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Abstract

The practice of deep learning has shown that neural networks generalize remarkably well even with an extreme
number of learned parameters. This appears to contradict traditional statistical wisdom, in which a trade-off between
model complexity and fit to the data is essential. We aim to address this discrepancy by adopting a convex optimization
and sparse recovery perspective. We consider the training and generalization properties of two-layer ReLLU networks
with standard weight decay regularization. Under certain regularity assumptions on the data, we show that ReLU
networks with an arbitrary number of parameters learn only simple models that explain the data. This is analogous
to the recovery of the sparsest linear model in compressed sensing. For ReLU networks and their variants with skip
connections or normalization layers, we present isometry conditions that ensure the exact recovery of planted neurons.
For randomly generated data, we show the existence of a phase transition in recovering planted neural network models,
which is easy to describe: whenever the ratio between the number of samples and the dimension exceeds a numerical
threshold, the recovery succeeds with high probability; otherwise, it fails with high probability. Surprisingly, ReLU
networks learn simple and sparse models that generalize well even when the labels are noisy. The phase transition
phenomenon is confirmed through numerical experiments.

Index Terms

neural networks, deep learning, convex optimization, sparse recovery, compressed sensing, #1 minimization, Lasso.

I. INTRODUCTION

ecent work has shown that neural networks (NNs) exhibit extraordinary generalization abilities in many machine

learning tasks. Although NNs employed in practice are often over-parameterized, meaning the number of pa-
rameters exceeds the sample size, they generalize to unseen data and perform well. In this work, we study the problem
of generalization in such over-parameterized models from a convex optimization and sparse recovery perspective. We
are interested in the setting where an NN with an arbitrary number of neurons is trained on datasets with a simple
structure, for instance, when the label vector is the output of a simple NN, which may have additive noise. A natural
question arises: under which conditions, a neural network with an arbitrary number of neurons, in which the number
of trainable parameters can be quite large, achieves perfect generalization? We uncover a sharp phase transition in
the behavior of NNs in the recovery of simple planted models. Our results imply that the weight decay regularization
solely controls whether the NN recovers the underlying simple model planted in the data or fails by overfitting a more
complex model, regardless of the number of parameters in the NN.

Our findings are close in spirit to classical results on sparse recovery and compressed sensing. It is known that there
exists a sharp phase transition in recovering a sparse planted vector from random linear measurements. Specifically, the
probability of successful recovery will be close to one when the sample number exceeds a certain threshold. Otherwise,
the probability of recovery is close to zero. This can be shown by analyzing the intersection probability of a convex cone
with a random subspace, which undergoes a sharp phase transition as the statistical dimension of the cone changes with
respect to the ambient dimension [I]. By leveraging recently discovered connections between ReLU NNs and Group
Lasso models [2, B} [4 5] [6], we show that a calculation involving statistical dimensions of convex cones implies a phase
transition in two-layer ReLU NNs for recovering simple planted models.

In addition, we consider deterministic training data and derive analogs of the irrepresentability condition [7] and
Restricted Isometry Property [8, 9], which play an important role in the recovery of sparse linear models. We develop
the notion of Neural Isometry Conditions to characterize non-random training data that allow exact recovery of planted
neurons. We further show that random i.i.d. Gaussian, sub-Gaussian, and Haar distributed random matrices satisfy
Neural Isometry Conditions with high probability when the number of samples is sufficiently high. The random Gaussian
data assumption is widely used in practice. For instance, the subproblem in training diffusion models [I0, 1] is
equivalent to learn the function over Gaussian random data.
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{wangyf18,pilanci}@stanford.edu

2Yixuan Hua is with the Department of Operations Research & Financial Engineering, Princeton University, Princeton, NJ USA.

3Emmanuel J. Candés is with the Department of Statistics and Department of Mathematics, Stanford University, Stanford, CA USA.
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Model Data Success Failure Results
strong recovery weak recovery
linear Haar n > 7.613d n > 2d n < 2d | Thm.[7] Thm.[9]
Gaussian n > O(dlog(n)) n > 2d n < 2d [ Thm. |8} Thm.[5|
ReLU-normalized Gaussian - n > 2d - Thm. |11
ReLU Gaussian - n — 00 - Prop. |9
two ReLUs-normalized Gaussian - n — 00 - Prop. |8
k ReLUs - - Neural Isometry Condition (NIC-k)) - Prop. 4
k ReLUs-normalized - - - - Prop. |5
noisy linear model sub-Gaussian - n > O(d log(n)) - Thm. |10

TABLE I: Summary of our results for the success or failure of the recovery of planted neurons. Gaussian data refers
to training matrices with i.i.d. standard Gaussian entries, Haar data refers to uniformly drawn training matrices from
the set of orthogonal matrices. Strong recovery refers to the recovery of all possible planted neurons, whereas weak
recovery refers to the recovery of fixed neurons.

Although neural networks lead to non-convex optimization problems which are challenging to analyze, a recent line
of work [2, B} [4] showed that regularized training problems of multilayer ReLU networks can be reformulated as convex
programs. Based on the convex optimization formulations, [6] further gives the exact characterizations of all global
optima in two-layer ReLLU networks. More precisely, it was shown that all globally optimal solutions of the nonconvex
training problem are given by the solution set of a simple convex program up to permutation and splitting. In other
words, we can find the set of optimal NNs for the regularized training problem by solving a convex optimization
problem. The convex optimization formulations of NNs were also extended to NNs with batch normalization layers
[12], convolutional NNs (CNNs) [13| 4], polynomial activation networks [14], transformers with self-attention layers [15]
and Generative Adversarial Networks (GANs) [16].

We study the recovery properties of optimal two-layer ReLLU neural networks by considering their equivalent convex
formulations and leveraging connections to sparse recovery and compressed sensing. We also consider variants of the
basic two-layer architecture with skip connections and normalization layers, which are basic building blocks of modern
DNNs such as ResNets [I7]. We show the existence of a sharp phase transition in the recovery of simple models via
ReLU NNs. To be more specific, for a data matrix X € R™*?  there exists a critical threshold for the ratio n/d,
above which a planted network with few neurons will be the unique optimal solution of the convex program of two-
layer networks with probability close to 1, as long as n and d are moderately high. Otherwise, this probability will
be close to 0. The same conclusion applies to the non-convex training of the two-layer network with any number of
neurons, up to permutation and neuron splitting (see Appendix . Moreover, our results highlight the importance
of skip-connections and normalization layers in the success of recovery as we show in Section [[II-=C} We also provide
deterministic isometry conditions that guarantee the recovery of an arbitrary number of ReLLU neurons. We summarize
these results in Table [l

A. Related works

Recent works have investigated linearized neural network models trained with gradient descent from a kernel-based
learning perspective [I8), 19} 20, 2I]. When the width of the neural network approaches infinity, it is known that NNs
can fit all the training data [22] 23], 24]. However, in this regime, the analysis shows that almost no hidden neurons move
from their initial values to learn features [25]. Further experiments also confirm that infinite width limits and linearized
kernel approximations are insufficient to give an adequate explanation for the success of non-convex neural network
models as their width goes to infinity [26]. Due to the non-linear structure of neural networks and non-convexity of the
training problem, only a few works consider the role of over-parameterization when the width of the neural network is
finite [27, 28, 21].

It was conjectured that models trained with simple iterative methods such as Stochastic Gradient Descent (SGD)
approach flat local minima [29] 30, [3T] that generalize well. However, it was also shown that the behavior of the trained
model heavily depends on the choice of the specific optimization algorithm and its hyper-parameters [32} 33} 30} [34].

Developing algorithms for the recovery of planted two-layer neural networks has been studied in the literature. In
[35, B6], the authors design spectral methods for learning the weight matrices of a planted two-layer ReLU network
with & neurons. In contrast, our work studies the recovery properties of over-parameterized NNs with arbitrarily many
neurons that minimize the training objective and shed light on the optimization landscape. [37, 38, [39] [40] analyze
the recovery of two-layer ReLU neural networks using the gradient descent method, while [41] extends the analysis to
other activation functions, including leaky ReLU. In comparison, our results apply to the case where neural networks
have many more neurons than the planted model.
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B. Notation

We introduce notations used throughout the paper. We use the notation [n] to represent the set {1,...,n}. We use
the notation I(-) for the 0-1 valued indicator function which takes the value 1 when its argument is a true logical
statement and 0 otherwise. We reserve boldcase lower-case letters for vectors, boldcase upper-case letters for matrices

1/p
. d .
and plain lower-case letters for scalars. For a vector w € R%, we use |w]|, := (Zi:l |wi|p) to represent its ¢, norm.

The notation cos Z(w,v) := m
For a matrix X € R™? we use || X||2 to denote its operator norm. We use ||X||so.co for the matrix infinity norm,
i.e., the elementwise maximum absolute value. We use I,, € R™*"™ to denote the identity matrix with size n x n. We
denote Apax(X) for the maximum eigenvalue of a symmetric matrix X. Similarly, the notion eigmax(X) represents
the subspace spanned by the eigenvectors corresponding to the maximum eigenvalue for a symmetric matrix X. We
use the shorthand diag(zy, ..., z,) to represent a diagonal matrix with entries x1, ..., z,, on the diagonal. The notation
xo% € RY and x§°1 € R” denoted the i-th row and j-th column of an n x d matrix X € R™*? respectively. We
use the notation poly(n) to denote a polynomial function of the variable n. We call a zero-mean random variable X

sub-Gaussian with variance proxy o2 > 0 if it holds that E[es¥ < 6%0252} for any s € R.

€ [~1, 1] represents the cosine angle between two vectors w € R%, and v € R

C. Organization

In Section [[T} we present a preview of our results for the special case of linear neuron recovery with ReLU NNs. We
introduce variants of the ReLU NN architecture in Section[[TI} In Section[[V]we develop deterministic conditions, termed
Neural Isometry Conditions, for the recovery of linear and non-linear neurons using different NN architectures.
In Section [V} we investigate random ensembles of training data matrices, for which we show the existence of a sharp
phase transition in satisfying these deterministic conditions via non-asymptotic probabilistic bounds. In Section [VI] we
develop asymptotic results on the recovery probability for the case of multiple ReLU neurons. We present numerical
simulations to corroborate our theoretical results in Section [VII] We present our conclusions in Section [VIII]

II. A PREVIEW: AN EXACT CHARACTERIZATION OF LINEAR NEURON RECOVERY

In this section, we present a preview of our results on two-layer ReLU networks with skip connection in the special
case of linear neuron recovery. We generalize our result to the recovery of nonlinear neurons using different architectures
later in Sections [[VHVI] We invite the reader to refer to Appendix [A] for the background on the isometry conditions
in compressed sensing, which share important parallels with our analysis. We start with the following two-layer ReLU
network model with a linear skip connection.

m
[(X;0) = Xwyv; + Z (Xw;) vi,
i=2
where © = {W,v} denotes trainable parameters including first layer weights W € R%*™ and second layer weights
v € R™. We will first consider the minimum norm interpolation problem

min IW[E +[[v]3, st. f(X;0)=y. (1)
N——————
el

where the objective ||©]|% stands for the weight-decay regularization term.

A. Hyperplane Arrangements

We now introduce an important concept from combinatorial geometry called hyperplane arrangement patterns, in
order to introduce convex optimization formulations of ReLU network training problems.

Definition 1 (Diagonal Arrangement Patterns) We define {0, 1} valued diagonal matrices Dy, ..., D, that con-
tain an enumeration of the set of hyperplane arrangement patterns of the training data matrix X as follows. Let us
define

M= {diag(]I(Xh >0)) | heR% b # 0}. 2)

We call Dy,...,D, € H, an enumeration of the elements of H in an arbitrary fixed order, diagonal arrangement
patterns associated with the training data matrix X.

The {0,1} valued patterns on the diagonals of Dy, ...,D, encodes a partition of R? by hyperplanes passing through
the origin that are perpendicular to the rows of X. The number of such distinct patterns is the cardinality of the set

H and is bounded as follows )
— (n—1 e(n—1)\r
= <2 E <2r({ —=
pi=[H| < k—0< k > - T( r ) ’
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Fig. 1: A 2-dimensional example of diagonal arrangement patterns.

where r = rank(X), see [42]. A 2-dimensional example of diagonal arrangement patterns with three hyperplanes, i.e.,
n = 3, is presented in Figure|l} Note that there are p = 2((3) + (i)) = 6 regions and corresponding patterns associated
with this configuration. For every fixed dimension d (or rank r), the number of patterns p is bounded by poly(n). In [13],
it was shown that convolutional neural networks (CNNs) have a small fixed rank. For instance, a typical convolutional

layer of size 3 x 3 x 512, e.g. 512 filters of size 3 x 3 implies r <3 x 3 =9.

B. Convex Reformulations

The non-convex optimization problem of ReLLU networks with skip connection is equivalentﬂ to a convex program:

P
. /
min 3 (Jwgll, + (W)

Wo,(Wj,W]-)jZl Jj=1

P
s.t. Xwg + ZD]-X (Wj — W;) =y,
j=1
(2D; —1,)Xw; > 0,(2D; — In)Xw;- >0,j5 € [p]

Here w; corresponds to the ReLU neuron associated with positive second layer weight and w’, corresponds to the
ReLU neuron associated with negative second layer weight. These variables can be considered as local linearizations
of ReLU neurons in each arrangement.

In practice, it is unnecessary to enumerate all p hyperplane arrangements. Indeed, in [43], it is proven that with m =
O((n/d)log(n)) randomly sampled hyperplane arrangements, the relative optimality gap between the convex relaxation
and the nonconvex training problem is bounded by O(y/log(n)). This implies that the convex parameterization can
be solved in polynomial time while the training objective is proportional to the optimal objective (e.g., they both
tend to zero as n — o0). Furthermore, by taking a small number of arrangements (e.g., in the order of thousands)
the convex reparameterization can outperform the nonconvex training in standard benchmarks, as shown in [44]. The
global optimal set of the non-convex program can be characterized by the optimal solutions of the convex program
(B). The next result is an extension of the earlier results [5, [6, B] to NNs with a skip connection.

Lemma 1 All globally optimal solutions of the non-convex problem of ReLU networks with skip connection can be
found (up to splitting and permutation) via the optimal solution set of the convex program when m > m*. Here
m* = I[Wwq # 0] —|—Z§=1 I[W; # 0] +1[W} # 0] is the number of non-zero neurons in the minimum norm optimal solution

{Wo, (%;,%5)"_} of @)

C. Linear Neural Isometry Condition

We now consider the case when the labels are generated by a planted linear model, i.e., y = Xw* and ask the
following question:

Can ReLU NNs with a linear skip connection learn a planted linear relation as effectively as a linear model?

1Under the condition that the NN has sufficiently many neurons (see e.g., Theorem 1 in [2])
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In order to prove that the linear model can be recovered by solving the non-convex problem or its convex
reformulation , we introduce the following isometry condition on the training data.

Definition 2 (Linear Neural Isometry Condition) The linear neural isometry condition for recovering the linear
model y = Xw* from is given by:

[X"Dx (X7X) "

< 1,Vj € [p], (NIC-L)

where w* Note that m ) holds uniformly for all w* only if

1
Z kak <Z xkxk> <1l,Vw:w #£0. (4)

k:x w<0 9

- HW*H

The above is a spectral isometry condition on the empirical covariance S = ZZ:l xkxg and its subsampled version
2w = D kT w<0 XX} that excludes samples activated by a ReLU neuron. Intuitively, for the above condition to hold,
the emplrlca covarlance should be relatively stable when samples that lie on a halfspace are removed, and consequently

I [
2

In the following proposition, we show that the linear neural isometry condition implies the recovery of the planted
linear model by solving .

Proposition 1 Suppose that n > d and the neural network contaz’ns an arbitrary number of neurons, i.e., m > 1. Let
y = Xw*. Suppose that the linear neural isometry condition ) holds. Then, the unique optimal solutzon to
and . 3) (up to permutatwn and splzttm is given by the planted lmear model, i.e., W = {WO, {W],W }] 1} where
Wo =w* and W; = W) =0 for j € [p].

The above result implies that minimizing the ¢2 objective subject to the interpolation condition uniquely recovers the
ground truth model by setting all the neurons except the skip connection to zero, regardless of the number of neurons
in the NN. Remarkably, an NN with an arbitrary number of neurons, i.e., containing arbitrarily many parameters,
optimizing the criteria achieves perfect generalization when the ground truth is the linear model. The exact recovery
follows from the equivalence of the problem to the group sparsity minimization problem , however, this sparsity
inducing regularization is hidden in the typical non-convex formulation with weight decay regularization, i.e., ||©|%.

D. Sharp Phase Transition

Our second main result in this paper is that there exists a sharp phase transition in training ReLU NNs when the
data is generated by a random matrix ensemble and the observations are produced by a planted linear model. We
precisely identify the relation between the number of samples n and the feature dimension d under i.i.d. training data
and planted model assumptions. We first summarize our results in this section informally and then present detailed
theorems in later sections.

Theorem 1 (informal) Suppose that the training data matriz X € R"*¢ is i.i.d. Gaussian, and f(X;©) is a two-
layer ReL U network containing arbitrarily many neurons with skip connection. Assume that the response is a noiseless
linear model y = Xw*. The condition n > 2d is sufficient for ReLU networks with skip connections or normalization
layers to recover the planted model exactly with high probability. Furthermore, when n < 2d, the recovery fails with high
probability.

Interestingly, in the regime where n € (d,2d), fitting a simple linear model instead of an NN recovers the planted
linear model. In contrast, the ReLU network fails to recover the linear model due to the richness of the model class.
We formalize this observation as follows:

Corollary 1 Suppose that the observations are given by y = Xw*, where w* € R is a fized, unknown parameter. If

€ (d,2d), a simple linear model f'(X;w) = Xw recovers the planted linear neuron w* exactly for any w*, while
the ReL U network with skip connection and m > 1 neurons fitted via either with any 68 > 0 or fails with high
probability for all w* such that Xw* > 0.

This corollary is illustrated in Figure [2|as a phase diagram in the (n,d) plane. This result clearly shows that the model
complexity of ReLU networks can hurt generalization compared to simpler linear models when the number of samples
is limited, but information-theoretically sufficient for exact recovery. On the other hand, ReL.U networks learn the true
model and close the gap in generalization when twice as many samples are available, i.e., n > 2d.

2Please see Appendix [B|for a precise definition of the notion of permutation and splitting.
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Fig. 2: Phase transition in recovering a linear neuron. Left: when n € (d, 2d), ReLU network fails to recover a planted
linear model, while a simple linear model succeeds in recovery. Right: Empirical generalization error in recovering a
linear neuron by solving the convex program numerically.

E. Noisy Observations

We also develop theoretical results when the observation vector y is noisy and the following regularized version of
the training problem is solved. We consider the regularized training problem

1
min L[| /(X:0) [ + 2 R(O), (5)

where R(0) = ||©||% is the weight-decay regularization term.

Theorem 2 (informal) Suppose that the training data matric X € R™*4 §s with i.i.d. sub-Gaussian entries, and
f(X;0) is a two-layer ReLU network with m neurons, skip connection and a normalization layer applied before the
ReLU layer. Assume that the observation 'y is the sum of a linear neuron and an arbitrary disturbance term z, i.e.,
y = Xw* + z. Then, there exists a range of values for the reqularization parameter 3, such that the mon-convex
optimization problem in and its corresponding convex formulation (see n Section@ ezactly recovers a linear
model with high probability when n is sufficiently large for all values of the number of neurons m > 1. Additionally, the
{y distance between the learned linear neuron w and the planted neuron is bounded by

[w —wll; < O(8) + O(|l=ll)-

Considering the non-convex optimization problem (@ with weight decay, i.e., £2-regularization, with a proper choice of
the regularization parameter 3, the optimal NN with an arbitrary number of neurons consists of only a linear weight.
The key to understanding this result involves techniques from sparse recovery combined with the convex re-formulation
of the regularized training problem as group ¢, regularization.

The above result shows the bias of two-layer ReLLU networks towards simple models even when the relation between
the data and labels is not exactly linear. Our proof also shows that skip connection and normalization layers in these
two-layer networks are critical for learning compact models, as they are the building blocks of the ResNets popularly
used in practice. The details of Theorem [2] can be found in Section [V-D]

Corollary 2 By combining the above proposition with Lemma |1, we note that the global optima of the nonconvex
problem consists of exactly the planted linear neuron up to permutation and splitting.

III. CoNnVvEX FORMULATIONS OF RELU NNs wITH SKIP CONNECTION AND NORMALIZATION

In this section, we introduce important variants of the simple ReLLU architecture and their corresponding convex
reformulations. As will be shown next, architectural choices of these models, such as an addition of a normalization
layer play a significant role in their recovery properties.

