y+( —y)’ - )dNb (( +(B-1v)) —yz)dNa
LEAM)] = b c‘f[yQ(t)])Jra(ﬂ2 E[y*(1)])
= aB?+ba® — (a+ b)E[Y3()]
thus
EWP W] = e + ke

To compute the correlation we rewrite the original It6 equation using 7 as the independent
variable:
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dry(7) = (a—y(r)dNy(r) + (8 — y(7))dNa(7)
dry(t)y(r) = (a—y(r)y(t)dNy(7) + (8 = y(7))y(t)dNa(T).

Assuming 7 > t we take the expectation, e.g., E[y(t)dN,(7)] = a&ly(t)]
WMy = —(a+D)Eyt)y(r)]
EyMy(r)] = ElyP@)e e+

for 7 > t. Using symmetry arguments, changing from 7 to ¢+ 7 and substituting for the variance,

af?+ba® e e i
Elyyy(t+7) = 7 (V7] | g (atb)(t+Ir]).

In the limit as ¢ — oo the second term vanishes; in order to have the first term be the desired
quantity we must have a +b = 1 and a3% + ba? = 1. We can make this a little simpler by noting
that a3? + ba? = (aB + ba)(a + B) — (a + b)af = 1.

2.8 Linear Systems with Jump Process Coefficients

Recall one fact from the Lagrange interpolation. We may find a polynomial function ¢ : R - R
such that ¢(z;) = a; for a given set of pairs (21, a1), (22,a2) ... (2n,an,) (no 2’s repeated) and ¢
may be taken to be of degree n. In fact

(z—2z2)(z—23)...(2 — zn) Cta (z—2z1)(z—22)... (2 — zZp—1)
Gi—m)(i—28) . i—z) T G S o) (o — 22) - (2 — 2n1)

P(2) = m

Thus if we wish to find a sample path description of a finite state continuous time jump process
we may take it to be of the form

dz = Z ¢U(Z)dN”
2]

with ¢;; being polynomials of degree n where n is the number of states.

Now consider the linear stochastic differential equation
&= A(z)x + b(z)

where z is a finite state continuous time jump process. We can use the elementary device of
appending 1 to x to rewrite this as

ﬂﬂ{b& A?Z)Hi]

thus bringing it to a form in which there is no inhomogeneous term

d_ s
pn = A(2)z
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(The reason for wanting to do this will appear shortly.)

If z is a FSCT jump process, then model it as above with the ¢;; polynomial. Then A(z) can
be expressed as

A(z) = Ag+zA1 +...2"A,
In fact, the Lagrange formula does the job for us again

B . (Z—ZQ)(Z—Z3)...(Z—Z”) p (Z_Zl)(Z_ZQ)"'(Z_Zn—l)
Alz) = A=) (21 — 22)(21 — 23) ... (21 — 2n) ot A n)(Zn —21)(zn —22) - (20— Z01)

Thus we can write, dropping the ~ over z,

dz = Z ¢ij(z)dNij
L.E = (Ao +ZA1 +"'+Zn71An,1)(£

We now take the major step which allows us to put these into a form which permits us to
compute the statistical properties of the solutions. It goes like this. Consider, along with the
given T equation, an equation for zx, 2%z, ... , 2" 'z. Since z takes on the values of z1, 2, ... , Z,

and no others, we see that
p(z)=(z—21)(z—22)...(2 —2,) =0

and thus 2" can be expressed as 2™ = pg +p12 + - -+ pp_12" "+ for some choice of p;. Using the
It6 rule we then obtain (with A’s above)

T T
zr Ao A Ay zx

a| = | A, Ay - A, Dol at
2 g -1

0 0 0 z

21 22 2n 2T

T Sl IR CRN I B B
nl n2 nn )
oL Rl L. ol || el

where (bf]l are such that

dF =3 AN

L,

What we have accomplished with this device is the reduction of the original problem to one of
the form (new notation)

dr = Azdt + Z B;xzdN;

The advantage of this is that we can compute statistical properties of this equation using the
calculus developed earlier.

Example: Consider the linear equation with an additive jump process term
dr = Axdt + bz dt
where

dz=—2zdN ; 2(0)e{-1,1}
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This set of equations is linear as it stands.
T A b x 0 0 x
2] = e s [l ]0 B[E ]

0] = [0 w]elt]

d
E&c(t) = Afx +bEz
d
ﬁé'z(t) = —2)\Ez(1)
To compute the variance notice that x is continuous so that the Ito rule in this case simplifies to
dea’ = (AzzT + 22T AT)dt + (ba” + xb)zdt
dzx = zdr+zdz
= (Azz + b2?)dt — 2zxdN
d2* = 0

Solving the second of these we get (note £2% = 1)

%sz = A(Ezx) +b—2ENzx

SO

o(A=27D)t

—E(xxT) = A(ExaT) + (ExaT)AT + baTe(A=AD" 4 o(A=2ADTt T

2.9 Exercises 2

1. Suppose that = satisfies the linear differential equation
t=Ax+bu ; x(0)=0

with u being a finite state continuous time jump process taking on the values 1,0, and —1
with transition probabilities

d p-’rl 71 1 0 p+1
R 1 -2 1 Do
P-1 o 1 -1 P-1

Find a differential equation for the expected value of zz”.
2. Consider the stochastic differential equation
dr = —1z(1 —2)dNy — ta(z + 1)dNs + (2% — 1)dN; — (2% — 1)dNy
Suppose that z(0) € {1,0,—1}. Suppose that the N; are Poisson counters with
EN; = M\t

If p1(t) is the probability that z(t) = 1, pa(¢) is the probability that x(¢t) = 0 and p3(t) is
the probability that z(t) = —1, find A such that

d P1 a1l ag; asi p1
dt P2 | = | G12 ag2 G32 b2
p3 a3 Q23 as3 p3
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3. In a certain mixture of radioactive isotopes there are two main reactants which decay
according to the stochastic equations
dr = —100xd N,
dy = xdN1 — ydNo

where Ny and Ny are Poisson counters of rate 1. If 2(0) = 10 and y(0) = 2 how long will
it be before we can assert that for all future time

Ey(t) <1

4. Consider the It6 equation
dzr = adN1 — bdN2

with N7 and N» being Poisson counting process of rate A and pu, respectively.
(a) Compute £z(t) in terms of a,b, A and pu. Suppose that we chose a,b, A and p so that
Ex(t) =0.
(b) Under this hypothesis compute Ez2(t).

(¢) Under this hypothesis and under certain further conditions it will happen that we can
let the rates A and g go to infinity and the amplitudes a and b go to zero and get
a limiting value for £2%(t). What is the most general condition under which this is
true?

5. An n by n matrix A is said to be a circulant matriz if a;; = b;_;modn. For example, three
by three matrices are of the circulant if they take the form

bo b1 b
A= 1by by b
b1 by b

(a) Show that the sum of the two circulant matrices is circulant and that the product of
two circulant matrices is circulant.

(b) If A and F are circulant show that AF = F A.
(c) Show that there exists a unitary matrix U that diagonalizes circulant matrices.

(d) If A is circulant we can associate with it a polynomial

n—1
A(z) = Z bz
i=1

which can be thought of as being a finite z-transform of A.

(e) Show that if A and F are circulant with T = AF then T'(z) = A(z)F(z) if we agree
to interpret e(*)mod(z4m™4 — 1),

6. Show that there exists n by n infinitesimally stochastic matrices whose eigenvalues are
{(=1+¢;)}; where {e;}_; are the nth roots of 1.

7. Consider the unidirectional Poisson counter N of rate A. As we have seen, the expected
value of N (t) is At and
E(N(t) — Xt)* = Xt

Thus if we fix ¢, say t = 1 then the process (N (¢)/\—t) has a variance 1/\ and an expected
value of zero. Show that

. 1 t>1
1 b{N(1)/A>1} =
Jim prob{NW/A>1}=14 ;25
This implies that we can use Poisson counters to model events that are arbitrarily close to
certain events.
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8.

10.

11.

12.

CHAPTER 2. POISSON COUNTERS AND DIFFERENTIAL EQUATIONS

This is a continuation of the previous problem. Consider the function f: [0,00] — [0,1]

defined by
1; 0<z<1
f(x):{o; 1<r< o

If we would like to find a state transition associated with a finite state continuous time
jump process that has this function as the distribution of its transition time we need to
find an approximation in terms of real exponentials. The function g: [0,00) — [0, 1] defined
by

glz)=1—e"
is a candidate. Find a better approximation by making use of n by n transition matrices
of the circulant form

th

Hint: The eigenvalues of A,, are —1 + r,, with r, being an n*”* root of unity.

. Consider an Ito6 equation that evolves in the finite set S

de =X¢;(z)dN; ; z(0)e S

Suppose that ¢: S — {0, 1} and suppose that p = Ap governs the probability that z(t) = z;.
Show that the probability that ) = 11is ) _; pi(t) where I is the set of states that 1) maps
into 1.

A matrix is said to be doubly stochastic if it is stochastic and its rows sum to one.

(a) Show that every permutation matrix is doubly stochastic.

(b) Show that the set of all doubly stochastic matrices is a convex set characterized by
(n — 1) parameters.

(c) Show that if © is a real n by n orthogonal matrix then the matrix ¥ whose ijt" entry
is 1;; = (0;;)? is doubly stochastic. Such matrices are said to be orthostochastic.

(d) Show that not every doubly stochastic matrix is orthostochastic.

(e) Show that every permutation matrix is orthostochastic.

Suppose that z(t) is Markovian continuous time jump process taking values in the set
X = (x1,x2,...,z,). Suppose Y = {y1,y2,... ,ym} with m < n is a second finite set and
let f: X — Y be any mapping. In this case y(t) = f(;v(t)) is called a hidden Markov
model. Compute the probability distributions for the time that the y processes spends in
state j before jumping to state ¢. Show that it is a sum of exponentials

r
q(iaja t) = Zpijkei)\k t
k=1

Let {T1,T5, ..., T} be asequence of transition times associated with a two state continuous
time jump process with intensity matrix

A= [_pp qq}

Suppose that €q,¢€s,...,€; are small and sum to zero. Compute to first order in € the

probability that thg process will have transition times Tl,Tg, cooy, T, with T7 — € < Tl <
Ti+e, To—e<To<To+4e€...,Tp—e<T <Ty+¢€?
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13.

14.

15.

16.

17.

In the notes we have taken the counting rates to be constant. If the counting rates are
state dependent everything is more or less the same. Consider

r=—-x+=z
dz = —2zdN

with the rate of dN being equal to |z|. Show that the Itd rule is still valid with A’s being
state dependent and that

%517:751'+5|:C‘

Suppose that x(0) is positive with probability one. What is the probability that x stays
positive forever.

Let N be a Poisson Counter of rate A. Derive the Fokker-Planck equation for
dr = =2z dt — .5zdN

Construct a set of ordinary (deterministic) differential equations (some in ¢ and some in 7)
whose solution will determine Ex(t)z(t + 7).

Let N be a Poisson counter with rate A\. Compute the steady state covariance for

dry = —2z1dN ; ;Cl(()) =
drg = —xodt +x1dt 5 22(0) =0

i.e., compute

Let N; and N3 be Poisson counters of rate A. For
dr = —xdt + dN; — dN>

the probability density, if it exists, satisfies

0 0
Pt x) = —ap(t,x) + (pt,z + 1) + plt, — 1) — 2p(t,2)) A
ot Oox

(a) When will p(¢,x) be continuous? (Discuss at an intuitive level.)

(b) Describe the qualitative behavior of p(t,x) as t becomes large - make a sketch.

(c) Back up your analysis by computing the differential equation for
Ex"(t)
and using it to solve for lim;_, . Ex2(t).

A Markov renewal process is a generalization of the continuous time jump processes consid-
ered here. In this case one has a finite or countable state space X and the process jumps
from one state to another as in the continuous time jump process but in this case there
is a distribution ¢(, j,t) which is the probability distribution for the time spent in state j
before jumping to state ¢. Clearly

t—o0

must define a matrix with nonnegative entries whose columns sum to one. Show that if
q(i,7,t) takes the special form

q(iaja t) = p2](1 - e_kijt>

with p;; constant then the Markov renewal process is a continuous time jump process.
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18.

19.

20.
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Consider a two dimensional situation in which x(¢, 7) takes on the values {0,1,2, ... } with
2(0,0) = 0 and x being a Poisson process of rate A in ¢ along lines of constant 7 and a
Poisson process of rate p in 7 along lines of constant ¢. Does it follow that

x(t,7) = ¢(t) - ¥(7)

Let «, 3,7, 6 be four real numbers with 0 < a < 8 < v < §. Let N be a standard Poisson
counter of rate A. Show that the probability that N(a) =0, N(8) =1, N(y) =1,N(0) =2
is given by

p=N(B—a)(d—y)e ™

The discrete time markov process whose transition law is

pi(k+1) 0 1 0] [pi(k)
pak+1)| =10 0 1| |pa(k)
pa(k+1) 1 0 0 |ps(k)

is actually deterministic in the sense that a knowledge of the state of process at any one
moment in time determines the state (not just its probability distribution) at any other
point in time. The only continuous time analog of such “non-mixing” processes is the trivial
process z(t) = constant. If p(t) is a 3-vector, and if

p(t) = Ap(t)

with A being infintessimally stochastic, and if p(0) = e, the standard basis vector, show
that

min ||e“e; — es|| 4 min |le?te; — es]| > V2

t>0 t>0

where ||p|| = v/p? + p3 + p3. (This describes a sense in which a continuous time finite state
jump process can not be too close to a deterministic process.)

NOTES AND REFERENCES

1.

Poisson Counters are discussed in most introductory books on probability. One classic is

(a) W. Feller, Probability Theory, Vol. I, John Wiley, New York, 1957 and Volume II,
1966

Because we will make heavy use of systems of ordinary (deterministic) differential equations,
the reader may want a reference. Everything we need and much more can be found in:

(a) E. A. Coddington and N. Levinson, Theory of Ordinary Differential Equations, Mc-
Graw Hill, New York, 1955

Continuous time jump process are discussed in many books. An introductory treatment
can be found in

(a) M. Rosenblatt, Random Processes, Oxford University Press, New York, 1968.

This is an almost trivial special case of the general form of 1t6’s rule. The origin of the
idea is It6’s much cited paper

(a) K. Ito, “Stochastic Integral”, Proc. Imperial Acad. Tokyo, Vol. 20, 1944, pp. 519-524.
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4. Computing an expectation is often the key step in getting a practical result. We have
arranged the presentation so that the reader quickly arrives at a point where some inter-
esting calculations can be done. One advantage of the differential equations approach to
stochastic process is that such computations are usually rather transparent.

5. The computation of two point statistics will play an important role in the stochastic real-
ization work to be discussed in chapter V.

6. Jump processes and linear systems are sometimes used as models for systems with failure
modes.

7. These equations are of theoretical interest but they are very seldom soluble in closed form.
In some cases the steady state value can be computed even though the time dependent
solution is not known. In the case of finite state continuous time jump process the Peron-
Frobenius theory applies and in the non finite state cases these are conditions under which
one can guarantee the existence of an invariant measure as well.
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Chapter 3

Wiener Processes and Differential
Equations

In this chapter we introduce a second basic stochastic process, the Wiener process. The It6
calculus will be extended to include stochastic equations involving Wiener processes and the
computation of expectations, the equation for the probability law, etc. will be developed.

3.1 Gaussian Distributions

From one point of view, the special significance of the Gaussian density derives, in part, from

its role in solving a very basic differential equation variously called the diffusion equation or the

heat equation. In one dimension, this is the partial differential equation of evolutionary type
Op(t,z) _ 19°p(t,)

ot 2 Ox2

which governs diffusion. A short calculation shows that the function p(t,z) = \/%ﬂe_mz/ 2t

satisfies this equation for all £ > 0. In fact, the general solution of this equation for twice
differentiable initial data p(0, z) is, for ¢ > 0, given by

1
,0(1%3?):/]R orTh =972 p(0, ) dy

1 —z2/2t

For this reason Norid is often called the heat kernel.

There is a simple n-dimensional generalization. If Q@ = Q7 is positive definite, and if we let
q;; denote the ij'" entry of @ then the partial differential equation

opt,z) 1 < 0 0
ot - 2 ..Zl qij axi 3xj p(tyl')

VA

can be thought of as an n-dimensional generalization of the one-dimensional equation given above.
It has the fundamental solution

P e ——CC
det Q(2mt)"

39
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The solution for smooth initial data p(0, z) is

T —1
pt, ) = RO (0, y)dy

1
re +/det Q(27t)™ ‘

The Gaussian distribution arises as a limiting form of the binominal distribution in the fol-
lowing way. Notice that

2 n
Iim (1— « — lim enln(l—a®/n)
n— 00 n n—oo

3.2 Brownian Motion

Robert Brown (1773-1858) was a Scottish botanist who became interested in stochastic processes
after looking under a microscope at grains of pollen suspended in water. He published influential
papers on this subject in 1827. Norbert Wiener undertook the mathematical study of stochastic
processes in the 1920’s after important work earlier in the century by Bachelier, Einstein, Smolu-
chowski, et al. There are several ways of approaching the mathematics of this subject. We chose
one that continues from our work on jump processes.

Let y(t) be a bidirectional Poisson counter of rate A/2 and let xx(t) = y(t)/vA. We may
realize this process as

1

VA

where N; and N, are ordinary Poisson counters of rate A\/2. A quick calculation based on the
1t6 rule of chapter 2 shows that

dxy = (dNy —dNs) ; z(0)=0

1
)p — iL’};)dNQ

daf = ((wr + L)p — 2R)dNy + ((z\ — ﬁ

VA

For reasons of symmetry, if p is an odd positive integer £2§ = 0. If p is an even positive integer
then the expectation rule of chapter 2 yields

dew_1 Y _ Ly g
£5$A—25<($,\+\/X) +(I,\ \/X) 2x/\>

- 1 -
(Dot 5 (e

where the terms not written involve powers of A~! greater than one. Because of this, for ¢ fixed
there exists a high counting rate limit for the expected value of each moment

1 t
lim Eaf(t) = —/ p(p —1) lim €28 %(0)do

Solving this set of equations beginning at p = 2 and continuing to larger, even values of p we see
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that the limiting values of the moments are

)\ILH;O Ex3(t) = t

)\lim Exs(t) = 3t?

Jim Eax§(t) = 5-3-3

— 00

lim  EaP(t) = (p—1)(p—3)...tP/2

_ (p%(;)/

Thus in the limit as A goes to infinity we get the moments associated with a Gaussian density
having zero mean and variance ¢t. Likewise, we see that for 7 > ¢ we have the differential equation

1

d
%Ea:(t)a:(r) = Em(t)ﬁ

(dN1(7) — dNa(1))
=0
and so Ex(t)z(t + 1) = E2%(t) for T > ¢.

We remark that x(t) has three properties which are more or less obvious

1. .’17)\(0) =0.

2. z\(t) — zx(7) is a random variable whose distribution is dependent only on |t — 7| and if
[t, 7]N[s, o] is empty, the random variables ) (t) —zx(7) and x(s) —x (o) are independent.
(Because N on the interval [s, o] is independent of N on the interval [¢, 7])

3. The limit as A — oo of &(zx(t) — x,\(T))2 = Ex3(t) — 2Exx(t)xr(T) + 23(7) exists and is
just |t — 7.

From the results of section 2.5 we see that if there exists a probability density for =, then it
is given by

apgft,x) = ;<p<t,x+ %) —2p(t, ) +p(t,x - \}X))

Notice that in the limit as A goes to infinity, we get (formally) the diffusion equation

op(t,x) 182p(t,x)
o 2 02

This analysis shows that if we use the Ito rule for jump processes, then certain limits as
A goes to infinity exist. There is, in fact, a stochastic process known as a standard Wiener
process, which has the properties we have derived for the above limiting forms and, in addition,
is continuous with probability one. Continuity is, of course, not surprising in view of the fact
that £(z(t) —z(7))? = |t —7|. The analysis of limits given here does not, in and of itself, establish
the existence of a stochastic process having the limiting properties. We will not, in these notes,
prove its existence. We will, instead, appeal to limiting processes of the above type whenever
we need to explore its properties. For convenience we will refer to the limiting form as being
Brownian motion.
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3.3 Stochastic Differential Equations

This same limiting process can be applied to give meaning to a general class of equations which
we write as

dr = F)dt 1> gi(x)du,
=1

By a solution of this equation we understand the limit as A goes to infinity of the solution of
dv = f(z)dt + > gi(x)(dN; — dN_;)/VX
i=1

where N; and N_; are independent Poisson counters with rate \/2.

