CENTER AND REPRESENTATIONS OF INFINITESIMAL
HECKE ALGEBRAS OF sl

AKAKI TIKARADZE AND APOORVA KHARE

ABSTRACT. In this paper, we compute the center of the infinitesimal
Hecke algebras H, associated to slz; then using nontriviality of the cen-
ter, we study representations of these algebras in the framework of the
BGG category 0. We also discuss central elements in infinitesimal Hecke
algebras over gl,, and sp(2n) for all n. We end by proving an analogue
of Duflo’s theorem for H..

1. INTRODUCTION

1.1. Background. In the paper [EGG], the authors introduce new fami-
lies of algebras which they call continuous Hecke algebras and infinitesimal
Hecke algebras (the latter being subalgebras of the former). They do this
as a way to provide a unifying treatment of the representation theories of
various algebras such as Drinfeld-Lusztig degenerate affine Hecke algebras,
and symplectic reflection algebras of [EG] (which include rational Cherednik
algebras). We briefly recall their definition.

We fix once and for all a ground field & (which will be assumed to be
algebraically closed of characteristic zero), and let G be a reductive algebraic
group over k (not necessarily connected), and p : G — GL(V) a finite-
dimensional representation. Then one can form the semi-direct product
algebra TV x O(G)*, where T'V is the tensor algebra of V and O(G)* is the
algebra of algebraic distributions on G.

Now given a skew-symmetric G-equivariant k-linear pairing v: V x V —
O(G)*, the authors define in [EGG] an algebra H,(G), as a quotient of
TV x O(G)* by the relations: [z,y] = vy(z,y) for all x,y € V.

One has an algebra filtration on H,(G) obtained by assigning to V' the
filtration degree 1, and 0 to O(G)*. Hence we get a natural map : Hy(G) —
gr(H,(G)), and H(G) is called a continuous Hecke algebra if and only if
this map is an isomorphism (the PBW property).

If one takes distributions supported on 1 € G, instead of O(G)*, the
resulting algebra is called an infinitesimal Hecke algebra if the corresponding
PBW property is satisfied. Hence this algebra is a quotient of TV x ilg by
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a g-invariant relation: [z,y| = vy(x,y), where v : V x V — ig. It is also a
deformation of Ug x Sym(V') = U(g x V).

If G is connected, one gets a continuous Hecke algebra if and only if
the corresponding algebra is an infinitesimal Hecke algebra. When G is a
discrete group, one recovers the symplectic reflection algebras of [EG] in this
way. So in a sense, symplectic reflection algebras and infinitesimal Hecke
algebras lie on opposite sides of the spectrum.

In this paper, we will mainly be concerned with the question of comput-
ing the center of the infinitesimal Hecke algebras of SLo, and the spectral
decomposition for the analogue of the BGG category O for these, over the
center. It is well-known ([BG]) that the center of symplectic reflection al-
gebras is either trivial, or the whole algebra is a finitely generated module
over its center (when the one-dimensional parameter is 0).

It seems to us that one has a completely opposite picture for infinitesimal
Hecke algebras. Namely, infinitesimal Hecke algebras of SLy and G Lo have
nontrivial (but not “large”) centers, so the category O has a spectral de-
composition. We expect similar phenomena for infinitesimal Hecke algebras
of higher rank as well.

1.2. Results. We now describe (some of) the concrete results of the paper.

For the most part, we will work with g = sly and V = k2, the standard
representation with basis vectors z,y. In this case we have H, = (TV x
Ug)/([z,y] — ), where z is a central element of ig.

e We prove (Theorem EII) that the center of H, is freely generated
by a nontrivial quadratic element for any value of z (quadratic with
respect to the filtration that assigns degree 1 to V' and 0 to g). This
central element also exists for g = sp(2n) and V' = k", at least when
the deformation parameter is trivial.

e Moreover, it is shown (also in Theorem EIII) that this algebra has
no outer derivations for nonzero z, and if z = 0, then the Euler
derivation generates the outer derivations.

e The commutator quotient of H, turns out to be finitely generated
over the center (Theorem Bl); it is generated by deg(z) elements
(where we look at z as a polynomial in the Casimir element).

We also briefly consider the infinitesimal Hecke algebra associated with
g=gl, and V = b @ bh*, where h = k" is the standard representation.
In this case (at least when 8 = 0), the center of Hg contains at least two
(algebraically independent) quadratic elements. Moreover, we prove that
for any 3, the center of Hg is nontrivial (see Proposition EZ2).

We then consider some consequences of the nontriviality of the center of
H,, such as the spectral decomposition of the BGG category O, the Harish-
Chandra homomorphism, and so on. We also describe the multiplicities of
irreducible modules in Verma modules when the parameter is a scalar.
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Finally, we prove an analogue of Duflo’s theorem on primitive ideals for
the infinitesimal Hecke algebra H,, by utilizing a theorem of Ginzburg [Gi].

2. THE CENTER

Let us start by recalling the exact definition of infinitesimal Hecke algebras
for g = sp(2n) and V = k. Denote by w the symplectic form on V; one
then identifies g with g* via the pairing g x g — k, (A, B) — Tr(AB), and
Sym g with g via the symmetrization map. Then for any z,y € V, A € g,
one writes

w(z, (1 —T?A?) 1y det(1 = TA) ™ = lg(z,y)(A) + la(z,y)(A)T? + ...

where [;(x,y) € Symg = $lg is a polynomial in g for each i.
For each polynomial 3 = Gy + BoT2 + B4T* + --- € k[T], in [EGG] the
authors define the algebra Hg to be the quotient of T'V x ilg by the relations

[z, y] = Bolo(x,y) + Bala(z,y) + ...

for all z,y € V. It is proved in [EGG] that this yields an infinitesimal Hecke
algebra (i.e., the PBW property holds). Also note that setting § = 0 yields
the “undeformed” case: Ho(sp(2n)) = U(sp(2n) x k2").

We will restrict ourselves to the case n = 1. Let us describe more ex-
plicitly a presentation (via generators and relations) of this algebra (e.g.,
see [EGG, Example 4.12]). We have V = kx @ ky, with [h,z] = , [h,y] =
—y (where e, f, h form the standard basis for sly, with standard relations
[h,e] = 2e,[h, f] = —2f, and [e, f] = h). Then this algebra is a quotient of
TV x g by the relation [z,y] = z, where z is a central element of ilg. We
will denote this algebra by H,.

A few years before the paper [EGG] appeared, the representation theory
of H, was studied in great detail by A. Khare in [Kh]. In particular, he
proved the PBW property there, the proof being completely different from
the one in [EGG].

We start by determining the center and derivations of the algebra H,.
We have the following

Theorem 2.1.

(1) The center of H, is a polynomial algebra in one variable, and the
generating central element has filtration degree 2.

(2) If z = 0, then H'(Hy, Hy) (Hochschild cohomology) is a rank one
free module over the center, and if z # 0, then every derivation of
H, is inner.

We prove the theorem in several steps, showing several small results along
the way. It is noteworthy that if we replace H, by its natural quantization,
then (if z # 0) the center becomes trivial; see [GKl Theorem 11.1].
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2.1. An anti-involution and a central element. First, recall an (alge-
bra) anti-isomorphism of H,, called j, defined in [Kh:

](‘T):ya ](y):x7 ](h):ha ](e):_f7 ](f):_e
More generally, let us also write down a basis for sp(2n):
(1) ujk := €jk — Chanjin,  Vjk = €jkin T Chjtn, Wik ‘= Cjink + Chin,
We now claim

Lemma 2.1. Let A = h% 4+ def — 2h be a multiple of the Casimir element
Ofﬁ[g.
(1) The map j, taking ujr < ukj,vjr < —Wjk, and e; < eiqn (in
V = k%) for all 1 <i < n, is an anti-involution of U(sp(2n) x TV).
(2) It also factors through an anti-involution of Hg(sp(2n)) for scalar
parameters [y, as well as for all H, (here, n = 1 and z is any
central element in $1g).
(3) For n = 1 and any z, the map j fizes the following elements in
H,: h, A, z, t:=ey?>+ hzy — fa>.

(4) Moreover, the element t — §hz commutes with e, f,h in H,.

Proof.
(1) Consider sp(2n) — gl(2n). Then on sp(2n), j is the map j(X) :=
—7X77 !, where 7 = 771 = I((:l)n I((i)" . On V, jis the map v —
7 -v. One now easily checks that this yields an anti-involution of

Ugx TV.

(2) For a scalar parameter 3y, the added relations we have to quotient
U(sp(2n)) x TV by, are: [e;,ex] = Bodji—k|,n(i — k)/n. These are
clearly preserved by j. Similarly, j preserves [z,y]| as well as z =
z(A).

(3) That j fixes h and A (and hence z) is easy. Now applying j to ¢, we
get

j(t) = —2*f + zyh + y’e = hay + ey® — fo* — [e,y*] — (=[f, %)

But the last two terms cancel each other, since

[6,y2] = [eay]y+y[evy] =xYy +yr= x[f,a:] + [f,x]ac = [f7x2]7

so this element is indeed fixed by j.
(4) Note that

e, t] = e(zy + yx) — 2exy + ha’ — ha’ = eyx — exy = —ez,
1 1
so we see that [e,t — —hz] = 0. Moreover, ¢t — —hz also commutes

with h. Finally, applying —j to et = te, we get tf = ft.
O
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Though we do not use it in this manuscript, we now generalize the above
central element (note that ¢t € 3(Hp)) for all n:

Proposition 2.1. For any n, the “undeformed” algebra Ho(sp(2n)) has at
least one central element, namely:

ty 1= § (Urser—l—nes—l-n + Ups€sCpin + UsrCrCsin — wrseres)
1<r,s<n

where {e; : 1 < i < 2n} is the standard basis of V = k™.
Note that if n = 1, then t,, = 2t.

Proof. We outline the steps of this long-winded but straightforward (and
heavily computational) proof. Define a,s := Vrs€rin€sin — Wrs€res, and
brs 1= Urs€sCrin + Us rerestp for all r,s. The steps of the verification are:
(1) The anti-involution j (in Lemma EZTl) preserves a,s, b.s for all 7, s;
hence it preserves t,, too.
(2) [es,ars + brs] =0 for all ;s and 1 < i < n; hence the same holds by
replacing e; by e;4n, using j.