Suppose that X € R™*? is the training data matrix and y € R? is the label vector. We will focus on the following
two-layer ReLU NNs:
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¢ plain ReLLU networks:

m
fRCLU(X; @) — (XW)+V = Z(Xwi)+’0i, 0= (W;V)a
i=1
where W € R4X™ and v € R™.

e ReLU networks with skip connections:

fReLU=skiP (X Q) = Xwyv; + Z (XW;)4vi,
i=2

where © = (W,v), W € R¥™*™ and v € R™.

o ReLU networks with normalization layers:
fReLU—norm(X; @) — Z Nai ((XWZ')J,_)’Ui,
i=1

where © = (W, v, &) and the normalization operator N (z) is defined by

No(z) = ——a,z € R",a € R.
122

We note that the normalization layer employed in the model fReLU—norm jg 5 variant of the well-known batch nor-

malization (BN) with a trainable normalization-correction variable. However, convex formulations of ReLU NNs with
exact Batch Normalization layers can be derived as shown in [12]. We now focus on the regularized training problem

1
min 1| f(X:0) - y3 + 5 r(O). (6)
For plain ReLU networks and ReLU networks with skip connections, we consider weight decay regularization. This
is given by R(©) = ||©[|% = (||[W]||% + ||v]|3), while for ReLU networks with normalization layers, we have R(0) =
(IW% + [|v]I3 + ||||3). When 8 — 0, the optimal solution of the above problem approaches the following minimum
norm interpolation problem:
m@in R(©) s.t. f(X;0)=y. (7)

A. Convex formulations for plain ReLU NNs

According to the convex optimization formulation of two-layer ReLU networks in [2], the minimum norm problem
@ of plain ReLU networks, i.e., the model fRFU(X: @), is equivalent to a convex program:

p
. !
min Y (Iwll, + [wjl,)

{wj’wj}j=1 j=1
P
s.t. ZDjX (w; —w)) =y,
j=1

Here the matrices Dy, ..., D, are diagonal arrangement patterns as defined in Deﬁnition Compared to the formulation
in [2], we exclude the hyperplane arrangement induced by the zero vector without loss of generality as justified in
Appendix@ Analogous to the results in [2,[6], the global optimal set of the non-convex program (|7)) can be characterized
by the optimal solutions of the convex program .

Theorem 3 All globally optimal solutions of the non-convex problem of ReLU networks can be computed via the
optimal solutions of the convex program up to splitting and permutation as soon as the number of neurons m exceeds
a critical threshold m*.

The inequality constraints in render the analysis of the uniqueness of the optimal solution directly via difficult.
However, we show that we can instead work with relaxation without any loss of generality. By dropping all inequality
constraints, we obtain a relaxation of the convex program which reduces to the following group ¢;-minimization
problem:

P P
min Z [will, s.t. ZDijj =y. (9)
j=1 j=1

{Wj }§:1
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The above form corresponds to the well-known Group Lasso model [45] studied in high-dimensional variable selection
and compressed sensing. We note that a certain unique solution to the relaxation in @D satisfying the constraint in
the original problem implies that the original problem also has the same unique solution.

Another interesting observation is that the above group ¢;-minimization problem corresponds to the minimum norm
interpolation problem with gated ReLU activation, for which the NN model is given by

ngeLU(X; Q)= idiag(H(Xhi > 0))Xw,v;, (10)
=1

where © = (W, v, H). This derivation is provided in Appendix

B. Convex formulations for ReLU networks with skip connection

The minimal problem of ReLU networks with skip connection, i.e., the model fReLU=skip(X: @), is equivalent to

a convex program:
P

min/)p Z (||Wj||2 + HW;HQ)

0> 1075 ) j=1 j=1

5 (11)
s.t. XWO+ZDJX (Wj —W;) =Yy,

j=1

(2D; —I;)Xw; > 0,(2D; — 1,)Xw} > 0,5 € [p].

By dropping all inequality constraints, the convex program reduces to the following group #;-minimization problem:

P P
min Z [will, st Xwo + Z D;Xw; =y. (12)
{wj};):o =0 =0

Similarly, this group ¢;-minimization problem is equivalent to the minimum norm interpolation problem of gated ReLU
networks with skip connection.

C. Convex formulations for ReLU networks with normalization layer

The minimum norm problem of ReLU networks with normalization layer, i.e., the model fReLU—norm(X.@Q) is
equivalent to the following convex program:

p
. /
min > (Iwsll, +[[wll,)
Wj’wj}jzl Jj=1

P
s.t. ZUj (Wj — w;) =Yy,
j=1

(2D, - L)XV = 'w; > 0,(2D; — L)XVI ='W, > 0,5 € [p],

(13)

where D;X = U,;X;V; is the compact singular value decomposition (SVD) of D,;X for j € [p]. Again, the global
optima of the non-convex program (7)) can be characterized by the optimal solutions of the convex program (L3)).

Theorem 4 Suppose that n > d. All globally optimal solutions of the non-convex problem of ReLU networks with
normalization layer can be found by the optimal solutions of the convex program (up to splitting and permutation)
when m s greater than some threshold m*.

By dropping all inequality constraints, the convex program reduces to a group /;-minimization problem:
P P
{;n;n: Z [w;ll, ,s.t. Z Uw; =y. (14)
Jj=1 Jj=1
Analogously, the above group £;-minimization problem corresponds to the minimum norm interpolation problem of a

gated ReLU network with the normalization layer.

IV. NEURAL ISOMETRY CONDITIONS AND RECOVERY OF NONLINEAR NEURONS

In this section, we introduce conditions on the training data, called neural isometry, that guarantee the recovery of
planted models via solving the non-convex problem (7)) or the convex problems (9} [12] [14).
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A. Recovery of a single ReLU neuron using plain ReLU NNs

In this section, we present recovery results on ReLU networks. Suppose that y = (Xw*); is the output of a
planted ReLU neurorEl, where w* # 0. Let D;- = diag(I(Xw* > 0)) with ¢* € [p] be the diagonal arrangement
pattern corresponding to the planted neuron. Based on these diagonal arrangement patterns, we introduce a regularity
condition on the data which is analogous to the irrepresentability condition of sparse recovery, called the Neural
Isometry Condition (NIC). For the recovery of a single neuron, the NIC is defined as follows.

Definition 3 (Neural Isometry Condition for a single ReLU neuron) A sufficient condition for recovering a
single neuron y = (Xw*); via the problem @ is given by:

HXTDjDi*X(XTDZ-*X)’lw* <1,¥j # i, (NIC-1)
2
where w* = “’7
w2
We assume that the matrix X7D;»X = Zk.xTW* >0 xkxg is invertible whenever the above condition holds. The
xTw*>
condition above can be equivalently stated as
-1
Z xkxg( Z xkxf) wi|| < Lvw:I[(Xw > 0) # I(Xw* > 0). (15)
k:x{w*zo,x{wzo k::xgw*ZO 2

In the following proposition, we show that the neural isometry condition (NIC-1)) implies the recovery of the planted
model by solving the convex reformulation , or equivalently the non-convex problem .

Proposition 2 Suppose that n > d. Lety = (Xw*)+. Suppose that (NIC-1)) holds. Then, the unique optimal solution
to is given by the planted ReL U neuron w*, i.e, W = {(W;, W/)|j € [p]}, where Wi = w*, Wi = 0 and W; = W, =0
for j #i*.

Corollary 3 By combining the above proposition with Theorem [3, we note that all global optima of the nonconvex
problem consist of permuted and split versions of the planted ReLU neuron when the condition (NIC-1)) holds.

B. Recovery of a single ReLU neuron using ReLU networks with normalization layer

We now consider the case where y = %, which is the output of a single-neuron ReLLU network followed by
a normalization layer. Let D« = diag(I(Xw™* > 0)) and denote w* = D Ve Wl Here, U;«, ¥+, V;« are the SVD

125 Ve w* |2
factors of D;+X as defined in subsection [[TI-C| We note the simplified expression

- Ui* Ei*Vi*w* - ()(W*)Jr —y
1B View* o [[(Xw*) 4|2

We introduce the following normalized Neural Isometry Condition.

U,-w*

Definition 4 (Normalized Neural Isometry Condition) The normalized neural isometry condition for recovering

the planted model y = m from is given by:

U7 U-w

|, <1,Vj€lpl,j#i" (NNIC-1)

Similarly, the normalized neural isometry condition implies the the recovery of the planted model via solving the convex
formulation for ReLU NNs with normalization layer given in or the corresponding non-convex problem .

Proposition 3 Let y = m Suppose that the NNIC-1 given in (NNIC-1)) holds. Then, the unique optimal
A 2 Ve w®

solution to (13)) is given by the planted normalized ReLU neuron, i.,e., W = (vAvj,vAv;-)le, where Wi« = BevewTs
wi. =0 and W; = W, =0 for j #i*.

Similarly, by combining the above proposition with Theorem @ we note that all global optima of the nonconvex
problem consist of split and permuted versions of the planted neuron.

Remark 1 Our analysis reveals that normalization layers play a key role in the recovery conditions. Note that in
, the matrices {D1X,...,D,X} are replaced by their whitened versions, effectively canceling the matrix
inverse (Zk:xfw*zo )(kpcf)_1 in . Therefore, the conditioning of the matrices is improved by the addition
of a normalization layer, which applies implicit whitening to the data blocks {D:1X,...,D,X}. As a result, it can be
deduced that normalization layers help NNs learn simple models more efficiently from the data.

3Here we ignore the second layer weight without loss of generality. Positive weights can be absorbed into the first layer weight, while for
negative weights we can consider using —y as the label.
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C. Recovering Multiple ReL U neurons using plain ReLU NNs
We now extend the Neural Isometry Condition to the recovery of k£ > 1 ReLU neurons, starting with plain ReLU

NNs. Suppose that the label vector is given by

k

y= Z(wa )+

i=1
where w € R%, ¥ € {—1,+1} for i € [k], and diag(I(Xw} > 0)) are distinct for i € [k]. Suppose that an enumeration
of the diagonal arrangement patterns corresponding to the planted neurons is given by Dy, ...,D,. We denote D, =
diag(I(Xw; > 0)) for ¢ € [k], where S = {s1,...,s,} C [p] contain the indices of planted neurons in the enumeration
of arrangement patterns {1, ...,p} according to any fixed order.

Definition 5 (Neural Isometry Condition for k neurons) For recovering k¥ ReLU neurons from the observations

y= Zle(Xw;‘)Jrrf via the optimization problem (13), we introduce the multi-neuron Neural Isometry Condition:
XD, 1" [¥1
X'D; | S|l <uvielliés, (NIC-k)
XD Wi

S
k 2

where W; := riw}/|wi|2 Vi € [k].

In the following proposition, we show that (NIC-k|) implies the recovery of the planted model with k neurons by solving
the non-convex problem (7)) or its convex reformulation .

Proposition 4 Suppose that (NIC-K|) is satisfied. Then, the unique optimal solution to 18 gwen by the planted

neurons, i.e., W = (W, W5)i_,, where we let W, = wi, =0 forr; =1, w, =0, W, = Hw o forri =—1and
NI .
wjfwijfor]7éz.

J=1 Twilar Wi
As a corollary, by combining the above proposition with Theorem [3] we deduce that all globally optimal solutions of

the non-convex problem with plain ReLU NNs consist of the planted model up to permutation and splitting.

D. Recovering Multiple ReLU neurons using ReLU NNs with Normalization Layer

Next, we consider ReLU NNs with normalization layers. Suppose that the label vector takes the form

_Z I( xW +||2

where w¥ € R? are first layer weights, r} € R are second layer weights for i € [k] and diag(I(Xw? > 0)) are distinct
for each ¢ € [k]. For simplicity, denote D,, = diag(I(Xw} > 0)) for ¢ € [k], where S = {s1,...,s:} C [p]. Let
D,;X =U;3%,;V; be the singular value decomposition for i € [p].

Definition 6 (Normalized Neural Isometry Condition for k neurons) For recovering k normalized ReLU neu-
rons from the observations y = Zz 1 %r via the optimization problem ([13|), the normalized neural isometry
condition is given by

ur1’ vy
S/ Dl <1vielnli¢s, (NNIC-k)
UL | |ws

2
where W; := 13, V,,wi /|2, Vs, Wi|2 Vi € [k].

Suppose that Dy, ,...,D,, further satisfy that D, Dy, = 0 for ¢« # j. Then, we can simplify the neural isometry
condition to the following form

U’ = ||UTy|, <1,vj € [p)/S. (16)
ot 3= et -,

In the following proposition, we show that (NNIC-k|) implies the recovery of the k planted normalized ReLU neurons
via the optimization problem .

Proposition 5 Suppose that (NNIC-k|) is satisfied. Then, the unique optimal solution to s given by the planted

Vi, w; - - Vs, w
L WI—OfO'l"T —1 WSI—O I m‘forr =-1
k2 k2

3.,
neurons, i.e., W = (WJ,W])J 1, where Wy, = = Vo wila

andvi/j:\?v;:Oforj#z
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Corollary 4 By combining the above proposition with Theorem [3, we note that all globally optimal solutions of the
non-convex problem consist of the split and permuted version of the planted model.

We explain why we do not use a ReLU NN to recover a linear model in Appendix [C]

V. SHARP PHASE TRANSITIONS

One of our major results in this paper is that there exists a sharp phase transition in the success probability of
recovering planted neurons in the (n,d) plane for certain random ensembles for the training data matrix. We start
illustrating this phenomenon with the case of recovering linear neurons through an application of the kinematic formula
for convex cones.

ey train ¢y train
° y_pred ° y pred
y_true y_true

1.5

0.0 1.5
1.0 | ) 10,4

0. .
20_g 5 1.0 B0 o5 1
—10, 515 -10, 515

0.5

Fig. 3: Optimal ReLU NNs found via the convex program . Left: A ReLU neuron is fitted to the observations
generated from a linear model when n = 2,d = 2. Right: Only a linear neuron is fitted to the observations generated
from a linear model when n =5,d = 2.

A. Kinematic formula

We introduce an important result from [I] that will be used in proving the phase transitions in the recovery of
planted neurons via ReLU NNss.

Lemma 2 For a convex cone K C R"™, define the statistical dimension of the cone K by

3(K) =E[|Ix(g)l3] (17)
where g isza standard Gaussian random vector and Il is the Fuclidean projection onto the cone K. Define a :=
%. Then, we have

P 0 X ) < d4e™ ", I(K)+d<n,
w#0:Xwe >1—de™, §(K)+d>n.

Consider the positive orthant K = R, which is a convex cone. It can be easily computed that

n

§(K) =E[|rx(g)|*] =E ZmaX{O,gi}Q] =3 (19)

A direct corollary of the kinematic formula is as follows.
Proposition 6 Let X € R"*? be a matriz whose entries are i.i.d. random variables following N'(0,1). Then, we have
< 4e ", d<n/2,
PEh#0:Xh>04 — n/
>1—4e ™, d>n/2,

_ (n/2-)?

where « e

This implies that for n > 2d, the probability that the set of diagonal arrangement patterns contain the identity matrix,
i.e., a vector h # 0 such that I(Xh > 0) =1, is close to 1, while for n < 2d, this probability is close to 0.
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B. Recovering Linear Models

1) Gaussian random data: For Gaussian random data, our next result shows that the ratio n/d controls whether
the Linear Neural Isometry Condition for linear neuron recovery holds or fails with high probability. Therefore, neural
networks do not overfit when the number of samples is above a critical threshold regardless of the number of neurons.

Theorem 5 (Phase transition in Gaussian Data: Success) Suppose that each entry x; ; of the data matriz X €
R"*4 js an i.3.d. random variable following the Gaussian distribution N'(0,1/n). For n > 2d, NIC-L shown in
holds with probability at least 1 — exp(—an) where o = %. Consequently, the unique optimal ReLU NN with
skip connection found via the convex reformulation uniquely recovers planted linear models up to permutation and

splitting.

Remark 2 This implies that when the planted model is y = Xw*, the linear term wy = w* is the unique optimal
solution to the convex program . It is also the unique globally optimal solution to the non-convex problem @

We next show that when the ratio n/d is below a certain critical threshold, W = (w*, 0, ..., 0) is not the unique optimal
solution to the convex problem (or equivalently to the corresponding non-convex problem ) Consequently, neural
networks overfit when the number of samples is below this critical threshold.

Theorem 6 (Phase transition in Gaussian Data: Failure) Suppose that n < 2d. Assume that each entry of X is
an i.1.d. random variable following the Gaussian distribution N'(0,1/n). Suppose that the planted parameter w* satisfies
Xw* > 0. Then, with probability 1, W = (w*,0,...,0) is not the unique optimal solution to the minimum norm
interpolation problem of ReLU NNs with skip connection or its convex reformulation ,

PROOF When n < 2d, according to the kinematic formula, we have
PEheRY:Xh>0,h#0)>1—e ", (20)

where « is as defined in Proposition @ Suppose that there exists h € R? such that h # 0, Xh > 0. This implies that
the identity matrix is among the diagonal arrangement patterns, i.e., there exists j € [p] such that D; = I,,. Assume
that the planted neuron w* further satisfies that Xw* > 0. In this case, let w; = w};, = 0if i # j, W; = w* and v~v3 =0.
Then, W’ = (0, Wy, W}, ..., W,, W), is also a feasible solution to . This implies that for n < 2d, with probability
close to 1, there exists an optimal solution which consist of at least one non-zero ReLU neuron.

However, if the condition Xw* > 0 is not satisfied, we next show that W = (w*,0,...,0) is the unique optimal
solution to the minimum norm interpolation problem @ even when I,, € H.

Proposition 7 Suppose that d < n < 2d. Assume that each entry of X is an i.i.d. random wvariable following the
Gaussian distribution N'(0,1/n). Suppose that Xw* > 0 does not hold. Then, with probability 1, W = (w*,0,...,0) is
the unique optimal solution to the minimum norm interpolation problem @ for ReLU NNs with skip connection, or the
corresponding convex reformulation .

In Figure 4] we numerically verify the phase transition by solving the convex program and its relaxation given by
the group ¢;-minimization problem , which drops the linear inequality constraints in .
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10 1.0

0.0 0.0

Fig. 4: The empirical probability of successful recovery of the planted linear neuron estimated over 5 independent trials.
Left panel: solving the group ¢;-minimization problem as a relaxation of . Right panel: solving the convex NN
program . Red (blue) region shows the region where exact recovery probability is close to one (zero). The black
lines represent the boundaries of successful recovery with probability 1.

2) Haar random data: We now investigate the case where the training data X € R"*? is a Haar distributed random
matrix. More precisely, X is uniformly sampled from the set of column orthogonal matrices {X e R4 |XTX = Id}
for n > d. In this case, since (XTX)™! =14, (NIC-L)) for the recovery of a linear neuron reduces to

ma XTdiag(I(Xh > 0))Xw||, < 1, orth-NIC-L
heRd,)l;éO” g(I( >0)) HQ ( )

*

where W 1= 2.
lw*l2
Based on the simpler form of (orth-NIC-L)), we derive the phase transition results on the recovery of a planted
linear neuron. Moreover, this form enables the analysis of a stronger recovery condition that ensures the simultaneous
recovery of all planted linear neurons.

Theorem 7 (Phase transition in Haar data) Suppose that the planted neuron w* € R, w* # 0 is fived and
X € R™? js q Haar distributed random matriz. Denote W* = (w*,0,...,0). For n > 2d, with probability at least

2
1 — exp(—an), W* is the unique optimal solution to , where o = méi%, For n < 2d, with probability at least
1 —exp(—an), W* is not the unique optimal solution to .
Similar to our previous analysis for the Gaussian distribution, if Xw* > 0, then W* = (w*,0,...,0) is not the

unique optimal solution to . However, if Xw* > 0 is not satisfied, for n > d, W* can still be the unique optimal
solution of .

3) Relation between Haar data and normalization layers: Consider the minimum norm interpolation problem of
two-layer ReLU networks with skip connection and normalization layer (before ReLU)

min (W% + VI3 + lle3)

Vo

u (21)

s.t.  y=Ng, Xwivg + Z (Ne, (Xw;), v;.

i=2

The above problem can be reformulated as a convex program [12]:
P
o ol + D 2 (wlle + w5ll2) |
wo,{Wj,wj F=1 =
(22)

P
s.t. Uwg + Z D;U(w; —w}) =y,
j=1
(2D; —I,)Uw; > 0,(2D; — L,)Uw}; > 0, € [p],

where the matrix U is computed by the compact SVD X = UXV. Therefore, the training problem with Gaussian
random data with an additional normalization layer before the ReLLU activation is equivalent to the training problem
with Haar data with no normalization layers.
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4) Sub-Gaussian random data: Our previous results on Gaussian and Haar data can be extended to a broad class
of random matrices with independent entries. In the following result, we show that for i.i.d., sub-Gaussian data
distributions, a ReLU neural network with a skip connection recover a planted linear model exactly with sufficiently
many samples.