Example 1: (The Ornstein-Uhlenbeck Process) Consider the process
dr = vdt

dv = —awdt + dw

The process x is obtained by integrating the v process. The v process would be Brownian motion
if a were zero. If « positive, and this is the situation which is of interest in applications, we will
show that the probability distribution of v approaches a steady-state value as t goes to infinity.
We will give more details in later sections.

3.4 The Ité Rule
Let 1 be a twice differentiable function of z. Consider the evaluation of di for
n
de = f(z)dt + Z gi(2)(dN; — dN_;) /v
i=1

where N, are Poisson counters of rate A\/2. Using the It6 rule of chapter 2 we get

aw = (52 1@+ ; Vot ) ~ vl av,

- Z_; [w(w - %g;»(w)) - w(x)} dN_,;

In order to explore the limit as A goes to infinity, we expand % in a Taylor series about x. The
result is

dy = <g—i},f(x)>dt+zn:<g—qﬁ,gi(x)>(dNidN_i)/\fA

+_Zn: %<gi(x) ’ 8271/) (2))(dN; + dN_;) /X + O(1/23/?)dN;

Consider now

dZ)\ = (dN1 + dN_l)//\
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where N7 and N_; are independent Poisson counters of rate A/2. Using the formula for expec-
tation from chapter 2, we see that

Eax(t) =t + £2(0)

Let my = 2/2\ (t). Then from the It6 rule for jump processes we see that

N2, 223 1
dmy = (z>\ + X) = 2 ) (dN1 +dNz) = X (dNy + dN) + 5 (AN + dN)
A short calculation, using £dN; = (A\/2) dt, yields

d 1
agm,\(t) =E(22A + Y

Thus if £2(0) = 0 we have

Emy(t) =t* +t/\

It is remarkable that the variance of the process defined by z, namely
2
o(t) = E(ar(t) — Eza(t))
which goes along with the initial condition z(0) = 0 is just

o(t) 24 t/\ — 217 4 12

= t/A

and hence goes to zero as A goes to infinity. As A becomes larger the uncertainty associated with
z decreases and, in a sense, z tends to the deterministic process defined by z(t) = t. As a result,
the limiting form of the It6 rule takes a simple form. We may make the replacement, as A goes
to infinity, (dN; + dN_;)/\ = dt. Thus for

dx = f(z)dt + i gi(z)dw;
i=1

we have

a= (52 ) )ar+ fj (52 ate) ) + ;i (s gj;fg@dt

where we have abbreviated (dN; —dN_;)/v/A as dw;. This is known as the It6 rule for Brownian
motion.

Example 1: Consider
dr = —zxdt + xdw
Suppose we want to find an equation for z = 22. Using the It6 rule we have
da? = 2z(—xdt + xdw) + 22dt
The last term results from an evaluation of 1/2(92%1/0z2) - (g(x))2dt. The net result is

dz = —2zdt+ 2zdw + zdt
= —zdt + 2zdw
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Example 2: Consider the pair of It6 equations
der=dw ; dy=dv

with w and v being independent Wiener processes. If we describe matters in polar coordinates,
x = rcosf, y = rsind, then of course r = /22 + 92 and § = tan~!(y/x). To obtain the
differential equations for r and 6 we can use the Ito rule as follows. First of all,

or x ar y 00 —y 00 x

or Vaz+y? dy NS dr 22 vy2 T By aPty?
The matrix of second partial derivatives is

2

2 92 A— - 0% 0% zy —1

d0x? 0xdy | _ Vo2 g2 a2 y? | 922 dzoy | _ | (@2 +12)? 2 +y2
0%r 8_27" —xy x? ’ 020 6_29 -1 Ty

0x0y Oy? \/zQ T y23 \/x2 T y23 0x0y Oy>? 22 492 (22 +y?)?

Using this in the It6 rule we have
xdw + ydv n dt
/.’172 + y2 2 /.’1,'2 + y2

A similar calculation shows that 6 satisfies

dr =

xdv — ydw xydt

do =
22 + 42 (22 + 12)2

Expressing the right-hand sides of these equations in terms of r and 6 we get
1 .
dr = Q_dt + sin Odv + cos fdw
r

cos Odv — sin Odw n sin 0 cos Odt

do = -

r r

3.5 Expectations

Adopting the notation of the previous section we now consider stochastic equations of the form
m
dr = f(x)dt+ Y gi(w)duw;
i=1

with w; being a Wiener process. What is the rule for computing expectations for such an
equation? If we replace dw; by

1
VA

where N; and N_; are Poisson counters of rate A/2, then it is clear that in the limit as A goes to
infinity we get simply

de = (d]\/v2 — dN,Z)

d
%Ex =Ef(x)
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Thus the rule for computing expectation is simply that £g(z)dw = 0. This is a consequence of
the fact that we defined the solutions of our jump-process equations to be continuous from the
left and have defined the solution after the jump in terms of the left limit.

The result of this method of defining solutions is to destroy the usual time reversal symmetry
of the time axis in a way that has no analogy in the study of ordinary differential equations.

Example: To illustrate, consider the model
dx = xdt + axdw

This might represent, for example, the growth of capital when the interest rate is a random
process. We see that

Ex(t) = ' Ex(0)
The expectation of 2%(t) can be computed by first using the Ito rule to get
de? = 222dt + 202 dw + o2 dt

and then taking expectations to get

d 2 _ 2 2
ZE2(t) = (2+ a?)E[? (1)

Example 2: Consider system
de =vdt ; z(0)=0
dv=nadt ; v(0)=0
da =dw ; a(0)=0

To compute the covariance of (z(t),v(t),a(t)) we write this in matrix notation

x 0O 1 0 x 0
dlv|=]10 01 v |+ | 0 |dw
a 0 0 0 a 1
and take the expectation to get we get
d x 01 0 T
%5 v | =10 01 [E&E|w
0 0 0 a
In terms of the notation
01 0 0
0 0 O 1
we have
x(t x(0)

)
) | =etE| v(0
)
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If we let ¥ denote the covariance then

Y =AY + AT + BBT

¢
Z(t):/ A" BBTeA 7 do

0
t2
At 122 1 ¢ 2
e :I+At+§At: 01 ¢
0 0 1
This yields
r[1 ¢t £7[000 1 00
/ 01 ¢t 000 t 1 0 |at
® oo 1 00 1][2 ¢1
[0 0 & 1 00
o o o0 1 A |
2
tt 3 2
T3 z 72
:/ Loz ¢ | dt
0 t% 1
£t
15 14 13
| e e
irs Ir? T

3.6 A Digression on Stratonovic Calculus

An important aspect of the Wiener process is the formula for the quadratic variation

lim 37 fe(ti) — w(t)]? = a - )

A;—0

where A; = t;11 — t; and the sum is over subdivisions of the interval [a,b]. This fact underlies

the useful calculation rule, dw - dw = dt. In order to define what is meant by the stochastic
differential equation

dz = f(z)dt + g(x)dw

one integrates to get

MWw@:Afmmw+Ammmm
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and transfers the difficulty to that of interpreting the integral. In the figure below we illustrate
part of the construction of the (non anticipatory) It6 integral

b
[ statyu® = tim 3" glatt))(wlt: + A1) - w(t)

On the other hand, in the (partially anticipatory) Stratonovic calculus one uses a different defi-
nition of the integral

b
/ glo)duw(t) = lm 3 glalt; + As/2)(wlt: + A) = w(t))

Using the notation and setup of the figure shown below, we explore the relationship between the
It6 and Stratonovic integrals.

The It6 integral is based on the interpretation of

b
I:/ g(z(t)) dw,

in which g(x(t)) is evaluated at the left end point of each subdivision of [a,b] and dw; is treated
as occurring “in advance” of any change in z(t). That is to say, we define the integral as the
limit of sums of the type

1= ga(t:)(w(t; + A) — w(t;))
On the other hand, we could have used instead

1= "g(x(t; + A/2) (wt; + A) — w(t;))

evaluating ¢ in the middle of the subdivision. Unlike the situation one has in Riemannian
integration where such a change makes no difference, in this case one gets a different integral.
Since this “central difference” interpretation will be useful later, we will now discuss the precise
way in which it differs from the It6 interpretation. These remarks lead to a different, but for our
purposes equally expressive, version of the stochastic calculus. It is also widely used. The key
observation is that from Taylor series we get

ololt + A/2) =g(el0) + 51| A2

If we evaluate Ax as
Az = f(z + Az /2)At + g(x + Az /2)Aw

we see that
g(x(t) + Az /2) =~ g(x(t)) + (0g/0x)g(x)Aw + terms of order At, (Aw)? and higher

Recall that when we introduced the Wiener process as the limit of a certain construction
involving Poisson counters, we found that

E(w(t) —w(r))* =t — 7|

and that as a consequence of this it was necessary to treat the differential calculus with additional
care. In particular, it happened that (dw)? is, in a certain sense, first order and equal to the
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deterministic differential dt. The change of variables and expectation formula associated with
the It6 calculus is summarized by

de = f(z)dt+ g(z)dw
w = (3 e+ g0 du) + 50" 05 Setaa
dgvjte = (G0 1))+ 3a" (@) p0(0

When we switch and represent dynamics by differential equations which are to be interpreted
as central differences, these equations change. The change can be best appreciated by noting
that a Taylor series expansion yields

1 dg

ool + £/2) = 9o (1) + 5 2@ A + 2 (8252

)

But Az is f(x)At + g(z)Aw and since (Aw)(At), but not (Aw)?, is of order higher than At,
we see that

[ swwrav= [ g@oan- [@gonga

Thus we have a different calculus; different from, but equally expressive as, the Ito calculus.
Using barred d’s to indicate differentials in the Stratonovic sense, we can summarize via

dz = f(z)dt+g(z)dw
ay = <8w7f()dt+g(w)%>

e (@43 (52) o)

x)dt + Zgz )dw;

d(Ex)/dt

If x satisfies the It6 equation

then it satisfies the Stratonovic equation

—%Za—g dt—i—ZgZ )duw;

g(x(1) w(t)

| t t+§At

Figure 3.1. Tllustrating the increment w(t + At) — w(t) and g(x(t)).
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3.7 The Fokker-Planck Equation

Hand in hand with the It6 differentiation formula goes the evolution equation for the probability
density. Consider in R™ the It6 equation

x)dt + Zgl )dw;

and let ¥ be a smooth function having compact support. Then

dp = <a¢ dt—l—Zg dwz> zm:<;fg,() gi(x)>dt

i=1

If we are interested in %Ew, we have on one hand

d d

E&p = = Rnw(x)p(t,m)dx
_ Ip(t, x)
B Rnd)(‘r) o

On the other hand,

ey - 5<g—f , f(w)> "

1
dt 2
o) 1. /02
- [ <<8—’j @)+ 53 (Gaato). gi<x>>> plt, )i
Integrating this by parts we get
d 0 1 G 0 .
G80= [ (o 0@ 0y 33 S L i@kt

Putting these two formulas for %81/1 together we have

o= [ | %+ (5 ot >——ZZZ§MW Gi()p(t,2) | da

1=1 j=1 k=1

The only way this can hold true for all v is if

r 2
Oplt. ) _ _<2 ot ) f(m)> iy %axjgm)gj(w)p(t,x)

ot ox

This is the Fokker-Planck equation; the evolution equation for the probability law.

Example 1: Consider the [t6 equation
dr = —zdt + dw

The corresponding Fokker-Planck equation is

Op(t,x Oxp(t,x 0?2
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If p(0, z) is given then one can verify that

Tl e )20
p(t,x) = ——c p(0,m)dn

—oo \/ 270 (1)
with o(t) = 3(1 — e™%)

Example 2: Seeking an interesting topic for a term paper, a novice in finance asks the
following question. If I can solve for the joint probability distribution for the pair of It6 equations

dr = —axdt + brdw;

dy = —cydt + fydw,

with w; and wy independent, can I also solve for the joint probability density when

dx —a 0 x b h x - N x
= dt + dwy + dw
EA R R 1R P | M P | M
Assuming suitable initial conditions, write down a joint density p(t,z,y) in the first case using
the fact that the logrthims of  and y are Gaussian for all time if they are at ¢t = 0. (Do not
forget that we are dealing with It6 equations here.) Should the student expect to be successful

in the more general situation? Explain your answer carefully, including the role of a term of the
form AB — BA.

Solution: If we have dx = —axdt+ brdw then we can apply the 1td rule to get the differential
of Y(z) =Inzx as

dip(x) = —adt + bd fl@dt—(f fle)dterd
)= —a w B .1‘2 = a 2 w

This can be solved for a Gaussian density of mean (c¢; — a — b?/2)t and variance ¢ + tb%. The
same remarks apply to the second equation. The matrix system can not be solved in closed form
because the linear system is time varying and does not decouple.

Example 3: Consider the stochastic equations

de = —(10+ 2)xdt + dw
dz = —2zdN
with 2(0) € {—1,1} and N a Poisson counter of rate A\. Instead of writing p(t,x, z) we write

p(t,z,1) = pi(t,x) and p(t,x,—1) = p_(t,z). In this notation one has the following pair of
equations for the density

Opy(t,x) 0 1 0%
o Ap-(t,z) — p4(t,2)) + a—xll$0+(t7$) + Q@PJF(@ z)
op_(t,x) 0 1 0?
ot Ap+(t,z) — p-(t,2)) + 8—x9$Pf(ta z) + 5@07(@ z)

Example 4: Consider the equation

dz -1 0 x dw cosf sind x
{dy}{ 0 —1}{y}dt+[ dV}Jr{—sin@ cos@][y](lesz)
with N7 and N» being Poisson counters of rate A and w and v being standard Wiener processes.
Find a differential equation for the mean and the variance of (z,y). Find the Fokker-Planck
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equation for p(t,z,y). Discuss the influence of the size of A on the existence of a steady-state
solution. (Assume throughout that w, v, N1, and Ny are all independent, and that 6 is constant)
Working in terms of matrices, and using X to denote the expectation of zz”, we have

Y= 2+ T+E((z+0z)(z+0x)T —22T)A + ((x — Oz)(z — )T — z2T)A

This, in turn, simplifies to )
¥ =-28+7+20X0"\

Clearly, we see that if || is larger than 1 this system might be unstable, depending on the
eigenvalues of the operator L(-) = O(-)07T.

In terms of components everything is much more messy.

ds[ﬂ_{_ol 0 }5[”@54{ cos Sina]s{ﬂudt—mw

-1 Y —sinf cosf
and
[ -1 0 }t
x 0 -1 x(O)}
& =el &
[y] ‘ {ym)
lim £ { . } =0
t—0 Yy

da?® = 2x(—x)dt + 2xdw + dt + [(x 4 = cos  + y sin 0)* — 2%]d Ny + [(z — 2 cos @ — y sin 0)? — x)*]d N,
From this we can take expectations to get

d

E&ﬁ =282 + (E(xcos O + ysinh)*)A + 1

d
Eé’mz = —28x% + 2Xsin 20Exy + Nx? + NEy? + 1

We omit further details.

For the Fokker-Planck equation we have

op(t,z,y) 0O 0 1, 0% 02
where

zy =x F (zcosf + ysinb)
y+ =2 F (ycosh — xsinh)

and
1+ cosf sin 0

-1 _
f = det —sinf® 14+ cosf

Example 5: Consider the piecewise linear stochastic equation of the It6 type

dz = f(z)dt + adw
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where
—x+2 x>1

flx) = x lz| <1
—r—2 r<-1

Write down the Fokker-Planck equation. Find a steady state solution of the Fokker Planck
equation by piecing together, in a continuous way, three Gaussian solutions and normalizing
appropriately. (It will happen that one of “Gaussians ” has a positive quadratic term in the
exponent. This should not cause you difficulty however.) Show that as a approaches zero the
steady state density tends, in a weak sense, to the sum of two delta functions and determine
where the delta functions are centered.

Solution: The solution of the variance equation in the central region |z| <1 is
p= be® /e
In the side regions for which |z| > 1 we have

p= cef(w72)2/a

and

p=de~ 2%/

By symmetry, ¢ = d. Continuity at +1 gives an overall solution of the form

ce—@=2?%/a 4 >1
pss(x) = cem /0 || < 1
ce—(@+2)? a4 g

We must chose ¢ so that the area under pg, is one and so

~1 1
¢l = / =2 fag, +/ e~2aem gy 4 /oo e~ @2 /agy
- —1

o] 1

Example 6: Suppose that x and y satisfy the Itd equation

=T Sl D]l ] ]

with ¢ = 1/2 and

1 1
b=—14-\[4+ ———
2 +I2+y2

Assuming that x2(0) + y?(0) = 1, describe the set of points that sample trajectories will visit.
Hint: Use the It6 rule to compute d(z? + y?).

Solution: Applying the Ito rule to the function ¥ (x,y) = 22 + y* we get
dip(z,y) = 0dt + 0dw + [(z + bx)? — 2% + (y + by)? — y*]dN

which evaluates to
dip(z,y) = (2%(20 + b*) + y*(2b + b?))dN = dN

For the given definition of b this is of the form di¥p = dIN. The solutions will only visit those
circles centered at the origin that have radii which are positive integers.
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3.8 Stochastic Approximation

There are various senses in which a sequence of real-valued random variables might be said to
converge. It is useful to keep in mind that if {z1, za,...xk, ...} is a sequence of random variables
then there is associated with each element of the sequence a different probability distribution, say
Py, Py, ...Py,.... Suppose, that these distributiojns have densities, p1,p2,...pk,.... The densities
are L1 functions mapping the real line into the positive half-line. If the sequence of random
variables is to converge then the sequence of densities must in some, as yet to be described sense,
“converge” to a delta function. Such an analysis requires a creful choice of topologies. On the
otherhand, if we are content to consider convergence in the sense that

lim | (z — 20)?pr(z)dz =0
k—oco R

then convergence is much easier to deal with. The literature on stochastic approximation is
usually concerned with discrete time models. there is usually a more or less obvious way to
pass from a discrete-time description to a continuous-time discription. Here we only consider the
latter.

Consider the following result on the asymptotic properties of the determninistic equation.
Lemma: Let a and b be integrable functions with b nonnegative. The solutions of
z(t) = a(t)x(t) + b(¢)

go to zero as t goes to infinity if

t

lim [ a(o)do — —o0
t—o0 0

and
t

lim b(o)do < oo

t—oo 0
Proof: The solution of this equation is given by
"t t t
z(t) = elo ATy (0) —|—/ el My dn
0

The asymptotic properties of a imply that the first term goes to zero. Because of the convergence
of the integral of b, given any € > 0 there exists a time 7" such that

/ b(r)dr <e
T
Fot t > T we have
t T t t t
ot) = i (o) 4 [ el O pyan [ el b
0 T

The first two terms on the right go to zero and the third can be made arbitrarly small by choice
of T

Now consider the scalar stochastic equation

dw = a(t)z(t)dt + dw
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It has an associated variance equation
o(t) = —2a(t)o(t) + a*(t)

Applying the lemma we see that if

thm 2a(0)do — —o0
— 00 0
and
t
lim [ a*(0)do < oo
t—oo Jo

then the variance goes to zero and we can assert that the random variable z(¢) converges to zero
as t goes to infinity in mean square sense.

The main fact here is that @ must go to zero at just the right rate if = is to go to zero. This
sam analysis can be used much is different if x is replaced by f(z) in the right-hand side of this
equation, as long as f(-) is a first and third quadrent, monotone increasing function.

3.9 Exit Times

Consider the problem of determining the probability that the solution of
dzx = f(x)dt + g(x)dw; z(0) € Sy

leaves an open connected set S D S; before time t. Such problems arise in the analysis life
expectancy of a machine, the time to finicancial ruin, etc. One way to formulate this is to
consider a modified process which satisfies the given equation as long as x € S and satisfies
dx = 0 once x reaches the boundary of S. The corresponding Fokker-Planck equation in the set
S is

dp(t, x) "0 L, 92

G =~ 2 g @)+ 33 (el w)ptt o)
1= 1=1 7=

In terms of a physical picture we can imagine that the boundary of S absorbs the process and

so, insofar as motion inside S is concerned, the appropriate boundary condition is p(t,z) = 0

for z on the boundary of S. To answer the original question then, we would need to solve for p

subject to this boundary condition. The probability that  does not leave S on the internal [0, ¢]

is then just
s
with the integral extending over the open set S.
Example: Suppose that we have a Gauss-Markov process
dx = —zdt + dw; 2(0) =0

and want to know the probability that x(¢) has not left the interval [—m, 7| over the period
0 <t < 1. The Fokker-Planck equation is

Op(t, x) 0 02

- 1~ .
ot ottt T tagaEr

p(t,—1) = p(t,1) =0
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The nature of the boundary conditions suggest that we seek an even solution using an expansion
in terms of trigonometric functions.

oo
p(t,x) = an (t) cosnx
n=0

Standard seperation of variable techniques yield an equation for the individual p,,,

. 1
Pn = Pn — n2pn — —Pn
n

Because the probability that  has not left [—, 7] in the interval [0,¢] is just po(¢) we see that

prob =e~!

