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ABSTRACT. Let g be a semisimple Lie algebra and V' a g—semisimple module. In this article,
we study the category G of Z-graded finite-dimensional representations of g x V. We show
that the simple objects in this category are indexed by an interval-finite poset and produce
a large class of truncated subcategories which are directed and highest weight. In the case
when V is a finite-dimensional g—module, we construct a family of Koszul algebras which are
indexed by certain subsets of the set of weights wt(V) of V. We use these Koszul algebras to
construct an infinite-dimensional graded subalgebra AY, of the locally finite part of the algebra
of invariants (Endc(V) ® Sym V)?, where V is the direct sum of all simple finite-dimensional
g-modules. We prove that AY, is Koszul of finite global dimension.

INTRODUCTION

In this paper, we study the category of finite-dimensional representations of the semi—
direct product Lie algebras g x V', where g is a complex semisimple Lie algebra and V is a g-
semisimple representation. There are several well-known classical families of such Lie algebras,
for instance, the co—minuscule parabolic subalgebras of a simple Lie algebra. However, our
primary motivation comes from two sources: the first is the truncated current algebras g ®
C[t]/t"C]t], where C[t] is the polynomial ring in an indeterminate ¢, and their multi-variable
generalizations; and the second motivation is our interest in the undeformed infinitesimal
Hecke algebras (see [EGG],[Pan],[Kh, [KhTi]). The representation theory of the truncated
current algebras has interesting combinatorial properties and is connected with important
families of representations of quantum affine algebras. It appears likely that the more general
setup that we consider will also have such connections [BCFM].

In this paper, we are primarily interested in understanding the homological properties of the
category of finite—dimensional representations of the semi—direct product g x V. To be more
precise, we shall regard the Lie algebra as being graded by the non-negative integers Z,. We
assume that g lives in grade zero and that V is finite-dimensional and lives in grade one. The
universal enveloping algebra of g x V' is also Z;—graded and in fact has elements of grade s for
all s € Z4. We work with the category of Z—graded modules for g x V', where the morphisms
are just the degree zero maps. In the special case when V' is the adjoint representation of
a simple Lie algebra, this category was previously studied in [CGI] and [CG2]. The authors
of those papers made certain choices which were not completely understood or explained. In
the current paper, we recover as a special case the results of [CGI] and [CG2|] and, using the
results of [KhRil], provide a more conceptual explanation for the choices.

We now explain the overall organization of the paper. The main result, which is the con-
struction of a family of Koszul algebras, is given in Section 1 and can be stated independently
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of the representation theory of g x V. Thus, let h be a Cartan subalgebra of g and let wt(V') be
the set of weights of V. We consider the convex polytope defined by wt(V'). For each subset
U of wt(V') which lies on a face of this polytope, we define a Z-graded g—module algebra Ay.
We prove that the (infinite-dimensional) subalgebra Aj, of g-invariants is Koszul of global
dimension at most equal to the sum of the dimension of eigenspaces of V' corresponding to the
elements of W. The strategy to prove this result is the following. We first observe that the set
U defines in a natural way a partial ordering <y on h*. Associated to each element v of wt(V'),
we can define a subalgebra Ay (<g v)? of A?I,. We relate this algebra to the endomorphism
algebra of the projective generator of a full subcategory (with finitely many simple objects)
of Z—graded finite-dimensional representations of g x V. This is done in Sections two through
four where we analyze the homological properties of the category. To do this, we need to
work in a bigger category which has enough projectives. The Kozsul complex associated to
the symmetric algebra of V' provides a projective resolution of the simple objects and we can
compute arbitrary extensions between the simple modules. This allows us, in Section 5, to
use results of [BGS| to prove that Ay (<y v)? is Koszul. The final step is to prove that this
implies that A?I, is Koszul. A natural question that arises from our work is the realization of
Koszul duals of these algebras as module categories arising from Lie theory. The authors hope
to pursue this question in the future.

Acknowledgments. We thank the referee for comments and suggestions which helped bring
the paper into its present form. We are also grateful to Jacob Greenstein for useful discussions.

1. THE MAIN RESULTS

We shall denote by Z (resp. Z4, C) the set of integers (resp. non—negative integers, complex
numbers).

1.1. Throughout this paper, we fix a complex semisimple Lie algebra g and a Cartan sub-
algebra h of g. We let R be the set of roots of g with respect to b, and fix a set of simple
roots A = {«;|i € I'} of R. If {w;|i € I} is a set of fundamental weights, we denote by P the
7. —span of the fundamental weights, and by Q™ the Z,-span of A.

1.2. Given p € P, let V(u) be the finite-dimensional simple g—module with highest weight
. Define
V= @ V(p) and V¥ := @ Vip)*.
pepP+ pepP+

The natural embedding V¥ @ V — End V (respectively V¥ @ V. — End V®) of g-modules is
an anti-homomorphism (resp., a homomorphism). For each p € P, this anti-homomorphism
(resp., homomorphism) restricts to an isomorphism V(u)* @ V(u) — (End V(u))°P (resp.,
V(p)* @ V(n) - End V()*). Under this isomorphism, the preimage of the identity element
in (End V/())°P is the canonical g-invariant element 1, € V(u)* @ V().

1.3. Suppose that A is a Z-graded g-module algebra; i.e., A is an associative Z—graded algebra
which admits a compatible action of g:
A= Ak, g.A[k] C A[k], k € Z.
keZ
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The space
A=4AV*P®V,
has a natural Z-grading given by
Alk) = Ak @ VP @ V.

