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Abstract

Deep learning methods operate in regimes that defy the traditional statistical mindset. The neural
network architectures often contain more parameters than training samples, and are so rich that they
can interpolate the observed labels, even if the latter are replaced by pure noise. Despite their huge
complexity, the same architectures achieve small generalization error on real data.

This phenomenon has been rationalized in terms of a so-called ‘double descent’ curve. As the model
complexity increases, the generalization error follows the usual U-shaped curve at the beginning, first
decreasing and then peaking around the interpolation threshold (when the model achieves vanishing
training error). However, it descends again as model complexity exceeds this threshold. The global
minimum of the generalization error is found in this overparametrized regime, often when the number
of parameters is much larger than the number of samples. Far from being a peculiar property of deep
neural networks, elements of this behavior have been demonstrated in much simpler settings, including
linear regression with random covariates.

In this paper we consider the problem of learning an unknown function over the d-dimensional sphere
S*71, from n i.i.d. samples (zi,y;) € S xR, i < n. We perform ridge regression on N random features
of the form a(waTrc), a < N. This can be equivalently described as a two-layers neural network with
random first-layer weights. We compute the precise asymptotics of the generalization error, in the limit
N,n,d — co with N/d and n/d fixed. This provides the first analytically tractable model that captures
all the features of the double descent phenomenon. In particular, in the high signal-to-noise ratio regime,
minimum generalization error is achieved by highly overparametrized interpolators, i.e., networks that
have a number of parameters much larger than the sample size, and vanishing training error.
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1 Introduction

Statistical lore recommends not to use models that have too many parameters since this will lead to ‘overfit-
ting’ and poor generalization. Indeed, a plot of the generalization error as a function of the model complexity
often reveals a U-shaped curve. The generalization error first decreases because the model is less and less bi-
ased, but then increases because of a variance explosion [HTF09]. In particular, the interpolation threshold,
i.e., the threshold in model complexity above which the training error vanishes (the model completely inter-
polates the data), corresponds to a large generalization error. It seems wise to keep the model complexity
well below this threshold in order to obtain a small generalization error.

These classical prescriptions are in stark contrast with the current practice in deep learning. The number
of parameters of modern neural networks can be much larger than the number of training samples, and the
resulting models are often so complex that they can perfectly interpolate the data. Even more surprisingly,
they can interpolate the data when the actual labels are replaced by pure noise [ZBH"16]. Despite such
a large complexity, these models have small generalization error and can outperform others trained in the
classical underparametrized regime.

This behavior has been rationalized in terms of a so-called ‘double-descent’ curve [BMM18, BHMM18]. A
plot of the generalization error as a function of the model complexity follows the traditional U-shaped curve
until the interpolation threshold. However, after a peak at the interpolation threshold, the generalization



error decreases, and attains a global minimum in the overparametrized regime. In fact the minimum error
often appears to be ‘at infinite complexity’: the more overparametrized is the model, the smaller is the
error. It is conjectured that the good generalization behavior in this highly overparametrized regime is due
to the implicit regularization induced by gradient descent learning: among all interpolating models, gradient
descent selects the simplest one, in a suitable sense. An example of double descent curve is plotted in Fig. 1.
The main contribution of this paper is to describe a natural, analytically tractable model leading to this
generalization curve, and to derive precise formulae for the same curve, in a suitable asymptotic regime.
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Figure 1: Random features ridge regression with ReLU activation (¢ = max{x,0}). Data are generated via
yi = (B1,x;) (zero noise) with ||31]|3 = 1, and ¢ = n/d = 3. Left frame: regularization A = 107% (we
didn’t set A = 0 exactly for numerical stability). Right frame: A = 1073. The continuous black line is our
theoretical prediction, and the colored symbols are numerical results for several dimensions d. Symbols are
averages over 20 instances and the error bars report the standard deviation over these 20 instances.

The double-descent scenario is far from being specific to neural networks, and was instead demonstrated
empirically in a variety of models including random forests and random features models [BHMM18]. Recently,
several elements of this scenario were established analytically in simple least square regression, with certain
probabilistic models for the random covariates [AS17, HMRT19, BHX19]. These papers consider a setting
in which we are given i.i.d. samples (y;, z;) € R x R% i < n, where y; is a response variable which depends
on covariates x; via y; = (3, ;) + ;, with E(g;) = 0 and E(¢?) = 72; or in matrix notation, y = X3 + €.
The authors study the generalization error of ‘ridgeless least square regression’ B = (XTX)'XTy, and use
random matrix theory to derive its precise asymptotics in the limit n,d — oo with d/n = ~ fixed, when
x; = BY22, with z; a vector with i.i.d. entries.

Despite its simplicity, this random covariates model captures several features of the double descent sce-
nario. In particular, the asymptotic generalization curve is U-shaped for 7 < 1, diverging at the interpolation
threshold v = 1, and descends again after that threshold. The divergence at v = 1 is explained by an ex-
plosion in the variance, which is in turn related to a divergence of the condition number of the random
matrix X. At the same time, this simple model misses some key features that are observed in more complex
settings: (i) The global minimum of the generalization error is achieved in the underparametrized regime
v < 1, unless ad-hoc misspecification structure is assumed; (i7) The number of parameters is tied to the
covariates dimension d and hence the effects of overparametrization are not isolated from the effects of the
ambient dimensions; (#ii) Ridge regression, with some regularization A > 0, is always found to outperform
the ridgeless limit A — 0. Moreover, this linear model is not directly connected to actual neural networks,
which are highly nonlinear in the covariates ;.

In this paper we study the random features model of Rahimi and Recht [RR08]. The random features
model can be viewed either as a randomized approximation to kernel ridge regression, or as a two-layers
neural networks with random first layer wights. We compute the precise asymptotics of the generalization
error and show that it reproduces all the qualitative features of the double-descent scenario.



More precisely, we consider the problem of learning a function f; € L? (Sd_l(\/(j)) on the d-dimensional
sphere. (Here and below S%~1(r) denotes the sphere of radius 7 in d dimensions, and we set 7 = v/d without
loss of generality.) We are given ii.d. data {(;,y:)}i<n ~iid Pa,y, where &; ~iiq Unif (S4~*(v/d)) and
yi = fa(x;) + &i, with g; ~;;q4 P, independent of x;. The noise distribution satisfies E.(e1) = 0, E.(¢2) = 72,
and E.(e}) < co. We fit these training data using the random features (RF) model, which is defined as the
function class

Far(©) = {ma@ Zal (6, ) /Vd) : aieRVie[N]}. (1)

Here, ® € RV*4 is a matrix whose i-th row is the vector 6;, which is chosen randomly, and independent of
the data. In order to simplify some of the calculations below, we will assume the normalization ||0;]|2 = v/d,
which justify the factor 1/4/d in the above expression, yielding (0i,x;)/ V/d of order one. As mentioned
above, the functions in Frp(©) are two-layers neural networks, except that the first layer is kept constant.
A substantial literature draws connections between random features models, fully trained neural networks,
and kernel methods. We refer to Section 3 for a summary of this line of work.

We learn the coefficients a = (a;);<n by performing ridge regression

a(\) = argmin 1 Z ( Zal (0;,x;) /f))2 + NT)\ lal ;. (2)

N
acR ] 1

The choice of ridge penalty is motivated by the connection to kernel ridge regression, of which this method
can be regarded as a finite-rank approximation. Further, the ridge regularization path is naturally connected
to the path of gradient flow with respect to the mean square error Y, (y; — f(z;; @, ©))?, starting at @ = 0.
In particular, gradient flow converges to the ridgeless limit (A — 0) of a()), and there is a correspondence
between positive A, and early stopping in gradient descent [YRCO07].

We are interested in the generalization error (which we will occasionally call ‘prediction error’ or ‘test
error’), that is the mean square error on predicting f4(z) for  ~ Unif(S?~'(v/d)) a fresh sample independent
of the training data X = (x;)i<n, noise € = (¢;);<n, and the random features © = (0,),<n:

Rie (/2. X.0.3) = E, [ (fulw) - f(a:a(1).©))] Q

Notice that we do not take expectation with respect to the training data X, the random features ® or the
data noise €. This is not very important, because we will show that Rgr(fa4, X,0, ) concentrates around
the expectation Rrp(fa, A\) = Ex @ cRrr(fa, X, ©,A). We study the following setting

e The random features are uniformly distributed on a sphere: (6;);<n ~iia Unif(S*(/d)).

e N,n,d lie in a proportional asymptotics regime. Namely, N,n,d — oo with N/d — ¢, n/d — 1)y for
some ¢y, 6 € (0, 00).

e We consider two models for the regression function fg: (1) A linear model: fy(x) = Bao + (Ba1,x),
where 841 € R? is arbitrary with ||841]|3 = FZ; (2) A nonlinear model: fy(x) = Bao + (Ba1,x) +

"(x) where the nonlinear component f)"(x) is a centered isotropic Gaussian process indexed by

x € S¥1(Vd).

(Note that the linear model is a special case of the nonlinear one, but we prefer to keep the former
distinct since it is purely deterministic.)

Within this setting, we are able to determine the precise asymptotics of the generalization error, as an ex-
plicit function of the dimension parameters 1)1, 12, the noise level 72, the activation function o, the regulariza-
tion parameter \, and the power of linear and nonlinear components of f4: FZ and F2 = limg_,o E{ fgL(w)Q}.
The resulting formulae are somewhat complicated, and we defer them to Section 4, limiting ourselves to give
the general form of our result for the linear model.



Theorem 1. (Linear model, formulas omitted) Let o : R — R be weakly differentiable, with o’ be a weak
derivative of 0. Assume |o(u)], |0’ (u)] < coe ¥l for some constants cy,c; < 0o. Define the parameters pg,
U1, tw, C, and the signal-to-noise ratio p € [0, 0], via

po =Elo(@)], wm =E[Go(G)], ul=Elo(G)?]—ui—pi, C(=pi/ui, p=F/, (4

where expectation is taken with respect to G ~ N(0,1). Assume po, p1, s 7# 0.
Then, for fq linear, and in the setting described above, for any A > 0, we have

RRF(fda Xa 67 >‘) = (F12 + 7—2) %(p7 Ca 1/}17 ¢27 A/.”“E) + Od,P(l) ) (5)
where Z(p, C, 1,2, \) is explicitly given in Definition 1.

Section 4.1 also contains an analogous statement for the nonlinear model.

Remark 1. Asusual, we can decompose the risk Rrp (fa, X, @, ) = || fa—f|2. (where f(x) = f(z;a()), ®))
into a variance component || f — Ee(f)||%27 and a bias component || f4 — IEE(f)||%2 The asymptotics of the
variance component was computed already in [HMRT19, Section 7).

As it should be clear from the next sections, computing the full generalization error requires new technical
ideas, and leads to new insights.

Remark 2. Theorem 1 and its generalizations stated below require A > 0 fixed as N, n,d — co. We can then
consider the ridgeless limit by taking A — 0. Let us stress that this does not necessarily yield the prediction
risk of the min-norm least square estimator that is also given by the limit a(0+) = limy_,o a()\) at N,n,d
fixed. Denoting by Z = ¢(X®T /v/d)/+/d the design matrix, the latter is given by a(0+) = (Z7Z)" ZTy/V/d.
While we conjecture that indeed this is the same as taking A — 0 in the asymptotic expression of Theorem
1, establishing this rigorously would require proving that the limits A — 0 and d — oo can be exchanged.
We leave this to future work.

Figure 1 reports numerical results for learning a linear function fy(x) = (81, ), ||B1]3 = 1 with E[?] =0
using ReLU activation function o(z) = max{z,0} and 15 = n/d = 3. We use minimum ¢y-norm least squares
(the X — 0 limit of Eq. (2), left figure) and regularized least squares with A = 1073 (right figure), and plot
the generalization error as a function of the number of parameters per dimension 11 = N/d. We compare
the numerical results with the asymptotic formula (oo, ¢, 11,2, A\/u?). The agreement is excellent and
displays all the key features of the double descent phenomenon, as discussed in the next section.

The rest of the paper is organized as follows:

e In Section 2 we summarize the main insights that can be extracted from the asymptotic theory, and
illustrate them through plots.

e Section 3 provides a succinct overview of related work.
e Section 4 contains formal statements of our main results.

e Finally, in Section 5 we present the proof of the main theorem. The proofs of its supporting propositions
are presented in the appendices.

2 Results and insights: An informal overview

Before explaining in detail our technical results —which we will do in Section 4- it is useful to pause and
describe some consequences of the exact asymptotic formulae that we establish. Our focus here will be on
insights that have a chance to hold more generally, beyond the specific setting studied here.

Bias term also exhibits a singularity at the interpolation threshold. A prominent feature of the double descent
curve is the peak in generalization error at the interpolation threshold which, in the present case, is located at
11 = 9. In the linear regression model of [AS17, HMRT19, BHX19], this phenomenon is entirely explained
by a peak (that diverges in the ridgeless limit A\ — 0) in the variance of the estimator, while its bias is
completely insensitive to this threshold.
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Figure 2: Analytical predictions for the generalization error of learning a linear function fyq(x) = (81, x)
with [|31]3 = 1 using random features with ReLU activation function o(x) = max{z,0}. Here we perform
ridgeless regression (A — 0). The signal-to-noise ratio is ||31]|3/72 = p = 2. In the left figure, we plot the
test error as a function of ¢y = N/d, and different curves correspond to different sample sizes (¢ = n/d). In
the right figure, we plot the test error as a function of 19 = n/d, and different curves correspond to different
number of features (1 = N/d).
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Figure 3: Analytical predictions for the generalization error of learning a linear function fy(x) = (81, ) with
8113 = 1 using random features with ReLU activation function o(z) = max{z,0}. The rescaled sample
size is fixed to n/d = 15 = 10. Different curves are for different values of the regularization A. On the left:
high SNR ||31]]3/72 = p = 5. On the right: low SNR p = 1/5.

In contrast, in the random features model studied here, both variance and bias have a peak at the
interpolation threshold, diverging there when A\ — 0. This is apparent from Figure 1 which was obtained
for 72 = 0, and therefore in a setting in which the error is entirely due to bias. The fact that the double
descent scenario persists in the noiseless limit is particularly important, especially in view of the fact that
many machine learning tasks are usually considered nearly noiseless.

Optimal generalization error is in the highly overparametrized regime. Figure 2 (left) reports the predicted
generalization error in the ridgeless limit A — 0 (for a case with non-vanishing noise, 72 > 0) as a function
of ¢ = N/d , for several values of ¢ = n/d. Figure 3 plot the predicted generalization error as a function



of v, for fixed 1), several values of A > 0, and two values of the SNR. We repeatedly observe that: (i) For
a fixed A\, the minimum of generalization error (over 1) is in the highly overparametrized regime t; — oo;
(74) The global minimum (over A and 1) of generalization error is achieved at a value of A that depends on
the SNR, but always at 11 — oo; (¢i7) In the ridgeless limit A\ — 0, the generalization curve is monotonically
decreasing in 1 when 17 > 9.

To the best of our knowledge, this is the first natural and analytically tractable model in which large
overparametrization is required to achieve optimal prediction.
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Figure 4: Analytical predictions for the generalization error of learning a linear function fy(x) = (81, ) with
|B1]13 = 1 using random features with ReLU activation function o(x) = max{xz,0}. The rescaled sample
size is fixed to ¥9 = n/d = 10. Different curves are for different values of the number of neurons 1, = N/d.
On the left: high SNR ||81]|2/72 = p = 5. On the right: low SNR p = 1/10.

Non-vanishing regularization can hurt (at high SNR). Figure 4 plots the predicted generalization error as a
function of A, for several values of 11, with 15 fixed. The lower envelope of these curves is given by the curve
at ¢ — oo, confirming that the optimal error is achieved in the highly overparametrized regime. However
the dependence of this lower envelope on A changes qualitatively, depending on the SNR. For small SNR,
the global minimum is achieved as some A > 0: regularization helps. However, for a large SNR the minimum
error is achieved as A — 0. The optimal regularization is vanishingly small.

Highly overparametrized interpolators are statistically optimal at high SNR. This is a restatement of the last
points. Notice that, in the overparametrized regime, the training error vanishes as A\ — 0, and the resulting
model is a ‘near-interpolator’. (We cannot prove it is an exact interpolator because here we take A — 0 after
d — 00.) In the high-SNR regime of Figure 4, left frame, this strategy —namely, extreme overparametrization
11 — 00, and interpolation limit A — 0— yields the globally minimum generalization error.

Following Remark 2, we expect the minimum-¢5 norm interpolator also to achieve asymptotically mini-
mum error.

3 Related literature

A recent stream of papers studied the generalization behavior of machine learning models in the interpolation
regime. An incomplete list of references includes [BMM18, BRT18, LR18, BHMM18, RZ18|. The starting
point of this line of work were the experimental results in [ZBH™ 16, BMM18], which showed that deep neural
networks as well as kernel methods can generalize even if the prediction function interpolates all the data.
It was proved that several machine learning models including kernel regression [BRT18] and kernel ridgeless
regression [LR18] can generalize under certain conditions.

The double descent phenomenon, which is our focus in this paper, was first discussed in general terms
n [BHMMI18]. The same phenomenon was also experimentally observed in [AS17, GJST19]. Analytical



predictions confirming this scenario were obtained, within the linear regression model, in two concurrent
papers [HMRT19, BHX19]. In particular, [HMRT19] derives the precise high-dimensional asymptotics of
the generalization error, for a general model with correlated covariates. On the other hand, [BHX19] gives
exact formula for any finite dimension, for a model with i.i.d. Gaussian covariates. The same papers also
compute the double descent curve within other models, including over-specified linear model [HMRT19], and
a Fourier series model [BHX19]. As mentioned in the introduction, the simple linear regression models of
[HMRT19, BHX19] do not capture all the qualitative features of the double descent phenomenon in neural
networks, and most notably the observation that highly overparametrized models outperform other models
trained in a more classical regime. The closest result to ours is the calculation of the variance term in the
random features model in [HMRT19]. Bounds on the generalization error of overparametrized linear models
were recently derived in [MVS19, BLLT19].

The random features model has been studied in considerable depth since the original work in [RRO08]. A
classical viewpoint suggests that Frr(®) should be regarded as random approximation of the reproducing
kernel Hilbert space Fg defined by the kernel

H(z,2') = By e (vay o (@, 0)/Vd)o((a',0)/Vd)]. (6)
Indeed Frp(©) is an RKHS defined by the following finite-rank approximation of this kernel

1

Hy(z,2') = NZ0(<m79i>/\/3)0(<w’,9i>/\/&)~ (7)

i=1

The paper [RR08] showed the pointwise convergence of the empirical kernel Hy to H. Subsequent work
[Bac17b] showed the convergence of the empirical kernel matrix to the population kernel in terms of operator
norm and derived bound on the approximation error (see also [Bacl3, AM15, RR17] for related work).

The setting in the present paper is quite different, since we take the limit of a large number neurons
N — o0, together with large dimension d — co. It is well-known that approximation using ridge functions
suffers from the curse of dimensionality [DHMS89, Bac17a, VW18, GMMM19]. The recent paper [GMMM19]
studies random features regression in a setting similar to ours, in the population limit n = oo, but with
N scaling as a general polynomial of d. It proves that, if N = O4(d**'=%) (for some § > 0) then the
random features model can only fit the projection of the true function f; onto degree-k polynomials. Here,
we consider N,n = Og4(d), and therefore [GMMM19] implies that the generalization error of the random
features model is lower bounded by the population risk achieved by the best linear predictor. The present
results are of course much more precise (albeit limited to the proportional scaling) and indeed we observe
that the nonlinear part of the function f; effectively increases the noise level.

The relation between neural networks in the overparametrized regime and kernel methods has been
studied in a number of recent papers. The connection between neural networks and random features models
was pointed out originally in [Nea96, Wil97] and has attracted significant attention recently [HJ15, MRHT 18,
LBNT17, NXB*18, GAAR18|. The papers [DFS16, Dan17] showed that, for a certain initialization, gradient
descent training of overparametrized neural networks learns a function in an RKHS, which corresponds to
the random features kernel. A recent line of work [JGH18, LL18, DZPS18, DLLT18, AZLS18, AZLLI1S,
ADHT19, ZCZG18, 0S19] studied the training dynamics of overparametrized neural networks under a second
type of initialization, and showed that it learns a function in a different RKHS, which corresponds to
the “neural tangent kernel”. A concurrent line of work [MMNI18, RVE18, CB18b, SS19, JMM19, Ngul9,
RIBVE19, AOY19] studied the training dynamics of overparametrized neural networks under a third type of
initialization, and showed that the dynamics of empirical distribution of weights follows Wasserstein gradient
flow of a risk functional. The connection between neural tangent theory and Wasserstein gradient flow was
studied in [CB18a, DL19, MMM19].

From a technical viewpoint, our analysis uses techniques from random matrix theory. In particular, we
use leave-one-out arguments to derive fixed point equations for the Stieltjes transform of certain spectral
distributions. The general class of matrices we study are kernel inner product random matrices, namely
matrices of the form o(WW T /v/d), where W is a random matrix with i.i.d. entries, or similar. The paper
[EK10] studied the spectrum of random kernel matrices when o can be well approximated by a linear function
and hence the spectrum converges to a scaled Marchenko-Pastur law. When o cannot be approximated by



a linear function, the spectrum of such matrices was studied in [CS13], and shown to converge to the free
convolution of a Marchenko-Pastur law and a scaled semi-circular law. The extreme eigenvalue of the same
random kernel matrix was studied in [FM19]. In the current paper, we need to consider an asymmetric
kernel matrix Z = o(X@OT/v/d)/V/d, whose asymptotic eigenvalue distribution was calculated in [PW17]
(see also [LLC18] in the case when X is deterministic).

