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2 NOTES BY CHAO LI, EVANGELIE ZACHOS

These are the notes of Or Hershkovits’ course on mean curvature flow taught at Stanford Uni-
versity in the Winter of 2016-2017. We would like to thank Or Hershkovits for an excellent class.
Please be aware that it is likely that we have introduced numerous typos and mistakes in our
compilation process, and would appreciate it if these are brought to our attention.

This course will focus on the theory of mean curvature flow and its applications. Topics covered
include curve shortening flows in R?, mean convex flows, mean curvature flows with surgery, and
their applications to various geometric and topological questions such as the Riemannian Penrose
inequality, and the path-connectedness of the space of all 2-convex embedded spheres. The course
will assume the reader to know basic submanifold geometry. Although some familiarity of heat
equation and the maximum principle will be helpful.

1. INTRODUCTION AND OVERVIEW
1.1. Geometric background.

Definition 1.1. Let M" be a compact smooth manifold. A family of embeddings of M™ into R™**1,
@ : M x [0,T] = R""! is said to be evolved by mean curvature flow, if

%~ H(p(e. 1),

where H is the mean curvature vector.

Remark 1.2. For a submanifold M C R™t!, let us recall that
Rn+l

VY = VY + A(X,Y),VX,Y € TM.
Here A is the vector valued second fundamental form. The mean curvature vector is defined by
H=trA=>",A(E; E;), {E;} is an orthonormal frame.
Remark 1.3. Let us view the mean curvature vector in a different way. By definition,
HessM (X, Y) = XY — (VM Y)p
= XYo— (V¥ Y)p+ AKX, Y)g
=A(X,Y)p

Therefore H = tr Hess™ ¢ = Ap. So the mean curvature flow can be written as:

dp
= Doy
Hence it is a geometric heat equation.

Remark 1.4. Another way to understand the mean curvature flow is as follows. Let X be a
compactly supported vector field in R**1, ¢, is the one-parameter family of diffeomorphisms it
generates. Then we may derive without much difficulty that

L Vol(ga(M)) = —/M <F[,X>dV01M.

ds 5=0

Hence the mean curvature vector is the direction where the volume of the submanifold decreases
the fastest. In other words, the mean curvature flow is the gradient flow of the area functional.

The first question in the study of mean curvature flow is its existence. By the basic theory
of general heat equation, if the initial data is C3 then there exists smooth mean curvature flow
starting from it. In general, one may ask how rough can the initial surface be so that there is short
time existence, and what regularity properties the flow has. Let us mention some results in this
direction.
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The first result is due to Ecker and Huisken, who proved that if the initial surface is locally
Lipschitz, then the mean curvature flow has short time existence. Here we call a hypersurface
(R, C)- locally Lipschitz, if for any point p, M N B(p, R) is a Lipschitz graph over some hyperplane
with Lipschitz constant bounded by C. Their results also enable one to control the Lipschitz
constant of the short time solution by the Lipschitz constant of the initial data. Note that such a
gradient estimate does not hold for the usual heat equation. For instance, consider the parabolic
square P = [0,1] x [0,T). Let a C? function u solves u; = Au in P with initial data u = 0 on
[0,1] x {0}. Then at a given point (£,t) € P, there is no control on |[u/(&,t)|. For the mean curvature
flow, by Ecker and Huisken’s result, the Lipschitz constant on an open ball controls the Lipschitz
constant in short time on a smaller ball.

Another result worth mentioning here is due to Laver, who proved that for a continuous curve
v : 81 — R2, such that the 2-Hausdorff measure of the image of 7 is 0, there exists a unique mean
curvature flow starting from it. This shows that the initial data of a curve shortening flow can be
very rough (imagine a square-filling curve whose 2-Hausdorff measure is 0).

1.2. Useful tools. The first useful tool in the study of mean curvature is the avoidance principle.
It is an application of the maximum principle of the heat equation. Roughly speaking, if two
hypersurfaces do not touch initially, then under the mean curvature flow they won’t touch.

Theorem 1.5. Let {M;}icpqp and {M;}iciap be two family of embedded hypersurfaces evolved by
the mean curvature flows, and suppose My, N M, = ¢. Then My N M| = ¢, for all t € [a,b).

To get an immediate corollary, let us look the evolution of a sphere of radius Ry. It is easy to see
that under the mean curvature flow, R'(t) = —%. Hence R(t) = \/R% — 2nt. Since any compact
embedded hypersurface is enclosed by a sphere, we conclude that the mean curvature flow extincts
in finite time (in other words, the flow becomes singular in finite time).

Another useful method that we will discuss is the blow-up analysis. To study the nature of
singularities of the mean curvature flow, let us distinguish two cases. Let T be the first singular
time of the mean curvature flow, A is the second fundamental form of the embedding.

e There is some constant C' such that |A|(-,t) < \/:%
e maxyy, V1 — t|A] is unbounded.

In the first case, by rescaling the flow we are able to take a subsequencial limit to get a tangent
flow. Using Huisken’s monotonicity formula, we are able to get classification in some situations.

In the second case, by taking a different limit we may get a convex limit. Then using analytic
results specifically for convex flows, we are able to make conclusions.

As an example, we will see that for the curve shortening flow, by using the Hamilton-Li-Yau
Harnack inequality and the two-point maximum principle, we are going to argue that the second
case does not appear. And in the first case, the monotonicity formula for curves will give us a
complete classification of the tangent flow. Combining these ideas, we will prove:

Theorem 1.6 (Grayson). Let g be a closed connected curve in R?. Then there exist 1o € R? and
T < 00, such that the mean curvature flow ¢ emenating from ~yy converges to a round point around
xXo-

NZT0 L, §1(e).
T—t
Let us note here that in higher dimensions, other singularities may form. One of them is the
famous dumpbell hypersurface in R, n > 3. We will see that the singularity it form will not be
round.
A third method to study the flow beyond singularity is through weak solutions- for instance, the
level set flow and the Brakke flow. The main issue here is the regularity of these weak solutions.
Toward that end we have the following theorem:
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Theorem 1.7 (Ilmanen). A generic embedded weak solution of the mean curvature flow of hyper-
surfaces in R has a singular set with parabolic dimension less than n.

It is conjectured that the genericity is not necessary, and that the singular set should be at most
(n — 1) dimensional.
For the special case with mean convex initial hypersurfaces, we know a little bit more:

e The singularity is at most (n — 1) dimensional at all time, and
o The singularity is at most (n — 3) dimensional at almost all time.

2. THE AVOIDANCE PRINCIPLE
In this section we discuss the maximum principle of parabolic equations.

Theorem 2.1. Suppose M is a compact manifold, g(t) is a time dependent family of metrics, X
is a time dependent vector field. Let F : R x [0,T] = R, u: M x [0,T] — R be two C? functions,
satisfying i
d—j > Agpyu+ <Vg(t)u,X> + F(u(z,t),t).
Further, suppose that u(-,0) > a for some positive c.
Let h : [0,T] — R be a comparasion function which solves the ODE

& =Fhw.
h(0) =a.
Then u(x,t) > h(t) for allt € [0,T],z € M.
Proof. Let € > 0. Consider h¢ to be the solution to
s = F(he(t),1) — €
he(0) = a —e.

Claim: u(-,t) > h(t).
If not, let £y be the first time that the claim is contradicted. By assupmtion ¢y > 0, and there
exists zg such that u(zg,ty) = h(tg). Further, u(x,tg) > u(xg,ty) for all z € M. Therefore
By 20, Vypu=0.

Therefore
dh®

dt

B orto) > Flu(wo,to)) = F(he (ko). to) = L 4+ e

dt
Contradiction. The claim is proved.

Since F is Lipschitz, h® — h as € — 0. Hence we conclude that u(x,t) > h(t).
O

Proposition 2.2. Suppose that M is as above, F : M x [0,T] — R is a smooth function, and let
o(t) = mingepy F(x,t). Then:
(1) ¢ is Lipschitz.
(2) Lett be a time where ¢ is differentiable, and let x € M be such that F(x,t) = ¢(t). Then
SF(x,t) = £o(t).
Proof. Choose xg such that ¢(tg) = F(x,ty). Then for any ¢,
e(t1) — ¢(to) < F(xo,t1) — F(xo, o).

Therefore ¢ is Lipschitz.
Suppose further that tg is a time of differentiability of ¢. Let h > 0. Then

F(lto + ) = plt0)) < 3 (Flao,to + 1) — Flao, o).
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Therefore
dy OF
< — tg).
dt |, = ot (%0, o)
For similar reasons,
de oF
= —— (o, t
dt |, = ot (%0, o)
Therefore we conclude that they are equal. O

As a corollary, we prove the avoidance principle.

Corollary 2.3. Let {M}}, {M?},t € [a,b] be two family of compact embedded hypersurfaces evolv-
ing by the mean curvature flow. Suppose M} N M2 = ¢. Then

d
pr dist(M}, M?) >0
at points of differentiability. In particular, their distance is increasing.

Proof. Let t be a time of differentiability of the distance function. Consider the function F' :
MY x M? x [a,b] — R*,

F(w1,a2,t) = dist (&' (21,1), 6 (22,1)).
Then F is a Lipschitz function. Suppose z; € M, zo € M? be the closest points. Then by the
previous proposition,

d .. d ..
pn dist(M}, M?) = pn dist(z1, z2).

Since x1, xo are the closest points, their tangent planes must be parallel. Let v be the unit normal
vector.

Suppose, by contradiction, that % dist(z1, z2) < 0.

Now since the surfaces evolve by the mean curvature flow, we have

d L
@ dlSt(IL’l,:IZQ) = <H1 — HQ,V> .

