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Abstract. We develop a general equality-constrained nonlinear optimization algorithm based on6
a smooth penalty function proposed by Fletcher (1970). Although it was historically considered to7
be computationally prohibitive in practice, we demonstrate that the computational kernels required8
are no more expensive than other widely accepted methods for nonlinear optimization. The main9
kernel required to evaluate the penalty function and its derivatives is solving a structured linear10
system. We show how to solve this system efficiently by storing a single factorization each iteration11
when the matrices are available explicitly. We further show how to adapt the penalty function to the12
class of factorization-free algorithms by solving the linear system iteratively. The penalty function13
therefore has promise when the linear system can be solved efficiently, e.g., for PDE-constrained14
optimization problems where efficient preconditioners exist. We discuss extensions including handling15
simple constraints explicitly, regularizing the penalty function, and inexact evaluation of the penalty16
function and its gradients. We demonstrate the merits of the approach and its various features on17
some nonlinear programs from a standard test set, and some PDE-constrained optimization problems.18

1. Introduction. We consider a penalty-function approach for solving general19

equality-constrained nonlinear optimization problems20

(NP) minimize
x∈Rn

f(x) subject to c(x) = 0 : y,21

where f : Rn → R and c : Rn → Rm are smooth functions (m ≤ n), and y ∈ Rm is22

the dual variable (the Lagrange multipliers). A smooth exact penalty function φσ is23

used to eliminate the constraints c(x) = 0. The penalty function is the Lagrangian24

L(x, y) = f(x)− c(x)Ty with the vector y = yσ(x) treated as a function of x depending25

on a parameter σ > 0. Hence, the penalty function depends only on the primal26

variables x. It was first proposed by Fletcher (1970) for (NP). A long-held view27

is that Fletcher’s penalty function is not practical because it is costly to compute28

(Bertsekas, 1975; Conn et al., 2000; Nocedal and Wright, 2006). In particular, Nocedal29

and Wright (2006, p.436) warn that “although this merit function has some interesting30

theoretical properties, it has practical limitations. . . ”. Our aim is to challenge that31

notion and to demonstrate that the computational kernels are no more expensive than32

other widely accepted methods for nonlinear optimization, such as sequential quadratic33

programming.34

The penalty function is exact because local minimizers of (NP) are minimizers35

of the penalty function for all values of σ larger than a finite threshold σ∗. The36
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main computational kernel for evaluating the penalty function and its derivatives is37

the solution of a certain structured linear system. If the system matrix is available38

explicitly, we show how to factorize it once and re-use the factors to evaluate the penalty39

function and its derivatives. We also adapt the penalty function for factorization-40

free optimization by solving the linear system iteratively. This makes the penalty41

function particularly applicable for certain problem classes, such as PDE-constrained42

optimization problems when good preconditioners exist; see section 9.43

1.1. Related work on penalty functions. Penalty functions have long been44

used to solve constrained problems by transforming them into unconstrained problems45

that penalize violations of feasibility. We provide a brief overview of common penalty46

methods and their relation to Fletcher’s penalty φσ(x). More detail is given by di Pillo47

and Grippo (1984), Conn et al. (2000), and Nocedal and Wright (2006).48

The simplest example is the quadratic penalty function (Courant, 1943), which49

removes the nonlinear constraints by adding 1
2ρ‖c(x)‖2 to the objective (for some50

ρ > 0). There are two main drawbacks: a sequence of optimization subproblems must51

be solved with increasing ρ, and a feasible solution is obtained only when ρ→∞. The52

subproblems become increasingly difficult to solve.53

An alternative to smooth non-exact penalty functions is an exact non-smooth54

function such as the 1-norm penalty ρ‖c(x)‖1 (Nocedal and Wright, 2006, §17.2).55

However, only non-smooth optimization methods apply, which typically exhibit slower56

convergence. Maratos (1978) further noted that non-smooth merit functions may57

reject steps and prevent quadratic convergence.58

Another distinct approach is the class of augmented Lagrangian methods, indepen-59

dently introduced by Hestenes (1969) and Powell (1969). These minimize a sequence60

of augmented Lagrangians, Lρk(x, yk) = L(x, yk) + 1
2ρk‖c(x)‖2. When yk is optimal,61

Lρk(x, yk) is exact for sufficiently large ρk, thus avoiding the stability issues of the62

quadratic penalty. However, a sequence of subproblems must be solved to drive yk to63

optimality.64

Although these penalty functions have often been successful in practice, in light65

of their drawbacks, a class of smooth exact penalty functions has been explored66

(di Pillo and Grippo, 1984; Zavala and Anitescu, 2014). With smooth exact penalty67

functions, constrained optimization problems such as (NP) can be replaced by a68

single smooth unconstrained optimization problem (provided the penalty parameter69

is sufficiently large). Approximate second-order methods can be applied to obtain at70

least superlinear local convergence. These methods are variations of minimizing the71

augmented Lagrangian, where either the multipliers are parametrized in terms of x,72

or they are kept independent and the gradient of the Lagrangian is penalized. The73

price for smoothness (as we find for φσ) is that a derivative of the penalty function74

requires a higher-order derivative from the original problem data. That is, evaluating75

φσ requires ∇f and ∇c; ∇φσ requires ∇2f and ∇2ci; and so on. The third derivative76

terms are typically discarded during computation, but it can be shown that superlinear77

convergence is retained.78

Fletcher (1970) introduced the class of smooth exact penalty functions from which79

φσ originates. Extensions and variations of this class have been explored by several80

authors, whose contributions are described by Conn et al. (2000, §14.6). However,81

Fletcher (1970) envisioned his method being applied to small problems, and assumed82

“the matrices in the problem are non-sparse”. Further, most developments surrounding83

this method focused on linesearch schemes that require computing an explicit Hessian84

approximation and using it to compute a Newton direction. One of our goals is85
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SMOOTH EXACT PENALTY FUNCTION 3

to show how to adapt the method to large-scale problems by taking advantage of86

computational advances made since Fletcher’s proposal. Improved sparse matrix87

factorizations and iterative methods for solving linear systems, and modern Newton-88

CG trust-region methods (Ph. L. Toint, 1981; Steihaug, 1983), play a key role in the89

efficient implementation of his penalty function. We also show how regularization can90

be used to accommodate constraint dependency, and explain how to take advantage of91

inexact evaluations of functions and gradients.92

1.2. Outline. We introduce the penalty function in section 2 and describe its93

properties and derivatives in section 3. In section 4 we discuss options for efficiently94

evaluating the penalty function and its derivatives. We then discuss modifications95

of the penalty function in section 5–6 to take advantage of linear constraints and to96

regularize the penalty function if the constraint Jacobian is rank-deficient. In some97

applications, it may be necessary to solve large linear systems inexactly, and we show in98

section 7 how the resulting imprecision can be accommodated. Other practical matters99

are described in section 8. We apply the penalty function to several optimization100

problems in section 9, and conclude with future research directions in section 10.101

2. The penalty function for equality constraints. For (NP), Fletcher’s102

penalty function is103

(1) φσ(x) := f(x)− c(x)Tyσ(x),104

where yσ(x) are Lagrange multiplier estimates defined with other items as105

yσ(x) := arg miny
1
2‖A(x)y − g(x)‖22 + σc(x)Ty, g(x) := ∇f(x),(2a)106

A(x) := ∇c(x) =
[
g1(x) . . . gm(x)

]
, gi(x) := ∇ci(x),(2b)107

Yσ(x) := ∇yσ(x).(2c)108109

Note that A and Yσ are n-by-m matrices. The form of yσ(x) is reminiscent of the110

variable-projection algorithm of Golub and Pereyra (1973) for separable nonlinear111

least-squares problems.112

We assume that (NP) satisfies some variation of the following assumptions:113

(A1) f and c are twice continuously differentiable and have Lipschitz second-114

derivatives (A1a), or are three-times continuously differentiable (A1b).115

(A2) The linear independence constraint qualification (LICQ) is satisfied at station-116

ary points of (NP) (A2a), or for all n-vectors x (A2b). (LICQ is satisfied at a117

point x if the vectors {∇ci(x)}mi=1 are linearly independent.)118

(A3) The problem is feasible, i.e., there exists x such that c(x) = 0.119

Assumption (A1b) ensures that φσ has two continuous derivatives and is typical for120

smooth exact penalty functions (Bertsekas, 1982, Proposition 4.16). However, we use121

at most two derivatives of f and c throughout. We typically assume (A1b) to simplify122

the discussion, but this assumption can often be weakened to (A1a). We also initially123

assume that (NP) satisfies (A2b) so that Yσ(x) and yσ(x) are uniquely defined. We124

relax this assumption to (A2a) in section 6.125

2.1. Notation. Denote x∗ as a local minimizer of (NP), with corresponding dual126

solution y∗. Let H(x) = ∇2f(x), Hi(x) = ∇2ci(x), and define127

gL(x, y) := g(x)−A(x)y, gσ(x) := gL(x, yσ(x)),(3a)128

HL(x, y) := H(x)−
m∑
i=1

yiHi(x), Hσ(x) := HL(x, yσ(x))(3b)129

130
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as the gradient and Hessian of L(x, y) evaluated at x and y, or evaluated at yσ(x).131

We also define the matrix operators132

S(x, v) := ∇x[A(x)Tv] = ∇x

 g1(x)T v
...

gm(x)T v

 =

 v
TH1(x)

...
vTHm(x)

 ,133

T (x,w) := ∇x[A(x)w] = ∇x

[
m∑
i=1

wigi(x)

]
=

m∑
i=1

wiHi(x),134

135

where v ∈ Rn, w ∈ Rm, and T (x,w) is a symmetric matrix. The operation of136

multiplying the adjoint of S with a vector w is described by137

S(x, v)Tw =

[
m∑
i=1

wiHi(x)

]
v = T (x,w)v = T (x,w)T v .138

139

If A(x) has full rank m, the operators140

(4) P (x) := A(x)
(
A(x)TA(x)

)−1
A(x)T and P̄ (x) := I − P (x)141

define, respectively, orthogonal projectors onto range(A(x)) and its complement. More142

generally, for a matrix M , respectively define PM and P̄M as the orthogonal projectors143

onto range(M) and ker(M). We define M† as the Moore-Penrose pseudoinverse, where144

M† = (MTM)−1MT if M has full column-rank.145

Unless otherwise indicated, ‖ · ‖ is the 2-norm for vectors and matrices. For M146

positive definite, ‖u‖2M = uTMu is the energy norm. Define 1 as the vector of all ones.147

3. Properties of the penalty function. We show how the penalty function148

φσ(x) naturally expresses the optimality conditions of (NP). We also give explicit149

expressions for the threshold value of the penalty parameter σ.150

3.1. Derivatives of the penalty function. The gradient and Hessian of φσ151

may be written as152

∇φσ(x) = gσ(x)− Yσ(x)c(x),(5a)153

∇2φσ(x) = Hσ(x)−A(x)Yσ(x)T − Yσ(x)A(x)T −∇x [Yσ(x)c] ,(5b)154155

where the last term ∇x[Yσ(x)c] purposely drops the argument on c to emphasize156

that this gradient is made on the product Yσ(x)c with c := c(x) held fixed. This157

term involves third derivatives of f and c, and as we shall see, it is convenient and158

computationally efficient to ignore it. We leave it unexpanded.159

3.2. Optimality conditions. The penalty function φσ is closely related to160

the Lagrangian L(x, y) associated with (NP). To make this connection clear, we161

define the Karush-Kuhn-Tucker (KKT) optimality conditions for (NP) in terms of162

formulas related to φσ and its derivatives. From the definition of φσ and yσ and the163

derivatives (5), the following definitions are equivalent to the KKT conditions.164