3.10 Computing Temporal Correlations

We can use the same multivariable method for computing temporal correlations that were dis-
cussed in section 2.7. If = satisfies the It6 equation

dx = — f(z)dt + g(x)dw
then for 7 > ¢, x(t)x(7) satisfies
drx(t)zT (1) = 2() fra(r)dr + 2(t)g” (2(7))dw,

Thus we can take expectation to get

d;‘igx(t)xT(T) = &x(t)f7 (x(r))

This relationship can often be used with a formula for £z(t)z7 (¢) to actually compute correla-
tions.

3.11 Linear Equations

The combination of the Ito rule and the results of 3.5 on computing expectations gives an effective
method for computing the statistical properties of solutions of stochastic equations of the form

m k
de = Axdt + Z B;xdw; + Z b;dv;
=1 =1

where w; and v; are independent Wiener processes. The special cases

k
de = Axdt + Z b;dv;

i=1

which involve only additive white noise terms have been used extensively as models for physical
and economic systems. The observation that in terms of an enlarged vector (1,27)7 we can write

d[1)=10 8] [ ]ers]f o] s ][ 1]
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means that it is never necessary to display the inhomogeneous term explicitly. For this reason
we begin by developing the basic properties of

dx = Axdt + Z B;zdw;
i=1

Fact 1: If z satisfies a linear sample path equation then

d
ng(t) = AEx(t)

Proof: Take expectations of both sides of (1). Use the fact that £g(z)dw = 0.

Fact 2: If x satisfies a linear sample path equation then for each positive integer p the set of
moments of order p satisfy a linear homogeneous differential equation.

Proof: We introduce the notation z[P!, where  is an n-vector and p is a positive integer, to
denote the (”‘Z’j _1)—c0mponent vector whose entries are the independent monomials homogeneous
of degree p. That is,

1 xl
—1
i) o 7 X2
T = g xPl =
Ty P

If & = Az, then it is easy to see that P! also satisfies a linear equation so that we have, for App
suitably defined,

d

E9[;[1)] = A[p]x[p]
We take this as a definition of Ap,. In applying the It6 rule to (3.1) we get
dzlPl — A[p}x[p] dt + Z Bi[p]x[p] dw; + “Itd term”

the It6 term denoting the contributions due to

92 (pl >

A9, gi )dt

<8$181’j ! !

in using the Ité rule. Because the entries of z! are homogeneous of degree p, their second
derivatives are homogeneous of degree p— 2. Since B;xdw; is linear in z, we see that the [t6 term

is homogeneous of degree p in (x1,x2,...,x,) or, what is the same, linear in z[P!. Thus after
taking expectation, we get

d
%gx[p] = L[p}é’x[”]

for some L. One can show that Ly, is given by

1 1 &
Ly =(4=52"B2) +35> (B
i=1

[p] i=1

Fact 3: If z satisfies a linear sample path equation then for 7 > 0

Ex)aT(t+7) = Ex(t)aT (t)e? T
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Proof: It is easy to see that
d
Eé’x(t)xT(t + 1) = Ex(t)xT (t +7)AT

which is solved with initial condition Ex(t)xT (¢).

3.12 Asymptotic Behavior

Under suitable hypothesis the probability density p(t,z) associated with an It6 equation will
approach a limit as ¢ goes to infinity. This means that the process is approaching a “steady
state” in the sense that certain statistical properties are approaching constant values. In many
cases it is only this steady state which is experimentally observable and a great deal of the study
of statistical physics and classical communication theory is based on steady state analysis.

For a one dimensional linear system the situation is as follows. If we have
dr = axdt + dw
then the 2nd moment equation is
ié‘xz =2ax? 4+ 1
dt

and so

1 1
20y _ 2ate( 2 _
Ex(t)=e 5<m (0) + 2a> %

Thus we see that if a is positive the variance goes to infinity with increasing ¢ whereas if a is
negative it goes to —1/2a with increasing ¢. In fact, since the response to p(0,2) = d(z — o) is

1 aty2
p(t, ) _ efa(zfzge 92 /20(t)
270 (t)

we see that, regardless of the form of the initial distribution, p goes to

p(x) =+/—a/m e’

as t goes to infinity provided that a is negative. In this case the situation may be summarized as
follows: If the nonrandom part of the stochastic equation is asymptotically stable then the density
approaches a steady state as t goes to infinity.

This same conclusion is valid in many situations. In particular, for linear systems of the form
dr = Axdt + Z b;dw;
i=1
we have a differential equation for the second moment (t) = Ex(t)zT (t) taking the form
S(t) = AS(t) + D) AT + bbb 4+ - 4 by bL

(To see this, apply the It6 rule taking advantage of the fact that the w; are independent and the

fact that the second derivative %2;%2’# takes a simple form) This has a solution which may be
10T j

expressed as

t
S(t) = / A=) BBT AT (1-0) 4o 4 At (0)eA "
0
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where B = (b1, b, ... ,b,). If the eigenvalues of A have negative real parts, then X(¢) approaches
a limit as ¢t goes to infinity. The density p also approaches a limit in this case
1 _
lim p(t,z) = ———— e 20 e
t—0o0 (2m)" det Yoo

where Y satisfies
ASoo + 20AT + BBT =0
or
S = / e BBTeA dt
0
Example: Solve the Fokker-Planck equation for
dacl = Z‘th
dry = —x1dt + dw

In this case
Ex(t) = eMEx(0)

= z(t)
and X(t) is given by

Z(t)/ot{ cos(t — o) sin(t—a)} {o o} {cos(t—a) —sint(t—o)]

—sin(t —o) cos(t—o)| |0 1] |sin(t—o) cos(t — o)

(1) = /Ot Lin( sin?(t — o) sin(t — o) cos(t — a)} o

t—o)cos(t — o) cos?(t — o)

T — —
With these definitions p(¢,z) = m e"2 (e-2(0) 27} 1) @—21)

3.13 Finite Difference Approximations

For reasons having to do with numerical simulation as well as theoretical questions we discuss here
the connection between stochastic differential equations and difference equation approximations.
Consider the difference equation
z((k+1)T) =x(kT) + T f(x(kT)) + Tg(z(kT))n(kT)

If we think of this as an approximation to a differential equation, the question of refining the
mesh size becomes of interest. We begin by comparing

z(T) ==z(0) + Tf(x(O)) + Tg(m(()))n(())

with the value of z(T") that results if we replace T by T/2, and iterate. In the latter situation
we get at the first step

2(T/2) = z(0) + (T/2) f ((0)) + (T/2)g(2(0))n(0)
and, repeating this,

o(T) = @(0)+(T/2)f(2(0)) + (T/2)g(2(0))n(0)
+(T/2)f (2(T/2)) + (T/2)g(=(T/2))n(T/2)
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If we expand f and g in their Taylor series we can express this in terms of z(0)

a(T) = x(0)+Tf(x(0)) +T/29(x(0))n(0) + T/2g(x(0))n(T/2)
+(T/2)%g' (2(0)) g (2(0))n(0)n(T/2) + ...

It is useful to focus on the variance associated with x(7) in these two cases. Before refinement,
we have

E(w(T) — 2(0))(x(T) — 2(0))" = T?g(2(0))g” (+(0))En(0)
and after refinement
E((T) — 2(0)(@(T) — (0)" = T2 /4g(x(0))gT (x(0))En>(0) + n?(T/2))

Thus, if we wish the variance of the solution to stay the same when we divide the interval in half,
we must double the variance of the noise. For this reason it is a good idea to adopt the notation

z((k+1)T) = z(kT) + T f(x(kT)) + VT g(x(kT))n(kT)
In such a notation the variance of the noise term n(kT') can remain constant as 7' is reduced.

We remark that if 4(-) is a twice differentiable function of x, then

¢(z((k + 1)T)> =6 ((@(KT) + T (2(KT)) + VT g (a(kT))n(kT))
which yields

w(:c((k—i-l)T)) = (z(kT)) +T<a—w f(x(kT))> +VT <‘2—‘£ , g(m(k:T))>n(kT)

oz’
T

5\ 529> g>n2(kT) +h.o.t.

This is fully consistent with the It6 differential rule.

3.14 Exercises 3

1. Consider the scalar Itd equation
dx = —zxdt — axdw + fxdv ; x(0) =0

where w and v are independent Brownian motions. Derive an equation for the p*" moment
of x and give conditions on « and 3 for the p'* moment to have a finite limit as ¢ goes to
infinity.

2. If z1 and z9 satisfy the It6 equations

diEl = dw1

dl’z = dw2

1
and if we make a change of variables 6 = tan™'(z2/x1), r = ((#1)? 4 (¥2)?) 2, then find an
expression for the probability density p(¢,r,0) assuming that the initial density is rotation-
ally symmetric. If 21(0) = 22(0) = 0 find the probability that z3(¢) + z3(¢) < a.
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. Consider the stochastic differential equation

[dacl}_[—%dt dw}[ml}

dey |~ | —dw —%dt To

Show that x2(t) + x3(¢) = constant. Show that if § = tan=!(z1/z2), then
do = dw

Show that in terms of 6 the probability density satisfies

Ip(t,0) _ adp(t,0)
ot 2 002

for a suitable value of a.. Solve this equation for p on —7 < 6 < 7 given that 6(0) = 0.

. If w is a Wiener process defined for 0 < ¢ <1 and if de = dw with x(0) = 0 evaluate

m(t) = £ ®)

. Consider, again, the polar coordinate representation of two-dimensional Wiener process as

developed in example two of section 3.4.
1
dr = —dt + sin 0dv + cos Odw
r

d0 — cos 0dy — sin Odw n sm@;:os@dt
r r

The corresponding Fokker-Planck equation makes apparent the rotational symmetry present.

dp(t,r,0) 1,10 0> 1 9
ot 2 (r or + Or2 + r2 am)p(tvrv 0)

The term in parentheses on the right is just the Laplacian expressed in polar coordinates.
Show that this equation admits the rotationally symmetric solution

plt,r,0) = 5 e

27t
. Consider the It6 equation

dr = dw;

dy = dws

dz = zdwy — ydw;
Show that p

5522@) = E(2?(t) + y2(t)) = 2t

and that

De2(0)(2(0) +2(1) = EG(0) +42(0) + €221

. Consider the It6 equations for x, ¥, z in the previous problem. Show that the corresponding

Fokker-Planck Equation is

Oplant) 1,0 0, 10 0,

Show that for each real value of A\ the expression p(t,x,y,2) = e~ 2Me=A@"41%) cog 2\ 2
satisfies this equation. It does not have a constant integral with respect to the variables
x,y, z. Discuss the possibility of forming a weighted combination of solutions of this type
to obtain a solution which remains normalized with growing values of ¢.
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10.

11.

12.

Consider the It6 equations

de = zdt + (zz//22 + y2)dw + 2y\/2% + y2 dt
dy = —ydt — (zy/v/ 2% + y2)dw — zz+/2? + y2 dt
dz = —2/22 + 92 dt

Show that as ¢t goes to infinity
Ex? =0
Ey? =0
and
z(t) — 0

In the theory of linear electrical circuits one models a resistor-inductor circuit (following
Nyquist and Johnson) via an Ité equation Ldi = —Ridt + VEKRT dw where T is the
temperature with respect to an absolute scale and k is a suitable constant (Boltzman’s
constant). Determine the expected value of the energy stored in the inductor in steady
state.

\
M
%

Figure 2.1. An electrical circuit with a Nyquist-Johnson resistor.

Consider the Wiener process x
de =dw ; z(0)=0

Let ¢ be a positive number and suppose that it is known that z(¢t) = 0. For 0 < 7 < ¢
find the probability density for x(7) conditioned on the fact that x(t) = 0. What is the

probability density for
t
n= / x(o)do
0

conditioned on the fact that x(t) = 07
Suppose that x; and x5 satisfy the differential equations
dry = xodt
dry = (—x1 — x2)dt + dw

Suppose that the process has reached steady state. Show that the probability that z(t)z(t+
T) is positive is

1 1
= —tan "«
p(7) =~
with « being derived from the autocorrelation function.
Given that
dx = ydt
dy = axdt + Bydt + dw

for what values of a and 8 will p(¢, x, y) have a limiting value as ¢t goes to infinity? Suppose
that § = —3 and a = —2, find
tlim Ey(t)y(t + 1)
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13.

14.

15.

16.

17.

18.

CHAPTER 3. WIENER PROCESSES AND DIFFERENTIAL EQUATIONS

Compute the probability that the solution of
dry = dun ;o 21(0)=0
dry = dws i 22(0)=0

lies in the disk {z1,z2|2? + 23 < 1} at t = 1. Evaluate the expected value of

m(t) — e.tl(t)arg(t)
Consider the modified diffusion equation

op _ 1% Op

ot~ 2oxr P Ton
Find an It6 equation of the form
dx = f(x)dt + g(z)dw

such that the above diffusion equation describes the probability density. Solve for the
density given 2:(0) =0

Consider the equations

de =xdt+dw—dt ; z(0)=(0)
dy = xydt ; y(0)=1

Find the probability density p(t, z,y)?
Evaluate £22(t) for z satisfying

dz = —2zdN
dx = (o + z)zdt + dw
Here N is a Poisson counter of rate A and w is a standard Wiener process.
Consider a system of the form
dx = (—2zzx — z)dt + dw
dz = —2zdN ; z(0) € {£1}

with N a Poisson Counter of rate A. The z equation is “unstable” with growth e’ when
z = —1 but is stable with decay e 3! when z = +1. of course z = +1 and z = —1 are
equally likely and using the methods of section 3.5 we see that

d

%53:2 = —4&zx® — 2827 + 1

d
%5,23:2 = —4Ex? — 26222 — 2NEzx? + E2

Show that the solutions of these equations approach a constant regardless of the initial
conditions.

Consider the pair of equations

d.Zl = 72$1dN ; wl(()) € {*1, 1}
drey = —10xadt + x1dt + dw

with N being a Poisson counter of rate A and w being a Weiner process. Compute
d(t, ) = Exa(t)xa(t + 7) ; T>0

Does there exist a limiting value for £22(t) and £x3(¢) as t goes to infinity?
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19.

20.

21.

22.

Compute the autocorrelation function for the steady state of x(t) where
de(t) = —z(t)dt + z(t)z(t)dt + dw
dz = —2zdN ; z(0)=1
with IV being a Poisson counter of rate A.

Consider the pair of stochastic differential equations

dr = zxdt + dw
dz=-2zdN ; 2z(0)e{-1,+1}

where N is a poisson counter of rate A\. The It6 rule gives

2
dip(z,2) = g—qizxdt—&— [p(z, —2z) — P(x, 2)] AN + %2715 dt + g—fdw

Assume that the initial density of z exists and that a density exists for all positive time,
say p: RT x R x {1,-1} - R.

Writing p(t, z,1) as py(t,x) and p(t,z,—1) as p_(t, z) show that

8p+(t,x) _ 162p+(t,x) _ 8xp+(t,x)

+ )‘(p— (t,z) — p+(t, x))

ot T2 922 ox
Ip-(t,x) 19p_(t,x)  Ozp_(t,x)

Consider the pair of It6 equations

dr = z(t)zdt + dw ; z(0) € R!
dz = —2z(t)dN ;o 2(0) € {£1}

where w is a standard Wiener process and N is a Poisson counter of rate A. Find the
Fokker-Planck equation for this system and express it in terms of two coupled diffusion
equations. Does there exist a limiting value as t — oo for Ex2(t)?

(Heat baths and equipartition of energy) Let x take on values in R™, let S be a real skew-
symmetric matrix and let € be a positive number. Consider the It6 equation

dx = (S — eGGT)xdt + /eGdw
Assume that (G, SG, ... ,S"1G) has rank n. In steady state the variance satisfies
N(S — eGGT)T + (S — eGGT)Y = —eGGT

Show that ¥ = (1/2)I is the unique solution of this equation for all € > 0. Now consider

dx S—GGT B[z Gdw
] =[P Al [ [50]
Evaluate the steady state variance assuming Q = —Q7 and rank (B,QB,... ,Q*B) = k,
where k =dim z+dim z.
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NOTES AND REFERENCES

[1] Gaussian distributions are also called normal distributions. Most applied mathematical
treatments of partial differential equations do not solve the heat equations in quite enough
generality for our purposes, but the basic ideas are widely discussed. For example, see

1. 1. Stakgold, Partial Differential Equations, Van Nostrand, New York, 1991.

[2-3] This kind of limiting approach starting from Poisson process was worked out by Paul Levy
around 1940. A more recent and highly readable account can be found in:

1. H. P. McKean, Stochastic Integrals, McGraw Hill, New York, 1969.

Alternative points of view are explored in:

1. E. Wong, Stochastic Process in Dynamical Systems and Information Theory, McGraw
Hill, New York, 1969.

[4] Notice that we can keep the same point of view as was used in Chapter 2.

[5] The Fokker-Planck equation plays a fundamental role in many physical problems. It is also
the point of departure for the study of the very important conditional density equations to
be taken up in Chapter 6.

[6] The original papers on stochastic approximations are H. Robbins and S. Monro, “A Stochastic
Approximation Method,”, Annals of Mathematical Statistics, vol. 22, pp. 400-407, 1951.
and J. Kiefer and J. Wolfowitz, “Stochastic Estimation of the Minimum of a Regression
Function,”, Annals of Mathematical Statistics, vol. 23, pp. 462-466, 1952. An early
applicationin control is given in H. J. Kushner, “Hill Climbing Methods for the Optimization
of Multi-Parameter Noise Disturbbed Systems,” 1962 JACC.

A recent reference dealing with the stability of stochastic differential equations is: L. Arnold
[7] A classic text on stationary processes, including material on the expected number of zero-

crossings is: Harald Cramér and M. R. Leadbetter, Stationary and Related Stochastic Pro-
cesses John Wiley, New York, 1966.

[8] The exercises involving coupled diffusion equations are roughly analogous to problems in
quantum mechanics involving spin. See, for example,

1. Gordon Baym, Lectures on Quantum Mechanics, University of Illinois, W. A. Ben-
jamin, Inc., New York, 1969.

2. Eugene Gutts, “Brownian Motion and Indeterminacy Relations”, in Stochastic Pro-
cesses in Chemical Physics, (K.E. Shuker, Ed.), Interscience, New York, 1969.



Chapter 4

Pseudorandom Processes

4.1 Pseudorandom Number Generators

A deterministic process, such as the calculation of the decimal expansion of 7, may produce a
sequence of digits that appears to be random if one checks the relative frequency of occurrence of
a particular digit or pair of digits even though there may be sophisticated tests powerful enough
to reveal the deterministic origin of the sequence. Do there exist “universal” tests for randomness
and what tests would one use to attempt to use to discover if a sequence is truly random? Are all
points in the sample space represented with the right frequency? Are there correlations between
successive points? Any finite list of tests could be extended by considering more complex tests.
The sequence of digits of m would fail certain highly nonlinear tests for randomness but in many
applications these tests would be irrelevant.

The generation by computer of “random” numbers and sequences of random numbers is
obviously quite important for simulation and even for some types of computation. Most high
level computer languages make available random number generators that produce an empirical
distribution appearing to be consistent with the uniform distribution on [0,1]. Of course the real
situation is a bit different. The random numbers produced by computer are all rational and, far
from being independent. Successive elements in a sequence are related by a deterministic rule.

Consider the equation
z(k+1) = (kz(k) + b) mod 1

If k is large, say about 10°, then multiplication by k can be thought of as shifting the decimal
point of = five places to the right. The addition of b further rearranges matters and reducing
modulo one serves to make everything to the left of the decimal point irrelevant. Thus successive
terms in the sequence, while deterministically related, are related in such a highly nonlinear way
that insofar as linear correlation is concerned they may appear to be independent, depending on
the exact values of z(0), k and b.

65
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4.2 Uniform versus Gaussian Distributions

According to the central limit theorem, under rather weak hypothesis, the sum of n independent,
identically distributed zero mean, variance o, random variables has a density which when suitably
scaled tends to a Gaussian with increasing n. That is, the density for the random variable yn

N

yN:ZUf;E

=1

tends to a gaussian of unity variance as N goes to co. Expressed in terms of convolution, we
have for a unity variance distribution

9(y2) = f(z) * f(x)
as the density of
Yo = (z1 + 72)

Thus the density for y,, in the limit as n goes to infinity, is

. T T T 1 a2
7}1—>n§of<ﬁ>*f(ﬁ)*m*f(\/_ﬁ) = \/ﬂe 2
n factors

One can investigate how this works using the density f(z) =1 for [z| < } and zero otherwise.

