VOLUME XXXviI

SOCIETY
of
ACTUARIES

Transactions

The work of sciene s fo substitute Jacts for appearances
and demonsirarione Jor impressions — Ruskin

==

AT =2 oot 1=

AT AadeT HATRHST)

6P@8 s83 9pZ

TTsza'dg



240 RESERVE PRINCIPLES RIR INDIVIDUAL HEA LTH INSURANCE

egatian is in conflict with rating principles, Delegati
¥ ; . egalion la confract reseryes
:{u?r afso lead to contingent claims being overlooked or their recogniffon
e mbdd_ Emce the shortfall of future revenues fo meeling contracl reserve
- SXpEnditures can be nebulous under contracts where (e insurer bas the right
of.nonrenewal andfor the right [0 adjust future premiums.

e alerial ma:
Proﬁdeg);] ORITIGH faw (71t wfubse groac{i?ed
y ihe L!ﬂWﬁE'SfU' ol wasnmgfon L}bf&f*es

CRTR LR YO T S

MEASURING THE INTEREST RATE RISK

FAUL R. MILGROM

ABSTRACT

This paper develops the theary of the measuremnent of mterest rate risks
from its foundations, beginning with the ruestion of which nssed values
(market or book) are econamically relevant and therefore al risk. Upon (his
foundation, the paper builds a flextble and general theory of the measurement
of inferest rate risk that includes the familiar Macaulay-Redington theory as
one special case. The theory is applied using a simple model of interest rates
to allow separate measvrement of the risks associated with permanent end
{ransient changes in interest rates.

F. INTRODUCTION

Few subjects have genemted more controversy or been the topic of more
meetings among actuaries than the subject of the interest rate risk, Whatever
an actuary’s field of practice, he faces the thorny problem of judging or, (f
possible, messuring (he risk af chanping terest rales o the (inancial se-
cority plans he advises. That problem has become more importan! in recent
years with the Increasing volalility of interest rates and, for 1.8, acluaries,

the ntrodoction of interest rate fatures centracts, the buge and unprecedented '

federal budget deficils, and the accompanying uncertaiafies about Jikely fu-
ture movements in interest rates.

Tt is fundamental that the interest rate risk is an equity risk—Ilosses are
incurred only when assels fall more (or rise less) then Izmbilities, The Ma-
caulay-Redingtoo theory of immunization, which has become faitly well
known emong North American actusries over the last decade, reflects an
awareness of (hat fael. That theory, which is reviewed in section [lf, mea-
sures the vunerzbility of a portfolio of asseis in refation to a set of liabilities
using & construct called a ““duration.” The duralions, D, of assets and Oy,
of lighilities, are defimed so thal a one percent inceease in the interest rale
will resull in approximately a D4 percent decresse in the value of the assels
and a D, percent decrease in the value of the liabilifes. Accarding fo this
theory, when the vafues of the assets and Iiabilities are equal, fhe difference,
D, — D,, measures (he loss that would occur from a | percent increase in
the interest rate, computed as a fraction of tolal assets. A positive difference
indicates that asset values will fall faster than liabililies when the interest
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242 MEASURING THE INTEREST RATE RISK

rae r:m and rise faster than Tiebilities when the inlerest rate §alls. Later, |
will review the computation of the duration measure as well as rélaed mea-
su;:s. gﬁfmp?mm [ffgilnt isflhal ihey all purpott Io provide an index of the
vilneral of a io of assets to i i ;
b [fab:'ﬁ;fcs. PO 1o iderest rate changes in relalion to &
Some of the cantroversy over immunization t comcems the question
of just tzd?al ‘fhe inferes! rate’' means. Some ar:uf?hnl it means lh: markel
rate of interest, though that cannol be precisely right, since there is not a
single rate thal epplies to all investments in fixed-income securilies, inde-
pendent of the term to matarity, the call provisions, the lsszer's solvency,
and so on. Others argue that ““the inlerest rate” means (he rate that lh;
acluary reasanably forecasts ta apply an averzge to investments that will be
madf:\ in the fituce. Such an evaluation, of course, is imherently subjective
and it is subject ta the criticism thal there is no good reason to forecast &
fmgle rate for all years in the futore. Vanderhoof and oiher advocates of
immmunization theory have argued the reverse proposition that immunization
theory, because it identilies the sssured resum from a particular investmen(
stralegy relative 0 a particular set of Fabilities, should guide lhe intezest
assumption wade by actuaries in valuing liabilities. '
The proper resolution of these dispuies depends on the way interest rates
are détenrmined in the bond markets. If long-tesm interest mles fluctuated
mndemly aromnd same “‘narmal” level, so that very high rates in any one
year were simply an aberration and cates could be counted an 10 fafl in the
very near future, then a loss in assel value exceeding the decrease in Jizhil-
ities caused by high cument market rates would be trans ilacy end therefore
no czuse for concern., Indeed, very high current rates would represent an
unusually favorable opportunity 1o invest in long-term bands ro fock-in the
curent altezclive returms. That seems fo be the interest vate modef (hat thase
who ad‘mm_ate basing asset valuations on actuarial assumptions have in mind
Hm_?.'e'.rer, if high long-lerm interest rales are caused by a change in the
environment tat is likely to persist for awhile, so that curently owned assets
may eventually have to be sold in a high interest rate {low price) eaviron-
ment, then the foss in market value of assets from high interest rates ix a
re::l caus;- l'min conhc:n. Thus, the right interest rate to use for studying the
value and vulnerability of an ass :
il wgk : et depends very much an one's tﬁe_ary of
‘ To Iilliuminaze. (he cefationship bstween prevailing market interest rates and
“true’” asset valres, we must begin by returning o the fundamentals of the
theory of present value. This is done in section I, using the standard eco-
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namic treatmeni of the theary, which differs in some small but crucial details
from the way the theory fias usually been treated by acfuaries. The theory
is developed for investments where the only visk is thal prevailing inferest
rates will change. The main conclusion is that if the cost of bond trading is
negtigibly small and market prices for bonds are ‘‘intemally consistent" (ar
“acbitrage free"”) then every cash-flow steeam has a single objective value
af every point in ime. That value is he stream's presenl value compaied at
the year-by-year interest rates impficil in correal bond prices,