Definition 1 (First-order KKT point). A point x∗ is a first-order KKT point165

of (NP) if for any σ ≥ 0 the following hold:166

c(x∗) = 0,(6a)167

∇φσ(x∗) = 0.(6b)168169

The Lagrange multipliers associated with x∗ are y∗ := yσ(x∗).170
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SMOOTH EXACT PENALTY FUNCTION 5

Definition 2 (Second-order KKT point). The first-order KKT point x∗ satisfies171

the second-order necessary KKT condition for (NP) if for any σ ≥ 0,172

(7) pT∇2φσ(x∗)p ≥ 0 for all p such that A(x∗)Tp = 0,173

i.e., P̄ (x∗)∇2φσ(x∗)P̄ (x∗) � 0. The condition is sufficient if the inequality is strict.174

The second-order KKT condition says that at x∗, φσ has nonnegative curvature175

along directions in the tangent space of the constraints. However, at x∗, increasing σ176

will increase curvature along the normal cone of the feasible set. We derive a threshold177

value for σ that causes φσ to have nonnegative curvature at a second-order KKT point178

x∗, as well as a condition on σ that ensures stationary points of φσ are primal feasible.179

For a given first- or second-order KKT pair (x∗, y∗) of (NP), we define180

(8) σ∗ := 1
2λmax (P (x∗)HL(x∗, y∗)P (x∗)) ,181

where λmax(·) is the maximum of the largest eigenvalue and zero.182

Lemma 3. If c(x) ∈ range(A(x)T ), then yσ(x) satisfies183

(9) A(x)TA(x)yσ(x) = A(x)Tg(x)− σc(x).184

Further, if A(x) has full rank, then185

(10) A(x)TA(x)Yσ(x)T = A(x)T [Hσ(x)− σI] + S(x, gσ(x)).186

Proof. For any x, the necessary and sufficient optimality conditions for (2a) give (9).187

By differentiating both sides of (9), we obtain188

S(x,A(x)yσ(x))+A(x)T
[
T (x, yσ(x)) +A(x)Yσ(x)T

]
= S(x, g(x))+A(x)T [H(x)−σI].189

From definitions (3), we obtain (10).190

Theorem 4 (Threshold penalty value).
Suppose ∇φσ(x̄) = 0 for some x̄, and let x∗1 and x∗2 be a first-order and a second-order
necessary KKT point, respectively, for (NP). Let σ∗ be defined as in (8). Then

σ > ‖A(x̄)TYσ(x̄)‖ =⇒ g(x̄) = A(x̄)yσ(x̄), c(x̄) = 0;(11a)

σ ≥ ‖A(x∗1)Yσ(x∗1)T ‖ =⇒ σ ≥ σ∗;(11b)

∇2φσ(x∗2) � 0 ⇐⇒ σ ≥ σ∗.(11c)

If x∗2 is second-order sufficient, then the inequalities in (11c) hold strictly.

191

192

Proof. We prove (11a), (11c), and (11b) in order.193

Proof of (11a): The condition ∇φσ(x̄) = 0 implies that194

g(x̄) = A(x̄)yσ(x̄) + Yσ(x̄)c(x̄).195

Substituting (9) evaluated at x̄ into this equation yields, after simplifying,196

A(x̄)TYσ(x̄)c(x̄) = σc(x̄).197

Taking norms of both sides and using the triangle inequality gives the inequality198

σ‖c(x̄)‖ ≤ ‖A(x̄)TYσ(x̄)‖ ‖c(x̄)‖, which immediately implies that c(x̄) = 0. The199

condition ∇φσ(x̄) = 0 then becomes gσ(x̄) = 0.200

This manuscript is for review purposes only.
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Proof of (11c): Because x∗2 satisfies (6), we have gσ(x∗2) = 0 and y∗ = yσ(x),201

independently of σ. It follows from (10), HL(x∗2, y
∗) = Hσ(x∗2), and the definition of202

the projector P = P (x∗2) that203

(12) A(x∗2)Yσ(x∗2)T = P (HL(x∗2, y
∗)− σI).204

We substitute this equation into (5b) and use the relation P + P̄ = I to obtain205

(13) ∇2φσ(x∗2) = P̄HL(x∗2, y
∗)P̄ − PHL(x∗2, y

∗)P + 2σP.206

Note that P̄HL(x∗2, y
∗)P̄ � 0 because x∗2 is a second-order KKT point, so σ needs to207

be sufficiently large that 2σP − PHL(x∗2, y
∗)P � 0, which is equivalent to σ ≥ σ∗.208

Proof of (11b): With x∗1 in (12), y∗ = yσ(x∗1), and the properties of P , we have209

σ ≥ ‖A(x∗1)Yσ(x∗1)T ‖ = ‖P (HL(x∗1, y
∗)− σI)‖210

≥ ‖P (HL(x∗1, y
∗)− σI)P‖211

≥ ‖PHL(x∗1, y
∗)P‖ − σ‖P‖212

≥ 2σ∗ − σ.213214

Thus, σ ≥ σ∗ as required.215

According to (11c), if x∗ is a second-order KKT point, there exists a threshold216

value σ∗ such that φσ has nonnegative curvature for σ ≥ σ∗. Unfortunately, as217

for many exact penalty functions, Theorem 4 does not discount the possibility of218

stationary points of φσ(x) that are not feasible points of (NP); for an example, see219

Appendix A.1. However, we rarely encounter this in practice, and usually minimizers220

of φσ(x) correspond to feasible (and therefore optimal) points of (NP).221

3.3. Additional quadratic penalty. In light of Theorem 4, it is somewhat222

unsatisfying that local minimizers of φσ(x) might not be local minimizers of (NP). We223

may add a quadratic penalty term to promote feasibility, and under mild conditions224

ensure that minimizers of φσ are KKT points of (NP). Like Fletcher (1970), we define225

(14) φσ,ρ(x) := φσ(x) + 1
2ρ‖c(x)‖2 = f(x)− [yσ(x)− 1

2ρc(x)]Tc(x).226

The multiplier estimates are now shifted by the constraint violation, similar to an227

augmented Lagrangian. All expressions for the derivatives follow as before with an228

additional term from the quadratic penalty.229

Theorem 5 (Threshold penalty value for quadratic penalty).
Let S ⊂ Rn be a compact set, and suppose that σmin(A(x)) ≥ λ > 0 for all x ∈ S.
Then for any σ ≥ 0 there exists ρ∗(σ) > 0 such that for all ρ > ρ∗(σ), if ∇φσ,ρ(x̄) = 0
and x̄ ∈ S, then x̄ is a first-order KKT point for (NP).

230

231

Proof. The condition ∇φσ,ρ(x̄) = 0 implies that232

g(x̄)−A(x̄)yσ(x̄)− Yσ(x̄)c(x̄) = ρA(x̄)c(x̄).233

We premultiply with A(x̄)T and use (9) to obtain234

(15)
(
σI −A(x̄)TYσ(x̄)

)
c(x̄) = ρA(x̄)TA(x̄)c(x̄).235
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The left-hand side of (15) is a continuous matrix function with finite supremum236

R(σ) := supx∈S ‖σI −A(x)TY (x)‖ defined over the compact set S. We now define237

ρ∗(σ) := R(σ)/λ2, so that for ρ > ρ∗(σ), if c(x̄) 6= 0,238

R(σ)‖c(x̄)‖ ≥ ‖σI −A(x̄)TYσ(x̄)‖ · ‖c(x̄)‖239

≥ ‖
(
σI −A(x̄)TYσ(x̄)

)
c(x̄)‖240

= ρ‖A(x̄)TA(x̄)c(x̄)‖241

≥ ρλ2‖c(x̄)‖ > R(σ)‖c(x̄)‖,242243

which is a contradiction, implying ‖c(x̄)‖ = 0, so that x̄ is feasible for (NP). Because244

c(x̄) = 0 and ∇φσ(x) = ∇φσ,ρ(x̄) = 0, x̄ is a first-order KKT point.245

We briefly consider the case σ = 0 and ρ > 0. The threshold value to ensure
positive semidefiniteness of ∇2φσ,ρ at a second-order KKT pair (x∗, y∗) to (NP) is

ρ∗ = λmax

(
A(x∗)†HL(x∗, y∗)A(x∗)†

)
.

This threshold parameter is more difficult to interpret in terms of the original problem246

data compared to σ∗ because of the pseudoinverse. We give a theorem analogous to247

Theorem 4, but omit the proof as it is nearly identical.248

Theorem 6. Suppose σ = 0 and ρ ≥ 0. Let ∇φσ,ρ(x̄) = 0 for some x̄, and let x∗ be
a second-order necessary KKT point for (NP). Then

ρ > ‖A(x̄)†Yσ(x̄)‖ =⇒ g(x̄) = A(x̄)yσ(x̄), c(x̄) = 0;(16a)

∇2φσ(x∗) � 0 ⇐⇒ ρ ≥ ρ∗.(16b)

If x∗ is second-order sufficient, the inequalities in (16b) hold strictly.

249

250

Using ρ > 0 can help cases where attaining feasibility is problematic for moderate251

values of σ. For simplicity we let ρ = 0 from now on, because it is trivial to evaluate252

φσ,ρ and its derivatives if one can compute φσ.253

3.4. Scale invariance. Note that φσ is invariant under diagonal scaling of the254

constraints, i.e., if c(x) is replaced by Dc(x) for some diagonal matrix D, then φσ255

is unchanged. It is an attractive property for φσ and σ∗ to be independent of some256

choices in model formulation, like the Lagrangian. However, φσ,ρ with ρ > 0 is not scale257

invariant, like the augmented Lagrangian, because of the quadratic term. Therefore,258

constraint scaling is an important consideration if φσ,ρ is to be used.259

4. Evaluating the penalty function. The main challenge in evaluating φσ260

and its gradient is solving the shifted least-squares problem (2a) in order to compute261

yσ(x), and computing the gradient Yσ(x). Below we show it is possible to compute262

products Yσ(x)v and Yσ(x)Tu by solving structured linear systems involving the matrix263

used to compute yσ(x). If direct methods are used, a single factorization that gives264

the solution (2a) is sufficient for all products.265

For this section, it is convenient to drop the arguments on the various functions266

and assume they are all evaluated at a point x for some parameter σ. For example,267

yσ = yσ(x), A = A(x), Yσ = Yσ(x), Hσ = Hσ(x), Sσ = S(x, gσ(x)), etc. We also268

express (10) using the shorthand notation269

(17) ATAY Tσ = AT [Hσ − σI] + Sσ.270
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We first describe how to compute products Yσu and Y Tσ v, then describe how to put271

those pieces together to evaluate the penalty function and its derivatives.272

4.1. Computing the product Yσu. For a given u ∈ Rm, we premultiply (17)273

by uT(ATA)−1 to obtain274

Yσu = [Hσ − σI]A(ATA)−1u+ STσ (ATA)−1u275

= [Hσ − σI]v − STσ w,276277

where we define w = −(ATA)−1u and v = −Aw. Observe that w and v solve the278

system279

(18)

[
I A
AT

] [
v
w

]
=

[
0
u

]
.280

Algorithm 1 formalizes the process.281

Algorithm 1 Computing the matrix-vector product Yσu

1: (v, w)← solution of (18)
2: return [Hσ − σI]v − STσw

4.2. Computing the product YT
σv. Multiplying both sides of (17) on the right282

by v gives283

ATA(Y Tσ v) = AT ([Hσ − σI]v) + (Sσv).284

The required product u = Y Tσ v is in the solution of the system285

(19)

