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0.1. Hopf regular triangular algebras. We consider the category
O over a general class of algebras.

Definition. A Hopf reqular triangular algebra (or HRTA) is an algebra

A over a field k of characteristic zero, defined by the following axioms:

(1) A= B_®y H®y By, where H, By, H® B. are associative unital

k-subalgebras of A. Moreover, H is a commutative Hopf algebra.

(2) The set (a group, actually !) G := Homy,_q,(H, k) contains a free

abelian group with finite basis A, so that By = @ ciy,a(B+)x-

Each summand here is a finite-dimensional weight space for the
adjoint action of H, and (By)y = k.

(3) A has an anti-involution ¢ such that i|y = id |y, and i : By — B_.

0.2. Examples.

(1) Lie algebras with regular triangular decomposition:
e semisimple Lie algebras g (say over C)
e (symmetrizable) Kac-Moody Lie algebras
e contragredient Lie algebras (introduced in [Kac-Kazhdan 1979])
e some Borcherds Lie algebras
e (centerless) Virasoro and (extended) Heisenberg algebras
e affine Lie algebras (e.g. @(C))
e certain quotients of preprojective algebras of loop-free quivers

In each case, g =g, ®HhPdg_, and we take B = Ug,, H = Ub.



Remark. For such Lie algebras, ad : H — End(4g) is an algebra
map, and we have [ga, 85] C Ga+8, 8aV3 C Vayp for a g-module
V. Similarly, for Hopf RTA’s in general, we have

Proposition 1. ad : H — End(A) is an algebra map. For all
a, 3 € (G, %) and an A-module V', we have

Aa . Ag C Aa*ﬁ, AaV5 C Va*g
Moreover, i(A,) = A_, for each p.

(2) Non-Lie-algebra examples:
e quantum groups (i.e. U,(g) for g a symmetrizable Kac-Moody
algebra)
e symplectic oscillator algebras and their quantized analogues
e deformations of Kleinian singularities (the group therein is
replaced by an infinite subgroup of the 2-torus)

(3) Functoriality: If A; are HRTA’s, then so is their “symmetric ten-
sor product” A = ®]"_;A;; moreover, G =[], Gi.
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0.3. Skew group rings and the Category (. Suppose a finite
group I' acts on A by automorphisms, each of which also preserves
By, Ny, H k C A. We define the skew group ring AxT to be A®yk[[],
via the relations (a ® v)(a' ® 7') = ay(a') @ y7'.

Assumptions. I' now acts on the group (G, %), via group automor-
phisms. Assume that

o v(a) > 0if o € A.

o If I' £ 1, then k is algebraically closed.

Examples include HRTA’s (set I' = 1) and wreath products A®™ xS,
for an HRTA A.

Definitions.

(1) The Harish-Chandra Category H is the full subcategory of all H-
semisimple A x I'-modules, with finite-dimensional weight spaces.

(2) The BGG Category O is the full subcategory of H, with all
finitely generated (A x I')-modules, with a locally finite B.-
action.

(3) Define a duality functor F' : H — H, using the anti-involution i
above: F'(M) contains all weight vectors in M*, and for a ® v €
AxT,

((a @7)m")(m) =m’(y""i(a)m)

Then F'is an exact, contravariant, involutive functor that preserves the
length of a module, as well as its formal character.
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0.4. Simple modules. Let C be the category of finite-dimensional H-
semisimple H x I'-modules, with simple objects {M, : z € X} in C. If
['=1, then X =G.

Theorem 1. C is completely reducible.

Remarks. M, contains weight vectors only of weights {y(\;) : v € T'}
for some A\, € G. Each A € G equals )\, for some =z € X.

Definitions.

(1) Define a partial order on X, via: x > ' if x = 2/, or there is an
a € NgA\ {0} and v € T, so that ax~y(\,) = A\;. Setting I' = 1,
we get the usual partial order on G.
(2) Define Verma modules Z(x) for x € X: give M, an (H® By)xT-
module structure, via n, M, = 0 for n, € N,.. Now define
Z(x) = Ind(yl | oM.
Lemma. Z(x) is indecomposable, and has a unique simple quotient
V(x) in O, for all x. The V(z)’s are pairwise nonisomorphic, have no
self-extensions in O, and exhaust all simple objects in O.

Proposition 2. Suppose vy, is any mazximal vector in V(x). Then
k[lfvy, = M,. Now let vy,,...,v) be a weight basis of M,. Then
B_vy, = V4(N;) Vi, where V4(\;) is the simple module in O4 (setting
I' =1); moreover, V(x) = @ B_v), in O4.

Proposition 3. Two simple modules have a nonsplit extension if and
only if they (or their “duals”) are the first two subquotients in a filtra-
tion for a Verma module.
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0.5. Condition (S). In the absence of central characters in general,
we introduce the following condition to help us carry out block decom-
position.

Definitions.

(1) Given z € X, let S(x) denote the symmetric and transitive clo-
sure of {z} in X, under the two relations

v — 2 iff [Z(2'):V(z)] >0, v —pa iff ' = F(2)

(2) Condition (S) holds for A x I" if every S(x) is finite.
(3) The block O(x) consists of all finite length objects in O, each of
whose Jordan-Holder factors is in {V(2) : 2’ € S(x)}.

If I' = 1, then we only look at the relation p — X iff [Z(A\) : V(u)] > 0
For example, A = g (over C) satisfies Condition (S), since S(\) C
W e A by Harish-Chandra’s Theorem.

Assumption. Condition (S) holds for A.

Theorem 2. Condition (S) holds for A x I'. Thus O is abelian, self-
dual, and of finite length. Moreover, O = @, O(x), where each block
s a highest weight category, and contains finitely many nonisomorphic
simple modules, all with the same central character. Morphisms and
extensions between different blocks are trivial.

In particular, each block has enough projectives - e.g. the projec-
tive cover P(x) of V(x). If P, is a progenerator for O(z), then O(x)
is equivalent to the module category (mod-B,)'9 of finitely generated
right-modules over the finite-dimensional algebra B, := EndpP,.
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0.6. BGG Reciprocity. [P(z): Z(2')] = [Z(F(2)) : V(F(z))]

where z, 2’ € X, and given x, F(V(x)) is a simple module V (z"); we
denote z” by F(x).

Definitions. Order the elements in a block S(x) as {z1,...,xx}, and
define the modified Cartan matriz (resp. the duality, decomposition
matrix) C?. (resp. Fj, D,) by

(Ch)ij = [Plai) : V(F(z))]

(Fe)ij = Ou,P(a)

(De)ij = [Z(2i) - V()]
(F, is a symmetric permutation matrix of order 1 or 2; the order is 1
if '=1.)

Theorem 3. C. is symmetric; more precisely, C!. = F,DI'F,D,F,.

0.7. Complete reducibility and functoriality.

Theorem 4. If A satisfies Condition (S), and no block O(x) has two
finite-dimensional simple modules, then every finite-dimensional M &
O is completely reducible.

Moreover, complete reducibility holds in O if and only if it holds in O 4.

For example, A = Ug and I' = 1.

Functoriality: Given HRTAs A;, define A = ®}' | A;.

Theorem 5. Each simple Va(\) € O is of the form ®F_,Va,(N\;), where
A= (A,..., ) € G, and V. (N;) is simple in Oy, for alli.

Condition (S) (and assuming it, complete reducibility for finite-dimensional
modules) holds in O if and only if it holds in every O;.