Apart from fhe assumption that bonds are liqnid assets and that bond prices
are internally consistent, the fandamemals reviewed in section |1 do nol
require any additional assumplions about the defails of how the bond markets
operate or how interest rates vary over fime. In that general conlext, there
is no way to measure intercst rate risk in tenms of a few simple indexes like
the duration index, without making further assumptions about the shapes of
possible “‘yield curves.'” Therefare, in section 111, T consider how a theary
of the shape of yield curves can Teed to one or more indexes of interest rate
risk. Tt is in thet conlext that T develap the genersl theory of measurement
of the Interest rale nisk.

Unforumalcly, there is no emgirically praven theory of the term structure
of interes! rates &1 this time. For the pracrical actvacy, Ihe best eourse far
now scems to Be (o use a rmugh-and-ready model of interest rates. The
Macanlay-Redington theory is based on such a model in which the lerm
structure of inferest rates kas an unvarying shape, so thata 1 percent increase
in tie shor-lenm cate is always mimored by a | percent inctease in the yields
‘ta maturity of bonds of all durations. The facl, however, is that \he shape
of yield curves varies over time and that short-ferm inleresi rates are very
much more volatile than fong-lenm rates. As a resulf, the duralion measure
overstates the senrilivity of long-lerm band values (a changes in the interest
rate environment and understates the sensitivity for short-teom bonds.

In seclion [V, we suggest a refinement of immunization theery based on

8 simple two-parameler theary of yield curves, which allows short-term rates
end long-ferm rites (o move separztely but requires infermediate-term rates
lo be the interpofated value beiween them. The resull is a pair of measures,
1eflecting the sensitivity of the porifolio of assels and liabilities to changes
in shart- end Tong-{erm rates separately. These measures are offered as tem-
porary expedients. Research into the actual lemm structure of interest ales
is proceeding rapidly (see the recent work by Cox, Ingersoli end Ross [17),
gnd the results of that research offer the promise of a more relisble set of
measures in the foresesable Foture.
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244 MEASURING THE INTEREST RATE RISK

. THE ECONOMIC FUNDAMENTALS OF PRESENT VALUE

There is a small bul crucial difference between the foundations of the
theosy of present valve as traditionally developed in the actuarial mathe-
malics of compound interest and (he foundations developed by economists.
In traditiond actuaria! theory, there is a “*bank™ thet stands willing to accept
deposits or lend money at fixed interest rate 7. [f the interest rate varies in
a predictable way avex time, so that Ihe cete in year 1 is i), there is no
problem: the value of any certain (fhat is, nonrandom) stream of cash flows
(Fyy . . - ,I%) is simply ils present value, computed at the year-by-year
varying interest rates. The real problem begins when the interes! rate offered
by the bank is volalile and unpredictable; one does not know then whal rate
1o use in discounting flows in future years.

The problem is ot 25 bad as ooe might think because Jong-fexm bonds
exist which allow one ¢o lack in an lnterest rate over en extended period.
An gpproach (hat some acluaries have advocated for evaluating cash-flow
streams Is (o discount the flows using rates of interest ihat are a blend of
the rate Forecasted 1o be available on future investments and the rate locked-
in by existing assefs. The appeal of Lhis procedare is that it reduces the
amount of sabjectivily in the interest vale farecasts, at least fox years in the
neax future, because tre rates oblained depend largefy on the existing pori-
fatio of assets. Still, unlike the ecomomic (heory that follows, this (heory
admits a substantial role For subjective element.