The asymptotic spectral distribution is not sufficient to compute the asymptotic generalization error,
which also depends on the eigenvectors of Z. Our approach is to express the generalization error in terms of
traces of products of Z and other random matrices. We then express this traces as derivatives (with respect
to certain auxiliary parameters) of the log-determinant of a certain block random matrix. We finally use the
leave-one-out method to characterize the asymptotics of this log-determinant.

4 Main results

We begin by stating our assumptions and notations for the activation function o. It is straightforward to
check that these are satisfied by all commonly-used activations, including ReLU and sigmoid functions.

Assumption 1. Let o0 : R — R be weakly differentiable, with weak derivative o’. Assume |o(u)l,|o’(u)] <
coet 1! for some constants co,c; < co. Define

po =E{0(G)}, i =E{Go(G)}, pl=E{o(G)*} —pui—ui, (8)
where expectation is with respect to G ~ N(0,1). Assuming 0 < p, u?, u2 < oo, define ¢ by
H1
=—. 9
(=2 (9

We will consider sequences of parameters (N,n,d) that diverge proportionally to each other. When
necessary, we can think such sequences to be indexed by d, with N = N(d), n = n(d) functions of d.

Assumption 2. Defining 11,4 = N/d and V2 4 = n/d, we assume that the following limits exist in (0,00):
hm 1/)1’51 = 1/}1, hm wQ,d = 1,[)2 . (10)
d—o0 d—o0

Our last assumption concerns the distribution of data (y, ), and, in particular, the regression function
fa(z) = E[y|z]. As stated in the introduction, we take f; to be the sum of a deterministic linear component,
and a nonlinear component that we assume to be random and isotropic.

Assumption 3. We assume y; = fq(x;)+e;, where (€;)i<n ~iia Pe independent of (x;)i<n, with E.(e1) =0,
E.(e2) = 72, E.(¢}) < co. Further

fa(®) = Bao + (Bay, x) + f3" (), (11)
where B0 € R and Ba1 € R are deterministic with limg_, 6370 = Fy, limgseo |Baill3 = F2. The
nonlinear component fy“(x) is a centered Gaussian process indeved by & € S*"*(\V/d), with covariance

Epvi{fa"(@1) fa" (x2)} = Sa((@1, 22) /d) (12)

satisfying EmNUnif(Sd—l(\/&)){Ed(xl/\/g)} =0, EwNUnif(Sd_l(\/E)){Ed(xl/\/g)ml} =0, and limy_,, Xy4(1) =
F2. We define the signal-to-noise ratio parameter p by
F?
= -, 13
Py (13)

Remark 3. The last assumption covers, as a special case, deterministic linear functions fi(x) = B4,0 +
(Ba,1, ), but also a large class of random non-linear functions. As an example, let G = (Gyj;)i j<a, Where
(Gij)i,j<d ~iia N(0,1), and consider the random quadratic function

fale) = Bao +{Bar, @) + (2, Gz) — TH(@)], (14)



for some fixed F, € R. It is easy to check that this f; satisfies Assumption 3, where the covariance function

gives
2

Sa((@y, @2) /d) = %((w1,$2>2 ~d).

Higher order polynomials can be constructed analogously (or using the expansion of f; in spherical harmon-
ics).

We also emphasize that that the nonlinear part f}"“(wx2), although being random, is the same for all
samples, and hence should not be confused with additive noise €.

We finally introduce the formula for the asymptotic generalization error, denoted by Z(p, (,¥1, 12, A) in
Theorem 1.

Definition 1 (Formula for the generalization error of random features regression).  Let the functions
vi,vg : Co — Cy be be uniquely defined by the following conditions: (i) vy, ve are analytic on Cy; (i) For
(&) > 0, v1(8), v2(&) satisfy the following equations

_ <2V2 -1
V1*¢1(*§*V2*m) ) (15)

2 -1

v =t~ - =)

(#31) (11(§),v2(8)) is the unique solution of these equations with |v1(€)] < ¥1/(E), [v2(8)] < Ya/S(&) for
(&) > C, with C a sufficiently large constant.
Let

X = vi(8(¥11aX)?) - v (i(ih1paN)/?), (16)
and
Eo(Coh1, 2, N) = — x°CC 4333+ (Yrthe — P2 — 1 + 1)X3CC — 2x3¢ - 3333
+ (1 + b2 — 3190 + 1)xZCH + 2x%C + X2 + 3o xC? — Y1y,

By 34 2,2 2 (17)
E1(C, 1,2, N) = hax”CF — hax ¢ + h1ihax (T — r1¢a,
E(C 1,12, N) = X0 = 3x ¢+ (W1 — DX+ 203¢C 43X + (= — DX — 2% — 2.
We then define
N\ éol(C’wlaw27X)
B(C Ay, g, W) = VL Y2 A) 18
(C wl wQ ) (g)O(Cv’l/)laq/}Qa)‘) ( )
N éaQ(valanaX)
(G2 N = o va ) (1)
_ _ 1 _
Fps Gt 2,2 = 1 PGt N+ 1 Y (Gt V). (20)

The formula for the asymptotic risk can be easily evaluated numerically. In order to gain further insight,
it can be simplified in some interesting special cases, as shown in Section 4.2.

4.1 Statement of main result

We are now in position to state our main theorem, which generalizes Theorem 1 to the case in which fy; has
a nonlinear component fj".

Theorem 2. Let X = (x1,...,2,)" € R™ with (;)ic[n) ~iid Unif(S*1(Vd)) and © = (01,...05)T €
RN* with (8a)ae(n] ~iia Unif(ST1(V/d)) independently. Let the activation function o satisfy Assumption
1, and consider proportional asymptotics N/d — 11, N/d — 1a, as per Assumption 2. Finally, let the
regression function {fa}ta>1 and the response variables (y;)ic[n) satisfy Assumption 3.

10



Then for any value of the reqularization parameter A > 0, the asymptotic generalization error of random
features ridge regression satisfies

Ex,0.e, 75| Rue(fas X, ©,X) = [FEB(C, 0, o, Miid) + (72 + FY (G, o, Miid) + F2| | = 0a1) - (21)

where ]EX’@’E’f(Il\IL denotes expectation with respect to data covariates X, feature vectors ®, data noise €, and
" the nonlinear part of the true regression function (as a Gaussian process), as per Assumption 3. The
functions B,V are given in Definition 1.

NL
d

Remark 4. If the regression function f;(x) is linear (i.e.,
defined as per Eq. (20).

Numerical experiments suggest that Eq. (21) holds for any deterministic nonlinear functions f; as well.
Further, numerical experiments also suggest that the convergence in Eq. (21) is uniform over X in compacts.
We defer the study of these stronger properties to future work.

(x) = 0), we recover Theorem 1, where Z is

Remark 5. Note that the formula for a nonlinear truth, c¢f. Eq. (21), is almost identical to the one for a
linear truth in Eq. (5). In fact, the only difference is that the the generalization error increases by a term
F2, and the noise level 72 is replaced by 72 + F2.

Recall that the parameter F2 is the variance of the nonlinear part ]Ef(li\lL( o

¥(x)?) — F?. Hence, these
changes can be interpreted by saying that random features regression (in N, n,d proportional regime) only
estimates the linear component of f; and the nonlinear component behaves similar to random noise. This
finding is consistent with the results of [GMMM19] which imply, in particular, Rrr(fs, X,0,)\) > F2? +
0qp(1) for any n and for N = 04(d*~%) for any § > 0.

Figure 5 illustrates the last remark. We report the simulated and predicted generalization error as a
function of v /12 = N/n, for three different choices of the function f; and noise level 72. In all the settings,
the total power of nonlinearity and noise is F2 472 = 0.5, while the power of the linear component is FZ = 1.
The generalization errors in these three settings appear to be very close, as predicted by our theory.

5 T T T 3 T T
|| ‘ m Prediction s Prediction
451 $ Setting 1 |4 $ Setting 1
’) ¥ Setting 2 o5k h ¥ Setting 2 ||
4 Setting 3 | Setting 3
4 5T
35l i Tiool_
i 4 2t i\ 1
1 4 AT
L 3 1 = oA
5 5 s \
(o) L = 1| o L b 0 (W i
35 20 1 % 7 ® :11 i(%_
o - 2 i N,
2k ,’5 1§ / P Ls.,
4)_|: 1:5“1:1' 18 ::é’,* !’ia q
15 P e J gt Iih 57;2.7_.:'
L =0 Ty
M Wil
GRrT T N AR
i o 051 T S
P I S N N S U (N S S N A SN (N (N N N
0.5 1 1.5 2 25 3 35 4 45 0 0.5 1 15 2 25 3 3.5 4 45 5
Y1/pa = N/n ¥1/s = N/n

Figure 5: Random features regression with ReLU activation (¢ = max{z,0}). Data are generated according
to one of three settings: (1) fy(z) = x; and E[e?] = 0.5; (2) fa(x) = z1 + (22 — 1)/2 and E[e?] = 0; (3)
fa(x) = 21 +2172/v/2 and E[e?] = 0. Within any of these settings, the total power of nonlinearity and noise
is F2 + 72 = 0.5, while the power of linear part is FZ = 1. Left frame: A = 10~%. Right frame: A\ = 1073.
Here n = 300, d = 100. The continuous black line is our theoretical prediction, and the colored symbols are
numerical results. Symbols are averages over 20 instances and the error bars report the standard deviation
over these 20 instances.

Remark 6. The terms % and ¥ in Eq. (21) correspond to the the limits of the bias and variance of the
estimated function f(x;a()), ®), when the ground truth function fy is linear. That is, for f; to be a linear
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function, we have

©)]*} = B(C, tn, o, M2 F2 + 04p(1) (22)

x; >\ ),©)) = Y (¢, 1,02, A p3) 7> + 0gp(1). (23)

EmVare(

4.2 Simplifying the asymptotic risk in special cases

In order to gain further insight into the formula for the asymptotic risk Z(p, ¢, 1, %2, ), we consider here
three special cases that are particularly interesting:

1. The ridgeless limit A — 0+.
2. The highly overparametrized regime ¢y — oo (recall that ¢ = limg—, oo N/d).
3. The large sample limit 12 — oo (recall that ¥9 = limg—0o n/d).

Let us emphasize that these limits are taken after the limit N,n,d — oo with N/d — oo and n/d — oo.
Hence, the correct interpretation of the highly overparametrized regime is not that the width N is infinite,
but rather much larger than d (more precisely, larger than any constant times d). Analogously, the large
sample limit does not coincide with infinite sample size n, but instead sample size that is much larger than

d.

4.2.1 Ridgeless limit

The ridgeless limit A — 0+ is important because it captures the asymptotic behavior the min-norm inter-
polation predictor (see also Remark 2.)

Theorem 3. Under the assumptions of Theorem 2, set ) = min{t1, 12} and define

_ W = 124y 4 (¢ - (P - 1)

and
Epmiens (G 01, 002) = — X C0 43X + (Yrtha — tha — 1 + 1)XPC0 — 2x°C* = 3)%¢?
+ (1 + ha — 3¢9 + D)X 42X + 17 + 3h1hax(® — Pris, (25)
EL e (G 01, 02) = $ax ¢t = ax?C? + r11ax(® — i,
Ep,eee (G 01, 102) = X°C0 = 3XAC 4 (U1 = 1P + 27 +3x°C 4 (= — DX =207 - ),
and
’@rless(<7 "/)13 7/}2) = éal,rless/go7rless7 (26)
%less(<7 wla ¢2) = gz,rless/éao,rless' (27)
Then the asymptotic generalization error of random features ridgeless regression is given by
lim lim E[Rrp(fa, X, 0, N)] = F{ B (€01, 02) + (7° + F) Vours (1, 02) + FF (28)

A—0d—

The proof of this result can be found in Appendix F.
The next proposition establishes the main qualitative properties of the ridgeless limit.

Proposition 4.1. Recall the bias and variance functions P, ... and ¥Yi... defined in Eq. (26) and (27). Then,
for any ¢ € (0,00) and fized 15 € (0,00), we have

1. Small width limit b1 — 0O:

11)111130 f%rlcss(Ca 7/}13 7102) = 17 hIIl %lci%(C’ 77[11, 1/12) =0. (29)

12



2. Divergence at the interpolation threshold 1 = o:
PBriess (G102, 92) = 00, V1o (C, b2, 9P2) = 00, (30)
3. Large width limit 1¥1 — oo (here x is defined as per Eq. (24)):

WM B (€01, 12) = (YaxC? — ) /(P2 — 1)x3CC + (1 — 3¢2)x3C* + 30X C? — o), (31)

P —00

L (€t w2) = (CCT = XN/ (W2 = IXCC + (1= 302)x*Ct +3uaxC® —v2) . (32)

4. Above the interpolation threshold (i.e. for 11 > 1a), the function Pe..((,1,12) and V.. (¢, U1, 1¥2)
are strictly decreasing in the rescaled number of neurons ;.

The proof of this proposition is presented in Appendix G.1.

As anticipated, point 2 establishes an important difference with respect to the random covariates linear
regression model of [AS17, HMRT19, BHX19]. While in those models the peak in generalization error is
entirely due to a variance divergence, in the present setting both variance and bias diverge.

Another important difference is established in point 4: both bias and variance are monotonically decreas-
ing above the interpolation threshold. This, again, contrasts with the behavior of simpler models, in which
bias increases after the interpolation threshold, or after a somewhat larger point in the number of parameters
per dimension (if misspecification is added).

This monotone decrease of the bias is crucial, and is at the origin of the observation that highly over-
parametrized models outperform underparametrized or moderately overparametrized ones. See Figure 6 for
an illustration.

10 T T
m— Bias
9r m Variance |
m— Risk

Test error

0 I I I I n
0 0.5 1 15 2 2.5 3 3.5 4 4.5 5

P1/ipa = N/n

Figure 6: Analytical predictions of learning a linear function f4(x) = (x, 1) with ReLU activation (¢ =
max{z,0}) in the ridgeless limit (A — 0). We take ||31]|3 = 1 and E[%] = 1 . We fix 92 = 2 and plot the
bias, variance, and the test error as functions of 11 /15. Both the bias and the variance term diverge when
11 = 19, and decrease in 11 when 11 > .

4.2.2 Highly overparametrized regime

As the number of neurons N diverges (for fixed dimension d), random features ridge regression is known
to approach kernel ridge regression with respect to the kernel (6). It is therefore interesting what happens
when N and d diverge together, but NV is larger than any constant times d.
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Theorem 4. Under the assumptions of Theorem 2, define

[(2¢? — (2 = Mo — 1) + depoCP (Mo + 1)]V/2 + (92C2 — (2 — Mpo — 1)

- 2(\pz + 1) ’ )
and
T Pow — P2
'@widc(ng27 >\) - (wQ — 1)&)3 + (1 — 3¢2)UJ2 + 3w2w — wQ’ (34)
_ w3 — w2
%zide (<7 ?/127 >\) = (35)

(Y2 — 1w + (1 — 3¢p2)w? + 3thow — ¢y

Then the asymptotic generalization error of random features ridge regression, in the large width limit is given
by
lim lim E[Rrr(fa, X, 0, )] = F{ Buiae(C, 02, M 1) + (7% + F2) Vs (02, A ud) + EZ . (36)
1 —00 d—o0

The proof of this result can be found in Appendix F. Note that, as expected, the risk remains lower
bounded by F2, even in the limit ¢); — oo. Naively, one could have expected to recover kernel ridge regression
in this limit, and hence a method that can fit nonlinear functions. However, as shown in [GMMM19], random
features methods can only learn linear functions for N = O4(d?~?).

As observed in Figures 2 to 4 (which have been obtained by applying Theorem 2), the minimum gener-
alization error is often achieved by highly overparametrized networks 17 — co. It is natural to ask what is
the effect of regularization on such networks. Somewhat surprisingly (and as anticipated in Section 2), we
find that regularization does not always help. Namely, there exists a critical value p, of the signal-to-noise
ratio, such that vanishing regularization is optimal for p > p,, and is not optimal for p < p,.

In order to state formally this result, we define the following quantities

Rsae(p, €, 02, ) = %%Wide(c, V2, o ol G020 (37)
2 _ 2 1)\2 211/2 2 _ 2 _
oGy = L@ = -1+ 4w22< P24 (o == 1) (38)
2 _
pa(Ch) = D 0 (39)

(1 —tho)wo + 2

Notice in particular that Z,.q.(p, ¢, V2, A/p2) is the limiting value of the generalization error (right-hand side
of (36)) up to an additive constant and an multiplicative constant.

Proposition 4.2. Fiz (,12 € (0,00) and p € (0,00). Then the function A = Roiae(p, 02, ) is either
strictly increasing in X\, or strictly decreasing first and then strictly increasing.
Moreover, we have

p < pe(Ctha) = argmin Za.(p, ¢, 42, A) =0, (40)
>0

p>pe(Ctha) = argmin P (p, €, P2, A) = A(C, 92, p) > 0. (41)
>0

The proof of this proposition is presented in Appendix G.2, which also provides further information about
this phase transition (and, in particular, an explicit expression for A\, (¢, 2, p)).

4.2.3 Large sample limit

As the number of sample n goes to infinity, both training error (minus 72) and generalization error! converge

to the approximation error using random features class to fit the true function fy. It is therefore interesting
what happens when n and d diverge together, but n is larger than any constant times d.

LThe difference between training error and generalization error is due to the fact that we define the former as B, {(y— f(z))2}
and the latter as E{(f(x) — f(x))?}.
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Theorem 5. Under the assumptions of Theorem 2, define

_ [($1€% = ¢ = Ah1 = 1)? + 441 Cr + ]2 + (1¢ = ¢ = My — 1) (42)

2(Mp1 +1)

and

(W? —w?) /¢ + 1w —
(Y1 — Dw? + (1 = 3¢1)w? + 31w — 91|
Then the asymptotic generalization error of random features ridge regression, in the large width limit is given
by

ﬂlsamp(c7 1/117X) = (43)

lim lim E[Rgr(fa, X, 0,\)] = F2Bunn(C b2, N p2) + F2. (44)

Po—r00 d—r00

The proof of this result can be found in Appendix F.

5 Proof of Theorem 2

As mentioned in the introduction, the proof of Theorem 2 relies on the following main steps. First we reduce
the computation of the generalization error (in the high-dimensional limit N, n,d — c0) to computing traces
of products of certain kernel random matrices Q, H, Z, Z; and their inverses (Step 1 below). Next we show
that these traces can be obtained by taking derivatives of the log-determinant of a block-structured matrix
A, whose blocks are formed by Q, H, Z, Z; (Step 3 below). Then we compute the the Stieltjes transform
of A and use it to characterize the asymptotics of the log-determinant (Step 2 below). Finally we simplify
the formula of the limiting log-determinant and use it to derive the formula for the limiting risk function
(Step 4 below).

This section presents a complete proof of Theorem 2, making use of technical propositions that formalize
each of the steps above. The proofs of these propositions are deferred to the appendices.
Step 1. Decompose the risk

The proposition below expresses the prediction risk in terms of ¥y, Wy, U3 which are traces of products
of random matrices as defined in the proposition.

Proposition 5.1 (Decomposition). Let X = (x1,...,@,)" € R™ with (;)ic[n) ~iid Unif (S~ 1(+/d)).
Let © = (01,...,0,)" € RV*? with (0,)ac(n) ~iza Unif(S¥1(Vd)) to be independent of X. Let {fi}a>1
and (yi)icn) satisfy Assumption 3. Let activation function o satisfy Assumption 1. Let N,n, and d satisfy
Assumption 2. Then, for any A\ > 0, we have

Ex 0. syt |Fre(fa X, ©,0) = [FR(1 =201 + W) + (F2 + 720 + F2|| = 04(1), (45)
where .
U, = 8Tlr[lez(sz a1,
1
Uy = 8Tr[(ZTZ + P NIN) T (12Q + 12N ) (27 Z + w1¢2)\IN)71ZTHZ}7 (46)
1
W3 = aTI“[(ZTZ—|—7/’1#’2)\11\/)*1(#%(2 +,UEIN)(ZTZ _‘_wlwz)\IN)—lzTZ}7
and )
_ ‘o7
Q= d@@ ,
H= éXXT,
1 /1 ¢ (47)
Z=—0ol—=X0"),
7o (77%e")
Zy = %X@T.
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Step 2. The Stieltjes transform of a random block matrix.

To calculate the quantities W1, Wo, W3, first we study the Stieltjes transform of a block random matrix.
Let Q,H,Z,Z; be the matrices defined by Eq. (47). Define q = (s1, s2,t1,t2,p) € R?, and introduce a
block matrix A € RM*M with M = N + n, defined by

s1Iny +52Q Z' +pZT (48)
Z+pZ1 tlIn +t2H
We consider a set Q, defined by

Q = {(s1,52,t1,t2,p) : [sata| < pi(1+p)?/2}. (49)

It is easy to see that 0 € Q. We will restrict ourself to study the case g € Q.

