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oy comments 8nd any subsequent remarks that Professor Milgrom might

MEASURRNG THE INTEREST RATE HISK

- add will help clarify the poims already presenled.

Again, consider & yield cutve 60) = B + A(), where AQ) isa shape
component and 8 extablishes the overall Ievel of Interest rates. Now, let w)
= exp (—Jb B(s) ds}, the discount factor generated by such a yield curve.

IL it & assumed (hat only 8 varies in the short run while A(r) remains
fixed, then arbitrage opportunities will always exist. To see fhis, consider
the foliowing construction.

GivenL = (L), L3, . .., L,), stichure A = (A, A, . .. , A,) inthe

foltowing mannes. For some arbitrary & such that 1 < k < n, define
Ly, i+ k=1, kk+1

L; = l, i=k

Ly + v{k)}2vk—1), i = k—1

L; + vik)2v(k+1),1 = k+1.

In othes wards, use exact melching to support all but $1 of tae lisbility
stream, For the remaining $1, purchase assets of equal present value ma-
tucing one period prior and one period after the duration al which this $f is
due 1o be paid. It is easily shown thal the assed and liability structures have
equal present values and durations, Furthermure, the second derivative of
the assets wifh regard (o changes in 8 is greater than (hat for the Yiabilities.

PV(A-L,b) = (vl 2v(k— Dik—1) — (I
+ (vkp2v(k+ L}wlc+ 1)
—dPV(A~L, B)dD = {wkY2v(k— 1)}(k— v(k—1) — (1Hvik)
b gv{k)flv(k-f- D} (k+ Dwik+1)

d’PV(A~-L, BYAD? = (wEN2u(k~ D))(k— 12k~ 1) — {I)i2u(R)
+ (v&)2v(k+ DR+ 1)k +1)
svi (R -2k +1 -2+ K+ 2%+ 112
=vk) >0

Therefore, the present value of the assets will be preater than or equal to
(be present value of the liabilifies for b sufficiently close to the current valie
©f b. Since interes! rales are almost certain o vary, am arbitrage opportunity

*x. That is, the preceding fechnique wolld seem to be a fool-proof recipe
“ing surplus.

“Witrage hypothesis argues that such a technique may nal sorvive

warkel. Consequently, there must be something wrong with

Professor Milgrom contends in section I that Rat yicld

) produce arbitrage potential, This Is certainly sup-

~mple. Hawever, Prafessor Milgrom goes on in a
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foomole to siale that a lincar form for A} may be constucted which is
consistent with the no-arbitrage hypothesis. I [ird this difficult 10 reconcile
with the previous findings, which apply to eny reasomable form for A().
Perhaps the suther could help explain this apparent inconsistency it his
respanse Lo the discussions, ,

Whal is wrang with the previous analysis? The only significant assumption
required is the constancy of A(r) as B varies. At this point, I can only
conclude thal in a market in which arbirape oppartunities are nonexistent,
A1) must very as well ax §. As Professor Milgrom points oul, unless we
have some knowledge about feasible variations in A(f) and b, we cannat
hope (o develap a practical measure of the interest rate risk. The authar's
two-facter yield stacture end the associated [irst order semsitivity indexes
are cerainly more palatable then the overly simplistic counterparis in the
Ieaditional Macaulay-Redington mode), With these points in mind, I lend to
agree with Professar Milgom's contention thal the variops immmization
factors presented in the paper are nol reliable measures of the intal exposure
to the risk of varying future interest rates bat arc more appropriately used
as sensitivity indexes for a variety of speculaled lypes of interest vanaiions.

DISCUSSION

(AUTHOR'S REVIEW OF DISCUSSION)
PAUL R. MILGROM:

I would like to thank &l the discossantx for their comments, which serve
to expand, elucidate, and in one case comect the points made in my paper.
I was especialty gratifying to find so much agreement—or a1 least so litle
disagreement—wilh the economic approach to present value theosy that 1
described,’ even though that theory diverges importantly fram the traditional
Ectuarial approach.

