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Abstract

We investigate the asymptotic expansion and the renormalized volume of minimal submanifolds, Y™
of arbitrary codimension in Poincare-Einstein manifolds, M™*!. In particular, we derive formulae for
the first and second variations of renormalized volume for Y™ C M" " when m < n + 1. We apply
our formulae to the codimension 1 and the M = H""! case, exhibiting a small correction to [2] when
n = 2. Furthermore, we prove the existence of an asymptotic description of our minimal submanifold,
Y, over the boundary cylinder 8Y x R", and we further derive an L?-inner-product relationship between
ug and um+1 when M = H"'. Our results apply to a slightly more general class of manifolds, which
are conformally compact with a metric that has an even expansion up to high order near the boundary.

1 Introduction
We consider the half-space model of H"*! = {(y,z) | y € R", x € R*} equipped with the complete metric

dy? + -+ dy? + dz?
9= 22

Renormalized volume arises by trying to make sense of the m-dimensional volume of noncompact Y™ C H"**!
which intersect JH"*! in a compact (m — 1)-submanifold, v, C™Th%embedded in OH"*! = R". The
hyperbolic metric is singular along the boundary H"*! = {z = 0}, and the m-dimensional volume is a
priori infinite. But because Y = v C R" is prescribed and Y is minimal, we know the precise manner in
which the volume of appropriate cutoffs diverge. The original definition of renormalized volume comes from
an asymptotic expansion of the m-dimensional volume of Y N {x > ¢} as e — 0

/ dAy = ape " 4+ 4 ay_1e +am, + O(e)
xr>€

and then defining the renormalized volume
VY):=anm

The process of expanding in € is known as Hadamard regularization, and it can be used to compute renormal-
ized volume in more general contexts, including Poincaré-Einstein (hereon labeled as “PE”) spaces. Though
V(Y) no longer represents the “volume” of Y, it is a Riemannian invariant that reflects the topology and
conformal geometry of Y when m is even (cf [2], Proposition 3.1). When m is odd, the definition depends
on the choice of representative of the conformal infinity of g, but the “conformal anomaly” is computable
and of physical interest.

Our goal is to compute formulae for the first and second variations of renormalized volume for minimal
submanifolds of PE spaces. This requires us to prove regularity of minimal submanifolds in PE spaces,
which is needed to formally expand the volume form as ¢ — 0. Renormalized volume is typically defined
using Hadamard regularization (notable exceptions [24] [I]). We find it more convenient to use Riesz regu-
larization [2.4] an equivalent way of defining renormalized volume. Formulae for variations of renormalized
volume appear for Y2 C H® in [2], and this paper was the primary motivation for our work. We prove
results for Y™ C M™*! of arbitrary dimension and codimension with M PE. When m is odd, renormalized



volume depends on the choice of representative in the conformal class of the metric. However, any two such
choices lead to definitions of renormalized volume that differ by a boundary integral, depending only on the
curvature of v = 9Y, and not the “global” data of Y in the interior. The first and second variations of
renormalized volume for m odd are similarly well defined up to a “local” boundary integral.

1.1 Background

Renormalized volume was originally studied in high energy physics and string theory. We state its physical
significance here for historical record: for a k-brane in string theory, one can associate a k-dimensional sub-
manifold, Y, of an ambient manifold, X" The expected value of the Wilson line operator of the boundary,
W(9Y), is then given by exp(—TV(Y)) where T is the string tension and V(Y) is the renormalized volume
[12]. Henningson and Skenderis [I7] were the first to compute renormalized volume (in the literature, “Weyl
Anomaly”) for low dimension odd examples, and Graham and Witten developed the mathematical theory
shortly after.

We are interested in the renormalized volume of minimal submanifolds Y C M"™t! where M is a con-
formally compact, asymptotically hyperbolic, and has an even metric to high order in terms of a “boundary
defining function” x. While M = H"*! is the primary example, we are generally motivated by PE spaces
and their deep history. Graham and Lee [I1] first discuss existence of PE metrics on B"*! with M = S™.
Graham and Witten [I2] is the most relevant work for us. They show that renormalized volume is mathemat-
ically defined for even dimensional submanifolds of PE spaces, and that a graphical expansion for Y minimal
is even in its bdf to high order (assuming the expansion exists). One of the main results of this paper is to
show existence of such an expansion in aribtrary codimension. There is a long history of showing regularity
in codimension one, including Lin [21I], Guan, Spruck, Szapiel [15], Tonegawa [28], Han, Sehn, Wang [16],
and Jiang [I9]. More recently, Mazzeo and Alexakis [2] derive a formula for the first and second variation of
renormalized area for Y2 C H3. They also show that these variations record a Dirichlet-to-Neumann type
operator, and we generalize the variation formulas. Nguyen and Fine investigate renormalized area through
their work on weighted monotonicity theorems with applications to the renormalized area of minimal surfaces
in [23]. They have further work on minimal Y2 C H* in preparation.

1.2 Statement of Results

We work with (M"*! ¢) PE and Y™ C M"*! minimal (m > 2), conformally compact with boundary
~v=0Y =Y NOM. We require that Y be embedded in some neighborhood of its boundary, v = dY. WLOG
we assume that 7 is connected and C™*1® embedded in M. Let z be a bdf for M in a neighborhood of
OM and consider the cylinder over the boundary:

P=yx[0,={@s)|scy, 0<z<é

We assume Y is graphical over T' in a neighborhood of the boundary (see figure [I) and describe Y via the
exponential map

Y {z < e} = {&xpr(u(s, v))} (1)

where exp denotes the exponential map taken with respect to the compactified metric, g = x2g, restricted to
elements of N(T'). Here u = u"N; € NT where {N;(s,z)} is a normal frame for I and u satisfies a degenerate
elliptic equation coming from Y being minimal. In §3] we establish regularity of u and prove theorem

Theorem. For Y™ C M"™*! minimal and v = u’N; satisfying (I]), we have

' uh(s)a? +uf(s)at + -+ ul (s)a™ +ul L (s)z™ T 4 m even
uls, ) =9 | | |
uh(s)z? +uf(s)zt + -+ ul, 4 (s)2™ T + Ul(s)a™ 1 log(x) + tma(s)z™ 2 + ... m odd

for C™+1:@ coefficients uy(s) and U(s).



M= ]I_Inﬂ

Figure 1

contains the full details. To make similar statements to the above but more concisely, we recall notation
from [I]: let

f:T—=R
f(s:2) = fols) + fu(s)z+ - 4 fn(s)2™ + Oz ")
and define
F:C®T) = Z
0 if fis O(a™+)
F(f) = 1 if f is even below ™ and not O(z™*1)
] -1 if f is odd below #™ and not O(z™*1)

undefined else

When m is odd, we define the above but replacing m — m + 1 and allowing for 2 *! log(x) terms. We will
often omit the case of F = 0 and write F = 1 or F = —1 for our computations, i.e. any statement of F = £1
should be interpreted as F € {0,£1} (see for a full definition and convention). We note that theorem
[-1becomes, F(u) =1 (or F(u) = 0, implicitly). With this, we informally state theorem [£.1]in codimension
1

Theorem. Suppose that Y C M"*! minimal with h = g even up to order ™. Let p € Y, A :
TY

§ym2 (TY) — N(Y) denote the second fundamental form, 7 be a normal to Y, both with respect to g. Then
A and its covariant derivatives are even up to order x™.

See §4] for the full theorem. We also consider variations of Y among the space of minimal submanifolds. We
can describe a smooth family of minimal submanifolds as

Y, = expy (St)
for S; € N(Y) a smooth function of ¢ and expy the exponential map with respect to h = g v Let

S = F*(at)‘ and S = Vi, 0,)F«(0:)| . Both satisfy Jacobi equations when {Y;} is a family of minimal
t=0 t=0
submanifolds, giving regularity and parity. in codimension 1 we can write

S = ¢(s,2)v(s, x)
S = é(s,x)v(s, z)

for 7 a normal to Y with respect to g (see figure . We informally state theorem [5.1



Figure 2

Theorem. For {Y;} a family of minimal submanifolds, and S = q.S(s, v, S = dv:

Vi, F(¢Y)

H=1
Vi, F(¢')=1

ie. ¢ and q5 are even in x to high order - see section §5|for full details. We remark that in order to compute
an equation for §, we compute the second variation of mean curvature (i.e. third variation of area). The
author was unable to find this result in the literature, so it is stated in proposition [2| In codimension 1, we
get corollary

Proposition. For {Y;} a family of minimal submanifolds, and S = ¢(s, x)V, S = ¢v, we have that

d2
ﬁH(t)‘

o = (@) +G(6,V6, D)y =0

where F(G(¢, Vo, D2p)) =1

We then compute the first and second variations of renormalized volume in theorem In codimension 1,
n even, with k,11 =0 (e.g. M =H""!/T, see (3)), we get propositions

Theorem.

%V(K&) =+ 1)/7450(3)%“(5) dA.(s)
2 b . .
S?V(Yt) = L ( — (4 Dottni1 + (1 = n)o(s)dnr1(s)
+ do(5)* [(n = 1)(n = 2) = 430 = Duztni (5)] ) dA4(s)

The full theorem in arbitrary codimension and m odd is stated in §8] We note that while M being PE is
the most natural setting, our results hold for a slightly larger class of manifolds - namely those that are
conformally compact with a metric, g, that splits as in with k(z, s) satisfying .

As an application of the second variation formula and regularity of u, we prove the following projection
relationship, proposition [3]



Theorem. For n even, Y C H"*! minimal with graphical expansion given by u(s, x), we have

(ug, unt1)r2(y) _ (n—1)(n —2)

Vol(«)  2(n2—6n+1)

Remark when n =2 we get that (ug,ug), =0

1.3 Outline of Proofs
This paper has 3 goals:

e In we show that Y can be described in Fermi coordinates by a graphical function u. We prove
that u has an even expansion as as we approach the boundary, and that u is highly regular (formally
“polyhomogeneous”) in this domain

— The proof relies on Allard’s regularity theorem, as well as geometric microlocal techniques from
[26], and standard PDE arguments. The author suspects that Allard’s theorem can be avoided in
establishing the regularity of Y, but have yet to find such a proof.

— Several authors have contributed to the existence, regularity, and asymptotic expansions of min-
imal hypersurfaces in hyperbolic space, including Lin [2I], Guan, Spruck, Szapiel [15], Tonegawa
[28], Han, Sehn, Wang [16], and Jiang [19]. These authors primarily use classical PDE techniques,
and by contrast, we use methods from geometric microlocal analysis to establish regularity.

— This immediately shows that h =g ; and Ay have corresponding even expansions in z as well

e In we consider a family of submanifolds close to Y, {Yt} with Y;—o =Y. Each Y; can be written as
Y, = expy (Si(p)) for some S; € N(Y). We show that S and S are regular and admit even asymptotic
expansions, by computing the first and second variations of mean curvature.

e In §8 and we prove a formula for the first and second variations of renormalized volume for families
of minimal submanifolds {¥;} C M"*1. Such formulae appear for minimal surfaces in H* in [2], and
we extend their results to Y™ C M™+! for m and n arbitrary, and M a PE manifold. Past research
(2] [1 [12]) focuses on m even, however we extend our results to m odd as well.

e In we specialize our result to the codimension 1 case, i.e. m = n, yielding a slight correction to
the second variation formula in [2]. We use this to prove an L2-orthogonality result in

The author wishes to thank Rafe Mazzeo for providing the inspiration for this problem, as well as his time
spent across many meetings. The author also wishes to thank Otis Chodosh for suggesting the application in
as well as Brian White and Joel Spruck, for their insight on barrier arguments for minimal submanifolds.

2 Preliminaries

2.1 Defining Renormalized Volume

Consider M™ a Poincare-Einstein manifold. For 2 : M — RZ0 a special bdf, the metric splits in Graham-Lee

Normal form as s K(s.2)
xr° + K(S,T
9= 22 (2)

with (s, ) smooth coordinates on a neighborhood, U, of M, with U = 0M x [0,b) for b > 0. Here, k(s, z)
is a smooth tensor on TOM, i.e. k(d,-) = 0, and it has an even expansion in z up to order z™~2 (z™~1)
when m is even (odd), i.e.
meven = k(s,x) = ko(s) + 2%ka(s) + -+ kpm_2(8)2™ 2 + kpp_1(8)2™ L + kp(s)2™ 4+ O(z™ 1) (3)
modd = k(s,z,2) =ko+2%ka + -+ 2" k1 + 2™ Hog(@) K 4+ 2™k, + 2™ kpyr + O(2™1?)



we then compute

1
dVol = y/det gdx N ds = —Vdet k dz N ds
x

In [9], Graham showed that for m even,
q(z,8) = Vdet k = q0(8) + q2(8)z + - + @ ()™ + @y 1 (s)z™ T + ...

i.e. Tr(k;,—1) = 0 and q is even up to order m. For m even, define

V(M) ::FP/ dvVol
T>€

e—0

b
/ dVol = (/ +/ ) A:9) 4
x>€ x>b € xm

b
= / dVol + / [27"qo(s) + 2™ 2qa(s) + - -+ + gm(s) + R(s,z)|dsdx
z>b r=¢€

b—m+1 _ E_m+1

=1(b) + co(s) + -+ em(s)(b—¢€) + F(bye)

1-m

where R(s,z) = O(x) and

Renormalized volume is then

m/2 p—m+l _ —mil
k=0
m/2 p—m+1
= I(b) +F(b,0)—|—262k(3) =m
k=0

A priori, using x seems arbitrary, as there could be several functions like x for which we have an asymptotic
expansion in e. Formally, we require z to be a “special bdf” which we define in One can show that
renormalized volume is a geometrically natural quantity to consider as it is:

e Independent of the parameter b

e Independent of the choice of special bdf, x, or equivalently independent of the representative in the

conformal infinity, kg = g
¥
The former fact follows by keeping track of boundary terms when integrating applying the FTC. The latter
is discussed in [I2] among other sources, and are also shown in These properties only hold for m even.
Renormalized volume is defined similarly for odd dimensional submanifolds and is done in However,
the renormalized volume depends on the choice of z, and hence depends on the choice of representative of
the conformal infinity.

Note that to have an expansion for k(s,z) (and hence ¢(s,x)) in the first place, there needs to be some
regularity of the metric as we approach the boundary. When we handle the case of Y™ C M"™+! with the
metric induced by resstriction, this amounts to regqularity of Y itself. Thus, when we prove regularity of
Y, we implicitly prove that renormalized volume is mathematically defined for our class of Y™ C Mn™+!
minimal.



2.2 Brief Review of Poincaré-Einstein Manifolds

The splitting of the metric in is motivated by Graham-Lee Normal Form [I1I] [6] for Poincaré-Einstein
(PE) manifolds. A Riemannian manifold (M, g) is Einstein if ¢ satisfies the Einstein equations. The manifold
is Poincare if g is conformally compact, i.e. the boundary is compact and there exists a function

p: M — R s.t. {p=0} =0M, Volom # 0

and § = p?g is a nondegenerate metric on M. Here, V := V9 and we call § := p?h the compactified
metric. Furthermore, p is a boundary defining function (bdf). We are interested in gloas and how it
determines § on the interior. Note that if ¢ : M — R7 is a positive smooth function, then j = p is also
a boundary defining function. As a result, we can consider the conformal class [g|oas], which we call the
conformal infinity. For PE manifolds with a chosen representative, kg, in the conformal infinity, there exists
a bdf z, for which g splits as in equation [2} Moreover, k(s,z) is regular up to order 2™ as shown in [I1].
The bdf z is special if
dog(x)]], = 1

holds in a neighborhood of M. Furthremore, by equation we have kg = 2%g onr” Given these conditions,
M

x is unique (see [5] for details). Renormalized volume is conformally invariant for m even in the sense that
it does not depend on the choice of kg € [g|oar] and the corresponding special bdf used. Thus, we can define
renormalized volume for m even as long as we use a special bdf (see [I] [12]).