We consider sequences of matrices A with n, N,d — oco. To be definite, we index elements of such
sequences by the dimension d, and it is understood that A = A(d), n = n(d), N = N(d) depend on the
dimension. We would like to calculate the asymptotic behavior of the Stieltjes transform

ma(§; q) = E[Ma(&; q)],

where
Malga) = JTHI(A — €0y) ) (50)

We define the following function F(-, -;&; g, 1, %2, 1, 1s) : Cx C — C:

(14 tama)sy — pi(1 + p)*mo >_1

F(ma, ma; & @, P1, ¢, 1, i) = 91 <—§+ s1— pma + (1 + s9my ) (1 4 tams) — p2(1 + p)2mymy

(51)

Proposition 5.2 (Stieltjes transform). Let o be an activation function satisfying Assumption 1. Consider
the linear regime of Assumption 2. Consider a fixred ¢ € Q. Let mi(-;q) ma(-;q) : Cy — Cy be defined,
for (&) > C a sufficiently large constant, as the unique solution of the equations

mi = F(mlamQ;g;q7wlaw2aul7u*)7 ma = F(m27m1;§; q7w25w17/-}/17/’(‘*)’ (52)

subject to the condition |m1| < ¥1/S(§), |me| < ¥o/S(§). Extend this definition to () > 0 by requiring
my,ma to be analytic functions in C4. Define m(&;q) = m1(&;q) + ma(§;q). Then for any & € Cy with
€ > 0, we have

Jim E[|Ma(& q) — m(& )] =0. (53)

Further, for any compact set Q C Cy, we have
Jim E[ sup [ Ma(&; ) — m(& q)l] = 0. (54)

—00 eQ

Step 3. Compute VU, Uy, Us.

Recall the random matrix A = A(q) defined by Eq. (48). Let Log denote the complex logarithm with
branch cut on the negative real axis. Let {\;(A)}iear) be the set of eigenvalues of A in non-increasing order.
For any ¢ € C,, we consider the quantity

LM
Ga(&q) = 7 ZLog()\i(A(q)) - &).

Recall the definition of My(&; q) given in Eq. (50).
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Proposition 5.3. For £ € C, and q € R®, we have

G 22 = —My(¢:a) (55)

Moreover, for u € R, we have

8,Ga(iu; 0) = %Tr((uzlgv +Z7Z)\Z7 z),

2., Galiu; 0) = — %Tr((uQIN n ZTZ)*2ZTZ),

92, 1,Galiu; 0) = — éTr((zFIN + ZTZ)*2ZTHZ)7 (56)
92, Galiu;0) = — éTr((u2IN +Z7Z)Q(u Ly + ZTZ)-lsz),

02, ,.Galiu; 0) = — %Tr((u%zv L Z7Z)QMPy + ZTZ)‘1ZTHZ).

Proposition 5.4. Define

2(&, 21, 221q) = log[(s221 + 1)(t222 + 1) — pf(1 + p)*2122] — piz120

57
+ 5121 + 122 — Y1 log(z1/v1) — Yalog(za/1h2) — (21 + 22) — Y1 — 1o (57)

For £ € Cy and q € Q (c.f. Eq. (49)), let m1(&;q), ma(&;q) be defined as the analytic continuation of
solution of Eq. (52) as defined in Proposition 5.2. Define

9(& q) = E(§,mi(& ), m2(§9); q)- (58)
Consider proportional asymptotics N/d — 11, N/d — s, as per Assumption 2. Then for any fized £ € Cy

and q € Q, we have
Jim E[|Ga(&9) - 9(&q)l] = 0. (59)

Moreover, for any fived u € Ry, we have

Jim E[[|0qGa(iu; 0) — dqg(iu; 0)[|2] = 0, (60)
Jim E[|V2Ga(iu; 0) — V2g(iu; 0)|lop] = 0. (61)
—00

By Eq. (46) and Eq. (56), we get

1 .
W1 = 5 0,Gali(try2))"%0),

Uy = — ﬂi aslthGd(i(z/Jld@ )1/2' O) - /1‘% aszthGd(i(wleA)l/Q; O)a
\1’3 = - ﬂ'i asl,thd(z(wle ) ; ) lLLl 8827t1 Gd(i(¢1¢2)\)1/2§ 0)
Then by Eq. (60) and Eq. (61), we get

Ex o] V1~ 50,0(i(v1021)/%0) = ou(1),
EX@“IJQ-F[/L* a9 (G(1020)%0) + 12 1,961 % 0)| | = 0u(1),

|
Ex.o|Va+ 12 00y g(i(10a)/%0) + 1 D1 9(i(0102)) /% 0)] | = 0u(1).

By Proposition 5.1, we get
EX,@,E,f};’L RRF(fd,X,@,)\) 7@ = Od(l), (62)
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where

R =F2P+ (F2+13)¥V + F2. (63)
B =1 - Dpg(i(P192\)V2;0) — 112 By, 1, (5 (1002 N)2;0) — 113 Dy, 1, (3 (1102 N) /25 0) (64)
V= — p2 0, 1, 9(E(112N)%50) — pf Oy, g(A(W11020) /25 0) . (65)

Step 4. Calculate explicitly £ and 7.
Next, we calculate derivatives of g(&;q) to give a more explicit expression for # and 7.

Lemma 5.1 (Formula for derivatives of g). For fired £ € Cy and q € R>, let m1(&;q), m2(&;q) be defined
as the analytic continuation of solution of Eq. (52) as defined in Proposition 5.2. Recall the definition of =
and g giwen in Eq. (57) and (58), i.e.,

E(€, 21, 22;q) = log[(s221 + 1) (222 + 1) — pi(1 + p)?2120] — pi21 2

+ 5121 + t122 — Y1 log(21/91) — alog(z2/v) — §(21 + 22) — 1 — a. (66)
and
9(&;q) = E(§,m1(&: q), m2(&: 9); q)- (67)
Denoting
mo = mo(§) = m1(§;0) - ma(&;0), (68)
we have
9(&;0) = 2mop/(mopi — 1),
92, 1,9(6;0) = [mopSpd — 3mopius +mopt + 3mopipd — mops —mgus]/s,
sl,tz 9(&0) = [(o — )miput + mipips + (=2 — miui — mgu]/S,
sm 9(&0) = [(v1 = Vymgpi +mopip + (=1 — Dmgui — mguzl/S, (69)
92, .1,9(& 0) = [=mQulpy + 2miuips + (Vriha — 2 — Y1 + Lymgp§
— mppip; — mopipy + (2 = 2192)mipd
+ (1 + P2 + 1o + mipi +mgud]/[(mops — 1)5],
where

S = mgpSpy — 3mouipy + (b1 + P2 — Yo — Dymiud
+2mpi s+ 3mipi e + (31t — o — 1 — Dmiui (70)
— 2m3pi i — mpy — 3ramops + 1t
Proof of Lemma 5.1. For fixed ¢ € C; and q € R, by the fixed point equation satisfied by my,ms (c.f. Eq.

(52)), we see that (m1(§;q),m2(&;q)) is a stationary point of function Z(¢,-,+;q). Using the formula for
implicit differentiation, we have

p9(§:q) = E(E, 21, 223 Q)I<zl,zQ) (1 (650),m2(€5))
sl,tl 9(&q) = Hys — Hy 5.6/H| [5, 6] 5 6]H[5 6],3
sl,tQ 9(§;q) = Hyy — Hy 5,6 H [5 6] 5, 6]H[5 6],4>
32,t1 9(&q) = Ha3 — Hy 5.6/ H| [5, 6] 5 G]H[5 6],3
Sz,tz 9(§;q) = Hay — Hy 5.4 [5,6],[5,6]H[5s6]74’

where we have, for u = (s1, s2,t1,t2, 21, 22) "

2= .
H = Vy,E(§ 21,22, @) (21,20)=(m1 (:0),ma (6:)) -

Basic algebra completes the proof. O
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Define ) )
v1(3§) = ma(i§4ix; 0) - fix,
v2(i§) = ma(ipix; 0) - fix.
By the definition of analytic functions my and my (satisfying Eq. (52) and (51) with ¢ = 0 as defined in
Proposition 5.2), the definition of v; and v; in Eq. (71) above is equivalent to its definition in Definition 1
(as per Eq. (15)). Moreover, for y defined in Eq. (16) with A = A/u? and mg defined in Eq. (68), we have

(71)

v (E(U12M /1) 2 o (Y120 1) 1?)

(812 0) 25 0)ma (i (1192 0) /25 0) - i (72)
o(i(e1aN)17?) - il

Plugging in Eq. (69) and (70) into Eq. (64) and (65) and using Eq. (72), we can see that the expressions

for # and ¥ defined in Eq. (64) and (65) coincide with Eq. (18) and (19) where &b, &1, &5 are provided in
Eq. (17). Combining with Eq. (62) and (63) proves the theorem.

X
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A Technical background and notations

In this section we introduce some notations and technical background which will be useful for the proofs in
the next sections. In particular, we will use decompositions in (hyper-)spherical harmonics on the Sd_l(\/a)
and in orthogonal polynomials on the real line. All of the properties listed below are classical: we will
however prove a few facts that are slightly less standard. We refer the reader to [EF14, Sze39, Chill] for
further information on these topics. Expansions in spherical harmonics have been used in the past in the
statistics literature, for instance in [DJ89, Bacl7a].

A.1 Notations

Let R denote the set of real numbers, C the set of complex numbers, and N = {0,1,2,...} the set of natural
numbers. For z € C, let %z and 3z denote the real part and the imaginary part of z respectively. We denote
by C, = {z € C: 3z > 0} the set of complex numbers with positive imaginary part. We denote by i = /—1
the imaginary unit. We denote by S 1(r) = {x € R? : ||z|2 = 7} the set of d-dimensional vectors with
radius r. For an integer k, let [k] denote the set {1,2,...,k}.

Throughout the proofs, let O4(-) (respectively oq4(-), Q4(-)) denote the standard big-O (respectively
little-o, big-Omega) notation, where the subscript d emphasizes the asymptotic variable. We denote by
Ogp(-) the big-O in probability notation: hi(d) = Ogp(h2(d)) if for any € > 0, there exists C. > 0 and
de € Z~g, such that

P(|h1(d)/ha(d)] > C:) < ¢, Vd > d..
We denote by ogp(-) the little-o in probability notation: hq(d) = oqp(h2(d)), if h1(d)/he(d) converges to 0
in probability. We write h(d) = O4(Poly(logd)), if there exists a constant k, such that h(d) = Og4((logd)*).

For a matrix A € R"*™, we denote by [|A|lr = (3¢ jeim) AZ%)'/2 the Frobenius norm of A, ||Al|, the
nuclear norm of A, ||Al,p the operator norm of A, and ||Al[max = MaX;e[n jem] |4i;| the maximum norm
of A. For a matrix A € R™*", we denote by Tr(A) = Y"1 | A;; the trace of A. For two integers a and b, we
denote by Trq ) (A) = Z?:a Aj;; the partial trace of A. For two matrices A, B € R"*™ let A ® B denotes
the element-wise product of A and B.

Let ug denote the standard Gaussian measure. Let 7, denote the uniform probability distribution
on Sd_l(\/&). We denote by pg the distribution of (ml,w2>/\/& when @1, 2 ~ N(0,1;), 74 the distribu-
tion of (z1,x2)/Vd when @, x5 ~ Unif(S¥!(v/d)), and 7; the distribution of (x,xs) when @, xs ~

Unif (ST 1(Vd)).

A.2 Functional spaces over the sphere

For d > 1, we let S4=1(r) = {x € R? : ||z||2 = r} denote the sphere with radius  in R?. We will mostly work
with the sphere of radius v/d, S*~!(v/d) and will denote by 74 the uniform probability measure on S~ (1/d).
All functions in the following are assumed to be elements of L?(S?~1(v/d),v4), with scalar product and norm
denoted as (-, -)r2 and || - ||z2:

(f.g)1e = / f() g(x) a(da) (73)
Sd—l(\/g)

For ¢ € N>, let f/d,g be the space of homogeneous harmonic polynomials of degree £ on R? (i.e. homo-
geneous polynomials g(x) satisfying Ag(x) = 0), and denote by Vg ¢ the linear space of functions obtained

by restricting the polynomials in Vd’g to Sd’l(\/g). With these definitions, we have the following orthogonal
decomposition

(oo}
L(S" M (Vd), va) = @D Vare - (74)
£=0
The dimension of each subspace is given by

WU+d—2(l+d—3
dim(vd,e):B(d,£)=+( + )

14 -1
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For each ¢ € N>¢, the spherical harmonics {Y;Z(jd)}lgjg B(d,¢) form an orthonormal basis of V¢

VYD) 2 = 6,50k,

Note that our convention is different from the more standard one, that defines the spherical harmonics as
functions on S9~1(1). It is immediate to pass from one convention to the other by a simple scaling. We will
drop the superscript d and write Y ; = Yf_? whenever clear from the context.

We denote by Py the orthogonal projections to Vi in L?(S%~1(v/d),74). This can be written in terms
of spherical harmonics as

B(d,k)

Pkf(a:) = Z <f, Ykl>L2Ykl(w)~ (76)

=1

Then for a function f € L?(S*(+/d)), we have

0o o B(d,k)
z) = Pif(m) = > Vi) 2 Vi ().
k=0 k=0 [=1

A.3 Gegenbauer polynomials

The {-th Gegenbauer polynomial QEd) is a polynomial of degree £. Consistently with our convention for
spherical harmonics, we view Qéd) as a function Qéd) : [-d,d] — R. The set {di)}gzo forms an orthogonal
basis on L?([—d, d], 74) (where 75 is the distribution of (x, @) when 1, 23 ~; ;4. Unif(S¥~1(v/d))), satisfying
the normalization condition:

1

d d
QW Q) 12z, = m@k (77)

In particular, these polynomials are normalized so that Q(d)( d) = 1. As above, we will omit the superscript
d when clear from the context (write it as @y for notation simplicity).

Gegenbauer polynomials are directly related to spherical harmonics as follows. Fix v € Sd_l(\/g) and
consider the subspace of V; formed by all functions that are invariant under rotations in R? that keep v
unchanged. It is not hard to see that this subspace has dimension one, and coincides with the span of the
function Q&d)(@, ).

We will use the following properties of Gegenbauer polynomials
1. For z,y € S*1(\/d)
1

(@7 (@) QP (W D o) = g 0@ (@1)- (78)
2. For x,y € S* ' (V/d)
1 B(d,k)
ey = 5 2 W @ @) (79)
’ =1

Note in particular that property 2 implies that —up to a constant— Q,(Cd)(<w,y>) is a representation of the
projector onto the subspace of degree-k spherical harmonics

Pe@) =Bk [ QL (@) )ty (50)
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For a function o € L?([—v/d,V/d], 74) (where 74 is the distribution of (21, xs)/v/d when @1, 22 ~jiq Unif(S¥1(v/d))),
denoting its spherical harmonics coefficients Ay (o) to be

haro)= [ 0@l (Vo) (51
[_ﬂvf]
then we have the following equation holds in L?([—v/d,/d], 74) sense

= i )\d,}g(a') ) (d)(f$>
k=0

A.4 Hermite polynomials

The Hermite polynomials {He }x>0 form an orthogonal basis of L2(R, sug), where pg(dz) = e=**/2da /21
is the standard Gaussian measure, and Hey has degree k. We will follow the classical normalization (here
and below, expectation is with respect to G ~ N(0,1)):

E{Hej(G) Hek(G)} =kl . (82)
As a consequence, for any function o € L3(R, ug), we have the decomposition

-3

k=1

(o) = E{o(G) Hex(G)} . (83)

The Hermite polynomials can be obtained as high-dimensional limits of the Gegenbauer polynomials
introduced in the previous section. Indeed, the Gegenbauer polynomials (up to a Vd scaling in domain)
are constructed by Gram-Schmidt orthogonalization of the monomials {z*}>0 with respect to the measure
74, while Hermite polynomial are obtained by Gram-Schmidt orthogonalization with respect to ug. Since
Tda = pe (here = denotes weak convergence), it is immediate to show that, for any fixed integer k,

hm Coeff{Q(d)(\f dz) B(d, k)/2} = Coeff { (k';/ﬂ Hey,(z )} . (84)

Here and below, for P a polynomial, Coeff{ P(z)} is the vector of the coefficients of P. As a consequence,
for any fixed integer k, we have

(o) = Jim. Aax(0)(B(d, k)k!)/?, (85)

where px(0) and Mg (o) are given in Eq. (83) and (81).

B Proof of Proposition 5.1

Throughout the proof of Proposition 5.1, we assume ¢ = 91 4 = N/d and ¢2 = 12 4 = n/d for notation
simplicity. The proof can be directly generalized to the case when limg_,oo N/d = 1 and limg_, oo n/d = 5.

Remark 7. For any kernel function X, satisfying Assumption 3, we can always find a sequence (F, d2,k €
R4 )k>o satisfying: (1) limg_,oo Zk>2 de = F2; (2) Defining B4 ~ N(O, [Fik/B(d, E)1p(a,k)) indepen-

dently for & > 2, and gj*(x) = > .oy Zle[B(d,k)](IBd7k)lYk:(ld) (), then gj" is a centered Gaussian process
with covariance function Xg4. B

To prove this claim, we define the sequence (F) 37 x)k>2 to be the coefficients of Gegenbauer expansion of
Edt

55/\[ ZFd k:Qk )
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In the expansion, the zeroth and first order coefficients are 0, because, according to Assumption 3,
]Ew~Unif(Sd*1(\/E))[Zd(ml/\/g)} = EmNUnif(sdfl(\/E))[Zd(l’l/\/g)xl] =

To check point (1), we have X4(1) = > 72 2F3kQ(d)( d) =72, F<i2,kv and by Assumption 3 we have
limg o0 $4(1) = F2, so that (1) holds.
To check point (2), defining (Bqx)r>2 and g)~(x) accordingly, we have

Eglgg"(z1)gq" (z [(Z Z ﬁdlekl )(Z Z ﬁdlekl ))}

k>21€[B(d,k)] k>21€[B(d,k)]
= > B2 Y@y (x2)/B(d, k) = Y F3Q\ (1, 22)) = Sal(1, 22) /d).
k>2 k>2

Remark 8. Let us write the risk function Rrr(fq, X, ®,\) as a function of 81,64, ..., 0, and de-emphasize
its dependence on other variables, i.e.,

Rep(fa, X,0,)) = R(81,61,...,0,).
Under Assumption 3, for any orthogonal matrix O € R?*¢, we have distribution equivalence
R(B1,0:,...,08) L R(OB),00,,0...,00y),

where the randomness is given by (X, 0, ¢, fJ%). Therefore, as long as we show Proposition 5.1 under
the assumption that B4 ~ Unif(S%~!(F;)) which is independent from all other random variables, then
2 __ F2
d1

By Remark 7 and 8 above, in the following, we will prove Proposition 5.1 under Assumption 4 instead
of Assumption 3.

Assumption 4 (Reformulation of Assumption 3). Let (ij € Ry)a>1,k>0 be an array of non-negative
numbers. Let B0 = Fao, Ba1 ~ Unif (S (Fy1))), and Bar ~ N(O, [Fik/B(d, E)1g(ar)) independently for
k > 2. We assume the regression function to be

Z Z (Bap) Y ().

k>0 Le[B(d,k)]
Assume y; = fq(x;) + €i, where g; ~iiq Pe, with E.(e1) = 0, Ec(e2) = 72, and E.(e}) < co. Finally, assume
lim Fjo = F02 < 00,
d— oo ’
lim F2, = F? < oo,
d— oo ’

lim Y Fj, = F} < .
d—o0
k>2

Proposition 5.1 is a direct consequence of the following three lemmas.

Lemma B.1 (Decomposition). Let A\gx(c) be the Gegenbauer coefficients of function o, i.e., we have
Z Ak (0) B(d, k)Qx(Vd - ).

Under the assumptions of Proposition 5.1 (replacing Assumption 3 by Assumption 4), for any A > 0, we
have

oo

Eg.e[Rrr(fe, X, ©,N)] = > Fj, -2 Z F7pSu+ Z F3 . Sak + 7283, (86)
k=0 k=0 k=0
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where

Sk = %)\d,k(a)Tr[Qk(@XT)Z(ZTZ + ¢11/12)\IN)_1}7
S = éﬁ[(sz + U1oAIN) U272 4+ 1o ) T 2T QUX X ) 2, (87)
S3 = TX[(Z7Z 4 0o XLn) M U(ZTZ 4 A Ty) 272,

and

U= Xak(0)’B(d, k)Qx(007), (88)
k=0

and Z is given by Eq. (47).

Lemma B.2. Under the same definitions and assumptions of Proposition 5.1 and Lemma B.1, for any
A > 0, we have (E is the expectation taken with respect to the randomness in X and ©)

E|1 — 2510 —+ 520| = Od(].),

E{igl&kl} = 04(1),

E | sup [Sax — S| = 0a(1),
k>2
E|S11 — U4] = 04(1),
E[So; — Wa| = 04(1),
E|S5 — U3] = 04(1),
where Siy, Sak, S3 are given by Eq. (87), and U, Wy, U3 are given by Eq. (46).

Lemma B.3. Under the assumptions of Proposition 5.1 (replacing Assumption 3 by Assumption 4), we
have

Ex.o [Var@s (RRF(fd, X, 0, )\)‘X, @)1/2] — 04(1). (89)

We defer the proofs of these three lemmas to the following subsections.
By Lemma B.1, we get

F(ik — QZ F(ikslk + ZijSQk + ’7'253
k=0 k=0

Ege[Rrr(fa, X, 0, )]

Il
L 1M

70(1 — 2510 + S20) + Fdz,l(l — 2511 + S21) + ZFdz,k(l — 251k + Sok) + 7'283,
k=2

=F

U

By Lemma B.2 and Assumption 4, we get

Ex.e

EealRir (fa, X, ©,0)] = [F31(1 =201 + W) + (72 + 3 F3, ) Ws + > F (
k=2 k=2
< F3o-E|l =210 + Sao| + F2, - [11<:|s11 — Uy |+ E|Sy — xpgq
+ (Yo F) - sup [2E|S1] + ElSak — Ws|| + 72E|S5 - W3
2
k=2 =

= 04(1).

This proves the Eq. (45). Combining with Lemma B.3 (and E[U,],E[U;3], E[¥3] = O4(1)) concludes the
proof.