[
I A
AT

] [
r
u

]
=

[
[Hσ − σI]v
−Sσv

]
.286

Algorithm 2 formalizes the process.287

Algorithm 2 Computing the matrix-vector product Y Tσ v

1: Evaluate [Hσ − σI]v and Sσv
2: (r, u)← solution of (19)
3: return u

4.3. Computing multipliers and first derivatives. The multiplier estimates288

yσ can be obtained from the optimality conditions for (2a):289

(20)

[
I A
AT

] [
gσ
yσ

]
=

[
g
σc

]
,290

which also gives gσ. Algorithm 1 then gives Yσc and hence ∇φσ in (5a).291

Observe that we can re-order operations to take advantage of specialized solvers.292

Consider the pair of systems293

(21)

[
I A
AT

] [
d
y

]
=

[
g
0

]
and

[
I A
AT

] [
v
w

]
=

[
0
c

]
.294

We have gσ = d+σv and yσ = y+σw, while the computation of Yσc is unchanged. The295

systems in (21) correspond to pure least-squares and least-norm problems respectively.296

Specially tailored solvers may be used to improve efficiency or accuracy. This is further297

explored in section 4.5.298
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4.4. Computing second derivatives. We can approximate ∇2φσ using (5b)299

and (10) in two ways according to300

∇2φσ ≈ B1 := Hσ −AY Tσ − YσAT(22a)301

= Hσ − P̃Hσ −HσP̃ + 2σP̃ −A(ATA)−1Sσ − STσ (ATA)−1A302

∇2φσ ≈ B2 := Hσ − P̃Hσ −HσP̃ + 2σP̃ ,(22b)303304

where P̃ = A(ATA)−1AT. Note that P̃ = PA here, but this changes when regularization305

is used; see section 6. The first approximation ignores ∇[Yσ(x)c] in (5b), while the306

second ignores Sσ = S(x, gσ(x)). Because we expect c(x)→ 0 and gσ(x)→ 0, B1 and307

B2 are similar to Gauss-Newton approximations to ∇2φσ(x), and as Fletcher (1973,308

Theorem 2) shows, using them in a Newton-like scheme is sufficient for quadratic309

convergence if (A1a) is satisfied.310

Because P̃ is a projection on range(A), we can compute products P̃ u by solving311

(23)

[
I A
AT

] [
p
q

]
=

[
u
0

]
312

and setting P̃ u← u− p. Note that with regularization, the (2, 2) block of this system313

is modified and P̃ is no longer a projection; see section 6.314

The approximations (22a) and (22b) trade Hessian accuracy for computational315

efficiency. If the operator S(x, v) is not immediately available (or not efficiently316

implemented), it may be avoided. Using B2 requires only least-square solves, which317

allows us to apply specialized solvers (e.g., LSQR (Paige and Saunders, 1982)), which318

cannot be done when products with Y Tσ are required.319

4.5. Solving the augmented linear system. We discuss some approaches to320

solving linear systems of the form321

(24) K
[
p
q

]
=

[
w
z

]
, K :=

[
I A
AT −δ2I

]
,322

which have appeared repeatedly in this section. Although δ = 0 so far, we now look323

ahead to regularized systems because they require only minor modification. Let (p∗, q∗)324

solve (24). Define Aδ :=
[
AT δI

]T
when δ > 0; otherwise Aδ := A.325

Conceptually it is not important how this system is solved as long as it is with326

sufficient accuracy. However, this is the most computationally intensive part of using327

φσ. Different solution methods have different advantages and limitations, depending328

on the size and sparsity of A, whether A is available explicitly, and the prescribed329

solution accuracy.330

One option is to use direct methods: factorize K once per iteration and use the331

factors to solve with each right-hand side. Several factorization-based approaches can332

be employed with various advantages and drawbacks; see Appendix A.2.333

In line with the goal of creating a factorization-free solver for minimizing φσ, we334

discuss iterative methods for solving (24), particularly Krylov subspace solvers. This335

approach has two potential advantages: if a good preconditioner P ≈ ATA is available,336

then solving (24) could be much more efficient than with direct methods, and we can337

take advantage of solvers using inexact function values, gradients or Hessian products338

by solving (24) approximately.339

When z = 0, (24) is a (regularized) least-squares problem: minq ‖Aδq − wδ‖. We340

use LSQR (Paige and Saunders, 1982), which ensures that the error in iterates pk and341
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qk decreases monotonically at every iteration. (Hestenes and Stiefel (1952) show this342

for CG, and LSQR is equivalent to CG on the normal equations.) Furthermore, Estrin343

et al. (2017) provide a way to compute an upper bound on ‖p∗ − pk‖ and ‖q∗ − qk‖344

via LSLQ when given an understimate of σmin(AP−1/2). (Note that the error norm345

for q depends on the preconditioner.) Further discussion is in section 9.346

When w = 0, (24) is a least-norm problem: minp ‖p‖ s.t. ATδ p = z. We then use347

CRAIG (Craig, 1955) because it minimizes the error in each Krylov subspace. Given348

the same underestimate of σmin(AP−1/2), Arioli (2013) and Estrin et al. (2018) give a349

way to bound the error norms for p and q.350

Recall that φσ and ∇φσ can be computed by solving only least-squares and least-351

norm problems (only one of w and z is nonzero at a time). Furthermore, if (22b) is352

used, the remaining solves with K are least-squares solves. If both w and z are nonzero353

(for products with Y Tσ ), we can shift the right-hand side of (24) and solve the system354

K
[
p̄
q

]
=

[
0

z −ATw

]
, p = p̄+ w.355

Thus, (24) can be solved by CRAIG or LNLQ (Arioli, 2013; Estrin et al., 2018) or other356

least-norm solvers.357

Although K is symmetric indefinite, we do not recommend methods such as358

MINRES or SYMMLQ (Paige and Saunders, 1975). Orban and Arioli (2017) show that359

if full-space methods are applied directly to K then every other iteration of the solver360

makes little progress. However, if solves with P can only be performed approximately,361

it may be necessary to apply flexible variants of nonsymmetric full-space methods to362

K, such as GMRES (Saad and Schultz, 1986).363

5. Maintaining explicit constraints. We consider a variation of (NP) where364

some of the constraints c(x) are easy to maintain explicitly; for example, some are365

linear. We can then maintain feasibility for a subset of the constraints, the contours366

of the φσ are simplified, and as we show soon, the threshold penalty parameter σ∗367

is decreased. We discuss the case where some of the constraints are linear, but it is368

possible to extend the theory to any type of constraint.369

Consider the problem370

(NP-EXP) minimize
x∈Rn

f(x) subject to c(x) = 0, BTx = d,371

where we have nonlinear constraints c(x) ∈ Rm1 and linear constraints BTx = d with372

B ∈ Rn×m2 , so that m1 +m2 = m. We assume that (NP-EXP) at least satisfies (A2a),373

so that B has full column rank. We define the penalty function problem to be374

(25)

minimize
x∈Rn

φσ(x) := f(x)− c(x)T yσ(x) subject to BTx = d,[
yσ(x)
wσ(x)

]
:= arg min

y,w

1
2‖A(x)y +Bw − g(x)‖2 + σ

[
c(x)

BTx− d

]T [
y
w

]
,

375

which is similar to (1) except the linear constraints are not penalized in φσ(x), and376

the penalty function is minimized subject to the linear constraints. A possibility is to377

penalize the linear constraints as well, while keeping the linear constraints explicit;378

however, penalizing the linear constraints in φσ(x) introduces additional nonlinearity,379

and if all constraints are linear, it makes sense that the penalty function reduces380

to (NP-EXP).381
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For a given first- or second-order KKT solution (x∗, y∗), the threshold penalty382

parameter becomes383

(26) σ∗ := 1
2λmax

(
P̄BPCHL(x∗, y∗)PC P̄B

)
≤ 1

2λmax (PCHL(x∗, y∗)PC) ,384

where C(x) =
[
A(x) B

]
is the Jacobian for all constraints. Inequality (26) holds385

because P̄B is an orthogonal projector. If the linear constraints were not explicit,386

the threshold value would be the right-most term in (26). Intuitively, the threshold387

penalty value decreases by the amount of the top eigenspace of the Lagrangian Hessian388

that lies in the range of BT , because positive semidefiniteness of ∇2φσ(x∗) along that389

space is guaranteed by the underlying solver.390

The following result is analogous to Theorem 4 with the smaller threshold value.391

Theorem 7 (Threshold penalty value with explicit constraints).
Suppose x̄ is a first-order necessary KKT point for (25):

BTx̄ = d,

∇φσ(x̄) = Bw∗,

and let x∗1 and x∗2 be first- and second-order necessary KKT points respectively for
(NP-EXP). Then for all p 6= 0 such that BTp = 0,

σ > ‖A(x̄)T P̄BYσ(x̄)‖ =⇒ g(x̄) = A(x̄)yσ(x̄) +Bwσ(x̄), c(x̄) = 0;(27a)

σ ≥ ‖P̄BA(x∗1)Yσ(x∗1)T ‖ =⇒ σ ≥ σ∗;(27b)

pT∇2φσ(x∗2)p � 0 ⇐⇒ σ ≥ σ∗.(27c)

If x∗2 is second-order sufficient, the inequalities in (27c) hold strictly.

392

393

The proof of the theorem, and details of evaluating the penalty function with394

explicit constraints, are given in Appendix A.3.395

6. Regularization. Even if A(x∗) has full column rank, A(x) might have low396

column rank or small singular values away from the solution. If A(x) is rank-deficient397

and c(x) is not in the range of A(x)T , then yσ(x) and φσ(x) are undefined. Even if A(x)398

has full column rank but is close to rank-deficiency, the linear systems (18)–(20) and399

(23) are ill-conditioned, threatening inaccurate solutions and impeded convergence.400

We modify φσ by changing the definition of the multiplier estimates in (2a) to401

solve a regularized shifted least-squares problem with regularization parameter δ > 0:402

φσ(x; δ) := f(x)− c(x)Tyσ(x; δ)(28)403

yσ(x; δ) := arg min
y

1
2‖A(x)y − g(x)‖22 + σc(x)Ty + 1

2δ
2‖y‖22.(29)404

405

This modification is similar to the exact penalty function of di Pillo and Grippo (1986).406

The regularization term 1
2δ

2‖y‖22 ensures that the multiplier estimate yσ(x; δ) is always407

defined even when A(x) is rank-deficient. The only computational change is that the408

(2, 2) block of the matrices in (18)–(20) and (23) is now −δ2I.409

Besides improving cond(K), δ > 0 has the advantage of making K symmetric410

quasi-definite. Vanderbei (1995) shows that any symmetric permutation of such a411

matrix possesses an LDLT factorization with L unit lower triangular and D diagonal412

indefinite. Result 2 of Gill et al. (1996) implies that the factorization is stable as long413
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as δ is sufficiently far from zero. Various authors propose regularized matrices of this414

type to stabilize optimization methods in the presence of degeneracy. In particular,415