Example. Consider the Poincare Ball model of hyperbolic space M = H3. The metric on H? is

9= T [dr® + r?d¢” + 17 sin® ¢db”]
-Tr

is Einstein. We want to find a special bdf, p, for H?. We assume that it is rotationally symmetric, i.e.
po = pp = 0. With this, we compute

o (1 — 7”2)2

2
pE .
1 =||dlog(p)||2 = ;g” = 0, (log(p))*—

we take the negative root and get
-2
9y (log(p)) = 1,2
Integrating and exponentiating, we compute

1—r
=A
P 147

for 0 < r < 1 and some constant A. Note that as long as A # 0, we have p~1(0) = {r = 1} = 52,
which is the boundary of H3. Suppose that we want to prescribe the standard metric on this boundary. i.e.
ko(0) = sin® ¢pdf? + dp>. Then we have that

ko = p*h| = 47142[(#2 + r2d¢? + r¥sin® pdf?)| = ﬁ[dgb? + sin? ¢d6?]
0 r=1 (1+7)* r—1 16
so we choose A = 2 so that p is positive. Se see that g = E‘BM = ko. Note that
- _ 1+nr* -4
Vp =79"7(0ip)0; =G " (0rp)0r = . Or
Vp = —0,
r=1

which is non-zero.

We can also compute the renormalized volume of Y = H? C H? = M in this model.



Example. Consider the Poincare Ball model of hyperbolic space with H? C H? represented as the geodesic
disk (see figure . The restricted metric on H? corresponds to when ¢ = /2

h:=g| = dr® + r?d6?]

w = A=

Because p = 2(11+_:) is rotationally symmetric, it is the special bdf for H? by the same computation.

4(er + Tszsz)

M= §3,g=
(1-»7

{p=0}

Figure 3: Poincare Ball model framed as PE manifold, with H? submanifold

With this, we can compute the renormalized area of H? C H3

4
V#H?)=FP [ dA=FP / L drdf
e—0 p>e e—0 p>e (1 —-T )

@-a/@+) g
srpas [ L

2—e¢
2+e€

e . 444 2 1 1
/ dA =A4x [(177"2)71](2_0 )/(2+e) =A4r [W 1} — 4r { _ +€:|
p>e = 8e 2e 2 8

since p > € <+

> r. Integrating, we get

Taking the constant term in € then yields

This example generalizes to higher dimensions as well.

2.3 Model Case: Half Space Model of H"!

Consider H**! now with the half-space structure. The metric is

g_d:c2+(dy%+-~-+dy3)

x2



so that k(s,z) is the standard Euclidean metric on the first n coordinates, which is even in z as there is no
x dependence. Clearly the metric splits in the desired form, and

ldlog(2)[|; = "0, (log(x))* = a? - (1/x)? =1
Moreover the chosen representative of the conformal infinity is

ko = dy; + -+ + dy2 = 2°g
x=0
where we take R” = OH"*!. The issue is that the boundary is not compact. In order for this to be a
conformally compact manifold, we need to consider the one point compactification of R™ as the boundary,
i.e. 8", and redefine the metric appropriately. Under this compactification, x is no longer a bdf because of
the added point at infinity which would have x = 400 as opposed to x = 0.

Conformally compact minimal submanifolds of H**' Despite the above, our analysis in this paper is moti-
vated and includes M = H"*! with the half space model. Though z is not a valid bdf for H**? itself, it can be
used to define renormalized volume for minimal submanifolds with compact boundary (which are conformally
compact) that are smoothly embedded in a neighborhood of the boundary. We have 9Y = v cC R" = gH"+!

SO x Y(p) =0 <= p € ~. This means that x . does define the boundary. However, even if
|ldlog(z)[y =1

it is not usually true that ||dlog(x)||, = 1 for the induced metric h = g’ . Moreover, the metric may not
Y

split, i.e. h(0s,,0:) # 0. To get around this, the idea is as follows: Y is quadratic and even to high order as
we approach the boundary (see . As a result, if we consider a special bdf for Y, call it zy, we can write
it in a neighborhood of the boundary as

Ty = xew(s,w)

where w(s,0) = 0 and w(s,z) has an even expansion up to order m + 2 (see §7)). Consequently k(s, z) still
has an even expansion up to order m in equation , so it makes sense to define

V(Y) = FP / dA
€0 {zy >e}nNY

and it turns out that
FP dA=FP / dA
{zy>e}nNY

e—0 {z>e}NY e—0
by parity considerations. To formally show this, we first introduce Riesz regularization in §2.4] we then
reprove the fact that Riesz regularization produces the result as Hadamard regularization in §13.5 and
finally, we show that the usage of x vs. xy is irrelevant in defining renormalized volume for minimal
submanifolds in H"*? in It is also worth noting that while we consider M a PE space more generally, our
analysis of Y C M is local near a point p € Y = =, for which we can choose coordinate charts resembling
hyperbolic space.

Example. Consider the geodesic copy of H? as a hemisphere of radius 1 inside H? = {(x,y,2) | * > 0} with

2 2 2
ME#. The boundary is a circle of radius 1, and we parameterize H? as

f(z,0) = (z,v/1—22cosf,\/1— x2sinb)

the metric

we compute the induced metric

1 1—2?
2 =27 hap =0, hoy = —3

hz:c =

so that 1
dAgz = \/det gdxdf = ﬁdmde



we now compute

V(H?) = FP / dAge
xr>€

e—0

we integrate
1

27 1
1 1 2
/ dAyz = / / —dzdf = 27 [—] = —on4+ L
r>e€ 0=0Jz=c T T]. €

and so V(H?) = , which is the same result as if we computed the renormalized volume in the “proper”
setting, i.e. the ball model.

2.4 Riesz Regularization

Having defined special bdfs, we can define renormalized volume in an alternate way with Riesz regularization:
given an asymptotically hyperbolic manifold, M, and a special bdf, xj;, on M, consider the following
meromorphic function

f(z)= /M xidAn

As with Hadamard regularization, the quantity xj; seems unmotivated. However, x); being a special bdf
gives f(z) geometric meaning. This function is holomorphic for Re(z) > m, and it has poles at z €
{—00,...,=1,0,1,...,m}. We define

V(M) := FP /A wtdAy = PP £(2)

Computing F' ]g f(z) amounts to subtracting off the pole at z = 0 (if it exists) and evaluating the remaining
piie

difference. This process is known as Riesz regularization, and the equivalence of these two definitions is
given in the appendix §13.5l As mentioned before, one can show that for Y™ C M"*! with Y conformally
compact and m < n + 1:

z=0 2=0

Y Y

On the left hand side, we are using xy, a special bdf for Y considered as its own asymptotically hyperbolic
manifold. On the right hand side, we use z, which is a special bdf on M™*!. This equation holds for m even,
and it holds up to a boundary error for m odd (see . The latter is expected, as renormalized volume in
odd dimensional manifolds depends on the choice of special bdf ([1]).

Example. We compute V(H?) for H?> C H? using Riesz regularization in the half space model (we leave it
to the reader to compute this for the poincare ball model).

1 27 l‘z_l =1 1
¢(2) =/ ¥ dAy: = / / ¥ 2drdf = 27 [ } —or
H2 =0 J6=0 z—1 =0 z—1

Again, when we find the meromorphic extension, we first assume Re(z) > 0 so that 0°~! = 0. There is no
pole at z = 0 in this extension, so

V(H?) = FP ((2) = ¢(0) = | 27

2.5 Parity of functions

Throughout this paper, we will use  to denote a special bdf on our ambient PE space (M"*1, g) and identify
a neighborhood of the boundary, U(OM), with M x [0, ¢). When M = H"*!  z is the distinguished direction
in the decomposition of H"*! = R™ x R*. Let f be a function defined on I' C M in coordinates of (s, ).
Further assume that f is polyhomogeneous and can be expanded as

()

fls,x) = fo(s) + fi(s)x + -+ fm(s)az™ 4+ O(z™+) m is even
T fos) + fu(s) + -+ frga(s)z™ T + F(s)z™  log(x) + O(z™12)  m is odd

10



then we define for m < n even

0 f(s,z) is O(z™m*1)

f(s,z) is even up to ™ and not O(x
-1 f(s,z) is odd up to 2™ and not O(z™*!)
undefined else

m+1)

When m = n, we assume that

f(s.2) = fo(s) + fi(s)x + -+ fm(s)x™ + F(s)x™ log(x) + O(z™*1) m is even
T fo(s) + AL(S)T A - frnga(s)a™ T+ F(s)a™  log(x) + O(z™1?)  m is odd

For m = n even, we define

0 f(s,x) is O(x"T1)
1 f(s,z) is even up to 2" log(z) and not O(z"+1)

F(f) = | ’ " ®)
-1 f(s,z) is odd up to z™log(x) and not O(x"*1)

undefined else

Similarly for m = n odd, we define

0 f(s,z) is O(z"2)
F(f) = 1 f(s,z) is even up to order 2" "1 log(z) and not O(x"*2) ()
] -1 f(s,x) is odd up to order z"*!log(x) and not O(x"*2)

undefined else
We note that F is multiplicative in the sense that if f and g both satisfy equation then

F(fg) = F()F(9)

We may explicitly write that a given function is “even/odd up to” a given order when relevant. We are
primarily interested in the case of F # 0 for all usages of the F functional. Thus, throughout this paper,
any computation of F = 1 signifies F € {0,1}, and similarly F = —1 signifies F € {0,—1}. We adopt this
convention for brevity at the expense of some clarity. If there are asymptotics to show that F # 0, we will
write these explicitly.

Remark The case of m = n even is special because of for M1

n+1even = k(s,z)=ko+ kg 4+ F kp_12" + kpa™ + k2™ 4 O(m"“)
n4+1odd = k(s,z) = ko + 2%ko + - - + k2" + Ka" log(x) + kpp12™ ™ + O(2™2)

When Y™ C M+ with m < n, we expect the presence of k,_12"~! in the even case and Kz"log(x) in
the odd case to not affect our formulation of even expansions up to order m. However, when m = n even,
we expect K = K(s) to give rise to 2" log(x) terms. We note that when K = 0, this separate definition for
F when m = n even is unecessary. In particular, for M = H"*!/T for I' a coconvex compact subgroup, no
x™log(z) term is present and @ applies for all m < n + 1 even.

We also define a parity preserving first order linear operator L as

L:=d%(s,x)0s, + d*(s, )0, (10)
Fd*) =1
F(d*)=-1
= F(L)=1 (11)
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We similarly define a parity preserving first order quadratic differential functional, @, as

Q(f,g) =d (S x)fagb+dazfagz+d mfacgz
F(d®) =1
F(d*) = 1
F(d™) =1
= F(Q)=1

Higher order parity preserving linear operators and quadratic functionals are defined analogously

2.6 Variation of Renormalized Volume

When computing the variation of the renormalized volume, we consider {Y;"} C M"*! a one-parameter
family of minimal submanifolds with Y;—g = Y our designated submanifold. We require that each Y; be
embedded in some neighborhood of the boundary U = 0M x [0, €). Define

S,:Y = N(Y), S = 0,5,

F:Y =Y, Fi(p) = epr(St(p))

Given that this is a variation among minimal submanifolds, we know that S lies in the kernel of the Jacobi
operator of N(Y), i.e. _ ' o )
J#(S) = Ay (S) + A(S) + Tr[Ru (-, S)] = 0

where A is the Simons operator and Tr[Ras (-, S )] denotes the trace of the ambient Riemann curvature tensor
Raz, taken over TY, applied to S. As a result, S satisfies a regularity theorem stated in full in In
codimension 1, S = (b(s,ac) (s,2) =[x 1¢(s,x)]1/ for v a normal to Y. Then

Vi, F(¢')=1

i.e. gbls even to 2" or ™! with the presence of a log term when n is odd. Similarly, we show in the appendix
that S satisfies an equation of the form
Jy(5) = Q*(S,9)

l

where Q+ is a quadratic functional in {SZ .aﬁ} valued in NY. This establishes regularity in a very

similar manner and proves

Vi, F(¢') =1
In the codimension 1 even case, neither qb nor__(ﬁ have z™log(x) terms and the details are done in section
§13.8] Having established regularity of S and S, we define
V(Y;) =FP / *dAy = FP F}'(z)*F} (dAy)
z=0 Y, z=0 Jy
Computing variations of this amounts to differentiating the integrand and interpreting it geometrically in

terms of u(s, x), S, and S. With this, we state formulae for the first and second variations of renormalized
volume in codimension 1. The full theorem is stated in theorem

Theorem. For {Y;*} C M"*! a one-parameter family of hypersurfaces satisfying mild geometric constraints,
suppose Y;—g = Y is minimal with dY = . Then

neven =—> %V(Yt)‘tzo =—(n+1) / do(8)tni1(s) dA,(s)

nodd = —V(Yt)‘

1+ ) [ o5t () + Flgo, )] d4s 9
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where F' is a polynomial in qzlﬁo, ug, and their higher derivatives. If in addition each Y; is minimal, then we
have

2

neven =— @V(Yt)

R R L O
+o(5)* [(n = 1)(n = 2) = 4(3n — Vugunt1(s) + Trry (kns10)] dA,(s)
= [ =00+ Do + (=)o) (s

+¢0(s)” [(n = 1)(n — 2) — 4(3n — Duguni1(s) + Trry (kny1,0)]
— do(s) [4(n -+ 2)do(s)uz(8)U(s) + B(3)] + Faldo. do,uz) dAs (5

2

d
nodd = @V(Y})

t=0

where ky41,0(8) = kn+1(s,0) in

3 Graphical Asymptotic Expansion

3.1 Results about u

In this section, we leverage the fact that Y is minimal and smoothly embedded in a neighborhood of the
boundary to get a polyhomogeneous expansion of each u® for u(s,z) = (u'(s, z),...,u" "™ 1(s,x)) € N(T).
Recall that u is polyhomogeneous if

Nj
u(s,x) ~ Z szj log(z)'aji(s) s.t. ajr € CP(y)

Re(z;)—o00 t=0

To show polyhomogeneity we establish some initial regularity. We assume that as « — 0, the blown up
localized mass of Y approaches 1. Formally, let zo < 1, sg € v, and define

S—5S T z—ulSg,To
FO = (S,J,‘,Z) — (036777) = ( o ’;0’ .’io )> (12)

When M = H"*!, F, is an isometry.
Assumption. For Y™ C M"™*! minimal, let Yy = Fy(Y). Assume
Vo >0, dx* >0, st Vrg<az®
w0 Vi a2 | (Bpl@) <148 (13)

for all @ € By,((s0,70)). Here, wy, is the volume of the m-dimensional Euclidean ball of radius 1, and
||VY0,m52 Fy @H(Bp(a)) denotes the mass of the varifold intersected with a small ball with respect to the

metric 25 2 Fg (g).
This geometric constraint requires that our minimal surfaces “flatten” out as we blow up near the boundary.
This restriction is stronger than what is needed to apply Allard regularity, but it gives the correct C1®

norm bounds. The author hopes that this can be proven with a weaker assumption. With this, we state our
regularity theorem.

Theorem 3.1. Suppose Y™ C M"™+! minimal satifying equation and vy = 9Y = Y NOM" ! is a
C™*t1e embedded submanifold in OM™*+!. Further suppose that Y is embedded and graphical in some
neighborhood of the boundary U =2 OM x [0,¢). Let u(s,z) = u'(s,x)d,, € N(I'), which describes Y as in
§3.2 Then, each u’(s, ) is polyhomogeneous and even to order m (m + 1) for m even (odd).

uh(s)z? + ui(s)at + -+ ul, (s)a™ + ub, 1 (s)a™ T + O(z™ 2 log(x))m even

u'(s,x) =

ub(s)x? +ui(s)at + -+ ul, 4 (s)z™ T + Ul(s)a™ log(z) + O(z™ 2 log(z)) m odd

Here, {0,,} is a coordinate basis for N(T), and u} (s), U(s) are C™ 1 functions on 7.
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Remark This theorem justifies the existence of an asymptotic expansion for u, the graphical function of
Y, as in [12].

There are several steps to the proof, which we carry out in the following sections:

1. In we use the maximum principle and the fact that Y is minimal to show that u is O(z?).

2. In ?. we use Allard’s regularity theorem and assumption to establish u € C& "*. We then use the
theory of edge operators as in [26] to prove that w is infinitely regular with respect to edge operators.

3. In we note that Y is minimal so u also satisfies a degenerate elliptic PDE. We reframe the PDE
in terms of the O-operators, (zd,) and (z0s,).

4. In we upgrade regularity in 0-operators to regularity in b-operators, {xd,, 0s, }.

5. In we upgrade regularity in b-operators to u having a polyhomogeneous expansion using a power
series iteration in x. This follows by linearizing the minimal surface system about successive iterations
of u,ie. u=0, u=usz? u=mus2?+usx?+....