In the remaining part of this section, we prove Lemma B.1, B.2, and B.3. The proof of Lemma B.1 is
relatively straightforward and is given in Section B.1. The proof of Lemma B.2 and B.3 is more complicated.
We give their proof in Section B.2 and B.3. The proof of Lemma B.2 and B.3 depends on some other lemmas
that is proved in Section B.4 and B.5.
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B.1 Proof of Lemma B.1

By the definition of prediction error given in Eq. (3), we have

Rer(fa, X, 0,\) = Eo[(fa(x) — yT Z(ZT Z + oM Iy) Lo (x) /Vd)?]
= Eo[fa(x)?] — 2y  Z(Z7 Z + 1ibo\Iy) "'V VA (90)
1y Z(ZTZ + 1o\ IN) T U(Z7 Z + rpoMIy) P 2Ty /d,

where

(
Y ( 7"ayn)T:f+€€Rna
f=(fa(®1), ..., fa(z,))" €R",
e=(

Elyen- ,En)T € Rn,
and V = (‘/1, .. .,VN)T S RN, and U = (Uij)ije[N] S RNXN, with

Vi = Eq[fa(2)o((6i,2)/Vd))],
Uij = Eelo((6:, ) /Vd)o (6, 2)/Vd)].

Taking expectation over 3 and e, we get

]Eﬁ7e[RRF(fdaXa @,A)] = ZF(ik - 2Tl + T2 + T35
k>0

where

Ty = Ba[fTZ(Z7 Z + y1ipoNIy) "' V]V,
Ty = Balf T Z(Z7 Z + 1o \y) " U(Z7 Z + rboNIy) 27 £]/d,
T3 =E.e" Z(ZTZ 4 1o \IN) U (ZT Z + h1ipoMy) "1 Z e /d.

Term 7T;. Denote Yy o = (Ykl(mi))ie[n],lE[B(d,k)] e R*B(dF) and Y.o = (Ykl(Oa))aE[N]7lE[B(d7k)] €
RV*B(R) where (Yiu)k>0,1e(B(a,k)) 18 the set of spherical harmonics with domain S?~!(v/d) (c.f. Section A).
Then we have

f= Z Y28 €R", V= Z Ak (0) Y508 € RY.
k=0 k=0

Therefore, by the assumption that By ~ N(O,Fik/B(d,k:)) for k > 2 and B; ~ Unif(S"!(Fy1)) indepen-
dently, we have

Ty =Eg {(iﬁsTYSTm)Z(ZTZ + 1#11/}2)\IN)_1(§: /\d,t(U)Yt,eﬂtﬂ JVd
s=0 t=0

=Eg {Tr((S’t_o)\d,t(a)l’}ﬂﬁtﬁSTYSTm)Z(ZTZ_1_%1/)2/\1]\1)_1)}/\/3

= 3 Fiidan(o) - T (Yeo¥ila/ B R) Z(27Z + viadly) ) Vi
k=0

= Y Fi k(o) Tr[QuOX ) Z(Z7 Z/d + o Aly) | V.
k=0
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Term T5. We have

oo

T, = B[ (Y. BIYL) 2(27Z + vnoNIn) U272 + wlszIWZT(inmm)} /d

s=0 t=0

= Eg | Tr(( g Yia) (S0 BTYL) Z(27 2 + 6ra\) " U(ZT Z + o) 27)

s=0

= > P (Yo YiTa/ B R) ) Z(Z7 Z + Y10oXIn) ' U(Z7Z + 10aAy) ' 27) /d
k=0

o

F3) - Tr [(ZTZ o \IN) U (27 Z + z/;leAIN)*lZTQk(XXT)Z} /d.

E
I
o

2

Term T3. By the assumption that &; ~j;q Pe with Ec(¢) = 0 and E.(¢?) = 72, we have

T, = E. [Tr(esT(ZTZ o IN) U2 Z + ¢1¢2A1N)*1ZTZ)} /d
— 2. Tr [(ZTZ o \IN) T U (27 Z + ¢1¢2A1N)—1ZTZ} /d.

Combining these terms proves the lemma.

B.2 Proof of Lemma B.2

We states two lemmas that are used to prove Lemma B.2 and Lemma B.3. Their proofs are given in Section
B.4.

Lemma B.4. Use the same definitions and assumptions as Proposition 5.1 and Lemma B.1. Define

A=1-24, + Ay,

A
A = CI\’O[((;)Tr[lNIIZ(ZTZJﬂplwz/\IN)l ,
_ >‘d,0(‘7)2 T -1 T /T —1,,T T
Ay = —a Tr|[(Z' Z 4+ 1o MIN) T ININ(Z' Z + 1 IN) ™ Z 1,1, 7|.

Then for any A > 0, we have
E|A| = 04(1).

Lemma B.5. Use the same definitions and assumptions as Proposition 5.1 and Lemma B.1. Let (My)aeca €
R"™ ™ be a collection of symmetric matrices with E[sup,e 4 ||Ma||c2)p]1/2 = Oq4(1). Define

A 2
B, = ¢0T@Tr (272 + 41022 00) VT2 Z + 190y 2T M 2] (91)

Then for any A > 0, we have

E[223|Ba|] = 04(1).

Since A > 0, there exists a constant C' < co depending on (A, 1, 12) such that deterministically

1Z(Z7 Z + 192 MIn) " Hops (27 Z + 1M Iy) " op < C.

By the property of Wishart matrices [AGZ09], we have (the definition of these matrices are given in Eq.

(47))
E[| HI[2,] E[IQIZ,) E[l Z1[13,] = Oa(1).

These bounds are crucial in proving this lemma. In the following, we bound each terms one by one.
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Step 1. The term |1 — 2519 + S20|. By Lemma B.10 given in section B.5, we can decompose
U=Nlnly+M,

with E[||M||2,] = Oq(1) (we have M = piQ + 13 (In + A) where E[||Q||2,] = Oq4(1) and E[||Iy + A[2)] =
04(1)). Moreover, the terms S1p and Szo can be rewritten as
S10 = Aao(0)Tr(AN1T Z(ZT Z + ¢y Iy) ) /Vd,
Sa0 = Aa.0(0)?Tr((ZTZ + 1poNIN) M ININ(ZT Z + 1N Iy) 1 Z271,1) Z) /d
+Tr((ZTZ + 1o NIn) "M (ZTZ + 10 \IN) 1 271,11 Z) /d
= Xa0(0)*Tr((ZT Z + 1902 NIN) M ININ(ZT Z + h1ipo N Iy) "1 2 71,1) Z) /d
+Tr((ZZT 4 1oL, Y ZMZT(ZZT + p14poAL,) 11, 1] ) /d.

The last equality holds because (ZTZ + 192 \IN) "1 ZT = ZT(ZZT + 11po A1) ~L. Define

A1 = >\d70(0')TI‘(1N1;I;Z(ZTZ + 1/)11/)2)\1]\[)71)/\/&, (92)
Ay = X 0(0)?Tr((ZT Z + h1po\IN) M ININ(ZT Z + 1o\ Iy) 1 Z271,1) Z) /d, (93)
B=Tr((ZZ" + 1o \L,) ' ZMZ"(ZZ" + p14p\L,) " 11,17) /d. (94)

Then we have S1g = A1, So0 = As + B, and
E[|1 — 2510 + S20|] = E[|1 — 2A; + Ay + B|] < E[|1 — 24, + A|] + E[|B|].

By Lemma B.4, we have
E[|1 —2A; + As|] = 04(1).

Note E[||[M|]2,] = Oa(1), by Lemma B.5 (when applying Lemma B.5, we change the role of N and n, and
the role of ® and X; this can be done because the role of ® and X is symmetric), we have

E[|B[] = oa(1).

This gives
E[]1 — 2810 + S20[] = 0a(1).

Step 2. The term E[sup;, |[S1x[]. Note that we have
sup |S1s] < sup [[VaAak (o) |QuOXT)Z(ZTZ + h102AIn) " op)]
k>2 k>2
< sup [[VAL0)] - [Qu(OX TVl Z(27Z + r520) o)

< sup [C- [VdAax(0)] - QO X )y

k>2
Further note ||0'||%2(7_d) =2 k>0 Ak (0)2B(d, k) = O4(1), B(d, k) = ©(d¥), and for fixed d, B(d, k) is non-
decreasing in k [GMMM19, Lemma 1]. Therefore
sup i ()] < sup [[2(ep/ V/BU )] = 0al1/a)

Moreover, by Lemma B.9, and note that Qx(®XT) is a sub-matrix of Qx(WWT) for WT = [@T, XT], w
have

E| sup | Qu(©XT)[2,] = 04(1).
E>2
This proves

E[iggwm@ = 04(1).
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Step 3. The term E[sup, s, [Sar — S3|].  As discussed above, we can decompose U = )\37011\;1-{\, + M,
with E[||M]2,] = O4(1). Hence we can bound

sup |So, — S| < Iy + I,
k>2

where

2

A
I = sup %Tr [(ZTZ oA Iy) N1 (ZTZ 4 o Iy) L ZT QX XT) — IN)Z] )

AZO T 1 T 17T T
I = sup | S0 Tx[(Z7Z o) M(ZTZ + o dly) 2T (Qu(XXT) ~ 1) 2]
By Lemma B.9 we have E[sup, s, |Qx(X X T) —Iy||2,] = 04(1), and by Lemma B.5, we get
E[lL1]] = 04(1).
Moreover, we have

E[|L|] < ]E[igg ’/\fwTr((ZTZ F 1o NIN) T M(ZT Z 4 rpo NIy ) L ZT(Qr(X XT) — IN)Z)/dH

< E[sup N1 Z(27Z + v10aM )~ oo M o(Z7Z 4 102MTw) 27 [Qu(X XT) ~ T o
X 2 11/2 T 5 11/2
< 0a(1) - E[|M2,]' - E[sup |Qu(XXT) = Ix[3,] = ou(1).

and hence E[supy s [Sar — S3[] = 0a(1).
Step 4. The term E|S;; — ¥4|. This is direct by observing (see Eq. (85))

lim \/;i)\l’d(d) = 1.

d—oo

and (the definition of Z is given in Eq. (47))
Q1 (XO") =1 X0 /d = Z,
Step 5. The term E|S3; — ¥5|. Observing we have (see Eq. (47))
Qi XX")=XXT/d=H,
By Lemma B.10 we have
U = A\o(0)’1n1} +15Q + p(In + A),

for E[| A[|Z,] = 04(1). Therefore

So1 — Vol < I3+ Iy,
where

2
(2
I3 = ‘%T&{(ZTZ + wl’(/&)‘IN)_l]-NlL(ZTZ + 1/)1¢2)\IN)_1ZTHZ} :

2
I4 = ‘%’I‘I{(ZTZ + 1pl’(/a)\]:]\/v)_1A<ZTZ + ’(/)lw2)\IN)_1ZTHZ:| ‘

By Lemma B.5 and noting that E[|[H||2,] = O4(1), we have E[|I5]] = 04(1). Moreover, we have

B(11)) < B[121Z(27 Z + 0102200) " lopll Allpl(Z7 Z + $116:0) 7 27 op | H o |
< 04(1) B[ AI,] - BIIH|2,] = oa(1).

Step 6. The term E|S; — U3|. This term can be dealt with similarly to the term E|So; — ¥q.
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B.3 Proof of Lemma B.3

Instead of assuming Bq1 ~ Unif(S9"1(Fy1)) as per Assumption 4, in the proof we will assume Bq1 ~
N(0, [F},/d]1a). Note for Ba1 ~ N(0,[F7,/d|1a), we have Fy18a.1/||Ba1ll2 ~ Unif(S*~!(Fy1)). Moreover,
in high dimension, ||34,1]|2 concentrates tightly around Fj ;. Using these properties, it is not hard to translate
the proof from Gaussian 84,1 to spherical Bg,;.

First we state a lemma that simplifies our calculations.

Lemma B.6. Let A € R™YN and B € R™¥". Let g = (g1,---,9n)" with g; ~iia Py, Eglg] = 0, and
Eylg?] = 1. Let h = (h,...,hn)T with h; ~iia Ph, Ex[h] =0, and Ex[h?] = 1. Then we have

Var(g' Ah) = IIAII%,

Var(g" Bg) = ZB 3) + || B||% + Tx(B?).

Proof of Lemma B.6.
Step 1. Term g" Ah. Calculating the expectation, we have

Elg" Ah] =
Hence we have
Var(g" Ah) = E[g" AhhT ATg] = E[Tr(gg" ARhTAT)] = Tr(AAT) = || A|%.
Step 2. Term g'Bg. Calculating the expectation, we have
Elg' Bg] = E[Tx(Bgg")] = Tx(B).
Hence we have

Var(g' Bg) = { > ]E[gnBilz‘zgizgmBimgu]} — Tr(B)®
11,%2,13,14
= {( Z + Z + Z + Z )]E[ghBi1iggizgi33i3i4gi4]} — Tr(B)?
i1=ta=i3=%4 i1=ioFAiz=t4 i1=i3Flo=0iq 11 =i4Fio=1i3
= Y BXE[g"|+ ) _ BuBj; + Y _(Bi;Bi; + By By;) — Tr(B)?
i—1 ij ij

Z )+ Tr(B"B) + Tr(B?).

This proves the lemma. O

We can rewrite the prediction risk to be

Ryp(fa, X,©,0) = Y Fi, — 2Ty + Ty + T — 2Ty 42,
k>0

where

Z(Z"Z + p1p)y) 'V /Vd,
Fz = (ZTZ + Y1 NIN) MU (ZT Z + b1 NIy) P Z7 £/d,
Iy = sTZ(Z Z + 1o NIN) YU (ZT Z + 190 N\In) 1 Z e /d,
Ty =€"Z(Z"Z + 1) In) "1V V4,
U5 =¢e"Z(Z"Z + 19 \IN) ' U(Z7 Z + hiipaNIy) L Z7 £/d,
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and V = (Vy,...,Vy)T € RY and U = (Uiz)ijein) € RNXN with
Vi = Eg[fa()o((6s, ) /Vd),
Uij = Eo[0((6:,2)/Vd)o ((8;, @) /Vd)).
To show Eq. (89), we just need to show that, for k € [5], we have
Ex o[Varge(Tx)'/?] = 0a(1).

In the following, we show the variance bound for I'y. The other terms can be dealt with similarly.

Denote Yk,a; = (Ykl(wi))ie[n],lé[B(d,k)] S R*B(d-F) and Yk’g = (Ykl(Ba))ae[N],le[B(d,k)] S RN *B(dF) where
(Yki)k>0,1c[B(d,k)] 15 the set of spherical harmonics with domain S?-1(\/d). Denote Adk = Aq k(o) as the
Gegenbauer coefficients of o, i.e.,

Z )\d k\O (d) (f$>

Then we have

o0 o0

f= Z Y. =Bk, V= Z Ak Y08k (95)
k=0 k=0
Denote

Ry = Z(Z"Z + 1o )\Iy) !

Then

s TS
r, = \/g<;)yk,mﬁd,k) Rl(;Ad,lYE,GBd,l)-

Calculating the variance of T'y with respect to B4, ~ N(0, (Fj,/B(d,k))I) for k > 1 using Lemma B.6,
we get

Varg(T'y) = %Varg (( i Yk,mﬁd,k)TR1 ( i Ad,lﬁ,&ﬂd,l))
k=0 1=0

2

A A2
= Z ;’lval“/a(ﬂg,kYkT,leyi,eﬁd,z) +Z bk (ﬂ;ll—,kYkTleﬁc,Oﬂd,k)
14k E>1
)\2
= Y LT (RIQuUX X T Riu(eeT))
Ik
+3 B Adk [Tr(RTQk(XXT)Rle(QQT)) +Tr(Rle(QXT)Rle(QXT))].
k>1

We claim the following equality holds.

A2
sup Ex.o 7Tr(RTQk(XXT )R,1Q,(©07) ) = 04(1), (96)
k,l>1
A2
sup Ex e TTY(Rle(QX JR1Qi(OXT) ) = 04(1), (97)
k,i>1
sup]EX,@’dTr(RTLJTRle (©@e7) ) = 04(1), (98)
k>1
supIEX)@‘dTr<R1 QX XT) R11N1N) = 04(1). (99)

k>1
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Assuming these equality holds, noticing sup;s A3 ; < HUHLQ(M =04(1), Qo(XXT") =1,1T and Qy(®@OT) =

1nx1), we have
2
Ex.o[Varg(T)] = > F§,Fi0a(1) + Y B 0a() = | Y Fie] - 0a1) = 0a(1).
1#£k E>1 k>0

In the following, we prove claims Eq. (96) (97) (98) and (99).
Show Eq. (96) and (97). Note we have almost surely | Rq|/op < C for some constant C. Hence we have

)\2
sup Ex o T RIQuXXT)R.:(©O7))|
1> (100)
< 0a(1) - [sup A% | - sup {E[IQu(XXT)|2,]E[|Qu(©6T)|2,]/2}.
1>1 k,l>1

Note HUH%?(W) =Y ks0 N B(d, k) = 0a(1), B(d, k) = ©(d*), and for fixed d, B(d, k) is non-decreasing in
kE [GMMM19, Lemma 1]. Therefore

sup i (7)] < 0p [ 2(ep/ VB B)] = 0al1/Vd).

k>1

Moreover, by Lemma B.9 and the operator norm bound for Wishart matrices [AGZ09], we have

sup {E[|Qx (X XT)I2,)/2} = 0ul1). (101)
E>1

Plugging these bound into Eq. (100), we get Eq. (96). The proof of Eq. (97) is the same as Eq. (96).
Show Eq. (98) and (99). Note we have

1
sup Ex o| Tr(RI1, 1] R1Qu(@07))|
E>1

_ ilipEX’@’dTr( (ZZT + 1AL~ 11n1I(ZZT+w1¢2AIn)—1ZQk(®®T)ZT)‘.
>1

Note E[supys; [[Qx(©@OT)[|Z)] = O4(1) (Lemma B.9) and Ago(0) = ©4(1) (by Assumption 1 and note that

po(o) = limg_yo0 Ag,0(c) by Eq. (85)), by Lemma B.5 (when applying Lemma B.5, we change the role of N
and n, and the role of ® and X; this can be done because the role of ® and X is symmetric), we get

?gl)IEX_’@’dTr(RTl lTRle(GGT))‘ = 04(1).

This proves Eq. (98). The proof of Eq. (99) is the same as the proof of Eq. (98). This concludes the proof.

B.4 Proof of Lemma B.4 and B.5

To prove Lemma B.4 and B.5, first we states a lemma that reformulate A;, Ay and B, using Sherman-
Morrison-Woodbury formula.

Lemma B.7 (Simplifications using Sherman-Morrison-Woodbury formula). Use the same definitions and
assumptions as Proposition 5.1 and Lemma B.1. For M € RN*N | define

L= %)\{Lo(o)Tr [1Nllz(ZTZ + w1¢2AIN)—1}, (102)
Lo(M) = éTr {(ZTZ PN Iy) I M(ZT Z + ¢1¢2A1N)—1ZT1,Z1IZ} . (103)
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We then have

K 1
Ir=1- Kii(1— sz 1 (K12 +1)% (104)
Lo(M) = 15 G (1 - K22)2(4I’(G22(f(12 +1)° + 2G12(fglz +1)(1 - K22)’ (105)
1(1 = Kao) + (K12 +1)?)
where
K =T'E;'Ty,
Kip =TV E; ' Ty,
Ko = Ty E; 'Ty,
Gu=TVE;'ME;'T;,
G2 =TV E;' ME;'Ty,
Gos = Ty By ' ME; ' Ty,
and

pa(z) = o(x) = Aao(0),

1 1
J=—pa(—=X0T),
E() = JTJ+7,Z)11/}2AIN;
T = '1/1;/2>\d,0(0)1Na

1

T:
2 Jn

J',.

Proof of Lemma B.7.
Step 1. Term L;.
Note we have (denoting A\go = Ag,0(0))
Z = Agolp1}/Vd+J.

Hence we have (denoting Ty = J1,,//n)

Ly =Tr [/\d,olNll(Ad7017,,11TV/\/& + D) [Aaolnl X /Vd+ )T Naolnll/Vd + J) + qplszIN]*l} /Vd
— Tr [(¢2A3701N1]TV 0 P Ao INT) [ A2 01NN + 00/ A a0 LN T + 05 * Ao Tol § + T 7T + ¢ AIy] .

Define
E=2Z"Z +1u)\ly = Ey + F\ Fy,
Eo = JJ + {192\l
F = (T, T1,Ty),
F, = (T, T, Ty),
T = "/J;/2)\d,01N7
T, =J"1,/Vn.

By the Sherman-Morrison-Woodbury formula, we have

E'=E;' —-E;'F\(Iz3 + FJE;'F)) " 'FJE; "
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Then we have
Ly =T |[(BT + DT )(B; ' — By Fu(ls + Fy By 'F) T B B
= (IVE,'T, - TV E; ' F\(1; + F) Ey ' F) 7 FES'T)
+(Ty E;'T, — Ty E; ' Fi(I; + Fy E; ' Fy) " FE;'T)
= (K11 — [K11, K11, K1) (Is + K) 7' K, Kig, KT
+ (K12 — [K12, K12, Koo (I3 + K) 7Y K11, K12, K11]")
= [Ki1, K11, K12) (I3 + K) 7' [1,0,0]"
+ [K12, K12, K2o] (I3 + K)~'[1,0,0]7
= (Kiy + Kio + K11 — K11Ka2) /(K75 + 2K12 + K11 — K11 K2 + 1)
=1— (Kip+1)/[Ki1(1 = Kg) + (K12 +1)7],
where
Ky =TV Ey Ty = o) g 15 (T 7T + 1o\ Iy) "'y,
Ky = TV E; Ty = Aol N (JTT + 1 y) LI 71, /Vd,
Koo =Ty Eg'Ty = 1] J(JTJ + 192N Iy) 1T T, /n,

Ky Kii Kpo
K= |Kis Ko Ky
Kiw K Ko

This prove Eq. (104).
Step 2. Term Ly(M). We have
Z"1,17Z /d = Naol, 1N /Vd+ J) 1,1 (N ol,15/Vd + J)/d
= w%Aﬁ,olNlev + 0Ty - /o Aa ol + Yo/ o daolnTy + YoToTy = tho(T) + To)(Ty +To) .