(3) [upq, 225:1 ars] = [qua E:L’,s:l brs| =0 Vp,q.
(4) [vpg,tn] = 0 Vp, q, whence [wpy,t,] = 0 using j.
O

2.2. Commutators of powers of the Casimir element. By Lemma 2Tl
Jj fixes the subalgebra generated by the elements ¢, h, and 3(Llg) (the center
of 4lg). Hence our goal now is to exhibit an element from this algebra which
will commute with e,z,h (and hence with y, f, applying j), and therefore
will lie in the center of H,.

We now compute that

[z,t] = e(zy+yz)— 2y + hxz + ya?
2ezy — e[z, y] + hzx — hlz,x] — (2zz — [z, 2])

= 2ezy — 2zx + [2,7] — e[z, y] + hzx — h[z, x],

and
1 1 1 1 1 1
[z, §hz] = —gra §h[x,z] =g+ §[z,x] + §h[m,z],

so we get that

1 3 1 1
(2)  [z,t-— §hz] = 2ezy — Pt + §[z,x] —elz,y] — §h[z,x] + hzz.
Denote this element by w. We now want to produce an element g, in the

1
center of g such that [z,q.] = w, for then ¢t — §hz — ¢, will be a central

element in H,.

To show this, we will analyze sly-maximal vectors in g (i.e., vectors
annihilated by the adjoint action of €) and in H,, of various weights. A first
step in looking at such things is realizing that H, is a direct sum of finite-
dimensional g-modules (this is true for any infinitesimal Hecke algebra):
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Lemma 2.2. Given Lie algebras g # 0,b' that are semisimple and abelian
respectively, define b := hg @ b, the Cartan subalgebra of the reductive Lie
algebra g := g @ b'. If V is an h-semisimple completely reducible g-module,
then so is A:=Ugx TV.

Corollary 2.1. FEvery infinitesimal Hecke algebra is such a direct sum, and
of finite-dimensional g-modules.

The corollary is obvious since such algebras are quotients of A for some
finite-dimensional V' (so that all “highest weights” of summands in A are
sums of two dominant integral weights for g, one from each tensor factor
g, TV).

Proof of LemmalZA The h-semisimplicity is obvious. It is also easy to
check that A is graded: A=, ; An 1. Here, A, :=Ug@ (k- 1) @T"V,
where n > 0 and I runs over some fixed basis of Symb’. Moreover, each
summand has an increasing filtration by finite-dimensional g-modules, using
the standard filtration on g:

Apg =A% = (F*Ug) @ (k- 1) @ T"V.

Using Zorn’s lemma, one easily shows that a union of finite-dimensional
(and hence completely reducible) h-semisimple g-modules is itself completely
reducible. But then, so is A =@, ; An 1. O

Next, we have

Lemma 2.3. The map ¢ : k[X,Y] — Ug, sending XY™ — A™e", is
a vector space isomorphism onto the set of mazximal vectors in (the adg-
module) g.

Proof. The injectivity is obvious. Now let a be such a maximal vector. We
may assume without loss of generality, that « is in one weight space. We
proceed by induction on the weight. If « is divisible by e and @ = ge for
some g € $g, then we claim that [g,e] = 0 too. For we have

(3) 0= [Oé, 6] = [geve] = [97 6]6 = [97 6] =0

since g is an integral domain. (We will use this dividing trick later in
this manuscript.)

Thus, we now assume that « is not divisible by e, so if we write it in
the usual PBW basis, it will contain a monomial a containing no e. Thus a
has non-positive weight, and since (by Lemma B2 with §’ =V = 0) g is
a direct sum of finite dimensional g-modules (under the adjoint action), it
has no maximal vectors of negative weight. Therefore a has weight 0, and
hence is annihilated by g (from the structure theory of finite-dimensional
slp-modules; see [Hul). Hence, a is a central element. O

Remark 2.1. Using the anti-involution j, we can get a similar description
of elements which commute with f, as an algebra generated by f, A.
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Recall that A = h? +4ef — 2h is the Casimir element. Our next step will
be to compute the commutators of powers of A, with x and y. For n = 1,
we have

[A, 2] = hx + zh + 4dey — 22 = (2h — 3)z + 4ey,
Ayl = —hy —yh+4af +2y = —(2hy +y) + 4(fz —y) + 2y
= (=2h — 3)y + 4fz.

(Note that (ad 2)3(A) = (ad y)?(A) = 0in Hy.) We next extract information
about these commutators.

Proposition 2.2. There exist polynomials fn, g, € Z[T] C k[T] for all n,
such that

[A", z] = (fu(D)h + gn(A))z + 2fn(A)ey

and for y, we have

[Anyy] = 2fn(A)f‘T + (gn(A) - fn(A)h)y
The polynomials f,, gn are inductively defined as follows:

4) AT =2, S 1 (T) =217 4+ (T = 1) fu(T') — 29n(T),
(5) 9 (T) = -3, gn—l—l(T) = =3T" + (T + 3)gn(T) - 2Tfn(T)'

Proof. We show the various assertions made above.

(1) Note for any g € g that [g, x] is, first, a tg-linear combination of z
and y only. Next, [A", z] is also a maximal vector for g, of weight 1.
Thus, if it equals ax + By, then « has weight 0 and 8 has weight 2.
We now write [e, [A™, z]] = 0 to get

0= e, oz + By] = (le;a] + B)z + [e, Bly.

By the PBW theorem, the coefficients of x, y therefore vanish. Thus,
8 € g is maximal of weight 2, hence is a central element times e
(by Lemma 23).

Suppose we write § = 2f,(A)e for some polynomial f,, in A. Then
we get [e, o] +2f,(A)e = 0, whence we get that ad e(a) = —2f,(A)e.

Since [e, frn(A)h] = fr(A)-(—2e¢), hence we see that o — fi,(A)h is
killed by e. Moreover, it is a weight vector of weight 0, so it equals
gn(A) for some polynomial g,,.

Finally, the given initial values of fi, g1 do indeed satisfy the com-
mutation relations that we verified above.

Remark 2.2. We will sometimes omit A from f,(A), but this
should not cause any confusion.
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(2) We now compute the polynomials f,, g, inductively. We have
A 2] = A"A,z] + [A", z]A
= A"(2h — 3)z + A"ey
+(frn(A)h + gn(A))zA + 2f,(A)eyA
= (A"(2h —3) + fu(A)Ah + g, (A)A)x
+(2fn(A)Ae + A4e)y
—(fa(A)h +gn(A))(2h = 3)z — 2fn(A)edfx
—(fn(B)h + gn(A))dey — 2fn(A)e(—2h = 3)y.
Grouping all elements containing y, we get the coefficient of y to be
4A"e 4+ 2f, (A)Ae — A(fr(A)h + gn(A))e + 4 fn(A)eh + 6 fn(A)e
=2(2A" — 2g,(A))e + 2f(A)(Ae — 2he + 2eh + 3e)
=2(2A" + fo(A)(A = 1) — 2gn(A))e,
whence we get that the coefficient of y is
2fn+1(A)e =2(2A" + fr(A)(A = 1) — 2g,(A))e.
This proves the relation for f,yi. Similarly, grouping all elements
containing x, we get the coefficient of = to be
A" (2h — 3) + fu(A)AR + g (A)A — g, (A)2h
+ 39 (A) = 2fn(A)R? 4+ 3f,(A)h — 8fn(A)ef.
Note that the sum of the last three terms is —f,,(A)h — 2f,(A)A.
Hence we get that the coefficient is
fn-}—l(A)h + gn-}—l(A)
= A"(2h—3)+ fn(A)(Ah — h —2A) + g, (A)(A — 2h + 3).
Subtracting f,+1(A)h from both sides (and using the formula
above), we conclude that
gn+1(A) =A"(2h — 3) + fr(A)(Ah — h — 2A) + g (A)(A — 2h + 3)
— A"2h — f,(A)(Ah — h) + 2g,(A)h
=—3A" = 2f,(A)A + g, (A)(A + 3).
Thus, we have shown the inductive formulae.

(3) Computations with y are directly analogous to the ones above.
O

As a corollary of these calculations, we have

Corollary 2.2.
(1) fn and g, are polynomials of degree n — 1, with top coefficients 2n
and —n(2n + 1) respectively.
(2) The fn’s (or gn’s) form a basis of 3(4lg).
(3) The only elements from 3(84g) that commute with x or y are scalars.



CENTER AND REPRESENTATIONS OF INFINITESIMAL HECKE ALGEBRAS 9

Proof.

(1) (At first, recall that 3(tg) is generated by A; see [Hul.) All these
facts are proved simultaneously by induction on n; they clearly hold
for n = 1. Suppose they now hold for n. The inductive definitions
then show that f,,, 1 has leading term arising from 27" +T-(2nT" !4
--+). Hence fpt1 =2(n+1)T" +---.

Similarly, the top coefficient of g, 1 is the coefficient of 7" (unless
it vanishes), and this equals

—3-—n@2n+1)—2-2n=—B+2n* +n+4n) = —(n+1)(2(n +1) + 1)

as claimed. Hence we are done by induction.

(2) This is because both denote a unipotent change of basis from the
usual {1,7, T2, ...}, and the map sending T to A is an isomorphism
: k[T] — 3(Ug).

(3) Note that an element from 3({g) commutes with x if and only if it
commutes with y (applying the anti-involution j and noting that j
fixes A). Thus, we need to show that if >, ,a;A’ commutes with
x, it must be 0. But we have

Zai[Ai,x] = (Z a,-(f,-(A)h—i—gi(A))) cx 42 (Z aifi(A)> ey.

)

Both coefficients (i.e., of  and y) must therefore be zero. Since the
associated graded of H, is an integral domain, hence ) . a; f;(A) = 0;
since the f;’s form a basis of the center, we get each a; to be zero,
and we are done.

O

We have the following proposition, which will be used later.