Wright (1998) accompanies his discussion with an update scheme for δ that guarantees416

fast asymptotic convergence.417

We continue to assume that (NP) satisfies (A1b), but we now replace (A2b)418

by (A2a). For a given isolated local minimum x∗ of (NP), σ sufficiently large, and δ419

sufficiently small, we define420

x(δ) := arg minx ‖x− x∗‖ such that x is a local-min of φσ(x; δ)421

for use as an analytical tool in the upcoming discussion.422

Note that for δ > 0, we would not expect that x(δ) = x∗, but we want to ensure423

that x(δ)→ x∗ as δ → 0. Note that for x such that yσ(x) is defined,424

yσ(x; δ) = (A(x)TA(x) + δ2I)−1A(x)TA(x)yσ(x)425

= yσ(x)− δ2(A(x)TA(x) + δ2I)−1yσ(x).426427

Therefore for x such that φσ(x) is defined, we can write the regularized penalty function428

as a perturbation of the unregularized one:429

φσ(x; δ) = f(x)− c(x)Tyσ(x; δ)430

= f(x)− c(x)Tyσ(x) + δ2c(x)T(A(x)TA(x) + δ2I)−1yσ(x)431

= φσ(x) + δ2Pδ(x),(30)432433

where Pδ(x) = c(x)T(A(x)TA(x) + δ2I)−1yσ(x). By (A1b), Pδ is bounded and has at434

least two continuous derivatives in a neighbourhood of x∗.435

Theorem 8. Suppose (A1b) and (A2a) are satisfied, x∗ is a second-order KKT436

point for (NP), and ∇2φσ(x∗) � 0. Then there exists δ̄ > 0 such that x(δ) is a C1437

function for 0 ≤ δ < δ̄. In particular, ‖x(δ)− x∗‖ = O(δ).438

Proof. The theorem follows from the Implicit Function Theorem (Ortega and439

Rheinboldt, 2000, Theorem 5.2.4) applied to ∇φσ(x; δ) = 0.440

An option to recover x∗ using φσ(x; δ) is to minimize a sequence of problems441

defined by xk+1 = arg minx φσ(x; δk) with δk → 0, using xk to warm-start the next442

subproblem. However, we show that it is possible to decrease δ within a single problem,443

while retaining fast local convergence.444

To keep results independent of the minimization algorithm being used, for a family445

of functions F we define G : F×Rn → Rn such that for f ∈ F and an iterate x, G(f, x)446

computes an update direction. For example, if F = C2, we can represent Newton’s447

method with G(f, x) = −H(x)−1g(x), where g(x) = ∇f(x) and H(x) = ∇2f(x).448

Define ν(δ) as a function such that for repeated applications, νk(δ)→ 0 as k →∞ at449

a chosen rate; for example, for a quadratic rate, we let ν(δ) = δ2.450

Algorithm 3 describes how to adaptively update δ each iteration.451

In order to analyze Algorithm 3, we formalize the notions of rates of convergence452

using definitions equivalent to those of Ortega and Rheinboldt (2000, §9).453

Definition 9. We say that xk → x∗ with order at least τ > 1 if there exists
M > 0 such that, for all sufficiently large k, ‖xk+1 − x∗‖ ≤ M‖xk − x∗‖τ . We say
that xk → x∗ with R-order at least τ > 1 if there exists a sequence αk such that, for
all sufficiently large k,

‖xk − x∗‖ ≤ αk, αk → 0 with order at least τ .
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Algorithm 3 Minimization of the regularized penalty function φσ(x, δ) with δ → 0

1: Choose x1, δ0
2: for k = 1, 2, . . . do
3: Set

(31) δk ← max {min {‖∇φσ(xk; δk−1)‖, δk−1} , ν(δk−1)}

4: pk ← G (φσ(·, δk), xk)
5: xk+1 ← xk + pk
6: end for

We first show that any minimization algorithm achieving a certain local rate of454

convergence can be regarded as inexact Newton (Dembo et al., 1982).455

Lemma 10. Let f(x) be a C2 function with local minimum x∗ and H(x∗) � 0.456

Suppose we minimize f according to457

(32) xk+1 = xk + pk, pk = G(f, xk),458

such that xk → x∗ with order at least τ ∈ (1, 2]. Then in some neighborhood of x∗, the459

update procedure G(f, x) is equivalent to the inexact-Newton iteration460

(33) xk+1 ← xk + pk, H(xk)pk = −g(xk) + rk, ‖rk‖ = O(‖g(xk)‖τ ).461

Proof. There exists a neighborhood NN (x∗) such that for any xN0 ∈ NN (x∗), the462

Newton update xNk+1 = xNk +pNk with H(xNk )pNk = −g(xNk ) is quadratically convergent:463

‖x∗ − xNk+1‖ ≤M1‖x∗ − xNk ‖2, xk ∈ NN (x∗).464

Similarly let NG(x∗) be the neighborhood where order τ convergence is obtained465

for (32) with constant M2. Let Bε(x
∗) = {x | ‖x∗−x‖ ≤ ε}. Choose ε ≤ min{M−1

2 , 1}466

such that Bε(x
∗) ⊆ NN ∩NG, and observe that if x0 ∈ Bε(x∗), then xk ∈ Bε(x∗) for467

all k because ‖x∗ − xk‖ is monotonically decreasing. By continuity of H(x), there468

exists M3 > 0 such that ‖H(x)‖ ≤M3 for all Bε(x
∗). Then for xk ∈ Bε(x∗),469

‖rk‖ = ‖H(xk)pk + g(xk)‖ = ‖H(xk)(xk+1 − xk − pNk )‖470

≤ ‖H(xk)‖‖xk+1 − x∗ + x∗ − xNk+1‖471

≤M3(‖xk+1 − x∗‖+ ‖xNk+1 − x∗‖)472

≤M3(M1 +M2)‖xk − x∗‖τ ,473474

Because f ∈ C2, there exists a constant M4 such that ‖xk − x∗‖ ≤ M4‖g(xk)‖ for475

xk ∈ NG(x∗) ∩ NN (x∗). Therefore ‖rk‖ ≤ M4M3(M1 + M2)‖g(xk)‖τ , which is the476

inexact-Newton method, convergent with order τ .477

Note that Lemma 10 can be modified to accommodate any form of superlinear478

convergence, as long as ‖rk‖ converges at the same rate as xk → x∗.479

Theorem 11. Suppose that (A1b) and (A2a) are satisfied, x∗ is a second-order480

KKT point for (NP), ∇2φσ(x∗) � 0, and there exists δ̄ and an open set B(x∗)481

containing x∗ such that for x̃0 ∈ B(x∗) and δ ≤ δ̄, the sequence defined by x̃k+1 =482

x̃k +G(φσ(·; δ), x̃k) converges quadratically to x(δ):483

‖x(δ)− x̃k+1‖ ≤Mδ‖x(δ)− x̃k‖2.484
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Further suppose that for δ ≤ δ̄, Mδ ≤M is uniformly bounded. Then there exists an485

open set, B′(x∗) that contains x∗, and δ′ > 0 such that if x ∈ B′(x∗), δ ≤ δ′ and486

xk → x∗ for xk defined by Algorithm 3 (with ν(δ) = δ2), then xk → x∗ R-quadratically.487

The proof is in Appendix A.4. Although there are many technical assumptions, the488

takeaway message is that we need only minimize φσ(·; δk) until ‖∇φσ‖ = O(δk),489

because under typical smoothness assumptions we have that ‖x(δ)− x∗‖ = O(δ) for δ490

sufficiently small. Decreasing δ at the same rate as the local convergence rate of the491

method on a fixed problem should not perturb φσ(x; δ) too much, therefore allowing492

for significant progress on the perturbed problem in few steps. Within the basin of493

convergence and for a fixed δ > 0, an optimization method would achieve the same494

local convergence rate that it would have with δ = 0 fixed.495

Theorem 11 can be generalized to superlinear rates of convergence using a similar496

proof. As long as ν(·) drives δ → 0 as fast as the underlying algorithm would locally497

converge for fixed δ, local convergence of the entire regularized algorithm is unchanged.498

7. Inexact evaluation of the penalty function. We discuss the effects of499

solving (24) approximately, and thus evaluating φσ and its derivatives inexactly.500

Various optimization solvers can utilize inexact function values and derivatives while501

ensuring global convergence and certain local convergence rates, provided the user502

can compute relevant quantities to a prescribed accuracy. For example, Conn et al.503

(2000, §8–9) describe conditions on the inexactness of model and gradient evaluations504

to ensure convergence, and Heinkenschloss and Ridzal (2014) describe an inexact trust-505

region SQP solver for PDE-constrained optimization using inexact function values and506

gradients. We focus on inexactness within trust-region methods for optimizing φσ.507

The accuracy and computational cost in the evaluation of φσ and its derivatives508

depends on the accuracy of the solves of (24). If the cost to solve (24) depends on509

solution accuracy (e.g., with iterative linear solvers), it is advantageous to consider510

optimization solvers that use inexact computations, especially for large-scale problems.511

Let S ⊆ Rn be a compact set. In this section, we use φ̃σ(x), ∇φ̃σ(x), etc. to512

distinguish the inexact quantities from their exact counterparts. We also drop the513

arguments from operators as in section 4. We consider three quantities that are514

computed inexactly: gσ, φσ and ∇φσ. For given error tolerances ηi, we are interested515

in exploring termination criteria for solving (24) to ensure that the following conditions516

hold for all x ∈ S:517 ∣∣φσ − φ̃σ∣∣ ≤Mη1,(34a)518 ∥∥∇φσ −∇φ̃σ∥∥ ≤Mη2,(34b)519

‖gσ − g̃σ‖ ≤Mη3,(34c)520521

where M > 0 is some fixed constant (which may or may not be known). Kouri522

et al. (2014) give a trust-region method using inexact objective value and gradient523

information that guarantees global convergence provided (34a)–(34b) hold without524

requiring that M be known a priori. We may compare this to the conditions of Conn525

et al. (2000, §8.4, §10.6), which require more stringent conditions on (34a)–(34b). They526

require that η2 = ‖∇φ̃σ‖ and that M be known and fixed according to parameters in527

the trust-region method.528

This leads us to the following proposition, which allows us to bound the residuals529

of (18) and (20) to ensure (34).530
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Proposition 12. Let S be a compact set, and suppose that σmin(A(x)) ≥ λ > 0531

for all x ∈ S. Then for x ∈ S, if532

‖r1‖ =

∥∥∥∥K [g̃σỹσ
]
−
[
g
σc

]∥∥∥∥ ≤ min{1, ‖c‖−1} ·min{η1, η3},(35)533
534

then (34a) and (34c) hold for some constant M . Also, if535

(36) ‖r1‖ ≤ η2 and ‖r2‖ =

∥∥∥∥K [ ṽw̃
]
−
[
0
c

]∥∥∥∥ ≤ min{1, η2},536

then (34b) holds for some (perhaps different) constant M .537

Proof. Because S is compact and λ > 0, there exists λ̄ > 0 such that ‖K‖,538

‖K−1‖ ≤ λ̄ for all x ∈ S. Thus, (34c) follows directly from (20) and (35) with M = λ̄.539

Similarly,540 ∣∣φσ − φ̃σ∣∣ =
∣∣cT (yσ − ỹσ)

∣∣ ≤ ‖c‖ ‖yσ − ỹσ‖ ≤ λ̄η1,541542

and (34a) holds with M = λ̄. We apply a similar analysis to ensure that (34b) holds.543

