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1 Gibbs Sampling Conditionals for M3F Models

1.1 The M3F-TIB Model

In this section, we specify the conditional distributions used by the Gibbs sampler for the M3F-TIB model.
Gibbs conditionals:

• ΛU |rest\{µU} ∼Wishart((W−1
0 +

U∑
u=1

(au − ā)(au − ā)t +
λ0U

λ0 + U
(µ0 − ā)(µ0 − ā)t)−1, ν0 +U) where

ā = 1
U

∑U
u=1 au.

• ΛM |rest\{µM} ∼Wishart((W−1
0 +

M∑
j=1

(bj − b̄)(bj − b̄)t+
λ0M

λ0 +M
(µ0−b̄)(µ0−b̄)t)−1, ν0+M) where

b̄ = 1
M

∑M
j=1 bj .

• µU |rest ∼ N

(
λ0µ0 +

∑U
u=1 au

λ0 + U
, (ΛU (λ0 + U))−1

)
.

• µM |rest ∼ N

(
λ0µ0 +

∑M
j=1 bj

λ0 +M
, (ΛM (λ0 +M))−1

)
.

• For each u and i ∈ {1, . . . ,KM},

ciu|rest ∼ N

 c0
σ2
0

+
∑
j∈Vu

1
σ2 z

M
uji(ruj − χ0 − d

zU
uj

j − au · bj)
1
σ2
0

+
∑
j∈Vu

1
σ2 zMuji

,
1

1
σ2
0

+
∑
j∈Vu

1
σ2 zMuji

 .

• For each j and i ∈ {1, . . . ,KU},

dij |rest ∼ N

 d0
σ2
0

+
∑
u:j∈Vu

1
σ2 z

U
uji(ruj − χ0 − c

zM
uj
u − au · bj)

1
σ2
0

+
∑
u:j∈Vu

1
σ2 zUuji

,
1

1
σ2
0

+
∑
u:j∈Vu

1
σ2 zUuji

 .
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• For each u,

au|rest ∼ N

(ΛU∗u )−1(ΛUµU +
∑
j∈Vu

1
σ2

bj(ruj − χ0 − c
zM

uj
u − dz

U
uj

j )), (ΛU∗u )−1


where ΛU∗u = (ΛU +

∑
j∈Vu

1
σ2 bj(bj)t).

• For each j,

bj |rest ∼ N

(ΛM∗j )−1(ΛMµM +
∑

u:j∈Vu

1
σ2

au(ruj − χ0 − c
zM

uj
u − dz

U
uj

j )), (ΛM∗j )−1


where ΛM∗j = (ΛM +

∑
u:j∈Vu

1
σ2 au(au)t).

• For each u, θUu |rest ∼ Dir(α/KU +
∑
j∈Vu

zUuj).

• For each j, θMj |rest ∼ Dir(α/KM +
∑
u:j∈Vu

zMuj ).

• For each u and j ∈ Vu, zUuj |rest ∼ Multi(1, θU∗uj ) where

θU∗uji ∝ θUuiexp

− (ruj − χ0 − c
zM

uj
u − dij − au · bj)2

2σ2


• For each j and u : j ∈ Vu, zMuj |rest ∼ Multi(1, θM∗uj ) where

θM∗uji ∝ θMji exp

− (ruj − χ0 − ciu − d
zU

uj

j − au · bj)2

2σ2


1.2 The M3F-TIF Model

In this section, we specify the conditional distributions used by the Gibbs sampler for the M3F-TIF model.
Gibbs conditionals:

• ΛU |rest\{µU} ∼Wishart((W−1
0 +

U∑
u=1

(au − ā)(au − ā)t +
λ0U

λ0 + U
(µ0 − ā)(µ0 − ā)t)−1, ν0 +U) where

ā = 1
U

∑U
u=1 au.

• ΛM |rest\{µM} ∼Wishart((W−1
0 +

M∑
j=1

(bj − b̄)(bj − b̄)t+
λ0M

λ0 +M
(µ0−b̄)(µ0−b̄)t)−1, ν0+M) where

b̄ = 1
M

∑M
j=1 bj .

• µU |rest ∼ N

(
λ0µ0 +

∑U
u=1 au

λ0 + U
, (ΛU (λ0 + U))−1

)
.
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• µM |rest ∼ N

(
λ0µ0 +

∑M
j=1 bj

λ0 +M
, (ΛM (λ0 +M))−1

)
.