The economic theory of present value is a branch of price theory. As a

matier of ferminology, lel us say that if some ifem, say a togster, can be -

boughl or sold in the markelplace at a given price, say §15, then its ““eco-
nomic value™ is $15, regardless of whether the owner fikes toasL No ome
will be willing to pay more than $15 for a toaster when he can buy one for
that amount in the markeiplace. Anyone would be happy to buy a toasfer
for $(4 if ke can resell it for $15. Tn an ideallzed, ““frictionless”’ markeq
where toasters can easily be bought and sofd at & fixed price, a toaster has
the same valae lo everyone, in the sense (hal anyone would be happy to buy
a loasler for any amount [ess thaa $15 end nobody would be willing o pay
even & penny more. It is in this sense Lhat economic values are objective.
To apply this theery fo the bond market, we must suppose that the costs
imcurred in buying and selling bonds are a negligible facter in the determi-
nalion of value. The fheory applies if bonds are sufficiently **liquid.”" Tke
implicalions of an objective theory of value are far reaching. Suppose, for
example, thal we wish to evaluzle some particular investment, represented
by the sequence of cash flows F = (Fy.F3,F3} over a period of three years,

- e—
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and (hat there are bonds available in the market with coupons C,, C,, and

C, ihat meature in ene, two, and three years, respectively, for & maturity

value of [. A portfolio of these bonds is represented by a veclor x =

(xy,x3,%3), where x,, is the oumber of bonds with maturity n in (he fature

that the investor owns. The cash Dows p = (y,,y2,¥3) generated by the

portfolio x can be computed hy multiplying the metrix B of bond refurns by
0 0 1+C

the vector x describing the parfolio:
|
X (n
3
ar, more compactly, y = Ax.! -

Ei

.Thus, a porifefio x exaclly matches the cash flow F if and only if if is a
solution to: F = Bx. Nefice, however, (hat the matrix B i5 upper (riangutar
(that is, all entcies below the diggonal are zeros) with ronzero entiles on the
diagonal. Such & matrix {5 always invertible, and therefore there i3 a unique
solution x = B-'F to eqoation (1).2 Suppose the prices of the (hrez bonds
are py, pa, 8nd py, tespectively, and let p be the veclor of the three prices:
P = {P1,p2p3)- Then (he net outlay required to purchase (he portfolio x is
I px; or, in vector notation (freating p as a row vector end x 2s a colomn
veelar), px.? Since x = B-'F, the purchase price can be expressed aspB-'F,

According to economic price theory, as long as the investor is free 10 buy
or sell bonds at the prices p, pB-IF is the wnique abjective value of the
cash-flow sfream F. This is 50 even though the interes! rates that will be
available an future investments may be unknown. If an invesior had (o pay
some amount P > pB-!F 10 acquire the siream F, then by buying the
partfofio x = B-'F he could acquire the same cash-flow stream at a fower
price, so he should decline 10 make the purchase. If, insleed, the investor
could buy the stream F for same amouat P’ < pB-IF, by selling the porifolio
x (with sale proceeds pB-'F) and purchasiag (he stream F, he would teave

1+C G G
0 1%$C G

" use column vectors {nX | mutrices) 10 mepresenl both cash-flow sireams aod portfolios. Luter,
ices e repiesenied by rowr vectars (1 X 7 matsices).

E;ln geoeral, some components of the sololion ¥ may be negatice. In that cete, the invesment
siriegy needed to maech F iavelves scliiog some kiods of bonus, This conespands 3 the gecd in
the actueriz? varsion of the theory 1o borow from the “bank™ to Justify the prosent-vatue cvaluafing
of soms eash-flow sfresmr.

Mhe purist may object hat g is a | X1 matrix, rather fian a resl nombder, 50 Gat the eapeession
should Be \he thace of The expression | have writen. Tu avoid unpecessary nofation, | gall noy
disfinguish baween aumberx and | % | mirices.
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244 MBASURING THE INTEREST RATE RISK

future cash flows unchanged while enjoying immediate nel cash reccipts of
PB-'F — P', Since these are posifive, i is obviously profitable to make the
purchase. Any investor, regardless of his preferences or the oifier assets in
the pontfolin, should be willing ro pay P 1o scquire the cash-fiow stream F
if and only i P < pB-IF, This is the meaning of our claim that P s (ke
objective value of the cash-flow stream F, a value thal depends neither on
the investor’s preferences nor on the content of the partfolio.

The foregoing analysis is easily generalized (0 rumbers of periods ather
than three. Given a set of i bonds with varying maturities including one of
each marurity ranging from one year 1o # years, one can construct EN upper
trizngular matsix B of band cash fTows in the manzer illustrated, The matrix
will have nonzero eatries on its diagonal. Then, for any cash-flow stream F
~ Uhal expires in n periods or less, there is a unique portfolio x that precisely
maiches the cash flow F, that is, a unique solution o F = B, That porifalio
can be purchased for the price px = pB-'F, which is therefore the economic
value of the stream F.

The given matrix form is useful for simplifying the economic argumen,
but for computations it may be more convenien! o express lhe economic
vale of F in present-value terms.