Let Fq,..., E, be an orthonormal frame of TmlMl. Then
Z <A2(EZ', El) — Al(Ei, Ei), I/) < 0.

i
Therefore for some i we have (A1 (E;, E;),v) > (A2(E;, E;), v). Hence along the unit speed geodesics
along FE; direction, the distance between M; and M> decreases, contradictory to the choice of
T1,T2. ]

3. EVOLUTION OF GEOMETRIC QUANTITIES

3.1. Submanifold geometry. Recall that VH§"HY = V¥Y + A(X,Y). Let ¢ : M" — R+

be the embedding, v be the outward unit normal vector. Denote h;; = — <A(gf_, %),V> and
i J

Hess™ o(X,Y) = A(X,Y). Note that we have chosen the sign convention such that the second

fundamental form of the sphere is positive definite.
The Christoffel simbol T'; is defined via

2
RN SR
8158:@ Jal'k 8331 81‘j

Hence
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ov Oy 0%
,— ) = —(U, = hij.
89@ aﬂfj 81:1833]
And we define the Riemannian curvature tensor to be
(R(X,Y)Z,W) = (Vi yZ - Vi xZ,W),
so that the Gauss equation becomes
(R(X,Y)Z,W) = A(X,W)A(Y, Z) — A(X, Z)A(Y, W),

or in local coordinates, R;jr = hjhjx — hihji.
The Codazzi equation for hypersurfaces in the Euclidean space is

Vihij = Vihg;j,

or VA is fully symmetric.
For a tensor T, commuting two covariant derivatives produces terms involves the curvature:

ViyT(Zy, ..., 20) = VyxT(Z1, ..., Zy)
= —T(R(X,Y)Z1,...,2Zp) —...— T(Z,...,R(X,Y)Zy).
We are now ready to derive the Simons’ equations.
Vighij = Vihig (by the Codazzi equation)
= V&hij — Ryirihij — Riijihug
= V?jhkk — (hhir — hgihi) by — (hiahig — higihag) hag (by the Gauss equation)
= V3H + Hhyhyj — |Ahy;

3.2. Evolution of geometric quantities. Recall that v is the outward unit normal vector of the
hypersurface. We first calculate the evolution of v under the mean curvature flow.

(9 Oy 0%
ot oz, T
0
== <V7 (%ci(_HV)>
[, o
= (v, 8xi1/

0
= H
8.%'1'
Therefore %V =VH.
: e — (90 Op
Next, the evolution of the metric g;; = < 0 D, >
9 ) Pp e Do Oy
atgw N (3331825 (91:J :Ujat Oz;
i ), 2%
aml (9 (9&0] " Ox;
82
=20 <V7 858181’] >

= —2Hhij

Thus we conclude
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Proposition 3.1. Suppose M is a family of embedded hypersurfaces evolving by the mean curva-
ture flow. Then

%—)t( = —Hv
2y =VH
%gij = —2Hhij.

Our goal in this section is to use the maximum principle to conclude things about how curvature
changes under MCF. To this end, we note

0 o / 9% 0? 0%
ah” a _ﬁ <aﬂf7,l"] ’ V> N <8$Z$] (HV),V> B <81,‘11,‘]7VH>

o 92 . 0 OH
N 8$i1‘jH +H <81‘ij v V> B Fijaixkaixj
9 , 99 >

2
=V%H — H{ hjyj—, hitj —
VU < kjaxk’ kaxk

where to go from the first to the second line, we used the fact that

= V3 H — Hhyjhg

0? 0
6 k0
Ozx;z; Oz,
and repeatedly used the fact that VH = %1/ is tangential and. To go to the third line, we use that
: 2 17 _ 9°H k 0¢ 0H
H is normal and so Vz-jH = dmz; Fz‘jﬁﬁj-

We are almost done, once we use Simon’s equation
Ahg; = ViH + highgi H — | A]*hy;

to conclude that 5
o s = Dhaj = 2hgihyi + |A|?hy;

Note the similarity between this equation and the heat equation! We’re almost there. Now we

change perspective a little. We write things down in a coordinate invariant way, and then we

exploit the fact that we are using conormal coordinates at a point (so that g;x(0) = d;x).

9.,i 9, i 9 it 0 i 27

&hj = a(g hkj) = — (atgzk> hkj +g ahkj = QHhikhkj + Ahj — 2Hhikhkj + ’A‘ hj
= AR} + |A|R

Taking the trace of this formula gives us

o
—H =AH + |A?H
T + [ A]

Corollary 3.2. By the mazimum principle, if H(0) > 0, then H(t) > 0 for all times t where the
flow is defined.

Remark 3.3. H =(A,I) = |H| < /n|A] =

%) H?3
8tH > - + AH

We can apply the maximum principle to this statement, which gives us a different way of seeing
that finite time blowup must occur if H(0) > 0. But ...at what rate does blow-up occur? To
answer that question, we first see how the second fundamental form and its derivatives change with

time.

9 d, i ; P . .
E\AF = a(hjhg) = (AR + |APRLR! + hE(AR] + |APR]) = 2|A]* + A(JA]?) — 2|V AJ?
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The last, negative, term in this expression is especially useful, as we will see.

Now, 8t’A|max < 2|A% ., S0 % <m) > —2. Therefore, if t; < t2, we have

1

1
AR (t2) (AR (t1)
Suppose that the mean curvature flow (M),c(o,7) (With M; compact) has sup |A| unbounded. Then

> 2(t; — to)

there exist ¢, — T so that | A|max(tx) koo, 0o, and that
1 1
0— 7y 22 =T) == |Almax(t) 2 ==
’A‘l?nax(tl) e 2(T — t)

Now, to move on to answering how derivatives of A change with time, we note that in normal
coordinates

0 0 0 0 0 0
aFk =5 (gke(aigjk + 0jgre — 3egzg)> (at g*)(0) + g* (maigje + aajgkl - m@z%)

But we don’t care too precisely what these remaining terms are. The point is that they are in
the class A x VA, that is, you can write bounds on these quantities in terms of bounds on A and
bounds on the derivatives of A.

In general, given a tensor T'

0

0
a(VT) v(@t >+E7"r Erre AxVAXT

and, more specifically,
% IVAP? = AIVA? = 2|V2A]? + Err, Erre Ax Ax VAxVA

With that out of the way, we continue to “actually interesting things”:

Claim 3.4. Suppose that {My}icpory is a MCF and that |[A| < C fort € [0,T). Then, [VA| < 4
over [%,T].

Proof. We do a trick that allows for an easy application of the maximum principle, using the good
(negative) term from the expansion of 5 |VA\2 above. Define f(t) := a|A|?+t|V A|? for some a > 0
to be determined. This functlon has several nice properties: for example, f(0) € A x A. Also, the
real key, it behaves well under 2 5 — A:

(8-~ (3-<Jor-mun-

a—]A\Q + VAP o \VA|2 — aA(|A]?) — tA|VA? =
a [21A) + A(JA)P) - 2|VAP] + VAP + tA\VAyZ — 2| V2AP? — aA|A]? —tA|VA]? + t Erraxaxvaxva
= 20|A|* — 2a|VAP + VA2 = 2t|V2A|? + t Erraxaxvaxva
< 2aC* — 2a|VA]? +|VA]? + TDC?|VAJ?

where in the last line transition we drop a negative term, multiple terms cancel, and D is a constant
representing the error. If « is large enough relative to T', D, and C, then —2a|V A|? dominates the
positive |[VA? terms, and them we have, for M := aC*,

(gt — A) f <M = (maximum principle) = f < aC2 + MT
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This means that for ¢t > 7/2,
2 V202
VA| < [aC —i—]WTS 2aC +2MT§01
t VT

Remark 3.5. Similar estimates with similar proofs hold for |[V*A|2.

Theorem 3.6. Let (My)icjo,1) be a MCF defined on a mazimal time interval of existence. Then

|A|(t) is unbounded, which, as we have shown, implies that |A|max(t) > \/ﬁ

Proof. Suppose |A| < C, moving by MCF. Then for s < t,

() — B(z, )| < / H| < Ot - 5)

and we can pass to a continuous limit of ¢ as t — T, call it ¢7 : M — R, We will show that
this limit is actually a smooth limit.
First pick v € T, M nonzero and write it as v = 01%. Then

%bgg(v,v) = (—2Hhjjvivg) < C

g(v,v)
so that

< et=8) for 5 < ¢

t t
v, v v,V

log gs( ,0) gs( )

9° (v, v) 9°(v,v)

and therefore we can take a continuous limit metric. Now, if |A| < C, then as many derivatives as

we want are bounded for ¢ > T'/2. Furthermore, this means that the time derivatives of Christoffel

symbols, which live in A x VA, are also bounded for these times. So, then for any bounded tensors
¢ _ Tk 0¢

Ox;x; ij Oxy,
and so is Ox¢, as high as you wish to go. We can then use Arzela Ascoli to get a sublimit that is
{-differentiable for any . Then take a diagonal subsequence to show that the sublimit is smooth
and, by short time existence, we have a contradiction of the maximality of the time T ]

<C(t—s) <

T, ‘a%iT — ViT‘ is also bounded, meaning for example that — h;i;jv is also bounded

4. A SIMPLE PROOF THAT NECKPINCHES CAN HAPPEN

This proof will be a clever application of the maximum principle. Let 0 < 8 < n and define
f: Rt x R; — R by

L1341
n
fla,t) = af—(n—1- Bl + 28t
i=1
Then, for a fixed v,

o)1) = 28 - (o1, (1~ 1 Brain) + 28
n+1

A f(D(y)t) = 2H - (w1, 20y —(n = 1= B)anar) +2 ) |Vagail® = 2(n = B)|Vagwn [
i=1

so that p
T = B f =28 —2n+2(n = 8)[V |

But of course |V,zn+1] < 1, so % f—Apn,f < 0 and by the maximum principle, fiax(t) is
decreasing, for any choice of 3. What geometric conclusions can we draw from this fact?
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B=n
n+1
flo,t)=> af +28t
=1
f(z,0) < R* «<= M, C B(0,R)
— f(x,t) < R? < M, C B(0,VR? — 2nt)
B=n—1:

fla,t)=> a? +2pt
=1

f(2,0) < R* <= My C the cylinder D"(0, R) x R
— f(x,t) < R?> < My C D"(0,v/R—2(n—1)t) xR
0< B <n—1: As before, f(x,0) < R? = f(x,t) < R? are equivalent to My and M,
respectively, being contained in very particular spaces. Here the maximal time is 7 = %2.