Define the vector h ∈ Rm such that hi = ‖Hi‖. Define v, w as the solutions to (36)544

for r2 = 0, so that from (36) we have545

‖∇φσ −∇φ̃σ‖ ≤ ‖gσ − g̃σ‖+ ‖Yσc− Ỹσc‖546

≤ λ̄η2 + ‖(Hσ − σI)v − STσw − (H̃σ − σI)ṽ + S̃Tσw̃‖547

≤ λ̄η2 + σ‖v − ṽ‖+ ‖Hσv − H̃σ ṽ‖+ ‖STσ w − S̃Tσw̃‖548

≤
(
λ̄+ σλ̄

)
η2 + ‖Hσ(v − ṽ) + (Hσ − H̃σ)ṽ‖549

+ ‖STσ(w − w̃) + (Sσ − S̃σ)T w̃‖550

≤
(
λ̄+ σλ̄

)
η2 + ‖Hσ‖‖v − ṽ‖+

∥∥∥∥ m∑
i=1

((yσ)i − (ỹσ)i)Hi

∥∥∥∥‖ṽ‖551

+ ‖Sσ‖‖w − w̃‖+

∥∥∥∥ m∑
i=1

w̃iHi

∥∥∥∥‖gσ − g̃σ‖552

≤
(
λ̄+ σλ̄+ ‖Hσ‖λ̄+ λ̄‖ṽ‖‖h‖+ ‖Sσ‖λ̄+ ‖w̃‖‖h‖λ̄

)
η2.553554

Note that ‖Hσ‖, ‖h‖, ‖Sσ‖, ‖w̃‖ and ‖ṽ‖ are bounded uniformly in S.555

In the absence of additional information, using (34) with unknown M may be556

the only way to take advantage of inexact computations, because computing exact557

constants (such as the norms K or the various operators above) is not practical. In558

some cases the bounds (34) are relative, e.g., η2 = min{‖∇φ̃σ‖,∆} for a certain ∆ > 0.559

It may then be necessary to compute ‖∇φ̃σ‖ and refine the solutions of (20) and (18)560

until they satisfy (35)–(36). However, given the expense of applying these operators,561

it may be more practical to use a nominal relative tolerance, as in the numerical562

experiments of section 9.563

We include a (trivial) improvement to Proposition 12 that satisfies (34a) and (34c)564

with M = 1, given additional spectral information about A. If we solve (20) by solving565 [
I A
AT 0

] [
∆gσ
yσ

]
=

[
0

σc−ATg

]
, gσ = g + ∆gσ,566

567
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we can use LNLQ (Estrin et al., 2018), a Krylov subspace method for such systems,568

which ensures that ‖∆gσ −∆g̃
(j)
σ ‖ and ‖yσ − ỹ

(j)
σ ‖ are monotonic, where ∆g̃

(j)
σ , ỹ

(j)
σ569

are the jth LNLQ iterates. Given λ > 0 such that σmin(A) ≥ λ, LNLQ can compute570

cheap upper-bounds on ‖∆gσ −∆g̃
(j)
σ ‖ and ‖yσ − ỹ

(j)
σ ‖, allowing us to terminate the571

solve when ‖∆gσ − ∆̃gσ‖ ≤ η2‖∆̃gσ + g‖ = η2‖g̃σ‖ and ‖yσ − ỹσ‖ ≤ min{1, ‖c‖−1}η1.572

Typically, termination criteria for the optimization solver will include a condition that573

‖gσ‖ ≤ εd to determine approximate local minimizers to (NP). For such cases, we can574

instead require that ‖g̃σ‖ ≤ 1
1+η2

εd, because then575

‖gσ‖ ≤ ‖gσ − g̃σ‖+ ‖g̃σ‖ ≤ (1 + η2)‖g̃σ‖ ≤ εd.576

Similarly, we have577 ∣∣φσ − φ̃σ∣∣ ≤ ‖c‖‖yσ − ỹσ‖ ≤ η1,578

which now satisfies (34a) with M = 1.579

Although finding suitable λ may be difficult in general, it is trivially available in580

some cases because of the way K is preconditioned (for an example, see section 9).581

However, a complication is that if LNLQ is used with a right-preconditioner P ≈ ATA,582

then ‖yσ − ỹσ‖P is monotonic and LNLQ provides bounds on the preconditioned583

norm instead of the Euclidean norm. If ‖P−1‖ can be bounded, then the bound584

‖yσ − ỹσ‖ ≤ ‖yσ − ỹσ‖P‖P−1‖ can be used.585

8. Practical considerations. We discuss some matters related to the use of586

φσ in practice. In principle, nearly any smooth unconstrained solver can be used to587

find a local minimum of φσ because it has at least one continuous derivative, and a588

continuous Hessian approximation if (A1a) is satisfied. However, the structure of φσ589

lends itself more readily to certain optimization methods than to others, especially590

when the goal of creating a factorization-free solver is kept in mind.591

Fletcher (1973) originally envisioned a Newton-type procedure592

xk+1 ← xk − αkB−1
i (xk)∇φσ(xk), i = 1 or 2,593

where B1, B2 are the Hessian approximations from (22a)–(22b) and αk > 0 is a594

step size. Fletcher (1973, Theorem 2) further proved that superlinear convergence is595

achieved, or quadratic convergence if the second derivatives of f and c are Lipschitz596

continuous. However, for large problems it is expensive to compute Bi explicitly and597

solve the dense system Bisk = −∇φσ(xk).598

We instead propose using a Steihaug (1983) Newton-CG type trust-region solver599

to minimize φσ. First, trust-region methods are preferable to linesearch methods600

(Nocedal and Wright, 2006, §3–4) for objectives with expensive evaluations; it is costly601

to evaluate φσ repeatedly to determine a step-size every iteration as this requires602

solving a linear system. Further, ∇2φσ is often indefinite and trust-region methods603

can take advantage of directions of negative curvature. Computing Bi explicitly is604

not practical, but products are reasonable as they only require solving two additional605

linear systems with the same matrix, thus motivating the use of a Newton-CG type606

trust-region solver. In particular, solvers such as TRON (Lin and Moré, 1999a)607

and KNITRO (Byrd et al., 2006) are suitable for minimizing φσ. KNITRO has the608

additional advantage of handling explicit linear constraints.609

We have not yet addressed choosing σ. Although we can provide an a posteriori610

threshold value for σ∗, it is difficult to know this threshold ahead of time. Mukai and611
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Polak (1975) give a scheme for updating ρ with φσ,ρ and σ = 0; however, they were612

using a Newton-like scheme that required a solve with B1(x). Further, σ∗ ensures only613

local convexity, and that a local minimizer of (NP) is a local minimizer of φσ—but as614

with other penalty functions, φσ may be unbounded below in general for any σ. A615

heuristic that we employ is to ensure that the primal and dual feasibility, ‖c(x)‖ and616

‖gL(x, yσ(x))‖, are within some factor of each other (e.g., 100) to encourage them to617

decrease at approximately the same rate. If primal feasibility decreases too quickly618

and small steps are taken, it is indicative of σ being too large, and similarly if primal619

feasibility is too large then σ should be increased; this can be done with a multiplicative620

factor or by estimating ‖PA(x)Hσ(x)PA(x)‖ via the power method. Although this621

heuristic is often effective in our experience, in situations where the penalty function622

begins moving toward negative infinity, we require a different recovery strategy, which623

is the subject of future work.624

In practice, regularization (section 6) is used only if necessary. For well-behaved625

problems, using δ = 0 typically requires fewer outer iterations than using δ > 0.626

However, when convergence is slow and/or the Jacobians are ill-conditioned, initializing627

with δ > 0 is often vital and can improve performance significantly.628

9. Numerical experiments. We investigate the performance of Fletcher’s629

penalty function on several PDE-constrained optimization problems and some standard630

test problems. For each test we use the stopping criterion631

(37)
‖c(xk)‖ ≤ εp
‖gσ(xk)‖ ≤ εd

or ‖∇φσ(xk)‖ ≤ εd,632

with εp := ε (1 + ‖xk‖∞ + ‖c(x0)‖∞) and εd := ε (1 + ‖yk‖∞ + ‖gσ(x0)‖∞), where633

ε > 0 is a tolerance, e.g., ε = 10−8. We also keep σ fixed for each experiment.634

Depending on the problem, the augmented systems (24) are solved by either635

direct or iterative methods. For direct methods, we use the corrected semi-normal636

equations (Appendix A.2.2). For iterative solves, we use CRAIG (Arioli, 2013) with637

preconditioner P and two possible termination criteria:638 ∥∥∥∥K [p(k)

q(k)

]
−
[
u
v

]∥∥∥∥
P−1

≤ η
∥∥∥∥[uv

]∥∥∥∥
P−1

, P̄ :=

[
I
P

]
(38a)639

∥∥∥∥[p∗q∗
]
−
[
p(k)

q(k)

]∥∥∥∥
P
≤ η

∥∥∥∥[p(k)

q(k)

]∥∥∥∥
P
,(38b)640

641

which are respectively based on the relative residual and the relative error (obtained642

via LNLQ). We can use (38b) when a lower bound on σmin(AP−1/2) is available (e.g.,643

for the PDE-constrained optimization problems).644

Because we are using trust-region methods to minimize φσ, the objective and645

gradient of φσ (and therefore of f) are evaluated once per iteration. We use KNITRO646

(Byrd et al., 2006) and a Matlab implementation of TRON (Lin and Moré, 1999b).647

Our implementation of TRON does not require explicit Hessians (only Hessian-vector648

products) and is unpreconditioned. We use B1(x) (22a) when efficient products649

with S(u, x) are available, otherwise we use B2(x) (22b). When φσ is evaluated650

approximately (for coarse η), we use the solvers without modification, thus pretending651

that the function and gradient are evaluated exactly.652
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Table 1: Results of solving (39) using TRON to minimize φσ, with (38b) (left) and
(38a) (right) to terminate the augmented linear system solves for various η. We record
the number of Lagrangian Hessian (#Hv), Jacobian (#Av), and transposed Jacobian
(#ATv) products.

η itns #Hv #Av #ATv itns #Hv #Av #ATv

10−2 37 19112 56797 50553 35 7275 29453 27148
10−4 34 6758 35559 33423 35 7185 36757 34482
10−6 35 7182 45893 43619 35 7194 47999 45721
10−8 35 7176 53296 51204 35 7176 54025 51753
10−10 35 7176 59802 57530 35 7176 59310 57038

error-based termination residual-based termination

9.1. 1D Burger’s problem. We solve the following one-dimensional ODE-653

constrained control problem:654

(39)

minimize
u,z

1
2

∫
Ω

(u(x)− ud(x))
2
dx+ 1

2α

∫
Ω

z(x)2dx

subject to −νuxx + uux = z + h in Ω,
u(0) = 0, u(1) = −1,

655

where the constraint is a 1D Burger’s equation over Ω = (0, 1), with h(x) = 2
(
ν + x3

)
656

and ν = 0.08. The first objective term measures deviation from the data ud(x),657

while the second term regularizes the control with α = 10−2. We discretize (39) by658

segmenting Ω into nc = 512 equal-sized cells, and approximate u and z with piecewise659

linear elements. This results in a nonlinearly constrained optimization problem with660

n = 2nc = 1024 variables and m = nc − 1 constraints.661

We optimize u, z by minimizing φσ with σ = 103, using B1(x) (22a) as Hessian662

approximation and u0 = 1, z0 = 1 as the initial point. We use TRON to optimize φσ663

and LNLQ to (approximately) solve (24). We partition the Jacobian of the discretized664

constraints into A(x)T =
[
Au(x)T Az(x)T

]
, where Au(x) ∈ Rn×n and Az(x) ∈ Rm×m665

are the Jacobians for u and z. We use the preconditioner P(x) = Au(x)TAu(x), which666

amounts to performing two solves of Burger’s equation with a given source. For this667

preconditioner, σmin(AP−1/2) ≥ 1, allowing us to bound the error via LNLQ and to668

use both (38b) and (38a) to terminate LNLQ. The maximum number of inner-CG669

iterations (for solving the trust-region subproblem) is n.670

We choose ε = 10−8 in the stopping conditions (37). Table 1 records the number671

of Hessian- and Jacobian-vector products as we vary the accuracy of the linear system672

solves via η in (38).673

TRON required a moderate number of trust-region iterations. However, evaluating674

φσ and its derivatives can require many Jacobian and Hessian products, because for675

every product with the approximate Hessian we need to solve an augmented linear676

system. On the other hand, the linear systems did not have to be solved to full precision.677

As η increased from 10−10 to 10−2, the number of Hessian-vector products stayed678

relatively constant, but the number of Jacobian-vector products dropped substantially,679

and the average number of LNLQ iterations required per solve dropped from about 9680

to 5, except when η = 10−2 in (38b), the linear solves were too inaccurate and the681
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Table 2: Results of solving (40) using TRON to minimize φσ with various η in (38b)
(left) and (38a) (right) to terminate the linear system solves. We record the number of
Lagrangian Hessian (#Hv), Jacobian (#(Av) and adjoint Jacobian (#ATv) products.