PROPOSTIION. The econemit vale of the cash-flow stream E is pa-'F.
This value is the present value of the cash-flow siream F computed using
the period-by-period interest rates i, . . . i, huplicit in the bond prices, thay
ir, .tﬁe rates that sel the present value of the cash flows on each bond equal
i is price, ;

Proof. Let PV(F) denvie the present value of any cash-flow stream F
using the interest rates described in (ke propositicn. As is well known, and
easily verified, the present value function PV is linear, thet is, for any two
cash-flow steeamns F and 7' and any constants « and @,

FV(aF + BF') = aPV(F) + APV(F’).

- Regarding p8~'F as a function of F, it, tog, is linear. By construction, these
(wo linear functions agree in Iheir evaluafion of the Tond cash Nows, and .
those are & basis for the -dimensional vector space. Henee, the two linear
Functiens must be jdentical, Q.E.D.

Thus, when bonds are a liquid investment in the sense thal they can be
bought and sold with negligible transactions costs, any giskless cash-flow
Siream bas an objeclive value, which is fhe present value of the sheam at
the year-by-year interest eates implicil in the bond prices. This canclusion
means (hat the proper imterest rate to use in discounting cash fows for the
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analysiz of an investment opporiunify depends reither on (he other invest-
meals keld by the finm, nor on the nafure of the investor's lishilities, nor
an any olher similar factor. There is ro room for subjectivity in the cheice
of interes! rates in the world we have descrbed,? When liquid bend market
investments are available, an investment outside the bond marke! can be
warthwhile anly if it is less expensive fhan the bond market investment with
the identicel cash flows. Moreover, an outside investment is always worih-
while if il can be finznced by selling bonds frem the portfolio in such a way
as to exactly malch the mvestment cash Rows while leaving & pesitive amount
of extra cash on the table today.

1 wish to emphasize at this point that the foregaing analysis does not mean
(hat there is an objectively best.sirategy for investing in the bond market. 11
ascerts (hat one should always accept "‘bargains' (bonds offered for less
than their market price) and sell bonds which are overpriced relafive to other
bonds. If an invesior expects Tong-lerm rates to rise soon, it is generally
wise (o sell long-term bonds. Conversely, when the investor expects the
rates to fall, then to be consisten! with his expactation, the tnvestor will buy
long-term bonds. These are slandard conclusions thal are unaffected by the
prescriptions [ have been offering.

At this point, what happens if there are many bonds traded in the mar-
ketplace cach of different maturity? Is it not possible that there is anather
set of bonds with cash-flow matrix B' and price p’ such (hat p"B’ is different
from pB, so thal there are two different ‘‘economic values” for a cash-flow
strem F7 This queslion & alin to the guestion that one might ask in the
“‘banker”" medel of present valne, il there were two bankers offering dif-
ferenl Interest rates. If the world were like that, it wonld be pessible o
borrow large sums from-the bank charging the Jow rate (o use for making
deposils in (he bank offering (he high rate, nefling large and certain profits
to the inveslor. Such a situalion could pot peesisi, since a surge of mvestors
exploiting the opportunity would soon force one of the banks Io change its
pelicy or Rall into bankwpicy, :

Similardy, an inconsistency in the prices in the bond nyarkel offers what
is known as an atbitrage oppoetunity. Investors or fioms cavld sell (or issue)
fhe bonds that were relatively overpriced (o [inance the purchase of under-
priced bonds, eaming 2 certaln profit. Invesiors exploiting an arbitrage op-
portunity would soon force bmketage houses to change their price quotatioas,
1o balance supply znd demand, or lo deplete the inventories of the offending

“Howewer, the world L have described vmits 2l) tax conslderations, wiich are importzntin the United
Stutes and Canada al the preszal fime, 1 lemve the amalysis of 1ak consegeences lo otbers.
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248 MEASURING THE INTEREST RATE RISK

brokerage house so that the arbiirage opportunity disappears. Arbitrage op-
portunities—the Raw in the market that permits one Icﬁam hugetrfug:as l:t

- no risk with a tiny initfal investment—are {he dresm of every new investor.
Practical investors soon leam (hat such opportunities, if they exist at all, are
rare and fleeting, just 2s cconomic theory predicts. We can safely build a
iheory of present value on (he hypothesis (hat arbitrage opposunities do not
exist or, at least, are of negligible importance for investment analysis. [t
wag 1his mo-arbilrage hypothesis that I alluded (o in (he introduction as the
assumption of “*internal consistency."

To understand the major conclusians of finencial economic theories and
the perspectives they lend, one must grasp Fally the importance and exteni
of the no-arbitrage hypothesis. When ane finds two bonds wilh azarly iden-
1iFaI coupons and maturities offering quite different yields, the hypothesis
directs us to find an explanation in terms of differences in call provisions,
convertibility provisions, defaul: disk, tax treatment, or some similar faclor.
To isolate the interest rafe on a viskless investment in the Imited States, one
musi wse 1.S. Treasery bonds, which are fully call-protected and suffer
vicually no default risk.