Moreover, it acquires the structure of a Z—graded g—module algebra as follows: the multipli-
cation is given by linearly extending the assignment

(a® f)(b®gew)=gva fow,

while the g—module structure is just given by the usual action on tensor products of g-modules.
Abusing notation, we set

l,=14®1,.
The next Lemma is immediate.

Lemma. For p,v € PT, we have,

1,AL, = AV (u)* @ V(v).

1.4. From now on, we fix a finite-dimensional g—module V' and write
V =®uepVy, Vp={veV:hv=pu(h)v Vh € bh}.
Set wt(V') = {p € b* : V}, # 0} and assume that wt(V') # {0}. We shall also set
Vi={veV:izv=0, V z€ g}
Suppose that U C wt(V') is nonempty. Define a reflexive, transitive relation <y on h* via
w<gv <= v—pu€lVv,

and set

dy(p,v) = min{z mg v — = Z mgB, mg € Z, YB € V}.
Bev Bew

1.5. For pu <g v € P, define
Ay (v, p) = 1 Aldy(p, )1y,
and given F' C PT, define

Ay(F):= P Avlv,p).
#7V€F7/J'§\I/V
Note that Ay (F) is a g-module.

Lemma. Suppose that W C wt(V') is the set of weights of V' which lie on some proper face of
the weight polytope of V', and let A be as above.
(i) Ay (F) is a graded subalgebra of Ay(G) for all F C G C PT.
(ii) If F C G C P*, then Ag(F)? is a graded subalgebra of Ay (G)".
This result is clear once we show that dy satisfies the following in Proposition (.2

dy(n,p) +dy(p,v) =dy(n,v)Vn <y p<gveh (1.1)
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1.6. Given pu,v € P, define [, v]y := (<g v) N (u <g), where
<gvi={nePt:n<gv}, and p <g:={ne Pt :pu<ynl
The main theorem of this paper is the following.

Theorem. Suppose that U is a subset of wt(V') which lies on some proper face of the weight
polytope of V, and let A be the symmetric algebra of V.. Given p <y v € P, the algebras
Ay, Ap(<g v)?, Ag(p <v)?, and Ag([u,v]w)? are Koszul with global dimension at most
Ny = de\y dim V. Moreover, there exist p <y v € P such that the global dimension of all
these algebras is exactly Ny.

2. THE CATEGORIES G AND G

In this section, we define and study the elementary properties of the category of Z—graded
finite—dimensional representations of g x V. We classify the simple objects in this category
and describe their projective covers. We denote by U(b) the universal enveloping algebra of a
Lie algebra b. We use freely the notation established in Section 1.

2.1. We begin by working in the following general situation. Thus, we assume that a is a
Z-graded complex Lie algebra,
o= @

nely

with the additional assumptions that ag = g and dima,, < ccforalln € Z,. Set a; = @n>0 an,
and note that it is a Z,—graded ideal in a.
Set Rt = RN Q% and fix a Chevalley basis {zF, h; : o € R*, i € I} of g, and

nt = @ Ota, g=0n ®hont.
aERT

2.2. Let F(g) be the semisimple tensor category whose objects are finite-dimensional g-
modules and morphisms are maps of g-modules. The simple objects of F(g) are just the
modules V()\), A € PT. We shall need the fact that V()\) is generated by an element vy with

relations:
ntuy =0, hvy = Ah)vy, (z, )’\(hi)ﬂv)\ =0, (2.1)

Qg

for all h € h and ¢ € I. Any object V' of F(g) is a weight module, i.e.,
V=@ Vi Vi={veV:hv=puhp, heh},

peb*
and we set wt(V) = {p € b* : V, #0}.
Let G be the category whose objects are Z-graded a-modules V' with finite-dimensional
graded components V[r]; i.e.,

V=@V, V] cObF(g)VreL
reZ
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The morphisms in G are a-module maps f : V — W such that f(V[r]) ¢ W[r] for all r € Z.
For V € G, we have

Vi=@Vulrl,  Vulrl=Vun V.
reZ

Observe that the adjoint representation of a is an object of G.
Let G be the full subcategory of G given by

VeObg <= VeO0bg, dmV < cc.
Given V € Ob F(g), let ev(V) € ObG be given by
ev(V)[0] =V, ev(V)[k] =0VEk >0,
with the a-module structure defined by setting ai ev(V) = 0 and leaving the g—action un-
changed. Clearly, any g—module morphism extends to a morphism of graded a—modules, and
we have a covariant functor ev : F(g) — G.
2.3. For r € Z, define a grading shift operator 7, : Q\ — é via
7 (V)[K] = VIk —r].
For A € P™ and r € Z, set
V(A r)=7evV(N), vy, = T0x.

Proposition. For (\,7) € PT x Z we have that V(\,7) is a simple object in G. Moreover if
(u,8) € Pt xZ, then,

VA1) =5 V(n,s) <= A=p, and r=s.

Conversely, if M € G is simple then
M =V (A r), forsome (Ar)e Pt xZ.