• Λ̃U |rest\{µ̃U} ∼ Wishart((W̃−1
0 +

U∑
u=1

KM∑
i=1

(ciu − c̄)(ciu − c̄)t +
λ̃0UK

M

λ̃0 + UKM
(µ̃0 − c̄)(µ̃0 − c̄)t)−1, ν̃0 +

UKM ) where c̄ = 1
UKM

∑U
u=1

∑KM

i=1 ciu.

• Λ̃M |rest\{µ̃M} ∼Wishart((W̃−1
0 +

M∑
j=1

KU∑
i=1

(dij − d̄)(dij − d̄)t +
λ̃0MKU

λ̃0 +MKU
(µ̃0 − d̄)(µ̃0 − d̄)t)−1, ν̃0 +

MKU ) where d̄ = 1
MKU

∑M
j=1

∑KU

i=1 dij .

• µ̃U |rest ∼ N

(
λ̃0µ̃0 +

∑U
u=1

∑KM

i=1 ciu
λ̃0 + UKM

, (Λ̃U (λ̃0 + UKM ))−1

)
.

• µ̃M |rest ∼ N

 λ̃0µ̃0 +
∑M
j=1

∑KU

i=1 dij
λ̃0 +MKU

, (Λ̃M (λ̃0 +MKU ))−1

 .

• For each u,

ξu|rest ∼ N

 ξ0
σ2
0

+
∑
j∈Vu

1
σ2 (ruj − χj − au · bj − c

zM
uj
u · dz

U
uj

j )
1
σ2
0

+
∑
j∈Vu

1
σ2

,
1

1
σ2
0

+
∑
j∈Vu

1
σ2

 .

• For each j,

χj |rest ∼ N

 χ0
σ2
0

+
∑
u:j∈Vu

1
σ2 (ruj − ξu − au · bj − c

zM
uj
u · dz

U
uj

j )
1
σ2
0

+
∑
u:j∈Vu

1
σ2

,
1

1
σ2
0

+
∑
u:j∈Vu

1
σ2

 .

• For each u,

au|rest ∼ N

(ΛU∗u )−1(ΛUµU +
∑
j∈Vu

1
σ2

bj(ruj − ξu − χj − c
zM

uj
u · dz

U
uj

j )), (ΛU∗u )−1


where ΛU∗u = (ΛU +

∑
j∈Vu

1
σ2 bj(bj)t).

• For each j,

bj |rest ∼ N

(ΛM∗j )−1(ΛMµM +
∑

u:j∈Vu

1
σ2

au(ruj − ξu − χj − c
zM

uj
u · dz

U
uj

j )), (ΛM∗j )−1


where ΛM∗j = (ΛM +

∑
u:j∈Vu

1
σ2 au(au)t).
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• For each u and each i ∈ 1, . . . ,KM ,

ciu|rest ∼ N

(Λ̃U∗ui )−1(Λ̃U µ̃U +
∑
j∈Vu

1
σ2
zMujid

zU
uj

j (ruj − ξu − χj − au · bj)), (Λ̃U∗ui )−1


where Λ̃U∗ui = (Λ̃U +

∑
j∈Vu

1
σ2 z

M
ujid

zU
uj

j (d
zU

uj

j )t).

• For each j and each i ∈ 1, . . . ,KU ,

dij |rest ∼ N

(Λ̃M∗ji )−1(Λ̃M µ̃M +
∑

u:j∈Vu

1
σ2
zUujic

zM
uj
u (ruj − ξu − χj − au · bj)), (Λ̃M∗ji )−1


where Λ̃M∗ji = (Λ̃M +

∑
u:j∈Vu

1
σ2 z

U
ujic

zM
uj
u (c

zM
uj
u )t).

• For each u, θUu |rest ∼ Dir(α/KU +
∑
j∈Vu

zUuj).

• For each j, θMj |rest ∼ Dir(α/KM +
∑
u:j∈Vu

zMuj ).

• For each u and j ∈ Vu, zUuj |rest ∼ Multi(1, θU∗uj ) where

θU∗uji ∝ θUuiexp

− (ruj − ξu − χj − au · bj − c
zM

uj
u · dij)2

2σ2


• For each j and u : j ∈ Vu, zMuj |rest ∼ Multi(1, θM∗uj ) where

θM∗uji ∝ θMji exp

− (ruj − ξu − χj − au · bj − ciu · d
zU

uj

j )2

2σ2
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