They are a bit harder to draw, but here are my sketched attempts, where My and M,
respectively, must be contained within

A L2 D)

We can now construct a dumbbell which must pinch off in finite time. To do so, we pick a smooth
surface (pictured below in red), which is contained in a hyperboloid with radius at the origin Ra,
and where each end contains a sphere of radius R;. We pick Rs small and R; large so that the
function corresponding to 0 < S < n — 1 collapses before the Rj-spheres disappear, ensuring that
a neckpinch singularity occurs in finite time.

A L2
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5. A GRADIENT ESTIMATE FOR MCF

If ¢ is a graph over B"(0, R), so that we can locally express x,,+1 = u(x1,...,x,), then we define
v as the upward facing normal. Beware! This is different from our usual convention, and it will
hold only for this section. Because we are using a different convention, let us just rewrite here our
typical ingredients in terms of our new convention:

0%¢
hi' = )
’ <8:r¢:rj V>

0
2 =_VH
ot”
0 0
V= —hg—qb
8%1‘ &zj
Now define v := V.eiﬂ and note that in the graphical region this is well-defined. Now,
foler ou
=(0 0,1;,0 0, —
8.'17i ( 9 9y Vs L1y 9 78xz>
<_@ _ou >
oz’ ° Oz’

With v nicely defined, let’s observe that

0 -1 0 ) )
a” = m : aV ent1 = —v"(=VH, ept1) =v(VH, €p41)

Av=—AW-eni1)v* +20°(Vv - e,11)°

To evaluate this, we note that V;(v - e,q1) = —hij <887d;, en+1> and thus

0 1
A(v,ent1) = —(Vihy;) <8j’€"+1> = —hi;(v,eni1) = —(VH, eny1) — \A|2;
and we can plug this result into our earlier calculation to observe that
2 3 2 2 2|Vul?
Av = —A(v - ept1)v* + 20°|V(vept1)|” = —A(vept1)v* + ———
9] 2|Vo|? 2|Vl
<at - A) v =0 (VH, epi1) = V*(VH, ens1) — [APv — v' = A - va‘

In this final expression, the first term should remind you of the negative term we used to prove
Claim 3.4, but the second term is what we will use right now to prove the following:

Theorem 5.1 (Ecker-Huisken Gradient Estimate). Let (M;)¢~o be a smooth embedded solution to
MCF. Let p > 0,29 € R"L. Then, so long as v is defined on B(xq,/p? — 2nt),

sup <1 — W) < sup  v(x)
B(zo,1/p2—2nt)NM; P B(z0,p)NMo
Proof. We have p > 0 fixed. Define
u(r) = (p* —r)?
r(z,t) = |z|* + 2nt
¢z, t) = p(r(z,1))



12 NOTES BY CHAO LI, EVANGELIE ZACHOS

Now, we want to know what (% — A) (¢v?) is. We start by collecting some useful facts.
(1) )
(875 - A) r(z,t) =0

(5 - a) otet) =) (|5 = A] ) =) (902 = 29
because 1//(r) = —2(p — ) and " (r) = 2.
(3) Vé = —2(p — 1)Vr

(4) Combining the previous two observations:

0 _ —1 2_;1 9
(5~ 2) 0= ga el = 35170l

Now we are in a position to expand our actual goal:

(gt - A) (pw?) = [<§t - A> 4 02+ ¢ [(gt — A) (vﬂ + cross-gradient terms

— ’qu? + 9 [‘!A\% - mvr} (20) + ¢ [-2IVof] = 2V(9) - V(")

The —¢|A|?(20?) term is < 0 and can be discarded, so that we are left with

0 —|Vel[?
(5 -8) ) = 20— 6oioup 2906 Vi)

We want to use the absorbing inequality (Cauchy-Schwarz) to rewrite this inequality to obtain
something of the form

0
<8t — A) (pv?) < V[pr?] - X = (Ve)v? - X + 20¢Vv - X
so that we can apply the maximum principle to conclude that max(¢v?) is nonincreasing with time.
We can see that the only term we have to worry about in the above expression is —2V¢ - V(v?),
because it could be positive. We could attempt to solve this issue by noting that

2,2
we. 2Vug!/?| < |V<§(\bv

¢1 /2
But this isn’t good enough, because 8| Vuv|?¢ — 6|Vv|?¢ > 0. Instead, we rewrite the inequality to
have terms of the form V[¢v?] - X, and we hope that the remaining stuff can be absorbed. First,
note that

4V - oVo| = +8|Vo[?¢

_2V(U2) V(¢) = —3V(v2) V(¢) + 2V(v2) V(¢) = 60V - Vo + V(v?p) - Vo _ V2| Vo|?

¢ ¢
['he inequality transforms into
0 —[3Ve|? , 9 V(v?¢) - Vo
- A 2 < — V — Vo -V 4+ —
<3t > (7)< 2¢ V" = 69|Voff — 6uVv - Ve o)

The only bad term in the above inequality is the 6vVv - V¢ term because it could be positive and
doesn’t vanish at (v2@)max. But we note that by Cauchy-Schwarz,

(ﬁ;ﬁf) : <2\/§¢1/2W>’ < ;"Wdf'? + 60|Vl

|6vVoVe| =
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so that

Qi—A)@ﬁ)sV@ﬁ]V¢

as we desired.

Now we use the maximum principle to conclude that (¢v?)yax is nonincreasing on the ball B(0, p).
O

A side note to keep in mind is that this trick doesn’t work in the heat equation, so that here we
see one example of how mean curvature flow works better.

Remark 5.2. Recall that 7(x) = |z|? + 2nt and ¢ = (p? — r(x,t))?, so ¢ is zero on the boundary
of the ball B(zg, \/p? — 2nt), and the maximum of pV? is attained inside the parabolic ball.

Theorem 5.3. For any Vj, there exists some Cy such that, suppose (Mt)te[a,b} 1s an embedded,
proper mean curvature flow inside the parabolic ball P(Z,r), and V' < Vi in P(z,r). Then |A| < %
in P(z,7/2).

The proof just uses the fact

0 2/VV|?

(5 = AV = =5~ [4PY,

ot
together with the maximum principle. Keep in mind that |A| is behaves like the |V|. For the same
reason, we also have higher derivatives estimates.

Theorem 5.4 (Higher derivatives estimates). For any Ao € R,m € Z, there exists Cyy such that if
|A| < Ag in P(z,r) then |V™A| < Cy in P(z,7/2).

6. INTEGRAL ESTIMATES AND THE MONOTONICITY FORMULA

6.1. Integral estimates. We now derive the monotonicity formula and its various consequences.
Recall that under the mean curvature flow, the volume form evolves by

d
— Vol = —H?d Vol.
dt

Let f : R""! x R — R be a compactly support C® function. Then under a smooth mean
curvature flow (My),

d of 73 2

7 Mtdeol—— /((% +Vf-H- fH*)dVol
B df 2
= /(dt H*f)d Vol

_ /(Z}f + Ay, f) — H2fdVol.

Where in the last equality we have used the fact [ Af = 0 for any smooth function f.
Define

|z|? + 2nt> 3
Py
Since (% - A Mt)(mpp#) = 0 we deduce that (taking minus sign in the above equality)

B || + 2nt>2
Py

Pt = (1-

0

2 s,

t
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Therefore we conclude that % P < 0. We are going to utilize this fact to recover some of the
results we got earlier with different approaches.

Example 6.1 (Avoidance of balls). Suppose My N B(p,p) = ¢. Then fMo @? = 0. Hence by

the monotonicity, fMt P = 0, and therefore 1 — m{zpﬂ < 0 on My, or in other words, M; N
B(0,/p? — 2nt) = ¢.

Example 6.2 (Volume control). Take ¢ small, we see that

/ ©* S/ ¢” < Vol(Mo N B(0, p)).
M My

ep?

Observe that )

[z Vel 0 B0.p/2)
M o 8

ep

fore < %. Therefore

1
¢ Vol(M 12 0 B(0, p/2)) < Vol(Mo 1 B(0, p)).

We therefore have:

Corollary 6.3 (Polynomial growth is preserved under MCF). If My has polynomial volume growth,
that is, if Vol(Mo N B(p, R)) < AgR¥ for some Ay, k and all R sufficiently large, then M; also has
polynomzial volume growth.

6.2. Huisken’s monotonicity formula. In this section we describe Huisken’s monotonicity for-
mula for the mean curvature flow. A key observation here is to plug the backwards heat kernel into
the general monotonicity formula obtained in the previous section.

For t < 0,2 € R™"!, denote the backwards heat kernel

1 2
O(z,) = —— eI/,
(x7 ) (—47Tt)n/26
And
1 x|2/4(t—to)
D10, 1) = e/ o),

(—4m(t — to))"/?
Take plus sign in the general formula, we have

d o
— b = —+A o — H?®.
dt /Mt / <8t * Mt)

0 + Ay, )® — H?®

Therefore we deduce

(e
o I )
:E‘FQV(I)H—FdIVMtv(I)—H P.

Since
divyy, VO = divyy, VD + divyy, (VOL)

=Ay,®+ H- VO,
Above can be simplified as
0P . Vi vid
— 4 di d—|H — 2P .
5 + divy, VO—| <I> |“® + T

Claim: (x) = %—‘f + divy, VO + V;D =0.
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Proof. Note that u = \/%7@ solves the backwards heat equation. Then

0 0 -1 i)
- A n (I) - M —l = T = = —.
(g ¥ Arre)® =u- v/t =u-oom = o
Therefore
12
(x) = % — Hess(®)(v,v) + ‘V(I:m

1
=0 %~ Hess(log @)(v,v)| .