As remarked in the previous section, the regularity of Y allows us to formally define renormalized volume
Corollary 3.1.1. For Y™ C M n+1 as above with m even, the renormalized volume

V(Y) = FP / dAy =FP JCZdAy
e—0 r>e z=0 v

is formally defined and independent of the special bdf z. For m odd, V(Y) is defined as above, but it depends
on the choice of x.

3.2 Coordinates and Notation

We coordinatize our space as follows: let p € v be labeled by geodesic normal coordinates on « about some
base point pg, i.e.
p= f(s) :=exp, (s"Ea) (14)
where {E,} is an ONB at py spanning 7T},,y. We then map to the cylinder
R(s,xz) = (f(s),z) € OM x [0,¢)

where we implicitly use the diffeomorphism of OM x [0,¢) = U C M for an open neighborhood of the
boundary. We define 4
F(S,$7 Z) = %%(s,z)(ZlX’L)

where z = (21, ..., Zn—m+1) are coordinates for the normal bundle, NT', and {X;} is an ONB at p = R(s, ).
Note that in both instances, eXp denotes the exponential map with respect to the compactified metric, g,
restricted to v and T', respectively. We coordinatize Y, in some neighborhood of the cylinder T, via

Y € q=F(s,z,u(s,x)) ¢ (s,x,2 = u(s, x))

for ||s]| close to 0 and = < e. This is the definition of the function u(s,z) as an m-vector in N(I"), and we
investigate this function in the next section.

Finally, we will use v(.), d(y to denote a variety of vectors in TM = TY & NY =TT @& NI'. Here, we

notate
a, b7 & d SasSby Scy Sd

0,5,k 0 < 245, 25, 21, 2
1,7, k, 0 <> wi, wj, wi, we (15)
@, 53,7,6 < {ya,yp, Yy, Y5} € {5a, 2}
OV Ty w < Yo Yo Yoo Y7 Yoo b © {80, T, 21}

We recognize the abuse of notation between the i, j, k, £. The context will be clear when using these indices
to refer to the fermi normal frame off of T, i.e. {9,,}, vs. the normal frame off of Y, {w;}, defined in section

{133

14



3.3 Metric on Y
We have the coordinate representation
G(s,x) = (F(s,u(s,z)),z) = (s,z =d(s,x),x) <> peY (16)
for G:T' — Y. We define
Va = G (0s,)
Va, Vg, Uy, Vs S {Uaa vz}

Vs Vpys Vyy Ury Vo € {Ua; Umvwi}

where {w;} is the aforementioned normal frame. We also define

o(w) = {0 wie (17)

1 w==x
be an operator on indices.

We now define h, the induced metric on Y by nature of being embedded in M"™*!, as well as h = x2h.
Assuming u’ = O(2?) and F(u') = 1 (verified in the next section §3.4), we have from §13.2]

hab == g(Gx (63a)7 G (asb))
= bap + O(2?)
F(hav) =1
haz == G(G+(0s,), G+(0r))
= 0(z%)

Fhar) = —1
=1+ 0(2?)
F(hee) =1

Note that h = g‘ is the complete metric for Y, while h =g - is the compactified metric (we use x, not zy

here). Moreover, {vo} = {vq, vy} is a basis for TY, with « taking on any of the  and a subscripts.

2 dm2+dy?+-~+dyi
pl
T

Example. The compactified metric on H*t! is z = dz? + dy} + - - + dy? which is just the

standard Euclidean metric.

3.4 Maximum principle argument

For v < OM compact, consider an e-tubular neighborhood N.(y) € 9dM"™. WLOG assume that v is
connected, and localize about some p € 7. The goal is to show that for u(s,z) = u’(s,z)N;(s,z) and
Va < zo sufficiently small, we have C' = C(zg) such that

lu'(s,x)| < Cx?

3.4.1 Model Case: M = H"*!

In this case, one can form an envelope of geodesic copies of H™ as hemispheres to act as a boundary. This
argument is historic, originally due to Anderson. We choose to present another argument inspired by [I4].
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Let HS™(R) C H"*! be the half-sphere of radius R which is a geodesic copy of H® C H"*!. Imagining
H"+t! C R"*! and hence HS™ C R™*!, we can shift the center to the right by x to make a new surface,

HS™(R,z) = (z + HS™(R)) nH"™!

For x = §R, this is a hypersurface with H = § lying inside H"!. In fact, each of the principle curvatures of
this surface is equal to %, so HS™(R,JR) is in fact an m-convex surface with

m
K’m:}ﬁl+"'+’<’:m:g5

for any of the m principal curvatures. We use HS™(R, 0R) as a barrier around Y (see picture[d). Represent

H=506
r o
Y \
|
\/\/ (@, x = Hr) ’:
/
/7
\/ﬁ »
F ~—— -~ \\
N
\
\
Ec(y) ° ]
(b,x = Hr) !
//
~ -
X

Figure 4: Picture of barrier and envelope argument
HS™(R,§R) graphically over the boundary cylinder I'gn-1 = HS™(R,0R) x R" as
HS™(R,6R) = expg(v(s, T)N""1(s))
where Nn_l(s) is a normal to 9HS"™(R,JR) C R™ = 9H" 1. In these coordinates we have

v(s,z) = /R?2— (x+0R)?> — RV1 - 62
5 2
= R syt HOE)

and such a construction holds for any § > 0. We can repeat this construction about any p € v such that
OHS™(R,R) lies tangent to v for R = R(p) sufficiently small. Now consider the envelope

E=0 (U HS"(R(p), 5R(p),p)>

E is now a barrier for Y. Let u(s,z) = u’(s,2)N;(s,2). The maximum principle for m-mean convex
submanifolds (cf. [20], [29]) then gives that about any p,

u' (s, )| < |o(s,z)|
< Cézx
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where C' = C(p). In particular at z = §, we get
lu'(s,0)| < C&*

Noting that « is compact and repeating this construction for all § > 0 sufficiently small, we have
lu(s,z)| < Cx?

for all x sufficiently small, and some C' uniform in p € 7.

3.4.2 M general PE manifold

We outline the argument as follows:
e Find ¢ sufficiently small so that when we expand
dz? + k(s, x)
g=—"75""
x
k(s,x) = ko(s)+ R
I1R]| < Ca? (18)
for all z < €. is a tensor bound in C} (see

e Let p be the radius such that N,(y) € OM is embedded, i.e. the normal bundle is embedded. Let

R = p/2. Consider Z := HS™(R, §R) for § < min(eg, p/2) and note that by (18], we have that each of
the principle curvatures satisfy
8

ri(Z) = = + B(e

— K,(Z) = im(Z) = %5 + E(e)

E(e) < Ké

- Km(Z) > 00(5

=94

The idea being that because k(s,x) is even up to order m > 2, K,,(Z) is the same up to quadratic
error. Thus, a barrier which is m-mean strictly convex with M = H"*! is still m-mean strictly convex
for M a general PE manifold.

e Consider the envelope Ej g(y) defined by

Esp(7) =0 (U HS”(R(p),5R(p)7p)>

pEY

where HS™(R, R, p) denotes the above construction based at a point p € 4. The same m-mean convex
maximum principle tells us that Es r(7y) is a barrier for Y

e Let v(s, ) be the graphical height function for the envelope over its boundary cylinder. As before,

v(s,z) = — z + O(x?)

)
R2(1 — §2)3/2

Then we have by the barrier arguments that

lu'(s, )| < C%m
Choosing « = § (recalling that R independent of 4), we have

lu'(s,0)| < C&>
for C' independent of § and p € . Repeat for all 4 > 0 sufficiently small to get

09 s.t. VYV < do, |ul(5,$)| < Cxz?
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. k
3.5 Showing v € 2?2, Cy”
In this section, we demonstrate that u € 2%, C’g’o‘ i.e. u is smooth and u’ = 2% f? for some {f*} such that

Vji,f 3 Cjz<oo st ||(xax)j(xasa)ﬁfi||cg,agc;ia

for j, a arbitrary. Here, C(]f " is the Holder space of functions in terms of the edge operators, {xd,,x0s, },

and _ .
1fllgra = D @) (205,)° f*llo,a0
J+IBI<k
where || - |]0,a,0 denotes the geometric Holder norm on U given by

|f(s,z) — f(5,%)|(x + &)
[fllo,0 = sup [f(s,z)|+  sup - -
“ (s,x)eU (s,2)#(8,2)eU (|1’ - x|o¢ + ||S - S||%)

where (s, z) are fermi coordinates and ||s — §||g denotes the distance with respect to the compactified metric.
We use C*“ to denote the standard Hélder space with respect to the Euclidean metric. Finally, for any

metric space, (M, g), we denote
Hf” 0.0 i= SUp |f(p)_f(Q)‘
Cg,a = —_—

PFq HID*QHEZ

3.5.1 Showing u € Cy®

Let po = (s,2,2) = (s0,u(s0, o), o), with zq sufficiently small. We consider rescaled minimal graphs (see
figure [5)) by changing coordinates

Fy: (s,x,2) = (0,&,n) = (

s—s0 x z—u(so,o)
i) ’LU()7 Zo

Pulling back the metric by this diffeomorphism, we have

Figure 5: Visualization of rescaling with « = u(oxg + so, 2o&)

da® + k:(smc,z))
2

Fio) =5 (

_d&? + xik(xo0 + so, T, Ton + u(s0, o))
_ &

T
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We expand

k(s,2,2) = kap(s, 2, 2)ds?ds® + ka;(s, x, 2)ds dz" + kij(s, @, 2)dz" d2?
.’Egk(fﬂjd + 50, 20, 0N + u(S0, 20)) = kap(x00 + S0, To&, 201 + u(S0, 20))dodo®
+ kqi(zo0 + 50, 2o&, xon + u(so, xo))dodn’
+ kij (200 + S0, T0&, Ton + u(s0, z0))dn"di’

So that for values of ||o|| <1, 1 <€ < 3, [|n|| < 4, and ¢ < €, we have

d€? + k(s
Flg) = W+O($o)

here, we’'ve used that z¢ < € and |z| < %xo, which allows for the above expansion. In particular, we note
that

EF;(g9) = 25 F; (9)
= d€? 4 k(s0,0,0) + O(zo)
=d&® +dot + - +dol,_; + O(x0)

The minimal surface then becomes
Yy := Fy(Y)

(5., u(5,2)) o (0,6.7) = (

5—S0 T u(zoo + s, 2o€) — u(so, xo)
i) ,]Jo’ o

since ¢ and n are bounded. Recall the statement of Allard’s regularity theorem:

Theorem (Allard). Suppose we have a varifold V = v(Y™,0) C R*"™ U an open set in R"™! 5 > 0,
po > 0, and p > 0, such that for all a € spt||V|| and B,(a) C U with p < pg, we have

1<46 1 a.e.
Wi P~ IVII(Bp(a)) <1+

1/p
p”‘m/ |H[P <n
B,,(a)

where H is the generalized mean curvature of the varifold and p > n. Then up to a linear isometry of R**+1,
V is given graphically by F = (F*,..., F*T1=™) on with

DF(a) — DF(b
p_lsup|F| +sup|DF| +p1—m/p sup | (a) = (0)] < Cnl/(2m+2)
atb  |a—b[i=m/p

with C' = C'(m,n, p)

Remark Allard Regularity is truly a euclidean theorem, so in order to apply it, we must compute mean
curvature and mass density with respect to the euclidean metric on the (o, £, n) coordinates, which we denote
as

Jewe = do} + -+ dop,_ +dE* +dni + -+ + dﬂiﬂ_m

We verify the three conditions:

e 0> 1 due to Y being graphical
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e By our assumption
Yo > 0, dz* > 0, S.t. Vg < x*
Wi 0" Wy 2g (| (Bo(@) < 1+6
But we’ve seen that
o 2 F5 () = geue + O(0)

in (s,x,z) coordinates. Thus

om0 Vit g 1(Bo(@)) < w07 ™1V a2 s (o) [[(Bo(@)) + Oo)

<1496
for z¢ (and hence z*) sufficiently small

e We note that

Hyy eue = Hy, 55255 () + O(@0)

= Hy, ¢2r;(g) + O(20)
1

~ ¢ [Hy,, r2(g) — IV V(In(€)) 4 O(0)]
= & [V (in(€)) + Ofeo)]

- |HY0,euc| S Cf%
<C

having applied the formula for (generalized) mean curvature under a conformal change of metric. Here
we noted that Hy, gz = 0+ O(wg) and ¢ is bounded. Also ITVY0 denotes the projection onto
the normal bundle of Y, with respect to Fg(g). Thus Hy, eyc is bounded, in this rescaled graphical
representation. This tells us that any p

1/p
—m —m m 1
(pp /B ( >|H|p> < (prmpmer) T

<Cp
so choosing p = §/C gives the desired bound.
Thus, Allard applies and we get the existence of a function
W= (W ... wntl=m) e ohe

for « = 1 —m/p > 0 with the above bounds. Of course, we already have a graphical description of Yj.
Letting
w(xoo + sg, 20&) — u(so, o)

To

ug(0,§) ==

Then, up to an isometry (of euclidean space), ¢, we have Wy = g o ug and we get the same C** bounds for
up. Note that we applied Allard with respect to (o, &) coordinates. This gives

HUO(U» 6)”6‘1,@(075) S )
but because we’re working with % <¢<L %7 the norm computed with (o, &) is comparable to the C’é’a and
luos, )|z <

<¢<

[\l

In our ball corresponding to %
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3.5.2 Revamped Schauder Bootstrapping

From the previous section, we have a graphical representation of Yj in Fermi coordinates. We now consider
the metric induced on Yj as a submanifold of M"+!. Dropping the 0 subindex for brevity, we use the
previous sections to write the metric under the Fy diffeomorphism as

h=1Id+ M(Vu)

where all of the entries of M can be as small as needed by choosing 6 appropriately in our C*® bounds from
§3.5.11 Therefore

R =Id—M+M?*+ - =Id— M+ O(6?)

Let H(u) denote the mean curavture of the surface given by the graph of u in the (o, &, n) coordinates. Recall
the minimal surface system from Graham and Witten [12], adapted to (o,&,n). Here, an a subindex denotes
04, &€ denotes &, and i denotes n':

0= &H(u)" =¢ [fag —m+ ing} (PGt + B (G + x| (19)

1 —¢b . —ab .
+¢& [313 + 2Lb:| {hg Giwue +h (Gar + ?ik“f)}
1 o—ab[_ _ i, = i
- 57 h |:gab,k + 2G4 kU + gij,kuaub]
- 52#5 [Gai w1 + gzykufzu%]
Loogee
- 552}1 [gij,kufug]
for L = log(det h). Note that we have multipled by ¢ in order to make this a 0 order differential equation

(i.e. can be written in terms of edge operators (§V,,) and (£0¢)). Heavily referencing §13.2) we can write
the above as a quasilinear system of PDEs of the form

EH (u)F = ali,(,0)(60,,) €0y, )u’ + g(EVuU, €, 0)
where {y,} denote any of {,, £}, g is some smooth function, and {a® i} are uniformly elliptic. In particular,
ak 5, = 6ap0F + O(6)

< ¢ < 2. Alternatively, we frame this as

N

for

0= &20%u” + K?B(Vu,f, 0)0a0gu’ + b) (Vu, &,0)(0u') + F(Vu, &, 0)u+ G(Vu, &, o)
= [0ap? + KP)0,05u" + 0] 050 + Fu + G

for some coefficients K*° = O(8) and b) = O(6) for each k. Here, {K*"} and {b]} are both O(6) in Ch.o

because of their dependence of Vu and the fact that ||u(o,&)||c1.« = . Moreover, F = G = 0 because the
minimal surface system is a divergence system, i.e. it can be written as a collection of equations each of the

form )
div </Ta : 3;) ~0

We now apply Schauder estimates using that the functions Kiaﬁ(Vu,f, o), B} (Vu,&,0), and F(u,&,0) are
all in C*

lu(€; o)llcze < T ([[uflco. +[|Gllcoe) = T (J[ullco.)
See [8] section 5 or [27] for the proof of Schauder estimates in the systems case. We can further improve this:

llullco < lullere < Tlullco = O(a;)
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having used first order Schauder estimates in the second inequality. We now iterate this argument to get
bounds on higher derivatives in terms of the rescaled variables, (o,¢). This ensures smoothness away from
x = 0 as well as bounds on higher derivatives in terms of constants independent of j. Note that in the above,
we've been working with standard Holder norms in the (o,¢) variables and the C*% Holder norms. But
again, because 1/2 < ¢ < 3/2 we get comparable bounds for the Cg’a norms for the (s, x) coordinates.