As a result, we have

Ly(M) =ty - (Ty + To)"E"'ME~ (T, + T)
=42 (T + 1) (Iy — By 'Fi(Is + Fy Ey ') 7' Fy)
(Ey'MEy ) (Iy — (L + F Ey ' F) ' F By )(Ty + T).
Simplifying this formula using simple algebra proves Eq. (105). O
Proof of Lemma B.4.
Step 1. Term A;. By Lemma B.7, we get
A =1— (Kiz +1)/(Kii(1 = K22) + (K12 +1)%), (106)

where
K11 = TV Eg ' Ty = o N] 15 (J 7T + ¢1ahoMIy) 'y,

Ky = TV EG Ty = Aol N (JTT + 1 \y) 1T T, /Vd,
Koy =Ty Ey Ty = 1] J(JTT + 1 \Iy) 1T 1, /n.

Step 2. Term As.
Note that we have

Ay =Tr((ZTZ + 1o NIN) T UG(ZT Z + 1o NIy) 1 271,11 Z) /d,

where
Uy = Mao(0)?1y1) = TVTY 4bo. (107)
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By Lemma B.7, we have
Ay = o[G11(1 — Ka9)? 4 Goo (K12 + 1)? 4+ 2G12(K12 + 1)(1 — K92)]/ (K11 (1 — Ka2) + (K12 + 1)), (108)

where N . )
Gn =T, E;, " UyE, T\ = K, /{2,

Gio = T{ E; ' UyEy 'Ts = K11 K12/,
Goy = Ty E; ' UgEy 'Ty = K&y /1s.
We can simplify Sog in Eq. (108) further, and get
Ay = (K11 (1 — Kog) + K2, + K1) /(K11 (1 — Kog) + (K12 4 1)%)2. (109)

Step 3. Combining A; and A,
By Eq. (106) and (109), we have

A=1-2A1+ Ay = (K12 + 1)?/(K11(1 — K22) + (K12 + 1)*)? > 0.
For term K19, we have

[K1a| < Aaoll (7T + 1o XIn) T op 1015 /Vdlop = Oa(Vd).

For term K1, we have

K11 2 ¥2A3 0N Amin (J 7T 4+ 190 MIN) 1) = Qa(d) /(1T 7T [|op + P1102X).

For term Koy, we have
121 Koy = 10 (L, — J(ITT + 9192 In) LT )10 /0 > 1= A (T (I TT + 9019020 Iy) LT T)
> 1o/ (Y1902 + (| T 7T ||op) > 0.

As a result, we have
1/(K11(1 = Ka2) 4 (K12 + 1)%)% = Oa(d™2) - (1 + || T15,),
and hence
A=04(1/d)- (1 + | T][5;)

Lemma B.13 in Section B.5 provides an upper bound on the operator norm of ||J||op, which gives ||J|lop =
Ogp(exp{C(logd)'/?}) (note J can be regarded as a sub-matrix of K in Lemma B.13, so that ||J|op <
|l K ||lop)- Using this bound, we get

A= Ody]p(].).

It is easy to see that 0 < A < 1. Hence the high probability bound translates to an expectation bound. This
proves the lemma. O

Proof of Lemma B.5. For notation simplicity, we prove this lemma under the case when A = {a} which is
a singleton. We denote B = B,,. The proof can be directly generalized to the case for arbitrary set A.

By Lemma B.7 (when applying Lemma B.7, we change the role of N and n, and the role of ® and X;
this can be done because the role of ® and X is symmetric), we have

G11(1 — K22)? + Gaa (K12 + 1)? 4+ 2G12(Ki12 + 1)(1 — Ka2)

B =1 (K11(1 — Kao2) 4 (K12 + 1)2)2 ’

(110)

where
Kii =TV E;'Ty = aXao(0)? 15 (JTT + ¢1eXIy) 'y,
Kio = TV EgYTy = A o(0) 1N (JTT + 1o MIy) "2 T1,,/Vd,
Kog =Ty Ey' Ty = 1) J(J T + 1po\Iy) 1T 1, /n,
G =TV E;"MEG'T) = o) o(0)* 1N (T T + 1o NIn) " M (T 7T + 190\ Iy) ",
Gro =T Ey "M Ey ' Ty = Mg (o)1 (J T + 1o MIy) " M (JTT + 1o XIy) " T "1, /Vd,
Gy =T, E;'ME;'Ty = 1, J(J"J + ¢10oALy) "M (JTJ + th1apoMy) ' T "1, /n.
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Note we have shown in the proof of Lemma B.4 that

K11 = Qa(d)/(1pod + [|T)|2,),

K1z = O4(Vd),
1 > 1-— K22 > 1/11¢2>\/(¢11/J2>\ + HJ”op)
1/(K11(1 = Kag) + (K12 +1)%)% = Oa(d™?) - (1L V [|J[[5,)-

Lemma B.13 provides an upper bound on the operator norm of ||J ||op, which gives ||J||op = Ogp(exp{C(logd)'/?}).
Using this bound, we get for any € > 0

(1= K22)?/(Kii (1 = Ka2) + (K12 + 1)*)* = Ogp(d™*7),
(K2 +1)%/(K11(1 — Ka2) + (K12 +1)%)? = Ogp(d™179),
(K12 + 1)(1 — Kas)| /(K11 (1 — Ka2) + (K12 + 1)%)% = Oqp(d—3/7%%).

Since all the quantities above are deterministically bounded by a constant, these high probability bounds
translate to expectation bounds.
Moreover, we have

E[GH]Y? < ¢odao(0)? (1o PEIM (3,1 1n 1] [lop = Oa(d),
E[G3,]'/? < 04(1) - B|M 3,111 /nlop = Oa(1),
E[GT,)"? < 0a(1) - Aao(0)E[|M 13,12 |1,1% /Vd]lop = Oa(d"/?).
Plugging in the above bounds into Equation (110), we have
E[|B]] = 0a(1).

This proves the lemma. O

B.5 Preliminary lemmas

We denote by g the probability law of (21, 22)/v/d when @1, €2 ~iiq N(0,1;). Note that pg is symmetric,
and fxzud(dx) = 1. By the central limit theorem, py converges weakly to ug as d — oo, where g is the
standard Gaussian measure. In fact, we have the following stronger convergence result.

Lemma B.8. For any \ € [—V/d/2,v/d/2], we have

/e)‘w pa(dz) < N (111)

Further, let f : R — R be a continuous function such that |f(z)| < coexp(cr|z|) for some constants cp,c; <
0o. Then

fin [ £(o) paldr) = [ F(z) na(do), (112)

d—o0

Proof of Lemma B.8. 1In order to prove Eq. (111), we note that the left hand side is given by
1 1 1 A
om0 { = glanl - gzl + o, aa) e,

= |det( ) oy
{ (A/\/ﬁ 1 )} ( d)

2
<et

E{e)\(:cl,mz)/\/a} _

)

where the last inequality holds for |\| < v/d/2 using the fact that (1 —z)~! < e2* for z € [0,1/4].

In order to prove (112), let Xy ~ pg, and G ~ N(0,1). Since g converges weakly to N(0,1), we can
construct such random variables so that X4 — G almost surely. Hence f(X4) — f(G) almost surely.
However |f(X4)| < ¢oexp(ci|Xq|) which is a uniformly integrable family by the previous point, implying
Ef(Xq4) = Ef(G) as claimed. O
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The next lemma is a reformulation of Proposition 3 in [GMMM19]. We present it in a stronger form,
but it can be easily derived from the proof of Proposition 3 in [GMMM19]. This lemma was first proved in
[EK10] in the Gaussian case.

Lemma B.9. Let © = (01,...,0x)" € RV*? with (0,).e[n] ~iid Unif(S*1(V/d)). Assume 1/c < N/d<c
for some constant ¢ € (0,00). Then
E|sup [|Qx(©O7) —In|3,| = 0a(l).
k>2
The next lemma can be easily derived from Lemma B.9. Again, this lemma was first proved in [EK10]
in the Gaussian case.
Lemma B.10. Let © = (01,...,0x)" € R¥N*? with (04)ac(n] ~iia Unif(S?1(V/d)). Let activation function

o satisfies Assumption 1. Assume 1/c < N/d < ¢ for some constant ¢ € (0,00). Denote

U= (EwNUmf(sdfl(\/a))[U(w(zv $>/\/(§)0(<9b»w>/\/g)]>a7be[N] € RVXN,

Then we can rewrite the matriz U to be
U =Xao(0)’In1y + p7Q + pi(Iy + A),
with @ = @07 /d and E[||A||2,] = 0a(1).

The next several lemmas establish general bounds on the operator norm of random kernel matrices which
is of independent interest.

Lemma B.11. Let 0 : R — R be an activation function satisfying Assumption 1, i.e., |o(u)l],|o’(u)] <
coe 1l for some constants co,c; € (0,00). Let (Zi)ieip) ~iia N(0,Ig). Assume 0 < 1/co < M/d < ¢y < 00
for some constant cy € (0,00). Consider the random matriz R € RM*M defined by

Rij = 1iyzj - 0((Z:, ;) /Vd) /Vd. (113)

Then there exists a constant C' depending uniquely on co,c1,c2, and a sequence of numbers (Tg)a>1 with
714 < Cexp{C(logd)'/?}, such that

IR — 7411}, /Vdllop = Oap(exp{C(logd)'/?}). (114)
Proof of Lemma B.11. By Lemma B.8 and Markov inequality, we have, for any i # j and all 0 < ¢t < V/d,
P(@i,zj)/\/ﬁ > t) < et/ (115)

Hence

> 16,/1og 1

1 1
— > < M? - <—.
1§$?§MP(’¢&< > 16 10gM) < M*exp{—4(log M)} < e
We define 5 : R — R as follows: for |u| < T = 16y/Togd, define 5(u) = o(u)e 1%l /cy; for u > T, define
g(u) = &(T); for u < —7, define 6(u) = &(—%). Then & is a 1-bounded-Lipschitz function on R. Define
ila = Bz gon(o,1) [0 (T, ¥)/Vd)] and 7; = jacoe’I”!. Since we have 74| < max, |5(u)| < 1, we have

74l = Oalexp{C(logd)"/*}). (117)
Moreover, we define K, K € RM*M py
Kij = Lig; - (5((z3,%;)/Vd) — ila) V4,

Kij = Lizj - (0((Z:,%;)/Vd) —7,)/Vd.

1 _ _

P(, s gt =)
s (116)
2

(118)
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By [DM16, Lemma 20], there exists a constant C' such that
P(| K|lop > C) < Ce™/.

Note that [DM16, Lemma 20] considers one specific choice of &, but the proof applies unchanged to any
1-Lipschitz function with zero expectation under the measure g, where p4 is the distribution of (Z,%)/vd
for T,y ~ N(0,1,).

Defining the event G = {|(Z;,Z;)/Vd| < 16y/Togd, V1 <i < j < M}, we have

= o04(1).  (119)

P(IK lop > Ceoe ) < P(IK lop > C e ;) + B(G°) < B(|R]lop > C) + 175

By Eq. (113) and (118), we have
R=K — 7,0y /Vd+7,1:1},/Vd.
By Eq. (119) and (117), we have
IR~ 741011, /Velop = 1K = 0gIar/Vdllop < K lop + 7/ Vd = Oap(exp{C(logd)'/*}).

This completes the proof. O

Lemma B.12. Let 0 : R — R be an activation function satisfying Assumption 1, i.e., |o(u)l],|o’(u)] <
coe 1! for some constants co, ¢y € (0,00). Let (Zi)ie) ~iia N(0,1g). Assume 0 < 1/co < M/d < ¢c3 < 00
for some constant cy € (0,00). Define z; = \d -%;/||Zi||l2. Consider two random matrices R, R € RM*M
defined by

Rij = Liz; - 0((Z:, ;) /Vd) /Vd,
Rij = iz - 0((zi, ) /Vd) V.

Then there exists a constant C' depending uniquely on cg, c1, co, such that
IR~ Rllop = Oap(exp{C(logd)'/*}).

Proof of Lemma B.12. In the proof of this lemma, we assume o has continuous derivatives. In the case when
o is only weak differentiable, the proof is the same, except that we need to replace the mean value theorem
to its integral form.
Define 7; = V/d/||Zi||2, and
Rij = Lizj - o(ri(Zi, %) /Vd)/Vd.

By the concentration of y-squared distribution, it is easy to see that

max |r; — 1| = Oy p((log d)*/?/d*/?).
€[ M)

Moreover, we have (for ¢; between r; and 1)
[Rij — Rijl <10"(Gi(Zi,25)/VA)| - |23, %) /Vd| - [rs — 1] /Vd.
By Eq. (116), we have

max [{Z;, 2 = p((lo 1/2
e [(21,%;)/Vd] = Oaz((logd)'7?)

i [G(0 %)) [Vd) = Oap((logd) /)

Moreover by the assumption that |o’(u)| < coe!*l, we have

max |0/ (G(Z:,Z;)/Vd)| - |(Z:,Z;) /Vd] = Ogp(exp{C(log d)"/*}).

i#j€[M]
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This gives
R, — Ri;| =0 C(logd)'/?}/d).
#r;lgf;m\ i = Rij| = Oap(exp{C(logd)™/"}/d)
Using similar argument, we can show that
Rij — Rij| =0 C(logd)'/?}/d),
#r?gﬁﬂl j — Rij| = Oap(exp{C(logd)"/"}/d)
which gives
max |R;; — Ri;| = Ogp(exp{C(logd)"/?}/d).
i;éjE[M]‘ ij zj| d,lP’( p{ (log d) }/ )
This gives o o o
[R—Rlop < |[R—R|lr<d: e |Ri; — Rij| = Oap(exp{C(logd)"/*}).
i#]

This proves the lemma.

Lemma B.13. Let 0 : R — R be an activation function satisfying Assumption 1, i.e., |o(u)l,|o’(u)]
coe?t!Ul for some constants co,c; € (0,00). Let (2i)ie[m) ~iid Unif(S*1(Vd)). Assume 0 < 1/cy < M/d
¢y < 00 for some constant ca € (0,00). Define Ago = Ezi,ZQNUnif(Sd,l(\/E))[U((Zl,ZQ)/\/&)], and @q(u)
o(u) — Ag,o. Consider the random matriz K € RM>M with

I IANIAN O

1 1
Kij = Lizj - ﬁ‘pd(ﬁ<zi7zj>).
Then there exists a constant C' depending uniquely on cg, ¢y, co, such that
HKHop S OdJP(eXp{C(log d)l/?})

Proof of Lemma B.13. We construct (2;);e[as] by normalizing a collection of independent Gaussian random
vectors. Let (Z;)ic(ar) ~iia N(0,14) and denote z; = Vd-Z;/|[Zi||2 for i € [M]. Then we have (2i)ie[m) ~iid

Unif (S9! (V/d)).

Consider two random matrices R, R € RM*M defined by

Rij = Lig; - 0((2:, ;) /Vd) V4,
Rij = iz - 0((zi, 2)/Vd) [ Vd.

By Lemma B.11, there exists a sequence (7;)a>0 with |7,| < Cexp{C(logd)'/?}, such that
IR —741ar13;/Vdllop = Oap(exp{C(log d)'/*}).
Moreover, by Lemma B.12, we have,
IR~ Rllop < Oap(exp{C(logd)"/*}),

which gives,
IR — 74101}, /Vd|lop = Oap(exp{C(logd)*/?}).

Note we have
R =K + Mol /Vd — Mgola/Vd.

Moreover, note that limg oo Aa,0 = Egono,1)[0(G)] so that sup, [Ago| < C. Therefore, denoting ry =
Ad,0 — Mg, We have

|K + alar1], /Vd||op = [|R = 71015, /Vd + NaoIar/Vd|op

(120)
< | R = 7 ar L} /Vdllop + Mao/Vd = Ogp(exp{C(log d)'/?}).
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Notice that

| S etz z) V)| < j}i\ > palliz) VD)V = ]ﬁfw,

i#] =1 j:j#i i=1

where

v, = jﬂj;w«zi,zﬂ/x/&).

Note E[pa((z;,2;)/Vd)] = 0 for i # j so that Elpa((zi, zj,)/Vd)pa((zi, zj,)/Vd)] = 0 for i, 71, jo distinct.
Calculating the second moment, we have

sup B[V?) = sup E[( 3 gullz z)/Va)VIT) | = sup 3™ Elpa((z1, /Y] = 0al))

ie[M] i€[M] jrii ietv) M i

Therefore, we have

2 M o2 M
E[(l&KlM/M)Q]Sﬁi;ﬁ“mlw]gﬁigl [(V2+v2>/2]<c 121[15]1@[ 2] = 04(1).

This gives
13, K1y /M| = Og4p(1).

Combining this equation with Eq. (120), we get

lkalarlas/Vallop = |(Lar, (kalarlys/Vd)1ar) /M|
< |(1as, (K + kgl 1, /Vd)1p) /M| + |13, K15/ M|
< |IK + kalah/Vdllop + 13K 1ar /M| = Ogp(exp{C(log d)"/?}),

and hence
1K llop < 1K + £alas13,/Villop + Ikalar1};/Vd|lop = Ogp(exp{C(logd)'/?}).

This proves the lemma. O

C Proof of Proposition 5.2

This section is organized as follows. We prove Proposition 5.2 in Section C.6. We collect the elements to
prove Proposition 5.2 in Section C.1, C.2, C.3, C.4, and C.5. In Section C.1, we show that the Stieltjes
transform is stable when replacing the distribution of x;, 8, from uniform distribution on the sphere to
Gaussian distribution. In Section C.2, we give some properties for the fixed point equation Eq. (52)
defined in the statement of Proposition 5.2. In Section C.3 we states the key lemma (Lemma C.4): Stieltjes
transform approximately satisfies the fixed point equation, when x;, 0, ~;;q N(0,1;) and ¢ is a polynomial
with Eg.uno,1)[#(G)] = 0. In Section C.4 we give some properties of Stieltjes transform used to prove Lemma
C.4. In Section C.5, we prove Lemma C.4 using leave-one-out argument.

C.1 Equivalence between Gaussian and sphere vectors

Let (0, Jaen] ~iid N(0,14), (®i)iepn) ~iia N(0,Iz). We denote by © € RV*d the matrix whose a-th row is
given by 0,, and by X € R™*? the matrix whose i-th row is given by Z;. We denote by ® € RV*¢ the
matrix whose a-th row is given by 8, = v/d-0,/]|04]|2, and by X € R"*? the marix whose i-th row is given
by T, = \/g . f,/”izng Then we have (ml)le[n} ~iid UHlf(Sdil(\/g)) and (ea)ae[]\[] ~iid Unlf(Sdil(\/g))
independently.
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We consider activation functions o, : R — R with p(z) = o(z) — Eguno,1)[0(G)]. We define the
following matrices (where p; is the first Hermite coefficients of o)

— 1 1 — 71 1 1
J=—o(—=X0 ), Z=—"—c(—=X0T), 121
7 (ax®) s (Jaxe) 121
J = %Y@T, Z, = %X@)T, (122)
1l 1
Q=_® e, Q=_00", (123)
N (—— 1
H=-XX, = -XXT, (124)
d d
as well as the block matrix A, A € RM*M N = N 4 n, defined by
J +pdy I, +toH |’ Z+pZy Ul +tH|”’
and the Stieltjes transforms M y(&; q) and My(&; q), defined by
_ 1 _ _ 1 _
Ma(§: q) = —Tr[(A - €1a) "), M (& q) = S Tr[(A = Ly) '), (126)

d d

The readers could keep in mind: a quantity with an overline corresponds to the case when features and data
are Gaussian, while a quantity without overline usually corresponds to the case when features and data are
on the sphere.

Lemma C.1. Let 0 be a fived polynomial. Let p(x) = o(x) — Egn(,1)[0(G)]. Consider the linear regime
of Assumption 2. For any fized q € Q and for any & > 0, we have

E| sup |Md(§§Q)_Md(SZQ)|} = 04(1).
RIP2)

Proof of Lemma C.1.
Step 1. Show that the resolvent is stable with respect to nuclear norm perturbation.
We define

A(A,Z, 5) = Md(&Q) - Md(g;q)'

Then we have deterministically

[A(A, A Q)| < [Ma(&q)| + [Ma(& )] < 41 + ¢h2) /3¢,
Moreover, we have
A(A, A, 9| = Tr((A—¢D) (A - A)(A-€D)7Y)|/d
< (A= €D)™HA— D)™ opllA — Al/d
< || A — All./(d(3€)?).
Therefore, if we can show ||A — A||,/d = 04p(1), then E[supgese, |A(A, A, €)[] = 04(1).
Step 2. Show that ||A — A||./d = oqp(1).
Denote Zy = EGNN(Oyl)[U(G)]lnleV/\/a and Z, = ¢(X®T//d)/v/d. Then we have Z = Zy + Z,, and

5 QR-Q 0} [0—0 0 } o zZI-J, o zZT-J' [0 z7
A-A= +i —|+ _ ANy _ Y + :
82{ o o "o H-H |z-7, o Z, -7 Z, 0
Since q = (81, 82, t1,t2,p) is fixed, we have
1 1~ 1, 1 - 1o 2z
“JA-AlL<C|—=|Q- —H-H|p+ —T1 - Zilp + =T — Zllp + ~ ol
A=Al <C | IQ - Qle + IF - Hle+ 2=IT - 21l + 1T~ 2o+ 5 2 % ||
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The nuclear norm of the term involving Zj, can be easily bounded by

1|0 Z§ 1n1]
d|[|Zo 0

1 0
’* = W|EG~N(O,1)[O—(G)]| : H |:1n1-|];/ 0 n:|

\/i 0
= gra Pomon (@1 H {1711} 0 n]

*

For term H — H, denoting D, = diag(v/d/||Z1|2, ..., Vd/||Z.]2), we have
IH — H|r/vVd < |H ~ Hllop < Lo = Dallopl[Hllop(L + | Dallop) = 04(1),
where we used the fact that |Dg — I, |lop = 04.p(1) and |[H||op = Og,p(1). Similar argument shows that
1@ - Qllr/Vd=04p(1), |IJ1— Zi]r/Vd= o4p(1).