Proposition 2.3. Suppose ¢, n, «, B are central in Ug. Then the following
are equivalent:

(1) 2¢ey + (MY +n)x = [, 2]
(2) 2 fx+ (n—hp)y = [,y -
(3) ¥ = Yispaifi(A), a = 50w, B=n—73aigi(A) for some

scalars a; € k.

Thus, either of the first two equations has a unique solution in «, § (modulo
the constant term in «).
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Proof. We first prove that the last statement implies the first two. Given
1, n and «, 0 as in the last part, we compute:

[, z] + Bz = Z[ai(fi(A)h +gi(A))x + 20, fy(A)ey] + nz — Y aigi(A)z

= Zaifi(A) ~hz + ZZ aifi(A) - ey +nx
=2¢ey + (W) + n)z.

Similarly,

vyl + By = lailgi(A) = S Ay + 2aifi(A) fa] +my = D aigi(A)e
::Zaifi(A)'hy+QZaifi(A)'f$+7731 |
=2¢f; + (n — h)y. Z

To prove that the first two parts imply the last, we first note that the
solution set «, 0 is “additive” in the variables v, n. Therefore it suffices to
show that if [, 2] + Sz = 0 or [a,y| + By = 0, then a = 3 = 0.

So suppose a = Zz;o a; fi(A). Computing the above expressions, we have

o, @] + B = [ai(fi(A)h + gi(A))x + 2a; fi(A)ey] + Ba.
>0

Equating the coefficient of y to zero, since the f;(A)’s form a basis of the
center, and since H, is an integral domain, we get that a; = 0 Vi, so a =
ag € k. But then we are left with Sz = 0, whence 8 = 0 too.

A similar proof is for the other equation, using the computations:

[a,y] + By = Z[ai(gz‘(A) — filA)R)y + 2a; fi(A) fx] + ny — Z aigi(A

1>0 1>0

Proposition 2.4. The polynomials f,, g, satisfy the recursive relations

H(T) = 2, fo(T) = 4T+ 1),

fas2(T) = T +2)fpa(T) — (T* = 2T = 3) f,(T),

a(T) = -3, g2(T) = —10T — 9,
Gn2(T) = (2T +2)gni1 (T) — (AT™ 4+ 3T™) — (T? — 2T — 3)g,,(T).

Proof. The initial values of f1, f2, g1, g2 can be computed easily using Propo-
sition above. We now compute the expressions for f,, gy.

Multiplying the equation in Proposition for f, by (T 4 3), and that
for g, by 2, and adding these up, the coefficients of g, on the right cancel
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each other. Hence we get
(T +3) frs1(T) + 2941 (T)
= 27T L 6T + (T — 1)(T + 3) fu(T) — 61" — 4T f,,(T)
2™ £,(T)(T? — 2T — 3).

But equation @) for f,, also gives us an expression for 2¢g,(T") in terms of
the f,’s. Hence

2gn41(T) = 27" — frt2(T) + (T = 1) foa (T).

Replacing this in the previous equation, we get

(T + 3)fn+1(T) + 2Tn+1 - fn+2(T) + (T - 1)fn+1(T)
27" + f,(T)(T? — 2T — 3),
from which the relevant equation follows.

We now show the analogous result for g,,. Multiply the equation in Propo-
sition for f,, by 2T, and that for g, by (T' — 1). If we now add the two,
the coefficients for f,, cancel each other, and we get

2Tfn+1(T) + (T - 1)gn+1(T)
= AT —ATg,(T) — 3T 4+ 37" + (T + 3)(T — 1)g,(T)
(T + 3T™) 4 g, (T)(T? — 2T — 3).

Once again, equation () for g, also gives us an expression for 27 f,,11(T")
(after a change of variables), namely,

2T frs1(T) = =37 + (T + 3)g11(T) — gnr2(T).
Substituting in the previous equation, and rearranging terms, we obtain
gnia(T) = =3T""' — (T +3T") + g (T)((T — 1) + (T + 3))
—gn(T)(T? - 2T — 3)
= (4T 4 3T™) 4 (2T + 2) g1 (T) — gn(T)(T? — 2T — 3).
O

We end this subsection by explicitly computing f,, and g,, though we will
not use this anywhere else in the paper.
Lemma 2.4. For alln > 0, we have
1 n—1
(1) = §(T+ 1) 2 [af} —a"],
1 n—
ga(T) = T"=(T+ 1) [(\/T FI4+ 0yt + (VT +1- 1",

where x4+ =T +1+1, and y+ :=v1T +1+2.
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Proof. The claim is verified for the f,,’s by induction (using: P(n—2), P(n—
1) = P(n)). Similarly, to verify the claim for the g,’s, we first define
ho(T) = (gn(T) — T™)/T"=2 € Z[T,T~']; one now shows that the equation
for the g,’s in Proposition Z4 is equivalent to: hy = —T(T + 3), hy =
—(T+1)(T+9), and

T+1 (T +1)(T — 3)
hpto =2 <T> hpt1 — Thw

One checks by induction, that the given formula solves this system. O

2.3. A central element that generates the center. Recall that we
wanted to write w = [x,t — %hz] as a commutator of z with a central
element of Ug (see the remarks after equation #)). We first claim that w
can be rewritten as z[%A,az] — (e[z,y] + %h[z,:n]) + %[z,x]. Indeed, we can
simplify this expression to get

1

§z((2h —3)x + dey) — (e|z,y] + %h[z,:n]) + %[z,:z:]

1 1
= (2ezy — gzx + hzz) + §[z,x] —elz,y] — §h[z,:17],

which equals the expression used to define w. We therefore work with this
new expression, and further rewrite it as

w = 2lgAa]~ (= eyl + [z ghal) + 5lz,a]
_ z[%A,az] _ %[2, 2ey + h — 1]
— z[%A,x] - %[2,4@ + (2h — 3)x + 7]
_ z[%A,x] - %[2, A, 2] + 2]
- i(2z[A,x] —2[A, z] + [A, 2]z — [z, 2])
_ i(z[A,:ﬂ] + (A, 2]z — [z,2))
= Jlnz— A+ (lA, 7] - Al ).

We would like to show that w = [z,q,]| for some ¢, € 3(Ug). If we can
now show that there exists zp € 3(Ug) such that [zg, x] = z[A, z] — Az, z] =

Arz — zzA, then t — §hz — ¢, would be central, where

1 1 1
(6) q, = ZZ — ZAZ — ZZO.

The existence of zy follows from the following result, setting 2’ = A:
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Proposition 2.5. Given 2,2 € 3(Ug), we can find zg = z9(z,2") € 3(Ug)
such that
[20, 7] = 222 — 222 = [z, 2] — 2[¢, 7).

m—nmn

and zo(c1 A™ +l.o.t., coA" +1l.0.t.) = c1c9 < ) AT ot

m+n
(Here, lower order terms are smaller powers of A.)

Proof. First, it is easy to see that the “solution” zq is “bilinear” in z, 2/, in

that zo(z + 17, 2" +5) = 20(2,2") + 20(2, 8) + 20(r, 2') + 20(r, s) for all z,r, 2’ s

central in $g. It therefore suffices to prove the result for z = A™, 2/ = A"
for some m,n > 0. But then we have

2wy — ez = AT[A™ 2] - AT A" 7]
= A"[(fm(A)h+ gm(A))z + 2fm(A)ey]
—A"[(fn(A)h 4 gn(A))z 4+ 2fn(A)ey]
= ey + (W) + )z,
where
Y =A"fn(A) = A" f(A), n=A",(A) — A"gn(A).

In particular, the top degree and coefficient of ¢ can be computed from
Corollary

(7) Y = (2m — 2n) AT Lot

By PropositionZ3 above, zz2'—2'xz = [a, x]+ [z for some central o, 5 € Ug.
Let us also evaluate A™yA™ — A"yA™. We get

2y —2yz = AT[A™ y] — AT[A™, ]
= A"(gm(A) = fm(D)R)y + 2fm(A) f]
—A"[(gm(A) = fu(A)h)y + 2fn(A) f2]
= 2/fr+(n — M)y,
where
V= A"f(A) = AT (A) =9,y = ATgn(A) - ATgu(A) = 1.
By Proposition 3 this equals [«, y] + Sy for the same «, 3 as above. Thus,
zxy — 22z = |a, 2] + B, 2y — Zyz = o, y] + By,

where 2,2 € 3(tlg). We now prove that 5 = 0, as desired. Applying the
anti-involution j to the second of the equations, and noting that j preserves
2,7’ (since it preserves A) and sends y to x, we get

Zaxz— zxd =[x,0] + 20.
Comparing with the (negative of the) first equation, we see that

[z,a] = fr = [z, 0] + 20,
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whence we conclude that

0= pz+zp =20z — [, x],

and the uniqueness result in Proposition implies 8 = 0, as claimed.
Hence zx2' — 2'zz = [a, z], as desired.

Moreover, to show the last equation, it suffices by (bi)linearity of zy to
show that zo(A™,A") is of the desired form (with ¢; = ¢ = 1). But
20(A™, A™) = « above, so we need to compute the top degree and coefficient
of a. This comes from 1 (equation ([d)) and the “unipotent” change of basis
from the f,,’s to the A"~ Vs (Corollary EZ). Thus, ¢ = %‘fm+n +l.o.t..
Now use Proposition to get that

2m — 2
M7 IR Amtn Lot

ZO(A ,A ):a:m

O

As a consequence, we have information about ¢, (see equation (@) above):

Corollary 2.3. For any z = cA™ +l.0.t., ¢, = ﬁAmH +l.o.t..

Proof. From equation (@), the top term of ¢, comes from the last two terms,
since zp = z0(z, A) here. If z = ¢A™ + l.o.t. here, then by Proposition 25,

the top term is
1 1 /fm-—1
__ Am'i‘l _ me Am—i—l
1" 1" <m+ 1>

and this simplifies to the desired form. O

This shows us that the center of H, is nonempty and contains an element

of the form

1 1 1 1
—t— _hz— = A Z
t,=1 5 z 4z+4 z—|-4z0,

where zy = 29(A, [z,y]) as in the above results.

2.4. Various centralizers and the center. It just remains to prove that
this element ¢, generates the whole center of H,. We do this in steps. First,
we describe the elements of H, which commute with various sets.