Theorem 8 Suppose that each entry ; ; of the data matriz X € R™*4 is an i.4.d. symmetric random variable following a
mean-zero sub-Gaussian distribution with variance prozy o and IE[:EZQJ] = % Then, (NIC-L)) holds when n > Cydlog(n)
with probability at least 1 —4 exp(—Can) —2exp(d) for sufficiently large n, where Cy, Cy are absolute constants depending

only on 0.

We note that there exists an additional logarithmic term in the scaling n > Cydlog(n) provided in T heorem compared
to our results on Gaussian and Haar data matrices.

5) General datasets: We also provide two examples of the recovery of a linear model for general datasets. The condi-
tion can hold when X is an identity matrix and w* has no zero entries. This is because | X7 D; X (X7 X)~1%* |
[Djw*|l2 < [W*|l2 =1, as W = w*/[|w*||2 also has no zero entries. On another case, suppose that we have XTX =1,
and wlx; # 0 for all j € [n]. Let D; = diag(I(Xw > 0)). Then, the condition holds as

XD, X (XTX) W e = W = Y xex w2 < 1,

k:x£w<0

C. Uniform (Strong) Recovery of All Linear Models

Thus far, we considered the recovery of a fixed planted neuron and the associated exact recovery probability. To
ensure the recovery of all possible planted neurons w* simultaneously, we introduce the following stronger form of
NIC-L specialized to column orthogonal matrices by requiring (orth-NIC-L|) to hold for every w*:

T 32 > . — -
X | X" diag(I(Xh > 0))X||, <1 (ortho-SNIC-L)
For a diagonal arrangement pattern D;, [ X7D;X||2 < 1is equivalent to X7D;X < I, or, equivalently, X7 (I,—D;)X >~
0. As X is column orthonormal, this is also equivalent to tr(I, — D;) > d, or equivalently, tr(D;) < n — d. Therefore,
(ortho-SNIC-L)) can be simplified for column orthogonal matrices as

(orth-SNIC-L) heg}f}ﬁ;ﬁo tr(diag(I(Xh > 0))) < n —d. (23)

Theorem 9 Suppose that X € R"*? js a Haar distributed random matriz. Let 0* > 0 be the unique solution of the scalar

equation 0 + %f?21(1720) rdFy2(r) = 3, where F\2(r) is the cumulative distribution function (CDF) of a x*-random
X

variable with 1 degree of freedom. Then, for sufficiently large n,d satisfying % < 0%, the orth-SNIC-L given in
holds with high probability.

Remark 3 It can be computed that 6* =~ 0.1314 and (9*)71 ~ 7.613 by numerically solving the scalar equation
0+ % fﬁ1(1_29) rdFy2(r) = 3. This implies that when n > 7.613d, the orth-SNIC-L shown in (23) holds w.h.p.
X2

D. Inexact/Noisy Linear Recovery

In this section, we consider inexact or noisy observations y = Xw* + z, where z € R™ is an arbitrary disturbance
component. We will show that the optimal NN only learns a linear model when the regularization parameter § is chosen
from an appropriate interval. This can be understood intuitively as follows: when § is too small, the NN trained with
insufficient norm penalty overfits the noise. On the other hand, when  is too large, the NN underfits the observations
as the norms of the parameters are over-penalized.

For two-layer ReLU networks with skip connection and normalization layer before the ReLU, the regularized training
problem @ can be equivalently cast as the convex program (see e.g., [2] [6]):

p 9 p
[, [owo+ 3D, (w; = w)) =y + B (Iwolle + 3 (Iwsll, + w11, )
WO Wi WS Jj=1 j=1

st. (2D; —I,)Uw; >0,j € [p], (2D, — In)Uw;- >0,7 € [p],
where U is computed from the compact SVD of X = UXVT.

(24)
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As a direct corollary of Theorem 1 in [6], the global optima of the nonconvex regularized training problem @ are
given by the optimal solutions of up to permutation and splitting (see Appendix [B| for details). By dropping all
inequality constraints, the convex program reduces to the following group-Lasso problem:

P 9 P
min | YD Uw, —y| +8) Iwill,. (25)
{Wj }j:() i—0 2 i—0
j= j=

As we show next, the convex NN objective inherits recovery properties from its group-Lasso relaxation above. The
following two theorems show that for sufficiently large n, with a suitable choice of the regularization parameter 3, the
optimal neural network learns only a linear component. In addition, the ¢5 distance between the optimal solution and
the embedded neuron can be bounded by a linear function of 3.

Theorem 10 Suppose that the entries of the data matriz X is with i.i.d. sub-Gaussian entries with variance proxy o>
as in Theorem [§ and the noisy observation takes the formy = Xw* + z. Assume that the weight decay regularization

parameter satisfies € [H z|, 71(717 7” ” .

[ZVTw H andn > max{400002dlog(54n) 1024d} Then, with probability at least 1 — 4 exp(—n/80000?) — 2 exp(—d),
the optzmal solutions to convex programs and . consist of only a linear neuron and no ReLU neurons, i.e.,
there exists w such that W = (w,0,...,0) is stmctly optimal. As a consequence, the non-convexr weight decay Tegulamzed
objective @ has the same strictly optimal solutions up to permutation and splitting. Furthermore, we have the {5 distance
upper bound

< _ P

= lzll2

— ||z||, |, the norm of the noise component satisfies ||z|, < =n, where n £
2 o < 110 n

HW—EVTW* + |22

Here, n satisfies (1 —1/16)||lw*|l2 < n < (1+1/16)||w*||2 with probability 1 — 2exp(—d). Moreover, the optimal weights
of the neural network f(X;0) = No, (Xwi1)wa1 + >0, (N, (Xw1;)), Wa i are given by wi1 = pw,a1 = Wo1 =
VIIXWl, and wy; = 0,05 = woj =0 for 2 < j < n, where i > 0 is an arbitrary constant.

Remark 4 (Estimating the regularization coefficient) In practice, it may be appropriate to assume the noise
component z follows an i.i.d. sub-Gaussian distribution with zero mean. Under this assumption, we can control the
term ||z||2 with high probability using classical concentration bounds. From the triangle inequality, we note that

||y||2 € [n—1zll2,n+ HZHQ} Thus, we can estimate 7 using the interval n € [(||y||2 — Hz\|2)+, lyll2+ l|lzll2|, and use 7 to

compute the required inverval for 8 in Theorem Knowing that a large interval for § exists, we can run a hold-out
or cross-validation scheme to select an appropriate value of 3.

We note that the sample complexity required for noisy recovery in Theorem 10 is near-optimal ignoring the log(n)
term and the constant factor. This follows from standard minimax lower-bounds (e.g., see the book [46]) showing that
n > Q(o?d) is required for stable estimation in the linear model, which can be achieved by fitting a linear model. The
additional log(n) factor in our bounds is due to the fitting of the more complex ReLU NN model. However, our result
shows that there is no disadvantage to using a ReLU NN with skip connection even when the ground truth is linear
if the sample size is only a factor of Q(logn) larger.

E. Recovering a ReL.U Neuron

Now we focus on recovering a single planted ReLLU neuron. We consider the case where the training data matrix X
is composed of i.i.d. standard Gaussian variables A(0,1/n). The following theorem illustrates that when n > 2d, the
NNIC-1 will hold with high probability. In other words, ReLU NNs with normalization layer optimizing the objective
@D uniquely recovers the ReLU neuron with high probability.

Theorem 11 Let w* € R is a fized unit-norm vector. Suppose that each entry of X are i.i.d. random wvariables
following the Gaussian distribution N'(0,1/n). Let D;» = diag(HSXw* > 0)). Then, when n > 2d, the NNIC-1 given

in (NNIC-K) holds with probability at least 1 — exp (f% (”_—2‘1)2 n

n

The above result shows that a single normalized ReLU neuron is uniquely recovered by ReLU NN with normalization
layer via @D (up to permutation and splitting) and its convex reformulation , regardless of the number of neurons
in the NN. In other words the set of global optimum of @D only consists of networks with only a single non-zero ReLU
neuron along with permutations and split versions of this neuron.

Remark 5 We note that the recovery condition for a single ReLLU neuron and a linear neuron is the same using ReLLU
NNs with normalization layer and is given by % > 2.
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VI. ASYMPTOTIC ANALYSIS

In this section, we present an asymptotic analysis of the Neural Isometry Conditions when n goes to infinity while
d is fixed. While our analysis in Section [V] provides sharp estimates on the recovery threshold for a single linear or
ReLU neuron, the asymptotic analysis in this section proves the recovery of multiple ReLU neurons.

We begin with the case of two planted ReLLU neurons in the asyrnptotlc setting. For w, v € R?, recall our notation for
the cosine angle between w and v given by cos Z(w, v - . In order to show that the NNIC-2 in (NNIC-k)) holds,
and consequently two-neuron recovery succeeds via ReLJ{I k&s with normalization layer, we calculate the asymptotlc
limit of the left-hand-side in when k = 2, which is given by

vTu, UlTu,] '[w

. T 51 1

T:=||Uj [U,, U] [Ungl UTlU } woll (26)
2

We consider the case of wy, wy satisfying cos Z(wy, ws) = —1 and cos Z(wy, ws) = 0 for simplicity.

Proposition 8 Suppose that each entry of X € R™*? s an i.i.d. random variable following the normal distribution
2

N(0,1/n). Suppose that'y = H(())((wll)):ﬂz + ”((sz):” is the planted model, where wy, wy € R, Let Dy = diag(I(Xw; >

0)) and Dy = diag(I(Xwy > O)) Consider any diagonal arrangement pattern D; = diag(I(Xh; > 0)). Consider the
random variable T defined in

o Suppose that cos Z(wq,wa) = —1. Let v = cos Z(wi,h;). As n — oo, T' converges in probability to a univariate
function g1(v). Here g1(v) < 1 and the equality holds zf and only v =1 or v = —1.
o Suppose that cos Z(wq,w3) = 0. Let 71 = cosZ(wr,h;) and v2 = cosZ(wa,h;). Asn — oo, T converges in
probability to a bivariate function ga(v1,7v2). Here ga(v1,72) < 1 and the equality holds if and only (y1,72) = (1,0)
or (v1,72) = (0,1).
Therefore, in both of the above cases, we have T'<1 asn — oo and consequently the NNIC-2 holds. Moreover, the planted
two-neuron NN is the unique optimal solution to (up to permutation and splitting) and its convexr reformulation

).

We validate this asymptotic behavior in Figure [5| It can be observed that the recovery threshold for two ReLU
neurons is approximately n > 4d when wy = e; and wy = eq, i.e., cos Z(wy,wy) = 0 in Figure a). In addition, it
can be observed that the recovery threshold for three ReLU neurons is approximately n > 6d.

1.0

0.0

n n

(a) k=2, wj =e1, wi =ez, (b) k=3, wf =e;(i=1,2,3)

Fig. 5: The empirical probability of successful recovery of the planted normalized ReLLU neurons by solving the group
£1-minimization problem over 5 independent trials. The label vector y is generated by a planted ReLU NN with
k neurons.

Similar to the ReLLU networks with the normalization layer, we present asymptotic analysis of plain ReLU networks.

Proposition 9 Suppose that each entry of X € R™*? s an i.i.d. random variable following the normal distribution
N(0,1/n). Let D; = diag(I(Xw* > 0)). Consider any hyperplane arrangement D; = diag(I(Xh; > 0)) such that
cos Z(w*, h;) =: v < 1. Define

-1

W*

R:= HXTDjDix (XTD;X)

R @)
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where W* = ”v“’,"i“ Then, as n — 0o, R converges in probability to g(v). Here the function g : [—1,1] — R monotonically
2
increases on [—1,1] and g(1) = 1.

This implies that asymptotically, as n — oo, the NIC-1 given in (NIC-1|) holds, and plain ReLLU NNs recover a single
planted ReLLU neuron.

VII. NUMERICAL EXPERIMENTS

In this section, we present numerical experiments on ReLLU networks with skip connection and normalization layer
to validate our theoretical results on phase transitions in different NN architectures. We provide the illustration of our
main results in this section and provide additional numerical results for various settings in Appendix [M] The code is
available at https://github.com/pilancilab/Neural-recovery

Numerical results are divided into three parts: the first part consists of phase transition graphs for the recovery rate
when the observation is noiseless by solving convex NN problems in and . The second and third parts consist
of phase transition graphs for certain types of distance measures when the observation is noisy by solving convex NN
problems and the regularized training problem (convex and non-convex), respectively.

A. ReLU networks with skip connection

We start with phase transition graphs for successful recovery of the planted neuron by solving the convex optimization
problem . We compute the recovery rate for d ranging from 10 to 100 and n ranging from 10 to 400. For each
pair of (n,d), we generate 5 realizations of random training data matrices and solve the convex problem on each
dataset. We test for four types of randomly generated data matrices:
o Gaussian: each entry z; ; of X € R"*? is an i.i.d. random variable following the normal distribution A'(0,1/n).
« cubic Gaussian: each element ; ; of X € R™"*? satisfies z; ; = z};, where z; j are i.i.d. random variable following
N(0,1/n).

o Haar: X € R"*? is drawn uniformly random from the set of column orthonormal matrices. We note that a Haar
matrix can be generated by sampling an i.i.d. Gaussian matrix as above and extracting its d left singular vectors
of dimension n.

o whitened cubic Gaussian: X € R™"*? is drawn non-uniformly from the set of column orthonormal matrices the
matrix of left singular vectors of X’ if n > d and the matrix of right singular vectors of X’ if n < d. Here X’ € R"*¢
is a cubic Gaussian data matrix.

In each recovery problem, the planted neuron w* is either a random vector following A/(0,I;) or chosen as the smallest
right singular vector of X as specified. In numerical experiments, we use a random subset H’ of the set H of all possible
hyperplane arrangements to approximate the solution of the convex program. Here H' is generated by

H' = {diag(I(Xh;))|h; € R, i € [a]},

where h; is an i.i.d. random vector following the standard normal distribution N (0,I;) and # = max(n,50). On the
other hand, from our theoretical analysis, the recovery will fail if there exists an all-ones hyperplane arrangement, i.e.,
I, € H. However, as H' is a random subset of H, it might not be easy to validate I, € H by examining whether
I, € H' is satisfied. Therefore, we solve the following feasibility problem before solving the convex problem .
max ¢
weERd teR (28)
st wlle <1, Xw>tl,.

If the optimal value of the above problem is strictly greater than zero, there must exist an all-ones hyperplane
arrangement, i.e., 3w : Xw > 0. In this case, we add I,, to the subset H’. Otherwise, such an arrangement pattern
does not exist.

In Figure [0} we present the phase transition graph for the probability of successful recovery when the planted neuron
w* is randomly generated from N'(0,I;). The boundaries indicate a phase transition between n = 2d and n = 3d. In
Appendix [M-A] we will show similar phase transition graphs when the planted neuron w* is the smallest right singular
vector of X in Figure 21]

The second part is phase transition under noisy observation, i.e., y = Xw* 4z, where z ~ N'(0,0%/n). We still focus
on the convex problem , i.e., the convex optimization formulation of gated ReLU networks with skip connection.
Here we focus on Gaussian data and choose w* as the smallest right singular vector of X. We define the following two
types of distance for the solution of the convex program to evaluate the performance.

e Absolute distance: the {5 distance between the linear term wg and w*.


https://github.com/pilancilab/Neural-recovery
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Fig. 6: The probability of successful recovery of the planted linear neuron by solving the group ¢;-minimization problem
(12) over 5 independent trials. The black lines represent the boundaries of successful recovery with probability 1. Here
the planted neuron w* is randomly generated from N(0,1,).

« Test distance: generate a test set X with the same distribution as X, then the prediction of the learned model is

P
5’ = XWO + Z(XW])+
J=1

*

Then the test distance is defined as the ¢y distance between the prediction § and the ground truth y* = Xw*.

The boundaries of red regions in Figure [7] which represents highly unsuccessful recovery, remain around n = 2d for
various noise levels 0. When o increases, the area of dark blue regions of small absolute distance/test error gradually
vanishes. This implies that the linear part of the neural network no longer approximates the planted linear neuron and
the gated ReLU neurons fit the noise. In Appendix [M-A] we will observe the same pattern for absolute distance in
Figure

In the third part, we study the generalization property of ReLU networks with skip connections using convex/non-
convex training methods. Results for the convex training methods are provided in Appendix [M-A]

For the nonconvex training method, we solve the regularized non-convex training problem @ with f = 1076 as
an approximation of the minimum norm problem . We set the number of neurons to be m = n + 1 and train the
ReLU neural network with skip connection for 400 epochs. We use the AdamW optimizer and set the weight decay to
be 8 = 1075, We note that the nonconvex training may still reach local minimizers. Thus, the absolute distance to
the planted linear neuron does not show a clear phase transition as the convex training. However, the transitions of
test error generally follow the patterns of the group ¢;-minimization problem. In Figure [8, we show that the test error
increases as n/d increases, and the rate of increase becomes sharper around n = 2d (the boundary of the orange and
yellow region).

As a remark to the number of neurons in the NN, by the theorems in [2], for all m > n + 1, the convex program @
and the non-convex problem have identical optimal values. Thus it is sufficient to set m = n + 1 neurons in the
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Fig. 7: Averaged absolute distance to the planted linear neuron by solving the group ¢;-minimization problem
derived from training ReLLU networks with skip connection over 5 independent trials.

NN. Readers can refer to Appendix [M-D] for experiments of training NNs with more neurons. The numerical results
show that the test error still follow the same pattern in Figure

B. Multi-neuron recovery and irrepresentability condition

In this subsection, we analyze the recovery for ReLU networks with a normalization layer. Results for single-neuron
recovery can be found in Appendix [M-B] Here we focus on the case where the label vector is the combination of several
normalized ReLU neurons. We will test for three types of planted neurons.

o k=2, Wi =w" wj=—w" where w* ~ U(S"!). In this case, the hyperplane arrangements of two neurons do

not intersect.

o k=2 w},wi~U(S" ). It is a general case where the hyperplane arrangements of two neurons can intersect.

e k> 2,w! =e;, where e; is the ¢-th standard basis in R".

We consider the noisy observation model, i.e., the observation is the combination of several normalized ReL.U neurons
and Gaussian noise, i.e.,

k
= + z,
ZH Xw +||2

where z ~ N(0,02/n).
1/2

As a performance metric, the absolute distance is defined as Z |ws, — W3

In Figure @ we show the phase transition graph when the planted neurons satisfy wj = w*, wj = —w*, w* ~
U(S"1). Results for the other two cases can be found in Appendlx

It is also worth noting that we check the NIC-k given in (NIC-K), which guarantees recovery for the convex problem
and . We compute the probability that the NIC holds for d ranging from 10 to 80 and n ranging from 10 to



ACCEPTED TO THE IEEE TRANSACTIONS ON INFORMATION THEORY, JAN 2025 20

0.0 0.0

n n

(a) o = O(noiseless) (b) o =0.05

0.0

200 200
n n

(¢) o=0.1 (d) e =0.2

Fig. 8: Averaged test error by training ReLLU networks with skip connection on the regularized non-convex problem
@ over 10 independent trials.

400 with 50 independent trials. For each pair of (n,d). For each data matrix X € R"*? we use a random subset H' of
the set H\Hg to validate the inequality (NIC-k|), where H is the set of all possible hyperplane arrangements and Hg
is the set of hyperplane arrangements generated by the planted neurons, i.e.

Hs = {diag(I(Xw}))]i € [K]}.

In numerical experiments, we generate random hyperplane arrangements. If (NIC-k|) holds for all D; € H', we say X
satisfies the NIC-k numerically.

VIII. CONCLUSION

We presented a framework to analyze the recovery properties of ReLU neural networks through convex reparame-
terizations. We introduced Neural Isometry Conditions, which are deterministic conditions on the training data that
ensure the recovery of planted neurons via training two-layer ReLLU networks and the variants with skip connection and
normalization layers. Viewing the non-convex neural network training problem from a convex optimization perspective,
we establish theorems analogous to sparse recovery and compressed sensing by using probabilistic methods. For
randomly generated training data matrices, we showed the existence of a sharp phase transition in the recovery of
simple planted models. Interestingly, ReLU neural networks with an arbitrary number of neurons exactly recover
simple planted models, such as a combination of a few ReLLU neurons, when the number of samples exceeds a critical
threshold. Therefore, these models can perfectly generalize even with an extremely large number of parameters when
the labels are generated by simple models. This phenomenon not only aligns with the results developed in sparse
recovery theory but is also validated by our numerical experiments. Namely, when the training data is i.i.d. Gaussian
and the number of data points is smaller than a critical threshold, the convex program cannot recover the planted
model. On the other hand, when the number of data points is above a critical threshold, the solution of the convex
optimization problem uniquely recovers the planted solution. Our main contribution is that we explicitly characterize
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Fig. 9: Averaged absolute distance to the planted normalized ReLU neurons by solving the convex problem from
training ReLU networks with normalization layer over 5 independent trials. Here we set k& = 2 planted neurons which
satisfy wi = w*, wj = —w*, w* ~U(S"71).
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the data isometry conditions that imply exact recovery of planted ReLU and linear neurons, and the specific relation
between the number of data points and problem dimensions for random data matrices for successful recovery with high
probability. We also extend our results to the case where the observation is noisy and show that the neural network
can still learn a simple model, even with an arbitrary number of neurons, when the noise component is not too large
and the regularization parameter lies in an appropriate interval.