η Iter. #Hv #Av #ATv Iter. #Hv #Av #ATv

10−2 29 874 1794 2608 27 850 1772 2562
10−4 27 830 1950 2728 25 668 1649 2265
10−6 27 866 2317 3129 27 868 2356 3168
10−8 27 866 2673 3485 27 866 2784 3596
10−10 27 866 3145 3957 27 866 3251 4063

error-based termination residual-based termination

number of CG iterations per trust-region subproblem increased dramatically near the682

solution (requiring more linear solves). Using (38a) tended to perform more products683

with the Lagrangian Hessian and Jacobian, except when the linear solves were nearly684

exact, or extremely inexact.685

9.2. 2D Inverse Poisson problem. Let Ω = (0, 1)2 denote the physical domain686

and H1(Ω) denote the Sobolev space of functions in L2(Ω), whose weak derivatives are687

also in L2(Ω). Let H1
0 (Ω) ⊂ H1(Ω) be the Hilbert space of functions whose value on688

the boundary ∂Ω is zero. We solve the following 2D PDE-constrained control problem:689

(40)

minimize
u∈H1

0 (Ω), z∈L2(Ω)

1
2

∫
Ω

(u− ud)
2
dx+ 1

2α

∫
Ω

z2dx

subject to −∇ · (z∇u) = h in Ω,
u = 0 in ∂Ω.

690

Let c = (0.2, 0.2) and define S1 = {x | ‖x− c‖2 ≤ 0.3} and S2 = {x | ‖x− c‖1 ≤ 0.6}.691

The target state ud is generated as the solution of the PDE with z∗(x) = 1 + 0.5 ·692

IS1
(x) + 0.5 · IS2

(x), where for any set C, IC(x) = 1 if x ∈ C and 0 otherwise.693

The force term here is h(x1, x2) = − sin(ωx1) sin(ωx2), with ω = π − 1
8 . The694

control variable z represents the diffusion coefficients for the Poisson problem that we695

are trying to recover based on the observed state ud. We set α = 10−4 as regularization696

parameter. We discretize (40) using P1 finite elements on a uniform mesh of 1089697

triangular elements and employ an identical discretization for the optimization variables698

z ∈ L2(D), obtaining a problem with nz = 1089 controls and nu = 961 states, so that699

n = nu + nz. There are m = nu constraints, as we must solve the PDE on every700

interior grid point. The initial point is u0 = 1, z0 = 1.701

We use σ = 10−2 as penalty parameter, and B2(x) as Hessian approximation. We702

again use LNLQ for the linear solves, with the same preconditioning strategy as in703

section 9.1. The results are given in Table 2. We see a similar trend to that of Table 1,704

as larger η allows TRON to converge within nearly the same number of outer iterations705

and Lagrangian Hessian-vector products (even when η = 10−2), while significantly706

decreasing the number of Jacobian-vector products. We see again that using (38b) to707

terminate LNLQ tends to need less work than with (38a). The exception is using (38a)708

with η = 10−4. The solver terminates two iterations sooner, resulting in a sharp drop709

in Jacobian-vector products but little change in solution quality. Note that if ε = 10−9710
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Table 3: Results of solving (41) using TRON to minimize φσ with various η in (38b)
(left) and (38a) (right) to terminate the linear system solves. We record the number of
Lagrangian Hessian (#Hv), Jacobian (#(Av) and adjoint Jacobian (#ATv) products.

η Iter. #Hv #Av #ATv Iter. #Hv #Av #ATv

10−2 29 822 1582 2342 29 822 1636 2396
10−4 29 816 1635 2389 29 816 1801 2555
10−6 29 816 1800 2554 29 816 2029 2783
10−8 29 816 2077 2831 29 816 2301 3055
10−10 29 816 2351 3105 29 816 2637 3391

error-based termination residual-based termination

were used for the experiment, the runs would appear more similar to one another.711

9.3. 2D Poisson-Boltzmann problem. We now solve a control problem where712

the constraint is a 2D Poisson-Boltzmann equation:713

(41)

minimize
u∈H1

0 (Ω),z∈L2(Ω)

1
2

∫
Ω

(u− ud)
2
dx+ 1

2α

∫
Ω

z2dx

subject to −∆u+ sinh(u) = h+ z in Ω,
u = 0 in ∂Ω.

714

We use the same notation and Ω as in section 9.2, with forcing term h(x1, x2) =715

− sin(ωx1) sin(ωx2), ω = π − 1
8 , and target state716

ud(x) =

{
10 if x ∈ [0.25, 0.75]2

5 otherwise.
717

We discretize (41) using P1 finite elements on a uniform mesh with 1089 triangular718

elements, resulting in a problem with n = 2050 variables and m = 961 constraints. We719

use u0 = 1, z0 = 1 as the initial point.720

We perform the experiment described in section 9.2 using σ = 10−1, and record721

the results in Table 3. The results are similar to Table 2, where the number of Jacobian722

products decrease with η, while the number of outer iterations and Lagrangian-Hessian723

products stay fairly constant. We see that with stopping criterion (38a), the LNLQ724

iterations increase somewhat compared to (38b), as it is a tighter criterion.725

9.4. Explicit linear constraints. We investigate the effect of maintaining the726

linear constraints explicitly (section 5), using problems from the CUTEst test set727

(Gould et al., 2003) that have linear constraints. We use KNITRO to minimize φσ728

with and without linear constraints, because it can handle them explicitly. We use the729

corrected semi-normal equations to perform linear solves, and Hessian approximation730

B1(x) (22a). The threshold penalty parameters (8) and (26) are computed from earlier731

optimal solutions when the linear constraints were kept implicit (σ∗impl) and explicit732

(σ∗expl) respectively. The results are recorded in Table 4.733

We observe that maintaining the linear constraints explicitly decreases the penalty734

parameter for the Chain problems, and that KNITRO finds φσ to be unbounded when735
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Table 4: Results for problems with linear constraints. mlin and mnln are the number of
linear and nonlinear constraints; σ∗impl and σ∗expl are the threshold penalty parameters

when the linear constraints are handled implicitly and explicitly; σ is the penalty
parameter. The last two columns give the number of iterations before convergence; the
symbol “∗” indicates that unboundedness was detected, and “-” that 100 iterations
were performed without converging. The solver exits when unboundedness is detected
or an iterate satisfies (37) with ε = 10−8.

Problem n mlin mnln σ∗impl σ∗expl σ Impl. Expl.

Chain100 202 102 1 0.0047 0
10−3 ∗ 13
0.005 8 10

Chain200 402 202 1 0.0024 0
10−3 ∗ 11
0.003 7 10

Chain400 802 402 1 0.0012 0
10−3 ∗ 10
0.002 7 10

Channel100 800 400 400 0 0
10−3 − 5

1 − 5

Channel200 1600 800 800 0 0
10−3 − 5

1 − 5

Channel400 1600 800 800 0 0
10−3 − 5

1 − 5

σ < σ∗impl and the linear constraints are implicit. If σ is large enough, both versions736

converge (with and without explicit linear constraints), and keeping the constraints737

implicit saves a few iterations.738

For the Channel problems, the threshold parameter is zero in both cases. However,739

KNITRO converges quickly when the linear constraints are kept explicit, but otherwise740

fails to converge in a reasonable number of iterations. This phenomenon for the741

Channel problems appears to be independent of σ (more values were investigated than742

are reported here). Again it appears beneficial to maintain some of the constraints743

explicitly.744

9.5. Regularization. We next solve problems where A(x) is rank-deficient for745

some iterates. Such problems require that φσ be regularized (section 6). We again use746

the corrected semi-normal equations to solve the linear systems, with B2(x) as the747

Hessian approximation.748

For problem hs061 (n = 3 variables, m = 3 constraints) from the CUTEst test set749

(Gould et al., 2003) we use x0 = 0, σ = 102, δ0 = 10−1. For problem mss1 (n = 90,750

m = 73) we use x0 = 0, σ = 103, δ0 = 10−2. In both cases we decrease δ according751

to ν(δ) = δ2 to retain local quadratic convergence. For both problems, A(x0) is752

rank-deficient and φσ is undefined, so the trust-region solvers terminate immediately.753

We therefore regularize φσ and record the iteration at which δ changed. For mss1, we754

set δmin = 10−7 to avoid ill-conditioning. The results are in Table 5.755

The regularized problems converge with few iterations between δ updates, showing756

evidence of quadratic convergence. Note that a large δ can perturb φσ(·; δ) substantially,757

so that δ0 may need to be chosen judiciously. We use δ0 = 10−2 because neither TRON758

nor KNITRO would converge for mss1 when δ0 = 10−1.759
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Table 5: Convergence results for hs061 (left) and mss1 (right) when TRON and
KNITRO minimize φσ(·; δ). The first rows show the iteration at which δ is updated,
and the last two rows record the final primal and dual infeasibilities.

δ TRON KNITRO

10−1 22 12
10−2 23 13
10−4 24 14

‖c(x̄)‖ 10−10 10−9

‖gσ(x̄)‖ 10−7 10−8

δ TRON KNITRO

10−2 46 33
10−4 52 36
10−7 53 37

‖c(x̄)‖ 10−12 10−14

‖gσ(x̄)‖ 10−8 10−9

10. Discussion and concluding remarks. The smooth exact penalty approach760

is promising for nonlinearly constrained optimization particularly when the augmented761

linear systems (24) can be solved efficiently. However, several potential drawbacks762

remain as avenues for future work.763

One property of φσ observed from our experiments is that it is highly nonlinear764

and nonconvex. Even though we can show superlinear or quadratic local convergence,765

the high nonlinearity potentially results in more globalization iterations and smaller766

step-sizes than for other constrained methods. Further, φσ is usually nonconvex, even767

if (NP) is convex.768

An aspect not yet discussed is perhaps more problem-dependent. Preconditioning769

the trust-region subproblems for this penalty function is particularly non-trivial because770

the (approximate) Hessian is available only as an operator. Traditional approaches771

based on incomplete factorizations (Lin and Moré, 1999a) are not applicable. One772

possibility is to use a preconditioner for the Lagrangian Hessian Hσ as a preconditioner773

for the approximate penalty Hessian Bi (22a)–(22b). This may be effective when774

m� n because Hσ and Bi would differ only by a low-rank update; otherwise Hσ can775

be a poor approximation to Bi. Preconditioning is vital for trust-region solvers, and is776

a direction for future work.777

Products with Bi (22a)–(22b) are generally more expensive than typical Hessian-778

vector products, as they require solving a linear system. Products with a quasi-Newton779

approximation would be significantly faster. Also, exact curvature away from the780

solution may be less important than near the solution for choosing good directions;781

therefore a hybrid scheme that begins with quasi-Newton and switches to Bi may782

be effective. Another strategy, similar to Morales and Nocedal (2000), is to use783

quasi-Newton approximations to precondition the trust-region subproblems involving784