Proposition 2.6.

(1) The centralizer in H, of g is freely generated by A,t,.
(2) (a) The centralizer of e (i.e., the set of sla-mazximal vectors) in H,
is the subalgebra generated by A,t,, e, x.
(b) The centralizer of e and x (together) in H, is freely generated
by t,, e, x.
(3) The centralizer of V in H (for z =0) is freely generated by t,x,y.

Using the anti-involution j, we get similar results involving f,y.
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Proof. In all but the last part, it is enough to show that the prescribed
elements generate the centralizer (call it B for this paragraph and the next)
in H (i.e., when z = 0). This is because all “claimed generators” (A,t.,e,x)
in H have lifts to H,, and any b € B has a principal symbol in H, a lift of
which can be subtracted from b to get b € B of “smaller filtration degree”
in V. Now proceed by induction.

Moreover, that the prescribed elements freely generate B C H, (except
possibly for H¢) would follow from the corresponding statement for z = 0,
since any relation among the lifts in H, gives a relation in H. Let us start
by showing that various elements are algebraically independent in H.

We first note that ¢ = ¢y, A are algebraically independent in H, for if
S aijt'AJ = 0, then checking the coefficients of z,y (via (8) below) gives
the result.

Next, we claim that ¢, e,z are algebraically independent in H. Indeed, if
Y- agrs€?t"z® = 0, then consider the highest power of y that occurs (i.e., 2r
for the highest r); then for this r, consider the highest power of e. Now for
these, the highest power of x must have coefficient a4,s = 0.

Finally, t,z, y are algebraically independent, for if )" agst72"y® = 0, then
writing this element in terms of the ordered PBW-basis (e, f, h, z,y), we can
conclude that ag.s = 0.

(1) By passing to the associated graded, it is enough to show the propo-
sition for z = 0; thus, we assume that H, = H.

Let a be an element in H which is in the centralizer of ilg; without
loss of generality, we may assume a to be a weight vector for adh
and to be homogeneous in x and y, by decomposing it into such
components (since ad g preserves this grading degree).

Writing a as a polynomial in the PBW basis above, let n be the
smallest power of z appearing in this polynomial. Thus, a = bx"™ for
some b € H.

Since H is an integral domain, and a,x commute with e, so does
b, by the “dividing trick” @). Since [h,a] = 0, hence a is in the 0
weight space, whence the weight of b is —n. But no maximal vectors
in H may have a negative weight (by sly-theory and Lemma Z2),
whence n = 0.

Now let us look at the monomial term of a with the highest power
of y. Since a is not divisible by = and is homogeneous, this term
must be of the form cy™, for some ¢ € tg. We claim that [e,c] = 0.
This is because [e,a] = 0, and upon applying ad e, the power of x
in a monomial cannot decrease, and the power of y cannot increase.
So we have

0=le,a]l = e, cy™ +cle,y™] + e, ...],

and the only monomial with no z’s and m y’s in it, is [e, cJy™.
We thus get that ¢ is maximal in g, of weight m. Thus m is
even, and ¢ is of the form e™/2q for some central «, by Lemma
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Let us now consider a — at”™/2. By (8) below, the monomials in
either term of highest y-degree, are ae™/2y™. Therefore a — at™/?
has highest power of y (without any power of z) in a monomial,
strictly less than m. Arguing inductively, we get down to when
m = 0, leaving us with a vector in {g. This commutes with g, so
it is central in g, and we are done.

Once again, we may assume that z = 0. Let a be a weight vector that
commutes with e; we may assume that it is also homogeneous (in V/,
say of degree k, on which we will do induction) and not divisible by z
from the right (by the “dividing trick” (Bl)). Hence it may be written
as a = > gc;cp CiY'TF 1, where ¢; € Ug Vi (and ¢ # 0). Moreover,

[e,a] = 0 yields: ¢; = —[e, ¢;—1/i], whence ¢; = (ad(—e))*(co)/i!. In

particular, ¢y # 0 as well.

Now consider ¢i; we claim that ¢ is g-maximal too, since [e, ci]
is the coefficient of y* in [e,a]. By Lemma 3, ¢ = ae™ (since a is
a weight vector), with a € 3(Ug).

(a) We now prove this part by induction on k. The base case of
k = 0 follows from Lemma Now continue with the above
analysis. Note that ae™ € g is sly-maximal of weight 2n,
whence (—1)*/k! - (ade)*(co) = ae™ ¢ (ade)?**1(tlg). In par-
ticular, k < 2n, whence n > [k/2]. We now have two cases:

o If k is even, we define b := a — ae k/2)¢k/2,
o If k is odd, we use [A,z] = (up to scaling) [4fe + h% +
2h, x| = 4ey + 2hx — x. In this case, we define

bima— ia k/21418/2) L (A 4]

In both cases, b € H - x by ([B) below, and by the “dividing
trick” (Bl), the quotient is a weight vector with smaller degree
of homogeneity (in V'), so we are done by induction.

(b) We continue from where we had stopped before the previous

sub-part. Now suppose that a commutes with =z as well. Then
ay = 0, where [a,2] = a,x + ayy (looking at the coefficient
of y**1). But by Proposition B2 this can only happen if « is
a constant; let us suppose it is 1. Thus, we have ¢ = €™ =
(—=1)%/k!'- (ad e)*cy, whence ¢y has weight 2(n — k).
Next, note that if [co, z] = rx + sy with r, s € 4g, then r = 0 by
considering the coefficient of z**! in [a,2] = 0. Now suppose
that we write ¢ = >, e~k +i fipi(h) for polynomials p;. We
claim that the p;’s are constant, for otherwise

[co,2] = Ze”‘kﬂ' (if "y - pi(h) + f[pi(h), )

= DTG T il Dy + f (pih) = pilh = 1))z),
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and this is not in g - y as claimed above.

Thus, we have ¢y = Zi\io a;e" ki fi say. Now consider a
general situation in $(sly): repeatedly applying ade to f! for
any i can only lead to e/ (up to a scalar) if j = i; and then
ade(e’) = 0. On the other hand, if (ade)?(f?) € k* - ', then
(ade)?(f*) is not a power of e if j < 2i (else (ad )’ TL(f?) = 0),
and vanishes if j > 2i.

Thus, if we now consider the “last” summand in ¢y, (ad e)* must
send fV to ¥~V in order that we get en FtN+k=N — cn Byt
then k£ = 2N, and we get that

co = Oék/gen_k/2fk/2 4ot aoe"_kfo

and ¢; = ad(—e)’(cp) /4! is also divisible by e"~* for all 4. Hence
taking ¢”~* common on the left, we get that

a=e"F <ekyk +-- (Oék/gek/2fk/2 + - ~|—ozo)mk> :

In particular, by the “dividing trick” (@), the terms in the paren-
theses commute with e,z. We can divide by € * and then
subtract eF/2tk/2,

Now note (as an aside) that ¢t = ey? + (hy + fx)z, so that
t" — (ey®)™ € H -z ¥n. Tt is also easy to check that (ey?)" —
e"y?™ € H -z (e.g., by induction on n). Thus,

t" — "y e H-x Vn.

In particular, e®/2tk/2 — ¢kyk ¢ H . x. Using the “dividing
trick” (@), dividing this by x yields a maximal vector a’ that
commutes with e, z, is a weight vector, and is homogeneous of
smaller degree than k, whence we are done by induction.

It remains to check the base case; but & = 0 would mean the
centralizer of e,x in Ug, and by Lemma [Z3 and properties of
[A™ z], the only such elements are polynomials in e.

(3) Since both sides of the desired equality are (ad)g-submodules of H
(and H is a direct sum of finite-dimensional g-modules by Corollary
1), it would suffice to show that any g-maximal vector from HY
belongs to 3(H)Sym V. By the previous part, this consists of the
y-centralizer of H {ex} — k[t,e,x]. Since t,z are in this centralizer,
say >, ri(t,x)e’ commutes with y. Thus,

Zm(t,:n)z'ei_lzn = [Zri(t,:n)ei,y] =0

% %

and by the algebraic independence of ¢, e, x, we are done.

O

We can finally conclude the proof of the first part of Theorem Bl above.
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Proof of the first part. Let a be a central element of H,. In particular, it
commutes with g, so by Proposition L@l it can be written as a polynomial
in t, with coefficients in 3(4g). Let xt? be a monomial of top degree.
Since [z, a] = 0, passing to the associated graded ring (with respect to the
filtration), we get that [z, k] = 0.

By Corollary above, k is a scalar; so we may disregard the top term
of a. Continuing by induction, we see that all coefficients of a are scalars.
Hence the center of H, is generated by t,, and it is transcendental over k if
t is transcendental in H = Hy. But this follows by the PBW property. [

We conclude our discussion of the center by giving an explicit formula for
the central element when z is (at most) linear. Suppose [x,y] = aA + b for
scalars a,b. We therefore want to produce zy central in {(sly), such that

[20,2] = Axz(aA 4+ b) — (aA + b)zA = b(Az — xA) = b[A, z].

Therefore zg = bA works, and we have the central element
1 1
t, = ey® + hay — fo? — §h(aA +b) + Z(A(aA +0) — (aA+b) +bA).

Removing the scalar —5b/4, we get the desired generating central element
to be (up to adding a scalar)

1 1
t, =ey? + hxy — fa? — §h(aA +b)+ Z(aA2 + (2b — a)A).

3. DERIVATIONS AND COMMUTATOR QUOTIENT

3.1. Derivations. We now compute the space of derivations. Note that if
D is a derivation of H, then we may assume, modulo an inner derivation,
that it vanishes on g, since g is simple. Thus, D is a g-module map, so
D(z) is a maximal vector of weight 1. By Proposition 8, it is of the form

Zb 2)ri + ci(tz)si,

>0

where 7; := Az, s; := [A%, 2] Vi. But since we can rewrite the sum of half
of these terms as

D cilt)si= Y ailt.)[AY a] = [Z it )ALz

Y

hence by subtracting another inner derivation, we may assume that D(x)
> bi(t.)A? - 2. (Note that this change does not affect the fact that D =
on 4g.) Let us also denote Y, b;(t,) A by w.