(In this case the variance is %) The number of terms required to get a good approximation

depends on the circumstances. Naturally the probability that (1 +z2+-- -+ 2,,) exceeds n/2 is
zero. Thus this remains of limited validity even for n large. However, near the origin, say |z| < 3
the match is already quite good for n = 20.

4.3 The Results of Jacobi and Bohl, Sierpinskii and Weyl

In this section we sketch two results on deterministic processes.

Theorem 1: Let z be a scalar, 0 < z < 1, and w a real number. If f(z) = (z +w) mod 1
then the orbits of z(k + 1) = f(x(k)) are dense in [0, 1], if and only if w is irrational.

Proof: If w = 1, then z(p) = x(0) + 1) mod (1) = x(0) and so z(p) = «(0). Thus all
motions are periodic. If w is irrational then f"(x) # f™(z) for m and n distinct integers; if not

r+nw =+ mnmw

which means (n — m)w is an integer. Thus each orbit contains an infinity of points in [0, 1].
There must be at least one limit point. That is, given 1/2 > € > 0 there exists m # n such that
|f™(xz) — f™(x)|] <e. This means

|f ()] < €

because |f(z) — f(y)] = |z — y|. (Recall that 0 and 1 are to be thought of as being the same
point.)
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Let n—m = q. If f9(x) — z is positive, then f2¢(z) — x is also. We observe that the sequence
x, fi(x), f24(x),. .. satisfies

[f7 () = £ ()] > €

for r and s integers between 0 and L. The same is true of f(z) —x negative. But € is an arbitrary
positive number so the sequence f"(x) is dense in [0, 1].

Vector Version: Suppose z(k+1) = z(k) +w with (k) € R™. In this case x(k) winds densely
if k-w € Z and k € Z™ implies k = 0.

The following theorem is often credited to Bohl, Sierpinskii and Weyl.(See [4].) It shows
that the process described in Theorem 1 generates a uniform distribution if w is irrational. It is
formulated in terms of a rotation on the circle S!.

Theorem 2: If f : S' — S is a rotation of the circle through an angle w, if w is incommen-
surate with 27, and if ¢ is a Riemann integrable function, then

N —oo

.
lim N;w(ﬂx)): Y@ dz

Proof: (This is only a partial proof.) For the sake of making the steps in the proof more
transparent, we transform the problem to the unit circle. Write z = €™ and 6 = ™. We
study the difference equation z(k + 1) = e*™“z(k). Now

1 . k k

% Shoo (€7F2(0))" = % o 0°2(0)
1 p=20

- 1 0"P—1

Ezp 0P —1

Ify(z) = Zle a;%* then we just add up the above. This gives the result when 1 is a polynomial
in e2™%0 We omit the demonstration that any Riemann integrable function can be approximated
by such polynomials with sufficient precision so as to complete the proof.

4.4 Other Difference Equations

There are completely deterministic procedures for determining the decimal expansion of 7. Yet if
we considered a discrete time stochastic process x(t) taking on values in the set {0,1, ... 9} with
uniform distribution and independent trials, we would have great difficulty in designing a test
which would distinguish the above expansion from a sample function of the stochastic process.
This is but one of many procedures for generating what we might call pseudorandom processes.
Recently it has become a very popular game to invent deterministic schemes for generating
processes whose behavior looks stochastic. This may be done using difference equations or
differential equations. Because rather less is known about the differential equation case we begin
with a brief discussion of difference equations.

Perhaps the best known pseudorandom difference equation is the so-called “logistic” equation
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considered on the interval 0 < z < 1 and for 0 < k < 1. In this range of values we may distinguish
between several types of behavior according to

(a) 0<k<g

a
b) 7 <k<~.91
c) ~91<k<1

—~

In the first case all solutions approach an equilibrium point. In the second region there are many
periodic solutions — more as k gets larger. In the last case the motion appears to be quite chaotic
indeed.

If f: [0,1] — [0,1] is such that for each value of y there is a finite number of values  such that
f(x) =y, and if f is differentiable with a derivative that is nonzero except for a finite number of
points, then we can consider the equation

sy = Y (@)

inverse
images

This is the functional equation that a steady state density for x would need to satisfy if it were
to exist.

Example 1: Let f(x) = 4z — 422, In this case f(f(... f(z)...)) is a polynomial of degree
2™ where n is the number of compositions. Clearly this has at most 2" distinct periodic solutions
of period n because a polynomial of degree 2™ has, at most, 2™ real roots. It is easy to see that
if all the roots are real and distinct then there are 2™ distinct periodic solutions of period n.

i
0.9l
08l
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20 60 100

Figure 4.3.Trajectory of the logistic equation x(k + 1) = 4z (k) — 422(k).

The functional equations that the steady state invariant density would need to satisfy can be
found as follows. From
y = 4 — 42

we see that
(y—1)=—(2x—-1)?

or
z=11+1-y)
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thus

) = = (p(z + 3VI-9) + (3 — 3V1-v)

Example 2: Let f be defined by

— N

f(a:) - {gx—ZZx : 2

IAIN
IA INA

then the difference equation
z(k+1) = f(z(z))
gives rise to the invariant measure equation
p(x) = o(e/2) + 3p((1 —2)/2)
Clearly this admits the solution p(x) = 1. Value z(0) = a gives rise to a periodic solution of

period n if

If n =2 and a < 1/2 this is

4.5 Differential Equations

We have seen that simple difference equations of the form z(k+ 1) = f(z(k)) can have solutions

that are highly unstable but yet are not unbounded. Differential equations can exhibit the same

type of behavior but unless time enters explicitly they must be of dimension 3 or more.
Consider the third order equation

2® 423 112521 —1.8sin(z) =0

Figure 4.3 shows a trajectory in (z, )-space.lt is confined to a relatively small region of the space
but yet it does not appear to be periodic.

Figure 4.3.Trajectory of the third order equation.



70 CHAPTER 4. PSEUDORANDOM PROCESSES

4.6 Exercises 4

1. Any given a number in [0,1) has a binary expansion z = .ajasasz---. Of course a; is one
ifx>1/2,asisoneif x —aj; > 1/4,... etc. Describe the process of generating the a; as a
pair of scalar difference equations by introducing b; = x — a1, as,... ,a;_1 then finding ¢,

and g2 so that
ait1 = g1(ai, b;)

bit1 = g2(a;, b;)

4.7 Notes and References

1. S. K. Park and K. W. Miller, “Random Number Generators: Good ones are hard to find,”
Comm. A.C.M., vol. 32, (1988), pp. 1192-1201.

2. Gérard Iooss and Daniel D. Joseph, Elementary Stability and Bifurcation Theory, Springer
Verlag, New York, 1980.

3. A. J. Lictenberg and M. J. Lieberman, Regular and Stochastic Motion, Springer-Verlag,
New York, 1983.

4. J. Guckenheimer and P. Holmes, Nonlinear Oscillations, Dynamical Systems and Bifurca-
tion of Vector Fields, Springer-Verlag, New York, 1983.

5. V.I. Arnold and A. Alvez, Ergolic Problems of Classical Mechanics, Benjamin, Reading,
MA, 1969.

6. Edward Ott, Chaos in Dynamical Systems, Cambridge University Press, Cambridge, Eng-
land, 1993



Chapter 5

System Concepts

This chapter marks the transition from pure stochastic processes to the subject of stochastic
control. We assemble here a few control and system theoretic tools that will be used in the later
chapters. We are interested in modeling systems that have control terms (inputs), stochastic
terms, and explicitly observable terms (outputs). One of the basic problems we will discuss is
that of finding a stochastic differential equation whose solutions have certain specified statistical
properties. A second basic problem is that of modeling energy flow in systems with inputs and
outputs.

5.1 Deterministic Linear Systems

A deterministic, continuous time, differential equation based, input-output model takes the form
&= f(z,u,t); y=h(z1)
A stochastic, differential equation based, input-output model takes the form

k 1
dx = f(z,u,t)dt + Zgi(x, w)dw; + Zgi(% w)dN; ; dy = h(x)dt + i(z)dv

i=1 j=1

Mathematical models of the form
t=Ax+ Bu ; y=Cx

with z,u, and y vector valued are called linear systems. If A, B, and C are constant then it is
said to be a time invariant linear system. If ®(t, o) satisfies the equations

d
Eq)(t,o) = A({)®(t,0) : ®(o,0) =1
then @ is said to be a fundamental solution of & = Az. If A is constant then ®(¢,0) is just
A=) = [+ A(t — o) + A%(t — 0)?/2 + - --. The so-called variation of constants formula gives
y in terms of z(o) and u

y(t) = C(O)B(t, 0)a(0) + / C(t)®(t,0)B(o)u(o)do
71
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The function T defined by T'(t,0) = C(t)®(t,0)B(0) is sometimes called the weighting pattern.
If A, B, and C are constant then it takes the form

T(t,0) = Cett=9)RB
with e4* being defined by the (convergent) series

eM=T4 At 4+ A*%/2 + - -

A linear system is said to be controllable if for any given value of z(o) and any given t > o
there is a control u(-) defined on [o,t] such that u(-) drives the system to the state zero at time
t. The matrix

W(o,t) = /t ®(t,0)B(c)BY (0)®T (t,0)do

is called the controllability gramian for the interval [o,t]. Notice that W (o,t) is automatically
nonnegative definite. An application of the control u(t) = BT (¢)®T(t,0)W~1(t,0)z(o) shows
that if W—1(t,0) exists then the system is controllable. If it is positive definite then the system
is controllable. If A and B are constant then W (o, t) is positive definite if and only if the matrix
(B,AB, ..., A" !B) (commas denote column partition) has rank equal to n = dim .

The problem of observability relates to the possibility of determining the value of x(t) from
a knowledge of y(-) = cz(-) over some interval [t,?;]. The answer to this type of question can
also be reduced to the investigation of the definiteness of a symmetric matrix. Consider the
expression

t

BT (tr, to)cT (D)y(t) = / CBT (1 o) (£)e(t) B (b, to)dbzo - / BTt o) (1) / (¢, 0)u(o)dodt

to to 0

the matrix

M(tl,to) = /t1 (I)T(tl,to)cT(t)C(t)fb(tl,to)dt

to

is called the observability gramian.
If A, B, and C are constant matrices then one can associate to the system
&= Az + Bu;y = Cx

a matrix of rational functions

G(s)=C(Is—A)"'B

called the transfer function. It has a number of properties that make it useful in doing systems
analysis. In the first place, if we recall that if the real parts of the eigenvalues of A are all less
than o then x(t)e™“" approaches zero as t goes to infinity and we may define the the Laplace
transform for Re s > o by the integral

oo
L(z()(s) = / e Sta(t)dt
0
It is not too hard to see that the Laplace transform of the matrix exponential e is given by

/ e SteMdt = (Is — A)~!
0

Thus we see that the transfer function is the Laplace transform of the weighting pattern.

It is of importance to observe that if the real parts of the eigenvalues of A are negative then not
only do all the unforced solutions of £ = Ax 4+ Bu go to zero as t goes to infinity, but in addition,
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the solution corresponding to u = ug cos wt approaches the form x(t) = x1 coswt + x2 sinwt and
we can compute vectors 1 and xo from ug and the transfer function. In fact, if we write

C(liw — A)™'B = ReG(iw) + iImG(iw)
then
x1 = Im(iw)ug; zo = ReG(iw)ug
This justifies the use of the term “frequency response”.

If a linear model is to describe certain types of physical situations then additional symmetries
and structure maybe present. For example, if

t=Ax+ Bu ; y=Cxz

describes a passive electrical network with u being a vector of currents associated with a collection
of terminal pairs and y being the corresponding voltages, then (u,y) is the rate of flow of energy
into the system. If the stored electrical energy is given by 27 Q72 then of course

ixTQx =27 (QA+ ATQ)x + 27 QBu +u" BT Qx

dt
= 2T (QA+ ATQ)x + 2(y,u)
thus we must have B = C7 and QA+ ATQ < 0.

A linear stationary system that is controllable and observable and symmetric in the sense
that CA'B for i =1,2,... is a symmetric matrix is said to be passive if there exists a symmetric
positive definite matrix 3 such that

%xT (t)2z(t) < yT (t)u(t)

Example: Consider the linear Itd equation
dx = ydt
dy = zdt + adw

dz = —xdt — 2ydt — zdt + dw

Display the equation for the steady state variance as a function of the parameter a. Is there any
value of a such that the steady state variance is not positive definite? You can answer this by
solving for the variance if you like but there are other ways to get the answer.

Solution: Writing this in vector matrix notation we have

dx 0 1 0 T 0
dy | = 0 0 1 y |dt+ | a | dw
dz -1 -2 -1 z 1
The steady state variance equation is
0 1 0 011 012 013 011 012 013 0 0 -1 0 0 0
0 0 1 021 0922 023 + 0921 022 023 1 0 =2 + 0 CL2 a =0
-1 -2 -1 031 032 033 031 032 033 0 1 -1 0 a 1
It can be solved one component at a time. From the first row, o125 = 0, 095 = —o13 and

093 = 011 +013. Turning to the second row, we see that gg3 = fa2/2 and that o33 — 093 — 2099 =
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—a. Thus 017 + 013 = —a?/2 and o033 — 2092 = —a — a?/2. Finally, the last equation is
013 + 2093 + 033 = 1/2. Thus, in addition to 012 = 0 and 093 = —a?/2 we have
011 + o013 = —a?/2
022 = —013
033 — 022 = —a?

2
013+ 033 =a

This leads to 033 — 2092 = a+a?, and 092 +033 = 1/2—a? which implies that o33 = 1/4+a/2

and 099 = 1/4 — a/2 — a?, and

Thus
011 012 013 1/2+a+02 0 —1/2—&—3&2/2
021 02 O3 | = 0 1/2+a+3a?/2 —a?/2
031 O3y 033 ~1/2 —a—3a?/2 —a?/2 %+a+5a2/2

The determinant vanishes, signaling a lack of positive definiteness, if 1 —a — a? = 0.

An easier way to do the problem is to observe that the eigenvalues of A have negative real
parts and thus there is a steady state solution. The steady state solution will be positive definite
if the syistem is controllable. The controllability matrix is

0 a 1
[b, Ab, A%D] = | a 1 —2a —1
1 —2a-1 a—1

and its determinant is —a® — 3a%? — 2a — 1. The covariance matrix fails to be positive definite
when the system fails to be controllable.

5.2 Covariance and the Power Spectrum

We now turn to a more general situation which illustrates the much broader scope of the previous
somewhat special reasoning. For a more detailed account of the background ideas involved here
see the literature.

A real valued stochastic process is said to be wide-sense stationary if the statistical properties
Ey(t) and Ey(t)y(r) are, respectively, independent of ¢t and dependent only on |t—7|. A stationary
process is said to be ergodic if all statistical properties can be computed as time averages. For
example, if y is ergodic, then

with y, as it appears on the right, being any particular sample path.

In applications one is often interested in processes of this type and usually measures the
power spectrum rather than the autocorrelation function. For a sine wave, y(t) = asinwt the
power is concentrated at w and the power density (power per unit bandwidth) at that point is a
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delta function of strength a?. In general, the power spectrum, defined for zero mean, wide-sense
stationary processes by

is a measure of the “power” at w in the process y.

For stationary, ergodic processes, the power spectrum and the autocorrelation function are
related by the well known Wiener-Khinchin theorem which states that the power spectrum is
simply the Fourier transform of the autocorrelation function. We sketch how this goes. By

definition
e ’
—_ . —iwt
d(w) Th_r)réo 5T /_Te o(t)dt
which we can write as
1 T T _
Pw) = Tlggoﬁ/,T » e “Why(t)e™Ty(T)dtdr
1 T T .
_ - —tw(t—T
Jim o [ y(O)y(r)dtdr

Let 0 =t — 7 and use the ergodic property to get

T

bw) = tim [ gDyt - a)do

which is the desired result.

Since the power spectrum of a real valued stochastic process is clearly nonnegative at each
frequency, we see that there must be some nontrivial conditions on a function ¢ in order for it to be
an autocorrelation function. These are best brought out by means of the Parseval relation which

states that for complex valued functions which are square integrable on the interval (—oo,c0)
and related by

D(w) = \/% /_DO e~ Why(t)dt

| wpa= [ jepa

— 00 —0o0

we have

Example: Let y(t) = eIt defined on (—o0,00). Its Fourier transform is

1 < . 1/V2
glw) = e (/0 e_“”te_tdt—&—/ e_““tetdt> = 1/+ wg

If ®(w) is nonnegative on the real axis, then of course for any w(-)

0< /:)O O(w)i(w)[Pdw

Since multiplication goes over into convolution after Fourier transformation, we have

0< /_ o; /_ Z 6(t — Yu(t)u(r)dtdr
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Functions ¢ which satisfy this inequality are said to be positive definite (in the sense of Bochner).
The autocorrelation function of a stationary process is positive definite.

One can gain some appreciation for what it means for a function to be positive definite by
letting u be a zero except for a string of narrow pulses centered at t1,to,...,t,. In this case
define

B(u) = [ O:o [ O:O o(t — TYu(t)u(r) dtdr

Then the integral is approximated by

[a1, o, ... ap]

p(th —t1) Gt —t2) - d(t1—tn) o
P(ta —t1) P(ta —ta) - P(ta —ty) 04.2
¢(tn - tl) ¢(tn - t2) e ¢(tn - tn) Oén

where «; is the area under the i*" pulse. Clearly we require that the symmetric matrix on the
right should be positive definite.

5.3 The Zero-Crossings Problem

We consider briefly here a a problem that comes up frequently in applications. We wish to
evaluate the expected number of times a gauss-markov process will cross a given level in a given
period of time. The essential calculation will be given in detail but some of the details of the
argument will only be treated superficially.

Consider the It6 equation

de = (—z+wv)dt ; z(0)=0

dv=(—v—z)dt+dw ; v(0)=0
Compute the steady state value of the covariance matrix

(1) [ z(t) z(t+7) ]
2(7):5[ a(t+7) ]

de =(—z+wv)dt ; z(0)=0

dv=(—v—z)dt+dw ; v(0)=0
The steady state value of the covariance matrix

2<r>:8[:c<x(t) ]Mt) w(t+7) |

t+7)

can be obtained from the steady state solution of the variance equation associated with (z,v),

o -1 1 011 g12 J11 g12 -1 -1 0 0
O_|:—]. —1:||:0'21 022:|+|:021 0'22:||:1 —].:|+|:01:|
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by solving
(1) = Soce' ™
Note that
AT+ e~ TcosT e "sinT
—e 7sinTt e TcosT

The steady state value of ¥ is

00|00 |

00|00 |
—

5.4 Stochastic Realization Problem

The basic problem in stochastic realization is that of finding a dynamical model, say of the form
dx = f(x)dt + Xg;(z)dw; + £g;(x)dN;

and a map h(-) such that y(¢) = h(x(t)) has certain, preassigned, statistical properties. Stated
in this way, the stochastic realization question is a very general one and one for which a general
answer is not likely to be too useful. In control theory and communication theory one is often
interested in specifying just the mean and covariance; most commonly

Ey(t) =0

Ey(t)y(t +7) = (1)

and then asking for a linear model of the form

dx Azxdt + Bdw

Yy = cx

such that y has the desired statistical properties. We will see that this particular version of the
stochastic realization problem has a solution which is essentially unique.

Before discussing the mathematical treatment of the problem of stochastic realizations we
give a few examples.

Blackbody Realization

The most striking example of a stochastic realization problem comes from physics and con-
cerns the so-called “blackbody radiation problem”. In the late 1890’s experimenters in Berlin
were measuring the power spectra of the radiant energy coming from the sun. The existing theo-
ries as developed by Wien and Rayleigh-Jeans did not agree with each other and did not explain
the experimental results in a uniform way. Letting w denote the frequency of the electromagnetic
radiation, Max Planck noticed that for appropriate values of o and 3 the function

Blwl®

exlwl — 1

d(w) =

provided an excellent fit to the observed data, and more importantly, suggested his quantum
hypothesis in order to explain this function. Thus it is fair to say that insofar as Planck’s
contributions are concerned, the “old quantum mechanics” grew out of an attempt to solve a
particular stochastic realization problem.

