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• Computable Stein discrepancies used for… 
• sampler selection 
• posterior inference 
• goodness-of-fit testing 

• But computation scales quadratically with sample size 
• We introduce random feature Stein discrepancies, which… 

• retain excellent theoretical properties of existing Stein discrepancies 
• are computable in linear time 

our methods

More Experiments

faster… more powerful…

III. Desiderata
1. Detect convergence of Qn to P  
2. Detect non-convergence 
3. Computationally efficient

P

QnQn

P = Qn P ≠ Qn

II. Stein discrepancies

dT G(Qn, P ) = sup
g2G

|Qn(T g)� P (T g)|
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Stein operator: P (T g) = 0
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g(x) =
R
�(x, z)f(z)dz
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(new) feature Stein
discrepancy

kernel Stein 
discrepancy

graph Stein 
discrepancy

• All “smooth” functions 
• Have to solve a linear 

program• Uses a feature function 
• Approximate with 

importance sampling

• Uses a kernel function 
• Closed-form

versus

sampler selection goodness-of-fit
versus

Samples Laplace-distributed Samples t-distributed

All the Details

VI. Experiment: Selecting SGLD step size 

I. Motivation

L1 IMQ L2 SechExp M necessary for stdev(RFSD) < FSD/2

Efficiency

Goodness-of-fit testing

Size is controlled Perturbed RBM

(new) random feature Stein
discrepancy

RFF KSD FSSD

V. Linear-time approximations

• Can be convergence-determining 
• Provably close to ΦSD when using 

near-linear number of importance 
samples [Ω(nᴷ) for any κ > 0]

10 importance 
samples suffices

• Not convergence-determining

ε = 0.01 or 0.005 
gives highest-
quality samples

Goodness-of-fit testing (null = Gaussian)Runtime

G�,r ,
n
g : RD ! R | gd(x) =

R
�(x, z)fd(z) dz with

PD
d=1kfdk

2
Ls  1 for s = r

r�1

o
.
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Feature Stein discrepancy: �SD2
�,r(µ, P ) , supg2G�,r

|µ(T g)|2 =
PD

d=1kµ(Td�)k2Lr
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Random feature Stein discrepancy: for Z1, . . . , ZM
i.i.d.⇠ ⌫,

R�SD2
�,r,⌫,M (µ, P ) , PD

d=1

⇣
M�1PM

m=1⌫(Zm)�1|µ(Td�)(Zm)|r
⌘2/r
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I. Defining the (random) feature Stein discrepancy

III. Detecting convergence and non-convergence
Proposition. If the tilted Wasserstein distance

WAn(Qn, P ) , suph2H
|Qn(Anh)� P (Anh)| (H , {h : krh(x)k2  1, 8x 2 RD

})

converges to zero, then �SD�,r(Qn, P ) ! 0 and R�SD�,r,⌫n,Mn(Qn, P )
P
! 0 for

any choices of r 2 [1, 2], ⌫n, and Mn � 1.

Proposition (KSD-�SD inequality). If k(x, y) =
R
F(�(x, ·))(!)F(�(y, ·))(!)⇢(!) d!,

r 2 [1, 2], and ⇢ 2 Lt for t = r/(2� r), then

KSD2
k(Qn, P )  k⇢kLt �SD2

�,r(Qn, P ).
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Assumption: The base kernel has the form k(x, y) = An(x) (x� y)An(y) for
An(x) , A(x�mn) and mn , EX⇠Qn [X]

Assumption: �(x, z) = An(x)F (x� z)
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II. Assumed form for feature function

IV. Constructing convergence-determining RΦSDs

Theorem. Under regularity conditions, there exists a smoothness parameter
� 2 (1/2, 1] and a constant b 2 [0, 1) such that the following holds. For any
⇠ 2 (0, 1 � b), c > 0, and ↵ > 2(1 � �), if ⌫(z) � c (z � mN )⇠r, then there
exists a constant C↵ > 0 such that (�, r, ⌫) yields (C↵, �↵) second moments for
P and Qn, where �↵ , ↵+ (2� ↵)⇠/(2� b� ⇠).

tilted hyperbolic secant kernel:

 (x) =  sech
a (x) , QD

d=1 sech
�p

⇡
2 axd

�
and A(x) =

QD
d=1 e

c
p

1+x2
d

L2 tilted hyperbolic secant R�SD:

F =  sech
2a , r = 2, and ⌫(z) /  sech

4a⇠ (z �mn)

inverse multiquadric kernel:  IMQ
c,� (x) , (c2 + kxk22)� for some � < 0

Lr IMQ R�SD:

F =  IMQ
c0,�0 , r = �D/(2�0⇠), and ⌫(z) /  IMQ

c0,�0(z �mN )⇠r,

where c0 = �c/2, �0 2 [�D/(2⇠),��/(2⇠)�D/(2⇠)), and ⇠ 2 (⇠, 1)

Simplest choice: �0 = �D/(2⇠) yields r = 1.
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Proposition. Suppose (�, r, ⌫) yields (C, �) second moments for P and Qn.
If the reference KSDk(Qn, P ) = ⌦(n�1/2) then a sample size M = ⌦(n�r/2)
su�ces to have, with high probability,

2k⇢k1/2Lt R�SD�,r,⌫,M (Qn, P ) � KSDk(Qn, P ).
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(C, �) second moments: We say (�, r, ⌫) yields (C, �) second moments for P
and Qn if E[Y 2

n,d]  CE[Yn,d]2�� for Yn,d , |(QnTd�)(Z)|r/⌫(Z) and Z ⇠ ⌫.
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IV. Choices for G
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Tilted hyperbolic secant kernel:

 (x) =  sech
a (x) , QD

d=1 sech
�p

⇡
2 axd

�
and A(x) =

QD
d=1 e

c
p

1+x2
d

L2 tilted hyperbolic secant R�SD:

F =  sech
2a , r = 2, and ⌫(z) /  sech

4a⇠ (z �mn)

Inverse multiquadric kernel:  IMQ
c,� (x) , (c2 + kxk22)� for some � < 0

Lr IMQ R�SD:

F =  IMQ
c0,�0 , r = �D/(2�0⇠), and ⌫(z) /  IMQ

c0,�0(z �mN )⇠r,

where c0 = �c/2, �0 2 [�D/(2⇠),��/(2⇠)�D/(2⇠)), and ⇠ 2 (⇠, 1)

Simplest choice: �0 = �D/(2⇠) yields r = 1.
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• Underpowered