Bi: the approximation for iteration k can be updated with every Bi(xk−1) product,785

or with every update step xk − xk−1.786

Further improvements that would make our approach applicable to a wider range787

of problems include: developing a robust update for the penalty parameter; termination788

criteria on the augmented systems in order to integrate φσ fully into a Heinkenschloss789

and Ridzal (2014)-style solver; and relaxing (A2a) to weaker constraint qualifications.790

Even if σ ≥ σ∗ it is possible for φσ to be unbounded, because σ only guarantees791

local convexity. Diverging iterates must be detected sufficiently early because by792

the time unboundedness is detected, it may be too late to update σ and we would793

need to backtrack several iterates. To relax (A2a), it may be possible to combine our794

regularization (28) with a dual proximal-point approach.795
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The next obvious extension is to handle inequality constraints—the subject of a796

future paper. Fletcher (1973) proposed a non-smooth extension to φσ for this purpose,797

but it is less readily applicable to most solvers.798

Our Matlab implementation can be found at https://github.com/optimizers/799

FletcherPenalty. To highlight the flexibility of Fletcher’s approach, we implemented800

several options for applying various solvers to the penalty function and for solving the801

augmented systems, and other options discussed along the way.802

Appendix A. Technical details. We provide proofs and technical details that803

were omitted earlier.804

A.1. Example problem with a spurious local minimum. Consider the805

feasibility problem (NP) with f(x) = 0 and c(x) = x3 + x− 2. The only minimizer is806

x∗ = 1. The penalty function807

φσ(x) = σ
(x3 + x− 2)2

(9x2 + 1)2
808

is defined everywhere and has local minimizers at x1 = 1 (the solution) and x2 ≈ −1.56.809

Because the stationary points are independent of σ in this case, φσ always has the810

spurious local minimizer x2.811

A.2. Direct methods for solving the augmented system. We describe812

various direct methods for solving (24) required to evaluate φσ and its derivatives.813

Recall that Aδ =
[
AT δI

]T
when δ > 0; otherwise Aδ = A. For this section, given814

a matrix R and vector b, the shorthand notation x← R \ b means that x solves the815

system Rx = b (typically via forward or backward substitution).816

A.2.1. QR factorization. Algorithm 4 computes (p, q) using the thin QR fac-817

torization of Aδ = QR, with Q orthogonal and R ∈ Rm×m.818

Algorithm 4 Solving (24) using the QR factorization.

1: Q, R← qr(Aδ)
2: w̄ ← QT1:n,:w

3: z̄ ← RT \ z
4: p← w −Q1:n,:(w̄ − z̄)
5: q ← R \ (w̄ − z̄)
6: return (p, q)

The advantage is that Aδ is factorized instead of K, and this method is backward819

stable for both p and q (Golub and Van Loan, 2013, §5.3.6). If Aδ is sparse, R is likely820

to be sparse (for some column permutation of Aδ) but unfortunately Q is not. For821

large problems, it may not be practical to store Q in order to solve (24).822

A.2.2. Corrected semi-normal equations. The R factor from Aδ = QR823

can be computed without storing Q. We can then solve the semi-normal equations824

RTRq = ATw − z and set p = w − Aq. Björck and Paige (1994) show that this is825

not acceptable-error stable for p, possibly giving large error in p, particularly when826

‖p‖ � ‖w‖. Note that p = gσ in (20) means we may obtain large errors in the gradient827

near the solution if care is not taken. Fortunately, Björck and Paige (1994) show that828

one step of iterative refinement ensures p is acceptable-error stable; see Algorithm 5.829
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Algorithm 5 Solving (24) using the semi-normal equations.

1: R← qr(Aδ)
2: q ← (RTR) \ (ATw − z) p← w −Aq
3: ∆q ← (RTR) \ (ATp− δ2q − z) . Iterative refinement
4: q ← q + ∆q p← p−A∆q
5: return (p, q)

A.2.3. LDL and Bunch-Kaufman factorization. When it is not practical to830

store Q from the QR factors of A, or the semi-normal equations do not provide sufficient831

accuracy, it may be possible to compute the LDL or Bunch-Kaufman factorization of832

K directly. Although an (n+m)× (n+m) matrix is factorized (rather than an n×m833

matrix), the entire factorization is likely to be sparse, and the solution is typically834

more accurate than with the semi-normal equations.835

Björck (1967) and Saunders (1995) discuss scaling of the (1, 1) identity block to836

improve the condition number of K. Saunders (1995) also considers the case where K837

is regularized with −δ2I in the (2, 2) block.838

A.3. Maintaining explicit constraints. We discuss the technical details about839

the penalty function when a subset of the constraints are linear and maintained840

explicitly, as defined in (25). We define Wσ(x) = ∇wσ(x) ∈ Rn×m2 , and C(x) =841 [
A(x) B

]
as the Jacobian of all constraints. The operators gσ(x), Hσ(x), S(x, v)842

and T (x,w) are still defined over all constraints, not just the nonlinear ones, and so843

they act on C(x) instead of A(x). Define844

(42) gyσ(x) = g(x)−A(x)yσ(x)845

as the gradient of the partial Lagrangian with respect to the nonlinear constraints c(x)846

only (note that the linear constraints do not affect Hσ). The gradient and Hessian of847

the penalty function become848

∇φσ(x) = gyσ(x)− Yσ(x)c(x),(43a)849

∇2φσ(x) = Hσ(x)−A(x)Yσ(x)T − Yσ(x)A(x)T −∇x [Yσ(x)c] .(43b)850851

We restate the optimality conditions for (NP-EXP) in terms of the penalty function.852

Definition 13 (First-order KKT point). A point x∗ is a first-order KKT point853

of (NP-EXP) if there exists a Lagrange multiplier w∗ ∈ Rm2 for the linear constraints854

such that for any σ ≥ 0 the following hold:855

c(x∗) = 0,(44a)856

BTx∗ = d,(44b)857

∇φσ(x∗) = Bw∗.(44c)858859

The elements of y∗ := yσ(x∗) and w∗ := wσ(x∗) comprise the Lagrange multipliers860

of (NP-EXP) associated with x∗.861

Definition 14 (Second-order KKT point). The first-order KKT point x∗ satis-862

fies the second-order necessary KKT condition for (NP-EXP) if for any σ ≥ 0,863

(45) pT∇2φσ(x∗)p ≥ 0 for all p such that C(x∗)Tp = 0.864

The condition is sufficient if the above inequality is strict.865
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A.3.1. Proof of Theorem 7. We prove (27a), (27c) and (27b) in order. Observe866

that the multiplier estimates yσ(x) and wσ(x) satisfy867

(46) C(x)TC(x)

[
yσ(x)
wσ(x)

]
= C(x)T g(x)− σ

[
c(x)

BTx− d

]
.868

Proof of (27a): If x̄ is a first-order KKT point for (25), then869

Bw∗ = g(x̄)−A(x̄)yσ(x̄)− Yσ(x̄)c(x̄),870871

and by multiplying both sides by C(x̄)T and using (46) we have872 [
A(x̄)TBw∗

BTBw∗

]
= σ

[
c(x̄)

0

]
+

[
A(x̄)TBwσ(x̄)
BTBwσ(x̄)

]
−
[
A(x̄)TYσ(x̄)c(x̄)
BTYσ(x̄)c(x̄)

]
,873

874

so that wσ(x̄) = w∗ + (BTB)−1BTYσ(x̄)c(x̄). Substituting wσ(x̄) into the first block875

of equations and rearranging gives876

A(x̄)P̄BYσ(x̄)c(x̄) = σc(x̄).877

The triangle inequality gives σ‖c(x̄)‖ ≤ ‖A(x̄)T P̄BYσ(x̄)‖‖c(x̄)‖, implying c(x̄) = 0.878

Then wσ(x̄) = w∗ and gσ(x̄) = 0, so x̄ is a first-order KKT point for (NP-EXP).879

Proof of (27c): As in the proof of (11c), we differentiate (46) to obtain880

(47) C(x)TC(x)

[
Yσ(x)T

Wσ(x)T

]
= C(x)T [Hσ(x)− σI] + S(x, gσ(x)).881

Because x∗2 satisfies first-order conditions (44), gσ(x) = 0 and so for PC = PC(x),882

(48) A(x∗2)Yσ(x∗2)T +BWσ(x∗2)T = PC [Hσ(x∗2)− σI].883

Substituting into (43b) and using Hσ(x∗2) = HL(x∗2, y
∗) and PC + P̄C = I gives884

∇2φσ(x∗2) = P̄CHL(x∗2, y
∗)P̄C − PCHL(x∗2, y

∗)PC + 2σPC −BWσ(x)T −Wσ(x)BT .885

Because BT p = 0, we can write p = P̄B p̄ and hence886

0 ≤ pT∇2φσ(x∗2)p887

⇐⇒ 0 � P̄BP̄CHL(x∗2, y
∗)P̄C P̄B − P̄BPCHL(x∗2, y

∗)PC P̄B + 2σP̄BPC P̄B ,888889

which is equivalent to σ ≥ σ∗.890

Proof of (27b). With x∗1 in (48) and again using properties of PC and P̄B ,891

σ ≥ ‖P̄BA(x∗1)Yσ(x̄1)‖ = ‖P̄BPC(HL(x∗1, y
∗)− σI)‖892

≥ ‖P̄BPC(HL(x∗1, y
∗)− σI)PC P̄B‖893

≥ ‖P̄BPCHL(x∗1, y
∗)PC P̄B‖ − ‖σPC P̄B‖894

≥ 2σ∗ − σ.895896

Thus σ ≥ σ∗ as required.897
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A.3.2. Evaluating the penalty function and derivatives. We again drop898

the arguments on functions and assume they are evaluated at a point x for some σ:899

y = yσ(x), A = A(x), Yσ = Yσ(x), Hσ = Hσ(x), Sσ = Sσ(x, gσ(x)), etc.900

The multipliers for evaluating the penalty function are obtained by solving901  I A B
AT

BT

gσyσ
wσ

 =

 g
σc

σ(Bx− d)

 .(49)902

903

To compute the gradient and Hessian products, we use the identity904

(50) CTC

[
Y Tσ
WT
σ

]
= CT[Hσ − σI] + Sσ905

to obtain the necessary products with Yσ and Y Tσ . Observe that906

Yσu =
[
Yσ Wσ

] [u
0

]
, Y Tσ v =

[
I 0

] [Y Tσ
WT
σ

]
v,907

908

so that Algorithm 1 and Algorithm 2 can be applied.909

Note that to compute the gradient in (43a), gyσ is not available directly from the910

solution to (49) and must be computed explicitly using (42).911

Approximate products with ∇2φσ can be computed via912

∇2φσ ≈ B1 := Hσ −AY T − Y AT(51)913

= Hσ −
[
A 0

]
(CTC)−1CT(Hσ − σI)−

[
A 0

]
(CTC)−1Sσ914

− (Hσ − σI)C(CTC)−1

[
AT

0

]
− Sσ(CTC)−1

[
AT

0

]
915

≈ B2 := Hσ −
[
A 0

]
C†(Hσ − σI)− (Hσ − σI)

(
C†
)T[AT

0

]
.(52)916

917

For products with the pseudoinverse and its transpose, we can compute918 [
u1

u2

]
= (CTC)−1CTv, v = C(CTC)−1

[
u1

u2

]
919

by solving the respective block systems920

(53)