Since ® is the heat kernel, we deduce that

Hess(log ®) = Hess(2) (v,1) = £
ess(log ®) = Hess AL V) =5
Therefore (x) = 0 and the claim is proved. O
Now we conclude that
8 - VJ_@ 2
.1 — d=—[|H- ddVol.
(61) 5 [ o= [ - YT reave

Let us look at various consequences of the monotonicity formula.

6.3. Rescaling and tangent flow. Let (M;)ic(qp) be a mean curvature flow and let tg € (a,b),
zo € R*™1. For A > 0, define

M(xo,to)”s = )\(Mto—i-s)\—Q - l'()).

Then M is also a mean curvature flow. Let
w(xa 8) = )‘[So(xato + )\_23) - xﬁ]a
then a0 4 )
' 7 -2 7
E :)\E :XHSD(‘%.”tO—i_A S) :Hw(a:,s)
Recall that

1 —|z—x0|/4(to—1t)>
D (20,t0) (T, 1) = We lz—ao|/4(to—t)

is the backwards heat kernel in R", and the monotonicity formula

d A V)
- O, 40=— [ |H— 2d Vol .
dt M, 0,to /‘ ) |d ©

zo,to) 15 that it is scaling invariant.

The fundamental property of the quantity f M, D
Proposition 6.4. fMt D@ (10,10) @S invariant under parabolic scaling.

Proof. Let M(Imto)’s be the rescaled flow defined above. For simplicity we suppose the density
function is taken at a point in space time (p,0). Then we have

1 2
o Jaf?/4s
/M @) Volyy, /M e/ ol
1

ST eM=vo) P/A1=t)X* gyl
—to

(set to+sA 2 =tandz = ANy —w)) = )‘n/
M, [—4m(

1 2
_ ~ly—yol2/A(to1)
/Mt prT— t)n/Qe dVolyy, .

This finishes the proof. U
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Recall that if we rescale a manifold locally by larger and larger scale, then the rescaled manifold
becomes its tangent plane. We are going to use rescaling to study the local property of a mean
curvature. To do so, let us first study the limit case, that is, a mean curvature flow that is invariant
under parabolic rescaling. Suppose (M¢)ie[r,0) is @ mean curvature flow that moves by scaling, that
is,

My =/ —tM_;.
Since [ M, ®(p,0) is invariant under parabolic rescaling, we have that, by the monotonicity formula,

. Vi
H - =0.
)
Also,
vie 1 1= 1
o =V og®) = VAT ) = (e v
Therefore we obtain that )
H= ~% (x,v).
Proposition 6.5. If at some time to, My, satisfies H = —ﬁ (x,v), then the mean curvature flow
emenating from My, evolves by scalings, and satisfies H = —% (x,v).
Proof. Since the condition H = —% (x,v) is invariant under parabolic scaling, it suffices to check
the statement for tg = —1.
Now define M; = /—tM_1. Then we check that
0X 1 1
—vy=————(X1,vy=—=H(X_1)=—H(X_4).
(%) == (o) =~ H ) = ~H(X-)

By the uniqueness of the solution of the mean curvature flow with initial condition, (M;) is the
unique mean curvature flow emenating from M_;. ([l

Definition 6.6. The Gaussian density pf a mean curvature flow (M)t € [a,b) at a point (z, o),
where x € R ¢y € (a,b], is defined to be

O(M, 0, t0) = Jim 5 ® (4 404 VL.

Fix (xo,t9) and take a sequence A converging to infinity. For a mean curvature flow (M),
consider the rescaled flows
k
ME = MM, 2, = 20).

For a parabolic ball P(0, R), points in M¥ N P(0, R) come from points that are very close to
(z0,t0). Suppose one can take a smooth, multiplicity 1 limit M, f , that is,
Mf — M,, in B(0,R) x [-R?®, —R7?|n Mf smoothly graphically.

Then by the scaling invariance of the Gaussian density, we have

/ b — @(MtO,O, 0) = / CI)(O’O)dVOIM)\_Q —@(Mt()’o?()) — 0.
Mk M, _o kS

/\ks

Therefore the limit low M, satisfies
/~ (I)(O,O) = @(Mt7 07 0)7 fOI" any s

E]

hence the flow M, moves by dilation, namely, M, = v/—sM_,. Moreover, the flow M, is defined
on R"*1 x (—0c0,0).
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Next we are going to see under which conditions the above limit flow construction works. Let us
point out here that the major difficulty is to guarantee that the convergence is of multiplicity 1.
Suppose (My)¢er,0) is @ smooth embedded mean curvature flow and suppose also that (zg, o) is

a singular point. Then sup,_, |A(t)| = oo, hence |A(t)| > \/% for some constant C.

Definition 6.7. A singular point (xg, t) is called type I singualar point, if there is another constant

C such that |A(t)] < %

Type I singularity is important, since it guarantees that the tangent flow at it is well-defined.
Namely, we have:

Theorem 6.8. If (29,0) is a type I singularity of a mean curvature flow (My).e|—1,0), then for any
sequence A\, — 00, there is a subsequence Mg, , such that

s

n _
M = N, M, 2

converges smoothly with multiplicity 1 to a limit flow M.

COMMENTS AT BEGINNING OF WEEK 4 LEFT OUT FOR NOW
In order to prove this theorem, we need one more definition.

Definition 6.9. Given a smooth, embedded MCF, a point 2o € R"*! is said to be reached by the
flow at time T if there exist x;, € M, so that ¢, — t and x;, — 0.
Such an zg is called singular if there exist such a sequence with |A(xy, )| — 0.

Proof. By the monotonicity formula, it suffices to just prove the first part, that M ks M, s smoothly
with multiplicity one. We pick s < 0 and we note that the type I condition implies that |A¥(s')| <
\/% for s’ < s. In fact, Furthermore, for small time interval ending at s, we have derivative bounds

|V Ak (s < \/% as well. Now define d; to be the intrinsic distance in M;. There exist €, ¢ so that

di(z,y) < ey/—t implies that
ol < dt(xvy)g C
[z -yl
Note that the condition we need for this comparability of distance is an upper bound of the form
e—L— and the type I condition allows us to write this in terms of t. On the points where we have

sup A
this bound, we have smooth convergence with multiplicity one. What about other points?

Claim 6.10. Define the set Ac = {(x,y,t) where z,y € My, di(x,y) > ey/—t}. Pick z,y to
lz—y|
V-t
(1) dy(, ) = e/ F or

(2) We have a picture that looks like the following: ADD PICTURE

minimize over Ac at time t. Then either

O

Note that the above also gives a proof of the following nice fact: if you have a MCF starting
from an embedded hypersurface, up until the time of singularity, you stay embedded. .
There is one more concern that we have: if zy is obtained at a type I singularity, why is M
nonempty? To show this, we need to compare the rate of convergence at a point and the scaling

rates. The point is that if g = 0 is obtained at time 0, then for all ¢ < 0, My N B(0,v/—2nt)
is nonempty (this follows from the avoidance principle), and so there exists a point in Mg N

B(0,v/—2ns)
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6.4. Examples of shrinkers. Recall that the definition of shrinkers is that they solve the equation
H+ (x;) = 0. We provide a list of shrinkers defined on the time interval (—co, 0).

the plane through the origin

spheres of radius v/ —2nt

cylinders S*(v/—2kt) x R*=F

the Argenent torus, a large but narrow torus

As an aside, the Argenent torus turns out to be very useful for comparision reasons — for example,
it can be used to provide an alternate proof that neckpinches exist.

6.5. Applications of monotonicity. First, observe that

9 L -
= ( /Mt f@) = /Mt [E)t o+ [ @~ H f@] dvol

B 0 0 2 _.
_/Mt <8f—AMtf)®+ <6(1)—AMt<I>>f—H £ dvol =: *
Now if (& f — An,f) <0, f >0, then

2

1L
P
v D f dvol

*g/ <a<I>+AMt<I>>f—H2f<I>:—/
M, \Ot M,

Now, our favorite f are functions like

3
et R (1 |z — wol* + 2n(t — t0)>
: = )

H+

These functions let you show that densities on small balls are controlled by quantities at a fixed
earlier time. The main trick is to use the backwards heat kernel at (g, tp) = (0,72) to get something

like the density w and then to pick the correct cut-off. The details are left as an exercise.
Here are some examples of what we can derive about densities:
First, suppose M, is a MCF that does not reach 0 at time 0. What is ©({M.}, (0,0))? For ¢

sufficiently small, M; N B(0,y/—2nt) = @, so that in the scaling limit, we get 0. This density is
preserved under scaling, so that 6({M;}, (0,0)) = 0.

As another example, if 2 is a smooth point of flow at time 0, then §({M;}, (0,0)) = 1. Again,
this is obtained by looking at the scaling limit, which is a plane. In both of these examples we are
using, in a critical way, that we have uniform control of densities.

As an (easy) exercise, consider a MCF which is smooth at times ¢; < t2 and zo € M;,. What
can you say about fMtl ®(x9,t2)? If the flow is not a shrinker, then it should be > 1.

To compute the density, it doesn’t matter how the flow looks away from the point. If f €
C2°(N(zg,t)), then

lim /M F Do 10) = (M, (20, t0)) f (20, to)

t—to
Fact 6.11. 6 is upper semicontinuous.

Proof. Let (x,t;) — (z0,1t0) for a time ¢y. Then

j—00
/ Pyt T / D (20,t0)
Mz Mt

/ q)(xj,tj) > Q(Mv (I’j,tj))
My

and then by monotonicity
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so that we can conclude that

lim sup 6(M, (xj’tj)) < /M (I)(:vo,to)

Jj—o0
Taking the limit on the right hand side as t — £y gives us the desired inequality:
lim sup G(Ma (ZL‘j, tj)) < G(Mv (SL'(), tU))

j—o0
Corollary 6.12. For zo obtained at time to where { My }e(7,40), 0({ M}, (w0,t0)) > 1.