Speech Synthesis
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No two people pronounce a given word the same way. This does not cause much difficulty
for humans but it is the source of great difficulty for researchers trying to build artificial speech
recognition systems. It means that there is not a single acoustical pressure wave that corresponds
to the word “dizziness” but rather, a class of signals. Conversely, it is not appropriate to model
“dizziness” by a single signal but rather it should be thought of as a family of possible realizations.
Consider a finite state process of the form

i=1

y(t) =Y dila)bi(t)
i=1

0.6

o
Y
T

0.4+

o
EY
T

o
IS
T

02+

o
N
T

o

02} 02l

N

04+

=

041

0.6

Y

-0.6
08}

@

where the b;(t) are fixed deterministic or stochastic processes. According to this point of view
spoken English corresponds to a set of stochastic models.
% o5 1 15 2 25 s a5 4 . o o5 1 5 2 25 3 35

x 10 x 10

4 45
"

Figure 5.1. A waveform of the author saying the word “spectral” (left) and “factor” (right).
Turbulence

Other problems of this type which are not yet solved include an explanation of the power
spectra of certain fluid mechanics problems. In this area the nature of the underlying model is
still very much up in the air. In the 1940’s Kolmogorov applied physical principles to reason
that the power spectrum associated with turbulence should, for large value of w behave like
7(w) = kw~5/2. The status of this theory is still uncertain.

5.5 Linear Stationary Realizations

As we have seen in section 2.5, the covariance associated with

dv = Azdt + Y bidw; ; x(t) €R"
=1
is given by

T

Ex(t)aT(t+7)=2)er ™ ; 7>0
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where ¥ satisfies

S =AS+3SAT +> bl

i=1

This means that in the limit as ¢ goes to infinity, we obtain an autocorrelation function
which depends on 7 only provided that the eigenvalues of A have negative real parts. Under this
hypothesis we have a unique solution ¥ to

AL+ AT+ b =0
i=1

Moreover, this solution is nonnegative definite and can be expressed as

m 0o
s=Y / eAthbTeA Lt
i=170
It is not too hard to see that X is actually positive definite if the system
m
i=1

is controllable. That is to say, ¥ is positive definite if the set {A%;} spans R™.

In any case, assuming only that Re A(A) < 0 we have for 7 > 0

m e’}
tlim Ex(t)x(t+7) = <Z/ eAtbinTeATtdt> AT
— 00 P 0
If y = cx is any linear functional on z, then
tlim Ely®)y" (t+1)] = exed T

where ¥ is as above.

5.6 Spectral Factorization

Given a linear stochastic equation of the form
dr = Azdt + Bdw ; z(t) e R"

with (A, B) a controllable pair ((B, AB, ... , A" 1 B) has rank n), we know that if the eigenvalues
of A have negative real parts, then

tlim Ex(t)aT(t+7) = DeA’™ ; 72>0
Jlim Ext)a(t+7) = AT 70

Using the definition of the Fourier transform we obtain

/OO e T o(1)dT

— 00

P(w)

[e%s) 0
/ e wTNeA T dr Jr/ e T AT dr
0

— 00

= —Y(—iwl 4+ AT)7! — (iwl — A)7'%
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We can use the formula YAT + AY + BBT = 0 to reexpress this. Adding and subtracting iw¥
we get

(A —Tiw)E 4+ X(liw + AT) = —BBT
Pre and post multiplication by —(liw — A)~! and (liw + AT)~! yields
Y(—Tiw — AT)™! 4 (Tiw — A)7'Y = (Tiw — A)"'BBT (~Tiw — AT)™!
Thus
®(w) = (—Tiw — A)"'BBT (liw — AT)™!

This shows that the Fourier transform of the autocorrelation function is hermitian and non-
negative. Looking at y = cx we get for the Fourier transform of Ecx(t)cx(t + 7) = & (1)

F(p() = e(—Tiw — A)7bT (Tiw — AT) 71T

The solution of the present version of the stochastic realization problem is based on this
identity and the following lemma. (The spectral factorization lemma.)

Lemma: Given an even function ¢(s) = ¢ (—s) which is real, rational, and nonnegative on
s = iw for all w, there exists r(s), real, rational, and having no poles in the half plane Re s > 0
such that

Moreover, r(s) is analytic wherever 1 is.
Proof: See Finite Dimensional Linear Systems.

Suppose we are given a bounded, continuous real valued function ¢(-) = ¢(—-) which for ¢ > 0
is of the form

o(t) = Z i t' et (A; may be complex)

positive definite in the sense of Bochner. Its Fourier transform & is nonnegative and hence can
be expressed as

®(w) = r(iw)r(—iw)

with r(s) a real rational function with its poles in Re s > 0. (Poles on Re s = 0 are ruled out by
the fact that they lead to infinite total power in the power spectrum.) In view of these remarks
we can express the inverse Fourier transform as

(F717r)(t) = ce™b
Tracing backwards the above formulae yield the identity
Jim Ey(t)y(t +7) = ()
for

dx Axdt + bdw

Yy = cx

Thus to solve the problem of realizing a given stationary covariance ¢(-) with a Wiener process
model it is enough to
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) Transform ¢(-)

i) Factor the transform using spectral factorization
) Express r(s) as ¢c(Is — A)~'b

)

(iv)  Construct
dx = Axdt + bdw
dy = cx

Example: Let the power spectrum be

1 1

T 14 w? +9+w2

B 10 + 2w?

(14 w?)(9 4+ w?)

_ (V5 +w) (v/5 — iw)
_V§a+m@@+nw' %1-@@@—m@

D (w)

A corresponding realization of the covariance is provided by

][ (28 o]

T
dxo -3 —4 T2 T2

5.7 The Gauss-Markov Heat Bath

This section describes an application of the above ideas to a basic problem in statistical mechanics.
The stochastic realization problems which appears here is distinguished from those just considered
by a need to realize jointly a certain “coupling behavior” (e.g., an impedance) together with a
power spectrum. This idea is illustrated very nicely by the Nyquist-Johnson model for a resistor.
In fact the model proposed by them, when used with the theory of linear systems, leads to a
rather nice packaging of a certain circle of ideas in statistical mechanics. The advantage of the
system theory formalization is that it allows one to discuss the interaction between systems in a
very precise way. We will illustrate this with a discussion of heat baths. In the process we will
need to clairfy the following ideas.

1. Linear passive systems and stochastic dynamical systems
2. The fluctuation dissipation equality and temperature.

3. The heat bath as a stochastic dynamical system.

By a linear, finite dimensional, gaussian system (FDLGS) we understand a pair
dr = Azxdt + Budt + Gdw

y=Cx+ Du
Here dw is a vector valued Wiener process and z,u,y are all vector valued. This system is said
to be minimal if (A, B) is a controllable pair and (A, C') is an observable pair.
We refer to
G(s)=C(Is—A)"'B+D

as the transfer function associated with the system and we call

#(s) = (D+C(~Is— A (D+C(Is— A)~'G)
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the power spectrum of the system. We say that the system is externally reciprocal if G(s) = GT (s).
The system is said to be deterministically passive if the eigenvalues of A have real parts that are
negative and if G(iw) + GT(—iw) > 0. A deterministically passive system of this form is said to
be monotemperaturic if there exists a proportionality factor 4 > 0 such that the power spectrum
of y and the frequency response are related by

(C(~Is—A)"'G+D)" (C(Is—A)"'G+D) = B[C(—Is+A) ' BT+ DT +C(Is—A) "' B+D] (x)

In the language of thermodynamics, this equation expresses a frequency independent fluctuation-
dissipation proportionality. In the language of system theory it expresses a proportionality be-
tween the power spectrum and the parahermetian part of the transfer function. If equality (*)
holds we call B the temperature of the system. Several justifications for this definition can be
given. One is that (*) expresses a property of electrical networks constructed from linear constant
inductors, capacitors and resistors in Nyquist-Johnson form and all of the same temperature. It
is best thought of as the fluctuation-dissipation equality in the context of linear systems excited
by white noise.

One of the beautiful facts about the linear theory of equilibrium thermodynamics is the
equipartition of energy theorem which states that the expected value of the energy of each mode
of a system in equilibrium is the same. For example, a balloon in still air can be expected to
have as much kinetic energy as an Oz molecule. This idea finds its expression here in terms of
the interconnection of lossless systems with monotemperaturic systems.

We will say that a linear stochastic system has the equipartition property if there exists a
positive number 8 such that whenever it is connected to a conservative system with impedance
Z(s) the resulting system has a unique invariant measure and for this measure

EyyT = BGo; G(s)=Gos '+ Grs 2 +...
Ewu =pZy; Z(s)=Zos '+ ZysTE ...

regardless of the impedance Z(s) of the conservative system.

The explanation of this definition is that if one chooses normal coordinates for the lossless
system then it appears as
& =Qz+Bu; y=BTx

Equipartition means that Exa” = BI for some 8 and thus Eyy’ = BBTB. However Z(s) =
BTBs '+ BT ABs~2+4.... Similar but more involved calculations apply to Euu’. The following
theorem is easily verified.

Theorem 1: A linear stochastic system has the equipartition property if and only if it is
monotemperaturic.

Monotemperaturic linear stochastic systems have the following canonical form, relating to the
Darlington normal form for passive electrical networks [5].

Theorem 2: If S is a minimal, externally reciprocal, monotemperaturic system then we can
make a linear change of coordinates on x such that it takes the form (2 = —Q7)

1
de = (Q— %GGT)zdt + Budt + Gdw
dy = Bidt + Dudt + /2Ddf

Conversely, any system of this form is monotemperaturic.
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Proof: That systems of this form are monotemperaturic is just a calculation.

Consider the deterministic system

T=(A—- GGT):C—i-Bul +Gus ; y1=DBuy, =Gz

G| _ |Guls) Gua(s)| [

Yo Ga1(s) Gaa(s) | | U2
The characterization of monotemperaturic implies that this system is convervative and hence it
can be realized with A — %GGT skew symmetric.

Adopt the notation

The classical equipartition of energy theorem is quite elegantly expressed by saying that a
linear stochastic differential equation of the form

dx = (S — BBT)xdt + Cudt + Bdw; y=Cx

(8 = —ST) has the property that its steady state variance is 1I and if we interconnect it with a
lossless system
2=Qr+Gu; v=Glz: Q=0T

then the random process (,z) has variance 31 as well.

We can use these ideas to explain the Rayleigh-Jeans law in the following way. If we have a
one parameter family of monotemperaturic systems of the form

dx = (S — &BBT)xdt + eBdw; y=cx; S=-8ST

Then in steady state
1
Eytyyt+71) = iceAéTTcT

where

A. =S —BBT

There is, of course, a limiting value for A, as € goes to zero and the resulting power spectrum is
pure line spectrum. The lines in the line spectrum correspond to the eigenvalues of S. Thus the
number of eigenvalues of S in an interval wy < w < wg + ¢ determine the amount of power in the
interval provided we select the linear functional ¢ in such a way as to weight all modes equally.

One feature of monotemperaturic systems is that they form an “interconnectable set” in that
if we interconnect two systems which satisfy this form of the fluctuation-dissipation equality
then the resulting system does also. Within the realm of linear gaussian systems there is a
generalization of this idea which is significant, namely the fact that if Re g(iw) = x(w)¥(iw) for
a system S and if the same is true for a system S5 then it remains true for the interconnection
of S; and Sy. Let us denote by P(x) the set of passive systems with this property.

Theorem 3: Suppose that
dx = (Az + bu)dt + Bdw; y=cx

is given with (4,b,¢) a minimal triple and (A, B) a controllable pair. Suppose further that the
eigenvalues of A have negative real parts and that Re g(iw) > 0 for all w. If ¢ and p satisfy
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We define an interconnected system by

x A be 0 x Bdw
dlg|l=|-c 0 w q | dt+ 0
p 0 —w O p 0
If G(s) = c(Is — A)71b and if AQ + QAT = BBT with ¢(s) = c¢(Is — A)71Q(—1Is+ AT)cT then

(@ o] .. W(w)
Z()—|:O OZI:| Wltha—m

is the weak coupling limit of the steady state variance limiting value as € goes to zero.
Proof: The proof of this theorem involves solving for the limiting value of the solution of a

system equation of the form (A 4+ eB)x = ¢ with A singular. In the first place, for Re G(iw) > 0
we see that the eigenvalues of

B A e Q
A=|—-c 0 w
0 —w O

have negative real parts for ¢ # 0. thus for € # 0 there is a unique positive definite variance
3(0c0) which is the solution of

BBT 0

A(e)E(oo)JrE(oo)AT[ BEO

|-
To solve this we make use of the representation

E(OO) _ /OO eAT(e)tMeA(e)tdt
0

transformed by Parseval’s theorem to

Y(o0) = zim /m (Is — AT (€)' M(Is — A(e)) " lds

—i00

this formula then readily yields the desired result.

We may then think of any system
dr = Axdt + Budt + dw; y = cx

with ¢(Is — A)~1b positive real as defining a heat bath in thesense that if we couple it loosely
an oscillator and allow it to come to equilibrium the oscillator will possess a certain expected
energy, independent of the details of the coupling or the oscillator.

Now it is well known in a three dimensional cavity the number of eigenfrequencies for the
wave equation between wp and wg + § is approximately dw?2 for wp not too small. Thus if the
coupling of each oscillator to y (as represented by c) is of the same strength, then the power
spectral density is proportional to w? as indicated above.

In the classical theory one takes x(w) to be independent of the frequency and identifies
its value, via physical reasoning, with 1/2 the temperature times Boltzmann’s constant. In a
quantum theory, in order to be consistent with the black body radiation curve, it would be
necessary to take y(w) to be a member of the one-parameter-family

hw/T
X(Q}) - ekw/k:T -1

We make some additional remarks here. In the first place, for an oscillator with weak coupling
to a heat bath we find that the steady state value of the expected value of the energy depends on
the natural frequency w of the oscillator and is simply x(w). If we connect with weak coupling a
lossless first order system — a capacatance or an inductance — we get x(0) or x(oco) respectively.



5.8. REDUCIBILITY 85

5.8 Reducibility

Let A be the infinitesimal generator of a finite state, continuous time Markov process whose state
space is a subset of the real line. If {z1, 22,... ,x,} are the values taken on by this process, then

is a real valued stochastic process and its autocorrelation function
Eyy(t+7) = ¢(t,7)
can be computed. In particular we can ask if there exists a limit
Jim Ey(t)y(t +7)

As might be expected, the existence and uniqueness of such a limit is dependent on the properties
of A.

One says that a finite dimensional generator A is irreducible if there is no permutation matrix
P such that

PAP™! = { An 0 }

Ay Ao

with A;; and Ags both square. It is clear that an infinitesimal generator A is always singular.
If, in fact, there are two distinct probability vectors p; and ps such that Ap; = Aps = 0, then of
course

A(apr + (1 —a)p2) =0

for some value of « it will happen that ap; + (1 — «)p2 has nonnegative entries with some entries
zero. By a permutation we can arrange these to be at the top. Thus

ai1  ai2 A1n

a1 Q22 A2n 0
. . =0
. . le

Gn1 A2n Ann

Since x; has positive entries and since A is nonnegative off the diagonal, we see that the upper
right-hand block of A must be zero and that A must be reducible. Thus we have shown the
following.

Lemma: If there is not a unique steady state probability distribution for p = Ap, then A is
reducible.

5.9 Covariance Generation with Finite State Processes

We now turn our attention to the question of generating a covariance using a finite state continu-
ous time Markov process. This represents a considerable departure from the usual Gauss-Markov
theory discussed in the previous section. The main question here is this. Given a stationary co-
variance ¢(7) under what circumstances does there exist a finite state continuous time Markov
process z(-) taking on values in a finite set X and a function f : X — R (the real numbers)
such that y(t) = f[z(t)] has a specified mean and covariance?
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Because we have shown that any finite state continuous time Markov process is equivalent to
one which can be expressed as

5
dr(t) = Bix(t)dNi(t) ; a(t) €R”

with NV;(t) a standard Poisson counting process with rate \;, this work is a natural complement
to the Gauss-Markov covariance generation problem.

We find it convenient to associate with each state of an n state Markov process a point in
R™. This lets us visualize the process as jumping between points in a vector space and allows
us to use certain familiar formulas from linear system theory. Let e; be the i*" standard basic
element in R”

e; = [0,0,...,0,1,0,...,0"
i*? coordinate
and let & be a process which takes on values in the set {e1,es,... ,e,}. If p;(¢) is the probability
that z(t) = e;, then our assumptions imply that there exists a constant matrix A such that
P1(t) a1 Q12 ... Qin p1(t)
P2(t) as  azy ... Az, p2(t)
pn(t) anl  A2n  -.. Qnn Pn (t)

Notice that because of the way we have embedded the states in R™ we have
p(t) = Ex(t)
As we discussed in chapter 2, the entries of A satisfy the conditions
. >0 ifi#£y

) ey 2o ifin]

(i)  3oiiyai; =0
Such matrices are called infinitesimally stochastic. Of course Peron-Frobenius theory implies
that A has a nontrivial null space. If we ask that the null space be one dimensional, then we are

assured that there is a unique steady state probability distribution. For these reasons we will
assume

(iii)  the kernel of A is one dimensional.

Such processes are called irreducible.

As an immediate consequence of the definitions we see that
Ex(t) = eMx(0)

Because the i*" and j™ components of z are never simultaneously nonzero and because the
components take on only the values zero and one

) = exar = | o PO o0

0 0 .. pa®)
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Moreover an elementary application of Bayes’ rule yields

Ex(t)xT (1) = Z(t)eAT(T_t) ;o T>t

The equations (1) and (2) together with one more remark will yield a restatement of our
question in linear algebraic form. The additional remark is this. Any map of the state space of
the Markov process into R is of the form ¢’z for some ¢ in R™. Simply let the i*" component of
¢ be f(e;) where f: X — R. Bringing these remarks together we have the following theorem.

Theorem 1: A stationary covariance ¢(t — 7) = ¢(t, 7) is realizable by a zero mean process
which is a real valued function of a finite state, continuous time irreducible Markov process if
and only if

p(t) =cT8eMe ;5 t>0
for some pair (A, c) where A is an n by n matrix satisfying (i), (ii), (iii); ¢ is an n vector such
that ¢’z = 0 for all x in the kernel of A, and

0 P2 ... 0
X=1 . . . .
0 0 ... p,

with (p1,pa, ... ,pn) being the probability vector in the kernel of A.

The determination of what functions can be expressed in the form required by equation (4.3)
is made difficult by the requirement that A be infinitesimally stochastic. To get around the
awkwardness of this constraint we focus attention on a special class of matrices. By a circulant
matrix we understand a square matrix of the form

mo mp mo ... My —1
mMp—1 Mo M1 ... My —2
M =
mo ms Mg ... mi
mi mo M3 ... mo

Associated with each such M there is a polynomial Mm(z) = mg +myz + - +my,_12" . The

eigenvalues of a circulant matrix are simply the values
, 2
e =) 0="" . k=0,1,...,n—1
n

Thus M meets condition (i), (ii), (iil) if and only if

(i) the coeflicients of 7(z) are all nonnegative except for the
constant term.
(i) Mm(1)=0

(iii')  M(z) does not vanish for z an n'®

root of unity unequal to one.

Under these assumptions one sees easily that the solution of
p=Mp
for p(0) a probability vector, tends to

Po =

S|
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Thus using such an M we see that the matrix ¥ in equation (4.3) becomes %I and we have

~ 1
o(t) = —ceMic ;>0
n

The condition that the mean should vanish, ¢? p,, = 0, is also easily interpretable. In fact if

CT = (007017'“ 7cn—1)

we introduce
é(z)=co+crz+--Fcp12"!
In this notation ¢! ps = 0 becomes

é(1) =0

We can also express ¢ succinctly in terms of m(z) and ¢(z) (see [2]).
o) = Y é2)e(z e™@ 5 1>0

The following lemma gives a somewhat more satisfactory form of this.

Lemma 1: The set of finite state continuous time realizable covariances include those ex-
pressible as

n—1
ot) = S rpe™ T >0
k=1

with m satisfying (i’), (ii’) and (iii’) and the rj real and nonnegative. In particular
Y(t) =re tcoswt ; t>0
is realizable if r and o are real and positive and w is real.

Proof: Of course é(z)é(271) is, for z on the unit circle, real and nonnegative. Since &(1) = 0,
we must have ¢(2)é(z7!) vanishing at z = 1 but otherwise we may pick the coefficients so that

¢é(z) has arbitrary complex values at the roots of unity consistent with ¢(z) = ¢(z). Adding up
the contribution from p = e>7/" we get

G(t) = 2le(p) PP O cos Tm i p)t

But since ¢(p) is arbitrary, we see that |¢(p)|? can be any real nonnegative number. The general
form given in the lemma then follows.