Proof. The first two statements are trivial. Suppose now that M is a simple object of G and
that r, s € Z are such that M[r] # 0 and M[s] # 0, and assume that > s. Then the subspace
@r>rMk] # 0 and is a proper submodule of M, contradicting the fact that M is simple.
Hence there must exist a unique r € Z such that M|[r] # 0. In particular, we have

M =5 1. ev M|r],
and also that M|[r] = V() for some A € P*. This completes the proof of the Proposition. [J

From now on, we set A = PT x Z and observe that this set parametrizes the set of simple
objects in G and G. Given V € Ob @G, we set

[V : V(A r)] = dimHomg(V(A), Vr]).
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2.4. We now turn our attention to constructing projective resolutions of the simple objects
of G. The algebra U(a) has a Z,—grading inherited from the grading on a: namely, the grade
of a monomial a; ---ay, where a; € a,,, is s; + -+ + sg. The ideal U(ay) is a graded ideal
with finite-dimensional graded pieces. By the Poincare-Birkhoff-Witt Theorem, we have an
isomorphism of Z,-graded vector spaces

U(a) = U(as) © Ulg).
If we regard a; as a g—module via the adjoint action, then we have the following result, again
by using the Poincare-Birkhoff-Witt Theorem.
Proposition. As g-modules,
U(ay)[k] = EB Sym" (a1) ® - - - ® Sym"*(ag,).
(rl,...,rk)GZi : E?lerj:k
O

Given M € Ob C?, we can regard U(a) ®y(g) M as a module for a by left multiplication.
Moreover, if we set

(U(a) ®u(g) M)[K] = (U(ay) © M)[K] = @ (U(ay)[i] @ M[k —i])
1€Z 4
then we have the following Corollary of Proposition 241
Corollary. For all M € ObG with M[s] =0 for s < 0, we have U(a) ®yy) M € Ob G. O
2.5. For (\,r) € A, set
P()\,?") = U(Cl) ®U(g) V()\,’l") € Ob éa Pxr = 1® Ux,r-
Proposition. (i) For (A, r) € A, we have that P(\,r) is generated as a Z—graded a-module
by px, with defining relations
W =0, hpas = ARpag, (25N s =0, (2.2)
for allh € b and i € I. In particular, we have that if V € Ob é, then
Homg(P(A,7), V) = Homg(V (M), VI[r]).
(i) P(A,r) is the projective cover of its unique irreducible quotient V(A7) in G.
(iii) Let K(X,r) be the kernel of the morphism P(\,r) — V(A7) which maps px, — V.
Then
KA r) = U(a)(ar @ V(A 7)),
and hence
Homg(K (A, 1), V(p,s)) #0 = Homg(as—r ® V(A),V(n)) # 0.
Proof. 1t is clear that the element py , generates P(\,r) as a a-module. Moreover, since vy ,
satisfies relations (ZTl), it follows that p) , satisfies (Z2)). The fact that they are the defining

relations is immediate from the Poincare-Birkhoff-Witt Theorem. It is now easily seen that
the map

»— 90|1®V(A,r)
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gives an isomorphism Homg(P(A,7),V) = Homg(V(A), VIr]). Since U(ay)[0] = C, we see
that dim P(\,7)x[r] = 1, and hence P(A,r) has a unique maximal graded submodule with
corresponding quotient V'(A,r). The fact that P(A,r) is projective is standard. Suppose that
there exists a projective module P € ObG and a surjective morphism ¢ : P — V(A,r);
and choose p € Py[r]| such that ¢(p) = vy,. The induced morphism ¢ : P — P(\,7) must

satisfy ¥ (p) = pa, and, hence, is surjective, proving that P(\,r) is the projective cover.
This also implies that V(A7) is the quotient of P(A,r) by imposing the additional relation
a;px, = 0. This proves that K (), r) is generated as a ay-module by ay ® V(A, 7). Hence
if ¢ € Homg(K (A, r),V(u,s)) # 0, then p(ai[s —r] ® V(A,7)) # 0, and the proof of the
Proposition is complete. ([

The following is obvious.

Corollary. Suppose that M € QA is such that M[s] = 0 for all s < 0. Then M is a quotient
of a projective object P(M) € G. O

2.6. Motivated by the preceding Proposition, we define a partial order on A as follows. Say
that (u, s) covers (A\,r)if s > r and p—\ € wt as_,. Define < to be the transitive and reflexive
closures of this relation. In particular, if (A,r) < (i, ), then A = p. It is easily checked that
< is a partial order on A.

Lemma. Let (A7), (u,s) € A. Then,
Exté(V()\, r),V(u,s)) #0 = (p,s) covers (A,r).
Proof. Using Proposition 2Z5](ii), we see that
Exté(V()\,r), V(p,s)) = Homg(K (A7), V(k, s)).
The Lemma follows from Proposition 25l(iii). O

2.7.  We can now produce a projective resolution of the simple objects of G. The resolution
is not minimal, and, in fact, it is unclear how to produce a minimal resolution. However, as
we shall see, it is adequate to compute extensions between the simple objects.

For (A\,r) € A and j € Z,, define

Pj(Ar) == P(N (ay) @ V(A7) = Ulay) @ M(ay) @ V(A,r) €G.
In particular, notice that
PiONE =0, k<r+j,  Po(hr)=V(\r)
For j > 0, define linear maps d; : P;(\,r) = Pj_1(A,r), (where we understand that P_y(\,r) =
V(A,r)) by
do: P(\,7) = V(A 1), do(u®v)=u.wv,
for w € U(ay) and v € V(A,r) and
dj =D ®idyz), J>0,
where D is the Koszul differential on the Chevalley-Eilenberg complex [ChE] for a.