6.5.1. INCLUDE PICTURE

Lemma 6.13 (Clearing out Lemma). For all a < 1, there exists 8(n) so that if M; reaches 0 = xg
at time 0,

Vol(M_qy2 /9, N B(0,7))
rh 2
This lemma is often used in situations where the left hand side is < 6 for some r, and thus 0 is

not reached by the flow.

6.5.2. Noncompact mazximum principle.

Fact 6.14. If M; is properly embedded, smooth, with polynomial growth and (% — AMt) f <0,
then f(z,t) < fmax(t =0) = M.

Proof. We use monotonicity. By picking p > 2, (f — M )ﬁ’r is a C? nonnegative function with
(f = M) <0. Then [, @z 1) (f —M)% is nonincreasing which lets us conclude that (f —M)% =
0. O

6.5.3. Extinction estimates. If T' is a singular time of the flow {M, }{o 1), and we pick regular points
(Tp,tn) — (x,T), a singular point. Then

/ L a—aal/ar 5
Mo (47TT)TL/2 B

implies that (47T)™? < Vol(Mp) and thus

e ()

7

Remark 6.15. We could also consider MCF in higher codimensions, and we would still have a
k-dimensional monotonicity formula.

Remark 6.16. This theorem is also true for weak flows, as Ilmanen showed when he constructed
the trackunder MCF, so S such that 05 = M(’f and then noted that

o o 1/2
Vol (/{(ﬂ)) < (Vol(Mp))T
Vol(S) < Vol(MO)Q/n—l/(47T)1/n

This is much better than the isomperimetric inequality, \/%EVOI(MO)%.
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6.6. Brian White’s Regularity for Type 1 Singular Flows. We return to our favorite func-
tions, where for a point X = (xq,%p) and p > 0,

3
XP = (1 _ =l +22n(t - t0)>
P +
These functions, again, have the benefit that (% — A) ¢X* < 0 and ¢X* > 0. Then we define

60 (M, X,7) — / B
M, o

t—r

and as r — 0, the function decreases and converges to density, as we defined earlier.

Theorem 6.17 (Local Regularity Theorem, White 2005). There exist € > 0,c > 0 so that for each
spacetime point Xo and p > 0, if My is a MCF in P(Xy,2np) and for some r < p,
sup  0°(M,X,r) <1l+e,
XeP(Xo,r)

then c
sup |A| < -
P(Xo,r/2) r

Proof. Suppose not. Then rescale so that r = 1 and Xy = (0,0). Then there exist MCFs M/ in
P(0,2np;) for pj > 2n so that supp(gq) 07 (M, X,r) < 1+ % but there exists X € P(0, 3) so that
|A| > j. It would be nice if we could pick a point with maximal |A| in P(0, 3), rescale so that
|A] — 1, and derive a contradiction, where we have a point with curvature on what must be a
plane. But we can’t finish the proof that easily — the “maximal” point might be on the boundary.
But if we a bit more careful, we can derive this contradiction with the following claim.

Claim 6.18 (Point Selection). We can pick points pj in P(0,3) so that |A(p;)| > j and |A(p)| <
21A(py)| forp € P (¥, 1oy )

Proof of Claim. Fix j. Look for ¢ = p;. There exists ¢° € P(0, ) so that |A|(¢°) = Qo > j. Maybe
q° satisfies the other condition, in which case we are done. If q0 does not, then there exists some

¢t € P (qo, ﬁ) so that |Al(¢') = Q1 > 2Qo > 2j. If ¢* satisfies the other condition, then we

stop. If not, then we find a ¢? similarly and continue the process, and so on. If we must continue

the process until we find a ¢", note that we have moved at most 10Q [1+ 3 : +3 T4+ 2%] <z z,

and so we have found a point ¢ € P(0,3). On the other hand, note that |A47] is bounded on P(0, )
because we have a smooth compact ﬂow and so this process must halt. D

To use this claim, we move p; to the spacetime origin and rescale by Pj = |A|(pj). Then MY s
defined in P(0,2np;P;) so that §°i%i i (M0, P;) <1+ %, |A] <2 on P(0, 13—0), and |A|(0) = 1. We
take the limit M on R x X (—00, 0] so that fM <I>(00 = land |A(0)| = 1 and |A| < 2 always. This
provides a contradiction, as |A(0)| = 1 means that M is not a plane, but using the monotonicity
formula we have that M_1 is a plane and therefore as Mt \/7 tM, — Mo smoothly (because the
curvatures are bounded), Mo is a plane. ]
Corollary 6.19. If {Mi}icja0) satisfies O({M},(0,0)) = limo [y, ®o0) = 1, then 0 is not a
singular point of the flow at time 0.

This corollary follows because for ty < 0, with fMt Qo) <1+5, fMt D(3,t0) < 1+ € in some
0 b b

neighborhood of (0,0). By the local regularity theorem just proven, that means in a slightly smaller
neighborhood around (0, 0), the curvature is bounded.
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7. CLASSIFICATION OF SINGULARITIES

In this section we derive some results for the classification of hypersurfaces evolved by the mean
curvature flow. The idea is to analyze the singularity of the flow, and hence the study of the tangent
flow at the singularity is most important. By White’s regularity theorem, the tangent flow at any
singular point cannot be a hyperplane. Therefore the question is two fold: one is to study when
type I singularity occurs, and the other is to classify all self shrinkers. As we will see, these can be
done under some special cases, namely for the curve shortening flow, and for mean convex initial
surfaces.

7.1. Classification of self shrinkers. For the curve shortening flow, the following theorem gives
a complete classification of the self shrinkers.

Theorem 7.1 (Gage-Hamilton). If v is an embedded curve in R? satisfying k = H = (x,v), then
v is a circle or a line.

Proof. Let pg € v and choose length parametrization v(s). Now k = (z,v) and 7(s) = —kv, so
(v,v)=1 = (r,us) =0
(1,7()) =0 = (vs,7(s)) = K(s)
so that vs = k(s)¥(s), and we have the equations
ks = ((s),v) + (7(s), £7(s)) = K(z,3(s))
Kss = Fs(,¥(8)) + K — r(x, kv) = w(x, ¥(s))? + Kk — K>
From the equation for k4, we note that if Kk = 0 at time ¢y, then x = 0 at all times, by the uniqueness

of the solution of the ODE, and so we have a line through the origin. Assume that x # 0 for all
times, say x > 0. We want s to be a closed curve.

Os|z|? = 2(4,x) = 2% = 205 log Kk

The solution & = cel*/2 lets us conclude that & is bounded from above and below.
Now we take the Gauss map N : v — S! and its inverse § : S' — N. Note that %—JX = k so that

9s — 1 Then
K

0 =
! (z,%(s)
R = — - =
0= —"Fhs z,%(s))
1 1
-~ 1= -~ _
Kop R[ w(z,v)] ity

Then, if we multiply this last equation by 2y, it becomes
2 |kgKgy + Kok — @} =0 [mz + K2 — 210g/<a] = 0y[E] =0
K

Thus E(f) is a conserved quantity along the curve. Now, notice that x% — log(x2) > 1 (which can
be seen by looking at the Taylor series), and x? — 2logk = 1 iff K = 1. If E = 1 somewhere, then
E =1 always by this equation. But E(f) = 1 implies that x(f) = 1, and x = 1 implies that v is a
circle.

1

For the remainder of the proof, let us assume that E' > 1, meaning that x varies. rgg = i — K.

Note that all critical points are nondegenerate, as a degenerate critical point would simply that
% = k and thus that kK = 1 and E = 1, putting us in the previous case. At the minimum points,
kgg > 0 and so k < 1. At the maximum points, kg9 < 0 and x > 1. The equation also tells us that
all critical points are global maxima or minima. However, we do not know how many there are.

To that end, we use the following elementary geometry theorem (which we will not prove):
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Theorem 7.2 (Four Vertices Theorem). For a convex curve v C R?, its curvature k has at least 4
critical points.

By moving the 6 parameter is necessary, let us assume that k attains its maximum at § = 0.
Let T'/2 > 0 be the first time where k attains its minimum. If we reflect the graph of k in [0,7/2]
accross the line § = T/2, then the second derivative of k is unchanged at 7'/2, and the first
derivative at T'/2 vanishes. Therefore the reflected graph gives an extension of the solution to the
ODE kg9 = 1/k — k. By the uniqueness of the solution of ODE, this solution must coincide with
the original one. Therefore we have proved that k is periodic with period T'. Denote T' = %r, where
m is the number of periods in [0, 27].

According to the four vertices theorem, m has to be at least 2, since in each period there are
only 2 critical points. The trick is to calculate (k?)ggg. We have:

(k: . k)@gg = 2kkgog + 6kokog
1 1
=2k(= -k ko(= — k
(k Jo+ 6 e(k )
= —4(k?)g — 4.

Integrate against sin(26) from 0 to 7'/2, and use that %‘9 < 0 for 0 € [0,7/2], we get:

T/2 T/2
[ sinn)R = [ (020 + 4] sin20)
= (k*)oo(T/2) sin T
=sinT - (Qkkgg(T/Q))
=sinT-2(1 —k2,)

That’s a contradiction, since k—k? < 0 and kpin < 1.

For mean curvature flows in general dimension, we have:

Theorem 7.3 (Huisken). If M C R"™*! is properly embedded with polynomial volume growth,
H = (X,v) and |A| is bounded, then it is a plane, a sphere of a cylinder.

Remark 7.4. Note that by previous results, M is the tangent flow of a mean curvature flow with
mean convex, embedded and compact initial hypersurface.