We proved that for ug, there exists a 6 (and hence xg) sufficiently small so that

uo(0,€) €z [\ Co® Wk >0
k

Undoing the definition of ug(c, &) in terms of the original function u, we get
u(zo0 + 50, w0§) = Touo (0, §) + u(so, o)

Thus we actually have that u is regular at * = xg in a neighborhood of radius xy. This construction holds
for all xo sufficiently small, so we conclude

ueﬂﬂ()}’f’“ vk >0
k

i.e.
u=z%f, Vi,B, 3Ciz<oo st |[(20,) (20s,)" fllcoe < Cly
3.6 Parametrix Argument

Having shown that
u € z? m oy
E

we now want to show that
u e z? ﬂ C’f’a
k
i.e. for u = 22 f, we have

i I8l €zt 3Cls st [[(@0:)(0s,)° Fllco < Cig

(note that we use Js,, not (x0s,)!). To show this, we briefly recall relevant facts from microlocal analysis
and the theory of edge operators from [26]

e The space of conormal functions is

A=(Cp*
k

e The space of polyhomogeneous function is
N
Aphg == {u(s, z) | u(s,z) ~ Z sz-f log(w)taj¢(s) st. N; < oo, a;; € C}
Re(z;)—o00 t=0
where for m > |58] > 0
Nj
Ve > 0, ‘DB u(s,z) — Z szj log(x)taj(s) | | = O(x™1F1=¢)
Re(z;)<m t=0

i.e. the remainder and its derivatives (in z and s, variables) decay at a faster rate. In practice, we’ll
be dealing with z; real, positive, and integer valued.
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e We denote the space of edge operators, V,, and the space of b-operators, V}, as
Ve = spance g { (20:), (£0s,)}
Vo = spanges ) {(20z), 05, }
for U the neighborhood of I' as defined in §2.0]
e The weighted Hélder space of orders £ € N, a € (0,1), and § € R are
xéAg’a = {u=2% st. V- Vjv e Ag’o‘, YV, eV, j<{}
where Ag’a = 0% is the geometric Holder space with norm

flowo =sup|f] +  sup (x +2)°|f(s,) — f(5,7)|
N a2 1T —Z|*+[s = 3llg

We also define
A" ={u=a st (Vi---V)(Vi---Viv € AP, V,eVe, V; €V, <t k<mj
o U™ denotes pseudodifferential operators in the small calculus. \II(T’S denotes the large calculus. \I!bm’g
denotes the analogous calculus but with respect to the b-operators

e For L € \Ilg“g an elliptic pseudodifferential operator, a parametrix, G € ¥ m’57 exists such that

LG =1-R,
GL=1- R,

where I is the identity and Ry, Ry € U~°¢ are “residual” operators. Here, m is the order of the
principal symbol of L. Roughly speaking, R; sends functions of any regularity into polyhomogeneous
functions.

We also recall a few relevant propositions from [26] adopted for our case of the index set & = {0, m + 1}

e (Proposition 3.27) For A € \Ilgl’g, suppose £ > m and 6 > —1, then
A: x5A€’a — mJAg_m’o‘

e (Proposition 3.28) For f € Apng, A € Uy, we have Af € Ay,
e (Proposition 3.30) For v € V},, A € \I/g“g, we have [v, A] € ¥m€

Remark Hereafter, we use O(z*) to denote a remainder term which lies in %A, and o(z*) to a remainder
term, f, such that lim, oz ~%f = 0 with convergence in A.

We now prove that u € 2z24. We argue as follows: for N,; = 0,, a basis for N(TI') (2; are Fermi coordi-
nates for the normal bundle), we have u = u*N; and

0= H(u) = H(0) + Lo(u) + Qo(u)
— Lo(u)' = —H(0)' = Qo(u)’

where Ly = Jr is the Jacobi operator on I' C M and also the linearization of the mean curvature functional
about ©u = 0. Qo is the quadratic remainder from the linearization and depends on {xVu,z, s}, which
are parameters in the coefficients for our elliptic system of equations which we’ve bounded in the previous
section. Here Qo(u) = O(x?) because u = O(2?), and the superscript denotes the N;th component. We

have
Lo(u) = Ar(u) + Ar(u) — (m + E(z))u
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Here, Ar is the Laplacian on I on the normal bundle computed with respect to the (&, o) variables, A is the
Simons operator, a Oth order operator that is O(x?) (see §5)), and E(z) = O(x?) is an error term coming
from the computation of trp[Rps (-, u)-] as in the standard Jacobi operator. Let G be a parametrix for this
operator
GL=1—-R
GL(u)" =u' — (Ru)’
= —(GH(0))" + (GQ)’
= u' = —(GH(0))" + (GQ)" + (Ru)’
=GQ'+ F'
where Ru is a residual term. One can compute H(0) = 2?H., + O(z?) analytic in # and s. By Propositions

3.27 and 3.28, we have that GH(0) is O(z?) and polyhomogeneous. Moreover, because R is residual, we
have that Ru is polyhomogeneous. Finally by 3.27, we know that GQ = O(x*). With this, we can write

u' + (GH(0))" - (GQ)" = (Ru)’

and note that the left hand side is O(2?), so (Ru)? must be both O(2?). This tells us that F' := —(GH(0))"+
(Ru)® is O(2?) and polyhomogeneous. We now differentiate this equation to get

s ut = 0s, F' + G(z~ 1 (20,,)Q) + [0s,,G]Q

Again, 9,, F" is O(2?) by polyhomogeneity. From our initial estimates, we have that 2=1(20,,)Q = O(z?),
and by Proposition 3.27, G(z~(29s,)Q) € 2> N, Cy>®. Similarly, by 3.30 and 3.27, we have that [9,,, G]Q =
=N, CE® because Q = O(z*). This shows that

u € ﬂ ) Y
k

We now proceed by induction. Assume that

ki
u € z? ﬂxQAO’O"J
k

For a a multi-index of order j + 1, we write

9. -0

Saj41

w=00u=2(GQ + F) = 9(GQ") + 02 (FY)

Sal

we automatically have that 8 F' € 22A*” for any k and j since F' is polyhomogenous. For the first term,
we write

9y =0:,0], |Bl=]j
85(6‘@1) = Z ny[as,yl [ [aswj ’ GHagQZ

[v[+16]=7

where ¢, is some integer valued coefficient reflecting the combinatorics of how many commutator terms we
get. By induction and the chain rule, we know that 9°Q° is O(x?) for all §. By repeated application of
Proposition 3.30, we know that the nested commutator term lies in W2 %€, Then by Proposition 3.27 and
3.28, we can conclude that

(05,105, GNQ" € 2 () Co®
k
so that

asa (C’Y[as»yl st [as'yj ’ G]]agQ’L) = x_l(ana) (C'Y [as’n 2T [aS’Yj ’ GH@SQZ) = (E3 m Cg’a
k
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adding the F? term we have
u € z* ﬂ Aped T
E

This completes the induction and we get

u € z* mA’g’a’j = 2? ﬂC{f’o‘ =12A
k,j k

3.7 Expanding Mean Curvature Functional

We now compute the linearization of the mean curvature functional, H, on graphical submanifolds of the

form {u(s,z)} from before. We first linearize about ug = 0:

H(u) = H(0) + L(u) + Q(u)

so that in (I9)), we set 0 = 2 = pi, when evaluating 7" as abstract functions of (z, {2}, {pL,}) to be set
equal to (z, {u'}, {ul}). Here, Q(u) is an expression that’s at least quadratic in the components of {u, zVu}
and depends smoothly on s. Because u € %A, we have Q(u) € z*A. Note that H(0) is the mean curvature
of the graph corresponding to (s, z) = 0, which is just ' = RT x . A short computation gives

H(O) = H{u:O}
= [*H! + R']N;
R = O(z*)
F(R) =1

where HZY are the components of the mean curvature of the boundary submanifold, computed with the
compactified metric restricted to the boundary. In particular, we note that

R {Rflx4 + -+ Rl 2" + Ria" 2 log(z) + O(z™ 2 log(x)) n even (20)

Riz* + -+ Rl 2™ + O(2""3) n odd
With this, we note that
L = (Jacobi operator evaluated at {u = 0} graph)
= Aqu—oy + Aoy + Tr[Rar(, )] = Ar + Ap + Tr[R (-, )]
for A the Simons operator. Here, let
w=u'N; = a'N;
U; = x_lui, NZ = aN,;

Note that g(N;, N;) = 1+ O(z?) on I. This choice of notation is so that geometric operators with respect to
g act more naturally on 4’ as opposed to u’ due to the choice of normalization. Following the work of [L1]
(corollary 2.8) along with §13.4) we can write

L(u) = [(28,)2 — (m — 1)(28,) — m] (@) (N;) + Bz~ "u)i (z ;)

where F is an error term that is at most second order in V, operators and has O(z?) coefficients and
analogously to can only have z¥ log(z) terms at & > n +2. Thus F(u)’ = O(2?). Via §13.4) we see that
Agu=oy(u) = filN; where f; = O(x3). With this, we begin our iteration at

H(u)=0=H(0) + L(u) + Q(u)
= PH, + [(20.) — (m— 1)(a,) — m](@)N; +O(?)
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3.8 Iteration Argument
Having extracted the linear term and shown that the remainder is O(z?), we write
L(u) = —H(0) - Q(u)
= —xH N; — Q(u) — Ro
= [~zH! + O(2*)|N;
Hence
((20,)* = (m = 1)(20,) — m)(@")N; = —wH Ni + [-Q(u) + O(a*)]N;
— ((20,)? — (m — 1)(20,) —m)(a') = —a?Hf/ + O(2)

we factor

(20.)* — (m — 1)(205) —m) = (20, + 1)(20, —m)

and use integrating factors of 72, 2™ !, to conclude

. 1 .
Nt H 3
a m=1) 4T+ 0(z”)

This is valid when m > 3 since we absorb K2™ into O(23). Converting back to u’ = x4, this process gives
an explicit formula for u5(s):

Lemma. The minimal submanifold, Y™, can be described as a graph over I' = 9Y x [0, ¢) via
Y N{0 <z <e}={eXD(y5)n(u(s;2)) | 0<<e ~v(s) € v}

where u(s,r) = ui(s,z)N; = ui(s,2)0.,, and

'LLZ(S,:E) = mH;,TZ + O(CES)

Where 0., is a Fermi coordinate basis for the normal bundle with respect to the compactified metric and H,
is the mean curvature of v C OM, and m > 2.

We now want to iterate this argument to get an even expansion up to m, with a potential log term when m
is odd.

Proof of Theorem [3.1}
We first do m even. Assume the inductive hypothesis of
' = phy_ (2) + f(2), fil@)=o(=*"1) 2k <m

where pék_l is an odd polynomial in z of order 2k — 1 with coefficient depending smoothly on s and f? € A.
Further assume , . 4 .

H(phe—1Ni) = O(@® 1) = [aby, @ + o2 TH]N;
We have established the base case, k = 0 with p), = 0 and a} = mH; For higher values of k, we can
expand ‘ o ‘ R o o

H( 7ék—l + fZ}Ni) = H((pZQk—lNZ) + Lpék—1Ni(f2Ni) + Qka—lNi(lei)

Abbreviate Loj_1 = Lp;k—lNi.
the graph of {u = p%, ;N;}. Then using the fact that p%, , = O(x) produces a graphical asymptotically
hyperbolic manifold with odd coefficients up to at least order x2, we have as before

This is the linearized operator (i.e. Jacobi Operator) corresponding to

L2k’—1 = IL2k71 + Tsz—l
ILQk—l = [(xaw)Z - (m - 1)(.%‘81) - m}
Try 2" A — 2F 24

= Low1(f'Ni) = [(20,)° — (m — 1)(20;) — m](f')N; + o(2®**1)
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7

where “Ir,, 7 stands for the indicial operator of the linearization at psox—1 and 17, , is the remainder.

Finally, Qo1 (f'N;) := Qi &, (fiN;) will be at least 2 times the order of f* and hence of order o(z2¥+1).
N

Thus

0= H(i'N;) = H([phy,_ + ['1V)
= H(phy_1N:) + Lok 1 (f'N:) + Qar—1 (f' ;)
= aby 2PN + (20, — m) (20, + 1) f]N; + o2 H1)
Rearranging and matching vector components, we get
(20, + 1) (20, — m) f* = —aby 2™ + o(z”1)

as before, we perform an integrating factor for (zd, + 1) first and then (zd, — m)

—m—1 i aék“rl 2k—m 2k—m
Oy — = ——
x (x m)f T +o(x )
. ai
Op(x™ ™M) = — 2k+1  2k—m 2k—m 21
(77 f7) = — gL g2k (k) (21)
fio— Bkt 2L K 4 (229

2k —m+1)(2k + 1)

we see that the denominators are never 0 when m is even. Note that K is the constant from evaluating
™™ f at some point x = xy small but non-zero. This shows that we can continue to induct and get the next
even term in our expansion as long as 2k < m.

When 2k = m, the above process shows that f! = K’z™*1 + O(2™*!) and we can continue the expan-
sion but the expansion is no longer even. Converting back to u* = zu*, we have
, 1 , . ,
meven = u' = m[ﬂxz 4o b, ™ b, 2T+ O™ )
i.e. F(u') = 1. In particular our remark about shows that when m = n even, there is no 2" log(z) term
because z¥ log(x) error terms occur for k > n + 1 in the iteration.

When m is odd, most of the proof remains the same. However, when 2k = m — 1, we see that be-
comes
0, ) = ~ 220 4 o(a™)
’ m
"= K = S log(x) + olog(«))

3

fi=Ka™ — %”xm log(z) + o(x™ log(x))

so a log term appears in this case. After setting
i

. . a
Pog1 = Dok—1 — ﬁxm log(z) + Kz™

we can continue the iteration without log terms but we lose evenness of the expansion. Converting back to
u*, we conclude

, 1 , , .
m Odd — Ul = mH}YfE2 + -4 U;n+1xm+1 + lem+1 IOg(x) + um+2xm+2 + O(xm+3)
which is again, the statement of F(u’) = 1. O

As a consequence of these computations we get the following result about the induced metric on Y
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Corollary 3.1.2. The induced metric on Y satisfies for
F(lap) = (-1
haz = 14+ O(2?)
Ry = O(x?’)
Eab = 0ap + O(x2)
where () is as in equation (7).
Remark We can take the analysis further for m = n even:

Corollary 3.1.3. For m = n even,

[hab]log,nJrl

=0
[Ezm]log,n =0
[E:m]log,n—i-l =0
[Vdet BJesm+ =0

This follows from the explicit formula for v, and v, in and holds for all coefficients K in the Kz" log(x)
term of (3)). Note that hq, and Vdet h may have an 2™ log(z) term.

4 Parity of Second Fundamental Form
In this section we aim to prove the following theorem:

Theorem 4.1. Suppose that Y™ C M™*+! minimal with h = §’ even up to order z". Let p € Y and
TY

A:Sym*(TY) — N(Y) denote the second fundamental form, and let {w;(s,z)} be the frame for the normal
bundle described in §I3.3] Define

Tysiiar-a, =37 ((V%1 ~~VU%Z)(UV,U5),1U¢)

where «; can take on any of the indices {s1,...,$m—1,2}. Let ¢ denote the number of “z”s among the
indices {v,d,a1,...,ap,}, then we have

Vi, F(Tysi01--a,) = (—1)1

We notate the following

Aap =9(VF, Fp) (22)
fzﬂ'w = g(ﬁvg Ur, Uw) (23)
hap(t) = g(Fa, Fp) (24)

— — — —_ ~w
where V is the connection with respect to g. We also define A,g;, the components of A,3, and A; gand ',
by raising the tensors appropriately. Finally, we let the indices {o, 7, w, u} denote any vector in the basis for
TM =TY ® NY, i.e. vg,v;,0, € {vs,, Vs, w;} and similarly with F,, € {F,, F,} C TY;. For example

foc,@i = g(vva U3, wz)
Note that .
_ =J
Aa,B = ].—‘aﬁwj

for a, 8 denoting v,,vg € TY .