To show that the specific ¥ given in the lemma is expressible in this way we make a particular
choice of n and m(z). Let

m(z)=a(l—az—(1-a)z?) ; a,a>0

and let ¢ > 0 and w be given. At z = €??™/™ = cos(27/n) + isin(27/n) the ratio of the real to
the imaginary parts of m is

_ 1—acos(2m/n) — (1 — «) cos(4m/n)

~ 1 —asin(21/n) — (1 — ) sin(4r/n)

7y



5.9. COVARIANCE GENERATION WITH FINITE STATE PROCESSES 89

Inspection of this equation shows that for any negative v we can choose an integer n large enough
so as to have a solution for .. (As v approaches zero, n(y) goes to infinity.) Thus we can, with
this choice of m(z) adjust the magnitude and argument of m(exp(27i/n) as needed to get the
function 1(-) of the lemma. Of course we pick c in such a way as to vanish on all n'"* roots of
unity except the two which enter in this discussion.

Lemma 1 makes it clear how to realize nonnegative linear combinations of the basic terms
labeled there 1; take the direct sum of realizations of the type constructed in its proof. However
these realizations

(a) will not, in general, satisfy the irreducibility condition,
and

(b) give no suggestions as to how to realize covariances such as ¢(t) = 10e~ /"l — ¢=5I*l which
are differences of positive definite functions but still positive definite.

We now establish the results necessary to get around these difficulties.

If ¢(t) is a continuous, even, positive definite function, then according to the well known
representation theorem of Bochner it can be expressed as

o(t) :/ cos wtdy
[0,00)

for some nonnegative measure u. Of course if i is absolutely continuous with respect to Lebesgue
measure, then we can write

oo
o(t) = / cos(wt)P(w)dw ; P(w) >0
0
displaying the power spectrum explicitly.

However, if we assume that ¢ is not only positive definite but in addition it is strictly positive
definite in the sense that

¢°(t) = ¢(t)e™!"

is for, some € > 0, also square integrable and positive definite, then we can express ¢ as

o0
o(t) :/ e~ cos(wt)® (w)dw
0
with ¢ analytic. (This follows from Payley-Wiener theory; the Fourier transform of ¢(t)e=*l
analytic in a strip of width 2e centered on the w-axis and ® is its Fourier transform.) Let {¢;}7_;
be any finite set of real numbers. We can approximate simultaneously the integrals ¢(t;) by
Riemann sums and thus obtain

m

w(t) = Z e coswitp(w;)s; + €(t)

i=1

with |e(t;)| less than any preassigned positive number. Both ¢ and the approximation go to zero
as |t| — oo; in view of the continuity of ¢ we see that it can be uniformly approximated by a
linear combination of -like terms with positive coefficients. The following theorem summarizes.

Theorem 2: Any continuous, strictly positive definite function is the uniform limit of a
sequence ¢,, of the form

m(n)

dn(t) = Z age " coswi(t) ;3 ar >0
k=1
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We now address the second problem mentioned at the start of this section.

Lemma 2: Stationary covariances of the form appearing in theorem 2 can be realized by a
pair (A, ¢) satisfying conditions (i), (ii) and (iii).

Proof: Let (Ay,ck) be a realization of are /2 coswyt of the form given in the proof of
lemma 1; i.e., of the circulant form. (Note we have €/2 as the decay factor.) Then for

A1 0 O C1
0 A2 0 Co
A= . . . . o= .
0o 0 ... A, Cm

it follows that

m
Tette = g age 2 coswyt

k=1

Now subtract from A the infinitesimally stochastic matrix

11 ... 1
11 ... 1
F=S71_°%
2 2n Lo .
1 1 ... 1

where n is the sum of the dimensions of the A;. Clearly A — F' is infinitesimally stochastic and
irreducible. Notice that

m
LA/t — g are” % coswyt
k=1

(This time the decay factor agrees with theorem 2.) Finally, because of the null spaces of each
of the A; we see that

1 1 1
1 1 1
A . =0 ;
1 1 1
and
1 1 1
1 1 1
<’ . =0
1 1 1

T o(A=F)t, _ T o(A=cl/2)t

Together these imply ¢ c and so (A — F|, c) meets all requirements.

5.10 Exercises 5

1. Find a realization for a stationary, zero-mean process with autocorrelation function equal
to 10e=3I71.
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2. Under what circumstances is the process
y(t) = (sint)c’ 'z + (cost)d’ z
second order (wide sense) stationary if
dr = Axdt + Bdw

and the x process is in steady state?

3. Describe all the 2-dimensional Wiener process realizations of the power spectrum

1 N 4
T 14 w? 14402

O(w)

4. Find a finite state continuous time jump process realization of the power spectrum

1
Tt w241

O(w)

5. Ann by n matrix P is said to be orthostochastic if p;; = 67; with 0;; being the ijt" element
of an orthogonal matrix. Show that under these circumstances p(k + 1) = Pp(k) defines a
Markov chain. Show that an orthostochastic matrix has nonnegative entries whose columns
sum to one. How many parameters are needed to specify an n by n orthostochastic matrix
and how many are needed to specify a stochastic matrix (i.e., -a matrix with nonnegative
entries and columns which sum to one)?

6. Find a constant matrix A and vectors b and c, such that for
dr=Azxdt +bdw ; y=cx
the power spectrum of y is given by

1+ w?
W)= ———"——
$(w) (1—"7w?)2+1
Describe the sense in which your answer is unique.
7. Consider an intensity matrix for a four-state continuous time jump process

—a 0 d d

0 —a e e
A= b —-f 0
c 0 —f

If p; is the probability that @ = x; and if (x1, 22,23, 24) = (m,n, m,n) then compute the
expectation of x(¢)x(¢t + 7). Hint: Show that the eigenvalues of the matrix A satisfy

(s+a)(s+f)—af =0

8. Let ¢ be an n dimensional row vector whose entries are chosen from {0,1}. Let A be an
infintessimal generator of a continuous time jump process and let p(0) be a probability
vector. Consider

U(t) = ce'p(0)

Show that if A is a circulant matrix corresponding to —1 + z then

U(t) = Z cketemikt
k=0
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9. Find the values of a, b, A\; and A5 such that the stochastic differential equations driven by

Poisson counters
dr = —2zdN, ; x(0) € {-1,1} ; ENi(t) =\t
dy = —2ydN; ; y(0) € {~1,1} ; ENao(t) = ot
with
z(t) = ax(t) + by(t)
generate an autocorrelation function for z which is, in steady state,

Ex(t) 2(t +7) = 137171 4 22"
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Chapter 6

Estimation Theory

Given a noisy observation of a stochastic process and given some a priori statistical characteriza-
tion of the process, how can one extract the best estimate of the process from its noisy version?
This type of problem is ubiquitous in science and engineering. In this chapter we develop some
of the basic results.

6.1 Preliminaries

We begin with the following simple situation. Let = be Markov process which evolves in discrete
time, taking on values in a finite set X = {x1,29,...,2n5}. Let p;(k) be the probability that
x(k) = x; and suppose that p(k+ 1) = Ap(k). Let y be a second discrete time stochastic process
taking on values in a finite set Y = {y1,¥2,...,yn}. We postulate that y(k) depends on z(k)
through a probabilistic law. The law is expressed by the conditional probability statement

p(y(k) = yilz(k) = ;) = dji(y)

If we are given the values y(0),y(1),...,y(k), what can we infer about x(l)? This problem,
modified in various ways, is the subject of this chapter. The application of Bayes’ rule will allow
us to do the calculations we need. In order to see how this will work, consider the following basic
calculation. Given y(1) = y;, the probability that (1) = z; is given by

p(z =zjly =) = p(y = yilz = x;) - p(x = ;) /p(y = y;)
In vector notation
p(zly) = p(y|z)p(z)/N
Where N is a normalization. The power of this approach comes from the fact that this can be

used repeatedly together with the probability law for the evolution of x to solve a much more
general class of problems. Letting D = (d;;) as given above, and using p(k + 1) = Ap(k) we get

p(x(k+1) = zly(k) = y;) = D(y)Ap(z(k) = x)/N

Now suppose that the values z(k) assumes are real numbers, X = {1, z2,... ,2,} € R", and
let = be a continuous time Markov process taking on values in X. Let w be a standard Wiener
process. Suppose that p; is the probability that x = x; and suppose that

(t) = Ap(t)

95
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Define y, a noisy observation of x by dy = xdt + dw. In 1965, Wonham [1] gave a derivation of
the equation satisfied by the conditional probability p(t,x|Y;) where Y; indicates the y process
on the interval [0,¢]. In terms of the notation

zg 0 -+ 0 T

0 x 0 T2
D = . ; b=

O 0 - =z, T

Wonham'’s equation, expressed in It form, is

dp=Ap+ (D — (b, p)I)p(dy — (b, p)dt)

It is a straightforward exercise in the It6 calculus to verify that if ¥p;(0) = 1 then Xp;(t) =1
for all ¢ > 0 and that if p satisfies the related Ito equation

dp = Apdt + Dpdy (6.1)

then the elements of p; remain nonnegative for ¢t > 0 if they are initially nonnegative. Moreover,
the equality

p(t) = p(t)/Epi(t)
holds for all ¢ > 0 if it holds initially. We call (6.1) the unnormalized conditional density equation.

The purpose of this section is to use Bayes’ rule to derive the conditional density equation.

To begin with, we look at a discrete time case. Consider

pk+1) = Ap(k)

y(k) = x(k)+n(k)
with the elements of random sequence {n(k)}%2, being independent for distinct values of k but
distributed according to the same density, f(n). According to Bayes’ rule, if the probability

density for x before the observation is p, then after an observation of value y we have (recall that
n=y-—x)

plzly) = pylr) - p(x)/ply)
= fly—=z) -p(z)/p(y)

with p being the probability density of y. This can be written in vector notation as

p(z1y) fly — 1) 0 0 p(z1)
N S I e )
p(znly) 0 0 e fly =) ()

If we insert p(z(k)) in place of p(z) and then use p(k) = Ap(x(k — 1)), we see that a propagation
by A followed by an observation gives

p(z|y values up to k) = F(y) A p(z|y values up to k-1)/(1/p(y))

with F(y) being the diagonal matrix appearing in the previous equation. This is a key equation.
In terms of an abbreviated notation we can express the evolution for the conditional density as

plk+1) = (1/p(y)) F(y(k)) Ap(k)
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Notice that it is nonlinear in p because p(y) is a nonlinear function of p. Nonetheless, it is, as we
will see, nonlinear in a trivial way.

Example: If x takes on the values +1 and if n is a Gaussian random variable with zero mean
and variance o, this equation takes the form

pik+1) | _ e/ 0 air aie p1(k)
pa(k+1) | 0 e~ (W+1)?/20 a1 a2 p2(k)

with r being the scalar which normalizes the sum of the entries of the vector on the right-hand
side to one.

We now examine what happens when we attempt to capture continuous time phenomena as a
limit of a set of discrete time equations. In the first place, if we allowed ourselves more and more
unbiased independent measurements of a quantity, we would, by the law of large numbers, reduce
the error variance to zero. More precisely, if we have measurements y; = z+n; fort =1,2,... ;m
with the n; being independent, zero mean, Gaussian random variables, each of variance o, then

1m
EE;%:I
and
m 2 m
& iz ,— = iz:(n)2
2 =
o

m

On the other hand, if every time we double the number of measurements we multiply the variance
by 2, then we do not change the variance of the error. The former model, according to which, we
simply make more measurements, is therefore unsuitable as a way to model a noisy continuous
time observation process whereas the latter could be appropriate.

Figure 6.1. Ilustrating the effect of dense sampling.

Consider observing y = x + n with n being zero mean, Gaussian, and with variance o. We
have, as derived previously,

pi(nh+ h) e~ )2 0 = 0 pi(nh)
pa(nh+ h) 0 e~(—e2)?/20 .. 0 p2(nh)

pu(nh + h) 0 0 c e wman) 20 pn(nh)
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Consider replacing h by h/2 and ¢ by 20. In fact, consider doing it ¢ times. After subtracting
p(nh) from both sides, we have as an approximation

(y— w10)2/0(q) 0 8
2% %p(t) _ : (y— $2:) /o(q) | A2 (1)
0 0 o (y—ma)?/o(q)

with o(¢) = 029. A suitable limiting process, letting ho = 1, yields
p=(A+yD—3iD%)p

where A is the logarithm of A.

6.2 The Conditional Density Equation - 1

Let us now consider the problem

p(t) = Ap(t)
pi(t) = the probability that x(t) = x;
dy = zdt+dv

where v is a standard Wiener process. From above we see that by using a central difference
approximation for the time derivative we get for the conditional density (in unnormalized form)

dp = (A— 1D?)p(t)dt + Dpdy

with A being as above and D being the diagonal matrix

1 0 -+ 0
0 29 - 0
D= . . )
0o 0 - z,

Example: Consider the estimation of the values of a random telegraph wave

dr = —2zdN ; z(0)=+1
dy = zdt+dv

The conditional density equation in unnormalized form is

dps | Adt —Adt — 1/2dt — dy D2

6.3 The Conditional Density Equation - II

Now consider the model

de = f(z)dt + g(z)dw
dy = h(z)dt+dv
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What is the corresponding conditional density equation? Without becoming too involved in
the details, we note that in the previous section it was seen that the unnormalized conditional
density equation involves two operators; A, which governs the evolution of the probability of
the unobserved process, and D, which is a diagonal operator which multiplies the probability
associated with x by the value that the observation takes on at x.

Reasoning via this analogy we take A to be the Fokker-Planck operator

A: Zaxlax gl gJ( )

and let D be
D = multiplication by h(x)

Putting these ideas together we see that if we denote the Fokker-Planck operator by L then

dp(t, )
ot

_ 1 dy
= (L= $h2(@)p+ L h(a)p

is the central difference (Stratonovic) version of the conditional density equation for a diffusion
process.

Example: Consider the simplest problem

de = dw
dy = xdt+dv

The conditional density equation in unnormalized form is

op (1 02 1, dy
5% (5@ 5 ) p(t,x) + Ewﬂ(tﬁ)

If we assume a solution of the form

p(t, x) _ ea(t)ac2+b(t)x+c(t)

we can derive equations for a, b, and c.

6.4 An Exponential Representation

There exist representations of solutions of differential equations that will let us establish a con-
nection between the unnormalized conditional density equation and a certain Lie algebra. This
material is most explicit in Wei-Norman, an earlier paper by Chen covers similar ground, and
the basic ideas could probably be traced back at least to Lie and Cartan.

To begin with, consider the finite dimensional linear equation:
= (uA+vB)x

with u and v functions from R! to R! and A and B constant n x n matrices. Naively one might
expect to find that the fundamental solution ®(-) is

(I)(t) = e(fot“ ")da)AJr(fo J)B =
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po ([ uoio) as ([ i) L ([ wtorie) ae ([ vonas) 5

However,
. 1 t 1 t
b(t) = (uA+vB) + §(uA +uB)- / (uA +vB)do + 5 (/ (uA + vB)da) (uA+vB)dT + ...
0 0

and in general it is not possible to factor out (uA + uB) from this expression because A and B
do not necessarily commute. Thus the above expression for ® does not work. However, we can
use the matrix identity

e 4Be? =(1+A+ 3A%+..)B(1-A+3JA%..)
=B+ AB— BA+ 4(A’B —2ABA+ BA?) + ...
=B+[A,B]+1[A[A B +...

This is sometimes called the Baker-Cambell-Hausdorff formula. Introduce the notation

adf‘ng [A[A[A,...[A,B]]...]; k>1
k times
adf{‘B =B

For each choice of A, ad” (B) is a linear operator acting on B. It is common to express the above
relationship as
expadaB = adyB+adyB+ jad}B+...
=B+ [A Bl + %[A [A,B] + ...

and write
eABe A = expadaB

Wei and Norman investigated the differential equation

k
=1

by looking for a solution ®(¢)xy which can be represented as a product of exponentials
D(t)xy = e Are924z | eImAmy,

in which g1, ¢, ... ,gm are real valued functions of time and the A; are somehow generated by
the B;. Without being specific about the latter process, we may differentiate to get

d
A mAmY) _ - A mAm Ay, A mAm
E(eg1 tooedmdm) = g1 Ajedt L 4 e + eIt go Age9272 L ed + ...

eglAl . egnl—lAmflgmAmegnlArn

Inserting exponentials and their inverses we can transform this into an expression in which all
terms have a common factor e9141 ... e9m4m on the right. That is,

%(691141 o egmAnz) _ (Q1A1 4 eglAngCLQe*glAl + .. ) (eglAl o egmAm)

Applying the Baker-Campbell-Hausdorff-formula this can be written as:

) ) 1 .
g1A1 + G2(As + g1[A1, Ao] + 59%[141, [A, Aol +..) + oo+ gt
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with 1 being an expression containing the matrices Aj, Ao, ...A; and various products. This
results in a set of differential equations for the g; provided that the A; are chosen so that any B;
is a linear combination of the A;, any [B;, B;] is a linear combination of the A;, any [B;, [B;, B]]
is a linear combination of the A;, etc. The smallest set of A’s with this property forms a basis
for a matrix Lie algebra and will be referred to as the Lie algebra generated by the A;.

If the B; are, themselves, linearly independent as elements of the vector space consisting of
all real matrices of a certain size, then we may take A; = By, Ay = By etc for the first k& elements
of set A;. Matters being so, and assuming that the A; are a basis for the Lie algebra generated
by the B;, we have

[A;, Aj] = Z Vijk Ak
%

with certain coefficients «;;z. These are the so-called structure constants of the Lie algebra.
If ®(t)xzo satisfies the differential equation we must have

. . 1
g1 A1+ Gg2(A2 + g1[Ar, Ao] + 59%[1417 [Ar, Ao+ ) + ...

oot gm(. ) =wmAr + . un Ay

and because the A; are independent as vectors in R™*" we get, on equating coefficients a set of
equations of the form

91:f1(91>‘-‘7gm7 927"‘7gm)+u1
92 :f2(gla"'gma 927"' agm)+u2

gm:fm(glwuagmv gQw”agm)"_um

We will refer to these as the Wei-Norman equations. They depend on the choice of a particular
ordering of the exponential factors. Because ®(0) = I we have initial conditions g;(0) = ¢2(0) =
... = gm(0). An analysis shows that the Wei-Norman equations can always be solved on some
interval |¢| < e however in most cases the solution cannot be continued for all time. A significant
point is that the functions fi,..., fy, only depend on the structure constants Upsilon;;,. That
is, regardless of the representation of the Lie algebra we get the same Wei-Norman equations.
We have here a situation such that by solving one set of nonlinear differential equations we
simultaneously solve a whole family of linear evolution equations.

Example:
1| | alt) c(t) x| ) 10 +b(t) 00 e(t) 0 1 T
io |1 0 @) |2 | T ["]0 0 01|70 o o
Let £ be the Lie algebra generated by
1 0 0 0 d 0 1
00 lo 1|*™ oo
We choose an ordered basis for L:

1 0 0 1 1 0
A1|:0 O:|,A2|:O 0:|aHdA3|:O 1:|

The differential equations can now be written

[ zl } = (A1 + Aans + Asns) [ . ]
2 T2
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with 71 = a — b,m2 = ¢, 3 = b. If we look for a fundamental solution having the form
D(t) = eMr91eA2920198
Then
P = (Arégn + 6A191A29267A1g1 + g'gl)eAlgl eA2920193

Because we have a basis with A3 = I the expression for ® contains the term g3® instead of a
term

eM91eA292 oo Agem 924207014
that is
& = (Argn + G2(A2 + g1 [A1, Ag] + %9%[1‘117 [A1, Ag]] 4 ... ) + gal)e 191 e292¢ 198
Now [A;, As] = As so that

d = (A1g1 + go(As + g1 Ao + Lg2As +...) + gsl)esrAr 9242081
= (Algl + 92691142 + 93[)691A1692A26931

So
A1g1 + Ggoe? Ao + g3l = m A+ 2 As + 3l

The Wei-Norman equations become

g =m=a-—>»
g2 =e Ny =ce”
g3 =m=">

The differential equations can be solved directly. By solving them we do not only find a fun-
damental solution of the particular set of equations but also a fundamental solution associated
with any family of operators that commute according to the same commutation relations.

6.5 Conditional Jump Processes

Let x be a stochastic process taking on values in the set X = {x1, 2, ...,2,} and let
p=Ap

describe the evolution of the probability law for . That is, p;(¢) is the probability that the
process x(t) is in the state x;. Consider a second continuous time jump process y(t) taking on
values in the set Y = {y1, 92, ..., Ym } With a probability law that satisfies the equation

q¢= B(z)q

That is, g;(t) is the probability that y(¢) is in state y;. The problem to be solved is this. Given
p(0), A, and B(-), find the conditional probability of x(t) given y(o) for 0 < o < t.