We now compute D(y): we claim that D(y) = wy. To see this, apply D
to the relation [e,y] = x. Then

[e, D(y)] Zb

0
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whence it is easy to see that [e, D(y) —wy] = 0. Since D is now a g-module
map, hence D(y), and thus D(y) —wy, are both weight vectors of weight —1.
But the last is also maximal, from above. Hence it vanishes, i.e., D(y) = wy.

We also carry out a key computation, that we shall need later. Recall the
polynomials f,, g, that came up while computing [A" z].

Lemma 3.1. For all n, we have
1
[A™, z]y — [A", ylz = 2fu(A)(ey? + hay — fo° — 3hz) +gn(B)z.

Proof. In what follows, we omit the (A), and refer to the polynomials merely
as fn, gn-
[An, m]y - [An’ y]$ = [2fney + (fnh + gn):p]y - [2fnf$ + (gn - fnh)y]x
= fu(2ey? + h(zy + yx) — 2f2%) + gn(zy — yz)
= fn(2ey® + h(2zy — 2) = 2f2%) + gnz,

and hence we are done. O

We are now ready to finish the proof of the second part of Theorem [ZI1

Proposition 3.1. If z =0 (and H = Hy), then Der(H)/Inn(H) is a rank
one free module over the center of H.

Proof. Recall that D(z) = wz, D(y) = wy and w = >, b;(t)A". We first
claim that b;(t) = 0 for ¢ > 0. Indeed, note that

D(zy) = Z bi(t)(Alzy + zA%y) = Z bi(t)(2AYzy — [AY, z]y),

D(yz) = Z bi(t)(Alyz + yA'z) = Z bi(t) (207 yz — A7 ylz)

and since xy = yx, hence one of the summands cancels throughout, to
give: [w,zly = [w,y]z. Rewriting w into another different summation for
convenience, we get an equation of the form

S (A, aly = S #hi(A), vl
i=0 1=0

Let m be the highest index such that h,,(A) is not a constant. We claim
that this equation can not hold if m > 0, since if we look at the coefficient of
y?"+2 then the coefficient on the left side is nonzero, whereas on the right
side it is zero. This is a contradiction.

Thus we get w = b(t) € 3(H), and D(z) = wx. We now know the values
of D on generators, so using the Leibnitz rule, we can now compute this
map on all of H. Let us denote this map by D,. Since we have the PBW
property (i.e., that (g x V) = g ® SymV as vector spaces), we observe
that the map D, is given by

D,(—) =nw-—, on Ug ® Sym" V Vn > 0.
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Moreover, it is not hard to verify that this defines a derivation, using the
PBW property again.

Finally, we verify that the map : 3(H) — Der(H)/Inn(H), sending w
D,,, is a vector space isomorphism, by looking at D, (x), say (to verify linear
independence). Hence H'(H,H) = Der(H)/Inn(H) = 3(H) as 3(H)-
modules, if [z,y] = 0. O

Finally, we have the following proposition.
Proposition 3.2. If z # 0, then every derivation of H, is inner.

Proof. Note again that since we are working modulo Inn(H,), so that given
a derivation D, we assume D kills {g and D(z) = wz, D(y) = wy as above.

Let us write D(z) = t7'hin (D) + D g<jepn tihi(A)z. If We now pass to
the associated graded algebra gr H, (under the usual filtration that assigns
V degree 1 and g degree 0), then we get a derivation of gr H, = U(g x V),
that sends = to t7*h,,(A)z. By the previous case, we may assume without
loss of generality that h,, = 1.

Similarly, D(y) = t7'y + Z;i?)l t'h;(A)y. Applying D to z, we get

0 = D(2) = [Dz,y] + [z, Dy] = [wz,y] + [z,wy]
= 2W[$,y] + [way]x - [wvw]y’
We rearrange this to get
2wz = [w, ]y — [w,ylz.
Let us rewrite w = >, b;(t,)A’. Then using Lemma Bl we get

2wz = Zbi(tz)([Ai,y]x—[Ai,x]y)
— Zb <2f2 )(t—%hz)Jrgi(A)z).

1
Also note, that t, = (¢ — §hz) + Z(AZ — 2+ 2p), where [z, 2] = z[A, 2] —

Alz,z]. Hence we rewrite the above equation as
1
9) 2wz—22b < )tz ——(Az—z+zo))+§gi(A)z> .

Now look at the highest power of ¢, (or of y) in the equation, and say the
corresponding summand on the left side is ¢7) y B;A7, with B; € k. Then
the corresponding expression on the right side yields

t"ZB] <f] ( z—z42)) + %gﬂA)z) .

Now note that there is an extra power of ¢, in this latter expression.
Therefore if we look at the highest power of y that occurs in the right side
of equation (@), namely y?"*2, then its coefficient must be zero (since the
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corresponding coefficient on the left side is zero). Since t, is central, this
means that Zj B fi(A) = 0. But the f;’s form a basis of the center of ig.
Hence ; = 0 for all j, whence w must equal zero too. We conclude that
D(x) = D(y) = D(g) =0, and so D = 0 modulo Inn(H,), as claimed. O

This concludes the proof of Theorem 1

3.2. Commutator quotient. Next, we would like to determine the com-
mutator quotient (or abelianization) H,/[H,, H,| as a module over the center
of H,. At first, let us consider the case z = 0.

Proposition 3.3. The natural map from 3(Ug) to H/[H, H] is an isomor-
phism, and the action of the center of H on its commutator quotient is
trivial.

We need a small lemma, for this, which is also used later.

Lemma 3.2. Inside any H,, we have g -V = [Ug,V]. More precisely, in
terms of the standard filtration on tg, F™g -V = [F" g, V] Vn > 0.

Proof. The second statement (for all n) implies the first; we will show both
inclusions for the latter claim. One way is easy: [F"tlig, V] C F"Ug-V
using induction on n.

For the other inclusion, we proceed by induction on n. Let o € F"4g; we
want to show that a ® V € [F""lig, V]. When n = 0, we are done since
[g,V] =V, so it suffices to show that

a®@x € [F"Ug, V] mod FP" Mlg® V.

But we have

A" z] = nh" 'z mod F" gV,
A" y] = —nh™ 'y mod F" g®V,
[f"z] = nf" 'y mod F" Mg®V,
le"y] = ne" 'z mod F" 'Ug®V,

SO
[e'hI fF, a] je'W T R 4+ ke'h fF 1y mod FMT g @V,
[ehfF gyl = e hI fEe — jeltW LRy mod FP g @ V.

Now assume without loss of generality that o = e'h? f¥, with i+j+k = n.

Then

aRQr = m[ Zh]+lfk, x] — j_i_—lelh]-i_lfk_ly mod F"_lilg & V,
aRy = ]4‘—1[ TWITLER 9] + jj_—lel_lh”lka mod F" g @ V.

We thus repeatedly (alternately) apply these two identities to assume that
either i or k& becomes zero (in «). Applying (possibly both of) them once
more, we are done. O
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Proof of Proposition [Z23. Since H = (g x V'), from the relation between
Lie algebra homology and Hochschild homology, we get that

(10) H/[H,H] = H/[H,gx V] = (H/[H, V).

We now claim that H/[H,V| = $lg, which would imply that H/[H, H| =
(Ug)9 = 3(tg), as desired. Indeed, obviously Ug injects into H/[H, V], so
we just need to demonstrate that HV C [H, V.

Clearly, [H,V] is a right module over Sym V, so it suffices to show that
[Ug, V] D Ug ® V. But this was shown in Lemma B2 above.

Now, since the generating central element of H lies in HV?(C [H,V]), it
must act trivially on H/[H, H|, which concludes the proof. O

Corollary 3.1. For any z, 3(4g) = g/ [tg, Ug] surjects onto H,/[H,, H,].
Every X € F"ig is equivalent to some X' € F™ig N 3(4Ug) modulo [Ug, LUg]
or [H,, H,).

Proof. We make many statements here. The first equality comes from the
fact that $lg is a direct sum of finite-dimensional sly-modules (e.g., by Lemma
E2with V = b’ = 0), whence the images of ad e and ad f span a complement
to the center (using weight vectors). Moreover, no polynomial in the Casimir
is in the commutator, since one can always find a finite-dimensional $lg-
module on which it has nonzero trace.

Now for the surjection: we first claim that ilg surjects onto the abelian-
ization of H,. Indeed, the main step in showing this is the z = 0 case, which
is the proposition above: {g —» 3(tg) — H/[H, H]. But this implies that
$g surjects onto the associated graded of the abelianization of H,, since

So we just need to show that this can be “lifted” to a surjection as desired.
Now given a € F"H, (for the usual filtration on H,), we can find ¢ € g
and a;,b; € H, such that the filtration degrees of a;, b; always add up to at
most n, and @ = ¢+ Y_,[@;, b;] in the associated graded, from above. But
then a — ¢ — Y ",[a;, b;] € F"1H,, and we can proceed by induction.

Finally, $lg — H,, so [Ug,ig] is killed by the map : Ug — H./[H,, H.].
Hence 3(g) surjects onto H,/[H,, H.].

Next, we show the last statement. Consider the finite-dimensional lg-
submodule M,, := F™{lg C g, and its submodule [g, M,,] C M,,. Clearly,
M, /]9, M,] surjects onto the image of M,, modulo [g, Lg] or [H, H,]; on the
other hand, M,,/[g, M, is isomorphic to 3(g)NM,, by complete reducibility.
We are done. O

Thus we need to compute the kernel (which obviously contains at least z).
As an aside, we note that equation ([0 holds for general z:
Lemma 3.3. H,/[H., H,] = (H,/[H,,V])%.
Proof. Consider the following sequence of H,-bimodules:
H.eo(Vog®H. >H.®H, » H.—0
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where the last map is the multiplication map, and the first map is given by
w— 1lew-—w®l for any w € V & g. We claim that this sequence
is right exact. Indeed, we only need to verify exactness of the middle
term. But all terms of this sequence are naturally filtered, and after pass-
ing to the associated graded picture, we will get an analogous sequence for
H = #(g x V), for which the sequence is well known to be exact. But
since H,/[H,,H,] = Toro(H,, H,) in the category of H,-bimodules, after
tensoring our sequence with H, we get that

H./|H., H.] = H./[H.,V & g] = (H./[H.,V])?

and we are done. O

We finally have the following theorem.