4.0.1 Lemmas for theorem [4.1]
We start by writing the tangent basis for Y in fermi decomposition
i —=b =7 =T
Vo = Gu(0s,) = Os, + 10z, + ullg0,, +T0u0; + Tg0]
vp = Gu(0r) = 0r + 0., +ull5,0,, +T7,0.,]
Similarly, recall the parity of the coefficients for our normal frame: (cf. section §13.2f and lemma [13.3])

w; = ¢ (s,x)0s, + 7 (s,2)0, + cf(s, x)0.,

)
F(ef)=-1
Fle) =1

.Sy s

Let Ty, denote the christoffel symbols in the basis of {0;,, 0., 0., }, with respect to g, in a tubular neigh-
borhood of T' = ¢ x R, parameterized by (s,z, 2).

Lemma 4.2. We have

Vpey, F (Fgm pey) = (-1)? (25)

where ¢ is the number of indices among o, 7, w that are equal to x

Proof: First note that via the fermi coordinate decomposition

And also B - - B
Faiﬁ = ?(vﬁya azi’ 8y/3) = _g(a% ) vaya 8y/a) = _Paﬁi

and so it suffices to consider I'..;, Tuzp, Lape, and Tgpe. The proof of the result comes from the splitting
of the ambient metric under Graham-Lee Normal form in a tubular neighborhood of the boundary (i.e. on
OM x [0,¢)):

g = dz® + k(z,s,2)

Here, k(z, s, z) is a 2-tensor such that k(z, s, 2z)(9z,) = 0. Moreover k(s,z,z) expands as
n+1even = k(s,x) =ko+2%ky + -+ kp_ 12" '+ kpa” + kpy12™ ™+ O(2™ )
n+1odd = k(s,z) = ko + 2%k + - + kpa" + Ka" log(z) + k12" + O(2™2)

where each k; = k;(s,z) is a 2-tensor. k;(s,z) can also be expanded up to order z™ in z since z =
(z1,...,2""1=™) is a system of fermi coordinates and v is C™*1:* embedded in M. so we can expand

ki(S, Z) = k@o(S) + ki,l(S)Z + -+ k@p(s)zm + O(Zm+1)

for any z. Evaluating this on Y (i.e. z = u(s,x)), we see that k(s,z,u(s,x)) is a tensor that is even in x up
to order z™*1. With this and the Koszul formula, one can directly show the parity statements in hold
in a tubular neighborhood of v x [0,e) C IM X [0, €). O

We now extend this to compute the Christoffel’s in the basis of {v4,v.,w;}: Let T be as in and

~ W

I, the raised versions of these christoffels by the induced metric on Y.

Lemma 4.3. For fww as above evaluated on Y, we have that

Vp S Y, .F (Fa’pw‘pey) = (—]_)q

where ¢ the number of x’s among the indices o, u, w.
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Proof: Again, this boils down to recording parity of the coefficients of {v,, vz, w; } in the basis of 95, , 0, 0.,
We’ll compute the first christoffel and leave the remainder to the reader

Vo0 = Va, (0, + u{,’azj + uf},’jayg)
+u,Vo., (B, + uj0s, +uly;0),)
+ Uf;§ayg (0s, + uiazj + ufgj Oy,)
=A; + Ay + As
We have
Ay = f‘;bayw + uibazj + ugfgjaya + ufgj,aaya + Ufl;‘jfzjaayw
Ao = uy, [f:;ayw + “'Zf‘;jayw + UTZj,iayo + UFZjF:)Uayw}

Ay = ul'?, [ngayu ) sy + LBy, + Ty, +ul; 0y, +ull T8,

One can now compute using lemma [£.2] that

Flo(Ai.)) = 1
F(9(Ai,0y,)) = (-1)°" = F(ulfg(4:,9,,)) =1
= ]:(g(AuUc)) =1
which verifies that (I'44.) = 1. The remaining symbols proceed similarly. O

Finally, we establish a short lemma about the metric in the basis of {vg, vy, w; }:

Waﬁ = g(vaa ’Uﬂ), bWal = g(vaa wi>7 WZ] = ?(w’u w])

—0 . .
and W is defined as the inverse.

Lemma 4.4. For W as above, we have
— ——
F(Wys) = FW) = (-1)°
where p is the number of x’s among v and §

Proof: This comes from taking the decomposition of the normal, {w;} and tangent frames, {vy, v, } for NY,
TY , as given in section §13.2|and section §13.3] and then noting that parity is preserved under inversion. [

As a result of this, we define
o

—w
ch =W o
and conclude

Corollary 4.4.1.

w

f(fau) = (_1);0

where p the number of ’s among the indices o, u, w

4.1 Proof of theorem [4.1]
We prove theorem
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Theorem. Suppose that Y C M"*! minimal with h = y‘ even up to order ™. Let p € Y and
TY

A Sym*(TY) — N(Y) denote the second fundamental form, and let {w;(s,2)} be the frame for the normal
bundle described above. Define

Tysisar-ap =G ((ﬁva1 ~~€U%Z)(vv,05),wi)

where «; can take on any of the indices {s,,x}. Let ¢ denote the number of “z”s among the indices
{v,0,a1,...,a,}, then we have
Vi, F(Tysisaray) = (=1)7

Proof: The base case is an application lemma [£.3] as
Zoz@i = fozﬁi
—> F(Aapi) = F(api) = (~1)7*7?

Now from here, we prove the theorem by induction for

9((Vua, -V, A) (04, v5), wi)

where {vs, vy, Va, } € {Va, vz} Assume the parity statement holds for n — 1. We compute

— — _ — | — — _

(Vua, =+ Vau,, A)(vy,v5) = Voo, [(Vva w oV, A)(vy,v5)]
- (v'uoq : 'er,L )( ’L)alv’)’7v5)
- (vvfw )(v77 Ve )
- Il + I2 + .[3

here ﬁ” = V" is the connection on TY and V" is the connection on NY (both using h). Let p,_; denote
the number of z’s among the indices {as,...,an,7,0}. For any index, w, recall the o(w) notation We
have

1 — —

Flg(hiw)) = F (907, [(Von, -+ Voo, Dlwy05)]w1))

= = — = — =1
= F (0019((Toay -+ Vo, D)(03,05),0) = 9(T, -+ Vo, A(03,0), T,y w03))

By the inductive hypothesis, we have

F (0an9(V, -+ Vi A)(vy,08), 7)) = (—1)7 (@) FPrs

Vay

And similarly

so that

F(9(Toy Vo, A (03,05), Y, w,)) = f(lei)f(g((VuQQ + Vi, A) (05, v5), wi))

_ (_1)0'(041)"1'1)7;71

again by the inductive hypothesis and lemmal[f.3] I and I3 proceed analogously. This finishes the induction.
O
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5 Asymptotics for the variational vector field

Having established an expansion for u, we want to show the analogous expansion for our variational vector
fields S := F*(at)‘ and S = Vi, 0)F«(0:)| . We first need to fix a frame for the normal bundle.
t=0 t=0

Lemma. For any p € v and a neighborhood N(p) C M, there exists a frame {wy,...,wy11-m} for N(Y)

which is orthonormal on (’y,?’ ) such that
v

g(w;, 0z) = O(z) and odd up to order m — 1
G(w;, ds,) = O(x*) and even up to order m + 2
g(w;, 8y,) = 8;5 + O(2?) and even up to order m

Alternatively, we phrase this as

w; = ¢} (s,x)0s, + 5 (8,2)0x + cj(s,x)azj

(2

Flz™2c8) =1
F(cf)=-1
F(e) =1

This is done by taking a normal frame for v C 9M, translating it to the interior so that the frame is constant
in x, and projecting onto TY . See (13.3) in the appendix. With this frame, we prove

Theorem 5.1. Consider S = ¢’ (s, z)w;(s,z) and S = ¢/ (s, z)w;(s,x) be the first and second variational
vector fields for a family of minimal submanifolds {Y;};>¢ with ¥ as in Then

Fh) =1

F(o') =1
Moreover, when m = n even, there are no x" log(z) or 2" ! log(z) terms.

The theorem says that in a good (z-dependent!) frame for the normal bundle, we have a polyhomogeneous
expansion to all orders which is even up to order m (m+ 1) for m even (odd). The idea is that S satisfies a
homogeneous Jacobi equation since Yy is minimal, and S satisfies an inhomogeneous Jacobi Equation since
{Y;} is a variation through minimal submanifolds. We leverage these equations to deduce a polyhomogeneous
expansion of qﬁl and gi)Z by doing the analogous PDE analysis for the minimal surfaces system as in section

Bl

5.1 Jacobi Operator in full codimension

By definition, Y; := expy (S;) and S =8,8, . Given that {Y;} is a family of minimal submanifolds, S lies
i

in the kernel of the Jacobi operator
J(X) = A+ X + A(X) 4+ Tr[Rus (-, X))

Here Aj denotes the laplacian on the normal bundle, /I(X ) denotes the Simons’ operator on Y, and
Tr[Rp (-, X)-] is a trace of the ambient Riemann curvature tensor over TY. As we showed in section
we have

Proposition 1. For Y™ C M"™*+! as in our setup, the Jacobi operator decomposes as
J(¢'wi) = [(20;)? — (m — 1)(28;) — m](¢") wi + R ({¢’})w;

where
R:2’CE2(Y) = 22200 (Y)

is an error term
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In particular, if we expand R

R =" 1y 5(s,2)(20,)? (20,)°
B3

for 8 a multi-index, then 7, 5 = O(2?) and F(r, ) = 1. Because we have ¢' = O(1), we see that the same
PDE analysis and iteration argument as in section gives

F(¢') =1
as desired. 0

Remark Note that if we choose to expand S in powers of z, we lose parity
S = So(s) + xS (s) + 22S5(s) + ...
S;eT,M, peY

i.e. both even and odd terms appear! This is because N(Y') “tilts” with x so a priori, we have no parity of
S in powers of  with z-independent vectors, {S;(s)}.

5.2 Regularity and Parity of S

Proposition 2. Let {Y;} € M""! be a family of minimal of m-dimensional minimal submanifolds. Let
Y =Y, and h denote a compactified metric on Y. Then for

Y = {expy, ,(S:(p)v(p)) [p € Y}
The second variation of mean curvature is given by

& H = () + QH(8)
where Q1 is a quadratic differential functional in § and F(Q*(S)) =1
The details and the verification that
Q*(8) = Q' (s, x)w;
FQ)=1
are shown in the appendix By the same work with S, this immediately gives

Theorem 5.2. Let {Y;} € M"™*! be a family of minimal of m-dimensional minimal submanifolds. Let
Y =Y, and h denote a compactified metric on Y. Then for

Yy = {expy ,(Se(p)) [p €Y}
with Sy(p) € NY for all ¢ and {w;} the normal basis described in we have

d2

RPN

g

Moreover
F(S) =1

and when m = n even, there are no 2™ log(z) or z"*!log(z) terms.

Having shown that {u’}, {¢7}, and {¢*} have polyhomogeneous expansions, we want to the variations of
renormalized volume. To do this, we first review the mechanics of finite part evaluation
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6 Mechanics of Finite Part Evaluation

When computing variations of renormalized volume, we encounter integrals of the form

I(z):/ 2Pb(x, s)x* I dAy
Y

for b having a polyhomogeneous expansion in « (after pulling back to I') and 7 > 0, j € {0,1,2}. We write

I(z) = </ +/ ) 2Pb(x, 8)x* I dAy = I1(z,0) + 2P I5(z,0)
YNn{z<d} YN{z>d}

for some 1 > § > 0, where we've pulled out the factor of zP in the {x > 0}. As before, I5(z) is holomorphic
because the integral is over z > 4. In particular

FP #L(2,6) = {12(0,5) p=0
z=0 0 p=>1

We further assume the following expansions (after pulling back to Fermi coordinates)

dAy = dx N dA,
_ m—+2
deth= Y q;(s)a" + Q(s)a™ log(x) + Q(s)z™ ! log(z) + Oz log(x))
k=0
b(z,s) = ) bj(s)z" + B(s)a™ log(z) + B(s)z™ ! log(z) + O(a™*+2 log(x))
k=0

ie. if a %log(x)? term manifests, it can occur only when d > m. This accounts for both even and odd
expansion of u(s,z) and {EQB} as in I, expands as

m+2
(2,9) —zp/ / Z=m=j Z bkqjxe dsdz

=0 k+j=¢
/ / qOB + Qbo)z™ log () + (bo@Q + b1Q + Go B + G, B)2™ " log(z) | dsdx
+ zp/ / le + 02Q + G, B + Bgy)a™"? log(a:)} dsdx

Zp/o LO(wlog(m))dsdx

o 1 _JC@) p=0
FPz /0 [{O(mlog(m))dm—{ -

Observe that

z=0
for some finite constant C'(J). It remains to compute

m—+2 E}
z+k—
FP I)(2,6) = FP 2 ch/o a*thm =iy

2 5
+ Flg 2P Z cf,H_k/ p*th=m=iog(z)dx
i 0
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for

> beg;| dVy,  0<k<m+2
0+j=k

Integrating,
0% 0%((zlog(6) — 1
Ii(z,6) = 2¥ <0m+j—1z + C:n+j—1M + F(6, Z)>

where F'(6, z) is holomorphic near z = 0. In particular

FP PF(5,2) = {F(5’ 0) p=0
z=0 >

= 0 p>1
5o |lesd) p=
P__ — =
52132 . 1 D
0 p>1
logéé)2 p= 0
szpé (zlog(d) — 1) _)o p=
z=0 22 -1 p=
0 p>3

Note that a x%log(x) term in the expansion of I; leads to higher order poles. We summarize this work as

Lemma 6.1. Consider integrals of the form
I(z) = / 2Pb(x, s)x* I dAy
Y

for b and dAy having polyhomogeneous expansions in x and p > 0, j € {0,1,2}. Moreover, assume that
r%1log(x)? terms only manifest when d > m and ¢ = 1, or d > m + 3. Then we have that

2
C(6) + F(6,0) + I3(0,6) + cmj1log(8) + iy iy g0 =0
c . =1
FPI(z)={ " P
=0 —Crgj—1 p=2
0 p>3

for the coefficients {cx} listed above
Remark:

e This calculation illustrates the following key point: when at least one factor of z appears, the
finite part can be expressed as an integral over the boundary. We will refer to this process
from here on as localization.

e In the future we write
B = [b(z, s)]'®"

to indicate the z* log(z) term

35



e Taking b(z,s) = 1 and p = 0 demonstrates how to compute the renormalized volume of Y via Riesz
regularization
e While the result for p = 0 seems to depend on §, one can show that by changing § — ¢’ and keeping

track of boudary terms from the intermediate integral fj/: 5» the result is independent of §. This is
done out for b(z,s) =1 in §13.5

7 Renormalized Volume for Y C M"*!

Let xy be a special bdf on (Y, h) considered as its own asymptotically hyperbolic manifold with metric even
to high order. In this section, we prove the following;:

Theorem 7.1. Let Y™ C M"*! minimal, satisfying the conditions §3|and xy a special bdf on Y. Let x a
special bdf on M, inducing the same conformal infinity on Y. We have that

F_]g fY ?dAy m even
FP / aidAy =77
2=0 0%

[, p(s)dA,(s) + Fp Jy z*dAy  m odd

where p(s) is some function on the boundary determined by uz(s) = me (s) and its derivatives.