Proposition. (i) Ifj > 0 and [Pj(A\,7) : V(p,s)] # 0, then (A, 1) < (p, s).
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(ii) The following is a projective resolution of V(A\,r) in G:
B PO B P ) S POV S V(A ) — 0.

Proof. If j > 0, then Pj(\,r)[r] = 0 and so [Pj(A,r) : V(A,r)] = 0. The rest of the proof
follows by an argument similar to the one in Proposition Note that P;(\, ) is projective
in G for all J € Z4 by Corollary [ZHl It is straightforward to check that d; is an a-module map,
and hence a morphism in G for all J € Z4. Finally, since d; = D ® idy(y ;) for all j, it follows

that the sequence is exact in G. O

2.8. For s € Z, let G\Ss be the full subcategory of G satisfying
VeObG = V[k]=0, k>s.
The subcategory G<s is defined similarly. Notice that
VeObG,VIkl=0k<0 = Ve €Gep, re L

For V € Ob Q\, define

Vas =P VIE, Ve =V/Vay,
k>s

and note that V<, € Ob égs. If fe Hom(j(V7 W) and s € Z, there is a natural morphism

f<s
f<s € H0m§<5(V§S’ W<s), v+ Vas = fv) + W,
The assignment V' — V<g and f — f<, defines a full, exact, and essentially surjective functor
: G — G<, for each s € Z,. The following is immediate from Propositions [24] and

Lemma. For (A\,r) € A and s € Z, we have P(\,7)<s =0 if s <r. If s > r, then P(\,7)<s
is the projective cover in G<gs of V(A,r) and P(\,r)[s] # 0 if ay # 0. O

2.9. We end this section with the following result, which shows that it is necessary to work
in G rather than G.

Lemma. G has projective objects if and only if ay = 0.

Proof. First suppose that ay = 0 and a = g is semisimple. Then G is a semisimple category
and all Ext!-groups vanish. In particular, every object in G is projective.

Suppose that a; # 0 and let P € G be a non—zero projective object in G. Since P is
finite—dimensional, we may assume without loss of generality that P is indecomposable and
maps onto V (A, r) for some (A,r) € A. For any s € Z such that P € G<;, we see from Lemma
that there exists a surjective map from P — P(\,r)<s. Suppose now that s is such that
Pls — 1] # 0 but P[s] = 0. Then we would have that P(\,r)<s[s] = 0, which contradicts
Lemma O

3. TRUNCATED CATEGORIES

In this section, we study certain Serre subcategories of G , and prove that they are directed
categories with finitely many simple objects.
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3.1. Given I' C A, let G [['] be the full subcategory of G consisting of all M such that
M eObG, [M:V(\r)]>0 = (A\r)el.

The subcategories G[I'] are defined in the obvious way. Observe that if (A\,7) € I', then
V(A7) € G[I'], and we have the following trivial result.

Lemma. The isomorphism classes of simple objects of é[F] are indexed by I. O

3.2. ForV ¢ 5, set
Vi i={veV[r:(\r)el, nto=0},
Ve=U@Vd V= V/Vyr.

It is clear that Vp and V! are Z-graded g-modules, and that they are finite-dimensional if
I' is a finite set. If f € Homé(V, W) then f(VF+) C WF+, and hence the restriction fr of f to
Vr is an element of Homg(Vp, Wr). Moreover, since f (VA\F) C W\, we also have a natural
induced map of g-modules fI : VI' — WT. It is not true in general that V; and V! are in
G [[]. However, in the case when Vi and Wr (resp. VI and W) are a-submodules, fr (resp.
fT) is a morphism in G[T'].

The following is the first step in determining a sufficient condition for this to be true. Set

A(V) ={(\,r) € A:V)[r] #0}.

Proposition. Suppose V' € G and T C A. If V1 is not an a-submodule of V', then there exist
(v,s) € A(V)\T and (A\,r) e TN A(V) such that (v,s) covers (A, ).

Proof. Since Vr is Z—graded and generated as a g—module by VF, we may assume without
loss of generality that there exists a € a and v € VFJr N V[r]x with a.v € Vp for some k € Z,
r € Z, A\ € PT. Let U be a g-module complement of V- in V. Then, the projection of av onto
U is non—zero and so there exists v € P such that the composition of g-module maps,

a, @VA\r) =V >U—=>Ulr+k|l - V(,r+k)

is non—zero. Call this nonzero composite map . Now a;.V (A, 7r) # 0, so one can show that
no nonzero maximal vector vy € V(7)) (i.e., a weight vector killed by n') is killed by all of
ax. Since a; ® Cuy is a U(b™)-submodule of a; ® V(\, 1), &(ar ® Cvy) is a nonzero U(b™)-
submodule of V (v, r 4+ k). Since {(a; ® Cuvy) is finite-dimensional, it must contain a maximal
weight vector in V (v, r + k). In particular, v, € £(a; ® Cvy) where Cv, = V (v, + k),. Hence
vy € ag.vy C V[r+ k|, so v — X € wt(ag), and we conclude that (v,r + k) covers (A, r). O

3.3. A subset I of A is said to be interval-closed if
A7) < () < (s8), (A7), (pys) €l = (v,p) €T

Proposition. Suppose I is a finite interval-closed subset of A. Let V € Ob G.
(i) Assume that for any (A\,7) € A(V)\ T there exists (p,s) € I' with (A\,r) < (u,s). Then
Vr € ObG[I'|. Furthermore, if U is a submodule of V', then

Ur, (V/U)r € ObG[T], (V/U)r = Vp/Ur.
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(ii) Assume that for any (\,7) € A(V)\ T there exists (u,s) € I' with (u,s) < (\,7). Then
VI € ObG[I]. Furthermore, if U is a submodule of V, then
U, (v/o)t e obg[r), (v/u)t =vrt/or.