The discussion by Messrs. Bulf and Laad brings out practically some of
the issues I explored abstracily. The discussants focus their comments on
tke kinds of ervors that are frequenily made in evalusting the status and
vulnerabifity of financial security plans, Their concrete listing of the dangers
of using book values in place of markel values for evaluating C-3 risk are
well worth studying. But lhis [isting of dangers is pot their only contribution.
They also highlight the problems hat arlse when the cash flows (o be im-
munized may themselves be sensitive to Interest rates. That is a problem of
enonmous praclicsl imponance not anly for managing portfolios and mea-

. suring the interest rale risk, bul also far the valuation of liabilities. For

valuations, e difficulty is that the cost of 2 porifolio that matches the cash-
fow pattiern of the Tlability wil) generally depend on the interest seasitivity
of the cash flows.

! This apgroach was Firsy developed more then hatf a cenlury ggo by the American coonamist
brving Fisher. L has since become the standzrd approzch used o lextboaks on microscopamics-
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298 MEASURING THE INTBREST RATE RIsi

bizses into the index caleulations, Far exa i i

mnking. withdrawals in order to take advnnﬁl:} m;‘:lgﬁ::]dl:: dw?::y
Ima:ic:r interezt rates are below the con{ractuslly guaranteed rates, 1hen Ealli :
inlerest Tales .il'xc'rease Habifities more than otherwise; the iudexlundzmaling
fhe frue sensilivity of the present value of annuily payments to changi .
inleresi rales, e
" Genezal statements about the biases intreduced by interest-sensilive cash
m:::n :i.rel (!,:lacr: to %Akfn::;use so litile is knowan aboul hiow people actually
D e g;a:ag:vgnl s rales. Research shedding light on this Mmatter

Fomr of the discussants, Messrs, Levin, Shiu, Cla

have spotted an emar in My treatment of xecond deﬁ::lyi;r::gf\:}hl::mbm“ﬂ:
value lanction. (’l'b.ay else provide a forma! malhemalical baahn:nlt) Usi
lhf, lio stochastic calculus, of some of the same issues ¥ trepted )' I i:zg
mistakenly argued on the st Ppage of section L thal if *'4 and 7. ha-::c equal
present values and equal vulnerehilitles” then jhe second derivatives of the
!erpt-value functions PV(A; I) and PV(L; 1) with respect to the interest It
mdexes must also be equal, T relied on lhis statement to reach (e inmm:c:

The camect asgument, rendered here in plain English, Bocs as folloys. I
A and L have equal present values and vaulnerebilities (evaluated a marite:
interest raies_). lhcn'l}mrmdnm variations in their retums? gve (he rext shor
inierval of lime will be equal—ihas iy how the vulnerability indexes were
muf:té ?::lle“. it‘fh: mean mmm's over the next short time interval for
Ay equal, the stream with the higher mean will abways have

; igher return over the nexr short interval of lime so thay there is an

equalizing vulnerabilily measures assures thaj the
Iwo sreeams have i
equal retoms over {he nex! short interyal,? This argumeni cnnﬁmijﬂtt::“:r

: Aratnd, zay, e megn mtum,
Those facile with the 1t caleulus can cheok the carres

DISCUSSION 259

1 had ‘claimed, only first derivative measures of vulnerability are necessary
Jor immunitation if parifolios can be rebalanced syfficiently frequently. And,
importantly, Far nonimmunized portfolios, these same wiinerability measures
conectly reflect the risk the porifolio faces in the near term due to shafting
interest rales. :

The foregoing argumeat is nol inconsistent wifh the argument advanced
by sevesal discussants 1hal convexity (second derivative based) mecasures
have a role lo play in immunization theory. To maintain offective immuni-
zatiom over lime without frequent (and expensive) rebalanciog, one needs to
armange lhe porifolio so that the vulnerabililies of A and L remein nearly
equal as time passes and interest rates change. Ons does this by equating
the derivatives of the vulnerability measures wily respect to time and the
interest rale indexes. The latter involves second derivatives of the present-
value function. Mr. Levin makes precisely this poinl whea he says that
canvexity cen be viewed as (he *‘extent to which duration changes with a
change In yield.,"' =