Theorem 3.1. Let the parameter z be nonzero, say z = cA™ + lLo.t.. If
m =0 (i.e., z is a constant), then the commutator quotient of H, is trivial.
Otherwise, if degz = m > 1, then 1,A,...,A™ ™! are linearly independent
in H,/[H,,H,], and generate it as a module over the center of H,. (In
particular, (H,/[H,, H,])/(t,) is a vector space of dimension m over k.)

An important first step in showing this, is the following proposition.

Proposition 3.4. For all a,b > 0, t2A® equals a (nonzero) polynomial in
A of degree a(m + 1) + b, modulo [H, H.].

Proof. The case a = 0 is obvious; we will show the a = 1 case below.
The case of higher a is then proved by induction on a: for a fixed b, if
tZAb _pab(A) = Zz [T%Si] € [HzaHZ]v then

t(ZH_lAb = tzpab(A) +t Z[Tia Si] = tzpab(A) + Z[tzria Si]

and t,p.p(A) can be rewritten appropriately, using the a = 1 statement (for
various b).

It remains to show the hypothesis for a = 1 and all b. In the rest of the
proof, we will use the following result several times.

Lemma 3.4.

(1) Let d = |, x] + [B,y], with o, 8 € Ug. Then modulo [H,, H,], dx =
-0z, dy = az.
(2) For any 2’ € 3(Ug), Z'ey? = 2’ hay = —2' f2* mod [H,, H.].

Proof.

(1) We have dz = [OZZE,ZL'] + [ﬁxay] - ﬁzv and dy = [O(y,ﬂj‘] + [ﬁy7y] + az.
Both claims now follow.

(2) Note that [f, 2'exy] = —2'hoy+2'ey?, which proves the first equality;
for the second, apply the anti-involution j. We note that j fixes the
Casimir element, and hence the whole center. Applying j to the
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above equation, —xyhz’ — 2%2f2 = A € [H,, H.], say. Hence we
make the following reductions:
Sfa? = et = —atfe 4 R £ = R £ + Ak agh?,
xyh? = Zxzyh+ [vyh, 2] = 2 hay + [zyh, 2] (since zy has weight 0).
Thus, —2'f2? = 2’hoy mod [H,, H,], as claimed.
O

We now prove the result for t,A™ (n > 0). Since t, = (ey? + hay — fr?) —

1
§hz — ¢, (see equation (@), and since hz = e, fz] € [g, H,|, we have
(11) t,A" = A", = A"(3hzy — q,) mod [H,, H,].

By Lemma B2 A"hx € Ug-V = [tg, V] is of the form [ay,, z] + [by, y] for
some ay,b, € Ug. By Corollary Bl we may assume that a,,b, € 3(Ug) N
F? (g (modulo the commutator). By Lemmma B4 3A"hzy = 3a,z
mod [H,, H.].

We thus have to prove (using equation ([[Il)) that 3a,z — A"q, is a poly-
nomial of degree n +m + 1 in A. In light of Corollary B3, it suffices to

show that a, is a polynomial of degree n + 1 with positive (rational) top
coefficient (in fact, it turns out to be 1/6(n + 1)).

To do this, consider the formula for [A™, z], which yields: f,-(hz+2ey) =
[A™ z]—gpx. Agam using LemmaB2 and Corollary Bl write g,z = [¢n, ]+
[c),y] for ¢, c), polynomials in A. Moreover, since deg(g,(T)) = n — 1,
Cn, C, € F?~14g; thus, deg(c,) < n (as a polynomial in A).

But then Lemma B4l implies that on the one hand,

fn(hz + 2ey)y = fo(hzy + 2ey?) = fu(3hay) mod [H., H.]
and on the other (modulo the commutator),
fn(hx + 2ey)y = (A™ — ¢,)z = cA™" + lo.t..

We thus get: f,,(3hay) = cA™" +[.0.t. for all n. Using the “unipotent”
(with positive coefficient 1/(2n)) change of basis from f,, to A™ we get

1
A"(3hxy) = (2 n 2fn+1 + “l.o.t. ”> (Bhzy) = ST 2Am+"+l + lo.t.

where “l.0.t.” stands for “lower-degree” f;’s. Now compare this to what we
had above:
A"(3hzy) = 3anz = an(3cA™ + l.o.t.),

and we are done. (]
Proof of Theorem [Zl. First of all we have [H,, H,] Nig C z - g + [tUg, LUg]
(since any time the filtration degree in x,y goes down in a commutator ex-
pression, a multiple of z appears). Since Ug/(UgN[H, H.]) C H,/[H,, H.],
and Hg/(UgN[H, H,]) surjects onto Ug/(z-Ug+ [Ug, Ug]) = 3(LUg)/z- 3(LUg),
hence the elements 1,..., A™~! are linearly independent in H,/[H, H.].



CENTER AND REPRESENTATIONS OF INFINITESIMAL HECKE ALGEBRAS 25

It remains to show that the following elements span H,/[H,, H,] - or in
light of Corollary Bl the center of tg: {t¢Ab:a >0, 0 <b < m}. We now
show that all A" lie in this span, modulo [H,, H,]. Clearly, 1,...,A™ ! as
well as A™ = (1/c)z — l.o.t. are in this span, since z/c = [z/c,y]. Next,
A™HL A?™ are in the span: just consider t,,t,A, ..., t,A™ 1. As for
A2+ we have

A = 24 lot. = [z/c,ty] + lot. mod [H,, H.]
similar to above. Keep repeating this procedure. O

We expect that a stronger statement is true: namely, that the commutator
quotient is actually a free module over the center, with basis 1, A, ..., A™~1,
This would imply (via Hochschild cohomology considerations) that the alge-
bras H,, /(t., —a), H.,/(t., —b) are not Morita equivalent if deg z; # deg 22,
where a,b € k.

4. INFINITESIMAL HECKE ALGEBRA OF gl,

We now recall the definition of an infinitesimal Hecke algebra of g = gl
and V = h @ h*, where h = k" and h* is its dual representation. We (again)
identify g with g* via the pairing gxg — k: (A, B) — Tr(AB), and identify
$lg with Sym g via the symmetrization map.

Then for any x € h*, y € h, A € g, one writes

(z,(1 = TA) Yy)det(1 — TA) ™ =ro(z,y)(A) + r1(2,y) (AT + ...

where 7;(z,y) is a polynomial function on g, for all i.

Now for each polynomial 8 = g + ST + BoT?% + - - € k[T, the authors
define in [EGG] the algebra Hg as a quotient of T'(h @ h*) x Ug by the
relations

[‘Tﬂx/] =0, [%yl] =0, [y,a:] = 60T0(x7y) + 517‘1(33,?4) + ...

for all x,2" € b*, y,y' € h. It is proved in [EG] that these algebras are
infinitesimal Hecke algebras. Also note that if 3 = 0, then Hy = (gl,, X

(b @b")).

4.1. Relations and anti-involution. We start with an explicit presenta-

tion of Hg: it is generated by gl,, = @keij and h = EB kv;, b* = @kv;‘,
i, i i

where {v;}, {v}} form dual bases of b, h* respectively. We have the relations:
eij - U = Oj;, eij * VU 1= —0ikv;, v; (vj) = 5.

We next describe an anti-involution of Hpg, for (at most) linear 3. Suppose
we have j sending e, < f, and h < h for all positive simple roots « for
a reductive Lie algebra g (and Cartan subalgebra elements h). One then
checks that this gives an anti-involution j of g (and hence of ig).

Now let g = gl,; then j(X) = X7 in g. We now mention the anti-
involution.
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Lemma 4.1. The map j : (X,v;) <> (XT, —v}) extends to an anti-involution
of g x T'(h ® bh*). Moreover, j factors to an anti-involution of Hz when (3
is at most linear.

Proof. For the first part, we only need to check that j preserves (actually,
permutes) the following relations:

[€ijs en] = Okjea — Guewys  lei, vkl = Opvis  eji, vp] = —d5k07 Vi, 4, K, L.
This is easy to do. Next, for Hg with § at most linear, we refer to [EGG,

Examples 4.6, 4.7]; thus, Hg is the quotient of the above algebra, by the
relations

[vi, vj] = [v7, 0] =0, [vi, V] = 045 (Bo + B1T) + Breij Vi, J,

where 7 = Id,, € gl,. That j preserves these relations, is is also easy to
verify. O

4.2. Central elements. We now mention discuss central elements for vari-
ous 3 (and general n). We first have a result for 5 = 0, which can be verified
using a strategy similar to the proof of Proposition 211

Proposition 4.1. The center of Hy(gl,) contains at least two algebraically
independent elements, both fized by j:

n

o * o * * * *

Ty = E ViUY, Sp = g (epgVqVy + eqpupvy) — (EppUqy + €qqpvy,). [
i=1 1<p<g<n

Next, we prove that in general, Hg (over gl,) has nontrivial center, by
providing a lift 75 of r,; clearly, 75 is transcendental in Hg since 7, is thus
in HO.

Proposition 4.2. For anyn, 3, Hg contains the central element rg := h+71
(which is transcendental in Hg).

Here, 7 = Id,,, and h is the Euler element in [EGG] §5.2], given by

n
h:ZU;UZ‘-l-E"FC,
%

where ¢ € O(G)* is defined via the following equation (see [EGG, §3.4]),
with t € k:

w(z,y) = [z,y] = (y, )t + (y, (1 — g)z)c, for all z € b,y €.

Proof. (Note that k is algebraically closed, of characteristic zero.) As men-
tioned in [EGG, §4.1], the infinitesimal Hecke algebra Hgs only exists when
im(k) C Ug; thus, fzy - ¢ € Ug for all fry = (y,(1 — g)z) € O(G) (with
x € h*,y € h). By the Nullstellensatz, ¢ € Hg, so h € Y v;v} + g now;
therefore rg is indeed a lift of 7, to Hz. That it is central follows from
[EGG] Proposition 5.3], and because h, 7 commute with gl,,. O
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5. CATEGORY O FOR INFINITESIMAL HECKE ALGEBRAS

At first, let us discuss an analogue of the BGG category O, for a class of
algebras equipped with the following structure:

Let A D k be an associative algebra, endowed with the following addi-
tional structure:

e A has an increasing filtration by k-subspaces F" A, n > 0, that satisfy
FrA.F™A C FrtmA;

e There are three finite-dimensional k-subspaces n™,n",h C F 14,
such that n* +n~ +h=nTon” @ bh.