Proof. First observe that the mean curvature flow M; = /—2tM 1, t < 0, satisfies H(t) =
2

1 8H 1 1 OH
V=2tH(-1)’ and Gy = WH(_i)’ and therefore WL% = H.
On the other hand, for a mean curvature flow, we have
OH
—— = AH +|APH.

We want to conclude that H = AH+|A|>H. This is not entirely correct, since moving by homothety
by scale v/—2t is not moving in the normal direction, hence we need to modify the evolution
equation in accordance to the extra tangential diffeomorphism. In fact, let X be the time dependent
tangential vector field given by the homothety. Then

%if = AH + |A*PH — (X,VH).
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Therefore H = AH + |A]?H — (X,VH), or
VH = (1 |AP) + (X, VH).
And similarly, we have
VAP — [VIIA[P
Al
Note by Kato’s inequality, the last term above is always nonnegative.
By the strong maximum principle if H is zero somewhere, then H is identically zero, and hence

the surface is a hyperplane. From now on we assume H > 0 everywhere.
We calculate

VIA] = (1= AP)|A] + (X, V|A]) +

A2_ A2
iy VARV

A|A[H — |AJAH = (X, V|A]) B

(X,VH)|A

Note that
div(V|A| - He WIP/2) = A|A|HX P2 49 |A] - VHe X2 — (X, V|A|) He XIP/2,

Therefore above gives

_ VAP - VAP
A '
Let 7 be a radius such that 0B(0,7)N M is a codimensional 2 submanifold. Note that such r are

almost everythere. Denote p to be the outward unit conormal vector of dB(0,r) in M. Integrate
the above equality in B(0,r) and use Stokes’ formula, we obtain that

div(V|A|He XFP/2) — div(VH|Ale XIP/2)

/ <V‘A|H _ VH|A|,/)> 67\X|2/2 — / ‘VA|2 — |V‘A||267|X|2/2.
0B(0,r) B(0,r)NM Al
Note that by Kato’s inequality, the right hand side is always nonnegative, but the left hand
side converges to zero, as the hypersurface has Euclidean volume growth. Therefore we conclude
|VA| = |V]A]| on the whole hypersurface. We will deal with this rigidity case separately.
O

To continue the proof of Huisken’s theorem, we recall that we had subdivided into two cases. If
H = 0 somewhere, then M is a plane. The remaining case is when H > 0 everywhere, in which
case |[VA| = V|A|. This is possible iff VA = ¢x(x)A. This case must include the cases both where
M is a sphere and where M is a cylinder. To separate these two cases out, we define Null(A), as
those v € T, M for which A(v,w) =0 for all w € T, M and then we note:

Claim 7.5. If v € Null(A),, then M splits off a line in the direction v. In other words, there eists
an orthogonal transformation O so that O(M™) = N" ! x R and O.(v) = epy1.

Proof. Let v be a unit speed geodesic with initial point and direction (x,v). Then the equation
VA, %) = cp(v(s))A(7, ) gives a linear ODE for A(¥, 7). A(7(0),7(0)) = 0 by the choice of v,
and so by the uniqueness of solutions for linear ODEs, A(¥(s),¥(s)) = 0 for any time s. So y(s) is
a straight line. In order to see that this straight line is really a full factor that can be split off, let
y be another point and p(s) be a unit speed from x to y. Given v,w € T, M, let v(s) and w(s) by
the parallel transport of these vectors along p(s). Then V A(v(s),w(s)) = cx(p(s))A(v(s), w(s))
which implies that v(s) € Null(A),,(s). Then
VE " u(s) = Vilu(s) + A(jt, v(s)) = 0

which implies that v = v(s) for any s as vectors in R"*!. Thus there is an R-factor that we can
split off. O]
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This claim means that, once we have split off all factors, we have reduced our last case to the
situation where A has no null space and N*¥ c R¥*!. Either k& = 1, in which case we have a curve
in R?, which we have already proven is a circle, or k& > 1. In this scenario, Viehij = ci(x)hij, so

that V,H = ¢y(z)H or, put differently, co(z) = VI‘ﬁIH . Then using the Codazzi equation, we have
VH V:H

—gp s = Vehi; = Vihje = ——hje
For a sphere, VH = 0. Suppose that at a point z, V,H # 0. Pick an orthonormal frame at x:
€1,...,€n SO that e; = %. Then

V.H vV, H |? VH? VH?
0= [Vehij — Vjhil* = 7 hig — g hie| =0+ > H2‘ R |H2| hje
i#1,0=1 i=1,0£1

IVH| ,
=2 ) 72l

1<j<n,2<i<n

This means that for ¢ # 1 and any j, h;; = 0 and so rank(A), = 1. But this is impossible if £ > 2
and Null(A), = 0. Thus we know that VH = 0 and VA = 0 at all points.

Now we are almost done. We note that H = (z,v) so
ViH = (z,hije;) =0
and so
ViH = hig + (@, hij(—hjw)) =0

implying that h; = Hhijhj,, in other words, A = H A%, We diagonalize A with eigenvalues
A1, .-+, An, and then the above equation implies that A = %Id. However, because H = tr(A),

H = J; so that H = \/n and A = %Id. By Myer’s Theorem, M is compact and furthermore

Alz|? = 2n+ 2(Vz,z) = 2n — 2H (z,v) = 2n — 2H* =0

so that |z|? is harmonic on the compact manifold M. But then |z|? is constant, and so M is a
sphere.

7.2. Type II singularities. Type II singularities are those for which sup |A(t)| - VT —t =T,
0o. Type II singularities do not happen for curves in R? but they do happen to MCF in higher
dimensions. One example is as follows: when we constructed the neckpinch, we chose the radius
r of the neck small enough, compared to the size of the spherical ends, so that the neck pinches
off before the ends shrink. If r is large enough, then the entire manifold is convex. Somewhere in
the middle there is a transition radius, rg. With this radius, the singularity will be “cylindrical”
compared to spherical. We will discuss this more thoroughly in the proof.

7.2.1. Hamilton’s blowup. For every k, pick a spacetime point (py,t) so that

1 1
| Apk, tr) [ <T - = tk) = sup |A(z, t) 2 (T — - - t>
k 0<t<T—¢,xEM; k
so that |A(pg, tg)[* (T — 1 — tk) E22 0. Set Qp = |A(pg, tr)| and consider the flows QkMthrngz =:

MP defined on the interval 0 < t + SQEQ < T. As we increase k, the interval for s, (—t,Q2, (T —
tk)Q%) goes to (—o0,00). Note how different this behavior is compared to type I singularities.
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Fix s and example |A*(z, s)|. [A¥(z, )| = Q; *|A(z, tx + sQ; ?)|?. Then

1

A, by, + 5Q;. %) <T — = [t SQ;Q]> < |A(pr, ti))? [T - % - tk}

If we choose pg so that t; + SQ;Q < T - %, ie. s < (T— % — tk) Q% — 00, so that this holds
1
for every k beyond kmin(s). Then |A¥(z,s)|?> < #’:‘Qﬂ — 1. Therefore M* has uniform
—E sy
curvature bounds on times (—s, s) for all s > 0. This implies higher derivative bounds as well, and
we can pass to a limit, once we show embeddedness. (This is similar to showing multiplicity 1 in
the type I case.) The properties of the limit include that |A] <1 and |A| =1 at (0,0). MF — M,
an eternal solution of bounded curvature.
Let us give an example of type two singularity.

Example 7.6. An example of type 11 singularity of the mean curvature flow is provided by Altschuler-
Angenent-Giga, described as following.
Let us consider a transition stage of the dumbbell. The construction should have two properties:

e The two big spheres are not too far to each other so that the surface converges, under the
mean curvature flow, to the origin.
e They are not too close to each other so that the tangent flow of the origin is a cylinder.

We’ll not go into details of this construction. However, after assuming the existence of a dumbbell
with the above two properties, we can argue that the orgin is a type II singularity of the mean

curvature flow. Indeed, suppose the origin is a type I singularity. Then we have |A(t)] < \/%,

here T is the extinction time. Integrating this with respect to t, we obtain that diam M; < Cv/T —t.
Therefore \/%Mt is compact. This contradicts to the fact that the tangent cone at the origin is

cylindrical.

For a hypersurface of arbitraty dimension, it is hard to say when it develops a type II singularity
in general. Suppose that M; develops a type II singularity at time 7. Then by Hamilton’s blowup
procedure, there exists an eternal flow ]\Zfse(_oo,oo), along which |A| <1 and |A(0,0)| = 0. We could
use this fact to prove that when M"™ n > 2 is convex, then no type II singularity will appear. In
fact, we have:

Theorem 7.7. Suppose n > 2 and M™ is convex. Then the mean curvature flow starting from M™
disappears at a round point.

In fact, convexity is equivalent to A > Ag for some positive constant A- which, by the maximum
principle, is a condition that is preserved under the mean curvature.

Note that the condition A > Ag is also scaling invariant, hence is also satisfied by the eternal flow
M,. However, any hypersurface satisfying A > \g must be compact, and thus cannot be satisfied
by an eternal flow. Hence we conclude that:

Proposition 7.8. Any convex hypersurface does not develop type II singularity.

In the next section we will study the special case when the hypersurface is of dimension 1, namely
the case of a curve shortening flow.

8. CURVATURE SHORTENING FLOW

In this section we prove that type II singularity never occur for the curve shortening clow.
Suppose 7 is a compact curve developing a type Il singularity at time 7. Let 7, be its Hamilton
blowup at time 7.
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Let s be the arclength parameter. We first calculate that

d d
dt/7|k]ds_dt Z/kds—Z/kds ,
t P; N;

here P;’s and N;’s are all the intervals on which k is positive and negative, respectively. Use the
general fact that %d Vol = —H?d Vol, one calculates that above is

- Z/(kss + K¥)ds =) /(kss +EY)ds = keds + ) / kssds
P; N; P; N;

= Z / kosds — Z kgsds
P; N;
=-2 > |kl

{x:k(x)=0}

Observe that the total curvature [ |k|ds is scaling invariant. Therefore on the limit flow 75, we
conclude that —2 Z{x:k(m):O} |ks| = 0 for almost every time. That is, for almost every ¢, k = 0
implies ks = 0.