The upshot of the foregoing analysis is that msing both first and second
derivative based measures for immunizaiion reducer the need for freqsent

porffolio rebalancing. For portfolios thal are no! fully immunized because °

immunizalion is but ane of several chjectives and for whick vulnershilisy
measures axe needed, the indexes desived fram first derivatives of the pres-
ent-value function are probably adequate. '

Two of the discussions, those of Mr. Shiu and of Messes. Buff and Lord,
assess the xuooess of the Macaulay-Redington index in preciice. While Messrs.
Buff end Lord are optimistic about the value of the Macaulay-Redington
index (arguing thal immunization using thal index is, es a practical matter,
effective), Mr. Shiu cites a study by my colleague, Jon Ingersoll, who finds

in n study of managed portfolios that the immunization using tho Macaulay-

Redington duralion measure is ineffectual for eliminating the {aterest rate
risk. .

Given the strength of (he tkeoretical argwments pgainst 1he Macaulay-
Redington duration index, Ingecsoll’s empirical findirgs are as expected.
Certainly, no well-trained acluary would cxpect a single mortality *““leve)*”
index to capture the subtle shifis in age/sex-specific mortality changes that
occur over lime and are imporntant fo insurance pricing; thet is why detaifed
mortality studies are continually conducied by the life insurance industry,
Imagine how much less satisfactory a single mariality index would be if the
highest mortslity rates occurred sometimes at Ihe young ages and somebmes
ai (he old, and "“oversll'" rates were somelimes rising and somefimes falling!
That is preciscly the case for interest rates: short-lenm rates are somefimes
higher and somefimes lower than long-term rates, end the whole twisting
sbuclure rises and falls quite suddenly. Jusl as monality rates are key for
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300 MEASURING THE INTEREST RATE RISK

all life Insusance pricing, inlerest rates are key 1o bond prici inbili
valvation. Any sensible person can see that a single ;Fndenngb:::lht?:uﬂ‘?u
overall “‘level’™ of Intcrest zates cannot represent the shifis of this kind
adeAquinhaly for liability valuasion. -
¥ L have emphasized in my paper, measures of rsk are i
of inlerest gate movements, that is, theories that imp;:;a :na;‘n? :::55::!?:::
on the term structure of inlorest rates and how it IRy ctange over lime. The
chau]ay-lhdir.!gmn doration measure is based on the theory tbal inferest
[ates Al all durations move up and down logelker equally and in unison, Thet
iodel ears substanlially in ils daseription of actus! inlerest rate movercats
Shifis in the shape of the yield curve can and sometines do haye ergt:,
| effe?zs on the sn}vrncy of financlal security plans, even when e Macaulay-
- Redington dumjm.n Tacasure says the risk is zero. Empirical studjes 111:::::111!?t
operate by averaging the pedformance of the Mazcaulsy-Redingion index ovei
those limes Evhen i_lworks well and (hose when it falls. Forg decision maker
!I:c mosl le]Jn?g Ppoint to emerge from the data is that the Mluzaulsy-RadingIm’l
: md::x ig unreliahle, and it is most unreliable precisely when it is most needed
which is when e cash-flow streams of essets and Nalilitics ore Gy g,
being matched. The favarable empirical siudies, which avemge the pood
performsance of Manfmlay-nedingtm-immunized portfolios when e streamy
are well mnlf:hed “:uh Lke bad performance of Macaulay-Redinglon-immu-
nized porifolios which are not wel} matched, are cold comfort 10 3 m
ME: neéi;}s_a reliable guide 10 mezsuring risks. o
3 r_u‘!ian': main criticism of my article is founded W Vi
the no-arbitrage hypothesis is just a first order lppmximatil:::; l::dvﬂ g]nal
worthy financial institution ought (o be looking for arbitrage nppomizie{:
:: ﬂflphm He- then hinss that such an instifution ought to be suspicious of a
suresn:BI::;nmb::;inecl:L lhl_:;.u I::;\a;bit::ﬁ'e hyl:!al!ms,ls. such as any of the mea-
the hinted conclusion, o AR S o iy
'Ir- sayimg that the no-arbitrage hypothesis is a *“first imation, "’
might s:‘.nsibly mean that financial instifulions, fram m:teppt':ﬁ:?:h :;:I"I r‘dlr]:i"f
llfy arbllragn 0pportunities bul not on so large 2 scale os 1o Iimi‘t the insij-
fution's ability to firance other investmeats, Then, surprisingly, the econnmic
{heory nf matkel valualion T heve described applies exactly; that is, the
economic value of a cash-flow stream is jts present value cn;upnlcd l;sin
the interest rates implicil in the bond prices of the mbitrage-free poriion ugf
(ke market. Indeed, nothing in the argument given in my paper is affected
hy' lhe: prestice of the fimited arbitrage opportunities described previously:
:Ir is s(ill tnxe that an assel is worth 1o more or |ess than the cost ol‘dup]ic&iiny-
its cash ﬁc:ws by trading in liquid bands. If te asset is cheaper then mﬁ
corresponding bonds, one would still wani 1o sell \ke bonds and make the