From these data we require that

e A is generated as an algebra over k by n™ @ n~ @ b; each summand
is a Lie (sub)algebra, and

(5,5] =0, [h,nT]=n", [hn"]=n".

e There is a (fixed) subspace by C b, and both nt and n~ are di-
agonally acted upon by the adjoint action of h, and the eigenval-
ues occurring in these decompositions have images in opposite non-
intersecting cones in hy(«— h*).

e The multiplication map : By ® By ® By — gr(F*A) is a vector
space isomorphism, where {B1, By, B3} = {¢fn~, Un™ Sym(h)} (i.e.,
in every possible order). Moreover, Symbh C FUA.

e In addition, we require that gr(F®A) is equipped with a filtration
consisting of finite-dimensional subspaces G™ (n > 0), such that
nTonToh@k = G gr(A), and gr(gr(F* A)) is a polynomial algebra,
i.e., Sym(nt @n” @ bh) — gr(gr(F*A)) is an isomorphism.

Moreover, if A is such an algebra, then so are gr(F®*A) and gr(G*®(gr(F*A))).

Of course, the main examples we have in mind are infinitesimal Hecke
algebras (the axiomatics of category O in more general settings is considered
in [Kh2]). The axiom about hy C b is needed (later) for technical purposes:
though we can choose hg = b for H, (over sly), we need to choose hy = kh C
h =kh® k7 in Hg (for gly). Moreover, for infinitesimal Hecke algebras, we
clearly have gr(F*Hg) = Hy = (g x V') and gr(G*Hy) = Sym(g& V).

We now mimic some standard definitions.

Definition 5.1.

(1) The category O for the algebra A (as above), denoted by Oy, is
the full subcategory of finitely generated left A-modules, defined by:
M € Oy if and only if n™ acts locally nilpotently on M, and b acts
on it diagonalizably with finite-dimensional eigenspaces. That is,
M = @Xe b* MX, with dim MX < oo Vy.

(2) An element v € M is said to be a mazimal vector if it is an eigen-
vector for the h-action, and ntv = 0.
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(3) (Definition-proposition.) Let x € h*. Then there exists an object
M(x) € Oy, characterized by the following uniqueness property:
M(x)X =k, and if v € M (x)X, then for every pair vy, My with vy €
M{* a maximal vector, there exists a unique f € Homu (M (x), M1)
such that f(v) = v1. Such a module M(x) is called a Verma module
for the weight .

Proof. Let A_ be the subalgebra of A generated by §h & n™; then
there exists x : A_ — k, such that X’f) =X, x(n7) = 0. Indeed,

we just need to check that h N"n~A_ = 0, which is immediate from
weight space theory. But then, k turns into a left A_-module (which
will be denoted by k).

Now define M(x) := A®a_ ky. It is clear that this module lies
in Oy and v = 1 ® 1 is a maximal nonzero vector of weight x. If
v; € MX is a maximal vector in an A-module (M), then we have a
map of A_-modules f : k, — M such that f(1) = v;. Hence we get
f®a Id: A®a_ ky - A®a_ M — M, such that v maps to vy;
obviously this map is unique. O

We have the following standard

Proposition 5.1. For any x € h*, M(x) has a unique mazimal subobject
and irreducible quotient (both in Oa); call the latter V(x). Then every
irreducible object in O4 is of the form V (x) for some x € h*.

Proof. If V.C M(x) is a proper subobject, then VX = 0. Hence the sum of
all proper subobjects of M () is still a proper submodule, which proves the

first assertion. Now if V' is an irreducible object, then it must have a maximal
vector v € VX for some x. Hence Hom(M (x),V) # 0, so V =V (x). O

As is usual in representation theory, one would like to study (irreducible)
finite-dimensional representations, compute the multiplicity of V() in M (1)
(for all x,u € b*), and so on. One has the usual spectral decomposition
of 04 with respect to its center: Oy = @¢€Spec(5(A)) 0% where 0% is
the full subcategory consisting of objects on which ¢(t) — t acts locally
nilpotently for any ¢t € 3(A). In particular, we have a Harish-Chandra map
n:bh* — Spec3(A).

Let us compare O4 and Ogy4). If M € Oy, let V. C M be a finite-
dimensional vector space generating M over A. Then M has the usual
increasing filtration: F™"M := (F™A)V, which makes gr(M) a gr(A)-module
(note that this construction depends on our choice of V).

Moreover, gr(M) belongs to Ogy(a), and chp, (M) = ch(gr(M)) (where
ch(M) = zxe h*(dim(MX)x) is the character of an h-semisimple module).
Hence we see that O, (4) provides an “upper bound” for O4 (i.e., gr(M) €
Ogr(A) VM € OA).
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We also remark that if we start with a Verma module M (\) and V' = k-v)
(the highest weight space in it), then we will get a Verma module gr(M (\))
over gr(A) of weight A. In particular,

(12) gr(Ann(M(}))) € Ann(gr(M(X))).
This fact is used in the section about primitive ideals.

In the remaining part of this section, we focus on the category O for
A = H, (which does fit into the above setup). This category was studied
in great detail in [Kh]. We now reinterpret some of those results using the
center of H,. We have O = @, ;, O, where (t, — \) acts nilpotently on O*
(though as we see presently, O = O° if z = 0).

At first, let us compute the action of ¢, on M(\). We have

(e + hay — fa* — Shz — 2oy
= (y®e+2yx +z + hyx + hz — %hz —qg)un=((1+ %h)z — @)U
_ <%)\ 4 1) 202 4 20)0x — (A2 + 200y
Let us denote by ¢,(t) the following polynomial in k[t]:
(13) ¢.(t) = (%t + 1> 2(t2 +2t) — q. (£ + 21),

where as usual, we treat z as a polynomial of A (note that ¢o(t) = 0). As
a corollary, V(X) € OF only if ¢,(\) = p.

Now suppose z # 0. Then the degree of ¢,(t) equals 2(deg(z) + 1), and
the multiplicity of V' (A) in M is at most dimy M*. Hence all Verma modules
- and thus, all objects in category O - have finite length.

Moreover, every central character of H, is of the form x, : t, — p € k,
and since k is algebraically closed, and deg¢, > 0, we can find A € k such
that ¢, (A\) = p. To summarize, we get the following result, most of which is
contained in [Kh], but is proved there by a completely different approach.

Proposition 5.2. Each module in O (for any \) has finite length, and
V(p) € O if and only if p € ¢7'(N\). In particular, the number of non-
isomorphic irreducible objects in O is at most 2(deg(z) + 1). Furthermore,
every central character for H, is associated to some Verma module.

As an aside, the algebra H, has the following peculiar property:

Proposition 5.3. If the parameter z is nonzero, then there are at most
finitely many non-isomorphic irreducible finite-dimensional H,-modules.

Proof. For the proof, we are going to use a theorem proved by Khare in
[Kh]. We need to recall some definitions from there. For any pair of integers
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r,m, he considers the following expression:

m—2

Qm = 3 (r+1—i)(z(r+1—14)* - 1)

i=0
(where z(—) is viewed as a polynomial in the Casimir element). Then his
result ([Khl, Theorem 11]) says that V' (r) is finite-dimensional if and only if
there exists a nonnegative integer s < r such that o, ,_s42 = 0.

Let us explain why this can not happen as long as z # 0 and r is large

enough. We may rewrite o, as follows:

r+1 r+2—m
Q= Y _i2(i® = 1) = Y iz(i® - 1),
=1 =1

Therefore if we denote > 7_,i2(i> — 1) by f(j) (thus f is a polynomial of
some positive degree), then o, = f(r+1) — f(r +2 —m). So if V(r)
is finite-dimensional, then f(r +1) = f(r+2 — (r — s+ 2)) = f(s) for
some 0 < s < r. It thus suffices to show that for a nonconstant polynomial
f € k[T], the numbers f(1), f(2),... are “eventually pairwise distinct”; we
show this now, in Lemma BTl O

Lemma 5.1. Suppose f € k[T is a nonconstant polynomial with coefficients
in a field of characteristic zero. Then beyond some ro > 0 (in Q — k),
£ [ro,00) NQ — k is injective.

This result does not generalize (much) more; consider f(T) = T? evaluated
at 0,1,-1,2,-2,... in Q.

Proof. Consider the coefficients cg, ...,cq € k of f(T) = co+c1T+- - -+cqT?.
Now choose any Q-basis {b1,...,bs} of the Q-span of the ¢;’s, and rewrite
f(T) = fi(T)br + -+ + fs(T)bs, where f;(T) € Q[T]. Then at least one
polynomial is nonconstant, say fi (without loss of generality).

Now, the absolute value of fi(r) (r € Q) is a strictly increasing function
of r for r > 0, and this proves the result (since the b;’s are Q-linearly
independent). O

6. PRIMITIVE IDEALS OF H,
Let us start with the following definition.

Definition 6.1. We say that a (unital) k-algebra A is almost commutative
(of order 1) if it admits an increasing filtration F'*A such that the corre-
sponding associated graded is a finitely generated commutative k-algebra.
For n > 1, we say that a k-algebra is almost commutative of order n if it
admits an increasing filtration compatible with the algebra structure, such
that the associated graded is an almost commutative algebra of order n — 1.

We have the following direct generalization of Quillen’s theorem [Q],
whose proof goes through essentially word by word; we reproduce this proof
for the reader’s convenience. (In what follows, k is an arbitrary field.)
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Theorem 6.1 (Quillen). Let A be an almost commutative algebra of some
order and let M be a simple module over A. If ¢ € Enda(M), then ¢ is
algebraic over k.