This theorem says that for even dimensional manifolds, we can use either a special bdf on Y, which is labeled
as ry, or the almost special bdf, z, on M"™*!. Recall that a special bdf, x, satisfies

|dz|[2=g"" =1
where § = 22g. We want to find a special bdf, zy, for Y, such that

ldlog(wy)l[;, = h*Pa5*dwy (va)day (vs) = 1

where {v,} is the pushforward of the coordinate basis for TY defined in[13.2{and h = g v As in [1], [11]
and [I2], we begin with a bdf on Y written as

zy (z) = ze? (5

where -
w(s,z) = Zwk(s)xk
k=0
such an expansion was shown in [I1]. We now enforce 1 = ||dlog(zy)||3:
1 = h*Pe 2927 2[e¥dx(vy) + e dw(va)][e?dz(vg) + ze® dw(vg)] (26)
= Eaﬁ[das(va) + zdw(ve)][dx(vg) + xdw(vg)]

As in [11], the above equation shows that w; = 0, and in general that w has an even expansion to high
order. When m is even, the first non-trivial odd coefficient occurs at ™!, with potentially an 2™ log(x)
in the codimension 1 case. When m is odd, there may be 2™ log(x) and ™! log(z) terms. In both cases,

the first odd order term in comes from the first odd order terms in the expansion of {Eaﬁ}. To summarize:

Lemma: Let Y™ C M™t! be a minimal submanifold. There exists a bdf zy : Y — Rt such that
w(s,z)

zy (s,2) = ze

with
Flw)=1

We now prove theorem [7.]
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7.1 Equivalence of Renormalized Volume of Y C M"*', m even

Let x be a special bdf on M and xy a special bdf for Y. We compute the following difference

/ (4" — 2% )dAy = FP / 21— ) gy = / (20 + O(22))d Ay
Y ZZO Y Y

= FP / deAy:/[W(Sax) detﬁ](m_l)
Y ¥

2=0

:/0:0
,

F(Vdeth)=1, Fw)=1 = .F(w(s,x)\/detﬁ) =1

s0 [w(s,z)Vdet h)(™~1) = 0. Note that the first and second variation of renormalized volume can also be
computed with x instead of xy. The proof uses the same techniques as showing that these variations are
independent of the choice of conformal infinity, which is done in O

having used that

7.2 Anomly for Renormalized Volume of Y C M"*, m odd

When m is odd, the two definitions of renormalized volume using = and zy are not equal. This is discussed
in [12] among other sources, but we compute the anomaly here using Riesz Reguarlization:

FP / mzu_ew(s’%my:/
z=0 Jy

~

(m—1)/2

[w(s,x)\/detﬁ](m_l):/ Z w2k (8)T (m—1)—2k(8)
Y k=0

Because m is odd, this sum may be non-zero and the renormalized volume depends on the choice of bdf. We

note that for 2k < m + 1 the coefficients of {wax(s)} and Gy (s) are determined by uz(s) = mHﬂ, (s) via
the iterative procedure used to show their existence (see §3.8). As a result,
V(Y) = FP / T*dAy + / p(s)dA,
z=0 Jy ~y
where p(s) is a function determined by wus(s) = mHW(s) and its derivatives. O

8 Variational Formulae

We derive formulae for the first and second variations of minimal submanifolds Y™ C M"*!. Following [2],
let {Y;} be a one-parameter family of minimal submanifolds and assume each Y; N {z < §} is embedded for
some small § > 0. From equation and section we can write for m even

u(s,z) = u'N;
wi(s,7) = wh(5)? + uh()* + -+ by ()2 + ()2 + O

Si(s,z) = Si(s) + Sh(s)a® + -+ + SL (s)z™ + Sk, 2™ + O(a™F?)
and analogously for m odd with some 2™ *!log(z) terms potentially.

Theorem 8.1. Let {Y;} € M"*! be a one-parameter family of m-dimensional minimal submanifolds for
m < n+ 1 and with Y;—9 = Y. Further suppose that for some § > 0, for all ¢ > 0 sufficiently small,
Y: N {z < ¢} is embedded in {x < ¢}, and that

x<§)

Y, NU =Im <8Xpy(St)
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for S; € N(Y). If 0 is not in the L? spectrum of the Jacobi operator, Jy, and S = %St . is a bounded
t=

Jacobi field (w.r.t. §), then the first variation of renormalized volume is given by

DV’}/(S) = / [dz(S)V det h]™dA,

where dAy = Y jﬁfﬁ(dAv A dzx). Furthermore,

I, (— [da(8)2Vdet h]™+Y + [da(S)Vdet h]™ m even
. =1 (m+1) . _~(m)
-1 [||S|\2 ||V |2V det h] +1 [||S\|2Ax\/det h] ) dA,

D*V| (S,8) = , _ 5 _ 97
y (59 fv(f[dz(S)Q\/deth](m“’lOg)+[dx(S)\/deth}m m odd @
—[dz($)2Vdet h] "D + 1(||S|[2AzVdet 7)™
— (|81 V][V det ) (D) — (I\SI\2\IVxIPVdeth“*bg))dAv
Remark

e These formulae show that variations of renormalized volume depend only on the following geometric
quantities: the volume form, the special bdf, z, and the variational vector fields.

e The condition of 0 & o(Jy) guarantees that the moduli space of smooth minimal submanifolds with
smooth boundary curves is a Banach space. The proof is analogous to the one in [2], assuming that ¥
is embedded in a neighborhood of the boundary.

e The first variation formula holds as long as Y = Y} is minimal, and the remaining {Y;} have the same
embedding and asymptotic expansion properties, i.e. they are not required to be minimal, as long as
we have parity results for S. The second variation formula requires minimality

Corollary 8.1.1 (Codimension 1). For Y™ C M™*! with n even, S = gf)ﬁ for 7 a unit normal to Y w.r.t g,
the formulae above become

DA| (8) = ~(n+ 1) [ do(s)unia(5)dA,() (28)

D24] (9) = [ ~(n+ Ddotenss + (L= w)o(s)dna()

+ ()2 [(n— 1)(n — 2) = 4(3n — Vugtys1(s) + Trr (kny1.0)] dA, (5)

A (é)= L [~ 0+ D)dos)un s (5) + Fi (B0, us)| dAs (5) (29)

Y

D?4| (9) = / —(n+ D)dotns1 + (1= n)¢o(s)Pni1(s)

Y

+ do(s)? [(n = 1)(n — 2) — 4(3n — Duzttna(s) + Tz (kn10)]
= do(s) [4(n -+ 2)do(s)uz(5)U(s) + b(3)] + Faldo, do, uz) dds ()

Remark As we'll see in the proof, F; and F, are actually polynomials in the coefficients {us,...,u,},
{gz.So, .. .,gﬁn}, and {(50, .. ,ngn} As shown in these coefficients are determined by the derivatives of
us(s), q'So(s)7 and éo(s), respectively. Thus, F} and Fy are differential operators that only depend on -~
(which determines us), b0, and ¢y, the “Dirichlet data” of Y, S, and S.

Specializing to the case of m =2 and n + 1 = 3, we have
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Corollary 8.1.2. For the set up as above with Y2 C H?, we have

DA‘Y(q’s) -3 / dousdA,
Y

DQA‘Y(QB) = / (—3%“3 — o3 — 20U2U3¢.5(2)> dA
v

Note that the formula for DzAly(q.S) is a correction to the formula in [2].

9 Proof of Variational Formulae

9.1 First Variation

Recall our set up: For Y™ C M™*! a family of minimal submanifolds with dY; = 7, we describe these via
Fermi coordinates off of Y with respect to gy-:

F(t,p) = exp,(St(p))

with Sy € N(Y). We will write F;(p) = F(¢,p) when we want to emphasize that we’re working over a fixed
p. We compute

V(YY) =FP / 2*dAy
z=0 v

: d
D = —=V(Y,
4 Y(S) dtV( t)‘tzo
=FP — / Ff (2*)F; (dAy) = zx* 1 (p)dx(S(p))d Ao
2=0 dt z— Yo
=FP za* L da(S)d A,
z=0 Yo
- / [d2($)V/det )™
v
where in the third line we use < Fy (dAt)‘ 0 0 from the minimal surface condition, and
t=
d

oo _ z—1 Q
tht() zx® " dx(S)

Note that because we’re only taking an mth term, the above result holds for both m even and m odd. When
m is odd only x™*!log(z) terms appear, which doesn’t affect the (m)th order term. O

9.2 Second variation

The second variation is derived using the same procedure

2
D2V‘Y(X) dtQFP/ w*dA, = j—/ 2(F(t,p))*F (dA,)

Differentiating under the integral, we get

d
D*V| (X)=FP [/ [2(z — D)2* 232 + z0° 1i]dA + 2/ 2z i —FF (dAy)
Y z=0 YO YO dt

o

d
— F}(dA
t=0 + / dt? (d4,)

where & and ¥ are equal to
i
@x(F(t,p)), 1=1,2
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Note that 4 F;(dA;)

vanishes when Yj is minimal. Hence

d?
2 z—2.:2 *
DV‘Y:ZZIE)’ {/Yo[z(zl) T4+ za®” ]dAY+/ d2F(dAf)

= FP [L(2) + I2(2)]

o

9.2.1 [; Computation
We compute the finite part of the first integral Iy = A; + B;.

FP A, =FP / 2(z — 12" 22%dA
Y

z2=0 z=0
=FP 22 / 2?23 dAy — FP 22772 (dx(S))2d Ay
zZ= 2=0 Y

(m+1)

_ A - [(dm(S‘))Q det(h)} e [(dm(S)f det(h)}

using the techniques in @ For Bi, we write this as

Blz/yzxz_lit:/yzxz_ldx(g)
_ A (dz(§)1/det (7)™

Thus we have

FP Iy = FP (A + By) = / (—[(dx(s'))2 det(R)]m+11oe) _ [de(S)2V det ) ™Y 4 [d(S) det(h)]m> dA,

9.2.2 [, Computation

We compute

d
I FP F* dA
27 d2 ( t)t:()

We know from a variety of sources (e.g. []) that for a geodesic variation
d? . . .. . ..
T Fr(dA) = (VS,V1S) —Rict(S,8) — [(A(-, ), 8)|? + divy (S)

where V1 denotes the connection on the normal bundle, A denotes the second fundamental form, Rict is
the trace over TY C T'M of the ambient Riemann curvature applied to elements in N(Y'). We first integrate
by parts on the divergence term and get

/szdiVy(S)dAY:/$Z<S,’ﬁ,>dA’Y—/ 22* "1 (VY iz, S)
Y Y

Y

Again, the boundar term vanishes because we first assume Re(z) > 0. For the second term, V¥z € TY
and as we show in 8l S € NY, so this term vanishes automatically.

We now handle the remaining terms
<VLS,VLS> - RICL(S,S) - |<A(7 )7S>|2
This is the quadratic form for the corresponding Jacobi operator

JyX = AT X + RicH(X, ) + A(X)
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where R
AX) = g((Vo,vp)N, X)RTR (W, 05)Y

is the Simons operator. Because we consider a variation among minimal submanifolds, we have Jy(S) = 0.
In order to get the integrand in the form of the Jacobi operator, we integrate by parts and gain a boundary
term which contributes to our second variation. Thus

/ a? ((v%s’: V+S) = Ric™ (S, 8) — [(A(-, ), S>|2) dA, = Ay + Ay + A3
Y

We now integrate by parts on the first term in our original expression for I and get

/Y HVES,VES) = /zxz—Za )(S,ViS) — / stvs / sts
z—/zmz 126 (S,V;8) - /xZ<S,ALS>

Y

where we sum over an orthonormal frame of TY™, {eq,..., e, } with respect to g‘y. The last integral in the

first line vanishes because x‘ = 0 when Re(z) > 0. The second integral in the second line combines with
v

A, and As to yield 0 because S is a Jacobi field. Thus

m

N . V.
12:/ - (dAt):_FP/ngg 'S 0u(@)(8, ViS)dAy

z=0 c
=1

Integrating the first term by parts again, we get

m

—/ 27y " 0i(x)(S, VS>dAy——f/ za® 123 )i S I?

Y i=1
fl 31129, z—149. s 1 2
= 5 [ #$IP0: @ ouw) - 3EP L]

Again, the integral over  vanishes because Re(z) > 0 and x‘ = 0. We take the remaining integral and
¥
expand it as

3 J, S0 o) = 5 [ AT - 1 @+ )]

1 & z— z—
:g/yzHSHQ (2 = 1)2*~2|Val 2 + 2"~ Aa]

Note that when we write Az and Vz, we consider x as a function restricted to Y and compute the laplacian
and gradients with respect to bases on TY with the complete metric g. Now we localize and get

d *
FP I(z) = FP / 2 o by (dAY)

. 1 .
5FP/ 2(z —1)xz—2\|5\|2||w\|2dvy+§Fzg / za® Y |S||?Axd Ay
z z= Y

so that

1 . — m+1llog ] . —1 (m+1)
FP 12:—7/ [EREZR _7/ (13112 - 11V1PVaets] " 4
z=0 2 v 2 ~
1 . — (m)
+§/ [||S||2Ax\/deth dA,
.
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9.2.3 Putting it Together
We add the two integrals and get for

D2v‘y(5'r’ S) _ / _[dm(S)Z\/E}(m-&-l,log) + [d;v(S)\/cﬁ]m _ [dm(S)Q\/ﬁ}(m'H)

’Y

+ 5 [(181P AVt RY™ — (18171 [Val PV det )™ ) — (13171 [Val PV det )1 |

This shows that the second variation is computable in terms of the asymptotics of the metric and variational
vector fields along . This proves theorem [8.1]in the m is odd case. If m < n even or K = 0 in the expansion
then equation becomes

D2vly(S7S') = /[dm(ﬁ)\/detmm — [da($)*V det B) Y

’Y

+ 5 [(ISIP AVt R ™ — (181 |[Val P Vet ) )]

This follows by the remarks on the F functional for m < n or when K = 0. In section [10] we show that even
in the case of m = n even, the above holds. This will conclude the full statement of theorem O]

Having given formulas for first and second variation, we show that these are independent of the choice

of special bdf, and hence independent of the choice of representative of the conformal infinity, kg = g’
~

9.3 Conformal Invariance of Variational Formulae for even dimensional sub-
manifolds

We show the first and second variations for Y™ C M™t! can be computed using x : M — R20 instead of
xy : Y — RZ% The mechanics of the proof show that the variations of renormalized volume are independent
of the choice of special bdf, asssuming the induced conformal infinity is the same.

For the first variation, recall xyv = xe®

d z zZw
zOdt/ v —.’13 dAYt zOdt/ (1_6 )dAYt

Note that dAy, is the area form with respect to the complete metric, g restricted to Y;, and hence in this
form is invariant, i.e. doesn’t depend on the choice of boundary representative. Pulling back, we get

d d .
— [ 2*(1—e*")dAy, = Ft* (2)*(1 — e*FV @Y Fr(dAy,) = / [z2® L1 — %) 4 27 (—20e™)|d Ay
dt dt t=0 Y
again, £ F, (dAyt) o = 0. For the first term
zo* (1 — ) = 2227 i (2w + O(22)) = 2227 Hiw = F]g / za” (1 — ™) = f/[iw\/ det h)loe:™
z= Y ~
-0

The vanishing of this integral is seen in that ¢ = O(x) and F(2) = —1 so that

[wV det h)l8™ = [£]1°8™
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but then for m < n, [£]'°®™ = 0 by the regularity and expansion of ¢’ When m = n, one makes explcit use
of the expansion of 7 in §77 to show that this is 0. For the second term, we get

P — z/ r*we**dAy = FP — z/ 2*w(l + zw + 0(22))dAY
2=0 v z=0 Y
= F% / [—z2°w — 22wox® + 0(2%)]dAy
z= v

_ / Vet B 4 [wiry/det B]loEm—1
Y

where we’ve again noted that all quadratic terms in z vanish under finite part evaluation at z = 0 from
lemma [6.1} Both integrands satisfy F = 1 so the above m — 1 terms vanish.

The second variation proceeds similarly, making use of the F functional for m < n and the expansion
of 7 when m = n even. For m odd, renormalized volume is not conformally invariant. Using the above
process, one could compute how the first and second variations depend on the initial choice of bdf.

Having derived formulae for first and second variations, we simplify it for codimension 1 submanifolds.
In this case, Vdet h and 7°” are tractable in terms of the coefficients {ui}. Similarly, terms involving S and
S simplify with § = ¢7 and S = ¢w. In particular, 7(z, s), the unit normal to Y™ C M™*! (with respect to
the complete metric), is computable in terms of {u]}.