DISCUSSION K

imvesiment. If the investmenl were deorer, it would still be bekter to buy fhe
bonds.

This is not to say (hat the economic valvation theory described in my
paper is exactly righl far the world we actually live i, with its illiquidilies,
{ax consequences of trading, and interest-sensitive cesh flows. My point is
much more limited in thet the no-asbitrage hypothesis need not hold exactly
in order for the theory and ils associaled risk measures lo be vseful. Indeed,
as we have szem, the theory is unchanged if coe weakens the no-arbikage
hypothesis 1o ellow limiled arbileage opporfunities to-arise from time (o time,

Mr. Bckley criticizes The use of immunization lheocies and measures in
principle, since they depead on parametric assumptions aboul the yield curve—
assumptions which ase only wpproximalions, and possibly poor ones, I have
already emphasized that these theories and measures do depend on assump-
tions abowl the shape of the yield cuive. There are both thearetical and
empincal reasons to believe thal the yield curve does have some structure,
although that does nol guarenies (hat we will be able 1o jsolate the structure
in a useful way, Mr. Eckley's cautions are well-waomnted.

Nevextheless, the anly proper reason fo eschew the nge of al) parametsic
yield curves iz that one can do as welf without them. Indeed, as Mr. Eckley
argues, there may be soms silaations in which matching is perfectly appro-
prinie and immunization indexes are dispensable. L suspecl, however, that
actvaries more aften find matching stretegies to be inedequate. How should
&n actudry advise a client who rejects malching because immunization is but
ane of his geveral objectives? Should he eschew all vulnessbility measures
because they are imperfect? How should managers who would-like (o ap-
proach perdect immunization proceed when the cash flows to be immunized
arc inleres) sensitive? Matching in such a case reay be impossible, and then
immunization using measured vulnerabilities i presesitly the only alterna-
tive,

1 have emphasized the word presenily, because it js cerfeinly conceivable

. thet actoaries sharing Mr. Eckley’s views could develop *'theory-free’ " mea-

sures of vulnerability thet expand the domain of malching ideas. Far ex-
arople, one might ¥ay thal the M-vulnerability index (M for matching) iy
defined as the maximum, over all nonnegative, year-by-yesr interest rates,
of the excess in present value of the Jiability stream over the asset stream.
For perfeclly matched sireams, the measure is zero. For other streams, it
represents the worst-case loss from shifting interest tates. I1is my guess thal
worst-cass indexes will never be s useful as (he kinds of indexes described
in my paper: The worst case described is quite exireme, and attempts to
account for more realistic variations in intesest rales amount lo relnicoducing
an interest rate theory through the bick door. However, the matter is still
far from resolved,
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a2 MEASURING THE INTEREST RATE RISK