An immediate open problem is extending our results to neural networks of depth greater than two, and investigating



ACCEPTED TO THE IEEE TRANSACTIONS ON INFORMATION THEORY, JAN 2025 22

10 10

0.0

n n

(c) k=2, wj =e1, Wi = ea, (d) k=3, wf =e;(i=1,2,3)

Fig. 10: The probability that the irrepresentability condition (NIC-k|) holds for the group ¢;-minimization problem
over 50 independent trials. The label vector y is the combination of several normalized ReLU neurons.

modern DNN structures such as convolutional and transformer layers. Moreover, the analysis of the exact recovery
threshold for an arbitrary number of ReLU neurons is an important open problem. Our numerical experiments suggest
the trend n > 2k for recovering k£ ReLU neurons when the training matrix is composed of i.i.d. Gaussian random
variables. Finally, we note that non-convex training methods might get stuck at local minimizers or stationary points
that are avoided by the convex formulation. The relationship between the convex and non-convex training process
should be further revealed to explain this phenomenon. We leave the analysis of the non-convex training process when
the observation is derived from a simple model as an open research problem for future work.
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APPENDIX A
REVIEW OF LINEAR SPARSE RECOVERY VIA #; MINIMIZATION

We briefly review conditions required to ensure recovery via £;-norm minimization in the linear observation case.
Suppose that y = Xw* denotes linear observations, where the matrix X € R"*¢ represents measurements and w* € R?
is a k-sparse vector of dimension d. Consider the following ¢1-minimization problem to recover w* from measurements
y:

min [|w]|; s.t. Xw =y. (29)
weR?

It can be shown that w* can be exactly recovered from y when the data matrix X satisfies certain isometry condi-
tions, which are analogous to the ones developed in this work. The KKT optimality conditions of the above convex

optimization problem are
INeR” st ATX <, for w; = 0,

30
)\ij"l =sign(w;), for w; #0, (30)

where A € R" is a dual variable and xj‘ﬂ € R? denotes the j-th column of X.

Let S = {i € [d] | w} # 0} denote the support set of w* and S¢ = [n]/S its complement. For the support set S C [d]
of size |S|, denote the subvector of w* that corresponds to entries restricted to S as wg = (w;)ics € RISI, and the
submatrix Xg € R"*I5l of X formed with the columns S that correspond to the support of w. The irrepresentability
condition is a simpler sufficient condition that implies that the KKT conditions in hold for w = w*. This is
ensured by the choice A" = arg miny . X7 x—sign(w?) [Al]2 = Xs(XLXg) sign(wy) assuming that XL X is invertible,
and leads to the condition

[XEXs(XEXs) tsign(wh) |l < 1. (31)

Intuitively, the above condition is expected to hold under three conditions: (i) the matrix (X% Xg) ™! is well-conditioned,
(ii) the columns of X have small inner-products with each other, i.e., | XL Xg/oo,00 is small, and (iii) the size of the
subset S is not too large. Moreover,the irrepresentability condition in also ensures that w* is the unique optimal
solution to [7].

The Restricted Isometry Property (RIP) is a stronger condition that imposes well-conditioning of submatrices
uniformly over all size-k subsets. RIP is stated as follows

(1 =d0)llwsl3 < [Xswsl3 < (1 +8)|wsll3,  Yws € RIS VS C[d] :[S] <k

where d; € (0,1) is the Restricted Isometry Constant for some positive integer k. RIP implies that all nx |S| submatrices
of X € R™*? are well-conditioned for all subsets S of size at most k. Examples of matrices that satisfy the RIP property
include i.i.d. sub-Gaussian random matrices, random Haar matrices, as well subsampled orthonormal systems, e.g.,
Fourier and Hadamard matrices under conditions on the dimensions n and d, see details in [9] [47]. In [48], it has been
shown that RIP with a sufficiently small constant J; implies the irrepresentability condition, and hence the recovery
of a linear k-sparse vector from the observations y = Xw*.

APPENDIX B
PERMUTATION AND SPLITTING OF NEURAL NETWORKS

In this section, we present the definition of permutation and splitting of two-layer ReLU neural networks and their
variants with skip connections or normalization layers.

For a ReLU network © = (W1, ws) where W; € R™*™ w, € R™, a permutation of © is any neural network
0" = (W}, wh) with Wi € R, wh € R™ such that w} ; = w1 ;) and wh ; = wa ;) for j € [m]. Here 7 : [m] — [m]
is a permutation of [m].

Given a neuron-pair (w1, ws), we say that a collection of neuron-pairs {(wyj, ws,;)}¥_, is a splitting of (wq,wy) if
(W15, w25) = (VAjW1, /T;w2) for some v; > 0 and 2?21 v; = 1. Given a ReLU neural IlCtWOI‘}{ e = (W},wz) with
W, € R&>X™ wy € R™, a splitting of © is any neural network ©’ = (W}, w}) with W} € R>*™ w) € R™ such that
the non-zero neurons of ©’ can be partitioned into splittings of the neurons of ©.

For a ReLU network with skip connection © = (W1, wy) where W; € R¥™ w, € R™, the permutation and splitting
of this network refers to the permutation and splitting of the ReLU neurons (w1 ;, w2 ;). in this network.

For a ReLU network with normalization layer © = (W1, wsy, ) where W; € R¥*™ w, o € R™, a permutation of
© is any neural network ©’ = (W1, w5, &) such that wi ; = Wy r(j), W) ; = wa ;) and a = ax(; for j € [m]. Here
7 : [m] — [m] is a permutation of [m].

Given a neuron-pair (wq,ws, ), we say that a collection of neuron-pairs {(w1 ;, U)ij)};?:l is a splitting of (w1, ws)
if (woj,0a;) = (w2, /Y ) for some v; > 0 and 2?21 v; = 1 and wy ; is positively colinear with wy for j €
[m]. Namely, there exists ¢; > 0 such that wy ; = (;wy ;. Given a ReLU neural network with normalization layer
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0 = (Wi, wy,a) with Wy € R>*™ wy o € R™, a splitting of © is any neural network ©' = (W}, w),a’) with
W) € R™*™ wl o' € R™ such that the non-zero neurons of ©' can be partitioned into splittings of the neurons of

o.

APPENDIX C
RECOVERING A LINEAR MODEL USING RELU NN

For a linear model y = Xw, it can be decomposed into a ReLU NN with two neurons
y = max(0, Xw) — max(0, —Xw).

This can be addressed theoretically by Proposition [§]in the asymptotic setting (by adding an additional normalization
layer). In practice, we note that recovering a linear model using only ReLUs needs a significantly larger number
of observations n compared to the case of using ReLU NNs with skip connections. In the revision, we added new
experiments and figures to illustrate this. For instance, in Figure below, with n = 5 and d = 2, the ReLU NN
cannot recover the linear model, while the ReLU NN with skip connection recovers, leading to zero test error with high
probability as in Figure Moreover, we present the average test error with respect to the number of samples n in
Figure This figure shows that the ReLU network without skip connection can not reliably recover the linear model
with high probability. On the other hand, we observe a clear phase transition for the model with skip connection,
indicating that it recovers the linear model exactly in a certain regime. We believe that this observation justifies our
focus on the ReLLU NNs with skip connections.

* y train sy train
° y_pred ¢ y pred
y_true y_true

Fig. 11: ReLLU NN. Fig. 12: ReLU NN with skip connection.
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Fig. 13: Comparison between ReL.U NN with/without skip connection. We take X ~ N(0,1/n), w ~
N(0,1), y = Xw and Xyest as the uniform grid over [—3,3]%. We plot the average test error over 100
independent trials.

APPENDIX D
JUSTIFICATION FOR EXCLUDING THE HYPERPLANE ARRANGEMENT INDUCED BY THE ZERO VECTOR

_ Consider H = {diag(I(Xh > 0))|h € R?}. Firstly, we note that I, = diag(I(Xh > 0)). If I, € H, then we have
H = H.If 1, ¢ H, then this implies that {w € R?: (2I,, — I,)Xw > 0} = {0}. Therefore, excluding the hyperplane
arrangement induced by h = 0 does not change the convex program .

APPENDIX E
THE CONVEX PROGRAM FOR GATED RELU NETWORKS

Consider the minimum norm interpolation problem
min & (W1} + [wall3), st. R0 (X;0) =, (32)
where f8RLU(X; ©) defined in is the output of a gated ReLU network. We first reformulate in the following
way.
Proposition 10 The problem can be reformulated as
min [[wal1, st fEEEYX0) =y, [[will2 < 1,0 € [m]. (33)
For the reformulated problem , we can derive the dual problem.
Proposition 11 The dual problem of is given by

ax ATy, s.t. a ‘)\Tdia I(Xh > 0))X ‘<1. 34
max ATy, st omax o g(I(Xh > 0))Xw| < (34)

Based on the hyperplane arrangement described in , the dual problem is also equivalent to

max ATy, s.t. max ‘ATD‘XW‘ <1=maxAly, st. [XTD.A|, <1,5 € [p].
S =N i Y [XTDAll, < 1. € 7 (35)
Indeed, the bi-dual problem (dual of the dual problem ) is the group Lasso problem @

Proposition 12 The dual of the problem is the group Lasso problem @ For a sufficiently large m, the minimum
norm interpolation problem 1s equivalent to @D
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A. Proof of Proposition

PRrROOF For i € [m], consider Wy ; = a;wy; and g ,; = a;lwg,i, where a; > 0. Let © = (Wl,WQ,H). Then, we note
that feRelU(X;0) = feReLU(X: Q). This implies that © is feasible for . From the inequality of arithmetic and
geometric mean, we note that

m

1 m
52 (@ lwl 4+ a2us ) > Y i
3 1=1

|2|w2,i|~ (36)

The equality is achieved when a; = 4/ ”L:,”f‘_ill‘z. As the scaling operation does not change Y. | [[w1;||2|w2 |, we can set
|lw1,i]l2 =1 and then the lower bound of the objective value becomes 27;1 |wa

= ||wa||l1. This completes the proof.

B. Proof of Proposition [I]]

Consider the Lagrangian function

LWy, wo, H,A) = ||wal; + AT (y — ) diag(I(Xh; > 0))Xw1,iw2,i> . (37)
i=1
The problem is equivalent to
i L H t. |l < 1,h; )
W{I,lvlegl,Hm)?X (W17W25 7A)7 s.t ||W1,'L||2 >~ 1,1 7& O,Z S [m]

= min maxmin L(W1,wa, H, ), s.t. |[wi,]|2 < 1,h; #0,i € [m]
Wi, H A W2

m (38)
= 1 T T T 33 . .
_vrélll%m)z\ix)\ y — E_l ]I(‘)\ diag(I(Xh; > 0))Xwq ;| <1),
s.t. HW171'||2 S l,hz }é O,Z S [m}

Here I(S) = 0 if the statement S is correct and I(S) = +oo otherwise. By exchanging the order of min and max, we
obtain the dual problem

T N NT s S _
m)z‘ixvrélll%)\ y ;H(‘)\ diag(I(Xh; > 0))Xw ;

—max ATy, st.  max ‘ATdia I(Xh; > 0))Xw ;
ax Aly T g(I(Xh; > 0))Xw,

:maXAT 5 s.t. max ‘ATdia I(Xh > 0 Xw’ -1
o Iwll2<1h#0 g(I(Xh > 0))Xw]| <

<1), s.t. ||wigll2 < 1,h; #0,i € [m)]

<1,i€ [m) (39)

C. Proof of Proposition
PROOF As the group lasso problem @ is a convex problem, it is sufficient to show that the dual problem of @ is
exactly . Consider the Lagrangian function

P P
L(wi,. ..o wp, A) =Y willa + A (y = > D;Xw;). (40)
j=1 j=1
The dual problem follows
max min  L(wy,..., Wy, A) = m/{ix)\Ty7 s.t. HXTDj>\H2 <1,5€p], (41)
Wi,...,Wp

which is equivalent to . This implies that the optimal value of @D serves as a lower bound for ([32)). For a sufficiently
large m, any feasible point (w1,...,w,) to @ also corresponds to a feasible neural network for (32)). In this case, the
minimum norm interpolation problem is equivalent to @[)

APPENDIX F
PRrROOFS IN SEcTION [III

A. Proof of Lemma

PROOF Let m* be the minimal number of neurons of the optimal solution to the convex program . Similar to the
proof of Theorem 1 in [6], assuming that m > m*, for any globally optimal solution to the non-convex problem ,
we can merge its ReLU neurons into a minimal neural network defined in [6]. This minimal neural network combining
with the linear part corresponds to an optimal solution to the convex program . Therefore, we can view this globally
optimal neural network as a possibly split and permuted version of an optimal solution to the convex program . For
the case where y = Xw*, the ReLU network with skip connection can represent y using the linear part. In this case,
m* = 1.
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B. Proof of Proposition[]]
PRrROOF We first show that the linear neural isometry condition implies the recovery of the planted linear model by
solving ([12)).
Proposition 13 Suppose that the linear neural isometry condition (NIC-L)) holds. Consider W* = (w§, . .. ,W;) such
that wi = w* while w; =0 for j # 0. Then, W* is the unique optimal solution to .
PrOOF The KKT conditions for consist of

"XTDj)\T“ <1, ifw; =0,

XTD AT = Y it w; £0,
A= il i7 (42)

P
Z DjXWj =Y.
j=0
As a direct corollary of Proposition ‘W* is the unique optimal solution to (12]).
We then present the proof of Propositionl 1] As is derived by dropping all inequality constraints in ([3)), the optimal
value of (8)) is lower bounded by (12). Note that W* is the unique optimal solution to . Hence, the optlmal value

of (12) is ||W*||2 On the other hand W is feasible for and it leads to an obJectlve Value of ||W*||2 This implies
that W is an optimal solution to and the optimal values of and ( are the same. Suppose that we have

another solution W which is optlmal to Cons1der ={w,|j = O, 1,... ,p} where Wy = W and W; = w; — W for
j=1,...,p. Then, W is also optimal to . As W* is the unique optimal solution to @, this implies that W = W*.
Hence, we have wg = wg = w*. For j = 1,27 ..., p, we have

[wjllz + [Will2 = 0 = [[w]]]2. (43)

The equahty holds when w; = W = 0. As W is optimal to , we have w; = v’v; =0 for j =1,...,p. This implies
that W = W. Thus, W is the unique optimal solution.

APPENDIX G
PROOFS IN SEcTION [[I1]

A. Proof of Theorem|]

PROOF Let m* be the minimal number of neurons of the optimal solution to the convex program . In the case there
are multiple optimal solutions, we may take the one with minimal cardinality. We can view the minimal norm problem

@as

min ((f(X;0);y) + R(O), (44)

where the loss function is defined by

0, zZ=y,
K(Z;y):{Jroo 2ty

Hence, by applying Theorem 1 in [6], for m > m*, any globally optimal solutions of the non-convex problem @ of
ReLU networks can be computed via the optimal solutions of the convex program up to splitting and permutation.
For the case y = (Xw*),, we have m* = 1.

B. Proof of Theorem|[})
Xw*

PROOF Because y = TXw s the ReLU network with skip connection can represent y using m* = 1 neurons. Let
Ty,..., T, be the enumeration of all possible diagonal arrangement patterns

{diag(sign(Xw))|w € R% w # 0}.

We denote @; be closed convex cone of solution vectors for sign(Xw) = T; for i € [g]. Let B; = @Q; X Ry and
Bitq = Qi X Reg for i € [g]. Similar to the definition of minimal neural networks in [6], we can define the minimal
neural networks with normalization layer as follows:

o We say that a ReLU neural network with normalization layer © = (W1, wo, @) is minimal if (i) it is scaled, i.e.,
|wa 4| = || (ii) for each cone B; where i € [2¢], the minimal neural network has at most a single non-zero neuron
(Wl,j,wg)j, Oéj) such that (W1’j7’w27]‘04j) € B;.

Similar to the proof of Theorem 1 in [6], for any globally optimal solution to the non-convex problem (@, we can
merge it into a minimal neural network with normalization layer. This minimal neural network corresponds to an
optimal solution to the convex program . Therefore, we can view this globally optimal neural network as the split
and permuted version of an optimal solution to the convex program .
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APPENDIX H
PROOFS IN SECTION [[V]

To begin with, consider a general group ¢;-minimization problem
k k
min Solwilly st > Ajw; =y, (45)
j=1 j=1

where A; € R"*" and w; € R™ for j € [k]. The KKT condition follows
|ATAl, <1, ifw; =0,

Wi

ATX= . ifw; #0,
[will2 (46)
k
D AW =y,
j=1

where A € R" is the dual variable. Suppose that y = A;«w* is the label vector, where w* € R%*. Assume that AL A;.
is invertible. Then, the irrepresentability condition follows

*

‘A]-TAi* (ALA ) ——

|, < LA (47)

2

Proposition 14 Lety = A;«w*. Suppose that the irrepresentability condition holds. Consider W* = (w7,..., wj)
such that wi. = w* while w; =0 for j # 1*. Then, W* is the unique optimal solution to .

PrOOF We first show that W* is the optimal solution to . Let

W*

-1

A=A (ATA) ——.
o (A (Wl

We can examine that AL = - For j # ¢*, from the irrepresentability condition , we have

w2

*

ATA, = [ATA-(aZAG) 2

— <1
w1l

2

Therefore, (W*, \) satisfies the KKT condition . This implies that W* is optimal to (45)).
Then, we prove the uniqueness. Suppose that W = (w1, ..., wy) is another optimal solution to @ Denote A; = w;
for j # ¢* and A;+ = w;« — wj.. Then, we have

i

[wisll2 + Y [will2

i

We note that

" T
N W
>||will2 + (f) Aie + > [[wills
CAE P
=[will2 + AT A=A + > 142 (49)
i
=llwillz = X7 AR+ Y 1A e
i J#i*
>willa+ Y 1802 (1= [ATAlL,) = fIwi-
J#i*

2

s

The equality holds when A; = 0 for all j # ¢* and A;- = 7”‘:'7"2 for certain v > 0. This implies that W* is the
unique optimal solution to @ '

Consider the following weak irrepresentability condition

|AT A (AL AT W[, < 1,5 € 51, [|AT A (AL A-) " w|

,=1.j €5, (50)
where S1 U Sy = [k]/{i*}. We have the following results when the weak irrepresentability condition holds.
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Proposition 15 Suppose that the weak irrepresentability condition holds. Consider W* = (wj,...,wj) such that

wi. = w" while wj =0 for j #i*. Then, W* is an optimal solution to . All optimal solutions W = (w1, ..., W)
shall satisfy w; =0 for j € S;.

PROOF Similar to the proof of Proposition we can show that W* is the optimal solution to . Suppose that

W = (wq,...,wy) is another optimal solution to @ Denote A; = w; for j # i* and A« = w;= — wi.. Then, we have
Z AjAj + AAy = 0. (51)
i

We note that

T
w T
> wi |2 ( : ) A+ > w2
[T 22
i o+ AT A A+ 3 1A
2 (52)
* T
=lwi-lla ~ AT ST AR+ S A,
J#i A
>wil+ 3 180 (1~ [ATA])
J#i
> W} |2

The equality holds when A; =0 for all j € 57 and Ay = ’y”‘)‘\lﬂ*i‘lg for certain « > 0. This completes the proof.

AT
s1
We then consider the case where y = Z 1A, wi, where S = {s1,...,5} C [k]. Denote A%™ = | ... |. Suppose
AT
Sk
ATA, ... ATA,,
that AG#(AL®)T = : is invertible. Then, the irrepresentability condition follows
ATA, ... ATA,
wi/ Wil
AT(AY®)T(AE(AT®)T) : <1,VYj¢Ss. (53)
wi /we Ll
or equivalently,
W;/ szl 2
AT(AY®)T : <1,Vj¢8S. (54)

A Hg 2
Proposition 16 Suppose that the zrrepresentabzlzty condition holds. Consider W* = (VAVT,,VAVZ) such that
Wi =wj fori€ S while w; =0 for j ¢ S. Then, W* is the umque optzmal solution to
PROOF We first show that W* is the optimal solution to . Let
wi /w3
A= (AG®)T(AGE(A®)) ™ :
wi, /Wl
We can examine that AT X = ™ *H fori € S. For j gé S, from the irrepresentability condition (53 , we have HAT)\H
1. Therefore, (W*, A) satisfies the KKT condition . This implies that W* is optimal to
Then, we prove the uniqueness. Suppose that W = (Wl, ..., Wy) is another optimal solution to @D Denote A; =
w; — W} for j € [k]. Then, we have
D OAA > AN =0. (55)

j¢s =
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We note that

Do lwilla + > llwllz

i€S ¢S
T
> Wi+ Y (lA,:H ) At S sl
i€S i€S j¢s
=Y Wil + AT Y AN+ (1Al
€S 1€S Jj¢s (56)
=D IWHlla = AT Y AN+ D 1IA 2
icS jgs Jgs
> ST il + 32180 (1 - ATAlL)
i€S j¢s
=A™
=
The equality holds when A; =0 for all j ¢ S and A; = v, HW* ” for i € S. Here 7; > 0 for i € S. As A; =0 for all
j ¢S, we have
> AN =0. (57)
i€S
AT A, ... ATA,,
Note that is invertible. This implies that A; = 0 for ¢ € S. Hence, W* is the unique optimal
ASTICAS1 AgAsk

solution to (9)).