In the outlined theory, fhere fs no single neasure thal surmmarizes the
sensitivity of a portfolio of assets 1o changes in the market inferest rates,
either alene or in relationship lo a set of lisbilities, For example, suppose
that a certain Kebility can be represented by a sexies of cash flaws L =
Ly, . . ., L), and thal there is an associxled sel of assels of equal present
value whose ffows are represented by A = (A, . . ., A,). How sensitive is
the difference in the present values of A and L to changes in the prevailing
level of marker interest rates? The question is difficull even to pose in the
present contex( for the notton of a prevailing level of rales is ill-defined.
There are, after all, n interest rates i = (iy, - . ., i,)—one for cach year,
and the sensitivity of values 1o each of them is different. There is litife value
to repoting n separate measures, lhough (his is precisely what is required
far a complele evaluetion of risk in sa envirenment where each interes rate
is free ko change independently of all others. Fortunately for (hose whp seek
simple measures, the interest rates (i), . . ., f,) have some tendency to change
together, Thal is where immunization theory comes in.

Ul YIERD CURYVES AND THE INTEREST RATE RISK

With no theory of how inlezest cates move, the problem of meassring the
vulngmbiluy of 2 portfeliv of assets relative to a set of fiabilities has no
practical solution because there is a different sensitivity of the porifalio 1o
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the interest rate &t each dilferent maturily. However, the interest rates for
each different maturity do not fluctuale completely independently. Long-
term rates tend to move up and down together, and there is even some
linkage between long- and shori-term rates. The function i, thay specifies (he
yield available on bonds maturing in each year I is often presented in graph-
ical form, end called the “yield curve.” By making assumptions about the
possible shapes of the yield curve, one can simplify the problem of mea-
saring inferext vale risk. The accuracy of the measures depends in part on
the accuracy of the theory of yield cmves uzed and in part an the kind of
portfolios 1o which the measares are applied.

The simplest theory of this form ig the Macaulay-Redington (M-R) im-
munization fheory, which normally assumes that i, = i, that is, thal tke rate
of interest is the same for all duralions. The mathematical analysis works
oal most neatly when one works with the continuously compounded rate (or
force) of imterest 8,and a formulation of this kind also makes possible a
significant exteasion of (he M-R theory. “The key assumption of the theory
is fhal the continuously compounded cate of interest applicable to time ¢ Js
6(n = 5 + A(). The parameter & determines fhe overall level of the yield
curve while the fumction A(r) fixes its sbape—the variani reported by Van-
derhoof specifies A(f) = 0 Tor all 1. JE the level of interest cates changes
gredually over time so that investment managers can rehalance portfofios as
conditions change, then the refevant risk Lo measare is the risk to fhe portfolio
of small changes In B. Letting A represent the cash-flow stream associated
with Ihe assels and L (ke stream associated with the liebilities, we assume
that the twa sireams initially have (e same present valzes. Also, we assume

that the Iwo streams expite aller a years. Then,
n [] n [}
Y A, up(~j 8G) ds) = 3, L, exp(— j 8(s) dr).
r-[ : g =1 0

Letting D(1) = Lﬁ(:) ds, we may rewrite (his as:

PV(A; B) = D) A, e = 3 Lg™ % = PYL; B). )

We regard these present valees es fiunctions of \he overall fevel of imerest
rates 8. Then the duration D4 of the asscts is defined to be mimus the
derivative of PV(A; B) divided hy PV(A; B); this measures lhe percentage
decrease in PV(A; B) per unit of increase in (he level of interest rates. Thus,
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250 MEASURING THE INTEREST RATE RISK
letting primes denote differentiation wigy respect o B, one defines

_ —dPVA; byas _ X, (A, ed-ow
PYA;8) Y A, g-%-om 3

A ‘amﬁl‘ar expression describes Dy, the duration of the liabilities. The **du-
ration™ of assets is so named because ji FEPrESEnLs a preseat-value weighted
average of tiwe lime until the cash (low occurs. For
whieh generales flows only in year five, the duratian is simply five, -
The duration of assets or liabiltis is not signifizant by sell. The dofes
enco in diration belween assels and liabititles f5 importani since that mea-
sures the change in surplus per 1 peccent change in the overall ram of interesi

measared as 3 fracii lere.
sy ction of tatal asset values. To express the same thing in

Dy — p, = BV 4:B) — PV (1;5)
: PY(4; B) '

new funds or the proceeds from selling bonds with shorter durations
Vanderhoof’s account of immmnization theory (with A(p) = ) alst; gives
a m{e to the second derivative of PV{(4; B) and PU(L; B) with Tespecl to §
argming that if the first derivatives are equal and the second derivative ui"
PV-{A; b) exceeds that of PV(L; B), then any small change in the overal( level
of Inferest retes from 8 o B’ will result m a profit; PYA: ') > PUL; B)
:Hmr cunc!usicm, though mathematically comrect, is not a proper or usefui
Interpretation of immunizalion theory. Indeed, one can say -more generally
tha! the ro-arbilrage hypathesis implies (hal theze is na place in immunization
r!mnry for measures based on second derivatives of the present-velue func-
on. What has acivally been shown by this mathemutical urgument based
on second derivatives iz that if the Fat yield curve fheory were correct and
if 1ntﬂ:esl rates change frequently and by small amounts, then (here musi be
@ ﬂrbilr.:_ige opparunity. To sce thix, let T and v be portfolivs of a;scls
that duplicate the casi-flow streams A and L. respectively, wilh PViA ; B)
i lE: B). PVIAB) = PY'(L:8), and PU"(A: B) > pyiigs ) ne.
buying the portfatio %, and selling v, penerates a cash-flow slrealm A =l