Mr. Rabinson’s discussion proves the claim in
R : vy paper that the Macey-
lay-ll_edmglun fiat curve theory of inferest rates contradicis the no-arbitrage
cnndflbn. l-le dpes this by showing how one can create 3 spread which, with
certainty, performs bester then a given original parifolio if the yield curve

is always flal. He then furiher argues, mistzken]
. A y, that the same spread rule
out all theories of the term strucluse of mferest rates in which lh[; cx:-n:;:n:-l

omsly compounded rate of inlerest rate st date 7 hay the rigid form:
80 = 8 + A®),

where 8 is subject to stochestic chan '

b ges. However, when A() is not a1,
e original and gproad portiolios have different yields, end the inferiay
canvexity of the originsl panifolio may be campensated by s higher yietd,
When A(1) is chesen exactly (o compensate for differcnces in canvexily,

_ there i3 no axbitrage opportunity here, contrary to Mr. Robitson’s asseriion.

I have tried 1o keep my ceview of Ihe discussants’ remarks
brief and free of vomplicated mathematical arguments. I hope lhlfna?;gﬁbez
finent in the stochastic calenlus will forgive me for the coascquent Jack of
xgar, and that the discussents who used these techuiques will forgive me
for my r-lwexsari!y incomplete review of Lheir comments, My choices have
Peen guided by a desire to commurmicate the principal, relevant, econnmic
tdeas to the wides! possible actvarial audience. I will be most gratified if
actuaries who have nol mastered economics, finance, and the Ito slechastic

calculus find my paper and review of the dlscussions to be i :
at least, stimulating. ¢ illuminating or,

UNITED STATES LIFE TABLES FOR 1979-81
ROBERT J. MYERS AND FRANCISCO R. BAYO

ABSTRACT

This paper presents age-specific mordalily rates and expectstions of life
For the official decennial United States Life Trbles for 1979-8[. Analysis
of these data shows trends and relationships by age, sex, and calor. As in
the pasi, mortelity rales for males were higher tian for females af all ages,
especially a1 the young-sdult ages. Maiality reles for other-than-white in-
dividoals were significantly higher than for while persons at all ages except
the very higheat ages, wilh the differential being the Iazgest in the 3g and
40z,

The paper examines mostality trends since (he first decennial life tahles

weie prepared at the beginning of this century. Copsiderable reductions In
mortefity are shown For all categories. Uniil the Jast decade, the Tedactions
were much larger far the younger end widdle-aged persons then for alder
persons, bol in the Jast decade, sll age groups have had ebout the same
relative redoctions. Females have always had lower marality mtes than
males (with certain minor exceptions al (he young-adult ages many years
ago), and the relative differential has becn steadily increasing. Manalily
rafes for other-Than-while persons have zlways been significanily higher then
those of white persons, excepl nl the very highest ages. However, this dif-
ferential is decreasing (as ix the opposile differential that exists at the highest
Bges), .
The paper briefly compares U.S. moztality wilth thal in zclected industrial-
ized couriries. Although infant morality rates in the U.S. decvessed signif-
icaatly (by 37 percent) from 1970 10 1980, the-infanl monality rate in (e
U.S. is still somewhat higher than iu roost other industrizlized coantries (it
decreased in those countriez elso). Similary, the expectation of life at birth
in the U.S, s generally at or below (usuelly by no more than 2-3 percenl)
(he level found in other industrialized countyies. U.S. females have a similar
life expectancy 1o women in other industrialized countties, while U.S. meles
have a slightly lower Jife expeclancy than do other men. However, the
expeciation of )ife for males at age 65 ix about as high in the U.S. asin any
other country, and for femaley, it is as high or higher than in any other
coupfry.
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