Step 3. Bound for |[J — Z, | »/Vd.
Define Z, = <p(DwY6T/\/&)/\/a. Define r; = V/d/||%;||2. We have (for (;, between r; and 1)

Z. 7 = (olru(@:. 8.)/Vd) Vi~ o((:.8,)/Vd) Vi)

i€[n],a€[N]

= ((rl — 1)(<Ei7§a>/\/&>w/(ga<fi’§a>/\/g)/\/g)ie[n]}ae[N}

— (D, —L)P(E (X O /Vd)/Vd,

where E = ((ia)icn),ac[N], and @(x) = z¢'(x) (so ¢ is a polynomial). It is easy to see that

— ——T
Dz — Tnllop = m?X [ri — 1| = Oap(+/log d/\/a)a I1E]|max = Oa,p(1), [X© /\/g”max = Oap(\/logd).
Therefore, we have
S — T
1Z, = J|lr/Vd=|(De —L)p(E G (XO /Vd))|r/d

=T
< ||1Dz = Lillopll@p(E® (X © /\/‘3))||F/d

— ol e, e
< C(9) 1Dz = Lullop(1 + Bl max | X © " / V|l max)*B) = Og p((log d) 1A+ /V/d) = 045(1).

This proves the lemma. O

C.2 Properties of the fixed point equations

In this section we establish some useful properties of the fixed point characterization (52), where F is
defined via Eq. (51). For the sake of simplicity, we will write m = (m1, mg) and introduce the function

F('%&Q,Vf}lﬂ/&»ﬂl,ﬂ*):(CX(C—HCX(CVia

.. _ F(m17m2;§;q7¢17w27ulyu*)
F(m7§a q,qul,'l,[}Q,,Ufl,,Uz*) - F<m27m1;£;q7w27¢1,ul,u*) . (127)

Since q, 1, Y2, p1, 4 are mostly fixed through what follows, we will drop them from the argument of F
unless necessary. In these notations, Eq. (52) reads

m =F(m;¢). (128)

Lemma C.2. If £ € Cy, the F(-+;&) maps Cy x Cy to C,..
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Proof. Assume pq # 0 (the proof goes along the same line for p; = 0, with some simplifications). We rewrite
Eq. (51) as

Py
F ey — 129
(mlam27§) —f+81 + H(mth) ) ( )
1
H(my,my) = — p2my + TS (130)

my + 1+(t252—ﬂf(1+]9)2)m2

Consider J(m1), S(mz) > 0. Note that 2z — (1 + ta2)/(s2 + (t2s2 — p2(1 + p)?)2z) maps Cy — C,. Hence
S[(ma + (14+tama) /(1 + (t2se — p3(1+p)?)ma)] > 0, whence the fraction in Eq. (130) has negative imaginary
part, and therefore S(H) < 0 (note that u2 > 0). From Eq. (129), we get 3(F) > 0 as claimed. O

Lemma C.3. Let D(r) = {z : |z| < r} be the disk of radius r in the complex plane. Then, there exists
ro > 0 such that, for any r,§ > 0 there exists &g = Eo(r, 0, q, V1,9, pi1, pix) > 0 such that, if S(£) > &, then
F maps D(rg) x D(rg) into D(r) x D(r) and further is Lipschitz continuous, with Lipschitz constant at most
0 on that domain.

In particular, if (&) > & > 0, then Eq. (52) admits a unique solution with |ma|, |ma| < ro. For (&) > 0,
this solution further satisfies S(m1), S(m2) > 0 and |mq| < ¥1/3(E), |ma| < Pa/I(E).

Finally, for S(&) > &, the solution m(&; q, Y1, Y2, fi, f11) is continuously differentiable in q, 11,2, ty, p1.

Proof of Lemma C.3. Consider the definition (51), which we rewrite as in Eq. (129). It is easy to see that,
for ro = r9(q) small enough, |H(m)| < 2 for m € D(rg) x D(rg). Therefore |F(m;&)| < ¢1/(3(&) —2) < r
provided & > 2+ (¢1/r). By eventually enlarging &y, we get the same bound for ||F(m;§)||s. The existence
of a unique fixed point follows by Banach fixed point theorem.

In order to prove the Lipschitz continuity of F in this domain, notice that F is differentiable and

()

V(M) = e T A2

Vo H(m) . (131)

By eventually reducing rg, we can ensure ||V,,H(m)|l2 < C(q) for all m € D(rg) x D(rg), whence in the
same domain ||V, F(m;€)|la < Ctb1/(S(€) — 2)? which implies the desired claim.

Finally assume $(€) > 0. Since by Lemma C.2 F maps Ci to (C%r we can repeat the argument above with
D(ro) replaced by Dy (rg) = D(rg) N C4, and D(r) replaced by D, (r). We therefore conclude that the fixed
m(&; s, t) must have (my) > 0, S(msg) > 0. Hence, as shown in the proof of Lemma C.2, S(H(m)) < 0,
and therefore

P1 L

IS S Ce T Hom)l = 5

(132)

The same argument implies the bound |ms| < 19/ (€) as well.
Differentiability in the parameters follows immediately from the implicit using the fact that F(m;&; q,v1, 02, pis, p1)
(with an abuse of notation, we added the dependence on) is differentiable with derivatives bounded by 26
with respect to the parameters in D(r) x D(r) x A/, with A/ a neighborhood of (g*, ¢}, 3, %, ut), provided
%(5) >fo(r,57q*,¢fa¢§aﬂi7/ﬁ)- O

C.3 Key lemma: Stieltjes transforms are approximate fixed point

Recall that (04).e(n] ~iia N(0,Lq), (T;i)icmn) ~iia N(0,14). We denote by © € RV*? the matrix whose a-th
row is given by 0,, and by X € R"*¢ the marix whose i-th row is given by &;. We consider a polynomial
activation functions ¢ : R — R. Denote uy = E[p(G)Hey(G)] and p3 = Y7, -, pz /k!. We define the following
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matrices

- 1 1 ——71

J= —dga(—dX © ) (133)
T, = %Y@T, (134)
1

Q=_© o, (135)
H= éffﬂ (136)

as well as the block matrix A € RM*M M = N + n, defined by

— T T
sily +52Q  J +pJy

-V T 1 (137)
J+pJ1 @l +tH
In what follows, we will write g = (s1, s2,t1, t2, p).
We would like to calculate the asymptotic behavior of the following partial Stieltjes transforms
_ N_ — -1 —
m1.a(§;q) = ZE{(A — &)1y} = E[M1,4(&5q)], (138)
n_, . — _ _
T5.4(6 0) = TEA(A — €Lar)ih s v} = EM2a(6 @),
where 1
My 4(&q) = ETr[l,N] (A=),
(139)

_ 1 — _
M3 .a(§;q) = ETI"[N+1,N+7L] [(A—&Iy)™ .

Here, the partial trace notation Try. ) is defined as follows: for a matrix K € CM*M and 1 <a <b < M,
define

Trpop (K) = Z K.

We denote by 11,4 = N/d, 12,4 = n/d the aspect ratios at finite d. By Assumption 2, ¢; 4 — 1; € (0, 00)
for i € {1,2}. The crucial step consists in showing that the expected Stieltjes transforms 7 4,72 4 are
approximate solutions of the fixed point equations (52).

Lemma C.4. Assume that ¢ is a fixed polynomial with E[p(G)] =0 and p1 = E[p(G)G] # 0. Consider the
linear regime Assumption 2. Then for any q € Q and for any & > 0, there exists C = C(&o, q, V1,2, @)
which is uniformly bounded when (q,v1,12) is in a compact set, and a function err(d), such that for all
& € Cp with (&) > &, we have

‘ml,d - F(ml,damZd;g; qawl,ch wQ,dvﬂhpf*) S C - err(d) B (140)

< C-err(d), (141)

‘mz,d — F(Mi2,a, M1,4; &, V2,4, V1,0, 11, i)

with limg_, o err(d) — 0.

C.4 Properties of Stieltjes transforms

The functions & — ; 4(&; q)/Yid4, © € {1,2}, can be shown to be Stieltjes transforms of certain probability
measures on the reals line R [HMRT19]. As such, they enjoy several useful properties (see, e.g., [AGZ09]).
The next three lemmas are standard, and already stated in [HMRT19]. We reproduce them here without
proof for the reader’s convenience: although the present definition of the matrix A is slightly more general,
the proofs are unchanged.
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Lemma C.5 (Lemma 7 in [HMRT19]). The functions & — 1.q4(&), € — Ta,q(€) have the following proper-
ties:

(a) € € Cy, then [ q| < ;/I(E) forie {1,2}.
(b) 1,4, Ta,q are analytic on C4 and map C into C4.

(c) Let Q C Cy be a set with an accumulation point. If Mg 4(§) = mq(§) for all § € Q, then mqy(€) has a
unique analytic continuation to Cy and Mg q(§) — me(§) for all § € C4. Moreover, the convergence
s uniform over compact sets Q C C,..

Lemma C.6 (Lemma 8 in [HMRT19]). Let W € RM*M pe q symmetric matriz, and denote by w; its i-th
column, with the i-th entry set to 0. Let W) = W — w;e] — e;w], where e; is the i-th element of the
canonical basis (in other words, W s obtained from W by zeroing all elements in the i-th row and column
except on the diagonal). Finally, let &€ € Cy with (&) > & > 0. Then for any subset S C [M], we have

3
<.
€o

The next lemma establishes the concentration of Stieltjes transforms to its mean, whose proof is the same
as the proof of Lemma 9 in [HMRT19].

I Tes[(W = €1a) "] = Trs (W - L) ]| (142)

Lemma C.7 (Concentration). Let S(§) > & > 0 and consider the partial Stieltjes transforms M; 4(&; q)
and M; 4(&;q) as per Eq. (126). Then there exists co = co(&o) such that, fori € {1,2},
) < 260’ (143)

P(|M;a(&q) —EM;a(; q <2e
) < 270, (144)

)|
P(|Mia(&;q) — EM;a(é; q)]

In particular, if S(€) > 0, then |M; 4(&;q) — EM; 4(&5q)] — 0, |M; a(&;q) — EM; a(&;q)] — 0 almost surely
and in L'.

Y

u
u

v

Lemma C.8 (Lemma 5 in [GMMM19]). Assume o is an activation function with o(u)? < co exp(cyu?/2)
for some constants co > 0 and ¢1 < 1 (this is implied by Assumption 1). Then

(@) Eganio,n[o(G)?] < occ.
(b) Let ||w||2 = 1. Then there exists dy = do(c1) such that, for & ~ Unif(S¥~1(\/d)),

sup Ezlo((w,z))?] < 0o (145)
d>do

(¢) Let ||w||a = 1. Then there exists a coupling of G ~ N(0,1) and x ~ Unif(S*~1(\/d)) such that

Jim By o[(o((w, @) - 0(G))?] = 0. (146)

C.5 Leave-one-out argument: Proof of Lemma C.4

Throughout the proof, we write F(d) = O4(G(d)) if there exists a constant C = C(&g, q,¥1, Y2, @) which
is uniformly bounded when (&y,q,11,%2) is in a compact set, such that |F(d)] < C - |G(d)]. We write
F(d) = 04(G(d)) if for any € > 0, there exists a constant C = C(e,&o, g, %1, Y2, v) which is uniformly
bounded when (&g, g, 11, %2) is in a compact set, such that |F(d)| < e - |G(d)| for any d > C. We use C' to
denote generically such a constant, that can change from line to line.

We write F(d) = Oqp(G(d)) if for any 6 > 0, there exists constant K = K(4,&o,q, ¥1,%2,¢),do =
do (9, &0, g, 1, 2, ©) which are uniformly bounded when (&, g, 11, %2) is in a compact set, such that P(|F(d)| >
K|G(d)]) < ¢ for any d > dy. We write F(d) = o0qp(G(d)) if for any €,6 > 0, there exists constant
do = do(e, 6, &0, q, Y1, 2, ) which are uniformly bounded when (&, g, %1, 12) is in a compact set, such that
P(|F(d)| > e|G(d)]) < ¢ for any d > dy.
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We will assume p = 0 throughout the proof. For p # 0, the lemma holds by viewing J + pJ; =
©.(XOT/\/d)/V/d as a new kernel inner product matrix, with ¢, (x) = ¢(x) + puiz.
Step 1. Calculate the Schur complement and define some notations.

Let Z.Jv € RM~1! be the N-th column of A, with the N-th entry removed. We further denote by
B ¢ RM-Dx(M=1) 1e the the matrix obtained from A by removing the N-th column and N-th row.
Applying Schur complement formula with respect to element (N, N), we get

Mita = UraB{ (= €+ 51+ 2O [3/d ~ Ay (B ~ €ly-1) A, ) _1} . (147)

We decompose the vectors 8,,T; in the components along 8y and the orthogonal component:

0 =Na—2—+6,, (Ox,0,)=0, ae[N-1], (148)
10n]l2
_ oy = . .
T, = Ui—— +T;, <0N,£L'i> =0, RS [n] . (149)
\IZsal

Note that {1, }ee[nv—1], {ti }iem] ~iia N(0, 1) are independent of all the other random variables, and {éa}ae[N,l], {Zi}iem

are conditionally independent given Oy, with 6,, &; ~ N(0,P_), where P, is the projector orthogonal to
Oy.
With this decomposition we have

Qo = = (s + (8,60)) abe[N -1, (150)
_ 1 1 . = 1 .

Tia = 2 (ﬂ«ci,e@ n ﬁuma) , ae[N-1]i€n], (151)
Hi; = %(“iuj + <ii,5ij>) ; i,j € [n]. (152)

Further we have A. y = (A1 n,..., Ap—1.n)T € RM71 with

1 n . .
_ 552Mi (10N |2 ifi<N-—1,
Aiy = {1 Lu|Onl2) ifi>N (153)
\/g@ N N2 = .
We next write B as the sum of three terms:
B=B+A+E,, (154)
where
= s1In + 52Q JT 2nn’  Anpu’ 0 ET
B= ! - A=|d d Eo = 1
{ J L, +toH|’ Bun® LZyy'|”’ "B, 0| (155)
where
- 1 - -
Qa,b = E<0a, 0b> , a,be [N — 1] , (156)
- 1 1 ~
Jia = — —(x;, 0, s a€|N—-1],i € [n], 157
o= 50 (516060 ) N-1] i) (157)
- 1
Hij = (@i, %;) , i,j € [n]. (158)
Further, for ¢ € [n], a € [N — 1],
1 1 = 1 1 . - [ }
K a = T 4= = x'haa + —=uiNa | — = wiaaa — —=UiTa 159
o = 75 (50000 + ) — o (@62) - L (159)
1 1 ~ 1 1 -
= — —=(X3,04) + —=uing ) — —=(x;,0, ) 160
- [ (@000 + i) - o (@1.60)| (160)



where ¢ () = p(x) — pr2.
Step 2. Perturbation bound for the Schur complement.
Denote

= (= €+ s+ sallOyIB/d— A N (B -l ) Aw)

wo = ( —&+ 51+ 52— ZTN(B + A — fIMfl)_lz-,N>71-
Note we have T ¢ = 91 4E[w1]. Combining Lemma C.9, C.10, and C.11 below, we have

|wi — wa| < Oa(1) - ‘HENII%/d =11+ 04(1) - [A N3 - | Brllop = 0ap(1).
Moreover, by Lemma C.9, |w; — ws| is deterministically bounded by 2/&,. This gives
[M1,q — ¥1,aBlws]] < 9h1,aE[|lwr — w2] = 0q4(1).
Lemma C.9. Using the definitions of w1 and wy as in Eq. (161) and (162), for S > &y, we have
w1 — wa| < [sl|8 3/ — 11/} + 20 A NI Brllop /8] A 12/60].

Proof of Lemma C.9. Note that

S(—wi) > S+ (A N(B -y 1) A y) > SE> &

Hence we have |w1| < 1/&, and, using a similar argument, |ws| < 1/£y. Hence we get the bound |w; —

2/8o-

Denote B
wis = (- E+s1+ 52 —ZTN(E— £IM,1)*1Z.7N) ,
we get
w1 — wis| = safr (108 113/d — Dwns| < sa| B 13/d ~ 1]/63.
Moreover, we have
lwi.s — wa| = |W1.5W22TN[(B + A€y ) = (B+A+Ey— £y 1) A K|
= [wrsweAl (B + A~ Elyr_1) ' Eo(B+ A+ Eo — ly_1) Ay
< (1/6) - 1A N 31/ Eollop < 2] Erllopl| A w113/

This proves the lemma.

Lemma C.10. Under the assumptions of Lemma C.4, we have
1B lop = Oap(Poly(logd)/d"/?).

Proof of Lemma C.10. Define z; =
S [N— 1}7 C,L = Uj—N+1 for N <
Eii = 07 and

1 1 1 1
FE, = — (— Zi,2i) + —F—=G; 4)— (— zl,z»)] .
ij \/C? [<PL \/C?< i j> \/ZlCzCJ PL \/Cj< i J>
Since E; is a sub-matrix of E, we have ||E1|lop < | E|lop. By the intermediate value theorem

1 1
—7 = =2 7 =2
= =Z2FE+ —EFE",

Nz 2d

(161)

(162)

(163)

wa| <

(164)

9, for i € [N—-1], z; = &;—ny1 for N <i< M —1, and ¢; = n; for
i < M — 1. Consider the symmetric matrix E € RM-Dx(M=1) with

(165)

(166)
(167)
(168)

(169)



Hence we get
1Elop < (1F[lop/VDIENZ, + (I Follop/d)IE]5p-

Note that ¢'[ (x) = ¢” () is a polynomial with some fixed degree k. Therefore we have

E{||F2[}} = [M(M —1)/d] - B[] (12)*] < Oa(d) - E[(1 + |212])*"]
< 0u(d) - {E[(1+ {21, 2) VA +E[(1+ (20, 23) + i3/ V] } = Oa(a).
Moreover, by the fact that ¢/, is a polynomial with E[¢’, (G)] = 0, and by Theorem 1.7 in [FM19], we have

| Fi|lop = Oq,p(1). By the concentration bound for x-squared random variable, we get || Z||op = Oq,p(v/logd).
Therefore, we have

| E|lop < Oap(d='/?)04p(Poly(logd)) + Ogp(d=/?*)O04p(Poly(log d)) = Ogp(Poly(logd)/d~*/?).
This proves the lemma. O

Lemma C.11. Under the assumptions of Lemma C.4, we have
[A. N2 = Oap(D). (170)

Proof of Lemma C.11. Recall the definition of A. y as in Eq. (153). Denote a; = 52m||@x||2/d € RN 71, and
as = <p(u||§N||2/\/3)/\/3 € R", where 7 ~ N(0,Iy_1), and w ~ N(0,I,). Then A. x = (a;;a;) € R*TV-1
For a1, note we have ||ay||2 = |s2| - [|1]|2]|0@n~||2/d where 7 ~ N(0,Ix_1) and 65 ~ N(0,1;) are indepen-
dent. Hence we have
Efla1l3] = s3E[|nl310x13]/d* = Oa(1).

For ay, note ¢ is a polynomial with some fixed degree k, hence we have
E[|as|[3] = Elp(us|[0x|l2/Vd)?] = Oa(1).
This proves the lemma. O

Step 3. Simplification using Sherman-Morrison-Woodbury formula.
Notice that A is a matrix with rank at most two. Indeed

A =UMUT e RM-DX0-1) gy = % [g fj e RM-DX2 pp L’f /;1] e (171)
1 2

Since we assumed q € Q so that |sata| < p?/2, the matrix M is invertible with ||[M ~1{|,, < C.
Recall the definition of wy in Eq. (162). By the Sherman-Morrison-Woodbury formula, we get

—1
Wy = (—£+81+82—U1 -‘r'U;—(M_l—F‘/g)_l’Ug) , (172)
where

vy = XTN(B — Iy )My, vu=U"(B-¢€Iy ) YA N, Va=U"(B-¢Iy_ ) 'U. (173)

We define
S - 2 2\— = _ |$2M14 - _ |miqa O
U1 = 85,4+ (11 + f1y) M2, Uy = le?,d] ; Vs = { 0 mz,d] ; (174)
and
_ —1
w3 = (_£+81+82—@1 +§;—(M_1+V3)_1§2) . (]_75)

By auxiliary Lemmas C.12, C.13, and C.14 below, we get

Eflws — ws[] = 04(1),
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Combining with Eq. (163) we get
1,4 — 1,aws| = 04(1).

Elementary algebra simplifying Eq. (175) gives 1 qws = F(1 4, M2,q4;§; G, ¥1,d, Y2,4, 41, ). This proves
Eq. (140) in Lemma C.4. Eq. (141) follows by the same argument (exchanging N and n). In the rest of this
section, we prove auxiliary Lemmas C.12, C.13, and C.14.