A. Proof of Proposition 2
PrOOF We first show that the neural isometry condition (NIC-1)) implies the recovery of the planted model via @D

Proposition 17 Suppose that the neural isometry condition (NIC-1)) holds. Consider W* = (w7,... , W) such that

wi. =w"* while w; =0 for j #i*. Then, W* is the unique optimal solution of @

2

PrROOF The KKT conditions for @D include
"XTDjAT" <1, ifw; =0,

XTDAT = Y it w; £0,
A = T (58)

p
Z DjXWj =Yy
j=1

where A € R™ is the dual variable. As a direct corollary of Proposition W* is the unique optimal solution to @D

Then, we present the proof of Proposition [2| As @D is derived by dropping all inequality constraints in (8), the optimal
value of (8) is lower bounded by @ As W* is the unique optimal solution to @ the optimal value of @ is ||lw*2.
On the other hand, W is feasible for and it leads to an objective value of ||w*||2. This implies that W is an optimal
solution to and the optimal values of . and @D are the same. Suppose that we have another solution W which
is optimal to (8). Consider W = {w;|j € [p|} where W; = w; — w’;. Then, W is also optimal to ©). As W* is the

unique optimal solution to @ this implies that W = W*. Then, we note that for j # i*

[W;ll2 + [Wjll2 = 0 = [[w]]2. (59)
The equality holds when w; = w’; = 0. We also note that w;» — wj. = w*. This implies that
2 = [[W"l2. (60)

2+ [[Wikll2 > ||Wir — Wi

[[ Wi

The equality holds if and only if there exists o € [0, 1] such that w;« = aw™ and w,. = —(1 — a)w*. If @ = 1, then
W = W* If a < 1, as (2D — I,)Xw}. > 0 and (2D;- — I,,)Xw* > 0, this implies that (2D;+ — I,)Xw* = 0.
Therefore, we have Xw* = 0 and X?Xw* = 0. This leads to a contradiction because w* # 0 and X?X is invertible
with probability 1 for n > d.
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B. Proof of Proposition[3

PrROOF We first show that the normalized neural isometry condition implies the the recovery of the planted model via
).

Proposition 18 Suppose that the neural isometry condition holds. Consider W* = (wg, ... ,W;) such that
Wi = sz::\\,fiw"v” while wi =0 for j # i*. Then, W* is the unique optimal solution to .

PrROOF We note that
(XW*)+ DZ*XW* UZ*EZ*VZ*W* U *
y = * = * - * - i*wi*
[(Xw*)illz (D Xwrly  [[Us Zpe Vi w |

The KKT conditions for include

|luint|[ <1, ifws =0,

UTAT = Y ifw, 0,
3% = Twl 7 (61)

P
> Upw; =y,
j=1

As a direct corollary of Proposition W* is the unique optimal solution to .

We then present the proof of Proposition |3l As is derived by dropping all inequality constraints in , the optimal
value of is lower bounded by . As W* is the unique optimal solution to , the optimal value of is 1.
On the other hand W is feasible for and it leads to an objective value of 1. This implies that W is an optimal
solution to nd the optlmal values of (13) and . are the same. Suppose that we have another solutlon W which
is optimal to 1. Consider W = {w;|j € [p]} where W; = w; — w’;. Then, W s also optimal to . As W* is the
unique optimal solution to (| ., this implies that W = W+, Then, we note that for j # ¢*,

IWjll2 + [W5ll2 = 0 = [[wj 2. (62)

The equality holds when w; = w} = 0. We also note that

2+ [Wi-ll2 > [|Wir — Wi

= o (63)

The equality holds if and only if there ex1sts a € [0,1] such that w;+ = aw* and =—(1—-a)wh. If a =1, then
W =W.If a < 1, as (2D;- — L,)XV/Z W), > 0 and (2D;- — I )XVTE Wi > 0, this implies that (2D;~ —
L)XVIE 'wi = 0. Therefore, we have XVlTEZ w* = 0 and XTXV?E'wi = 0. This leads to a contradiction
because VI =7 'w* # 0 and X7X is invertible with probability 1 for n > d.

[[ Wi

C. Proof of Proposition[]
PrOOF We first show that the neural isometry condition (NIC-k|) implies the recovery of the planted model by solving
Proposition 19 Consider W* = (W7, ... , W) satisfies that W, = riw; fori € {1,...,k} and W; =0 for j ¢ S.

Suppose that the neural isometry condition (NIC-K) is satisfied. Then, W* is the unique optimal solution to .

PrROOF The KKT conditions for @ consist of
DxAT| <1, it =0,

D,XTAT = T ifw; £0,
Izl

p
Z DjXVNVJ‘ =Yy
j=1

As a direct corollary of Proposition |16} W* is the unique optimal solution to @

We then present the proof of Proposition l From Proposition we note that W* is the unique optimal solution to
. As @[) is derived by dropping all inequality constraints in (8]), the optlmal value of (8] is lower bounded by @
As W* is the unique optimal solution to (9), the optimal value of @ is ZZ 1 ||w* ||l2- On the other hand, W is feasible
for and it leads to an objective value of El L IIw?|l2. This implies that W is an optimal solution to and the
optimal values of (8 and @ are the same.
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Suppose that we have another solution W which is optimal to (). Consider W = {¥j € [p]} where W; = w; —W.

Then, W is also optimal to @D As W* is the unique optimal solutlon to @ this implies that W = W*, or equivalently,
w; — W) =W, for j € [p]. Then, we note that for j ¢ S
[wjllz + [[Wjll2 = 0 = [[wjll2. (65)

The equality holds when w; = w’; = 0. For i € [k], we have wg, — W,

s; = Ws;, = riw;. This implies that

[Well2 + [[Will2 = [IWi = Will2 = [[wi[l2- (66)

The equality holds if and only if there exists a € [0, 1] such that w,, = arjw; and W, = —(1 —a)r;w;. If 0 < a < 1,
s (2D, — I,)Xw,, > 0 and (2D, — I,)XwW,, > 0, this implies that (2D,, — I,,)Xw; = 0. Therefore, we have
Xw; =0 and XTXw; = 0. This leads to a contradiction because w; # 0 and X7X is invertible with probability 1

for n > d. If r{ = 1, then o = 1. Otherwise, we have @ = 0 and this leads to W/, = —w;, which is contradictory
o (2D, — I,)Xw, > 0. If rj = —1, similarly, we have a = 0. Otherwise, it follows that o = 1 and this leads to
ws, = —w7, which is contradictory to (2D, — I,,)Xw;, > 0.

D. Proof of Proposition [j

PRrROOF We first show that the neural isometry condition implies the recovery of the planted model by solving
[T).

Proposition 20 Consider W* = (Wi,..., Wy) satz’sﬁes that Wi = r} m’iswwu fori e S and wi =0 forj ¢ S.
Suppose that the neural isometry condition is satisfied. Then, W* is the unique optimal solutzon to
PROOF We note that for i € [k], we have

(Xw;k)-‘r DS7XW;< Usi ES7VS7W: U *
— = =U,,r/Ww;.
[(Xwi)ellz [Ds, Xwill,  [[Us, 35, Vi, wil,

This implies that

The KKT conditions for consist of

(67)

As a direct corollary of Proposition W* is the unique optimal solution to (14).

We then present the proof of Proposition I From Proposition W* is the unique optimal solution to . Because
is derived by dropping all 1nequahty conbtralnts in , the optlmal value of (| is lower bounded by . As
W* is the unique optimal solution to , the optimal value of (| is k. On the other hand W is feasible for
and it 1eads to an objective value of k. ThlS implies that W is an optlmal solution to and the optimal Values of

) and (| are the same.

Suppose that we have another solution W which is optimal to (). Consider W = {w|j € [ |} where w; = w; — w/.

Then, W is also optimal to @[) As W™ is the unique optimal solutlon to @, this implies that W= W* or equivalently,
w; — W) =w; for j € [p]. Then, we note that for j ¢ S

[W;ll2 + [Wjll2 > 0 = [[W]]2. (68)

The equality holds when w; = W, = 0. For i € [k], we have w,, — W, = W,, =1/ ‘g\\,’i‘x” This implies that
1Wsll2 + [[Will2 = [IW: — wifl2 = 1. (69)
The equality holds if and only if there exists « € [0, 1] such that ws, = ar] Héz\\,’% and Wi = —(1—a)r j”;‘\,’%

If0 < « < 1, as (2D, — I)XVIs W, > 0 and (2D )XVTZ ws, > 0, this implies that (2D, —
1 )XVTE w; = 0. Therefore we have XVTE wi =0 and XTXVTZ w; = 0. This leads to a contradiction
because VT 3. w # 0 and XTX is invertible Wlth probablhty 1 for n > d. If ry =1, then we have o = 1. Otherwise,
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we have a = 0 and this leads to W, = —”gb‘yi’ww*”, which is contradictory to (2D,, — I,)XVI %] 1X7V’S. > 0. If
i s; Vs, Will2 i
r? = —1, similarly, we have @ = 0. Otherwise, we have @ = 1 and this leads to w,, = H);:’\\,ling”, which is

Sid

contradictory to (2D, — In)XVfiE;lv’vsi > 0.

APPENDIX I
PROOFS IN SECTION [V]

A. Proof of Lemma[g

PrOOF We first illustrate Theorem 1 in [I] as follows:
Theorem 12 Fiz a tolerance n € (0,1). Let C and K be convex cones in R™. Draw a random orthogonal basis W €
R™*™, Then,

<n §5(C)+ 8(K) < n—ay/n,

>1-n §(C)+6(K)>n+ay/n. (70)

P(KNWC #{0}) {
where a,, = 8y/log(4/n).

We can take C' = {t [‘g} |t > 0}, where 0 € R"~? is a vector of 0s. Then, P(Xw € K) = P(WC N K # {0}).

(n=8(K)—d)2

As w(C) = d, for w(K) +d < n, we have a, = L\/?_d. This implies that n = 4e~— s2n . Hence, by taking
e _a2
a= %, (18) holds. Similarly, for 6(K)-+d > n, we have a,) = wE)4d=n which implies that 7 = de= e

T
By taking a = (= 56(532 d)° , (18) holds

B. Proof of Theorem|[§
PROOF We first note that the matrix in the irrepresentability condition (NIC-L)) has the following upper bound

— 2
2 Omin

max HXTdiag(]I(Xh > 0)X (X7X)

—1 ‘
heR4:h£0

X" diag(I(Xh > 0))X
i [X ding(I(Xh > 0))X],
where oy, is the smallest singular value of X. We introduce a lemma to bound the norm of XTdiag(I(Xh > 0))X.

Lemma 3 Let h € R? and t > 0 be fized. Suppose that each element zi; of X € R™ % gre 4.4.d. random variables

following a mean-zero sub-Gaussian distribution with variance proxy o such that
1
o —x;; has the same distribution as x; ;.

Then, for d > 2, with probability at least

nt? dlog(54n) )
1—4 - +
P ( 162202 2

we have

1
XTdiag(I(Xh > 0)X|[, < = + ¢. 71
he%%ﬁ#o" iag(I(Xh > 0))X||2 < 5T (71)

From Lemma 3| by taking t = 1/4, for n > 400002d log(54n), we have

3 n
P XTdiag(I(Xh > 0)X|p <= ) >1-4 _— ). 72
(y,e%lffﬁ#o” tag({I(Xh > 0))X]> < 4) 21~ dexp (- g502) (72)

On the other hand, from Theorem 4.6.1 in [47], we can lower bound the smallest eigenvalue of X,

P (Umin >1-— 2\/5) >1—2exp(—d). (73)

For n > 1024d. we have

d

P (02, >7/8) > P(omin >1—1/16) > P <amin >1- 21/> >1—2exp(—d). ° (74)
n

This implies that for n satisfying n > max{1024d,40000%d log(54n)}, with probability at least 1 — 2exp(—d) —

4exp (778007602), we have

3 3 8

XTD;X (XTX 1H< <. 75

%?EH (x'x)- 2~ 402 47 (75)
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Conditioned on the above event, we note that for any w* € R4, w* # 0, we have
-1 w*
[[w*[|2

i.e., the irrepresentability condition (NIC-L|) holds. This completes the proof.

X" diag(I(Xh > 0))X (X" X)

max
heR4:h#£0

< XTdiag(I(Xh > 0)X (XX ‘1H <1
S [[XT diag(iXh 2 0)X (XTX) 7 <1, (76)

C. Proof of Lemmal[3

PROOF For a positive semi-definite matrix A € R™?, we have ||Ally = max,ega.|,),-1 2° Az. Note that

1

XTdiag(I(Xh > 0))X||y — =

el IX diag(I(Xh > )Xz — 5

1

= [pmax szx I(h"x; > 0)) -3

- 1 (77)
T T T

- xPzl(hix; > 0)) — =
z,heRd;Iﬁlz;ﬁ);:Lh#O;Z XiX; Z ( X; = )) 2|

n

> (2"x:)’I(h"x; > 0)) — ;‘ .

=1

< max
z,heR?:||z]|2=1,h#0

By rescaling x; = 1/nx;, we can rewrite the above quantity as

n

1ZZX’ XZZO))—;|. (78)

n

2,heR: H |\2 1,h#£0

As —z; ; has the same distribution as z; ;, we have

P(hTx; > 0) = P(h”x; <0),

79
E[(z7x;)?h?x; > 0] = E[(—2"x;)*|hT (—x;) > 0] = E[(z” x;)?|h”x; < 0]. (79)
We note that E[(z7%;)?] = ||z||3 = 1 and
E[(z"x;)?] = E[(z"x;)?|h"x; > 0]P(h”x; > 0) + E[(z” x;)*|hTx; < 0]P(hTx; < 0). (80)
This implies that E[(z7x;)?|hTx; > 0]P(hTx; > 0) = 1, or equivalently,
E[(27x;)21(hTx; > 0)] = +. (81)

- 2
Therefore, it is sufficient to upper-bound the following probability
1 1
- z;(szi)ZI[(thi >0) — 5

> t) (82)

P max
2,h€R:||z]2=1,h7£0

We note that

n

= (z"x:)’I(h"x; > 0) - E

i=1

— E (z"x;)*I(h"Tx; > 0) — E
n
i=1

1

n

P max
z,heR4:||z||2=1,h#0

P max
z,h€R:||z]|2=1,h#0

1 n
>P max - z'x;)*I(h"x; > 0) — —
a <z7h€Rd:|Z|2_17h7§0 n ;( - -0

where x/} are i.i.d. random vectors following the same distribution of x; and they are independent with x1,...,x,. This
implies that
)

%
)’

Tx! > 0)| > 2t

—_
Fﬂ
N

~
sx\
N

[\v]
=]
—~

n

%Z(ZTX/) I(h"x] > 0)]

i=1

1 n
sz xl xiZO)fE
nz:l

P
z,heR4: HZH2 1,h#0

(84)
<p (
z,heR4: H |\2 1,h£0

n

- 1
= Z; z7x;)*I(hTx; > 0) — - Z(ZTX’) I(v'x, > 0)

n :
=1

—_
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By introducing i.i.d. random variables €; uniformly distributed in {—1, 1}, we have the following bound

1 - T 2 T 1” T
= D)2I(hTx; >0) - = NI(hTx, > 0)| > 2t
(z,heRdﬁ,ﬁth#O 2R T s 2 0) = 0 (#TxI0 T 2 0)) 2
2212) (85)

=P max — €; Z X’L h X; > 0 TX/ 2]1 hTX/ >0
(zvaRlez—l,h#o Z ) = (2 x)"I(h"x; > 0))

t> 7
where €,41,..., €2, are i.i.d. copies of €1,...,€,.
Decoupling: Next, we apply a decoupling result in [49, Theorem 3.4.1] to obtain the following upper bound:

P ( max t)
z,heR4:||z||2=1,h#0

<8P ( max t) )
z,heR?:||z]|2=1,h#0

were {x}}7", is an independent and 1dentlcally distributed copy of the sequence {x;}".
e-net bound: For each realization of zh, ..., xh,, let P! = {diag(I(X’h > 0))|h € R% h # 0}, p’ = |P’| and we
write P’ = {D1,...,D,}. According to [42], we have the upper bound p’ < 2d(2en/d)?. We note that

2n

1
max -—
z,heR4:||z]|2=1,h#£0 | 21 4 1

1=

Gi(ZTXi)2H(hTXi > 0) >

2n

Z €i(z7x;)%1(hTx; > 0)| >
=1
2n

1
on Z ei(szi)QH(th,’i >0)| >
i=1

1
2n

(86)

’I’L

2n
Zei(szi)ZH(th; >0)| =
i=1

12n

o > ei(z"x:)’(D;)ia
=1

Consider an e-net of {z € R? : ||z = 1}, {z1,...,2n}, where N < (1 + 2/e)?. Namely, for any z € R? satisfying
|z]|2 = 1, there exists k € [N] such that z = z; + A, where ||A||2 < e. Then, we have

1

o (87)

= max ma
J€lp’] z€R%: HZH2 1

max
z,heR?:||z|2=1,h#0

2n
1 T \2
o i(2" %)7(Dyj)ii
s, 2 2 98 X (D3
1 2n
< — ) & A)'x;)*(D;)i; 88
*ke[Nr]r,lﬁKHQge 2n ;6 (2 + 2)7x:)"(Dy)s, (88)
1 2n 1 o
< = i(zh %) (D;)i| + (2 ? P i(2"%:)%(D;)is
_I?el?z%(] 2n;€(zkx)( i)i, +(€+6)Hg|1\?)§(1 2n;6(zx)( )i,
Here we utilize that for an arbitrary symmetric matrix A € R4*?¢ and arbitrary vector z € R? with ||z|[2 = 1,
(pax [(z+4) YTA(z+ A)| < |27 Az| + (2¢ + )| A1 (89)
This implies that
1 2n 1 2n
T, \2 T N2
P i i) (Dj)ii| £ 77— P i i) (Dyj)ii 90
2eRe: =1 zan(Z xi)"(Dj)ii| < 75— 5 max Qn;emx) (D), (90)

For fixed k, we note that zk x; is also sub-Gaussian with variance proxy o2. Let ¢; = (zk x;)?. Therefore, €;g2(D;); ;
is sub-exponential with parameters (4v/202(D;); ;,40?). This implies that Z €i92(Dj);,; is sub-exponential with
parameter (v*,40?), where

2n
vt =) 4v20%(D;);; = \/4V202 tr(D;). (91)
i=1

Therefore, for t < ( = V/2tr(D;), we have
2n
1 nt? nt?
Pl|=— ea(zFx)?(D;)is| >t ] <2exp (—2nt?/(2(v*)?)) = 2ex <> < 2ex <>
<2n2 (% (D)), >_ p (202 (20" 2) = 20p (-t ) < 2o (-

This implies that

2n
1 T 92 nt? nt?
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> t>
> t)
(93)

+ dlog(3/e) + d(log(2n) —logd + 1) + 10g(2d)>

Again, by applying the union bound, we have
1 2n
o > ezl xi)*(Dy)i
i=1
2n

1
oo D cilzixi)*(Dj)i
i=1

P | max max
JE[p'] kE[N]

<p'-P <gl€1?13[<]

<2exp ( \[ 3

<2exp ( + dlog(3/€) + dlog(6n))

\[ 2

where we assume that d > 2. As a result, by taking e = 1/3, we have

2
1 1
P = Tx)I(hTx; >0)—=| > ¢
<zheRdr|Tla|§ Lht0 n;(z x;)I(h"x ) 5=
1 2n
<8P — i(z7x;)I(hTx; > 0
- (zheRdnﬁz?); 1,h#0 | 2n ;G(Z xi) I(h"x e

2n

1 T 2 2 (94)
<8P (;rrel%;ﬁ max |o ; €i(z,%:)"(Dy)ii| > (1 —2e—e )t>
nt?(1 — 2e — €2)?
<16 exp <— 1302 + dlog(3/€) + dlog(6n)
—16ex (—”tz +dlo (54n))
P T s1v202 & '

This completes the proof.