We are observing y. To infer something about z, from a knowledge of y we can use Bayes’
rule. We look at the behavior of y over a small interval of time, the interval [0, A]. If over this

interval y is constant, say y(t) = y;, then

p(zly) = p(ylz) - p(x)/p(y)
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Thus we may write
1 .
p(;I;(AHy) — _Ne(Dlag(Byy(xl)mByy(xn))""A)Ap(O)

Where By, (x;) is the diagonal element of B(x) corresponding to the value that the y process
takes on over the interval [0, A] and n is a normalization. On the other hand, if on [0, A] the y
process jumps from y; to y; then, to within a normalization,

p(z| jump from 7 to j) ~ p (jump from i to j|z) - p(z)
At the moment of the jump, p changes according to

p(z| jump from i to j) = Diag(By,y_(z1)... By, y_ (z4)) - p(z)

In order to incorporate this into a stochastic differential equation, it is convenient to assign
y; to a point in a vector space. For convenience we identify y; with e;, the i*" standard basis
element in R™. Thus (e;,y) jumps from 1 to zero if y jumps away from state j and jumps from
zero to one if y jumps to state j. We seek a differential equation of the form

dp = (A + DiagBy, (z))pdt + Y Di;pe;(y)({e:, dy)
i#£j

for the evolution of p. Of course at a jump from i to j the quantity (e;,y) decreases by one and
(ej,y) increases by one. Thus p goes to

1
p N(P + Z Di;o;i(y)(ei, dy))
i#]
By taking the D;; to be the appropriate diagonal matrix and ¢;(y) = (e;, y), we alter p by
p—p+ Dip

when y goes from y; to y;. Thus the conditional density is

dp = (A+ By, )pdt + Z(Bij —I){ej,y)e;dy
i

If = is a diffusion process then this equation takes a similar form.

Example: Consider a continuous time jump process that takes on the values +1 and is
generated by the It6 equation

dr = —2xdN
Let g satisfy
d q1 -3+ 1 2 q1
T qp | = l—-z -3 1+4+=x qo | dt
qs 2 2 3—z qs

If we assume that y(t) takes on the values in the set Y = {ej, e, e3} then we can construct the
conditional density equation as above.

6.6 Extrapolation and Smoothing

It often happens that it is desireable to delay making an estimate of a process until further
data has been received. This leads to a problem of the smoothing type. In its basic form,
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the smoothing problem is that of determining the conditional probability distribution for z(ts),
given y(-) over [to,ts] with o < t5 < t;. In this section we formulate problems of this type
mathematically and derive the appropriate evolution equation for the conditional density.

Consider first a discrete time situation. Suppose that the probability that z(0) = z; is p;(0)
and that in the absence of observations p(k+1) = Ap(k). We have seen that at some future time
the conditional probability can be obtained by normalizing

p(k) = D(y(k))AD(y(k))A...D(y(1)) Ap(0)

with D being ther diagonal matrix defined in section 6.1.

In chapter two we discussed the problem of evolving the probability vector backwards in time
and introduced the operator Ap = ATS with S being a diagonal matrix chosen so that A7S
has columns that sum to one. Now suppose that we know that z(ty) = x;. In that case the
probability distribution for x;y_; is Ape;. After we incorporate the observation at t = ty_; the
probability changes to

(D(y(k —1))Ape;

=z~

p(k—1)=

Continuing in this way, we see that

p(t2) = - (D((t.) As-Dly(k — 1)) Ape,

We can now put these two calculations together using Bayes’ rule. The first calculation gives
the probability distribution of x(¢f). The second gives that of z(¢), assuming that we know
x(ty)). Multiplying these together and normalizing, we have the desired conditional probability.
We may express matters as

PlLalylt), to < < 1) = 15(6) © D(y(H)AD((K) A...D(y(1)) Ap(0)
PLly(t), to <t < 1) = 7(t) ©pity)

We can adapt this analysis to continuous time and infinite state spaces. For example, in the
case of continuous time jump processes the backwards equation for p is simply

1
dp = (Ap — §D2)15dt + Dpdy

6.7 The Orthogonality Principle

In the study of inner products on functions spaces one often uses the definition

() a()) = / f(@)g(x)dy

In those cases where du is a weighted version of Borel measure one often writes

gl = / f(@)g(x)w(z)ds

Thus far we have concentrated on the problem of propagating the conditional density and
have postponed all questions of what to do with the conditional density once we have it. In some
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cases the goal of the analysis is to estimate the value of some function of the state, say h(z).
Naturally

Eh(x) = /h(a:)p(t,a:)das

where p is the conditional density. The following fact is basic.

Theorem: The estimate e that minimizes the expected value of the square of the eror between
h(z) and its estimate, is the conditional expectation,

e= /h(m)p(t,x)dx

Proof: In order to prove this we make the following observations. If we observe y and if z is
a casual functional of y and if e is y-measurable then so is e + ez for all e. If e minimizes

E(e — h(x))?

then we see that
Ele+ ez —h(x))? > E(e — h(x))?

;From an analysis of this inequality in a neighborhood of zero we see that

/ 2(e — h(@)plt,z) = 0

That is to say, the error is orthogonal to any past measurable function of the observations.

6.8 Linear Estimation Theory

In some parts of the literature on stochastic differential equations one sees a notation in which
a Stratonovic equation is divided by dt and dw/dt is written as w. This allows for simpler
typography and we will use it in this section.

Consider a stochastic process y which is generated from a unity variance Wiener process w
according to the equations

#(t) = A)x(t) + Bt)w(t) ; y(t) = CH)x(t)

Now suppose that we observe not g(t) itself but y(¢)+0(t) where v is a zero mean, unity variance,
Wiener process. The question arises as to how, if at all, we can remove the effects of the noise v.

Lemma: A stochastic equation of the form
2(t) = F(t)z(t) + H(t)(y(t) + o(t))

has a solution z which has the same expectation as z if and only if £2(0) = £x(0) and the
matrices F' and H are chosen so that the equation takes the form

(t) = A()=(t) — GO[C @) (2(F) — 2()) + 0(t)]

Proof: This is a direct application of the rule for computing expectations.

If we seek an estimate which can be generated by a linear stochastic equation in the form
described in the lemma, and if we want an unbiased estimate we must constrain the equations
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for z in this way. Now from this point on there remains only the question of picking the best
choice of G. Notice that if we introduce e = x — z, then

é(t) = A(t)e(t) + G(t)[C(t)e(t) + v(t)] + B(t)w(t)
Writing down the variance equation (c.f. section 2.7) we have

Yeelt) = A()Tee(t) + Bee () AT (t) + G()CO(t) See
+ Zee OCT#)GT (t) + G)GT (t) + B(t) B (t)

Now compare this with the solution of the equation
S(t) = A(t)S(t) + S(t) AT (t) — S(t)CT (t)C(t)S(t) + B(t) BT (t)
A little manipulation gives

See(t) = S(t) = (A{t) + G(E)C[)(Zee(t) — S() + (Zee(t) — () (A(t) +
Gt)GT(t) + G)C()S(t) + SH)CT(1)GT (t) + S(t)CT (1) C(t)S(t)

If we set 3ee (to) = S(to), then we have

Vee(t) = S(t) = / ®4iger (t,0)[G(o) + S(0)CT (0)][G(o) + S(0)CT ()] @) o (t,0)do

to

This shows that . (t) —S(¢) is nonnegative definite and is zero if and only if G(¢t) = —S(t)CT (¢).
Thus we see that the minimum variance estimate of x is generated by

di = Addt + B (t)CT (dy — Cidt)

Theorem: If z satisfies the equations
() = A()z(t) + S(HOCT () (y(t) — C()=(t) + o(t))
with S(t) satisfying
S(t) = AB)S(1) + S AT (t) = S()CT(H)C(H)S(1) + Bt)BT (1) ; S(to) = Zee(to)
then z is the minimum variance estimate of x.

There is one additional property of the optimal solution which we need later in the discussion
of the separation theorem.

Theorem: The optimum error variance and the optimal estimate variance satisfy
L (t) = Bee(t) + Zsa(t)
or equivalently
Ex(t)el(t) =0
where 3., = Exa”, Y5 = £227T.
To see that the second condition is equivalent to the first observe that

(1) + () (@(t) +e(t)"

a(t)a’(t) = E(a(t)
= Ea(t)i(t) + Ee(t)e” (1) + E(@(t)e” (t) + e()2T (1))
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and that the third term is zero if and only if £2e” is zero. To see that £&e’ = 0 we observe that

[ g*.c(t) } B [ A(T) Se(t)CT(H)C(2) ] [ (t) } N [ Yee(HCT(t) 0 } [ ¥ }

é(t) 0 Alt) = Zee()CTH)O() | | e(t) Bee()CT(t) B(t) | | w
Now the resulting variance equation is
d [ 227 T At) S ()CT()O(t 22T zel
Eg{eij eeT] = { 0 A(t§—zee()t)(gT(t)C(t)}5[63? eeT}
23T 3T V[ At) See(t)CT)C(t T
*5[ AT eel H 0 A(t)—Eee(t)CT(t)O(t)]
N [ See O)CT(H)CH)See(t)  See®)CTR)C()See(t) }
Bee()CT(H)C(H)ee(t)  B(t)BT(t) + Bee(t)CT(H)C(t) Zee(t)

A short calculation will verify that the solution of this is given by

7 s

where H(t) is £2(t)27(¢). This calculation depends on verifying that we may take

H(t) = Ex(t)xT (t) — Ee(t)eT (1)

d
%ExxT = AfxzT 4+ ExzTAT + BBT
d
%zee = AV + 3. AT - %..CcTCY,. + BBT

Example: Consider the two different models for signal and observation given below. Evaluate
the variance of the steady-state estimation error in each case.

dr = =2zxdt + dw ; dy = xzdt + dv

dr = —3zdt + 1.5dw ; dy = zdt+dv

In which case is the estimation error larger and what is a qualitative explanation in terms of the
power spectrum? To answer this, begin with a calculation of the covariance equation associated
with the first model

o1 :—40'1—1-1—0'%

and for the second model
0y = —60y +2.25 — 03

We can calculate the steady state by setting the derivative equal to zero.

—4
0'1:+\/g=\/5—2
02:_6%\/@:%(\@_2)

Comparing these we have
1
09 — 01 = 5(\/5—2)
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Because both systems 1 and 2 are stable there is a steady state for the unobserved process.
The steady state variance of the first system when unobserved is 1/4; that of the second system
is 2.25/6 which is larger. The signal to noise ratio of the observation process is the same in both
cases so we may expect that the estimation error will be larger in the second case.

dv
—>|dx=Axdt+dw dx=Axdt+>cu

2cT

Figure 6.2.Block Diagram of Optimal Filter.

Smoothing: Consider the problem
der = —xdt + dw ; dy = xdt + dv

Suppose that x is distributed with a gaussian density with £z(0) = 1 and £(z(0) — 1)? = 2.

(a) Describe a process for generating the conditional expectation of x(1) given y(¢) for 0 <t < 1.

(b) Describe a process for generating the conditional expectation of z(«) given y(t) for 0 <
t <1land 0 < a < 1. In both cases “describe a process” means provide the appropriate
differential equations.

The Kalman-Bucy filter will generate the conditional mean and the variance.
di(t) = —(t) + p(t)(dy(t) — &(t)dt) ; &(0) =1

p=-2p+1-p>; p(0)=2
If we use these equations on a forward sweep to generate the conditional density at ¢ = 1 then
we can run the related equation

di(t) = =38(t) + q(t)(dy(1 — t) — 5(t)dt)
together with
G=-2q+1—¢>; q(1)=p(1)
Example: Consider the problem of generating the conditional density for £ when x satisfies
dr1 = zodt + dw

dCL’Q = 3.’1?1dt — Jigdt

and the observation equation is
dy = x1dt + axadt + dv

Assuming Gaussian initial data, display the differential equation for the error variance. Will the
the solution fail to have a steady state value for any choice of a? Explain this.

Solution: the right-hand side of the error covariance equation is

0 1 o1 012 o1 012 0 -3 o11 012 1 a o011 012 1
+ - , +
3 -1 021 022 021 022 1 -1 021 022 a a 021 022 0

0
0

|
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The A matrix has an eigenvalue with a positive real part. Thus if the system fails to be
observable for any value of a, the error covariance will go to infinity if the unstable mode is
unobservable. Otherwise it will have a (finite!) steady state value. The system fails to be

observable when
1 a
leseA] = [ 3¢ 1-3a ]

is singular and this happens when 1 — a — 3a? = 0 One of these roots results in a value of a for
which the unobservable mode is stable and in this case the variance has a limit. The other root
results in the unstable mode being unobservable and in this case no limit exists.

6.9 Identification of Linear Systems

Control theory techniques generally require the a priori knowledge of an accurate model for the
dynamical system which is to be controlled. In some situations this is hypothesis is invalid and
it is necessary to develop algorithms to identify the system before, or while, control is being
exercised. This is a major problem. In this section we address it in the special case of linear
systems with constant coefficients. This special case is a good example of applying the tools we
have developed.

The approach to system identification is based on the conditional density equation. A simple
example should help to fix ideas. Consider the equation

dr = axdt +dw, ; dy=xdt+ dws
together with the stochastic equation
da =0

What does this mean? If we had set da equal to cdws for ¢ nonzero, then this pair of equations
would have described the evolution of the pair (a,x). The observations would have enabled us
to learn something about the probability distribution of the pair. In the special case where c is
zero, a is a constant but that does not mean that a is known! What this models is the situation
where a is a random variable as opposed to being a full-fledged stochastic process. The initial
distribution for (a,x) expresses our a priori knowledge and the observation of y allows us to
improve on this.

The conditional density equation gives us a method to compute the joint conditional prob-
ability p(t,a,z). In order to obtain the conditional probability for a alone, it is necessary to
integrate with respect to x. Applying the general results of the previous chapter we have

Op(t,a,x) 0 10 1, dy

= | 75;% + 2857 3% p(t,a,x) + Exp(t,a,x)
According to the general philosophy we have been espousing here, the first thing to do is to
compute the Lie algebra generated by the pair of operators.

In carrying out this computation there is one point which requires attention. Suppose that the
algebra contains an operator L and also contains aL. Are these linearly independent elements
of the Lie algebra? Unfortunately they are. Even though a is a constant and the operator
“multiplication by a” remains just that and must not be confused with multiplication by a
constant. Proceeding then, we see that the relevant Lie algebra here contains all of the following

a, —ar+ — azm—ax—kf,

ox’ Ox



110 CHAPTER 6. ESTIMATION THEORY

and, in fact, is infinite dimensional.

Does this mean that there is nothing one can do with this estimation problem? Recall that
the family of “reachable” conditional densities can be low dimensional either because the Lie
algebra is low dimensional or because the initial condition is chosen in a suitable way. It is a
general feature of conditional density equations which involve unknown parameters which do not
change in time that the support of the conditional density does not increase as time evolves. If
one knows a priori that a is an element of the set S C R!, then the same is true for all time,
regardless of the observation history. In particular, if we know that a is either -1 or -1.5, then
the conditional density p(t,a, ) can be computed rather easily.

6.10 Exercises 6

1. By a “Wiener filter” one usually means the steady state filter (state estimator) associated
with a Gauss-Markov process observed with an additive noise term which is also a Gauss-
Markov process. In terms of state variable models, we have

dr = Axdt+ bdw;
dn = Fndt+ gdws
dy = cxdt+ hndt+ dws

set up the appropriate Riccati equation and estimation equation for the conditional mean
(also least squares) estimate. Show that under appropriate assumptions about controlla-
bility, the relevant Riccati equation approaches a steady state as ¢t goes to infinity.

2. Show that if 2(0) is distributed according to an arbitrary smooth density and satisfies the
stochastic equation

dx = Azdt + bdw;

then provided that the eigenvalues of A have negative real parts, the probability density
approaches a Gaussian density as ¢ goes to infinity and this Gaussian density is independent
of the initial density. Establish a similar result for the conditional density that goes along
with the observation equation

dy = xdt + dws

3. Consider 2n by 2n dimensional matrices of the form

a ]

with @ and R symmetric. Show that these form a Lie algebra.

4. At t = 0 one knows that x = & = 0 and over the interval 0 < ¢ < ¢;, we observe z(t) + 0(t)
where v(t) is a unity-variance Wiener process. Suppose that

#(t) + 2(t) = a(t)

where w is also a unity variance Wiener process. Find a filter which computes an unbiased,
minimum variance estimate of x and &, based on the observation x(t) + v(t). Examine the
limiting case tg — oo; t — tg.
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10.

Suppose that A € R™"*™ is of rank m. Suppose that x is a zero mean Gaussian random
variable. Let y be a given n-vector. Find v such that

n=E|Av—y+z|?
is minimized. Find the minimizing value of 7.

Given that x and y are uncorrelated Gaussian random variables with mean z and § and
variance Y, and X, find the mean and variance for x + y.

Consider the process = generated by
dx = Azdt + Bdw + £(t)dt  ;  x(0) = Gaussian

Where w is a standard m-dimensional Wiener process and £ is a known function of time.
If we observe

dy = cxdt + dv

With v an n-dimensional Wiener process independent of w, write out in full detail a set
of stochastic differential equations for the conditional mean given the observations. (These
will look like the Kalman-Bucy equations with a suitable modification.)

. Suppose that we have

de =dw ; dy=csdt+dw+ dv

where w and v are independent Wiener processes. Derive the values of the coefficients of the
unbiased, minimum variance estimator assuming the optimal filter to be one dimensional
and linear.

Consider the system
dxr = axdt +dw + budt ; dy=xdt+ dv

where « is either -1 or -2 and x(0) is Gaussian, independent of «. Suppose that the a
priori probability is 1/2 that & = —1 and 1/2 that « = —2. If w is zero, find a finite set of
equations which accept input dy and propagate the conditional probability of «.

(a) Find equations for the conditional mean of = given that u(t) is zero.

(b) Counsider letting u(t) = k(t)z(t) where
dz(t) = —B(t)zdt + v(t)dy

Write an equation for the conditional mean of «.

(c¢) Discuss qualitatively which choices of k, 5 and v make it easiest to determine a.

Write down the differential equations for the conditional mean and the conditional variance
for

dr = Azxdt + aBdw ; dy=p0pCzdt+dv ; «a9f >0

This is standard except for the appearance of the real parameters o and 3. Assume that
rank (B, AB,...A,,_1B) and rank (C;CA;...CA,_1) are n = dim x. Show that the steady
state conditional variance X (o0) is a monotone increasing function of o and a monotone
decreasing functions of 8 where ¥; > ¥, means that the symmetric matrix ¥3; — ¥y is
nonnegative definite. (Please avoid heuristic arguments.)
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11.

12.

13.

14.

15.

16.
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Let z(t) be a Markov process which takes on values in the set of {1,2,3,4} and let p;(¢) be the
probability that z(¢) = 4; assume that p = Ap describes the evolution of the probabilities.
Suppose that at ¢ = 1,2,3,... one makes an observation of x and through this observation
learns if x is larger than 2.5 or smaller than 2.5 (there is no uncertainty about the fact).
Give a rule for propagating the conditional probability in this case.

Consider the setup
d!L‘l . 0 1 T 0 0
PRI E ML Y
dy = x1dt + dv

Suppose that z(0) is gaussian. Find the control law which minimizes

n= 5/0 oi(t) +uP(t)dt

Give all the details.
Show that the Lie algebra generated by the operators
A:{g—;—xz—)\—i—%x A ]

0? 2 2

z 0
B =
is infinite dimensional by showing that it contains the two operators

9
+x 0
C:{‘% 5 ]

0 %—Z'
D— x+% 0
0 J;—%

The Pauli equation provides a quantum mechanical description of a spinning particle. It
takes the form

O Oy

ﬂ ot | _ N TR H, Hy —iHy | | ¢4

o | OY— om | 0% H, —iH, H, Y
ot or?

Find a solution corresponding to the right-hand equal to zero.

Let e be a random variable taking on values in (—oo0,00). Let 9(e) be the probability
density of e. Let z be a random variable taking on values in the set {—2,—1,0,1,2}.
Suppose that the probability that z = -2 is p_o,z = —1is p_1,2 =0 is pp and x = 1 is
p1 and x = 2 is po. Added to this aprori information is the statement z + e = b. Find
the probability distribution for = conditioned on this additional information. In particular,
explain which aspects of ¢(-) matter and which are irrelevant.