Proof. Suppose that Vi is not an a-module. By Proposition B2 there exists (A, ) € A(V)NT
and (v,s) € A(V)\ T such that (A\,7) < (v,s). By hypothesis we can choose (u, k) € I' with
(A7) = (v,8) =< (1, k) which contradicts the fact that I' is interval-closed. Suppose now that
we have a short exact sequence

0—-U—=V-—->W-=0

of objects of G. Since A(V) = A(U)UA(W), it is clear that U and W both satisfy the hypothesis
of (i) and, hence, U, Wr € G[T'] and hence the inclusion of U in V induces a G[T']-morphism
Ur — Vr which is obviously injective since Uff C Vlf . Similarly Wr is a quotient of V1 as
objects of G [['] and the exactness follows by noting that Vr = Upr @ Wt as g-modules.

The proof of part (ii) is similar and hence omitted. O

3.4. We now construct projective objects and projective resolutions of simple objects in G Iy
when I is finite and interval-closed.

Proposition. Suppose I' C A is finite and interval-closed with respect to <, and assume that
(A7), (s s) €T

(i) P(\,m)! is the projective cover in G[I'] of V(A 7).

(ii) We have

[P(A,7):V(p,s)] = [P()\,T‘)F : V(, 5)] = dim Homgpy (P(/J,,S)F,P()\,T)F).
(iii) Homg(P(X, 1), P(p, s)) = Homgrj(P(A, 7)", P(p, 5)").
(iv) For all j € Z, Pj(u,s)' € G[T]. The induced sequence

dy r d r 4 r d
o= Poy(p,8) — Pi(p,s)” — P(p,s) — V(p,s) — 0

is a finite projective resolution of V(u,s) € G[I'].

Proof. By Proposition [2Z.5(iii), we see that

(v, k) = (A7), (v k) € A(P(A )\ {(A, 7))}
By Propc/)\sition(ii) we see that P(\, )" € G[I'] and maps onto V (A, 7). Let K = P(\, T)A\T
thus, in G, we have a short exact sequence

0— K — P(\r) = P(A\,r)" = 0.
Applying HomgA(—, V(u,s)) yields the long exact sequence
-+ = Homg(K, V(p, s)) — EX%(P()\, Y,V (u,s)) = 0.

If (1, s) € I', we have,

Homg (K, V (1, s)) = Homg(K[s], V() =0,

and hence we have
BxtL (PO, )T,V (1,5) = .
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In particular, this proves that
EXté[F] (P(Av T)Fa V(Ma 5)) =0,

and hence P(\,7)' is a projective object of G[I']. The proof that P(\,7)' is the projective
cover of V(A,r) is similar to the proof given in Proposition 2.5l
For (ii), we again consider the short exact sequence

0— K — P(\7)— P\ ) —o0.
Since F(g) is a semisimple category, we have,
dim Homg (V (1), P(X, 7)[s]) = dim Homg(V (1), P(X, 7)" [s]) + dim Homg (V' (), K[s]).
By the definition of K, we have,
Homg(V (), K[s)) =0, (ns) €T,

and hence we get

[POL) = Vi, )] = [P )"V (u, 5)].

The second equality follows by imitating (in G[I']) the proof of the first part of Proposition 21l
For (iii), choose a nonzero f € Homg(P(A,r), P(p, s)). Then, f(1® V(A7) & P(p, s)ars

so fI' # 0. Thus, we have an injective map

Homg(P(A,r), P(1, 5)) - Homgiry(P(A, 1)\, P(u, )").

Since both of these spaces have the same dimension (by part (i7) and Proposition [25i)), the
map is an isomorphism.

For (iv), first note that P;(\,r)l' € ObG[I'] by Proposition EX7(i) and Proposition B.3(ii).
Furthermore, a similar procedure as in part (i) shows that Pj(A, )l is projective in G[I']. The
fact that the resolution terminates after finitely many steps follows from the fact that I' is
finite, along with the fact that P;(\,7)[k] =0 for all k < r + j. O

3.5.  We recall the following definition from [CPS],[PSW], where we define a length category
in the sense of |[Gab].

Definition. Suppose C is an abelian C-linear length category. We say that C is directed if:

(i) The simple objects in C are parametrized by a poset (II, <) such that the set {£ € II :
¢ < 7} is finite for all 7 € II.
(ii) For all simple objects S(£), S(7) € C, Ext;(S(£), (7)) #0 = £ < 7.

In the case when (II, <) is finite, a directed category is highest weight in the sense of [CPS].

We end this section by noting that we have established that for any subset I' of A, the
category G[I'] is directed, and if T" is finite and interval-closed, then G[I'] is a directed highest
weight category.
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4. UNDEFORMED INFINITESIMAL HECKE ALGEBRAS

For the rest of the paper, we restrict our attention to the case when a; = 0 for all £ > 1 and
a; =V, where V € F(g) is such that wt(V') # {0}. In this case, the algebra a = g x V' and we
identify V' with the abelian ideal 0 x V' of a. In particular, this means that U(ay) = Sym(V),
and it is immediate that

Pi(\ ) =U(gx V) @y NV @ V(Ar)
is generated as an a-module by the component of degree r 4+ j. This motivates our search for

Koszulity in this picture.