D. Proof of Theorem[J]

PrOOF Without the loss of generality, we can let w* satisfies that |[w*||s = 1. As n > 2d, X7X is invertible with
probability 1. Consider the event

XTdiag(I(Xh > 0)X(XTX) 'w*[ls < 1%. 95
{heRd]Ir(nXh>0);£1|| iag(I( > 0))X( )T w2 (95)

Firstly, we show that
P(E)=1. (96)

Denote A(h) = X”diag(I(Xh > 0))X and A(h) = (X”X)"'A(h)T A(h)(X”X)~'. We note that A(h) and X”X are
positive semi-definite and symmetric. As A(h) = X7X, we have A(h)TA(h) < (X7X)? and

A(h) < 1.

The equality holds if and only if A(h) = X?X. This is equivalent to X* diag(I(Xh > 0) — 1)X = 0, which contradicts
with I(Xh > 0) # 1. Hence, we also have ~
A(h) # 1.

Recall our notation eigmax (A(h)) used for the subspace of maximal eigenvectors of the symmetric matrix A(h).
We note that [[A(h)w* |2 = 1 if and only if [[A(h)[| = 1 and w* € eigmax (A(h)). As A(h) # I, conditioned on
[|A(h)||2 = 1, eigmax (A(h)) is a random subspace with dimension at most d — 1. This implies that

P(|A(h)yw*|2 = 1) = P (|| A(h)||]2 = 1, w* € eigmax (A(h))) = 0. (97)
For o € {0,1}", define B(¢) = X"diag(c)X and B(c) = (XTX) 'B(e)"B(o)(XTX)~'. Then, we have

P ( max |B(I(Xh > 0))w*||s = 1)
heR4:I(Xh>0)#1

- _— IBoyw 2= 1) (99)
o€{0,1}7:3h5£0,I(Xh>0)#1,0=I(Xh>0)

< Z P(|B(o)w*||2 = 1,I(Xh > 0) # 1,0 = I(Xh > 0)) = 0.
oc{0,1}n
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From the kinematic formula, for n > 2d, we have P(I,, ¢ H) > 1 — exp(—na). In this case, the event E implies that
the neural isometry condition (NIC-L)) holds. This completes the proof.

E. Proof of Proposition [T
PROOF Without the loss of generality, we can let w* satisfies that [|[w*|l2 = 1. As n > d, XTX is invertible with

probability 1. Consider the event

b= X7 diag(I(Xh > 0)X(XTX) 'w*[ls < 1. 99
{heRd:]Ir?)?}}lgO);élH iag(I( > 0))X( ) w2 (99)

First, we show that

P(E)=1 (100)
Denote A(h) = X”diag(I(Xh > 0))X and A(h) = (XTX) " *A(h)T A(h)(X"X)~!. We note that A(h) and XTX are
positive semi-definite and symmetric. As A(h) < XTX, we have A(h)TA(h) < (X7X)? and

Ah) < I.

The equality holds if and only if A(h) = X?X. This is equivalent to X7 diag(I(Xh > 0) — 1)X = 0, which contradicts
with I(Xh > 0) # 1. Hence, we also have ~

A(h) #1.
We note that ||/~1(h)w*~||2 = 1 if and only if |A(h)|] = 1 and w* € eigmax (A(h)). As A(h) # I,, conditioned on
[|A(h)||2 = 1, eigmax (A(h)) is a random subspace with dimension at most d — 1. This implies that

P(|A(h)w*|2 =1) = P (| A(h)||]2 = 1, w* € eigmax (A(h))) = 0. (101)
For o € {0,1}", define B(¢) = X"diag(c)X and B(o) = (XTX) 'B(e)"B(o)(XTX)~'. Then, we have

P IBOKE = 0w ] = 1)
heRE:I(Xh>0)#1

( max |B(e)w*||2 = 1) (102)
o€{0,1}7:3h£0,1(Xh>0)#£1,0=I(Xh>0)
< Y P(|B(e)w'|2 = LI(Xh > 0) # 1,0 =I[(Xh > 0)) = 0.
oe{0,1}n

Then, according to Proposition conditioned on the event E, the optimal solution W = (wy,...,w,) to (12)) shall
satisfy that w; = 0 for D; # I,,. If there does not exist j € [p] such that D; = L, then, W* = (w*,0,...,0) is the
unique optimal solution to (12). Thus, it is also the unique optimal solution to (3)).

If there exists i* € [p] such that D;« = I,. Let W = (wo, w1, W,..., W,, w;) be an optimal solution to . Let
Ww; = w; —w/ for j € [p]. Then, W = (wo, W1,...,W,) is also optimal to (T2). This implies that w; = 0 for j € [p]
such that j # i*. For j € [p] such that j # i*, we have

[W;ll2 + 1w} [[2 > 0. (103)

We also note that
X(wo 4w —wh) = Xw'. (104)

As XTX is invertible, we have wq + w;« — w,. = w*. Thus, we have

[woll2 + [[wi |2 + [[Wixll2 > [[w" 2. (105)
The equality holds when there exists aj,as, a3 > 0 such that a1 + as + az3 = 1, wg = ayw™, w;= = asw* and
wi. = —agw*. However, as Xw™* > 0 does not hold and Xw;« > 0, Xw}. > 0, we have ag = a3 = 0. This implies that

W* = (w*,0,...,0) is the unique optimal solution to .
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F. Proof of Theorem[9
PrROOF Let K; = {u: D;ju > 0} and denote C = {j : tr(D;) > n — d}. We note that
P < max tr(I(Xh >0)) <n-— d)
heR<:h#0
=P(3w € R?: Xw € Ujec K, w # 0).

(106)

As Ujec K is not a convex set, we cannot directly apply the kinematic formula. Let K = (UjecK;) N S™ 1, where
S~ = {7 € R"|||z||2 = 1}. It is a closed subset of S"~!. We give the lower bound of the success probability based on
the Gordon’s escape through a mesh theorem.

Lemma 4 Let K be a closed subset of S*~1. Define the Gaussian width of K by:
w(K) = Egun(0,1,,) {rzréa;{( gTz} . (107)
Define a, = Egnr0,1,)[l|8ll2] for k € N. Then, for a n —k dimensional subspace L C R™ drawn at random, we have
P(LNK # @) >1— ge*%ﬂarw(m). (108)

Note that Xw is a random d-dimensional subspace of R™. According to the Gordon’s escape through a mesh theorem,
we have .
P(3w e RY: Xw € Ujec K, w #0) > 1 — 5e*fls@wrw(m). (109)

To ensure that there exists w # 0 such that Xw € Ujec K; with high probability, we require that a2, > w(K)?. As
Lk < ai < k, it is sufficient to have w(K)? < n — d. Therefore, it suffices to calculate the squared Gaussian width

k+1
2
w(K)? = E |max max g'z
JEC z€R™:D;z>0,z|2=1

of K. We can compute that
2
— (& pasx IDsg)- + (D - L)

/ (110)
<E [(r;lgg (D;g)+ + ((D; — In)g)+||2> ]
= [max | (Dsg)+ 3 + (D, ~ Lje)s 3]
By noting that
I(D,g)- 3 + (D, ~ L)g) 3
@)+ 3 ~ (L ~ D)) [ + (D, — L)g) 3
we have
B e |(D2)4 1+ (D ~ 1)) ]
[+ 3 + ma (1D, ~ L)+ ~ (L, — D)) )] .

n n
= 4+ — Vo2 | = Z 4 F Vo2
5 +E |max > —sen(gie; + lsqnﬁgXﬁlngn(gz)gz]
ZZ(D]‘)I”I‘:O 1€
Let R = sgn(G)G?, where G ~ N(0,1). Denote Fr be the CDF of the random variable R. Suppose that d,n — oo
with a fixed ratio d = 0n, %E [maxsg[n]:|s|§d_1 dics sgn(gi)g?] will converge to

/ rdFp(r). (112)
F7H(1-0)
We note that 1 1

1—Fr(r)=P(R>7r)= 5P(G2 >r) = 5(1 — F\2(r)).

Therefore, we can rewrite (112)) as § [po rdF,2(r). Denote
X2

(1-20)

/ rdF\>(r) + 0. (113)
F;zl (1-26)
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We note that g(f) monotonically increases for 6 € [0,1/2). By noting that g(0) = 1/2 and ¢(0.5) = 1.5, there uniquely
exists 6* € (0,1/2) such that g(f) = 1. We also note that
1
li — (w*(K) +d) = g(). 114
aolm - (w¥(K) +d) = g(6) (114)

Therefore, for sufficiently large n,d with d < nf, we have w (K ) < n —d, which implies that . holds w.h.p..
We present a numerical way to compute g(6). Denote ¢ = F (1 —20).By integration by parts, we can compute that

;/qoo Tdez(T) = *% /qoo Td(l - sz(T))
= = Fe@lF + [0 Fo@yar (115)
—gh+ %/ma ~ Fa(r))dr.

By the numerical quadrature of the survival function of the x? random variable with 1 degree of freedom, we plot g(f)
in Figure Note that when 6 ~ 0.1314, we have g(#) ~ 1.

gl8)

00 01 02 03 04 05
8

Fig. 14: g(0) as a function of 6 in [0, 0.5].

G. Proof of Theorem[7

PrOOF For h € R? with h # 0, denote A(h) = XTdiag(]I(Xh > 0))X. We first prove the case where n < 2d. According
to the kinematic formula, P(3h € R? : h # 0, A(h) = I,,) > 1 — exp~®", where a = ("éind) In other words, there

exists an all-ones hyperplane arrangement with probability at least 1 —exp(—na). In this case, let D; = I,,. Construct
w; =w; =0if i # j, W; = w* and W} = 0. Then, W' = (0, W1, W},..., Wy, W) is also a feasible solution to ((12).
Then, we consider the case where n > 2d. We show that with probability at least 1—exp(—an), the event ||
holds. For o € {0,1}", we let B(o) = XTdiag(c)X. As XTX = I, we note that |B(g)w*|2 = 1 if and only
if |B(o)ll2 = 1 and w* € eigmax(B(o)). For o € {0,1}" with ¢ # 1 and ||B(o)|2 = 1, as B(o) # I, we have
dim(eigmax(B(o))) < d—1. This implies that P(w* € eigmax(B(o)|||B(o)||2 = 1) = 0. Therefore, we have the bound:

P( max ||A(h)w*2:1)

heR?:h#0
=P ( max |IB(a)w™||2 = 1)
:3h#0,0=1(Xh>0)
< Y P(|B(e)w'|2=1,3h # 0,0 =1(Xh > 0)) (116)
oc{0,1}"
<P(Fh#0,1=IXh>0)+ >  P(|Blo)w[2<1)
oc{0,1}",0#1
=P(3h # 0,1 =1(Xh > 0)).

According to the kinematic formula, for n > 2d, P(3h # 0,1 = I(Xh > 0)) < exp~®". This implies that
P < max [JA(h)w™|2 < 1) =1-P ( max ||A(h)w*||z = 1> >1—exp .
heR? hz£0 heR¢ h£0

Therefore for n > 2d, the neural isometry condition (orth-NIC-L)) holds with probability at least 1 —exp(—na). From
Proposition the neural isometry condition (orth-NIC-L)) implies that W' is the unique optimal solution to (|12]).




ACCEPTED TO THE IEEE TRANSACTIONS ON INFORMATION THEORY, JAN 2025 40

H. Proof of Proposition

PRrROOF To ensure that W is an optimal solution to ((125)), we only require that the KKT conditions (117]) at W are
satisfied, i.e.,

ATl <5 4
W+
ATd=-—p—"_ (117)
l[wi |2
Ai* (Wl* — W*) —z=A
The last two equations give
ALA;wi + H “ =ATA-w + ALz (118)
Wix||2
Let us write w;« = rw where r = ||w;+||2 and w = Hwi*“ Then, the above expression gives
(rAL A + BD)w = ALA;-w* + AL (119)
As AL A;. + Bl is invertible, we obtain an explicit solution for w, i.e.,
= (rAL A« + D) N ALA;-w* + ALz).
Because w satisfies ||[w||2 = 1, the scalar r shall satisfy
1=||(rAL Ay + BT) (AL AW + Alz)]), . (120)

Because AL A, = I, we have 7 + 3 = |w* + ALz||5. This implies that r = [|[w* + ALz|y — 8. As r > 0, we require
that 8 < ||w* + ALz||;. A sufficient condition is that 8 < ||[w*||2 — [|z||2. We can write the expression of A as

A=A (W — W) —z
—A« (ALA; + ,B/rI)’l(AT Apw* +ALz) —Apw* —z

AW —Apw et — AnATZ 121
T+/3 w* W+ Jr/B Z— 12 (121)
B * T
_ — A, I-— A AL
rag r+,8 ’

Because A;« AL is a projection matrix whose eigenvalues are 0 and 1, we have ||[I—r/(r + 8)A; AL ||y < 1. Therefore,
for j # i*, we have the upper bound

T B T * T r
p .
< jllAgrAv:*W 2 + [[A;]l2/]]]2
= MHAJTAHWﬂb + [| Al 2]|z[]2
/;* 2 (122)
T *
= Tl — AT, |20 4l + el
g .
s WHAJTAi*W ll2 + [1z]2
< B + |lzll2 < 8.
||Z||2/||W ll2
Here we utilize that ||A,|]2 <1 and
1 _ *

v = lzlz/ w2
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Therefore, it implies that there exists a solution W = (wy,..., wy) such that w; = 0 for j # ¢*. In addition, we
provide the upper bound for the 5 norm [[w;+ — w*||,.

Wi —wly = [[rw — w;

w'+Alz) —w*

r
“7‘+,3( 2
r

r+ 5
+ |zl

T
|ALz

B *

< ——||wWhl2 +

< Ll
Blw*|l2

= v + A
Blw*ll2

— Wz = =l

- (124)

+ llzl2-

I. Proof of Theorem[1(

In order to prove these theorems, we consider a generic group Lasso problem

{wj }?:1

2
k k
min SAwi—y| +8> lwil,. (125)
j=1 9 j=1

The next result provides a sufficient condition on the regularization parameter and the norm of the noise component
to ensure successful support recovery, as well as an estimation of the upper bound on the /5 distance between the
optimal solution and the embedded neuron.

Proposition 21 Lety = A;-w* +z, where A« satisfies (A )T A = 1. Assume that ||A;|l2 < 1 for j #i*. Suppose
that the following condition holds.
e IAT A w*[la < (1 —7)[[w"[|2

Iw*ll2—=l,

for a certain scalar constanty > 0. Further, suppose that ||z|, < 3 ||[w*||,. Then, for 3 € [||z||2 AW la=Talls [lw*|l2 — ||z||2} ,

there exists a solution W = (w1, ..., wy) such that w} =0 for j # i*. Moreover, the {y norm ||[w;« — w*||, is bounded
as follows: |
Bllw*|l2
[Wir =W |y < i + [|2fa-
' 27 w2 = 2l

In order to apply Proposition 21 we need to estimate the upper bound of

.- [U”diag(I(Xh > 0))U]l, .

From Lemma [3| by taking t = 1/4, for n > 400002d log(54n), we have

T 32 3 _ _ n
P (he%da};;o X7 diag(I(Xh > 0)X|l» < 4) >1 4exp( 800002) . (126)
Note that X = UXV7, therefore
[X"D;X||, = [[EUTD;UX|, > o7, [|[UTD; U, (127)

where oy is the smallest singular value of X.
On the other hand, from Theorem 4.6.1 in [47], we have the following lower bound.

P <amin >1-— 2\/z> > 1 — 2exp(—d). (128)

P (ol >7/8) > P(0min >1—1/16) > P <amin >1- 2\/E> >1—2exp(—d). (129)
n

For n > 1024d, we have
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This implies that for n satisfying n > max{1024d,400002d log(54n)}, we have

o xl <3 <P (o GBI < 3
P <?§[ﬁ]§ X D]XH2 < 4> <P (o’min E_réa[mﬁ |U DJUH2 < 4)

SP <Ur2nin max||UTDjU|} § § | CTrznin Z 7) P <0r211in 2 7)
J€lp) 274 8 8
3 7 . (130)
P (o2, UD.U|l.<Z |62, <-|P(o%, <-
+ <Jmm gré?‘;]( H J ||2 =4 | Omin > ) Omin > )
<P maXHUTD<UH <§ P2, >z +1-—Plo2. >Z
— jelp] J 2 — 7 min = 8 min = 8 .
Therefore, we calculate that
6
P Uu'D, U, < =
(max[uTD,0], < ¢

n 7
>1—dexp (— oo ) /P (020 > ¢
=1 —dexp (550052 / (amm = 8) (131)
n
o1 e () - 2ol
21— dexp (~ ot ) (1L~ 2exp(~d))
n
21 - 2exp(—d) — 4exp (_W)
Applying Proposition 21| with v = 1 and A+ = U,A; = D,;U, w* = SVTw*, we conclude that if the assumptions in
Theorem [10]is satisfied, then with probability at least 1 — 4 exp(—n/800002) — 2 exp(—d) there exists W = (w,0,...,0)

such that W is the optimal solution to both and whenever n > max{400002d log(54n), 1024d}.
Moreover, we obtain the desired upper bound

<,6’n

—EVT * P
[ Wl = el

+ 12

Finally, we provide high probability upper and lower bounds for = |EVTw*||5 as follows. Again from Theorem
4.6.1 in [47], we know that for n > 1024d, with probability at least 1 — 2exp(—d) it holds that

1—1/16 < omin < Omax < 1+ 1/16, (132)
which immediately implies that (1 — 1/16)||w*|la <n < (1 + 1/16)||w™*||2.

J. Numerical Verification

In this subsection, we numerically verify Theorem We take n = 40,d = 10 and test for 0 = 0,1/8,1/4. For
each o, we solve the regularized group Lasso problem (25| for § € [0,2]. Then we analyze the solution and record
the number of active neurons. The recovery is regarded as success if there is exactly one active neuron. In Figure [I5]
the recovery displays a failure-success-failure pattern when 3 increases. Besides, the lower bound of § that ensures
successful recovery shifts right as o increases, while the upper bound generally remains the same.

0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4

02 02 02

0.0 0.0 0.0

000 025 050 075 100 125 150 175 2.00 000 025 050 075 100 125 150 175 2.00 000 025 050 075 100 125 150 175 2.00
B B B

(a) o=0 (b) o =1/8 (c)o=1/4

Fig. 15: The pattern of successful recovery of one planted linear neuron by solving regularized group Lasso problem
(125)) derived from training ReLLU networks with skip connections.
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APPENDIX J
PrOOFS IN SEcTION [II=C]

A. Proof of Theorem|[I]]
PrROOF We first introduce an auxillary lemma:

Lemma 5 Suppose that U;, U; € R™*4 gre column orthonormal, i.e., U;fUi =14 and U;‘FUJ- =1y If UzTUj =14,
then, we have U; = Uj.

ProOOF For k € [d], we let w; ; and w; be the k-th column of U; and U;. Note that 1 = (UTU,),x = wzjkijg.
As UTU; =1, and U;ij = I, we have |w; |l2 = [|W; k||2 = 1. Therefore, w;ffkwj,k = 1 implies that w; ; = w; .
Hence, we have U; = Uj.

Consider the event
{ZH ) > d} (133)

We first show that for n > 2d, E; holds with high probability. As x; ~ N(0,Iz/n), I[(x}w* > 0) are i.i.d. random
variables following Bern(1/2). Denote B; = I(x! w* > 0) and let B = 13" | B;. We note that E[B] = 1. According
to the Chernoff bound, we have

P(ES) =P <B < Z) e (B < (1 o ;2d> ]E[B]) < exp <—é <”;2d)2n> . (134)

This implies that P(E1) > 1 — exp (f% ("‘—2‘1)2 n

n

Denote E» = {omin (XTD;+X) > 0}, where D;« = diag(I(Xw* > 0)). We note that

n
X'D;X = inxiT]I(xlrw* >0).

i=1

As x; ~ N(0,I4/n), we have P(E§|E1) = Z2ED = 0, which implies that P(Fa|Ey) = 1.

Conditioned on the event Ey, we have U;. € R™*?. For j # i*, we show that ULU,;UTU;. # 1. Let U; € R™*"5.
If r; < d, then UglUjU;fFUl* is with rank at most r; < d. Hence we have U U; UTUZ* #Ig. Ifry = d suppose
that Ug:UjUfUi* = I,4. Denote P = UJ U;+ € R4 Then, PTP = I,4. This 1mpheb that P is orthogonal. Hence,

U;'-F(UZ-* PT) = PPT =1,. We note that U;-P7 is also column orthonormal. This is because
(U-PHTU.PT = PULU,.PT =PPT =1,.

As the matrices U; and U;- PT are column orthonormal and UJT(Ui*PT) = Iy, from Lemma [5| we have U; = Uj- PT.
As D;- # Dy, there exists k € [n] such that either of following statements will hold.

. (Di*)k,k =1 and (Dj)k,k = 0.