 I A B
AT

BT

 tu1

u2

 =

v0
0

 ,
 I A B
AT

BT

vt1
t2

 =

 0
−u1

−u2

 .921

Thus we can obtain the same types of Hessian approximations with two augmented922

system solves, except in B2 they now correspond to a least-squares and least-norm923

solve instead of only projections as in section 4.4.924

A.4. Proof of Theorem 11. We repeat the assumptions of Theorem 11:925

(B1) (NP) satisfies (A1b) and (A2a).926

(B2) x∗ is a second-order KKT point for (NP) satisfying ∇2φσ(x∗) � 0.927

(B3) There exist δ̄ > 0 and an open set B(x∗) containing x∗ such that if x̃0 ∈ B(x∗)928

and δ ≤ δ̄, the sequence x̃k+1 = x̃k +G(φσ(·; δ), x̃k) converges quadratically929

to x(δ) with constant M independent of δ.930
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Lemma 15. Under the assumptions of Theorem 11:931

1. φσ(·; δ) has two continuous derivatives for δ > 0 and x ∈ Rn by (B1).932

2. There exists an open set B1(x∗) containing x∗ such that φσ(x) is well-defined933

and has two continuous derivatives for all x ∈ B1(x∗) by (B1).934

3. ∇2φσ(x∗) = ∇2φσ(x∗; 0) � 0 and φσ(x; δ) is second-order smooth in both x935

and δ, so by assumption (B2) there exists an open set B2(x∗) containing x∗936

and δ̃ > 0 such that ∇2φσ(x; δ) � 0 for (x, δ) ∈ B2(x∗)× [0, δ̃].937

4. By Theorem 8, there exists δ̂ such that for δ ≤ δ̂, x(δ) is continuous in δ.938

Therefore there exists an open set B3(x∗) such that x(δ) ∈ B3(x∗) for δ ≤ δ̂.939

5. There exists a neighborhood B4(x∗) where Newton’s method is quadratically940

convergent (with factor N) on φσ(x) by (B2).941

6. Given δ0 ≤ δ̄, where δ̄ is defined in (B3), there exists a neighborhood B5(x∗)942

such that ‖∇φσ(x; δ0)‖ ≤ δ0 for all x ∈ B5(x∗).943

We define944

B′(x∗) := B(x∗) ∩

(
5⋂
i=1

Bi(x
∗)

)
and δ′ := min{δ̄, δ̃, δ̂, 1},945

and note that xk defined by Algorithm 3 satisfies xk ∈ B′(x∗) for all k by (B3). Because946

φσ(x; δ) is a C2 function in B′(x∗)× [0, δ′], there exist positive constants K1, . . . ,K5947

such that948

7. ‖∇φσ(x; δ)‖ ≤ K1, ‖∇2φσ(x; δ)−1‖ ≤ K2 for x ∈ B′(x∗) and δ ≤ δ′;949

8. ‖∇Pδ(x)‖ ≤ K3, ‖∇2Pδ(x)‖ ≤ K4 for x ∈ B′(x∗) and δ ≤ δ′;950

9. ‖xk − x∗‖ ≤ K5‖∇φσ(xk)‖.951

Proof. Statements 1–2 follow from (B1). Statements 3 and 5 follow from (B2).952

Statement 4 follows from Theorem 8.953

Now consider Statement 6. For a given δ0, we have ∇φσ(x(δ0); δ0) = 0 and so954

there exists a neighbourhood B̃ around x(δ0) such that ‖∇φσ(x; δ0)‖ ≤ δ0 for all955

x ∈ B̃. Further, x(δ0) ∈ B3(x∗), so let B5(x∗) = B̃ ∩B3(x∗).956

We first give some technical results. All assume that xk ∈ B′(x∗) and δk ≤ δ′.957

Lemma 16. Assume δk−1 ≤ δ0 ≤ δ′. For δk defined according to (31),

‖∇φσ(xk; δk)‖ = O(δk).

Proof. The result holds for k = 1 in view of observation 6 of Lemma 15.958

Because xk ∈ B′(x∗) and δk, δk−1 ≤ δ′, observation 8 of Lemma 15 gives959

‖∇Pδk−1
(xk)‖ ≤ K3 and ‖∇Pδk(xk)‖ ≤ K3. Using (30), we have960

‖∇φσ(xk; δk)‖ = ‖∇φσ(xk; δk−1)− δ2
k−1∇Pδk−1

(xk) + δ2
k∇Pδk(xk)‖961

≤ ‖∇φσ(xk; δk−1)‖+ δ2
k−1‖∇Pδk−1

(xk)‖+ δ2
k‖∇Pδk(xk)‖962

≤ ‖∇φσ(xk; δk−1)‖+ (δ2
k−1 + δ2

k)K3963

= ‖∇φσ(xk; δk−1)‖+O(δk),(54)964965

where the last inequality follows from δ2
k ≤ δk and (31), which implies that δk ≥966

ν(δk−1) = δ2
k−1.967

We consider two cases. If ‖∇φσ(xk; δk−1)‖ ≤ δk−1, (31) implies that968

δk = max(‖∇φσ(xk; δk−1)‖, δ2
k−1) ≥ ‖∇φσ(xk; δk−1)‖,969

and therefore (54) gives ‖∇φσ(xk; δk)‖ = O(δk).970
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Otherwise, (31) yields δk = max(δk−1, δ
2
k−1) = δk−1, and there exists ` ≤ k − 1971

such that δk = δk−1 = · · · = δ` < δ`−1, or ` = 1. If δ` < δ`−1, step 3 of Algorithm 3972

implies that ‖∇φσ(x`; δ`−1)‖ < δ`−1, which by the above sequence of inequalities973

implies that ‖∇φσ(x`; δ`)‖ = O(δ`). Then, because δk = δ`,974

‖∇φσ(x`, δk)‖ = ‖∇φσ(x`, δ`)‖ = O(δ`) = O(δk).975

Define the sequence {x̃j} with x̃0 = x` and x̃j+1 = x̃j + G(φσ(·; δ`), x̃j). By (B3),976

x̃j → x(δ`) quadratically, so after j iterations of this procedure, for some M̃ , we have977

‖∇φσ(x̃j ; δk)‖ ≤ M̃ j‖∇φσ(x̃0; δk)‖2
j

≤ M̃ jK2j−1

1 ‖∇φσ(x̃0; δk)‖2.978979

Then after j = O(1) iterations of this procedure (depending only on M̃ and K1), we980

have M̃ jK2j−1

1 ≤ 1, so that981

‖∇φσ(x̃j ; δk)‖ ≤ ‖∇φσ(x̃0; δk)‖2 = ‖∇φσ(x`; δk)‖2 = O(δ2
k) < δk.982983

Therefore, k − ` ≤ j = O(1), and by (B3),984

‖∇φσ(xk; δk−1)‖ = O
(
Mk−`‖∇φσ(x`; δk−1)‖2

k−`
)

= O
(
Mk−`δ2k−`

k

)
= O(δk).

985

Lemma 17. For pk defined by step 4 of Algorithm 3, ‖pk‖ = O(δk).986

Proof. According to (B3), we may apply Lemma 10 with τ = 2 and view step 4 of
Algorithm 3 as an inexact-Newton step, i.e., there exists a constant N2 > 0 such that

∇2φσ(xk; δk)pk = −∇φσ(xk; δk) + rk, ‖rk‖ ≤ N2‖∇φσ(xk; δk)‖2.

Therefore by Lemma 16,987

‖pk‖ = ‖∇2φσ(xk; δk)−1(−∇φσ(xk; δk) + rk)‖988

≤ ‖∇2φσ(xk; δk)−1‖ (‖∇φσ(xk; δk)‖+ ‖rk‖)989

≤ K2

(
‖∇φσ(xk; δk)‖+N2‖∇φσ(xk; δk)‖2

)
990

≤ K2

(
O(δk) +O(δ2

k)
)

= O(δk).991992

Lemma 18. Let pk be defined by step 4 of Algorithm 3 and qk be the Newton993

direction for the unregularized penalty function defined by ∇2φσ(xk)qk = −∇φσ(xk).994

Then ‖pk − qk‖ ∈ O(δ2
k).995

Proof. According to (B3), we may apply Lemma 10 with τ = 2 and view step 4 of996

Algorithm 3 as an inexact-Newton step, i.e.,997

∇2φσ(xk; δk)pk = −∇φσ(xk; δk) + rk,(55a)998

‖rk‖ = O(‖∇φσ(xk; δk)‖2).(55b)9991000

We premultiply (55a) by ∇2φσ(xk)−1 and use (30) to obtain1001

pk + δ2
k∇2φσ(xk)−1∇2Pδk(xk)pk = qk + δ2

k∇2φσ(xk)−1∇Pδk(xk) +∇2φσ(xk)−1rk.10021003

Lemma 16, Lemma 17 and the triangle inequality then yield1004

‖pk − qk‖ =
∥∥δ2
k∇2φσ(xk)−1

(
∇Pδk(xk)−∇2Pδk(xk)pk

)
+∇2φσ(xk)−1rk

∥∥1005

≤ δ2
k‖∇2φσ(xk)−1‖

(
‖∇Pδk(xk)‖+ ‖∇2Pδk(xk)pk‖

)
+ ‖∇2φσ(xk)−1rk‖1006

≤ δ2
kK2 (K3 +O(δk)) +O(δ2

k) = O(δ2
k).10071008
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Using the previous technical results, we are in position to establish our main result.1009

Proof of Theorem 11. We show that for x0 ∈ B′(x∗) we achieve R-quadratic1010

convergence, by showing that ‖xk − x∗‖ = O(δk) and that δk → 0 quadratically. By1011

observation 9 of Lemma 15, (30), the triangle inequality, Lemma 16, and observation 81012

of Lemma 15, we have1013

‖xk − x∗‖ ≤ K5‖∇φσ(xk)‖1014

= K5‖∇φσ(xk; δk)− δ2
k∇Pδk(xk)‖1015

≤ K5(‖∇φσ(xk; δk)‖+ δ2
k‖∇Pδk(xk)‖)1016

≤ K5

(
O(δk) + δ2

kK3

)
= O(δk).10171018

Let qk be the Newton direction defined in Lemma 18. There exists a constant N > 01019

such that1020

‖xk+1 − x∗‖ = ‖xk + pk − x∗‖1021

≤ ‖xk + qk − x∗‖+ ‖pk − qk‖1022

≤ N‖xk − x∗‖2 + ‖pk − qk‖ = O(δ2
k).10231024

It remains to show that δk decreases quadratically. If ‖∇φσ(xk+1, δk)‖ ≤ δ2
k,1025

δk+1 = max{min{‖∇φσ(xk+1, δk)‖, δk}, δ2
k} ≤ max{‖∇φσ(xk+1, δk)‖, δ2

k} = δ2
k.1026

Assume now that ‖∇φσ(xk+1, δk)‖ > δ2
k. We have from (30) and observations 7–8 of1027

Lemma 15 that1028

δk+1 = max{min{‖∇φσ(xk+1, δk)‖, δk}, δ2
k}1029

≤ ‖∇φσ(xk+1, δk)‖1030

≤ ‖∇φσ(xk+1)‖+ δ2
k‖∇P 2

δk
(xk+1)‖1031

≤ K−1
2 ‖xk+1 − x∗‖+ δ2

kK3 = O(δ2
k).10321033

Thus we have ‖xk − x∗‖ = O(δk) and δk+1 = O(δ2
k), which means that xk → x∗1034

R-quadratically.1035
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