4.1. We begin by computing extensions between the simple objects.
Proposition. For all j € Zy and (u,7),(v,s) € A,

j ~ Hom (AjV@V(M)av(V))7 Zf.] =8§=r
j ~ g
EXté(V(’u’ ), V(v,s)) = { 0, otherwise.

Proof. Truncating the projective resolution from Proposition [Z7(ii) at
d; dj_
5 P () 25 imdy — 0 yields
ExtL(V(u,7),V(v,5)) = Extg(imd;-1,V (v, ).
Applying HomgA(—, V (v, s)) to the short exact sequence
0— 1md] — ijl(u,T‘) — imdj,1 —0
yields the exact sequence
0 — Homg(imd;—1, V(v,s)) = Homg(Pj—1(p, 1),V (v, s)) =
Homg(imd;, V (v, s)) — Exté(im dj—1,V(v,s)) = 0.
The result follows if we prove that
Homg(imd;, V(v,s)) #0 = j=s—r.
Suppose f € Homg(imd;,V(v,s)) is nonzero and choose v € imd;[s] with f(v) # 0. It is

easily seen that we may write

v= Z(up ® 1)dj(1 ® wp)v U’p € Sym‘/v wp S /\JV ® V(/,L,’I”),
P
and hence we have
flo) = (up @ D f(dj(1 ® wp)).
P

Since d;j(1 ® w,) € imd;[j + r] for all p, we see that f(v) € V(v,s)[r + j] and hence s = r + j.

If j = s —r, then since V7'V ® V(u,r) is concentrated in degree s — 1 and Pj_1(u,r) is
the projective cover of A1V @ V(u,r), we have

Homg(Ps—r—1(p,7),V (v, ) =0,
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and:
Bt (V(jn.r), Vv, )) & Exth(im do 1, V(v.5))
= Homg(imds—, V(v,s)) = Homg((imds—r)[S]yV(V))
= Homg(A* "V @ V(w),V(v)).
This completes the proof of the Proposition. O

4.2. IfT' C A is finite and interval-closed, then we can make the following observation regard-
ing Ext-groups in the truncated subcategory G[I].

Proposition. Let T' be finite and interval-closed. For all (u,r), (v, s) € ', we have
Extgy(V (1,7), V (v, 8)) 2 ExtL(V (u,7), V (v, 9)) V) € Z.

Proof. By Proposition [2Z71and Proposition 3.4, we have a projective resolution P (i, s) of each
simple object V(u, s) in G[['] and G. Then one shows as in [CG2l, Proposition 3.3], that for all
(\r)eTl

Homg (P (,U,, )7 V()\,T')) - Homg[r] (PO(M7 S)Fa V(A,T’))
is an isomorphism. O
4.3. Define P(I):= @ P(\r), and set
(A\r)el
B(T) := Endg P(T"), and B" (T') := Endgry(P(I)").
Notice that B(T") is graded via

BOK = @  Homg(PO\r), P(u,r — k).

()\,T),(}L,T—k?)

In particular, B(I')[0] = €D, ,)er Endg(P(A, 7).

Proposition. IfT" C A is finite and interval-closed, then the category G[I'| is equivalent to the
category of right modules over B(T).

Proof. By Proposition BA4liii), B(I") = BY(T) if T is finite and interval-closed; thus, it is
standard ([B, Theorem II.1.3]) that

Homgp (P(I)", —) : G[T] — Mod —B(T)

is an equivalence of categories. ([

5. FACES OoF PoLYTOPES AND K0OSZUL ALGEBRAS

This section is devoted to proving the main theorem.
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5.1.  We begin with a key technical observation about the set of weights which lie on a face
of the weight polytope of V. Namely, we wish to consider the subsets ¥ C wt(V') that satisfy
the following property:

If Z Mt = Z rgB, for mq,rg € Z4, (5.1)
acV Bewt(V)
then Z Me < Z rg, with equality if and only if 3 € ¥ whenever 5 > 0.
@ B

The main result of [KhRi] states that ¥ satisfies (B1)) if and only if the set ¥ lies on a
proper face of the weight polytope of V.

5.2.  For our next result, recall dy and <y defined in Section 1.4.

Proposition. Suppose ¥ C wt(V') satisfies (B.1)).

(i) <w is a partial order on bh*. Moreover,

dy(n, 1) + du(p,v) = dw(n,v) Vn <y p <y vebh”

(ii) W induces a refinement <y of the partial order < on A = Pt x Z via: (u,r) <w (), s)
if and only if p <y A and dy(p, \) = s —r. If the interval [(v,1), (1, $)]|<y s nonempty,
then [(Va T)? (/'57 5)]#\1} = [(V7 T)a (/% S)]%‘

Proof. By definition, <y is reflexive and transitive. To see that <y is anti-symmetric, let

v— = Zmﬁ, n—v= ngb’, rg,mg € Zy ¥V € V.
Bew BeV
Then,
0= Z(Tﬁ +mg)p,
BeV
which gives rg + mg = 0 for all § € ¥ using condition (G.IJ). In particular, rg = 0 for all

B € WV, so u = r. This shows that <y is a partial order on h*.
Suppose that p <y v, and let