Proposition 8.1. v; is convex, namely k # 0.

Sketch. This statement uses essentially that the flow is one dimensional. We will only illustrate the
idea by proving the counterpart for the heat equation. Consider a heat equation u; = uz,. Suppose
at (0,0), u = uy = Uz = 0 but uygy # 0. Then uy, = 1. Therefore

3

u(t,z) = % + at + higher order terms.

Now view u(t,-) as a function of . Then when ¢ < 0 it has 3 distinct roots. When ¢ = 0 is has a
multiplicity 3 solution. When ¢ > 0 it has only 1 real solution. For almost every € >t > 0, at the
roots of u(t,-) the derivative in z is not zero, contradiction.

A rigirous proof uses the implicit function theorem. We’ll not include it here. O

Now that the limit curve is convex, we use a version of the Harnack inequality, namely the
Hamilton Li-Yau differential Harnack inequality.

8.1. The Hamilton Li-Yau Harnack inequality. Let M; Cc R"*! t € [0,7) be a convex
solution of the mean curvature flow with bounded curvature. Let X be a time dependent vector
field. Then we have

Theorem 8.2. o YL B4 9(VH, X)+AX,X) >0,
e If H attains a space time maximum, then the flow is a translation soliton.

Remark 8.3. The usual Harnack inequality can be obtained by integrating the differential Harnack
inequality:
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Suppose (z1,t1), (z2,t2) are two points in the space time, ¢; < t3. Let (n(t),t) be a curve
connecting them. Then

H(zi,t1)\ [ ZHn(t),t)
m<mééﬁ‘tl%m@w
:/h%+wmmm

L H
/t2 1 +1A(n’,n’)
=) %4 H

1
to 1
>— | =+
A

Choose 1 to be a geodesic in the space time metric, we obtain the usual Harnack inequality.

Remark 8.4. The usual Li-Yau Harnack inequality for the heat equation is the following. Suppose
on a n dimensional compact manifold with nonnegative Ricci curvature, u is a positive solution of
the heat equation u; = Au. Then

u |Vul? . _n

u w2 T2t
The idea is to define f = logu and consider the quantity
tIVI? = fil-

We are going to consider a similar quantity and derive a differential inequality of it.

Remark 8.5. Recall that a mean curvature flow is called a translating soliton (or translator), if
o(z,t) = X +tV, and (V,v) = <%ij> _

In R? the only translator is called the grim-reaper, defined by
logcos(y), ¥ € (~5.3)
x = —log cos ——,=).
g Yy), Yy 99
We will only prove the Hamilton Li-Yau Harnack inequality for curves in R? and for a specific
vector field X = —%, or

ke k2
AT

8.2. Huisken’s two-point function.
Theorem 8.6. R(t) is decreasing along the curve shortening flow.

Proof. Let us suppose the contrary. Then there exsits t; < to such that R(t2) > r > R(t1), here
r > 1 is any real number between R(t;) and R(t2). Consider the function

L(t)
Then Z(z,y,t1) > 0 for any z,y € v, and Z(z2,y2,t2) < 0 for some za,ys € 7.
Let ty € [t1,t2] and xg,yo be such that Z(z,y,t) > 0 for every z,y and for all t € [t1,to], and
Z(x0,Y0,to) = 0. Since the function R is scaling invariant, we may also suppose that L(ty) = 2.
Pick arclength parameter of 4 and pick the orientation correctly, such that

d d
_— = —1 _— = 1.
dxdt(xa y) 9 dydt(xv y)

Now we are going to apply the maximum principle to the function Z. Unless otherwise indicated,
all the above calculations will be derivatives at the point (xq,yo,t). Since at (xg,yo,t) is a spatial
local minimum, we have

Z(I‘,y,t) :T|$—y| -
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0z 1 dlz,y), —1
=~ =r—— - 2(+(2),x — y) — 2cos :
0 2 (W =) — 2o

. <T(a:), ; - z‘ > + cos(d(”;’ vy,

here we use T'(z),T(y) to denote v'(x),~(y), respectively.

Similarly,
A — d
O::r< (v) Y x>—cos((’y))
y |z —y 2
Denote V = Then the above shows that

Ix y\

0=—r(T(z),V)+ Cos(d(:l;’ y))7 0=r{(T(y),V)— cos(d(xz’ y))

Therefore we obtain (T'(z),V) = (T'(y),V) = cosa. Here « is the signed angle between T'(y)

and V. Note that r cosa = COS(@), and r > 1. Therefore we see a > d(x,y)/2.
Next, we calculate the t-derivative of Z. Since we are at the first time when Z hits 0, we have

07
0> =
1 27
a2 hE) +k<><>x—y»+g;$m<xyym

— 2cos(d(z,y)/2) { / K2ds) + T x) y)/o des].

Denote 8 to be the signed angle between T'(x) and T'(y). Then by Cauchy-Schwartz, we have
[P > ([Yk)?/d(z,y) d( e Also note that since T'(z),T(y) have the same angle a with the
vector V B is either 0 or 2a.. By the above, we conclude that

02 r{k(z)v(z) = k(y)r(y), V) + cos(d(z, y)/2)

1 2m
+ Tr/o k%ds - [sin(d(a;’ y)) - gcos(g) .

(z,9)

Since d < m, we have tan(d/2) > d/2. Therefore the last term in the above equation is always
nonnegative. We conclude that

T 2
(8.1) 0> r{k(x)v(z) — k(y)v(y),V) + cos(d( 2,y) d(f y)) = %*.
Now we calculate the second derivative of Z. We have
622 T 1 1 . d($7y) —1
0 Gz = K@), V) + = e (@), =) = sin(S5 ) - ()
=7 (k@) V) + . = (@), V) + ;sin(d(g’ vy
Similarly,
0’z r 1. dz,y)
0< 9 =" (k(y)v(y),V) + P [1—(T(y),V)*] + 5 sin(—5)-

To arrive at a contradiction, we will also need to calculate the mixed derivative.
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= L ncd@y)
0xdy |z —y| (T(x), =T (y)) +r(T(x),V)T(y),V) (—5) sin( 5 ).
Combine equation we see that
0L 07,07 ! 2 d(z,y), B
>k = B B |
0>% 02 + g2 +28x8y ]:U—y![z 4cos” a+2(T(x), T(y))] + cos( 5 )d(:c ”

8Z+BQZ+282Z

By the maximum principle, we conclude that 33 oz0y = 0, since it is the second

derivative in direction = + y. Now if § = 2«, then
2 —4cos® a+2(T(z), T(y)) =2 — 4cos® +2cos 3 = 0,
and cos(d(z,y) /2) y = 0, contradiction.

9. MEAN CONVEX MEAN CURVATURE FLOW

In this section we study the mean curvature flow with mean convex initial data. Recall the
evolution equation for H and |A|:
OH J|A VA2 —|V|A]?
OH o apy, A VAP~ [Vl
ot ot |A| + |A|
Hence by the maximum principle H > 0 is preveserved under the mean curvature flow. Moreover,
we have:

= AlA] -

Proposition 9.1.
Proof.

is decreasing along the mean curvature flow of compact hypersurfaces.

O (1A _ A (1A _ @ =A)A]  [Al0 — A)H

ot \ H H H H?2
|VH|?|A|? V\A| VH
2 +2

14]
H

H3 H?
2|VH|?|A| 2VI|A|-VH
ST + 2
Al
=—(V VH
= (v,
Hence by the maximum principle %' is decreasing. (|

The new idea in the study of mean convex mean curvature flow is splitting theorem and Hamil-
ton’s strong maximum principle for tensors. As an analogue, let us recall Cheeger-Gromoll splitting
theorem: if a manifold has nonnegative Ricci curvature and it contains a geodesic line, then it splits,
namely, it is M x R as Riemannian manifold. In our case we are going to prove a strong maximum
principle for tensors, such that if an interior maximum is attained, then the manifold splits.

9.1. A strong maximum principle for tensors. Let 2 be a domain. Suppose on Q x [0,7],
there is a family of metrics g(¢) and % g = h. Then for any time dependent vector field V', we have

d d o L o) 0
Vv,V VIV = b VIV 4 g VOVI 4 g ViV,
a7 gV, V) = dt(g] ) j +g](8t W7+ gij ot
If we choose V' carefully so that %Vi = —%g"khkjvj, then the above is

o1 1 ;
= higV'V7 = ShpV'V7 = Sha VIV =0,

Hence we have the following
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Definition 9.2. A time dependent vector field V is called time-parallel, if

Gyi— _Zgikp, V1.
o’ 59" uaV

Note that by basic theory of ODE, time-parallel vector exists for any Lipschitz initial value.

Theorem 9.3 (The strong maximum principle for tensors). Suppose on Q x [0,T], a family of
metrics g(t) satisfies 0,g = h, and M is a time dependent 2-tensor, such that for any time-parallel

vector field V,

0
S MV,V) = (AM)(V,V).

Let A1 (M) be its smallest eigenvalue. Then A; is non-decreasing. If A\i(M) attains space time
minimum at some point (z,t), t > 0, then A\ (M) is constant on Q x [0,T].
Moreover, in the above case, (AM)(V,V) =0, for any eigenvector of A;.

Proof. Let (x,t) be a point where \; attains its space time minimum, and V' is a unit eigenvector
of \1. We first extend V' via parallel transport to a neighborhood of z, and thus (AM)(V,V) =
AM(V,V). Next we extend V to be a time-parallel vector field.