Lemma C.12. Using the formula of we and ws as in Eq. (172) and (175), for S > &y, we have
lwz = ws| < 0a(1) - {[lor =T + [Bl3I (M + V&) op I (M + V) op Vs = Vi o
+ (Joal + [Tl (M + Va) " lopllwa = T2lla] A1}

Proof of Lemma C.12. Denote
-1
wa.5 = ( —&+sitso—D o (M + V3)711’2>

We have
|ws — was| = |wa(vy — T1)wa 5| < o1 —D1]/&5.

Moreover, we have
was — ws| < (1/5)|vg (M~ + Va) oy — 05 (M~ + V)~ 'y
< (Ufé){(\lvz\\z @2l I(M ™" + Vi) opl|v2 — Bal2
B2 3N+ VE)ap (M + Vo) lopl|Va = Vil |-
Combining with |wy — ws| < |wa| + |w3] < 2/&y proves the lemma. O

Lemma C.13. Under the assumptions of Lemma C.4, we have (following the notations of Eq. (173) and

(174))

w1l = 0u(), (176)

|v1 — 1| = oqp(1), (177)

[v2 — V2|2 = 04p(1), (178)
Vs = Vsllop = 0ap(1). (179)

Proof of Lemma C.15. The first bound is because (see Lemma C.5 for the boundedness of 711 4 and 7z 4)

D22 < [s2| - [M1,a] + |pa] - [M2,a] < (1 + P2)([s2] + [11]) /€0 = Oa(1).

In the following, we limit ourselves to proving Eq. (177), since Eq. (178) and (179) follow by similar
arguments.
Let R= (B — &Iy—1)~ . Then we have ||R|op < 1/&. Define a,h as

— 1 — 1 1 — T
a=Ax= | gl oo TouTlOx])|
1 1 T
h=|—sm", —pu")| .
Wkl \/gw( )]

Then by the definition of v; in Eq. (173), we have v; = a’ Ra. Note we have
Ih —all2 < (s2llnllz + &' (w® &)l2) - [0xl2/Vd = 1]/Vd,

for some € = (&1,...,&,)7 with & between ||@x||2/Vd and 1. Since |[|On]2/Vd — 1| = O4p(v/Iogd/Vd),
72 = Oap(vVd), and [|¢(u - €)l2 = Oup(Poly(logd) - Vd), we have

[h = allz = 0ap(1).
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By Lemma C.11 we have |la|l2 = Oqp(1) and hence ||h|l2 = Ogp(1). Combining all these bounds, we have
[v1 = h"Rh| = |a" Ra — h"Rh| < (|al2 + [|h]2)llh — all2]| Rlop = 04,p(1). (180)

Denote by D the covariance matrix of h. Since h has independent elements, D a diagonal matrix with
max; D;; = max; Var(h;) < C/d. Since E[h] = 0, we have

E{h"Rh|R} = Tr(DR). (181)

We next compute Var(h" Rh|R), (for a complex matrix, denote R' to be the transpose of R, and R* to be
the conjugate transpose of R)

Var(hT Rh|R) = { 3" Elhi Riyishihi, Ry, ]}—|Tr(DR)|2

1314
Zl 77‘2 7713 7714

~-{( X + X + X + X )EhaRashiuhi Rk} - (DR

i1=ig=iz=i4  i1=ioAiz=is i1=igtip=iq i1=iaFia=i3

M-1
= Z |Ri|*E[h] + Y DuRuDjR;; + > DisDj;(Ri; R + Ri; R};) — |Te(DR)|?
i#£] i#£]
M-1
= Y |Rii|*(E[h{] - 3E[1]]*) + Tr(DRTDR") + Te(DRDR").
=1

Note that we have max;[E[h}] — 3E[h?]?] = O4(1/d?), so that

M-1

> |RulP(E[R]] = 3E[RF)) < Oa(1/d®) - | RI7 < Oa(1/d)|RI[3, = Oa(1/d).

i=1
Moreover, we have
ITe(DR'DR*) + Ti(DRDR')| < | DR|% + | DR|r| DR*|[r < 2||D|2,| R|% = Oa(1/d),

which gives
Var(h"Rh|R) = O4(1/d),

and therefore
\h"Rh — Tr(DR)| = Og5(d~'/?). (182)
Combining Eq. (182) and (180), we obtain
lv; — Tr(DR)| < |a"Ra — h" Rh| + |hTRh — Tr(DR)| = 04p(1). (183)
Finally, notice that
Te(DR) = s5Trp N1 (B = Ely—1) ™) /d + (uf + p2) Trpn v 1) (B — Elag—1) ™) /d.
By Lemmas C.6, C.7, and Lemma C.15 (which will be stated and proved later), we have
I Trp,nv—1) (B — €lay—1) 1) /d = Mira| = 0ap(1),
I Trpy -1 (B = €ly—1) 1) /d = Miz,al = 0ap(1),

so that
|TI‘(DR) — 51| = Ode(l).

Combining with Eq. (183) proves Eq. (177). O
The following lemma is the analog of Lemma B.7 and B.8 in [CS13].
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Lemma C.14. Under the assumptions of Lemma C.4, we have (using the definitions in Eq. (171), (178)
and (174) )

1M+ V) lop = Oap(1), (184)
(M~ +V3) " lop = Oa(1). (185)

Proof of Lemma C.14.
Step 1. Bounding ||(M !+ V3)7!|,p. By Sherman-Morrison-Woodbury formula, we have

(M~ '+ V) ' =M+ U (B¢l )" tu)™!
=M -MU" (B¢l +UMU")'UM.

Note we have | M||op = O4(1), and ||[(B — €Iy + UMUT)7Y|op < 1/& = Oq(1). Therefore, by the
concentration of ||n||2/v/d and ||ul||2/v/d, we have

(M~ 4 V3) ™' = 0a(1) - (1 + |UI3;,) = Oa()(L + |[nll2/Vd + ||ull2/Vd) = Oap(1).

Step 2. Bounding ||[(M~' +V3)"!||,p. Define G = M2V M*'/? and G = M/?V 3 M*'/?. By Lemma
C.13, we have

|G = Gllop = 0ap(1). (186)
By the bound ||[(M ™! 4+ V3) 7o, = Oap(1), we get
(T2 + G)lop = MM+ Vo) "M T2 lop < I(MT 4 V) 7H| - (IMTY2)2, = Oap(1). (187)

Note we have o o o
L+G) 'L+ '=L+G HG-G)I,+G)!

so that
IL+G) ' ={L-(G-F) L +G) "}, +G)!

Combining with Eq. (186) and (187), we get
T2+ G) " Hlop < 12 = (G = G) (T2 + G) ™ lop | (T2 + G) " lop = Ouz(1) = Oa(1).
The last equality holds because ||(Iz + G)™!||op is deterministic. Hence we have
(MY +V3) Hlop = MY (X2 + G) ' M2 |op < ||z + )~ lop| M2, = Oa(1).
This proves the lemma. O

Lemma C.15. Follow the assumptions of Lemma C.4. Let X = (®y,...,%,)" € R with (®i)ien) ~iid
N(O,Id), and © = (51, . ,EN)T € RV*d yith (5 )aG[N] ~iia N(O, Id) Let X = (24, .. .,in)T € Rnx(d=1)
with (ii)ie[n] ~iid N(O,Id_l), and é = (él, . .,éN) S RNX (d—1) with ( )ae[N] ~iid N(O,Id_l). Denote

— 1 1 ——71 - 1 .

J=— X0 J = X0 188
i (<) vae(7axe) (s

I ~ 1

0= g@@T Q=067 (189)

1 S R

H=_X X' H=_XXT, (190)

as well as the block matriz A, A € RM*M N = N +4n, defined by
A_ |s1Inv +52Q J' _ A- |9Iv T 52Q It . (191)

J t1L, + to H J tl, +toH
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Then for any £ € Cy with I€ > & > 0, we have
1 — _ < _
EE‘TI"[LN][(A = &ly) ™ = Trpy,m [(A = €lur) 1]‘ = 04(1), (192)
1 — -
QE‘“[NH,M] [(A—€ln) ™" = Trpnvga,an[(A — SIM)_I}‘ = 04(1). (193)
Proof of Lemma C.15.

Step 1. The Schur complement.
We denote A;; and A;; for 4, j € [2] to be

A - Fn A12} _ s1In + 52Q jT A— [411 412} _ [8111\74382@ JT 3
Ay Ay J tl, +toH|’ Ay Ay J I, +toH|
Define 1 1
w= TN [(A—&y)™], o= 0w [(A—&Iy)™',
and

o o N
Q= (An —&In — Aq2(Agg — fln)71A21) ,
Q=

(An — €Iy — Aus(As — €1,) " Asy)

Then we have

™(Q), = %Tr(ﬂ).

Ul =

Define .
Q) = (Au — &Iy — Ap(Ags — fIn)_lzm) ;

N o NG|
0, = (Au — &Iy — Aqo(Agg — §In)71A21> ;

. o N
Q3 = (Au —&In — Aqo(Agg — fln)71A21> )

Then it’s easy to see that [2lop, [[21llop, [22llop, |23lop, |2lop < 1/E0-
Calculating their difference, we have

1 1, =« _
2R (@) — STHO)| = | ST @A - A)R)| < 0a() - Ll Ar — Al
1 - _ _
| 2TH() — Tr()| < 0u(1) - 1 (Ars — Aps) (Ao — €1) A,
1 1., - - -
2TR(92) — STe(5)| < 0u(1) 2 (Ars — o) (Ao — €1,) 7 A,
1 ~ 1, - — — ~ - ~
‘gﬂ(ﬂs) - ETT(Q) < 04(1) - EHA12(A22 —&L,) " (Aga — Agg)(Az — €1,) M Agy

Step 2. Bounding the differences.
First, we have

Zn - An = 82(6 - Q) = 32(§id§jd/d)i,je[N] = 827777/d,
where = (014,...,0n4)" ~ N(0,Iy). This gives

[ A1 — Al /d = s2|ml|3/d* = oqp(1),

and therefore 1 1
gTr(ﬁ) - ETr(Ql) = oq,p(1).

By Theorem 1.7 in [FM19], and by the fact that ¢ is a polynomial with E[p(G)] = 0, we have

[A12llop = [T llop = Oap(1), [[Arz]lop = Oap(1).
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It is also easy to see that
||(ZQ2 - gIn)ilnopa ||(A22 - gln)iluop § 1/50 = Od(l)
Moreover, we have o 5 L
Aoy — Ay = tQ(H — H) = t2(fidfjd/d)i,je[n] = tguu/d,

where u = (T14, ..., Zna)" ~ N(0,1,). This gives

[ A12(Azg — €1,) 7  (Az2 — Asz)(Azg — £1,) ' Ag ], /d
< to]| A12(Asz — €1,) a2 Arz(Asz — €L,) T ullo/d?
< tol| Ar2||2,||(Azz — €L,) 712 lull3/d?
= O04(1) - [lull3/d* = oap(1),

and therefore 1 1
gTI‘(Q:;) - gTr(Q) = oq,p(1).

By Lemma C.10, defining o ~
E=A;,—-Ap—mun'/d,

we have || E|op = Oq(Poly(logd)/+/d). Therefore, we get

[(A12 — A12)(Asz — £1L,) Aoy ||, /d
< [(paun' /d)(Ass — €1,) " Agi||4/d + | E(Ags — £1,) " Agy | /d
< 0" (Azz — €L,) " Aoi o[l ulla/d® + || E(Aze — €10) " A flop
< pul[nll2l|(A22 = €L) " lopll Aoi [lopl[ull2/d? + | Ellop||(A22 = €L) ™ lop | A21 [lop

= Od,P(l)a
and therefore i { ) i
gTY(ﬂﬂ - ETI'(QQ) s ETT(QQ) — ETF(Q;),) = Od’]}»(l).
Combining all these bounds establishes Eq. (192). Finally, Eq. (193) can be shown using the same argument.

O

C.6 Proof of Proposition 5.2

Step 1. Polynomial activation function o.

First we consider the case when o is a fixed polynomial with Eq.un,1)[0(G)G] # 0. Let ¢(u) =
o(u) — E[o(G)], and let M4 = (1,4, M2,4) (Whose definition is given by Eq. (138) and (139)), and recall
that 11,4 — 91 and 24 — 92 as d = oo. By Lemma C.4, together with the continuity of F with respect
to 11,1, cf. Lemma C.3, we have, for any §, > 0, there exists C = C(&o, g, ¥1, %2, ¢) and err(d) — 0 such
that for all £ € C, with ¢ > &,

[ — F(mg; €)||, < C - err(d), (194)

Let m be the solution of the fixed point equation (52) defined in the statement of the Proposition 5.2.
This solution is well defined by Lemma C.3. By the Lipschitz property of F in Lemma C.3, for Lipschitz
constant 6 = 1/2 (there exists a larger £, depending on d), such that for I > &y for some large &

1
17720 — mll2 < [|F(a; ) — F(ms&)ll2 + C - erx(d) < S [[g —mll2 + C - err(d), (195)

which yields for some large &

sup [[mq(§) — m(§)[[2 = oa(1).
S€>€o
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By the property of Stieltjes transform as in Lemma C.5 (¢), we have
[ma(€) — m(&)|l2 = 0a(1), VE€Cy.
By the concentration result of Lemma C.7, for M 4(¢) = d ' Tr[(A — £I57) 1], we also have
E[M4(§) —m(§)] = 0a(1), V€ Cy. (196)

Then we use Lemma C.1 to transfer this property from My to My. Recall the definition of resolvent
M4(&; q) in sphere case in Eq. (50). Combining Lemma C.1 with Eq. (196), we have

E|Ma(§) —m(&)| = 0a(1), VEe€Cy. (197)

Step 2. General activation function ¢ satisfying Assumption 1.

Next consider the case of a general function ¢ as in the theorem statement satisfying Assumption 1. Fix
€ > 0 and let G is a polynomial be such that ||o — &||z2(r,) < €, where 74 is the marginal distribution of
(z,0)/Vd for x,0 ~;;q Unif(S¥1(v/d)). In order to construct such a polynomial, consider the expansion of
o in the orthogonal basis of Hermite polynomials

o(z) = kz_o %Hek(a@) . (198)

Since this series converges in L?(ug), we can choose k < oo such that, letting &(z) = Zgzo(uk/k!)Hek(x),
we have ||o — &H%Z(uc) < ¢/2. By Lemma C.8 (cf. Eq. (146)) we therefore have || — &||%2(Td) < ¢ forall d
large enough.

Write uz(5) = E[6(G)Hex(G)] and 1, (6)% = S F_, u2/k!. Notice that, by construction we have pio(5) =
po(o), p1(6) = pi(o) and | (5)% — px(0)?| < e. Let 1y q, 72,4 be the Stieltjes transforms associated to
activation &, and 71,72 be the solution of the corresponding fixed point equation (52) (with p, = p.(5)
and p1 = p1(5)), and m = My + ma. Denoting by A the matrix obtained by replacing the ¢ in A to be &,
and My(€) = (1/d)Tr[(A — €T)~1]. Step 1 of this proof implies

E|Mg(€) — m(€)] = oa(1), VE € Cy. (199)

Further, by continuity of the solution of the fixed point equation with respect to px, 1 when € > &y for
some large &y (as stated in Lemma C.3), we have for 3¢ > &,

[m(§) —m(§)] < C(€, e (200)

Eq. (200) also holds for any & € C_, by the property of Stieltjes transform as in Lemma C.5 (c).
Moreover, we have (for C independent of d, o, & and ¢, but depend on ¢ and q)

| Mae) - 31a0)]] < B [|TriA - )7 (A~ A)A - en) |

IN

1 A -1 -1 i
E[l(A - D)7 (A - €D lopl| A - Al

< [1/(&d)] - B[l A — All] < [1/(&Vd)] - E{|A - A|3}/? < C(€,9) - llo = 6l 2(r)-
Therefore
h(IiTLSUP]EHMd(f) — My()]] < C(¢, q)e, VE€Cy. (201)

Combining Eq. (199), (200), and (201), we obtain

hmbupE|Md(§) - m(£)| < C(f, q)ga Vf € (C+'

d— o0

Taking € — 0 proves Eq. (53).
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Step 3. Uniform convergence in compact sets (Eq. (54)).
Note mq(&;q) = E[My(§; q)] is an analytic function on C;. By Lemma C.5 (c), for any compact set
Q C C4, we have

lim [ sup [E[Ma(&; )] - m(&; @)l] = 0. (202)
— 00 569

In the following, we show the concentration of My(§; q) around its expectation uniformly in the compact
set 2 C C,. Define L = sup,cq(1/3¢€?). Since Q C Cy is a compact set, we have L < oo, and Mgy(¢; q) (as
a function of &) is L-Lipschitz on Q. Moreover, for any € > 0, there exists a finite set N'(g,Q) C C, which
is an €/ L-covering of . That is, for any £ € Q, there exists &, € N (g,Q) such that | — &,| < e/L. Since
M4(&; q) (as a function of &) is L-Lipschitz on ), we have

su inf Mg(&;q) — Mg(&s; <e. 203
gegﬁ*EN(E,Q)| (& a) — Ma(&: q)| (203)

By the concentration of My(&,; q) to its expectation as per Lemma C.7, we have
|Ma(€s;q) — E[Ma(&e; @)]| = 0ap(1),
and since N (g, ) is a finite set, we have

sup  |Ma(&s; q) — E[Ma(&s; @)]] = 0ap(1). (204)
f*EN(E,Q)

Combining Eq. (203) and (204), we have

lim sup sup [Mq4(&; q) — Ma(&;q)| < e.
d—oo £

Letting £ — 0 proves Eq. (54).

D Proof of Proposition 5.3

We can see Eq. (55) is trivial. In the following, we prove Eq. (56).

For any fixed ¢ € R?, £ € C; and a fixed instance A(q), the determinant can be represented as
det(A(q) — &Iy) = r(q, &) exp(i6(g,&)) for 0(q, &) € (—m, 7). Without loss of generality, we assume for this
fixed g and &, we have 6(q, &) # m, and then Log(det(A(q) —&Iy)) = logr(g,£&) +10(g, &) (when 0(q, &) =,
we use another definition of Log notation, and the proof is the same). For this q, £, and A(q), there exists
some integer k = k(q, &) € N, such that

M
Z Log(\i(A(q)) — &) = Logdet(A(q) — &Iny) + 2mik(q, €).

Moreover, the set of eigenvalues of A(q) — &I and det(A(q) — Ins) are continuous with respect to q.
Therefore, for any perturbation Aq with ||Ag||2 < e and € small enough, we have k(q+ Aq, &) = k(q,§). As
a result, we have

M
04| Y- Log(Mi(A()) — €)] = 8, Log| det(A(q) — €1ur)| = Tr | (A(q) ~ €1ar) "0, Alq)|.
i=1

Moreover, A(q) (defined as in Eq. (48)) is a linear matrix function of g, which gives d,, 4, A(q) = 0. Hence
we have

2 o[> Losh(Ala) - o)
i=1
=9, Log[det(A(q) - £IM)]
= 9, Tr [(A(Q) — fIM)‘lf’?in(q)]

— Tr[(A(q) ~ 1a) "9, A(a)(Alq) — €Lu1) 9y, Ala)]-
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Note

0.40 = |’y ol 0.40) = |7 7).
01, A(0) = [8 I(i] 01, A(0) = [g I‘H 9, A(0) = {2 Zﬂ,

and using the formula for block matrix inversion, we have

o [(miuly =27 Z ) (P + 27 Z) 2T
(A(0) —duly) ™" = { Z(WIy +Z272)" (—iul, —4ZZ7 u) ]

With simple algebra, we can show the proposition holds.

E Proof of Proposition 5.4

E.1 Properties of the Stieltjes transforms and the log determinant

Lemma E.1. For £ € C4 and g € Q (c.f. Eq. (49)), let m1(&;q), m2(§;q) be defined as the analytic
continuation of solution of Eq. (52) as defined in Proposition 5.2. Denote & = &. + 1K for some fized
& € R. Then we have

lim |m1(& @)+ 91| =0, lim |ma(&q)€ + 12| =0.
K—oo K—oo
Proof of Lemma E.1. Define m; = —1, /&, and Ty = —)2 /&, M = (M1, M2) ", and m = (mq,mo)". Let F

be defined as in Eq. (51), F be defined as in Eq. (127), and H defined as in Eq. (130). By simple calculus
we can see that

lim H(m) =1,
K—oo
so that + Hem)
71— B €)] = [, o] - PO
Em — F(m; §)] = [11, 9] —T —0, as K — oo.

Moreover, by Lemma C.3, for any r > 0, there exists sufficiently large &y, so that for any ¢ = K > &,
F(m;¢) is 1/2-Lipschitz on domain m € D(r) x D(r). Therefore, for I = K > £y, we have (note we have
m = F(m;{))
[m —mlz = [[F(m; &) — F(m; §) +m — F(m; )|l
< [IF(m;8) — F(m; §)l2 + |m — F(m; £
< [m—mllz/2 + [m — F(m; )2,
so that
Elm — mll2 < 2¢||m — F(m;€)|]2 — 0, as K — oo.
This proves the lemma. O

Lemma E.2. Follow the notations and settings of Proposition 5.4. For any fized q, we have

A ZL;I;]ElGd(iK; q) — (1 + ¥2)Log(—iK)| = 0, (205)
Aim |g(iK5q) — (¥ +¢2)Log(—iK)| = 0. (206)

Proof of Lemma E.2.
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Step 1. Asymptotics of G4(iK;q). First we look at the real part. We have

1 M
MM Z Log(\(A) — iK) — Log(_m)] ’

1 1 &
- ‘?R[MZLog(l +z’)\i(A)/K)H = 577 2 los(1+ Xi(4)?/K?)
i=1 =1
1 < . |lA|2
= MER? ;Ai(A) - 2“1\4!?2

For the imaginary part, we have

1 M
‘% [M Z Log(\(A) — iK) — Log(_iK)] (

1 M 1 M
‘s [M 3 Log(l + iAi(A) /K)} ’ - ’M 3 arctan(\,(A)/K)
=1 i=1

1 ZM A
= MK 2= (A< 37k

As a result, we have
M
]E’M ; Log(\;(A) —iK) — Log(fzK)’

1 & 1 <
< E‘?R [M 3" Log(\i(A) — iK) - Log(—iK)} ‘ + E‘% [H 3" Log(Ai(A) - iK) — Log(—iK)} )
i=1 i=1

- EllAIF]  E[lA%)
= 2MK? M2K

Note that

1 1
M]E[HAH%] < M(]EHSJN + 52Q|% + Ellt1 I, + to H||% + 2E[|| Z +PZ1H%]> = 04(1).
This proves Eq. (205).