10 Codimension 1 case

For Y™ C M™t! we write o
S =¢v

where (b = O(1) and g(7,7) = 1. In this section, we compute ¥ explicitly and show

Theorem 10.1. For {Y;*} C M"™*! a family of minimal hypersurfaces, we have
Dwyr:4n+nﬂ¢aw%ﬂwm5
for n even and
DY) = = [ (4 )+ V)olo) + Flso(s) wa(5) ds

for n odd.
Now recall k11 = [k(s,z = 0,z)]" ! from (3). We have

Theorem 10.2. For {Y;"} C M"*! a family of minimal hypersurfaces, we have

www=/?m+n%wﬂ+u—m%mﬂ+%w%wmwm—a%—nmwﬂ+ﬂm@mmn
Y

for n even and

DY) = [+ Ddass + (1= midodnss + B (2~ Do —2) — 46— Dustas + Ters i)
v
— ¢o [4(n + 2)pousU + q’} + F(¢o, do, uz)

for n odd.
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10.1 Computing the normal

As in let f:U COM — ~ be a map in fermi coordinates. Let p = f(s) and {eq(s) = va(s) = 0, } be
a frame for T}y in some neighborhood of p x {0}. Translate this to all of v x [0,¢e) = I'. Complete the basis
with 0, and N(s,z) = 9, a normal coordinate for I such that N(s,0) = N(s) a unit normal for v C IM.
Then let

G(s, .7;) = %P(u(s’ J})N(S, .7;))

which in Fermi coordinates of (s, z, z) can be written as
G(s,z) = (s,z,2 =u(s,x))

The tangent space is spanned by

Vo = Gu(0s,) = By, + Ty, + T8 + ta(s, 2)0s
Uy = Gy (0z) = Oy + uy(s, )0, + ufizaga + uf;az
having noted that fiz = 0 in the second line. Now we can compute the normal to Y, 7, by projecting onto
the tangent basis. We have
v=20, — E“by(az, Vg )Up — E”g(az, Va ) Vs
- E"Lag(am Uw)va - EML?(@Z’ Uw)vw
=0, — Z(ua + Ry)vg — (g + Ry)vy

a

=1 —ul+R.)0: — > (g + Ra)a — (ug + Ra)0s

a

where
R. = O(z%), F (a:QRZ > =1
z=u(s,x) z=u(s,x)
R, = 0(2"), F (x_QRa > =1
z=u(s,x) z=u(s,x)
R, = 0(z?), F <x_2éw ) =-1
z=u(s,x) z=u(s,x)

The F(-) statements actually say that R, R, are even to order n+2, and R, odd to order n+ 1. Moreover,
note that in this decomposition

9(0.7) =1+0G2),  Flgli.i) =1

so that if we normalize, we get

_ 1
V= —"T—F=
9(v,7)
=c%0, + "0y + ¢*0s,
such that
¢ =1+R., F(z?R.) =1
" = —uy + Ry = O(x), F(z72R,) = -1
¢ = —ug + R, = 0(2?), Fz2R,) =1

In particular, because u lacks x™log(x), " !log(x) terms, we see that c*, c®

2" log(z) terms.

, and ¢* lack z"log(x),
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10.2 First variation, codimension 1, even
We now apply the first variation formula, and the expansion for S = v

DV(Y) = / [dz(S)V det h)™) = — / [p(uy + Ry)V det B]™

~

since n is even and F(¢) = F(Vdet h) = 1, while F(u,) = F(z~2R,) = —1, we have that

[p(ue + Ry)Vdet B)™ = [pu, V det B]™ + [¢R,V det h]™)
= [Blo[ua]n[V det o + [$lo[Ru]a[V det Ao

Now we compute

[Blo[u]n [V det Blo = go(n + 1)un 41
Here, we’ve noted that [Vdet h]o = 1. Thus

DV(Y)=—(n+1) / Go(8)tni1(s)ds

This proves theorem in the even case. O]

Recall that for Y" C M"™ ! non-degenerate, any (/ﬁo( ) € C°(v) can be extended to a Jacobi field, ¢,
on all of Y (see § ) for which we can define ¢ = t¢ and hence Y;. In this case, we have:

Corollary 10.2.1. If Y™ C M™*! is a nondegenerate minimal submanifold and a critical point for renor-
malized volume with n even, then u,41(s) = 0.

When Y is degenerate, the set of {¢o(s)} which can be extended to an L? Jacobi field on all of Y are
orthogonal to a finite dimensional kernel (cf §13.6| and [2] for details).

Remark As seen in uz2(s) determines the coefficients {ugk(s)}Zi 22 via the minimal surface system.
We think of these terms as “local” in the sense that they are determined by the boundary -, which deter-
mines us(s) = mH'Y(S) By contrast, u,+1(s) is not determined by wus(s), and hence is “global”. The
rest of the expansion of u(z,s) is determined by v and u,1(s) and continuing the iteration. In a loose
sense, Un41(s) represents the Neumann data in the Dirichlet-to-Neumann type problem we’ve posed: given
ym=1 C OM, find Y™ C M"*! minimal with Y = Y N dM"*+! = ~. The Dirichlet data is 7, and the
Neumann data is the first undetermined term in the series expansion, wu,11(s). Thus, for nondegenerate
critical points of renormalized volume, the Neumann data is exactly 0.

Taking a different perspective, we see that if Y is non-degenerate, then the renormalized volume func-
tional determines the dirichlet to neumann map of v — w,41 for any v C 9M! Formally, we recall notation
parallel to that of [2] - let M(M) denote the moduli space of minimal hypersurfaces of M intersecting OM
in a C™*2:% submanifold, v = Y =Y NOM.

Corollary 10.2.2. Let Y™ C M™*! a nondegenerate minimal submanifold. Let U C M(M) be any open
subset with U 3 Y. Then V : U — R determines w11

Globally, V : M — R determines ¥ — u,41 for any pairing of (Y,~) with ¥ minimal.

10.3 Codimension 1, First variation, odd

We demonstrate that the first variation is not as transparent when n is odd. We compute

[qﬁ(um + RI)\/ det E](")
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where

Uy = 2uz(8)x + -+ (n — Dy 1(8)2" 2 + [(n + Vg1 (s) + U(s)]z™ + (n + 1)U (s)z" log(z) + O(z™ 1)
¢ = 9270( )4+ %-1(8)56"*1 + a1 ()2 + d(s)a"H log(z) + O(z"*?)
Ro(,5) = Ro3(s)2° + - + Ruyns(s)a™? + Ru(s)a" log(z) + O(2" )

Vet h(s,z) = Go(s) + -+ + Ty ()2 + Gy ()2 + Q(s)2™H log(z) + O(a""2)
We can already see that there are many combinations that multiply to form an z™ term, e.g.
230001, Re300T,-3:
however, we can write the nth term as
(9t + Ro) Vet B = [(n -+ Duunga () + U)o + P b0 {uai} 25", (Roanrn 52, @i}

Clearly, P is determined by terms of order n — 1 or lower, so we write

F(do(s),us(s)) == P({da 1" {uae 52 A R 0 A 1))

noting implicitly that {R%Qkﬂ}g:ll)/ % is determined by {uzk}énz_ll)/ 2, which follows from the construction
in
Remark From hereon we will use F(¢0,uQ) to denote a polynomial function of {@g,ds,...,¢n_1} and

{ug, tgy ..., up—1}. In § we showed that ¢2k( ) and ugk(s) are determined by qbo( ) and uz(s), respec-
tively, for 2k‘ <n-—1 Becaube of this, we can think of F' as a non-linear differential operator acting on ¢q
and uy. We will make a slight abuse of notation and write “F ((;50 uz)” wherever such a function appears, as
opposed to having a distinct labeling for each such function of (¢0, uz). We will make the same convention
for functions R(us), which are the same as F (¢0, ug2) when there is no ¢0 dependence. We will also use such
convention for functions F(@g, o, us) when there is dependence on {¢y, ..., dn}.

We conclude

YY) == [ ({tn+ Ditnss () + U()dn(s) + Fldols) ua(s)))

proving theorem in the odd case. O

10.4 Codimension 1, Second variation, Even

The formula of interest is

Dﬂ}’y(S,S) = / _[dx(s')2\/(ﬁ](n+1,1og) _ [dx(s)z\/ﬁ](nﬂ)

’)’

+ L0181 AVt T — (112192 Vet V]
— S USIPIV|VaetR) 449 [dz(8)v det )"

=h+L+I3+1,+ 15+ 1

We'll look at each of the summands individually.
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10.4.1 I,
As in §9.3] we have

Uy + ]2q/32 = O(x2)
dz(S)?] (n+1,log) | [V det h]°

(S
dz(S ) ](n+1 ,log)
(=t + Ry)?]" 108 - G5

du(S)? =

[-
= [dz(S)?V det h]("Tho8) = |
=
=

having used that F(¢) = 1 and has no 2" log or ™ +* log(z) terms. The same holds for v and F(z 2R,) = —1,
so we see that R
[(_Um + Rm)Q]n—H’lOg _ [ui]n-i-l,log =0

hence
;=0

10.4.2 I,

In this case, similar reasoning holds and we see that

[da(9)2V det "' = [(—uy + R,)?)"H - 92

= [uz]"*" - 63
= 4UQU7L+1Q.53
SO
IQ = — / 4(n —+ 1)u2un+1q.5(2)
v
10.4.3 I3

For the second term, we have

1 ) —
JA /[||S|\2A:v\/det 7))
Y

2

recall the notation of {y,} denoting any coordinate of {s,,z}, and that A = Ay represents the laplacian on
Y with respect to the complete (induced) metric, h. We decompose

Vdeth Az = 29, (Vdet hh*?0,,x) = 29, (xzfn\/ﬁ Eaﬁayﬁz)
28, (Vdeth B™) + (2 = n)zVdet h B + 220,(Vdet h B™)
hence

[1S1282V/det B™ = [§2,, (Vaet h F™))™ + (2 — n)[¢2Vdet h 5]+ + (620, (V/det h B

From our previous work, " is O(z3) and is odd up to order (n+1). This tells us that d,, (Vdeth Y is
odd up to order (n + 1) and O(z?®) and so because F(¢?) = 1, we have that

(620, (Vdeth h*)]|(™) =
For the second term, we do the same analysis as before: ¢2, 1", Videt h all satisfy F()=1,s0any (n+1)st
term must come from the (n + 1)st term in one of the factors multiplied by the Oth order term in the

remaining factors. We get

n)[¢*Vdet B B = (2 — n)[2¢0hnr1 + B3 (Rpgy + Tpsr)]
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For the last term of [$20, (Vdet hh"")](™) | we know that F(8,(Vdeth k")) = —1 because both F(Vdet h) =
F(R™) =1 and so the derivative of theu" product is O(x) and satisfies F(-) = —1. On the other hand

F(¢?) = 1. Thus the nth term of the product can only come from the nth term of d,(Vdeth h"") paired
with the Oth order term of ¢2. Recall from corollary [3.1.3[that Vdet h A" has no "' log(z) term. Thus

v E (n = n + 1)¢O(Qn+1 + thrl)

since g, = hy = 1. Thus
/ —n)dodns1 + ¢o(qn+1 + h‘n—i—l)
-

10.4.4 I, even
For the third term

1
- 5/[|\S||2 V] 2V det 7o)+

We expand using
V][ = A" (1 + w'T5;)? + 2h™*u'Tg,(1 + u'Tg,)
+ U T/ T
18] = 2~2¢°
From (??) and corollaries we see that F(z~2||Vz|[?) = 1. Similarly, F(22||S]|?) = 1. Thus

1SIPIVa] [V det B+ = (6222 V] [2)V det B+
— 19 1”*1[w*2||w||210[@ RO+ [62]0[e 2|Vl 2] [V det )
+ (%02 V|20V det ]+

Moreover, by the vanishing orders of u; and I'Y; and I'?,, we have that

(2| Val 2 =
[z 2|V ?]"H = [Em}"“ = Pyt
Similarly,
[6*1° = &%
[0*]" ! = 2000n+1
[Vdeth]?:=1
[V det h]"t! .= Tyt

From this, we get that
HISIPIV]*V det )" = 26041 + G5 (g1 + Tt

This gives

1 'I"I'
142/ ¢0¢n+1 2( n+1+qn+1)¢2
Y
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10.4.5 s

As in I, we have that

18121V | *Vdet T = ¢ (2| Vel 2)Vdet R
— [IISI12| V>V det RIS = (321087 (172 V] ][V det A)°
+ (67 V|25 [V det B + 62 [o7% V|27V det B o5
We first recall that [¢]'°&"+1 = 0 which gives
[$2]leentl =
we also note that
72| V|2 = (1 + w'T%)? + 207w, (1 + u'T?)
+ R W WY,

T~ XL

= [ |ValFent =

= [o7?(|Vall?)" = [h

]log,n+1 =0
P=1

by the vanishing order of the other expression and again from corollary that hy, has no z"*!log(x)
term. Finally, from the same remark, we see that [V det h)'°8"*! = 0. Thus

Is =0

10.4.6 Ig
We compute
[dz(3)Vdet A" = [pdx(v)V det 7]
= do[—us + Rz}"[\/ﬁ]o
= —(n+ Duny160
This comes from section where

v=:c"0,+c*0p + 0,
' =—uy, + R,
Fx?R,) =1

Since u, = O(z) and is odd, the nth order term of (¢dxz(v)Vdet k) can only come from the Oth order terms
of ¢ and Vdet h and the nth order term of ¢*. This is precisely because F(¢) = F(Vdet h) = 1. Thus

16 = / 7(ﬂ+1)g.zl;oun+1dA,y
y

10.4.7 The Full Expression, Even Case

Together,

D*V(Y) = / —(n+ 1)dotuns1 + (1 — n)¢0¢n+1 + (b% (E:il +Gpp1) — 4+ Duguny
v

in the codimension 1 case. In §13.7] we show by a more careful analysis that

I

hpy1 + Ty = (n—1)(n —2) = 8(n — Nugupni1 + Trry(kny1,0)
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and so the final formula is

DV(Y) = / (4 Dot + (L= m)doduss + &3 [(n = 1)(n — 2) = 4(3n — sy + Ter, (knsr,0)]

Y

In particular, noting that Iy = I5 = 0, this finishes the proof of theorem and theorem [10.2] in the even
case.

10.5 Codimension 1, Second Variation, Odd

Note that when n is odd, there is no 2" log(z) or 2"*1log(z) terms in equation (3). So terms of the form

[Jlog:m []lg:n+1 will only come from [u]'°&™, [u]l°&n+1 or [¢]loem [¢]l°en+1 Recall that the formula is given
by

Y
1r . _ ‘ _
+ 5 [(ISIP A0V det F)™ — (|I8]2)|Val Vet 1)+
1 . _ ) _
= SUSIRIT2|PVdet )+ 11o8) . [da(S)V/ det B
=L+ L+I+1i+1;+ I

where [f(z,s)]("*11°8) denotes the coefficient of the z"+! log(x) term for f(z,s).

10.5.1 I,
Similar to the even case,

I =- / [da(S)?V det B) ("1l g A, = — / (0% (ug + Ry)?V det B](mH1108)
Y

Y

From the expansions used in the first variation formula, adapted to the odd case, we have

% = do(8)? + - + 200(8)Ppy1 ()" + 28 (s)do(s)z" T log(z) + ...

(g + Ry)? = dug(s)?2 4+ - -+ 4[(n + Dtty1(8) + U(8) + Ry 1]uz(s)2™ ™ + 4(n + Dua(s)U(s)2" ' log(z) + . ...

Videt h(z, s) = Go(s) + -+ + @yt (8)2" T + Q(s)2" ' log () + ...

so the 2" ! log(x) coefficient of the product is

[(bz(ux + R,V detﬁ](”ﬂ’log) = gi)o(s)24(n + Dua(s)U(s)qy(s) = 4(n + I)UQ(S)U(S)Q.SO(S)Q
Together,

A / 4(n + V)us(s)U (s)o(5)2d A (5)

10.5.2 I,

Again, similar to the even case:

I = —/[d:c(s')2\/detﬁ]<”+1>dA7 = —/[dﬂ(um + R,)?Vdet )"V
¥ ¥
As in the first variation for n odd, there are many terms in this integrand which combine to give an n + 1st

term because n + 1 is even. However, we isolate the terms which involve wu,4+1, U, ¢n4+1, and ® and combine
the lower order terms:

I, = —/ (4[(n + Dupar(s) + U(s)}ug(s)q'ﬁo(s)2 + F(q'bo, ug)) dA,(s)
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10.5.3 I3, odd

Here,

(I[S]*(Az) vV det h) ™ dA, (s)

I3

N | =

[620,, (Vdet h B*" )™ + (2 det &™) "D 4 [¢20, (Vdet h ™))

S~ 55—

Write the first term as F(¢o, u2) as no (n + 1)st or (n + 1,log) coefficients appear. We compute the middle
and last terms as follows:

[6*Vdet h B™) ) = 2¢oqi>n+1aoﬁé”” + QT hy + a'ﬁ%aoﬁfil + F(do, u2)
(20, (Vdet h h")]™) = [$20,(V det )L™ + $2V det b d,(h"" )]

= <z>o<<n + D)1+ Q+ (n+ Vi + h ") + F(¢o, us)
using
B =Ty (s) + Ry (8)22 4 - A g ()2 457 (s)2" T log(x) +
Vet h(z, s) = G(s) + -+ Guya ()27 + Qls)a™ log(e) + ...