example, for an ssset
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with present value zero and PV'(A—L; B) = 0, but PY"(A—L; 8) > 0,
that is, a portfolio that cosis nathing but yields a cedain profil whenever b
changes, which il certainly will do. Such a portfolio epresents an achitrage
apportunity. If the no-arbittage hypolhesis is comrect, then there must be
something fundementally wrong with the hypothesis that the yield curve is
always flai. OF course, actual yield curves are act Baf and do not maintsin
ibe rigid shape prescribed by our assunmplions as they vary aver thme. The
interest rate mode! underlying the theory is only a very rough epproximation.
It may be suitable for use in geaerating ZpPprokimate measures of asset vul-
nerebility but it should not be used for fine-tuning invesiment choices.

Al this point, we can also address the question about whether interest rafes
fluctaste randamly around a “‘normal®® level. The idea that bogd prices (and
therefore interest rates) Auctuate in that way is the basis for (he argurment
(hat maskes rates should not be used for actuarial valuations. The main point
is that randamty fluctuating long-tzrm interest rates on a day-lo-day or week-
to-week basis always generale effeciive arbitrage opportunilies. If fhe ran-
dom fluctuations theary carrectly described (he workings of boad markets,
one could do a matistical study to estimate the marmal level and find ol
wheher rates are currently higher or [ower than that level, ard then boy ar
sell accordingly in (he markes for bonds or inlerest rate futures, firancing
the purchases by xales of shorl-term assets, That would fead to positive
expected profits for each day or week. Then, since the Auctualions are
presunted to be independent over tiee, the result of a consistent strategy of
trading in bonds (or inferest rate futures contracts) would be a certain im-
provement in the yield of the portfolio in the long sun (by the Strong Law
of large numbes of probability theory), wiich constilates an arbitrage op-
partunity. Thus, the no-arbitrage hypothesis—a hypaihesis that is strongly
supparted by both economic theory and the experiences of investors—im-
plies thal the random fluctuations view of long-lerm jnterest mles mrust be
meoimecl.

Some readess may (hink the previous paragraph too harsh a critigue of
(ke randem fluctuations view. After all, one might argue, nobody believes
that the flucluations in interesi rates around their normal level are slatistically
independem on a day-to-tay, week-lo-week, or even a month-to-month ba-
sis, But to concede fhat point ix to pive up the argament. If changes in
inleres! rates are persistent over long periods and if assels and liabjlitles are
not perfectly matched, then oze may have to (rade al neae current market
prices, 50 there is no meril in the view that fluctuasions in assel prices should
be mostly ignored as teruporary and imelevant phenamens.

As noted above, the flal yield cirves originally used for developing the
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duralion measure are not consisient with the no-arbijra j [
they .imply that there exisy arbitrage opportunities S éi:ifnuifaheﬂi‘t;n?gl:f
the yield curve (St!t'.:h as the Cox-Ingersoll-Rosg theory) that do not allow
arbih:agc Opportunities are ofien much more methematically complex than
u?c simple l;wonex already emalyzed and have not yet been subjected (o the
kind of empirical scruliny aeeded ta lend some degree of confidence 10 hem
Moreover, there is really no prospect of ever specifying a perfecily cmrec-t
theory of Interest rates upon which to base a theory of immunization, so the
best canrse for practival peaple s to base immunization measares on simple
dpproximale theories of interest rates. These theories should be used onlj;
to construct vulnerability indexes based on first derivatives of the present-
valve function, in order to avoid the kind of mislezding recommendations
thal necessarily resull from the second desivafive measures, which are ef-
feﬂi_vely based on trying to idenlify by mechanical mreans that rare and
efusive animal—the arbitrage opportimity.
To build A gereral theary to measure interest mte risk, Jet/ = (.. .0
dencte a series of k ecomamic indexes (hat summmarize both the L‘IL;ITCHI 'uit—
terest rate environment end whatever other factors affect expeciations about
future cash flows. Let A,(7) and L(0) denote the expecied cash flows from
2 ccriamm assel porifolio and set of Labilities, respectively, in year /. These
generally depend on J since, for example, the cash surrenders and. policy
Inans on individual ardinary life fsurance are sensitive ro prevailing interest
rates, and the payments on health insurance plans are sensitive to the inflation
index fur health_ care costs. Let B{r;I) denote the continugusly cempounded
rate of intetest implicit in current bond market prices for (ime s when the
mdex_valuw ate L. We gssume that all functions of J are continuously dif-
feremiable. We wish to measure the vulnerability of the cash-flow stream
to a change in index [, with other indexes held constznt, Let PV(A:T) rep-
resent Eha present valve of the cash-flow stresm A and PVHA:L ﬂw'pmﬁal
derivalive u:nh respect Lo [; {with other index values being held constant),
Then the ratio Vi{4) = — PVAAIVPV(A;L) is the decrease in the assel value
per unik increase in the index /), as.a percenlage of the lotal asse! value, A
;t;z;::?:; :flcu lation can be done 1o tompute & valuerability index VAL:I) for
Since the indexes V{4; 1) and V) (L; 1) are basically first desivatives of