V—u= 27’5,32 ngﬂ, Tﬁ,m5€Z+Vﬂ€\I/.
Bew Bevw
Applying condition (B.]) to each sum gives
D<)y ms <) s
BEY pew pew
which shows that dy (i, v) is taken over a singleton set. This uniqueness and the fact that
A—pu=(A—=v)+ (v—p) show that dy(u,v) + dy(v, \) = dy(u, \).
The fact that <y is a partial order follows immediately from part ().
Notice that
() X (N,8) <= A—pu= Z myv, my, € Z Vv € wt(V), Z m, =s—r.
vewt(V) vewt(V)
It follows immediately that <y is a refinement of < and that the interval [(v,7), (i, s)]<, is a
subset of [(v,7), (i, s)]< for all (v,7) v (1, s).
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Now, suppose that
) < (1) < (1,8), (V1) <w (p,8) €T

Then, we can write

t—s s—r
“_":Z@'v W—VZZ%, Bi,vj € wt(V) Vi, j.
i=1 j=1

Since
p—v=(p-—n)+Mn—v), and (s —t)+ (t —r) = s —r =du(p ),
it follows that f3;,v; € ¥ for all 4, j by condition (B.I]). This gives
(er) &34 (777t) < (:uv 3)7
which proves (ii). O
Remark. In [CG2|, the authors work with V' = g,q and ¥ C R*. However, they use the

partial order <§, on A given by (A, r) i (i, s) if and only if 4 <g X and dy(p, ) = s — 7.
We use <y instead, because -4(1, is not a refinement of the standard partial order < on A.

5.3.  We need the following well-known result.

Lemma. Suppose g is a complex semisimple Lie algebra, V € F(g), and X\, € PT. Define
Vti={veV :ntv=0}.

(i) dimHomg(V(\),V) =dim(V*t NVjy).

(ii) As vector spaces,

Homg(V @ V (), V(N) = {v € Va_,, : (xf )i+l = (x5 ) h) 1y = 0},

5.4.  We now discuss some results on specific sets of g-module homomorphisms which will be
useful later. Recall that A € PT is said to be reqular if A(h;) > 0 for all ; € I.

Lemma. Suppose ¥ C wt(V) satisfies condition (B.I)). Define Ay 1= 3 ¢ (dimV,)p € P
and Ny :=3_ oy (dimV),).

(i) Ifv,v+ Ay € PT, then dim Homg(AM*V @ V(v), V(v + Ag)) < 1.
(ii) Given n € P, there exists v € P such that v,v + Ay € PT are both regular, n < v, and

dimHomg(/\N‘I’V QV(w),V(v+Ay)) =1
Proof. Suppose vy, A+ Ay € (AN¥V)),, where each v, € V,,,. Then
pit ot vy =Ae =Y (dim V), Ny=  dimV,,
pnew HeV

so p; € ¥ Vi by condition (BI). In particular, dim(AM*V),, = 1. Hence (i) follows by
Lemma [5.3]
Now suppose that (AM*V),, = Cv. Let

Ao =Y diwi, n=Y ciw;.

i€l el
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Let 2p =) cp+ @ =2) ;. ;w;. Choose k € Z, sufficiently large such that
¢ +2k,ci+d; +2k €N
and

(er )ci+2k+1v — (:L‘;i)cieriJerJer —0Viel.

Let v = n+ 2kp. Then, n < v, and it follows from Lemma [5.3] that
Homgy (AN V @ V(v), V(v + Ay)) = Cv,

which proves (7). O
9.9.
Lemma. Fiz (u,r) € A. Suppose I' C A is finite and interval-closed with respect to <y. Also,
assume that (u,r) <w (v,s) V (v,s) € I.
(i) If Homgir (P(v,s)', P(v/,s")') £ 0, then (V', ") < (v, 8).
(ii) IfExtJ[ }(V( s, V(v,s)) #0, then (V',s') <v (v,8), j=du(V,v).
(iii) gldimG[I'] < Ny, and equality holds for some (u,r) € A and some I'.
Proof.
(i) Suppose that Homgp(P (v, s)', P(v/,s")') # 0. Then, by Proposition 8.4 and Proposi-

tion 2.5]

Homg(V (v), Sym*™' V @ V(1)) # 0.
Using Lemma [5:3 and Steinberg’s formula [Huml, §24],

v—v = Z_:&, & € wt(V).

i=1
On the other hand, since (u,r) <v (v, ), (V,s') € T,

s’ —r

S—Tr
vep=> mi V' —p=> np i €T V) k
j= k=1

Combining these gives

S—’I“

s—r
vep=y n= Z&Jank
j=1

Finally, since U satisfies (B.l) and s —r = (s — §') + (s’ — 1), we get & € ¥ Vi, whence
(v',s') v (v, 9).
(ii) Suppose EXté[F](V(I//, s"),V(v,s)) # 0. By Propositions Bl and 2, j = s — s" and

Homy(AV @ V(v),V (V) # 0.

Using Lemma 53] v/ — v =& + -+ + & for some & € wt(V). Since ¥ satisfies (5.1]), an
argument similar to part (i) shows that §; € U Viand v <y v/. Finally, by Proposition .2,
j = dg(v,V') and, therefore, (v, s) g (V/,5).
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(iii) Since G[I'] is a length category, it suffices to work with extensions between simple objects.
By Propositions 1] and again, we have

J
Ext a[ry

so gldim G[I'] < Ny.
Using Lemma [5.4],

(V(v,s),V(/,s)) #0 = Homg(/\jV @ V), V({)) #0,

Homgr) (A V'@ V (), V(i + Aw)) # 0
for some p, pp + Ay € Pt. Let r € Z and define
Ii= (), (04 Aws 7+ Nw)l<g -
Then, gldim G[I'] = Ny. O

5.6.