° (Di*)k,k =0 and (Dj)k:,k =1.
For the first case, we note that

Wi i = (D)Xt Vie Zis, Wi = (Dj)paxs V;E;. (135)

Because xj, # 0 and V-3 is invertible, we have [[wi- [z > 0. As U = U;PT, we have wj. , = w PT. As
w; = 0, this implies that w;« ;, = 0, which leads to a contradiction. For the becond case, we note that U;- = U,P.
Similarly, this will lead to a contradiction.

Therefore, conditioned on Fs, for j # i*, we have UTU UTUZ* # I4. We note that UTU UTUl* > U U = 1.
This implies that |[UTU;-w* |2 = 1 if and only if we have HU U,;UTU;-|]z = 1 and w* € elgmaX{U U UlU;-}.
As ULU,;UTU;. # I, if it follows that [[ULU;UT Ul = 1, then elgmaX{UTU UTU;-} is with dlmenswn at
most d — 1 In other words, conditioned on [|[ULU; U U;+|]2 = 1, eigmax{UZL U, U U,- } is a random subspace with
dimension at most d — 1. This implies that

P(W* € eigmax{ULU,;UT U}, [|[ULU;UT U |2 = 1] Ey)
=P(3; V- w* € eigmax{U.U,; U] U}, || ULU,UT U,

(136)

) = 0.

Immediately, for j # ¢*, we have
P([UTU; %] = 1) = 0 (137)
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For o € {0,1}", define U(o) as the left singular vector of diag(o)X. Then, we have

( max [UM(Xh > 0)TUpw*|o = 1’ Eg)
heR4:h#0,1(Xh>0)AL(XWw* >0)

= ( max ||U(U)TU1-*VV*||2—1‘E2> (138)
o€{0,1}™:3h#0,[(Xh>0)#A(XW* >0),0=I(Xh>0)

< > P(U(0)"Upw*[|2 = 1,I(Xh > 0) # [(XW* > 0),0 = [(Xh > 0)|E;) = 0.

oc{0,1}n

We note that P(E) > P(Ey, Ez) = P(Ey) > 1 —exp (—% (”‘TM)2 n) This implies that

P max |UI(Xh > 0))" U %" < 1
heR%:h#0,
[(Xh>0)£I(XW" >0)
=P < max |UI(Xh > 0)TU. %" < 1,E2>
heR?:h+£0,1(Xh>0)£I(Xw*>0) (139)
=P < max [UM(Xh > 0)TUpw|2 < 1’ EQ) P(Ey)
heR?:h£0,1(Xh>0)£I(Xw* >0)
1 (n—2d\°
=P(Ey) >1-— —= .
(Eq) > exp<6< - )n)
This completes the proof.
B. Proof of Proposition[§
PRrROOF For simplicity, we assume that |wq |2 = ||wa||2 = ||h;||2 = 1. We first consider the case where cos Z(w1, wa) =
—1. Then, we have wo = —w7. In this case, we have D1Dy = 0. Hence, it follows that
uru,, UTlUSQ] {Id 0}
o 5 = . 140
[Ug v, ulu. o 1, (140)
Then, we can simply that
uTu, UTU,| ' [w
T 1 U1 1 Us 1
=UTU W, + U] UyWy
> Viw S, Viw (141)
= VIXTD, (D XV, 37 LT ) 4w VIXTD, (Do XV, S22 2
3 R R PENE e VT, ) T R P PR e VT
1 1
=5 'VIXTD, D1 Xw + r e %5 VI XD, Dy Xw
[=VTwi ™0 7 T SVl T T R
As n — oo, XTD;D,X converges in probability to
M(h;, h;) = Exono1,) [xx" I(x"h; > 0)I(x"h; > 0)]. (142)
As n — oo, we have XTDjX RN %Id and X; RN %Id. Therefore, we have
|[UTU W, + UJ U], 5 2 [ M(hy, wi)wi — M(h;, —w1)wy ), . (143)
According to Lemma 7 in [50], for h;, h; satisfying ||h;|l2 = [|h;[|2 = 1, the matrix M(h;, h;) takes the form
M(h;, h;) = ¢1(7)1a + ca(7) (hih] +hyhl) + cs(y) (hh] +h;hT). (144)

Here c1, co, c3 are functions of . Then, we have
1\/.[(hj7 W1)W1 — 1\/.[(hj7 —W1)W1
=(c1 () +ye2(7) + es(v)) w1 + 2(ca(v) + ves(v))hy (145)
— (a(=y) —ve2(7) — es(v))wr + 2(c2(—7) — ves(—7))hy.
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We observe that [|[M(h;, h;)h; — M(—h;, h;)h;||3 only depends on 7. Denote g1 (7) = 2||M(h;,h;)h; — M(=h;, h;)h;||s.
Therefore, it is sufficient to compute the case where h; = e; and h; = ye; + /1 — 72e,. Utilizing Lemma [7| we have

g1(7)* =4[|M(hy, hy)h; — M(=h;, hy)hylf;
=4 (Ex [a'(m)a’('yxl ++/1— 721‘2)%‘%} —E, [al(xl)al(—ym + 41— 72332)33?})2
+4 (Ex [ol(xl)a'(’ywl +4/1 - ’}/2502)IE1IIZ’2:| — Ex [0'(11)0’(77@ +4/1— 723:2):51172])2 (146)
=4 (/000 (F (11’}2,@) -F (—117295>> p(x)xzdaz> .

We plot g1 ()? in Figure

-1.00 -0.75 -0.50 -0.25 000 025 050 075 100 090 092 092 096 098 100
gamma gamma

Fig. 16: The plot of g1 (7).

Then, we consider the case where wwy = 0. In this case,

I, UTU,| I, STIVTXTD DXV, 2! (147)
ulu;, I, | [Z'VIXTD,D XV, X! I,
This implies that
V1 0 Id U{UQ V{ 0 £> Id 2M(W1, W2) (148)
0 V2 UgUl Id 0 Vg 2].V.[(W17 Wg) Id
On the other hand, we note that
vi o0
Ty1T 1
ViU (U U [ 0 VQT} (149)
=VIS'V,X"D; [D1XV 2] 'V DyXVoXE;'VI] 52 [M(hy,wi) M(hy,ws)].
We also have v 010w
1 Wil _ [vIis,Viw VT22V2W2:| P (W1
[ 0 VJ _WJ = [ BRen Ep]s [WJ : (150)
Therefore, we have the limit
-1 -1
) Id UP{UQ \7V1 P ) ) Id 21\/[(W17 W2) W1
U] [Ul U2:| |:U%"U1 Id \’IVVQ , — 2 [M(h]y Wl) M(h]a W2)] ZM(Wl, WQ) Id W2
Lemma 6 Suppose that w] wy = 0. Then, we have ¢1(0) = 1, ¢5(0) = 5= and c3(0) = 0. In other words, it follows that
1
M(Wl, WQ) = ZId + %(wlwg + w2Tw1) (151)
From Lemma [6 we can compute that
1, 2M(wq,wa)| 1, 1L+ L(wiwd + wow?) (152)
2M(W1, W2) I - %Id + %(Wlwg + WQW,{') I, ’
Suppose that
Iy i+ L(wiwl + wliwy)] [B _ W1 (153)
1L+ L (wiwl + wlwy) I, B2 wo|
Then, we note that
1 T T 1 T T
B+ 532 + 22 /62W1 + W;BQWQ = Wi, §ﬂ1 + 22 A1 wy 4 2 wa + 2 = Wa. (154)
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T T
This implies that 31, 82 € span{w1, wa}. Let [514 =A [le} , where A = [al’l al’z} . Then, the above linear system

ﬁz 2 a2,1 Aa22
reduces to 1 1
a1+ zag1 + —az2 =1,
2 T
1 1
ai2 + 502.2 + —O12 = 0,
. ) (155)
-a11+ —azq +az1 =0,
2 T
1 1
—a11 + za12 +agze =1
™ 2

We can solve that

-1 2 -1
1 1 1 1 1
ai = azz2 = ((1 +—-] - 4> (1 + 77) A2,1 = A1,2 = ((1 + W) - 4> 3" (156)
1

+1 1
In other words, we have A = I ) + N
Denote v, = hTW1 and o = %WQ As w1 wy = 0, we have '71 + ’yg < 1. Thus, we have
-1
Pt ) M) g,y ][
=M(w1,hj)(a1,1w1 + a1 2w2) + M(ws, h;) (a2, 1wy + az 2w2)
=ay1(c1(m) +yica(m1) + ea(y1))wi 4 2(ca(y1) +71c3(71))h;) (157

(
+ a12(2c2(71) W1 + c1(71)Wa + v2¢3(71)hy)
+ az,1(yic2(y1)wa + c1(v2) w1 + y1¢3(72)hy)
+az2(c1(72) + v2c2(72) + c3(v2) Wi + 2(c2(72) + Y2¢3(72))hy)).
Similarly, the norm of this quantity only depends on 7; and 5. Therefore, it is sufficient to consider w; = e,
wy = ez and h; = y1e; + €0 + Weg. In this case, we note that
M(w1,hj)(a1,1w1 + a1 2W2) + M(wa, hj)(ag w1 + a2 2w2)
Ey [U’(xl)al(%m + Y22 + m@))xﬂ
=a11 |Ex |0/ (21)0’ (M1 + 22 + /1 —7F — Y33) 7109
Ex |0 (z1)0’ (7121 + Y2m2 + /1 — 77 — y323) 2123
_Ex _Ul(xl)g/(’hfm + yex2 + /1 —9f — 7%553)%1@-
+a1z | Ex [0/(5101)0/(’71961 + 7222 + /1 =9 — 7%563)20%}
Ey »0'(1‘1)0’(7@1 + Yoxo + ml‘g)anJ?g,- (158)
[ Ex [U’(acg)a’(’ylxl + Yoxo + mxg)xﬂ
+ a2 |Ex >0'(I2)0/(’Y1$1 +y2re + /1 — 3 — vgxg)xlxg_

Ex |0/ (z2)0’ (V121 + yom2 + /1 — 73 — v3w3)m123

o' (z2)0’ (Mx1 + 2wz + /1 — 7] — Y3a3) 7122
+az | Ex [0/(@)‘7/(%&51 + 7272 + mmg)xg}
Ex [0/(372)0/(71901 + Y22 + mxg)mgxg}

Let F(z) and p(z) represent the CDF and pdf of N(0,1) respectively. We introduce two lemmas for computing the
expectations in ([158]).

Lemma 7 Suppose that v € [—1,1]. We have the following computations:

Ex [a'(m)a’(vxl ++/1 - vzmg)xﬂ = /000 (1 - F <_7fy2x>> p(x)a’dz,

1 _
’ ’ 2 1- '72
Ex [O‘ (x1)o' (yo1 + /1 —7 11,‘2).%'1.’132:| =

(159)
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Lemma 8 Suppose that v +v3 +v3 =1 and v3 > 0. Then, we have

\/1—
]E[O'/(.’El) (’)/1(171 + Yoo +73$3)$1$2 71'72 ’

E [0 (21)0" (1121 + Y2 + y313)23] = / h < /O & <1 _F (—w» p(zl)dzl) p(a2)addes,  (160)

oo V3
E [0/($1)U,(711'1 + Y22 + ’)/3$3)ZL‘2393] = %
2m (3 +13)
Denote v3 = y/1 — v — v3. Hence, we can compute that

M(w1, hj)(a1,1w1 + a1,9W2) + M(wa, hj) (a2 1w1 + a2 2w2)

(o o
’Yl oo o0 T1+7y2%2
=ai 1 1— 72 2|yl -+ a2 ffoo (IO (1 — F (—%)) p(:l,'l)dl‘l) p(ﬂ?g)$%d-’f2

1 |v2|v173
( ;711-)'73 271_(’»/:“%_"_’»13)3/2
I (57 (1= P (=22 ) ) plag)das ) plen)adday Viathal
+aga Viyihel +agg | [ <1 —F (——V—%x» p(w)z’de
[v1ly2vs | 2_72
2 (13 +43)"* %

(161)
Denote g2(71,72) = 2||[M(w1,hj)(a1,1W1 + a12W2) + M(wa, hj)(az1w1 + a2 2w2)||,. We numerically verify that
g2(71,72)? < 1 and it is maximized at (0,1) and (1,0).
We plot gg( 1,72)? in Flgure We note that go (71, v2)? is maximized at the boundary. Hence, we plot g2(cos 6, sin 6)
for 6 € [—%,27] in Figure |18 We note that gs(cos#,sin ) is maximized at = 0 or 6 = 7/2. Therefore, g (717 Y2) is
maximized at (0 1) and (1,0) and the optimal value is 1.

100

gafcosd, singf
= s
z I
2 ]

]
@

=
@
2

=
<

05 00 05 10 15 20 25
)

Fig. 17: The contour plot of Fig. 18: The plot of go(cos , sin 6)2.
g2(71,72)*.

C. Proof of Lemmaf]
PRrROOF Consider the rotation matrix P € R4*? such that Pw; = e; and Pwy = es. Then, we have
M(h;, h;)
=E[xx"T(x"h; > 0)I(x"h; > 0)]
=E[xx"I(x"PTPh; > 0)I(x"PTPh; > 0)] (162)
=P E[xx"1(x"Ph; > 0)I(x" Ph; > 0)|P
=P"M(Ph;, Ph,)P
where we write X = Px. Thus, it is sufficient to compute M(Ph;,Ph;) = M(e1, e2). We note that

Mi.2,1:2 0 }

M(ei, ez) = |: 0 E, [a’(xl)o'(zg)xg] Ty ol (163)

where M1:271:2 follows

[ Ex[0/(z1)0’ (z2)a}]  Ex[o'(z1)0’(z2)2122]| [
Mz = [Ex (0" (21)0" (@2)e122]  Ex [0 (21)0" (22)22] ] = ti

.J;h—t:‘lolr—t

] . (164)
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This implies that ¢;(0) = Ex [0/ (z1)0’(z2)23] = 1. We also note that

_ |u1(0) + u3(0) uz(0)
Mo 1.0 = { u2(0)3 u1(0) + U3(0)} .
0

Hence, we have ¢;(0) = 1, ¢2(0) = 5= and ¢3(0) =

D. Proof of Lemma[7
PROOF For the first equation, by integrating w.r.t. x5 first, we immediately obtain that

Ex [0’(x1)0’(vx1 ++/1 - %m)xﬂ = /000 (1 - F (—\/17_7721)) p(z)zid.

Note that

1—v
Therefore, we have
X1 A% 2
Ey [0’(1:1)0’(73:1 +4/1-— 7%2)1”13:2} = / e 20-9" p(z)xdx
0o V2m
[e'e} 2 A2
:i efﬁz zdr = 1-7 .
27 Jo 27

E. Proof of Lemmal[§
PROOF We can compute that

E [0’ (x1)0’ (121 + Y22 + Y323 > 0)2122]
:/ / / x129p(21)p(22)p(as)drydesdas
0 o ‘71w1+73r3

v2

(111 + y323)?

o0 oo 1
= — ——————"— | dz1dx3.
| ewtente) e (-0 e

0o 2
/ p($3) L exp ((’Ylﬂfl i ’Y3$3) > dSC3

273
L[> ( (r1z1 + y3w3)% — 7%95%) d
T3

Note that

T )L TP 243

1 (V3 +73)x3 + 213w w3 4 yiad d

Tor P 272 s
o0

2 2,2
2 2 Y173 2,.2 Y173 2
T3 — x x3 — T
(73 +72) ( 37 3252 1) RIS W - £ i
- 3

273

_ 2 2 dﬁcg

273

2 2 2
L ( (08 +3) (s - 20, ) + ikt

2
V1 2

:—eXp ——— 5 X .
V212 + 2 < 2(v3 +13) 1>

48

(165)

(166)

(167)

(168)

(169)

(170)
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Then, we have

<[ 1 (mz1 + ’Ys$3)2)
z1p(T T exp [ — dridx
/0 /_Oo 1(1)p( 3)\/5 p( 272 1dx3

_/OO & exp <_712x2 — ﬁ) x1dx
= 1
0 27r\/fy§ +’}/§ 2(7?% +’Y22) 2 (171)
<
2| ( 1 2)

= —————exp | ———5——-27 | 11dx

/o 2m\/7v3 + 72 203 +73)""
19 rary

2 /vy + 72 2

For the second equation, we note that

/

"Mz + Y2m2 + 73953)352]

/ / /m o sy D (23)a3dwadasda, -

L (o r ()

For the third equation, we have

x1 + 3%
Blo'(a1)o’Gus -+ 002+ sa)aass) = [ [ saploopton) e (- g, amy
Following the previous calculation, we can compute that
/OO 2ap(a) 1 eXp( (mr1 +7373)° + Y33)°
— oo V2T 2’)/2
I (73 +13) (373 e £ 771_:3,2 ?
=— exp | — dxs (174)
27 2v2
_ 172l ns
V2 /R + 3+
Therefore, we have
- 72| 7173 [v2lv17s
E o' (z1)0" (viz1 + oo + y323)T213] = r1p(x1)de, = ————————. 175
o VEET AR meh e

APPENDIX K
PROOFS IN SEcTION [V

A. Proof of Proposition[9
Proor We denote h; = W
n — oo, XTDiDjX converges in probability to

M(h;, h;) = Exopno1,) [xx" I(x"h; > 0)I(x"h; > 0)]. (176)

For simplicity, we can assume that ||h;||2 = 1. Hence, it follows that v = h’h;. As

According to Lemma 7 in [50], the above expectation takes the form
M(h;, hy) = e1(y)Ia + c2(7) (hihj +hjhi) + c3(y) (hih] + hyh7). (177)

Here ¢, c2, c3 are functions of 7. As n — 00, we note that X7D;X % Eyopo,1,)[I(xTh; > 0)xx’] = 1I,. Thus, as
n — 0o, we have
T 52| M(h;, hy)h]l, . (178)

According to the expression (177), we have
M(h;, hj)h; = (c1(v) +vea(v) + ea(v))hi + (c2(v) + ves(v))hy. (179)
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As ||h;llz = |[h;|lz = 1, the quantity [[M(h;,h;)h;||, only depends on v = hlh;. Denote g(y) = 4||M(h,»,hj)hi|\;.
Thus, we can simply consider h; = e; and h; = ye; + /1 — y2e3. According to Lemma |7, we can compute that

9(7)? =4 |M(h;, h;)h; |2

=4 (Ex [0”($1)0’l(’}/$1 +4/1— 7%2)@])2 +4 (Ex |:0'/($1)0'/(’}/J31 +4/1— 72$2)$1$2:| )2

—4 (/OOO (1 _F (—ﬁx)) p(x):r2dx>2 +4 <1 ;732)2.

We plot g()? as a function of 7 as follows.

(180)

1o 1.000

08 0995

06 0.990

aly?
(n?

04 0985

02 0.980

00 0975

Fig. 19: g(7)? as a function of .

APPENDIX L
NECESSARY CONDITION AND SUFFICIENT CONDITION OF THE NEURAL ISOMETRY CONDITION FOR RELU NETWORKS

For the recovery of single-neuron ReLLU network, we first present a necessary condition for the neural isometry
condition (NIC-1).
Definition 7 We say that a diagonal arrangement pattern D; € H satisfies the maximal condition if for all index
J € [p] and j # i, we have D;D; # D,;.
Lemma 9 A necessary condition for (NIC-1|) is that the matriz Dy« satisfies the maximal condition.
Then, we present a sufficient condition to ensure that the neural isometry condition (NIC-1f) holds.

Proposition 22 Suppose that D;« satisfies the mazximal condition. Assume that the planted neuron w* satisfies the
following conditions
o W* is the eigenvector corresponding to the largest eigenvalue of XTD X, i.e.,

XD Xw* |2 = [ XTDi X2 w2

o x]'w* >0 for alll € [n] satisfying (D) =1
Then, the NIC-1 given in (NIC-1f) holds.

Remark 6 The first condition on w* requires that w* lies in the eigenspace of X7 D;-X corresponding to its largest
eigenvalue. Combining with the maximal condition on D;«, the second condition on w* implies that w* lie in the
interior of the cone {w|(2D;- — L,)Xw > 0}.

A. Justification of the assumptions in Proposition[22

We justify the assumption on the planted neuron w* in Propositionfor the Gaussian mixture model. Let p, py €
R? and ¢ > 0. Suppose that n; of the n training samples follow N (1, 0%I4) and the rest of ny = n — n; training
samples follows follow N (py, 021,). Let w € {0,1}" be the vector defined by

{1, st. x; ~ N(py,0%1,),
4 =

181
0, s.t. X; ~ N (pg, 01g). (181)

2
(1—0) 11112

T
Proposition 23 Suppose that 02 > 0 and b =: —EiE2— < 1. With probability at least 1 — Nie i —

, ledll2lleezll2
_a=b)u2l3

Nae w2 | there exists i* € [p] such that D;» = diag(w).