"I Tuct, one can show thal this mode! Is oons; li i

cf, ( nsistent with the requirement Onf there is ili
af arbitrage I[Izm! ealy if &0 = a + P4 for mme comvants o and B. The magnimﬁﬁmg
on the volatility ef inlercst rages, In particuler, P can be zoro only if interest rates do nod {Tuege
ot all, A reasomabile speciffeation would ses 0>0. e
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the present-value function, 11 may appear that they give a good idea of
vulnershilily only for very smaall changes io interest vates. One can exiend
things a bil using the arppment given earlier in connection with the discussian
of Vanderhoof's theory. (NoTe: The conclusions reached in the remainder
of (his paragraph end in the neat paragraph are incamec(. See the aulhar's
review for corrections to this analysis.) In particular, if A and L have equal
present values and equal vulnembilities when evaluated al market inlerest
rales, then the no-arbitrage hypothesis implies that PV,{A; 1} = PV,{L; 1},
This fact suggests two important conclusions: First, equating indexes based
on first derivalives immunizes againsl smal) changes in interest cates even
if they are large enough lo alter the first derivetive term (pravided the brst
derivative itself is approximately linear in (he refevant region). Second,
maintaining a strategy of epproximate immonization over time does not
require an excessive amount of trading, since an immunized portfolio re-
mains (approximately) immunized as I (luclustes in a neighborhood of ils
original value.

As we have seen, if one rebalances the assel gortfofio over time to main-
tain (approximale) equality of the assel and liability velaerability indexes,
then the change in the PV(A — L; 1) aver my shor period is of “*second
order.”™® The crucial mathematical fzct notw is that if the changes are secomd-
arder over all short periods of e, thea (heir sum over lenger periods is
alzo nepligible. Therefore, immunizing effectively against the losves suffered
Jrom smmall changes in I over all shari periods aiso solves the larger problem
of immunizing against the lmge movemenis in I that may take place over
longer periods. _ .

In general, the dsk indexes I that we have been discussing abstractly need
not be interest rate tedexes; they could equally well consist of an oil price

- index, a healfh care costs index, etc., and such indexes may well be usefal

for evaliraling the risks associated with certain specialized Xinds of insurance
or with portfolics contatning coremon stock, real estate, ele. To be uselul,
the number of indexes in the theory must be small. For bond portfotios, it
is probably necessary to use al least two indexes of Inleresi rates, since yield
curves vary aver time in both their stape and their level. In the next section,
we introduce a paricalarly simple and familiar (wo parameter theory of the
yield curve Lhat allows Ihe curve to vary in both slope and level, and we
derive the resulting risk measures, -

5This means e the change over any period of ime, during which the panfolio was ood rebalanced,
is on the onder of (e square of the leagih of time iovolved. I the relevant period is one moquh,
Vu af 2 year, then the squared value is Yia, which D a negliglbly small number For applicefions of
this kind. -
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V. A SIMPLE TWO-FACTOR THEQRY QF IMMLUNIZATION

A.hvu-parameler model of the lerm stasciture of interest rales mekes il
possible 1o separate the cffects of changes in long-tarm sates from those of
..ﬂmrt-auﬂ medi um-term rates. By so doing, it reduoes the bias thal is inhierent
in the Macaulay-Redington leory due to its false assumption fiat long- and
shm'l-lenn.ralcs are equally volatile and closely tied. For a useful 1wo index
model of inlerest mtes, [ propose & vamiant of & modal they is familiar to
many acluerizs—a model fhat has been widely used in pension valuations
premfum rate calculalions, GAAP reserve calculatians for [ife oumpimi::s'
and other appications. Specifically, I use a iwo-paint graded inlerm—rale.
mad_el. with (he prading occumring up to some predetermined time 7, More
precizely, the continucusly compounded rate (force) of interest at any time
I > T is the long-term rate 8(1) = I amd for 1 = T the pate is linearly
Interpalated between the long rate £, and the short rate h + I 8 = ¢
+({l-un) I, Letting M(f) = min(| AIT), vee rave;? l