Then since A is the smallest eigenvalue and (z,t) attains its space time minimum, we conclude
that at a time ¢ where Ay is smooth,

0 0
&Al > aM(V,V) >AM(V,V)> AN > 0.
Hence A; is non-decreasing, and whenever it attains a space time minimum, it must be constant
by the maximum principle. Also in this case, AM(V,V) = 0.
In general A1 may only be Lipschitz. Then the above inequality is understood in the viscosity

sence. The maximum principle also works in the viscosity sense. We will elaborate this point below.
O

Definition 9.4. A Lipschitz function f is said to satisfy % f = Af in the viscosity sense, if for
every C? function ¢ in a backwards neighborhood of any point (x,t), such that ¢ > f in the
neighborhood and ¢ = f at (x,t), we have %g@ > Agp.

The maximum principle also holds for viscosity solutions. Indeed, if (zo,tp) is a point of f
where f attains its space time minimum, then by definition, for any other C? function ¢, ¢ > f
in a neighborhood and ¢(xg,t9) = f(zo,t0), we see that ¢ attains its space time minimum also at
(x0,to). Therefore

0 0
AT

But %cp <0, Ap > 0. Then use a standard perturbation argument we conclude that this cannot
happen unless f is a constant function.

We are know ready to state and prove the splitting theorem.

f > Af > A(P, at (fIf(],t())-

Theorem 9.5. Under the same assumption as before, suppose the space time minimum is attained.

Then § splits locally to 2 = P x @, such that 'V is tangent to P if and only if M(V, V) = A\1g(V, V).

Proof. We will use the Frobenius theorem to produce a local splitting. Without loss of generality
let us assume that A\; = 0, otherwise just consider M — A1l instead.
Let x be a point where the space time minimum is attained. Take a normal coordinate {F;}
around z. Then for any vector field V, Vg, (Vg,M(V,V)) = AM(V,V).
Take V' to be an arbitrary section of the null space of M around x. Then we see that
0=MWV,V)=Vg,(Vg,M(V,V))
= Vg, (VeM)(V,V) +2M(VEV,V))
=(AM)(V,V)+2(Vg,M)(Vg,V,V).
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By the previous theorem, since V' is Aj-eigensection, we have (AM)(V,V) = 0. Therefore

=VgM(VgV,V)=M(VgV,VEV)—M(NVgVEgV,V)
=—-M(Vg,V,VgV).

Since M > 0, we conclude that Vg,V is in the null space of M. Therefore we conclude that
Null(M) is a integrable distribution.

For any vector W € Null(M )+, we prove Vg, W € Null(M)*. In fact, for any vector V € Null(M)
and any vector field X, we have

0=XW-V)=(VxW)-V+W. -VxV.

Since VxV = 0, we conclude that VxW -V = 0. That is, VxW € Null(M)*.

By the Frobenius theorem, both Null(M) and Null(M)* are integrable distributions. Let P,Q
be the submanifolds they define. We have, as differentiable manifolds, M = P x @ locally. It
remains to prove this splitting is also in the sence of Riamannian manifold, i.e., the metric is also

a product metric locally.
O

9.2. Local curvature estimate. In this section we derive a local curvature estimate from a-
noncollapsedness of the mean curvarure flow.

Definition 9.6. A smooth a-noncollapsed flow on an open set U C R**! is a family of closed sets
K; C U such that 0K; is mean convex and flows by the mean curvature flow, and is a-noncollapsed.

Theorem 9.7. For any a > 0, there exists a p = p(a) and C; = Ci(a), i = 0,1,... such that if
K is an a-noncollapsed flow in the parabolic ball P(p,t,r) centered at p € OK; with H(p,t) <r71,
then
sup |ViA| < Cyr— 1+,
P(pt.pr)

Proof. By the standard curvature estimate we only need to prove the statement for |A|, namely
i = 0. We argue by contradiction. Suppose the contrary. Then by rescaling at the point where the
curvature is maximized, we may assume that we can take a sequence of closed sets representing
the mean curvature flow, K7, defined on P(0,0,5) such that H(0,0) < j~! and Supp(0,0,1) |4 = 3.
Assume v(0,0) = ep41.

We first prove the following property of the rescaled surfaces K7: K7 converges in the strong
Hausdorff sense to the static half space (e,41, X) < 0. Namely, K; converges in Hausdorff sense to
{en+1,X) < 0 and the complement of K7 converges to (e, 1, X) > 0.

First let us prove that K7 converges in the Hausdorff sense to the lower half space. Since K7 is
a-noncollapsed and H(0,0) = j~!, K/ contains a ball of radius a; in the lower half space which is
tangent at (0,0) to the e;,+1 = 0 coordinate plane. Also since the surfaces involves as mean convex
mean curvature, for ty < t1, K} . C KgQ. Therefore every point in the lower half space is contained
in K, ast — 0 and j — oc.

Now let us prove that the complement of K7 converges in the Hausdorff sense to the upper
half space. Pick a sequence of real numbers R; — oo and d; — 0 such that Rd — oo. Let
Braq = B(—Repy1, R+ d). Its mean curvature is H = R%rd. Under the mean curvature flow,
the time for Bp 4 to leave the upper half space is T' = (R + d)d. By the avoidance principle, for
t € [=Rd,0], K] cannot contain Bg4 (otherwise K] will contain an open set of the upper half
space, contradicting to the fact that they converge to the lower half space).

Take the largest possible d’ such that Br 4 and Kj have a contact point. Let p; be the contact
point. We observe that p; must satisfy the following three properties:
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(1) (pjsens1) < d.

(2) liminf; o (pj, €nt1) > 0.

(3) llpjll < 2V2Rd.
Property 1 follows easily from the choice of d’. Property 2 follows from the fact that Ktj converges
to the lower half space (otherwise there will be an open set of the lower half space that is not
contained in every Kg .) We now elaborate on property 3. At the point p;, Ktj has a tangent ball of
radius R. Therefore the mean curvature at p; is at most 3. By the nocollapsing condition, there
exists an exterior tangent ball of radius at least &R at p;. Now that dist(p;,0) < vV Rd and p; is
on OB(R,d), the tangent plane at of ki at p; is sufficiently close to the coordinate plane e, 1 = 0.
Therefore the ball of radius 7 R tangent to p; converges to the upper half space as j — oo. This
proves that the complement of Kg converges in Hausdorff sense to the upper half space.

Now we finish the proof of the theorem under the extra assumption that VR > 0, K,f contains

B(0, R), for j sufficiently large and ¢ = t(j). To do so, we first observe the following

Lemma 9.8 (One-sided minimization). For ty > t1, and any open subset V such that Ky, CV C
Ky, Vol(0Ky,) < Vol(0V).

The proof of lemma is a calibration argument. The mean curvature flow from time t; to to
creates a foliation of Ky, — K}, by mean convex hypersurfaces. Define the following vector field v
in Ky, — Ky,: for ¢ € 0Ky, let v(x) = vgg, (), t € [t1,t2]. Then by the Stokes’ formula and the
mean convexity of each leaf of the foliation,

0< /V div(v) = /8 ) - /a B (.01, ) < Vol(@V) — Vol(DKK,,),

the lemma is proved. '
To finish the proof, we see that as j approaches infinity, K7 is contained in an arbitrarily thin
layer near the coordinate plane e, 1 = 0. Use the above lemma, we see that for any € > 0,

Vol(B(p, R) N 0K7) < (1 + €)w, R",

for sufficiently large j. Therefore by B. White’s epsilon regularity theorem, we conclude the local
curvature estimate supp(,, r/2) |A] is uniformly bounded. Therefore, the flow K} converges smoothly
to its limite, contradicting supp g1y < J-

Finally we are going to remove the extra assumption that B(0, R) C K] for large j, t = ¢(j).

Claim 9.9. There exists u such that if the flow is defined on P(p,t,ur) and H < r~!, then
sup |A| < Cor~! on P(p,t,pr).

Assuming the claim, the theorem is proved with a different p. Now let us prove the claim.
If the statement of the claim is not true, there exist counter examples for p1; = j. Then we can
assume:
(1) K7 is defined on P(0,0, ) and v(0,0) = e, 1.
(2) H(0,0) - Hy < 1.
(3) sup|A[] > Cp in P(0,0, p).
(4) If for (p,t) € P(0,0,%) we have H(p,r) < r~! for r < §, then SUP p(pt.pr) < Cor ™'

Note that property (4) is similar to the point selection process we have seen earlier. It naturally
appeared because we only assume that the flow is defined in an open ball. We separate two cases.

Case 1 Hy,, = 0. We know that K7 converges in strong Hausdorff sense to the lower half space.
Use property (4) and cover the whole flow by balls of radius %, we see that |A| is uniformly
bounded for the entire flow. Therefore the flow has to converge smoothly to its limit.
Therefore the limit has to be a plane, contradicting property (3).
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Case 2 Ho, > 0. In this case, there is some neighborhood of fixed size around (0,0) in which
H < HTW Therefore, there exist rg, t; such that B(0,ry) C Ky,. By the avoidance principle,
we deduce that for any radius R, there is some to such that B(0, R) C Ky,.

Pick a point p; to be a point on aKg' such that |p;| = dist(0Ky,0). We prove that
H(p,t) > %, C = C(a,19) is some constant. Otherwise if H < %, by a-noncollapsing
there exists an inscribed ball of radius comparable to [t|. But for [t| large, such a ball
cannot reach the origin at time 0. (Note that a ball of radius R becomes a ball of radius
V R? — 2ns after time s under the mean curvature flow. Hence after time ||, the radius |¢|
becomes \/t? — 2n|t|, which is positive for [¢| large)

Note that dist(0Ky,0) is a Lipschitz function of ¢, and at a point (p;, t) where the function
is differentiable, its derivative is given by H(p;,t). By above we see that % dist(0Ky,0) >

% for some constant C. Since [ %dt diverges, we deduce that dist(0K;,0) — oo as t

approaches to 0. That is, K] contains a ball of arbitrarily large radius. The theorem
follows.
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