Suppose that 6 € (0,1). From Proposition [23] for o < Vl*b“;j/{lﬂﬂl(\lz):\IW”Z}, with probability at least 1 — ¢, there
og( ¥
exists i* € [p] such that D;» = diag(w). The next question is whether this D;« also satisfies the maximal condition.
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Proposition 24 Suppose that there exists i* € [p| such that D;« = diag(w). Denote K™ = cone({x;|¢; = 1,i € [n]})
and K~ = cone({x;|q;i = —1,i € [n]}). Then, D;« satisfying the mazimal condition if and only if —K~ C int (K ™).

Finally, we show that the eigenvalue condition will hold for some specific planted neuron.

T
X1

Proposition 25 Let x,, = u+ 0z;, where z,, ~ N(0,I) forn =1,..., N. Suppose that § > 0. Denote X(1) = NS

T
X0,

R™ >4 Let w satisfy that |[w|z = 1 and || (X(l))TX(l)W”Q = | (X(l))TX(l)Hg. Then, with probability at least 1 — 4,

we have )

< c10, (182)

-
'«

w—
£l
where ¢; = ﬁl‘i”g2n“/210g(n1d/5)\|u||2 + 2dlog(n1d/d) is a constant depending on §.

The following proposition illustrates that for sufficiently small o, except for the maximal condition, all conditions in
Proposition 22] will hold with probability at least 1 — 4.

Theorem 13 Let 0 < 6 < 2exp(—d/8). Suppose that 0 < ¢ < min {1/(3201), m}, where ¢1 is a constant
defined in Propositz'on Then, there exists i* € P such that D; = diag(w) with probability at least 1 — 0. Let w*
satisfy that | XTD Xw*||o = || XTDy= X||2||w*||2. We also have (2D« — I)Xw* > 0 with probability at least 1 — §. By
further assuming that the cone condition in Proposition[24 holds, the neural isometry condition holds, i.e., the problem

@[) has a unique solution.

B. Proof of Lemma[9
PROOF Suppose that there exists D; such that D;«D; = D;« and D; # D;«. This implies that

X'D]D;X = X"D;D;-X = X"D;-X. (183)
Thus, we have
"XTD]TDiX(XTD,»*X)lv‘ik = HW =1 (184)
w2 lly Il w2 ][5

Thus, the irrepresentability condition (NIC-1f) is violated.

C. Proof of Proposition[23
PRrROOF Consider any j € [p] and j # i*. Let Z; = {l € [n]|(D;+)u—(D;)u > 0}. As D;+ satisfies the maximal condition,
we have D;D;- # D;-. This implies that Z; # @. Let k = |Z;|. Note that
X"DpX =X"D;D X + > xix] (185)
leT

For simplicity, we write w = ﬁ, A =XTD;.D,;X and B = Ezezj x;x}. Tt is sufficient to prove that

|A(A +B) 'w|, < 1. (186)
As w* is the eigenvector corresponding to the largest eigenvalue of A 4+ B, we have
(A +B)w = ||A + Bljyw, (187)
which also implies that ||A + Bl 'w = (A + B)~'w. Therefore, we have
I(A+B) 'wlz = [(A+B)3" (188)
As A, B are positive semi-definite, we have
[A+Bll2 > [|All2- (189)
This implies that
IA(A +B)"'wll2 < [|All2]|(A +B)'wlz = A2 A +BJ;" < 1. (190)

The equality holds if and only if ||A + B|l2 = ||A||2 and w is the eigenvector of the largest eigenvalue of A + B. Let
v = ||A + B2 = ||Al|2. Then, we have
(A +B)w = yw, Aw = yw, (191)

which implies that Bw = 0. Therefore, we have w/Bw = 0, or equivalently >, ez, xI'w=0. As x]'w > 0 for all k
satisfying (D;+)y; = 1, we have Zlte xI'w > 0, which leads to a contradiction.
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D. Proof of Proposition [23
_p ©
PROOF Let w = m — m We can compute that
pip
Iwig =2 -2 H1H2_ _ oy _yp)
e ll2llpa 2
This implies that |w|2 = 1/2(1 —b). Note that

T pi s
2

Similarly, we have

T
T K1 K2
HowW =
? ||H1||2

For index i € [n] such that ¢; = 1, we can write x; = p; + 0z;, where z; ~ N(0,1). We can compute that x; w =
piw +ozl'w = (1 —0b)||pu, |2 + 0zl w. According to the tail bound of Gaussian random variable, we have

T T (1 =0l 13 (1 =b)[lp 3
P(x;w <0)=P(oz; w < —(1 = b)[[p]]2) < exp <_202|w||§ =expl -5 )

— llpzlla = (1 = b)[lp2[l2 < 0.

which implies that

_ 2
P(xIw >0)>1—exp _ (=Dl .
402

Therefore, we have

1-b AR 1—b 3
P(xI'w > 0,Vi with ¢; = 1) > (1 —exp —M >1—njexp —M .
402 402

For index ¢ € [n] such that ¢; = 0, we can write x,, = u, + 02;. Similarly, we can compute that

1-b 2
P(xI'w < 0,Vi with y; = 0) > 1 — ngexp (—(4)||2M2”2> . (192)
o
In summary, we have
1-b 2 1-b 2
P((2¢c; — 1)xw > 0,Vi € [n]) > 1 —njexp (_(42‘2/11”2) — ng exp (—( 4()7”2”2”2> . (193)

Under the event {g;x!w > 0,Vi € [n]}, the diagonal arrangement pattern D;. induced by the vector w is exactly
diag(c). This completes the proof.

E. Proof of Proposition
PROOF Suppose that D;« satisfies the maximal condition. Then, for any w satisfying that
wlx; >0,Vi with ¢; = 1, (194)

we shall have wlz; < 0 for ¢; = 0. We note that the condition is equivalent to w € —(K™)°. Here (K1)° =:
{w|wlx < 0,vx € K*} is the polar cone of the cone K. We note that w’x; < 0 for ¢; = 0 implies that w €
int ((K~)°). Therefore, (KT)° C int ((K~)°). This is equivalent to —K~ C int (K ).

Suppose that —K~ C int (K*+). Then, we have (K*)° C int ((K~)°). This implies that for any w € R? satisfying
, we shall have wl'x; < 0 for ¢; = 0. Therefore, D;« satisfies the maximal condition.

F. Proof of Proposition
PrROOF We can write

X =1u” + 02, (195)
z{

where Z = | : | € R™*% and 1 € R™ is a vector of 1s. Each element of Z follows N(0,1). We note that the extreme
T

an
eigenvalue vector of (1pu™)T1uT = n2pu” is Thm- According to the tail bound of Gaussian random variable, with
probability at least 1 — §, we have

max |z ;| < +/2log(nid/9). (196)

i€[n1],j€[d]
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Denote E = {max;c[,,] jelq |2i,j] < /2log(nid/0)}. Conditioned on the event E, we have
lApD)TZ + ZT1u" + Z7Z| r < 24/21log(n1d/0)|| 1™ || + 2dlog(n1d/d) = 2n1+/2log(n1d/d) | w2 + 2dlog(n.d/d)

197
Let (X(l))T X® = VEVT be the eigenvalue decomposition. According the Weil’s theorem, we note that e
2l — o] < o (AT Z + Z7 1" + 272 5 < oco. (198)

The other eigenvalues o; of (X(l))T X ™) satisfies that
loi| <ol TZ 4+ 2T 14" + Z7Z)||F < oco. (199)

We note that "
(X)X 2l - o072+ 21047 4 2 2l

? (200)

>n?|pl3 - ol Z + ZT1p" + Z7Z|| e || pl2
=(?[|pll3 — oco)l| ll2-
As (X(l))TX(l)u =VEViy = Z?zl oivi(vlp), we have

o1|vipl >

d
VEV L =Y aivi(vip)
=2

d
T
= (XD) XD ulls = " aulw ul = (2|l ~ (d = Deoo)ulla. (201)
2 =2

Note that w = vy. This implies that

2 2
—(d-1
2]l n?|| |5 + coo
Note that
2 2dcyo
H n :2<1 ‘ T )S e < ei0, (203)
[ell2 1], n?||pll3 + coo

where we let ¢; = —29% .. This completes the proof.
n?{|pll3

G. Proof of Theorem[I3
PROOF Denote w* = ”v‘;"i“z According to Proposition there exists a constant ¢; > 0 such that w* satisfies that

2

A~ x [
-7l <ao (204)
l[ell2 1]
with probability at least 1 — §/2. For o < m, the events
ollzll2 < [pll2/2, (205)

holds with probability at least 1 — d/(2n) respectively for all ¢ € [n]. Denote E = {o]|z;||2 < ||p|l2/2, Vi € [n]}. Then,
P(E) > 1—§/4. For indices ¢ € [n] such that ¢; = 1, conditioned on E, we have o ’zT - ‘ < |ltll2/2 and

[ell2
T\ >x L | S o> T M,
x; W > > X; ve|xilla = [[pllz + oz, Ve pllz >0 (206)
Hullz mllz ll; el el
Here we utilize that o < 55-. Similarly, for indices i € [n] such that ¢; = —1, conditioned on FE, we have o ZT” :\Iz <
l[ell2/2 and
xTw <xT - + /o |xil|2xT —pllz — ozl T+ 2/Ea |2 < 0.
HNH leell2 fly Hullz [lgll2 || ||u||
(207)

This implies that (2D;« — I)XW* > 0. Overall, for sufficiently small @ > 0, the event (2D;« — I)XWw* > 0 holds with
probability at least
1-6/2-5/2=1-5. (208)

=:Cp-
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H. Numerical verification

In this subsection, we numerically verify Proposition We take n = 100,n; = ny = 50 and d = 20, 40, 60, 80, and
test for three types of pq, pts.

oy =14, py =—14.

o [bq, o ~ N(O,Id).

o By py ~USTH.
For each d, we compute the probability that the diagonal arrangement pattern induced by the vector w = ”:ﬁ — H:ﬁ
equals to diag(w) for o in a certain range. For each o, we establish 5000 independent trials to compute the probability.
The S-shaped curves shown in Figure [20| correspond with formulation of the lower bound given in Proposition

—— d=20

1.0 4 1.0 1

0.8 0.8
206 206
= 3
3 3
8 8
& 04 £ 0.4

0.2 d=20 0.2

d =40
0.0 d=560 0.0 4
. —— d =80 )
: ! ! ! ! ! ! ! : : : ! : :
0.2 0.4 0.6 0.8 1.0 12 1.4 0.2 0.4 0.6 0.8 1.0 12 14
a o
(a) py =1g, py = -1y (b) ey, g ~ N(0,Zy)

—— d=20
10+

0.8 1

Probability
o
[=2]

|

o
=
L

0.2 4

0.0 4

(€) s pg ~UEEL)

Fig. 20: The probability that the statement in Proposition [23| holds over 5000 independent trials.

APPENDIX M
ADDITIONAL NUMERICAL EXPERIMENTS
In this section, we present additional numerical results mentioned in Section [VII} These results serve as a complement

to our main numerical results.

A. ReLU networks with skip connection

In Figure [6] we show phase transition graph for the probability of successful recovery of the planted linear neuron
by solving the group ¢;-minimization problem when the planted neuron w* is randomly generated from A (0,1,).
In Figure 2I] below, we find similar results when the planted neuron w* is the smallest right singular vector of X.
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n

(a) Gaussian

1.0

0.0

n

(c) Haar

Fig. 21: The probability of successful recovery of the planted linear neuron by solving the group ¢;-minimization
problem over 5 independent trials. The black lines represent the boundaries of successful recovery with probability

10

0.0

n

(b) Cubic Gaussian

n

(d) Cubic Gaussian + whitened

1. Here the planted neuron w* is the smallest right singular vector of X.

In Figure m we show phase transition graph for absolute distance by solving the group ¢;-minimization problem
derived from training ReLU networks with skip connection. In Figure 22] below, we find similar pattern of the phase

transition.

200
n

(a) o = O(noiseless)

0.0

10

0.0

(b) ¢ =0.05

T T T T 1
50 100 150 200 250 300 350 400
n

10

0.0
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0.0

n n

(¢) o=0.1 (d) 0 =0.2

Fig. 22: Averaged test distance by solving the group ¢;-minimization problem derived from training ReLLU networks
with skip connection over 5 independent trials.

As a complement to Figure [8] we study the generalization property of ReLU networks with skip connections using
convex training methods. We solve the following regularized training problem with small regularization parameter
B =107 as an approximation of the minimal-norm problem .

2

. P
{min,}P XWO+ZDjX (WJ_W;’) —y| 8 ||WO||2+Z<||Wj||2+ HW3H2> ’
W0, Wi W j=1 j=1 2

st. (2D; —IL,)Xw; > 0,(2D; — L,)Xw) > 0,5 € [p].

(209)

Jj=1

Then we compute the corresponding absolute distance and test distance. The results shown in Figures 23] and 24] have
the same sharp n = 2d boundary of the red region. This validates Proposition [I} Namely, the recovery of the group
¢1-minimization problem implies the recovery of the convex program .

0.0 A a_ — ‘“ 0.0
50 100 150 200 250 300 350 400
n n

(a) o = O(noiseless) (b) o =0.05
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Fig. 23: Averaged absolute distance to the planted linear neuron by solving the convex regularized training problem
(209) for ReLLU networks with skip connection over 5 independent trials.

0.0 0.0

200
n

(a) o = O(noiseless) (b) 0 =0.05

0.0 == = 0.0
50 100 150 200 250 300
n n
(¢) c=0.1 (d) o =0.2

Fig. 24: Averaged test distance by solving the convex regularized training problem (209) for ReLLU networks with skip
connection over 5 independent trials.

B. ReLU networks with normalization layer

We first present the phase transition graph for successful recovery of the planted normalized ReLU neuron by solving
the group ¢;-minimization . Analogous to Section [VII-A we compute the recovery rate for d ranging from 10 to
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100 and n ranging from 10 to 400 and establish 5 independent trials for each pair of (n,d). Here each element x; ;
of the dataset X € R"*? is i.i.d. random variable following N(0,1/n). The planted neuron w* is randomly generated
from N (0,1,).

1.0

0.0

n

Fig. 25: The probability of successful recovery of the planted normalized ReLU neuron by solving the group #i-
minimization problem over 5 independent trials. The black line represents the boundaries of successful recovery
with probability 1. Here the planted neuron w* is randomly generated from A (0,1,).

The second part is phase transition under noisy observation, i.e., y = TXwiTs Xw*)+|\ + z, where z ~ N(0,02/n). T
Figure we focus on absolute distance, which is defined as the ¢y distance between the optimal solution w;- and w*
A sharp n = 2d boundary can be observed from the phase transition graphs, which corresponds with Theorem |11 .

0.0

n n

(a) o = O(noiseless) (b) o =0.05
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10 10
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02 02
204 &
0.0 10 ; . : T . - . { 0.0
50 100 150 200 250 300 350 400
n n
(¢) o =0.1 (d) 0 =0.2

Fig. 26: Averaged absolute distance to the planted normalized ReLLU neuron by solving the group ¢;-minimization
problem from training ReLLU networks with normalization layer over 5 independent trials.
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In the third part, we study the generalization property of ReLU networks with normalization layer using both
the convex and non-convex training procedures. For the non-convex training procedure, we minimize the regularized
training objective with small regularization parameter 3 = 1075 to approximate the minimal-norm problem (13).

2
/4 p
min S0 (wi = w)) =y 48D (Iwsll, + [[wl,) (210)
{Wj’wj}jzl j=1 N j=1
st. (2D; —I1,)XVIZ 'w; > 0,(2D; — 1,)XVIZ'w) > 0,5 € [p],

Then we compute the corresponding absolute distance. The phase transition graphs are shown in Figure [27] We can
also observe a sharp n = 2d transition similar to the group ¢;-minimization .

0.0

n n

(a) o = O(noiseless) (b) o =0.05

100 -

10 10
90 4

08 80 0.8
70

0.6 60 0.6

© o

50

0.4 0.4
40 !
30 i

02 02
20{ &

0.0 10 0.0

T T T T T T T 1
50 100 150 200 250 300 350 400
n n

(¢) o=0.1 (d) 0 =0.2

Fig. 27: Averaged absolute distance by training ReLU networks with normalization layer on the regularized convex
problem @ over 5 independent trials.

For nonconvex training method, we solve the regularized non-convex training problem @ with the same setting as
Section [VIIZA] We set the number of neurons to be m = n + 1 and train the ReLU neural network with normalization
layer for 400 epochs. We use the AdamW optimizer with weight decay 8 = 107%. We note that the nonconvex training
may still reach local minimizers. Thus, the absolute distance do not show clear phase transition as the convex training.
However, the transitions of test error generally follow the patterns of the group ¢;-minimization problem. In Figure
we show that the test error increases as n/d increases, and the rate of increase becomes sharp around n = 2d (the
boundary of orange region).
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Fig. 28: Averaged test error by training ReL U networks with normalization layer on the regularized non-convex problem

@ over 10 independent trials.

C. Multi-neuron recovery

In this subsection, we present further numerical results on the recovery of ReLU networks with normalization layer
when the label vector is the combination of several normalized ReLU neurons. Readers can refer to the details of the

experiments in Section [VII-B] and Appendix [M-B]

We first show phase transition graphs for successful recovery of the planted normalized ReLU neurons. We compute
the recovery rate for d ranging from 10 to 80 and n ranging from 10 to 400 and establish 5 independent trials for each

pair of (n,d).
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(a) k=2, wi=w*, wj =—w*, w*~U((S")

Fig. 29: The probability of successful recovery

ReLU neurons.
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of the planted normalized ReLU neurons by solving the group /¢;-
minimization problem over 5 independent trials. The label vector y is the combination of several normalized

The second part is noisy observation model. In Figure[9, we show the phase transition graph when the planted neurons
satisfy wi = w*, wj = —w*, w* ~U(S""!). In Figure |30} and below, we show results when w}, wh ~ U(S"~1),

wi =e;, wh =ey and w] = e;(i = 1,2, 3), respectively.
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Fig. 30: Averaged absolute distance to the planted normalized ReLU neurons by solving the group ¢;-minimization
problem from training ReLU networks with normalization layer over 5 independent trials. Here we set k = 2
planted neurons which satisfy wi, w3 ~ U(S"1).
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Fig. 31: Averaged absolute distance to the planted normalized ReLLU neurons by solving the group ¢;-minimization
problem from training ReLU networks with normalization layer over 5 independent trials. Here we set k = 2
planted neurons which satisfy wi = e;, wj = es.
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10

Fig. 32: Averaged absolute distance to the planted normalized ReLLU neurons by solving the group ¢;-minimization
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problem from training ReLU networks with normalization layer over 10 independent trials. Here we set k = 3
planted neurons which satisfy w} = e;(i = 1,2, 3).

In the third part, we directly study the generalization property of ReLU networks with normalization layer using
non-convex training methods. We note that the transitions of test error generally follow the patterns of the group

¢1-minimization problem, analogous to our observation in Appendix [M-B}
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Fig. 33: Averaged test error by training ReL U networks with normalization layer on the regularized non-convex problem
(6) over 10 independent trials. Here we set k = 2 planted neurons which satisfy wj = w*, w3 = —w*, w* ~U(S"7!).
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Fig. 34: Averaged test error by training ReLLU networks with normalization layer on the regularized non-convex problem
(6) over 10 independent trials. Here we set k = 2 planted neurons which satisfy w}, wj ~ U (S"~1).
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Fig. 35: Averaged test error by training ReLU networks with normalization layer on the regularized non-convex problem
@ over 10 independent trials. Here we set k = 2 planted neurons which satisfy wi = e;, wh = e,.
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Fig. 36: Averaged test error by training ReL U networks with normalization layer on the regularized non-convex problem
@ over 10 independent trials. Here we set k = 3 planted neurons which satisfy w; = e;(i = 1,2, 3).

D. Ablation study with respect to the number of neurons in NN

In this subsection, we solve the regularized non-convex training problem (@ with more neurons in the NN. According
to Theorem 1 in [2], for all m > m*, the convex program @ and the non-convex problem have identical optimal
values. Furthermore, it is indicated in the paper that m* < n + 1. Therefore, this experiment serves as a complement
of Figure [§] and implies that setting m = n + 1 neurons in the NN is sufficient to support our theorem.

We run additional training processes with the following settings. The training data is noiseless. We apply the AdamW
optimizer with weight decay 8 = 107%. Then we compute the averaged test error for d ranging from 10 to 100 and n
ranging from 10 to 400 and establish 10 independent trials for each pair of (n,d).

Number of neurons m | Number of training epochs | Learing rate
m = 2n 600 5e-b
m = 5n 1000 2e-5
m = 10n 2000 5e-6

Numerical results show that the transitions of test error generally follow the patterns of the group ¢;-minimization
problem, and increasing the number of neurons in the NN does not affect these patterns.
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Fig. 37: Averaged test error by training ReLLU networks with skip connection and with different number of neurons on
the regularized non-convex problem @ over 10 independent trials.
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