Proof. Note the following elementary facts: if a k-algebra B is filtered with
associated graded algebra C' = gr(F*B), then any finitely generated B-
module M is automatically filtered as well: let V' be the k-span of a (finite)
set of generators for M, and define a filtration on M via:

F'M = F'B-V.

Then gr F*M is automatically a finitely generated C-module. Moreover,
gr(B[T]) = C[T]. Finally, choose § € Endp M; then M is naturally a B[T]-
module, via: (b® p(T))(m) :=p(0)(b-m) =0b-p(d)(m). Then gr F*M is a
finitely generated module over C[T] (as mentioned in [Q]; here, T +— gr(¢)).

We now “rewrite” the proof from []. Note that M is an A[T]-module
as above (with 7" — ¢); taking the associated graded of this (successively),
we get a finitely generated module N over B[T], where B is almost commu-
tative, and IV is obtained from M by taking successive associated graded
modules in a standard way. Then gr(N) is finitely generated over gr(BI[T]).

By the generic flatness lemma (see [Q]), there exists a nonzero polynomial
f € k[T, such that gr(N) is free over k[T];. This implies that IV is free over
E[T]s, whence we will get that so is M (with 7' +— ¢ when acting on M).
On the other hand, End4(M) is a skew field, so M is a vector space over
k(¢) C Enda(M). This is a contradiction if ¢ is transcendental over k. [

Next, recall the following definition from [Gil.

Definition 6.2. Let k¥ C A be an associative algebra endowed with two
(non-unital) finitely generated commutative subalgebras A, and an element
0 € A. One says that this data defines an algebra with commutative trian-
gular decomposition if the following hold:

e ad d preserves both A’ ;

e ad ¢ acts diagonalizably on A; the eigenvalues for the action on A’
lie in £Z~¢; and

e the algebra A is finitely generated as an A_-A, bimodule, where
Ay = A, @k C A. (This differs from [Gi] in order to reconcile our
notion of O to his.)

In this case, Ginzburg’s “Generalized Duflo Theorem” [Gi, Theorem 2.3]
(which actually concerns a wider class of algebras) says that primitive ideals
are the same as prime ideals, and are annihilators of simple objects of the
appropriately defined BGG category O (provided it has finitely many simple
objects). Applying this to our algebra H,, we get:

Theorem 6.2 (Analogue of Duflo’s theorem). Primitive ideals in H, are
the same as prime ideals, and are annihilators of simple objects in O.
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Proof. Let Ry := H,/(t, — A\)H,. Given a primitive ideal I C H,, we get
a simple H,-module M; since k = k, Quillen’s theorem says that M is a
simple Ry-module for some \ € k.

Suppose we show that A = Ry is a finitely generated A_-A,-bimodule,
where Ay are the images of By := kle, z], B_ := k[f, y| (respectively) under
the quotient map (a — @) : H, - Ry. Then Ginzburg’s theorem holds for
Ry (using § = h and A/, to be the augmentation ideals in A4). Moreover,
the category Og, is contained in (’))‘Z, the summand in the spectral decom-
position mentioned in a previous section, and hence it contains only finitely
many simples.

Thus, primitive ideals for H, are indeed annihilators of simple objects in
Op.. Moreover, I is prime, hence so is I. Conversely, if I is prime, then so

is I, whence it annihilates a simple object in Og,. Thus, I annihilates some

Therefore, it suffices to show that H,/(t, — \)H, is finitely generated as
an A_-Ay bimodule for any A € k. In view of the PBW decomposition
H, = B_®k[h] ® By, it will suffice to show that h’ € B_ M B, Vi, for some
finite-dimensional M.

We claim that we may take M =k ® kh @® - - - @ kh?9°8()+1 Indeed,

1 1
N=t, =ey? + hay — fo? — §hz—qz Ez+§hz—qz mod B_MB,.

Now note that A = 4ef + (h? — 2h), whence (abusing notation)
heAb € B_ - k[h)/(hoT2*1) . B, Va,b > 0.

In particular, z,hz € B_M By, so that ¢, € B_M By. On the other hand,
since deg(q.) = deg(z) + 1 and since h?98()+2 ¢ kg, + k[f|Mk[e], we
get that h2de8(:)+2 ¢ B_MB,. From this, it follows that for any i, h' €
B_MB,. O

It is an interesting problem to determine for which pairs of weights A, ,
one has I :== Ann(V (X)) C I, := Ann(V(u)). As a first step, we have the
following

Theorem 6.3. If the central element t, acts on M(X) by multiplication by
a, then Ann(M (X)) is a two sided ideal generated by t, — o in H,.

Proof. For the proof, at first we assume that z = 0. In this case t, =t =
ey? + hay — faz? always acts by 0 on all Verma modules, so there is only
one block. Thus we need to show that Ann(M(\)) = tH. As both sides
of the desired equality are ad g-submodules of H, and since the annihilator
obviously contains tH, it will suffice to prove that if we have any (h-weight
vector) g € H such that [f,g] = 0 = gM(\), then g € tH. (We are
considering “lowest weight vectors” inside H, which is a direct sum of finite-
dimensional g-modules.)
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Write g as Y gijih'e‘s? where g;;; € k[f,y]. Since by assumption [f,g] = 0
then gM () = 0 if and only if

gua =0=gy"ox =>_giulh,y"e'azlvy = goor[h', y"Jox Vn,

where the penultimate equality follows because [x,y] = 0 and [e,y|vy = 0.
But hy™ = y™h — y", so we get

gy"vx =Y gooy" (' — (h—n)" oy =0,
l

~

whence (cancelling y™ on the left in M(\) =2 B_ = k[f,y|, an integral
domain) we get that f(n) = 0 for all n, where

FT) =" go0(A = T) = goorA' € k[T

>0 >0

By Lemma Bl (and induction on 1), we conclude that
(14) goor =0Vl >0

Next, rewrite g as 22;0 S o ainx"'y', where a;, € 4g. Using the
“dividing trick” (@), we may assume that ¢ is not divisible by y from the
right, so some ag, # 0. Now, we have

0=[f 9] => (n—i)amz" "y + Y [famla" 'y,
,n ,n
0 [f, Git1,n) = (n — i)a;y, for all ¢, n. In particular, [f, ag,] = 0 VYn. Since H
is a direct sum of finite-dimensional g-modules, wt(g) must be nonpositive,
so wt(agn) < —n.

There are only two steps remaining. First, we claim that N > 1 if g # 0,
and second, if so, then we can find a € tH such that ¢ — a has “smaller
N-value”; this finishes the proof, by induction on N.

Suppose N = 0 first. Then by a result similar to Lemma B3 g = agyp =
p(A) - ! for some I > 0 and p € k[T]. If this kills y™vy VA, then

p((A=20—n)* +2(A =2l —n)) =0Vn

and this would imply that p is a constant, by Lemma Bl This contradicts
that p - f! annihilates M ()), unless p = 0.

Next, suppose N = 1 and g = apx + a1y + ag (with all a; € g), so that
ag,ay € k[f,A]. (Then ag = 0 by considering the parity of the possible
weights.) Moreover, a1 = [e,ap] + b, where [f,b] = 0; therefore a;y will
contain a PBW monomial not containing e,z and containing h. But this
contradicts equation (4 above.

This proves the first step; moreover, f|agy, since wt(agy) < N and agy €
k[f,A]. Now consider agy/f; as in the proof of Proposition ZG, there exists
an element ¢’ = (agn/f)zVN "2 + Zfi_lz c;xN 2% which commutes with f.
Thus, g + ¢'t € Ann(M (X)) commutes with f, and it is divisible by y from
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the right, hence we may divide by it. Proceeding by induction on N, the
result is proved when z = 0.

Now let z be arbitrary. Given A € k, recall the inclusion in equation
([2): gr(Ann(M (X)) € Ann(gr(M(N)). Moreover, gr(M (X)) is just a Verma
module over H. Therefore if g € Ann(M(\)), then g = (t,— )¢’ +¢”, where
g" has lower filtration degree than g (since ¢” € Ann(M()))). Proceeding
by induction on the filtration degree of g, we are done. O

We conclude by considering the constant parameter case: z = 1. The
following theorem describes the primitive spectrum of H,, as well as the
multiplicities of irreducible modules in Verma modules.

Theorem 6.4. For \ # p, V(\),V () lie in the same block if and only if
A+ pu = =3, and M()) is irreducible if and only if % + A is not a positive
integer. Otherwise we have 0 — V(=3 — \) — M(\) — V(\) — 0, and
I 3.\ C I

In particular, (primitive) annihilator ideals for A # p are either not compa-

1

rable (A # —pu —3), or equal (A = —pp — 3 ¢ 5 + Z), or strictly comparable
(otherwise).

Proof. Recall that in this case, the central element is equal to t1 1= ey® +
1 1
h:ny—fx2—§h—|— §A, so it acts on V() by the scalar 1+ = (/\+(()\+ 1)2-1)),
hence V(A), V(u) lie in the same block if and only if A = u, or A + = —3.
Next, note that [z,y? + 2f] = 2y — 2y = 0, therefore z(y? + 2f) vy =
0. We now determine when (y? + 2f)"vy is annihilated by e. Using that
[z,y? 4+ 2f] = 0, we have

0 = e(y®+2f)"vxn = [e, (¥ +2/)"|vx
= Y P +20) @z +h) + 1)(y* +2f)" !

I<n
= n(2A+3—2n)(y* + 2f)" oy

Hence if n is minimal among those for which (y? 4+ 2f)"v) is a maximal
vector, we must have A =n — 5 Now assume that g =), a; fly" 2wy is a
maximal vector; then x - g must vanish. In other words,

0= Z ailz, Fy %oy = Z(n %), fly 2y — Z i fimtyn 2y,

This implies that (n — 2i)ai = (i + 1)a;4; for all 7. Hence, n is even and
this system of equalities has exactly one solution up to multiplication by a
constant; therefore g = (y2 + 2f)™?v.

To conclude, we have shown that M () is irreducible if % + A is not a
positive integer, and otherwise we have the desired short exact sequence.
Finally, since (y? + 2f)" € Ann(V())), therefore

Ann(V (1)) = Ann(M (1)) = Ann(M(A) S Ann(V(A),
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where A + pu = —3. O
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