If p(t, z) satisfies the unnormalized conditional density equation

@:1@_13«;2 +@x
ot 2022 20 P T @t

What equation does ¢(z)p(t, ) = n(t, z) satisfy? Explain the relevance for the propagation
of the conditional density for
dx = f(z)dt + dw

with observation
dy = xdt + dv



6.10. EXERCISES 6 113

17. Consider the pair of equations

dz = —2zdN ; z(0) € {1,-1}
dr = —(2+4 2)xdt + dw

and the observation
dy = xdt + dv

where N is a Poisson counter of rate A and v and w are standard Wiener processes. If A is
very small, then the coefficient in the equation for z is unlikely to change very frequently.
Thus it is likely to be either

dr = —3zdt + dw
or
dr = —lzdt + dw

for long periods of time. If we knew that z never switched between these values and just
took on one or the other of them, then we would use two Kalman-Bucy filters to decide
which it is. What would be the equations of these filters?

18. Consider the stochastic process y generated by

de = f(x)dt + g(z)dw
dy = h(z)dt+dv

Suppose that an inspired engineer has found that the equation
dz = a(z)dt + b(z)dy

is such that

is a good estimate of h(x). In fact, the engineer claims that it is the least squares estimate
of = in the sense that for any other past measurable function of y, say n,

E(h(x(t)) = n(t))* > E(h(x(t)) — m(t))?
Assuming the claim is correct, show that
E(h(z(t)) —m(t)) -r(t) =0
if r(t) satisfies any equation of the form

dr = ~(r)dt + 6(r)dy

19. Verify that there exists constants a, b, c and f such that the fundamental solution for

op(t,z 1/ 0?
o )§<@“2> p(t, )

is given by

2

—cz

e tanh ft

a
t,1) = ——e
ol ) v/sinh bt
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20. If y: [a,b] — R is given them in some sense

is an “approximate Fourier Transform” of y. If, on the other hand, we wish to construct a
periodic extension of y we can evaluate

by, = /b y(t) cos(bdjta)dt

Cp = /b y(t) Sin(beta)dt

If y is a stochastic process generated by

dr = Azxzdt +bdw ; y=cx

then we may wish to define the short term spectral content by

t
F(w) = / e T g

— 00

6.11 Notes and References

Our basic approach follows the ideas described in

1 W.M. Wonham, “Some Applications of Stochastic Differential Equations to Optimal Non-
linear Filtering”, J. SIAM, Series A, Control, Vol. 2, No. 3, (1965).

This path leading to the association of a Lie algebra with an estimation problem is described in

2 R.W. Brockett and J.M. C. Clark, Geometry of the Conditional Density Equations, Analysis
and Optimization of Stochastic Systems (O.L.R. Jacobs et.al. Eds.), Academic Press, 1980.

3 R.W. Brockett, “Remarks on Finite Dimensional Nonlinear Estimation”, Astérisque (75-76
Analyse des Systems), Société Mathématique de France, 1979.

The identification of an explicit class of solvable nonlinear filters is due to Benes

4 V.E. Benes, “Exact Finite-Dimensional Filters for Certain Diffusions with Nonlinear Drift”,
Stochastics, Vol. 5, (1981) pp. 65-92.

The smoothing solution was given by Mayne in

5 D. Q. Mayne, “A Solution of the Smoothing Problem for Linear Dynamic Systems”, Auto-
matica, Vol. 4, (1966), pp. 73-92.
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Section 6

There is an alternative approach to estimation theory which is based on the idea that an
estimate can be optimal in the least squares sense only if the difference between it and the true
signal, i.e., the estimation error is orthogonal to any signal which can be generated from the
observable quantities. This point of view is explored in

6 M. H. A. Davis, Linear Estimation and Control, Chapman-Hall, London, 1977.
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Chapter 7

Stochastic Control

7.1 Stochastic Control with Perfect Observations

Suppose that x evolves according to an equation of the form
dx = f(z)dt + b(x)udt + g(z)dw

with u being a control and suppose we wish to minimize a loss function of the form

n=¢ [ Lix(t),u(t)dt + Edx(tr))

to

If we observe the state x we can attempt to reduce the expected value of a loss function by
suitable selection of u as a function of x and ¢. Because u enters the the Fokker-Planck equation
as in

LD — Lot + Y LA

with L being the Fokker Planck operator with u = 0, and because we can express 71 as

n:/X/tolL(x,t)p(t,x)dtdx+/X¢(x(t1))p(t1,$)dx

the optimal control problem can be stated as a problem about controlling a deterministic partial
differential equation with no reference to the sample path equation. In general, problems of this
type are not easy to solve and so other approaches are adopted.

Consider the scalar equation with control,
dr = —xdt + udt + dw
Suppose that our goal is to minimize the steady state value of
n=Ex? + u?
by means of a choice of feedback control law u(-). If there is a steady state density p(x) then it
satisfies
1 9%p(x)

)
0=—o—(—z+u(@)p(z) + 573

117
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Thus in steady state

and we wish to minimize -
n= | @+ upla)ds

If we introduce explicitly the constraint that the integral of p is one, we can treat this as an opti-
mization problem of the optimal control type, with x being the independent variable. Introduce
the hamiltonian h

h=2pi (= +u)p(x) + p2(2”® + u®)p() + psp(x)

and let p3 = 1. From the maximum principle formalism we see that

d
P —2(—z 4+ u)p1 + 22 + u® + p3
dx
The optimal value of u minimizes 2piu + u?. If u has no constraints then we have v = —p; and
d,
% =2p1 + 2pi + 2% +pi + ps
x
dps
29
dx

One sees without too much effort that u(x) = —(v/2 — 1) satisfies this system.

Example 1: Consider the control problem
dx = —xdt + udt + dw ; z(0)=0
and the performance measure
T
n=~¢& / x? +udt
0
Suppose that w = k(t,z). In this case the Fokker-Planck equation for the density p(¢,z) can be

expressed in terms of k£ and takes the form

o 0 1 92
a5 —(%(x—k(t,x))+§@)ﬂ

If we express the performance measure in terms of p we get

n = /OT /O; p(t,2) (22 + K2(t, o)) dudt

We see that the optimal k satisfies As we will see in Section 7.2, this integral is minimized by
letting k satisfy the equation

k=—2k—k2+1; k(T)=0

and letting k(t,x) = —k(t)z.

Example 2: The situation with respect to steady-state control is somewhat simpler. Consider
the equation

dx = — f(z)dt + b(x)udt + g(z)dw ; x(0) =0
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and the performance measure
n= Jim £6(x(t). u(t))

Suppose that u = k(t, z) so that the the Fokker-Planck equation for the density p(t, x) takes the
form 5 5 o2
P 1 2
— =(=— —b(x)k(t ——
00— (L (f() — k() + 5 o) (@)
If we express the performance measure in terms of p we get
1= st + 10 0)do

— 00

The minimization of this integral can be approached using the calculus of variations. Setting the
time derivative of p equal to zero gives

2
(2 (f () ~ bk (1, 2)) + 3 ) (@)p = 0

and t can be eliminated from the problem.

Example 3: Consider the control problem
dr = —xdt +udt +dw ; z(0)=0
and the performance measure
n= lim £x? + u?
t—oo
Suppose that u = k(z) is only permitted to take on three values, a,b,c. The Fokker-Planck
equation for the density p(t, ) can be expressed in terms of k and takes the form

o 0 1 02
5 —(%(f—k(tax))+§w)l’

If we express the performance measure in terms of p we get

0= " pltx) (@ + K (@))da

If we introduce the parameters a, b, c we can parametrize the solution test and optimize. Sym-
metry suggests that the choice a = a,b = 0,c = —a deserves special consideration. The critical
question remains, however, as to how many times u should switch between the three possible
values. The overall structure of the problem can be investigated using the maximum principle of
Pontryagin, using x as the independent variable.

7.2 Stochastic Control with Noisy Observations

By far the most tractable class of stochastic control problems involve linear systems, Wiener
processes and the minimization of the expectation of a quadratic form. Consider

&(t) = A(t)x(t) + B(t)u(t) + G(t)w(t)
where w is m-dimensional, unity variance, white noise and where x(t) € R™. We assume that we
are given
Ex(to) = Z(to)
E((to) — Z(to)) (2(to) — T(to))" = Bee(to)
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and a performance measure of the form
t1
n==¢& [ aT®)L{t)x(t) +u” (t)u(t)dt + ExT (t1)Qx(t1)
to
Our goal is to find a control law to minimize 1. Making full use of the structure given we can
find the optimal linear feedback control law for this system as follows.

Let II(¢t, @, t) be the solution of the Riccati equation
K(t) = —AT(O)K(t) - KA + K@O)BH)BT(OK() - L(t) 5 K(t)=@Q

If G were zero and if we knew 2 exactly, then the optimal control law would be v = —BT Kz.
In the present setting we can express 7, through a completion of the square argument. The first
step is to observe that

t
d
0=_ExT (K (t)x(t) — ExT(0)K(0)z(0) — 5/ %.I‘T(O')K(O')JJ(O')dO'
0
Subtracting this from the right-hand side of the equation
t1
n= 5/ aT (L) x(t) + ul (t)ut)dt + ExT (t1)Qu(ty)

to

allows us to complete the square to get

0= & ult)+ BTG Q. 1)z 0] + tr(QS(h)

to

—/hwme@ﬁMﬂ+wmeJﬁﬂMﬁ

to

+ /ltl trIl(t,Q,t1)G(t)G™ (t)dt

to

Integrating tr(IIZ + IIX) gives IIX. So we have
t1

n=E [ |lut) + BT I, Q, to)x(t)|*dt + trIL(to, Q, t1)E(to)

to

+/t trIl(t, Q,t1)G ()G (t)dt

to

Since all quantities are of fixed value except the first integral, we see that the optimal control
law is the same as in the deterministic case

u(t) = =BT (I(t, Q. t1)x(t)

and the minimum return is

77=t7‘[H(to,Q,t1)E(to)]+/ 1tT[H(hQ?tl)G(t)GT(tﬂdt

to

Now consider a more difficult problem where the state is not measured exactly. We have the
formula above, which is valid for all linear control laws applied to

#(t) = A@D)a(t) + Bt)u(t) + G(t)i(t)
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If we cannot observe x itself but only cx + v, we write x = &+ e where & is the minimum variance
unbiased estimate. Then

t1
n o= & [ |ut)+BTOUEQ,t1)2(t)|*dt
to

+& | WT®)BT ()L, Q,t1)[x(t) — &(t)]dt
+& t l[i“(t) — (O]t Q, 1) B(t) BT (OIL(t, Q, t1)[&(t) — (t)]dt
" /tl tr[I(t, Q, 1) G(H)GT (t)]dt + tr[Il(to, Q. t1)S(to)]

The control choice u = F'Z gives

t1

n = £ ) lu(t) + BT (OIL(t, Q, tr)z(t)||*dt
+& /t1 T (O FT ()BT (OT(t, Q, t1)[x(t) — &(t)]dt
+ /tl tr[T(t,Q, 1) B(t) BT ()IL(t, Q, t1)X(¢)]dt

to

+ /tl tr[Ti(t, Q, )G (t)G™ (t))dt

to

But on using the fact that £[z(t) — £(¢)]27 (¢) = 0 we can drop out the second integral. Thus the
best choice of u is

u(t) = =BT (OIL(t, Q. t1)2(t)

The figure below shows the implementation of the separation principle for

t1
n= S/ 2T Lz + uTudt + 27 (t1)Qz(t1). The defining equations are
to

Y= AT 4+ 2AT - 2CTOT + GG S(to) = oo
K=-ATK -KA+KBBTK L ; K(t)=Q

—( P x=Ax+Bu —®{ State
estimator

vy

K

Figure 7.1: The implementation of the separation principle.

Example: Consider the scalar system

de = (—z+u)dt+dw ; dy=adt+dv
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with 2(0) being distributed according to a Gaussian law with mean Z and variance o(0) = oy.
Suppose we wish to minimize

ty
n= 5/ (32)2(7) + p?(1)dr + Ex3(t1)
0
According to the separation theorem we need to compute both the optimal filter to recover
the best estimate of x and the optimal control assuming we know z. The latter involves solving
k=2k+k*-9 ; k(1)=1
We denote the solution of this equation by 7.

We also need to solve for the optimal estimate of xo — 2, where x5 = fot e~ "TTu(r)dr. If we
denote this by Z then for

o6=-20+1-0% ; 0(0)=o09

we would have
di = =2& + o(t)(dy — &dt)

if u were 0.

Putting this together we have

de = —zdt — 7(t)&(t)dt + dw
di = (=2 — o(t))2dt + o(t)dy
u(t, z) = —m(t)z
7(t) =2n(t) +7%(t) -9 ; (1) =1

6=-20+1-0> 0o(0) =09
It may be enlightening to see this as a system

xT

d| .
z

| -1 -7 T g dw
| o —2-0 z k(t)dv
7#=2n+7-9 w(1)=1 Final cond.

6=-20+1-0> ; 0(0)=0p Initial Cond.

If we work with # and e = 2 — Z then

R N S I C
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7.3 Stochastic Control with No Observations

If we are given a system of the form
dz = f(z,u)dt + Xg;(z,u)dw;

with no observations of x available, what choice of u, possibly dependent on ¢, will minimize a
performance measure of the expected value form? That is to say, how can we choose u so as to
minimize

Eo(a(t)) = / o, 1)b(x)dx

Of course it may turn out that the best choice for u is some constant value. For example, if we
have
dr = —xdt + udt + dw

Then p
E&E =-fx+u

and
d

—£

dt
In this case u has no effect on the variance of . Unless one knows the sign of £x(0) it is impossible
to choose u so as to reduce Ex(t).

(x — Ex)? = —2E(x — Ex)?

This situation is not universal. There are classes of models for which open loop control
produces interesting effects. One such class is modeled on the study of the thermodynamics of
heat engines. If we combine the equation of a Nyquist-Johnson resistor with that of a linear
capacitor having the capacitance c, the result is an [t6 equation describing the voltage across the
capacitance,

dev = —gudt + /29T dw

The steady state value of £(v?) is easily seen to be
Ev? =T/c

and so, in steady state, the expected value of the energy stored in the capacitor, £cv? /2, is just
T'/2. Notice that it does not depend on the values of g and ¢. This is, a very special form of the
equipartition of energy theorem discussed in chapter 5.

We now investigate a stochastic control analog of the problem of extracting mechanical work
from a heat bath. We do so by setting up a thermodynamic cycle based on a variable capacitance
interacting with resistors at different temperatures.

Figure 7.2: Extraction of work from an electrical circuit with noisy resistors and a variable
capicator.

We are interested in analyzing the possibility of extracting energy from the system using
control laws which depend on average values only and not properties of sample paths. One way
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to get mechanical energy (i.e., work) out of such a system is by changing the capacitance when
a charge is present. Because the energy stored in a capacitor is cv?/2 = ¢?/2c where v is the
voltage on the capacitor and ¢ is the charge, we see that when we change the capacitance we
change the energy stored in the capacitor. The nature of the change depends on the electrical
connection in effect while the change is being made. We have the alternative expressions

_d cv? _d q°
Cdt 2 dt2e
Thus we see that the effect is very different in the case of changing ¢ at constant charge verses
changing ¢ at constant voltage. The force required to change the value of the capacitance, is
expressible as the negative of the derivative of the potential energy, (f = —9V/0x )
d ¢ ¢y q? dc
fe=—aL S
dx2c 2 2 dx
The work done on the capacitor when it changes from an initial value of ¢; to a final value of ¢
at constant charge can be computed by integrating fdx but it more direct to observe that it is
just the difference in the potential energy at the end points

2 2
w=24 T

2cy  2¢

From the stochastic equation for the circuit we get a variance equation
- . g o2, _ 2
oc=-2(¢/c)o —2=0+2¢;T;/c* ; o=Ev

c

with T; being the temperature of the resistor connected to the capacitor. This can also be written
as p )
c g

o= —Zco —922 20: T

pricd ~Co Cco—i— g:,1;/c
This equation clearly expresses the flow of energy. Along a path on which £v%c is constant, the
integral of the left-hand side is zero, the integral of the first term on the right is the work while
the last two terms describe the flow of the heat supplied to the resistor. In view of this, we may
say that the expected value of the work done when a capacitor changes slowly at an equilibrium
condition associated with a resistor at temperature T is

o T  c(b)
gW— . 2—ch —Elnc—a)
Cc
cv= energy

/ c2v2=charge

Figure 7.3: Constant charge paths and constant energy paths.

We now discuss the Carnot cycle using figure 7.3 as a guide. In passing from 1 to 2 the
capacitor is connected to the resistor at temperature 77 = T;. Along this path work is done by
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the capacitor in the amount

T
EWig = L M) (negative number)
2 C1
The next step is to follow the path from point 2 to point 3 which is a constant charge path. The
capacitor is not connected to anything and work is done on the capacitor as required to change
c at constant charge.
2 2

EWy=d L -1

203 202

where we have used T' = £¢*/2c. In passing from point 3 to point 4, the capacitor is attached to
the resistor with temperature T} along this path the capacitor does work in the amount

T. c

EWsy = —In— (positive number)
2 C3

Finally, the capacitor is disconnected again and follows the constant charge path from point 4 to

point 1. Along this path the capacitor does work on the environment in the amount

2 2
W=+ _94 _p_1

2c1  2c¢y4

Notice that because T} = Ty and T3 = T}, the magnitude of the work done along the path
from 2 to 3 is equal to the magnidude of the work done along the path from 4 to 1. They are
of opposite sign and therefore cancel in the overall accounting of the work. To evaluate the
performance of this system we examine the heat supplied at temperature T, = T, = T3 and
compare it to the heat rejected at temperature 7; = Ty = T,. Defining the thermodynamic
efficiency as n = W/Q we see that because the magnitudes of the heat supplied along the paths
1-2 or 3-4 equals the magnitudes of the work done, we have

Thpca _ Ty o
W Wy+Ws Shg-—5hng

TTQn T T W Loy e
3

we proceed to evaluate 1. The key step in evaluating 7 is to establish the fact that along the

closed path we have defined
C1 Cq

C2 C3
To do this we combind the four equalities

1603 = €03 5 Ecivs = Ecivd ; Ecavi = Ecyul 5 Ecivi = Ecv?

|G _ Evy [EviEvi [Ev}  |EviEui
Ccaczcacr Evi\ EviEvi\ Evi |\ Evicv3
Again, using the four equations, we see that

(C/"U%(‘:’Uz o 1/ C2Cq
EviEv:  \Joics

which establishes the desired fact. Now, returning to the efficiency, we see that

These imply that

_%ln‘”‘——ln _Th_Tl
= & Th

According to the Kelvin-Planck statement of the second law, it is impossible to remove work
from a single heat bath using a thermodynamic cycle. In our situation we see that we get no
work out if T}, = 1.
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7.4 Exercises 7

1. Consider the stochastic differential equation
dxr = —zdt + dw + udt; x(t) = 0
Suppose we set u = —kx. What value of £ minimizes

tlggo E(2*(t) + u?(t))

2. Suppose that x satisfies the equation
dr = —xdt + dw + udt
and suppose that one observes
dy = zdt + dv

with w and v being standard, independent, Weiner processes. If 2(0), the initial data for
x, is distributed according to the probability density

p(a:(())) — \/LQ_F efmz(o)/Q

evaluate

tlim Ex?(t)

for udt = kdy. (Your answer will, of course, depend on k.)

3. Consider the second order equation

AR R S FA R M

Find u(t) = a(t)x1 + b(t)zs such that

1
n= 5/ u?(t) + 23 (t)dt
0
is as small as possible.

4. Let = be an n-vector and let w be an n-dimensional Wiener process. Consider the It6

equations
dx = dw ; 2(0)=0
dQ = zz dt ; Q0O)=0
Compute € Q(t). Consider the deterministic control problem
i=u ; z(0) =0
Q= za” ; Q) =0

Suppose that one wants to find the optimal control for achieving Q(T) = M, z(T) = 0
while minimizing
T
n= / wudt
0

Of course the optimal value of 7 depends on M and so we write n(M). Show that n(T)
depends on M only through the eigenvalues of M. How does n depend on 77 Write the
Hamilton-Jacobi equation for this problem.
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5. Write the Fokker-Planck equation for the stochastic differential equations appearing in the
previous problem.

6. Consider the solution p of the Fokker Planck equation for 2(0) = 0, Q(0) = 0. If t > 0, do
you expect that p(t,z, Q) will be positive for all  and Q = QT? Will it be positive for all
x,Q such that Q = QT > 0?

7. Find the best open-loop u and v for the problem
dr = —xdt + udt 4+ dw,

dy = —ydt + vdt + dws
dz = (xv — yu)zdt + dws
with
n=E(@® +y* + [z +u® +07)
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