8O = Iy + (1-M) I (@

1 use a tong-ferm rate plus a transient com
| poneid (rather than a long rate
and a short rate) ey interest indexes to make (he first vulnerability mfa.::m
take the same form as l.hr.: ilradilinnal duration meesure. It is equally valid
au_d |:nerhatlm }m Im:rnl:z1l1 rea;xdxly inferpretable to construct vulnerability indexes
using ong- and shomt-rale indexes—this is priman
e dog 1s 18 primarily a matter of siyle
Before proceeding, 1 offer a bricF waming: the theory ified is i
' _ . i : specified is incon-
Sistent with the no-arbitrage hypothesis. 1 shall uze it only to develop (irst-
derivative b:md measutes of vulnerability, in the hope rhat these menssres
may approximale (ke ones thal could be ablaied from the *comect theary. **
Given our specification, the present value PV(A;f) is given by:

PYEN = 3 4, cxpl- [} 6

= § Acexp{ =it — I, T M() [1 = M()2)). 5

0f coursc, it is also possiblc 1o specify:

Bl =17, + ti-min) s + A
and ta 2llow Af{") 1o be nopEnear. -

MEASURING THE INTEREST RATE RISK 255

The vulnerability measure [or the first index is then given by Dy, =
— PV, (AP A;D, where :

o (]
—PVy(A:) = X LA, exp{—fn B(s) ds]. (6)
F=1

The identity of form between this measure and the duration measure masks
an important distinciion; this measure veflects the sengifivily of asset values
to permanent changes in (he interest rete environment, that &, changes that
are reflected in yields-to-maturity in bonds of all maturities. Such changes
tznd o be smaller than changes in any overall interest 2te index which give
substantial veight o shori-tem inferesi rales.

The second measure records the vulnerability of an asset portfollo to
manstent changes in (he imterest rate enviromment, thal is, changes whose
effects are nat reflected in the rates that apply lo years from year 7 on. Once
again, to measure vulrerbility in the cenvenient percentage of assels format,
we use the form: Dy = —PVR(A:)/PV(A;D). Using the second expression
in equation (5), one may compute the derivafive as;

—PV,(4iD = "21 AT — M2} wp(—L Bsyds). (D)

fust as the First index Is a presenl-value weighted average of fhe times ¢ (o
payment of the cash flows, thix second index is a present-value weighted
average of a partictlar function of #me, namely, TM{D [ | — M{/2). This
index is easy to compute for both assets and libilities, and it ceflects the
relatively large sensitivity of the valoe of medium-term cash flows to tran-
sient fluctnations in inferest rates.

V., CONCLLUSION

The theory of immunization is not a theory that is propetly studied in
isolation without referenve to Iheosies of financial markets, present values,
and the like. The coniroversies thal rage over matters such as valuslion
interest rate assumplions and the natire and measarement of the interest vale
risk ave founded in differences in the underlying theory of bond markets that
the debalers carry in their minds. The main issues can be resolved only by
exposing and examining the undeslying theories, reaching a consensus based
on the best available evidence, and buildiog an immunization theory and a
set of measures of risk on those sound foundations.

) hrave iried to carry oul just such a program in his paper. In section 1§,
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the economic theory of valuetion is laid out, founded on the observation,
which is almost universally affitmed by finencial econamists and business.
people, ihal the bond markets ave not teeming with arbitrage opportunities.
The conclusion is that when (he subject of interest is real economic values
of the kind that should guide pricing and investmen decistons, cash-flow
sireams should be valued using the rates of interest implicit in bond prices,
In partleular, assets should be evaluated al markel values and liahilities
should be evaluated by a present-value calculation using {he cormesponding
market-determined inlerest rates. These are the veal values of the assels and
liabili;ins whase vulnerability to fiuctuating interest rates requires measure-
menf.

Having identified he veloes to be immunized, 1 observed that without
some knowledge of the structore of the yield curves, one cannot have g
sound theoxy of immunization. I rummarized the Macsulay-Redington theary
and set it in the framework of a general theory, which can be specialized (o
luke accound of whatever may be learned in Tature studies of the yield curve.
Finally, T offered & zimple, practicable enhencement of the Macaulay-Re-
dington theory which is similar 1o it in form but which allows scparatc
measurement of the risks associated with transient and permanent changes
in the interest rate environment. In general, permancnt changes of any given
magritude have a larger effect on asset values than transient changes of the
same magnifude, bul transient fluctuations (in shorttenm rates) tend (o be
more frequent and larger in magnitude. The importance of the enhanoement
depends on the relalive volatility of long- and shori-term rates and the Dafvre
of \he assets and fiabilities under study.

I owe a debi of grlitude 1o John Ingersal for references to the immuni-
 zation literature, to James Hickman and Cecil Nesbitt for their detailed com-
ments an an earfier drall, and fo the Actuarial Education and Research Fund
(or its fnanciad support,

“Tn 4 vegulated envisonment, some nominad vafuex may also be imporiant, simply because the
repolaiions say they are, BManugement may then care about the seasitlvity of these avser valves 1o
changing interesd rates, However, excopt when threats o solvency ane Immedinke, it is the rex)
values uf asseir, that is, the markel valges, ot should be of principal concem.
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