Theorem. Assume that I' C A is finite and interval-closed under <g. Then, the algebra
B(I)°P is Koszul.

Proof. We use the numerical condition from [BGS, Theorem 2.11.1] to show Koszulity. Let
B = B(I")°P. We note that the |I'| x |['|-Hilbert matrices H(B,t) of B and H(F(B),t) of its
Yoneda algebra E(B) are lower triangular in this case.

Note from the definition of the grading that B[0] is semisimple, commutative, and spanned
by pairwise orthogonal idempotents {1(,,) : (v,s) € I'}. For each (V/,s") <y (v,8) € T, we
compute:

(& her

- (—)569) dim Ext@r ) (V (€, 1), V (1, 8) - ¢4 D[P/, ) 2 V(€]
V' <gE<yv ' ) A

- Z (_1)]td\y(y ) [P(V/7 SI)F : V(f, l)] dim Eth;’[l"](V(ga l)7 V(V7 S))a

where the first equality is by definition, the second uses the definitions of the Hilbert matrices,
and the third uses Proposition and Lemma Now use the long exact sequence of Ext
groups and a Jordan-Holder series for P(v/,s')', along with the fact that all P(v/,s')l are
projective, to obtain:

— w0 ) 3 (21) dim Exct/,
Jj=>0

_ tdq/(l/ V) dim HOIIlg[F] (P(I//, S/)Fa V(U, 5))

= tdqj (v'.v) 5(1/,8’),(11,8) = 5(’//73/)1(1’75)'

Thus, H(E(B), —t)H(B,t) is the identity matrix, so B = B(I")°? is Koszul by [BGS, Theorem
2.11.1]. O

(PO $) V(0 9))
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5.7. We are now ready to approach the proof of Theorem The following Lemma will
provide a major component of the proof. Let m; : A — PT be the projection map onto the
first coordinate. Recall that A = Sym V.

Lemma. Fiz (u,r) € A. Let I' C A be finite and interval-closed with (p,r) <w (v,s) V (v, s) €
. Then, B(I")°P has global dimension at most Ny, and
B(L)*P = Ay (m (L))
as Zy-graded algebras.
Proof. By definition,
LAY [du ()L, = (V(r)" @ Sym™ IV @ V(w)e.

For any finite-dimensional g-modules, V, W, the map

> (fiow) = (v Zfi(”)wi)

gives an isomorphism (V* ® W)? = Homg(V, W). In particular,

(V(v)* @ Sym™ W) V @ V(1))® = Homg(V (v), Sym®™ 1)V @ V().
Finally,

Pp,r)[r +dy(p,v)] = (Ula) @ug) VA )+ dw(p,v)]
= Sym@EI vV @ V()

by Proposition 4] and

Homg (V (1), Sym™ ") V @ V(1)) 2 Homg(P(v,r + du (11, v)), P, 7))
by Proposition

Notice that the product of the terms 1, A} [dw(p,)]1,, is from left to right, whereas the

composition of the Hom-spaces is from right to left. The bound on global dimensions follows
from Lemma ([

5.8.  We are now able to prove our main result:

Proof of Theorem[I.8. Notice first that <y v and [u,v]y are finite and interval-closed, so
Ay (<g v)? and Ag([u, v]y)? are Koszul and have finite global dimension by Lemma 57 and
Theorem

It remains to show the results for Ay (p <y)? and A?I,. We begin by showing that the
algebras in question have finite global dimension. We only show the proof for AY,; the proof
is similar for Ag(pu <g)9.

Suppose € Pt, and let S, be the simple left A?I,—module corresponding to the idempotent
1,. Recall that 1VA?IJ]-;,L # 0 only if 4 <g v by Lemma 5.7 Thus, the projective cover of S,
in the category of finite-dimensional left Af-modules is

Pyi=AY1, = P LAY = Au(n <e)%1,.
H<gv
As in Proposition 23], this yields that

[P, :Su]>0= pn <y,
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so we obtain a projective resolution of S, in the category of finite-dimensional left Ay (u <w)®-
modules. Applying Hom AY (—,Sy) to this projective resolution and using Lemma [(.7] and

Lemma [5.7] the statements on the global dimension follow from the result for Ay (<y v)? and
Ay ([, v]w)?.

It remains to show that AY, and Ay (u <y)? are Koszul. The proof is finished by adapting
the proof of the analogous theorem in [CG2] while keeping in mind that we use a different
definition for <y and the reverse ordering on the summands of A. A brief summary of the
proof for AY, is provided for the reader (see [Ri] for more details):

Let TV = VT (V)® V. Use the kernel of the canonical projection IT : TV — A to show
that AY, is quadratic. Finally, show that the Koszul resolution of Aj, is exact, which shows
that A, is Koszul by [BGS| Theorem 2.6.1]. O

We conclude by remarking that it is possible to construct a linear graded resolution for the
algebras addressed in Theorem [[LGl More generally, such a resolution has been constructed for
every Koszul algebra in [BGS| Theorem 2.6.1].
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