Step 2. Asymptotics of ¢(iK; q).
Note that we have formula

9(ik; q) = E(iK, m1(iK; q), m2(iK; 9); q),
where the formula of = is given by Eq. (57). Define

El(zl, 223 q) = log[(SQZl + 1)(t222 + 1) — ,uf(l +p)221z2] — uzzlzg + 8121 + tlzg, (207)
Ea(§s21,22) = — 11 log(z1/n) — Yalog(z2/1a) — £(21 + 22) — Y1 — .
Then we have =(&, 21, 22;q) = Z1(21, 22;q) + Z2(&, 21, 22). It is easy to see that for any fixed g, we have

lim Z=;(z1,292,q9) =0.
21722—>0

Moreover, we have

|Z2 (i, my (1K), ma(iK)) — Za(iK, i1 / K, ithe /K|

< Pillog(—iKmy (1K) /1)| + o| log(—iKma (1K) /h1)| + [EKmy (1K) + 1| + [iKma(iK) + s
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By Lemma E.1
lim [iFma (iK) + 4| = lim [iKma(iK) + o] = 0.
—00

K—o0
Hence
I}gnw |Z2 (2K, mq1(3K), me(tK)) — Eo (P K, i1 / K, tp2 / K)| = 0,
K—o0
Noting that we have 25 (3K, 311 /K, i)/ K) = (1)1 + ¥2)Log(—2K). This proves the lemma. O

Lemma E.3. Follow the notations and settings of Proposition 5.4. For fived u € Ry, we have

limsup sup E||V4Ga(iu; q) — Vag(iu; q)ll2 <oo,
d—oo q€R®

lim sup sup E||V3Gd(iu; q) — Vig(iu; q)llop <00,
d—oo g€R>

lim sup sup E||V3Gd(iu; q) — Vzg(iu; q)llop <00.
d—oo q€ER>

PT’OOf Of Lemma E.3. Define q= (Sla SQvtlthap) = (qlaQ27Q3aq47q5)7 and
Iy o Qo o o o o0 [0 ZT
S1= [0 0]’ 52 = {0 0}’ <h [0 IJ’ Sa = [0 H}’ S5 = [Zl 0]
Then by the bound on the operator norm of Wishart matrix [AGZ09], for any fixed k € N, we have

lim sup sup IE[||SZ||C2)’;] < 00.
d—oo  i€[5]

Moreover, define R = (A — dulp;)~!. Then we have almost surely sup, || R|[op < 1/u.
Therefore

. 1 1
sup E|0,, Ga(tu; )| = sup —E|Tr(RS;)| < sup —E[||S;|lop] = Ou(1),
q q d q U
. 1 1
Sl;p]E\ai,qud(W; a)l= Sup JEITr(RSiRS;)| < sup — (IS5, ElS; 12,)" = 0a(1),

1
sup E\a?’i,qj’qud(iu; q)| = sup p [E|Tr(RSiRSjRSl)| + E|Tr(RSiRSlRSj)|}
q q

IN

1 4 4 4 1/4
2sgp;[Ewsinopm[nsj||opm[||sz||op1] — 04(1).

Similarly we can show that for fixed u > 0, we have sup,cgs [|VZg(iu; q)|| < co for j = 1,2,3. The lemma
holds by that

lim sup sup IEHV%GA?ZU; q) — Vzg(iu; q)|| < limsup sup {EHVng(iu; Q)| + ||Vgg(iu; 9|l <
d—oo q€R® d—oo q€R5
for 5 =1,2,3. O
Lemma E.4. Let f € C*([a,b]). Then we have

(@) <| 120

1
sup |f” +5 s 11" @) Ja— b

z€a,b]

Proof. Let zg € [a,b]. Performing Taylor expansion of f(a) and f(b) at o, we have (for ¢; € [a, o] and
Ccy € [l'o,b])
(z0) + f'(z0)(a — xo) + f"(c1)(a — 20)?/2,

(o) + [/ (w0) (b — x0) + [ (c2) (b — m0) /2.

~
—~ ~—~
>
S— S—
(I
~

Then we have

/ _ 1 fl@) = ) | f(er)(a—x0)® — f"(c2)(b—0)*| _ | fla) = f(b)| 1 "
o) =[R2 Ty <[ = g e 1@ e -
This proves the lemma. O
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E.2 Proof of Proposition 5.4
By the expression of Z in Eq. (57), we have

sa2(t2z2 + 1) — pif (1 +p)*zo

s921 + 1)(tazg + 1) — p2 (1 + p)221 29
ta(s2z1 +1) — pi(1 +p)*z1

s921 + 1)(tazg + 1) — p2 (1 + p)221 29

0., 2(&,21,292;q) = ( — iz + 81— Y1)z — &,

— 321 + 82 — ha/20 — E.

8.225(5’ 215225 q) = (
By fixed point equation (52) with F defined in (51), we obtain so that

V(21,20 E(65 215 220 @) (21, 20) = (m1 (€:9) . ma (€59)) = O-

As a result, by the definition of g given in Eq. (58), and by formula for implicit differentiation, we have

d
Hence, for any £ € C; and K € R and compact continuous path ¢(&, 1K)
o6ia) - glikia) = [ mlma)dn (208)
(£,iK)

By Proposition 5.3, for any £ € C; and K € R, we have
Ga(&;q) — Ga(iK; q) =/ Ma(n; q)dn. (209)
$(§,iK)

Combining Eq. (209) with Eq. (208), we get

EllGa(& ) —9(& )l < /(5 ) E|Ma(n; @) —m(n; q)|dn + E|Ga(iK; q) — g(iK; q)]- (210)
B(& K
By Proposition 5.2, we have

Jim E[Ma(n; ) — m(n; @)|dn = 0. (211)

T Jp(€4K)

By Lemma E.2; we have

lim sup E|G4(iK;q) — g(¢K;q)| = 0. (212)
K—oo d>dy

Combining Eq. (210), (211) and (212), we get Eq. (59).
For fixed £ € Cy, define f4(q) = Ga4(§,q) — g(§;q). By Lemma E.4, there exists some generic constant
C, such that

s |VSa(@le < Cle™ s [ful@)+2 sup [ u(@)llop].
q€B(0,¢) q€B(0,¢) q€B(0,¢)

By Eq. (59) and Lemma E.3, we have

limsupIE[ sup ||V a(q)|z2| < C'e.
d—oo qeB(0,¢)

Sending € — 0 gives Eq. (60). Using similar argument we get Eq. (61).
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F Proof of Theorem 3, 4, and 5
F.1 Proof of Theorem 3

To prove this theorem, we just need to show that

lim %(C,whw%x) = %rless(C) w17w2)7

A—=0

llm 7/(<7¢17,(/)27X) = 7/x~1ess(C,¢17¢2)-

A—0

More specifically, we just need to show that, the formula for x defined in Eq. (16) as A — 0 coincides with
the formula for x defined in Eq. (24). By the relationship of x and myms as per Eq. (72), we just need to
show the lemma below.

Lemma F.1. Let Assumption 1 and 2 hold. For fized £ € C4, let m1(€) and mo(€) be defined by

m(§) = Jim ~E(Try (0, 27 2,0] — €1y) ']}

(213)
mo(€) = Jim (T (0, 27 2,0] — €0y) ).

By Proposition 5.2 this is equivalently saying m(§), m2(§) is the analytic continuation of solution of Eq.
(52) as defined in Proposition 5.2, when q = 0. Defining 1 = min(¢1,2), we have

(6% = ¢ = 1) + 4392 + (¥¢* — ¢ — 1)
23 ¢
Proof of Lemma F.1. 1In the following, we consider the case 12 > ;. The proof for the case 1 < 1)1 is

the same, and the case ¢ = 15 is simpler. By Proposition 5.2, m; = mj(iu) and mg = ma(4u) must satisfy
Eq. (52) for £ = iu and ¢ = 0. A reformulation for Eq. (52) for ¢ = 0 yields

iii%[ml(iu)mg(iu)] =— . (214)

2
—HiMM1MM2 2 .
— — — - =0 215
1= iy~ Femims Y1 —du-my =0, (215)
2
paimame uimlmg — by —iu-mo = 0. (216)

1 — p2mims
Defining mg(¢u) = my (¢u)mo(iu). Then mg must satisfy the following equation
2 —pimg 2 —pimg 2
—umgy = <172 — Mo — ¢1) (72 — Himo — 1/12)
— pimg 1 —pimo

Note we must have |mg(iu)| < |mq(iu)| - [me(iu)| < ¥112/u?, and hence |u?mg| = O, (1) (as u — 0). This
implies that

—H1Mmo
g — Himg = Ou(1),
0

1—pu2m
and hence mg = O,(1). Taking the difference between Eq. (215) and (216), we get
my —my = —(P2 — 1)/ (). (217)

This implies one of my and ms should be of order 1/u and the other one should be of order w, as u — 0.
By definition of my and ms in Eq. (213), we have

1
my(iu) = du lim ~E{Tr[(ZTZ + «*Iyx)7']},
d—oo d

1
ma(iu) = tu lim fIE{Tr[(ZZT + UQIN)il]}“
d—oo d
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When n > N, (ZZ" + u*Iy) has (n — N) number of eigenvalues that are u?, and therefore we must have
ma(tu) = Oy (1/u). Hence mq(4u) = O, (u). Moreover, when u > 0, m (iu) and mo(iu) are purely imaginary
and Smy (iu), Smo(tu) > 0. This implies that mg(¢u) must be a real number which is non-positive.

By Eq. (215) and lim,_,0 ¢u - m1(¢u) = 0, all the accumulation points of m4 (2u)mz(iu) as u — 0 should
satisfy the quadratic equation

5 — Hme =P = 0.

Note that the above equation has only one non-positive solution, and mg(iu) for any u > 0 must be
non-positive. Therefore lim,,_,o m1 (iu)ms(iu) must exists and be the non-positive solution of the above
quadratic equation. The right hand side of Eq. (214) gives the non-positive solution of the above quadratic
equation. L]

F.2 Proof of Theorem 4

To prove this theorem, we just need to show that
lim %(Cv wla ’IZJZa X) = ‘@widc(g) ¢27X);
'Lp1~>oo
lim A//(Ca wla ¢27X) = 7/wide(<7 ’KZ)Q,X).
1[)1—>OO

This follows by simple calculus and a lemma below.

Lemma F.2. Let Assumption 1 and 2 hold. For fized £ € C4, let m1(&;11) and mo(&;101) satisfies

, _ . 1 T, B 1
ml(fv 1/]1) - d%oo,l}\l}?d—}wl dE{Tr[l,N] [([07 Z 3 Za 0] £IM) ]}v
. 1 _
mao(& 1) = dﬁoo,l}\lfl/ldﬁwl EE{TT[N+1,M}[([OaZT§ Z,0]—¢Iy) "'

By Proposition 5.2 this is equivalently saying mq(&;401), m2(&; 1) is the analytic continuation of solution of
Eq. (52) as defined in Proposition 5.2, when q = 0. Then we have

i [m (4(W1002p2 M) 25010 )ma (i (1o X) /2 4h1))

P1—00
[(12¢% — 2 — (Mg + 1))2 4+ 4¢% 2 (Mpa + 1)]Y2 + (92(? — (2 — (Wp2 + 1))
2022 (Mg + 1)

The proof of this lemma is similar to the proof of Lemma F.1.

F.3 Proof of Theorem 5

To prove this theorem, we just need to show that
lim %(Ca ’l/}la 'lzZJQa X) = '%lsan]p(c) ’l/}la X)a
1[12*)00
lim 4//(4-7 wla w2ax) = 0.
1[)2—}()0

This follows by simple calculus and a lemma below (this lemma is symmetric to Lemma F.2).

Lemma F.3. Let Assumption 1 and 2 hold. For fized £ € C,, let mq1(&;12) and mo(&; 1) satisfies

. 1 T 1
my(§;v2) = d%ool,g}ldﬁwg g]E{Tr[l,N]K[Oa Z';Z,0] —&Iy) ),

. 1 T _
mo(&;1he) = dﬁwl,iln/ﬂd_)% g]E{rI‘r{N—&-l,JVI][([O?Z 1 Z,0] — &Ly) '
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By Proposition 5.2 this is equivalently saying mq(§;1¥2), ma2(&;12) is the analytic continuation of solution of
Eq. (52) as defined in Proposition 5.2, when q = 0. Then we have

wi@w[ml(i(wlwzuﬁ)l/z; 1) ma (i (1o p N2 b )]

[(1¢% = 2 — W1 + 1))2 + 4¢P (Mpr + D)]Y2 + (12 = ¢2 = Wby + 1))
2622 (M1 + 1) '

The proof of this lemma is similar to the proof of Lemma F.1.

G Proof of Proposition 4.1 and 4.2

G.1 Proof of Proposition 4.1

Proof of Point (1). When 1; — 0, we have x = O(t1), 50 that & .. = =192 + O(¥]), €2 11w = O(¥?)
and & e = —t1%2 + O(13). This proves Point (1).
Proof of Point (2). When ;1 = 19, substituting the expression for x into &p ..., we can see that

60 0105:(C, Y2, 102) = 0. We also see that &1 ,1...(C, V2, 12) # 0 and &3 ... (¢, ¥2,%2) # 0. This proves Point (2).
Proof of Point (3). When 91 > 12, we have

w}iinoo E0,m1ese (G, 01, 102) 101 = (b2 = 1)XPC + (1 = 32)x*C* + Bbax(® — 1o,
I B (G, 2) = PaxC? — 1o,
0 e (G ton, ) [ = ¢ =X,

This proves Point (3).
Proof of Point (4). For ¢; > 1, taking derivative of %,,... and ¥,... with respect to 11, we have

awl ’@rlcss(g7 7/}17 1/)2) = (awl éal,rlcss : g(),rlcss - 81/;1 £07rlcss : Cg;l,rlcss)/gogrlessa

awl /VYIESS(C? w17 ,(/)2) = (8’(l)1 éaQ,rless : éao,rless - 81/)1 (goo,rless : éo2,rless)/g027rless'
It is easy to check that when v > 1o, the functions Oy, &1 siess * 60,1006 — Op1 G0 riess = E1,m1ese ANA Oy € 1 -
60,1065 — Oupy 60 p1ess * 62,mees aTe functions of ¢ and 95, and are independent of 11 (note when ¥ > 9, x is a
function of 19 and doesn’t depend on ;). Therefore, B, ...(C, -, ¥2) and ¥,...(¢, -, 12) as functions of 1; must
be strictly increasing, strictly decreasing, or staying constant on the interval ¢ € (12,00). However, we

know %,ie..(C, VY2, %2) = Fews((, 2, 92) = 00, and A,....(C, 00,12) and ¥;..,((, 00,1)2) are finite. Therefore,
we must have that %,,.,. and ¥,,... are strictly decreasing on ¢; € (3, 0).

G.2 Proof of Proposition 4.2

In Proposition G.1 given by the following, we give a more precise description of the behavior of Z,4., which
is stronger than Proposition 4.2.
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Proposition G.1. Denote

. B Yap + u?
Howsae (WP ¥2) = T S s — )

(20 — (% = Mp2 — 1) + deha (P (Ao + 1))V 2 4 (1922 — (% — Mpy — 1)

e 2(Mpg + 1) :
wolCo) = — L2 = 1P+ 4@52]1/2 = -1
or(pra) = — =2 =D+ (Wap = p = P+ g2
pulo) = u_ﬁ)m
Clpiabe) = m,
N (Cthas p) = Cipa = Cuonhy + Cun +wi — wf

(Wf = w1)he

Fiz (12 € (0,00) and p € (0,00). Then the function A > Ronae(p, G, b2, N) s either strictly increasing
in A, or strictly decreasing first and then strictly increasing.
Moreover, For any p < ps(C,12), we have

arg min %widc(pa C,Xa 1;[)2) = 07
A>0

Illin %wide(p7 CvX; 1/12) = @wide(wo (C7 1/}2)7 p7 ¢2)
>0

For any p > ps(C,v2), we have

ar§ min%wide(pv Caxa 1/’2) = X*(Cv /(/)27 p)7
>0

>ir01<%Wid8(p7 C7X7 wQ) = gwide(wl (p7 ’(/)Q)a pa wQ)

A

Minimizing over A and (, we have

Ir%i;lo%wide(p7 <7X7 QZ}Q) = @wide(wl (P7 2/12)7 P, 1/}2)

N

The minimizer is achieved for any ¢? > C2(p,2), and X = M\ ((, 2, p).

In the following, we prove Proposition G.1. It is easy to see that

%wide(pa ¢, X: wQ) = @wide(w(x7 ¢, ¢2), Ps ¢2)

Hence we study the properties of Z.,,.. first. o
Step 1. Properties of the function #,,. Calculating the derivative of Z;q. With respect to u, we
have

Ouh ae (1, Py b2) = —=202[u® + (ap — p — 1)u = ap] /[(1 + p) (W2 — 2uthz + uehy — u?)?].
Note the equation
u? + (Y2p = p— 1)u —1hap = 0

has one negative and one positive solution, and w; is the negative solution of the above equation. Therefore,

when u < wy, Z 4. Will be strictly decreasing in u; when 0 > u > wy, %4 Will be strictly increasing in u.
Therefore, we have

arg min Z.,.a.(u, p, 1h2) = wi(p, a).
u€(—o0,0]
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Step 2. Properties of the function #,,.. For fixed (¢, py1p2), we look at the minimizer over X of
the function Zyiae(p, €, A1) = Zoiae(W(A, (, 2), py1b2). The minimum miny, Roiae(py €y A, 1h2) could be

different from the minimum min,e(—,0] R iae(U, p,)2), since arg min,, e (_ oo o] R iae(Uy pyh2) = wi(p, o)
may not be achievable by w(X, ¢, 1) when X > 0. ~
One observation is that w(+, 12, () as a function of A is always negative and increasing.

Lemma G.1. Let

(10262 — (% — Mpo — 1) + 4eha (P (Mo + 1)) 2 4 (192 — (% — Mpy — 1).

W()\ﬂ/%():— 2(X'¢2+1)

Then for any ¥, € (0,00), ¢ € (0,00) and X > 0, we have

W(X7 ¢2a C) <O>
aXLU(X, wQa C) >0.

Let us for now admit this lemma holds. When p is such that w1 > wp (i.e. p < pi((,12)), then we can
QIOOSE A= )‘*(Cv 1/J27 p) > 0 such that w()‘a Cv ¢2) = w()‘*a Cv 11)2) = wle’ 1/12)7 and then ‘@widO(pv Cv A*(Cv ¢27 p)v 1/)2) =
R iae(w1(p,12), p, 1h2) gives the minimum of %, ;4. optimizing over A € [0,00). When p is such that w < wy
(i.e. p > pu(C,1h9)), there is not a A such that w(X, ¢, 12) = wi(p,2) holds. Therefore, the best we can do
is to take A = 0, and then Z,.4.(p,(,0,%2) = £ ia.(wo(p,2), p, o) gives the minimum of %, optimizing
over \ € [0, 00).

Finally, when we minimize %, 4.(p,(, \,%2) jointly over ¢ and ), note that as long as ¢? > (2, we can
choose A = A\, ((, %2, p) > O such that w(A, ¢, 12) = w(As, ¢, ¥2) = wi(p, ¥2), and then X, (p, ¢, A (C; W2, p), P2) =
R iae(wi1(p,102), p,12) gives the minimum of %4 optimizing over A € [0,00) and ¢ € (0,00). This proves
the proposition. In the following, we prove Lemma G.1.

Proof of Lemma G.1. 1t is easy to see that w(X,12,¢) < 0. In the following, we show d5w(X, 12, () > 0.
Step 1. When v > 1. We have

[($2¢? — (2 — Mo — 1) + dapoCP (N + 1)]V/2 + (2¢2 — (2 — Mpo — 1)
2(Mp2 + 1)

Then we have

(12 — D)[(Mp2 — 120 + (2 + 1)% + 4o (M2 + 1)]Y2 + (Mp3 4 Mo + (1h2 — 1)2C2 + 2 + 1)

Ow = ——— 5 — —
2EAN PF (M — 1h2C? + (7 + 1)2 + AN P (Mo + D2 (A2 + 1)

It is easy to see that, when X\ > 0 and 1> > 1, both the denominator and numerator is positive, so that
Oxw > 0.
Step 2. When ¥, < 1. Note w is the negative solution of the quadratic equation

(Mo + Dw? + (120 = 2 = M2 — Dw — 12¢* = 0.
Differentiating the quadratic equation with respect to A, we have
haw? 4+ 2(Ma + Dwdsw — Pow + (Y20 — 2 = Xy — 1) 5w = 0,
which gives
Oxw = (Paw — 120°) /2002 + Dw + 92¢? = (% = Mpa — 1] = ($aw — 120°) /[(M2 + 1) (2w — 1) + (2 — 1)¢7).

We can see that, since w < 0, when 5 < 1, both the denominator and numerator is negative. This proves
Oxw > 0 when 9, < 1. O
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