Combining the two lower order polynomials and noting g, =1 = ng, we find

Iy=35 / (2(2 —n)Podni1 + HB(@nr1 + Pogr) + Q@ +5" ) + F(do, W(s))) ddy
Y

10.5.4 I, odd

Again, n + 1 is even so there will be many lower order terms. Thus we decompose the integrand into the
principal part with (n 4 1)st order terms and the remainder

= 5 [ ~OSIFITEVaTy ™ = 5 [ @2 e Ty

Write this again as

Ii=—

N | =

/ <¢3[Eii1 + 1] + 291.50Q.5n+1 + F(dso, Uz(S))> dA,
¥

10.5.5 I, odd

We compute
g[SRIV Vacmyerstio9 = - [ @20l Vae Ty
v v

Extracting the "1 log(z) terms is straightforward similar to the previous sections,

1 ST = s
=g | GF QU+ 260

having noted that . .
(22|l P00 = [k Lion) =
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10.5.6 Ig, odd

In parallel with the even case, we have
[dz(S)V det h)™ = [¢da(v)V det )"
= —(n+ 1)oun+1 + F(do, uz)

So that

Is=—(n+1) / botni1 + F(po, uz)

~

10.5.7 The Full Expression, Odd Case

In summary, we proved that
DY) = [ ~(n+ Dbyt + 6 (@ + ) = 4+ 20l = 40+ Dz
8!
+ / bo {(1 — )1 — q)} + F(do,uz)dA,
v

As with the even case, we compute in

I

i1 + Tnyr = (n—1)(n — 2) — 4(3n — Dustini1 + Trrs (kni10) + F(do, u2)

for some function F. This yields

D*V(Y) = / —(n+ 1)Gotns1 + (1 = n)dodnr1 + & [(n — 1)(n — 2) — 4(3n — V)ustni1 + Trrs (knt1,0)]
Y

— o [4(71 + 2)pousU + q)} + F(¢o, do, uz)

We've written things more suggestively to reflect the parallels with the even dimensional formula. This
finishes the proof of in the odd case. O

As an application of our second variation formula, we consider an even minimal submanifold, Y, flowed
by an isometry to produce {Y;}. Such a family has constant renormalized volume so D?*V(Y) = 0.

11 Application: Variation via Killing Vectors in H"*!

In this section, we let M = H"*+! with

dz? + (dy? + -+ + dy?)
9= 3
x
In particular K =0 and k,4+1 =0 in , so we can make the corresponding simplifications to the first and
second variational formulae. Consider the killing vector fields {9y, } to applied to these formula - we prove

Proposition 3. For n even, Y C H"*! minimal with closed boundary, Y = , and graphical expansion
given by u(s, ) as in theorem we have

(ug, unt1)r2(y) _ (n—1)(n—2)

Vol(7) 22 —6n+1)

In particular, when n = 2, we see

Corollary 11.0.1. For Y2 C H3,
(u2,us)r2(5) =0
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For n odd, we have

Proposition 4. For n odd, Y” C H"*! minimal with closed boundary Y = ~, and graphical expansion
given by u(s,x) as in theorem we have that

—2(n* —6n + 1) (U2, Uny1) p2(v) + 8(uz, U)p2(y) = (n — 1)(n — 2)Vol(y) — B(uz)

where B(ug) denotes a boundary integral over v with integrand determined by us.

11.1 Proof: Codimension 1, even
We reference the expansion for the normal vector in and take
Si = qlbktﬁ
P, = (Oy,.,7)

where (-,-) denotes the inner product on H"*! with respect to the compactified metric. Here, {y;} are the
da® +dyi+-+dyy,
$2

directions which are not x in the metric expansion g = , and hence 0y, is a killing vector.

Using, § = geue We compute:

7= ! [(1— [ Full?). — V]

V1= [9ull? + ([Tl

= K(x,s) ([1 - Eabuaub — 2uqugh”” — u2h"IN = [ugh

ab _ ,U%Emb]a% n [_uaﬁaw _ uwﬁww]a’v)

n—1
:K@@(E}M%WM+D@@N—mfumm>

b=0

where 0, is identified with F,(0s,) via an abuse of notation. From this decomposition, we see that

F(K) =1, K =1+0(z?)

Fldp) =1, dy = O(z?)

F(D) =1, D =1+0(z?)
F(z7?R,) = —1, R, = 2upx + O(x3)

We now compute

n—1
or = | du(s,2)(9y,,0s,) + D(x,5)(0,,, N) | Kz, 5)
b=0
From which:
(é1)o = (B, N)Do = (9, N)

n—1

((bk)n-ﬁ-l = Z[db(sv x)]n-i-l[(ayk?a?b”o + [D(l‘, 5)]n+1[<8yk7 N>]0 + Kayk’ N>]0[K(I, 3)]n+1

b=0

We compute

—ab —xb
[db}n%»l = [uah — uzh ]n+1

= [ub]n+1

= asbun-l-l
Similarly
[D]py1 =[1— Eabuaub — Qugugh " — ufﬁm]nﬂ
= 7[uazcﬁxz]n+l

= —4(n + 1)’LL2’un+1
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And finally
1

K(x,s) = — —
V1= [9ull? + [Tl

1 _ _
= [Klny1=—35[1 - IVl ? + [[Vul [0

1
= §[||VU||2]n+1
=2(n+ 1)ugtny1
This tells us

3
|
—-

(d.)k)n—&-l = [db(sa m)]n+1[<8yk7asb>}0 =+ [D(l‘, 5)]"+1[<6yk7 N>]0 + [<8yk7 N>]0[K(xv 5)]7l+1

T T
_ O

(aSbun+1)<ayk ) 85b> - 2(” + 1)U2un+1<8yk ’ N>

-~
Il
o

Finally, we note that ¢ = 0, so we have

DQV(Sk,Sk)‘ -0
Y

D*V(Sk, Sk)‘y = /(1 — 1) (@)o(Sr)n+1 + (S1)3[(n — 1)(n — 2) — 4(3n — D)uzuup 4]

Y

= /(1 - n)<ayk)N> [ ) <8yk7 (8Szun+1)68z> - 2(” + 1)<ayk>N>un+1u2

£=0
2
+ Oy, N) [(n = 1)(n = 2) = 4(3n — 1)ugun 1]
Summing over kK = 1,...,n and combining terms, we finally obtain
(n—1)(n-2)
ntl = —o—5———— - Vol
Luﬂ N ey )

proving the proposition.

11.2 Proof: Codimension 1, odd

The expression for ¢;, are the same in the odd dimensional case,

ng = li: db($7$)<ayk’asb> + D(x75)<ayk’N> K(I,S)

b=0
and we compute

I
-

n

($1)o = (d6)0(Dyy» 05, ) + (D)o (Dy,, N) | (K)o

0- <ayk’83b> +1- <aykaN>‘| -1

However

(D)ns1 = [Z(db)nﬂ@kﬁsb) + (D)n+1<3ymN>] (K)o

(D)o {Oyy» N)(K)nt1 + R(uz)
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where R(uy) denotes a polynomial in {us, ..., u,—1} as with our convention for F. We compute

n—1

(@R)n+1 = | (Osytinir + R(u2)) Dy, Ds,) + D1 (Dy,, N)
b=0

+ (s N)(K)n41 + R(ug)

recall the expansion of

u = ugx® 4 -+ up 12"+ Uz log(x) + O(z" )

TXT

D(z,s)=1-— Eabuaub — 2uqugh”’ — uh

Further noting that ]—"(Eab) = F(h"") =1 and 2™ = O(23), we have
[D]nt1 = —4uz[(n + Duny1 + U] + R(uz)

Similarly,
1

V1= I9ulf? + ([Tl

K(x,s)

1. —
= [Klns1 = §[||Vu||2 = 2(n + 1ugunir + R(uz)

in the same way that was deduced for the even case. With this, we have

n—1

(Dk)n+1 = [Z(asbunﬂ)(aymasb) = 2ug|(n + Dunt1 + U3y, N)
b=0

+ R(uz)

for some conglomerate lower order term R(uz). According to our second variation formula for odd dimension
submanifolds §8.1) we also need the 2"t log(z) coefficient, ®, of ¢y

‘i)k: = ((Z'Sk)njtl,log

= [Z(db)nﬂ,mdayw@sb) + (D)n+1,1og<3yk,N>1 (K)o + i(db)o@ym@sb) + (D)o<3ykaN>1 (K )nt1,10g
b=0 b=0

= lz_: (db)n-‘rl,log <8yk ) 8517) + (D)n+1710g <8yk ) N>‘| (K)O + <8yk ’ N> (K)n-',-l,log

b=0

We immediately see that

(db)n+1,10g = (05,U)
(D)nt1,10g = —4(n + DuxU
(K>n+l7log = 2(n + 1)U2U

so that

n—1
b = | S UGy, 00) — 20 + 1)uQU<8yk,N>]

b=0

Now using the formula for second variation, we have
0= D*V(Y)(¢x, b1)

= [(=m)@u)oldu)nss + d8l(n =~ D0~ 2) = 430~ Duatnsa] = (o [4(n -+ 2)(du)owal + 1] + Blus)
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Summing over k£ and combining terms, we get
0= /(n —1)(n —2) +2(n? — 6n + ugu, 11 — SuU + R(uz)
¥
= (n—1)(n—2)Vol(y) = — {/ 2(n? — 6n + Dugtty 1 — SuU + R(uz)
gl

which parallels the even case up to an error term R(uz). This proves the theorem. O

12 Conclusion

We proved formulae for the first and second variation of renormalized volume for Y™ C M™*! minimal and
of arbitrary codimension. In codimension 1, these formulae include u,+1 and U(s), which can be thought of
as the Neumann data in a Dirichlet-To-Neumann type problem of determining Y from +, the boundary data.
The first variation for renormalized volume then shows that V determines the map v — wu,4+1. While the
variation formulae are most clear for m even, the formulae for m odd are defined up to a boundary integral
that depends only on the Dirichlet data of q'So and v, as well as the choice of bdf. In particular, we have
found a natural class of conformal invariants to the pair of submanifolds (v,Y’), namely the integrals in the
variational formulas themselves. Our analysis depended on the following facts: the metric is asymptotically
hyperbolic and even in x up to high order. In full generality, our results apply to manifolds which are
conformally compact, with a metric that splits as in where k(z, s) is as in . This includes if M is PE
or M = H"*1/T for I a convex cocompact subgroup of isometries of hyperbolic space as in [2].

There are several directions in which this research can progress further

e We look for more applications of the second variation formula, especially and the orthogonality
result when n = 2.

e In §9.3] we noted that the first and second variations are conformally invariant. It remains to ask if this
is because the integrand is conformally invariant itself or if the integrand is the sum of a conformally
invariant term plus a divergence term which integrates to zero. In the case of codimension 1 for n
even, we can write

DA| (é)= / Do ()t 41 (5)dA () = / Pi(do)

DQA‘y(GB) = / —(n+ 1)dotn41

Y

+ (1= n)do(8)dns1(5) + do()? [(n = 1) (1 — 2) = 4(3n — Dua(s)un41(5)] ) dAs (s)
= /Pl(éo) + o Pa(ho)

where Py and P, are measure-valued operators on the Dirichlet data for the variational vector field, i.e.
¢o. The question then becomes if these operators are conformally invariant. There is a long history
of conformally invariant geometric operators, including the conformal laplacian, Paneitz operator [25],
and GJMS operators [10]. We also recognize Graham and Zworski’s work on conformally invariant
differential operators on PE spaces via scattering matrix theory [I3]. We hope to place the P, and Py
operators above into one of these frameworks.

e We are also interested in characterizing nondegenerate critical points of renormalized area. Following
[18], Alexakis and Mazzeo show that minimizers of renormalized area Y? C H? with fixed asymptotic
boundary ~ are themselves minimal surfaces [2]. They prove this with geometric arguments, and we
ask if the information of wu,41 = 0 is enough to show this analytically for the case of hypersurfaces in
arbitrary dimension.
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e Given the connections between minimal surfaces and solution to the Allen-Cahn equation, we ask
if a theory of renormalized energy for functions in asymptotically hyperbolic spaces could exist. It
would be interesting to see what the condition of u,1(s) = 0 translates to on the function side of the
Allen-Cahn-Minimal-Surface correspondence.

e Fine and Herfray [7] have investigated renormalized area in setting of X™, the boundary of a PE
extension, M"*t1. Given v C X a curve, there exists a unique extension, Y2 C M™*1, such that YV
meets v orthogonally. Moreover, Y is characterized by being a critical point of renormalized area, and
v is a conformal geodesic. With our first variation equation in the n-even, codimension 1 case, it would
be interesting to leverage the condition of u,+1 = 0 to see if a similar constraint on the boundary
manifold ~ arises.

13 Appendix

13.1 Metric on T M

We construct a frame for all of TM =TT @ NT using Fermi coordinates on I'. Coordinatize our space as
follows: Let p € v C OM be labeled by geodesic normal coordinates on 7 about some base point py, i.e.

p = f(s) :=expy, (s"Eu)

for {E,} an ONB at py spanning T+y. We then coordinatize I" as points (s,z) <> (f(s),z) € ¥ x [0,€). Then
for U(T") C M sufficiently small, we define

W Br(0)™ " x [0,¢) x By(0)" 1™ — M
W(S, z, Z) = m(f(s),m) (ZZXl)

for {X;} an ONB for N(T'). Both exponential maps are taken with respect to g restricted to v and T
respectively. Abusing notation slightly, we define

=J

Gij = g(Wi(0:,), Wi (9z,)) = 6ij + [fiu +f;j]3a + Ly +f:cj]x + O(2i2j, SaSb, Sa, 2, ZiSa, 2°)  (30)
=b —a —a =b

Tap = (Wi (0s,)s Wi(0s,)) = 0 + [T'iq + Fkb]zk + Ty + Toglz + O(2i25, SaSh, Sa, 2T, ZiSa, xz)

Tai = GWa(02,), W (02,)) = [T + ToiJs® + [Ty + Toil + 0202, 5050, 50, 267, 2150, 2%)

gaz = g(W*(asa)’ W* (893)) = 0

Giw = 9(Wi(0:,), Wi(02)) =0

Tpz = G(Wi(0z), Wi(9:)) = 1

where T.. are the Christoffel symbols for vy x [0,€) € OM x [0, €) equipped with da? +ko(s, 2), i.e. g evaluated
to lowest order in z. For the first 3 expansions, see [22] among other sources. The last 3 equations follow
because the metric splits along the x direction:

G=dz* +k=dx® + [ko + O(a?, 5%, 22, sz, 52, 22)]
i.e. the metric is block diagonal with a 1 x 1. Recall the index notation
Cl,b, CadH SasSby Scy Sd
i7ja k7£<_> Ziy Zjy Rk 24
ivjvkvgﬁwiijvwkvwf
@, B,79,0 < {Ya,Yp: Yys Y5} € {54, 2}
O, 1, V, T, W <> {ymyuvyuayﬂyw} - {sa,x,zi}

We will also often conflate 95, , 0, 9., with their pushforwards by W as well. Given our asymptotics for g,,,,
in terms of s, z, and x, we can evaluate at z = u(s, z) to derive asymptotics for a frame for TY.
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13.2 Metric on 7Y

We construct a frame for 7Y and derive an expansion for the metric, g . in this frame. Recall the map

G:T—>Y—>M
G(s,x) =W (s,z =u(s,z),z) = (F(s,u(s,z), )

We consider the frame for TY given by

Vo = Gu(Ds,) = Bs, +ul0s, +u[Tai0y, + gy + T 00,
Ve = Gu(0z) = O + U0z, + ' [T,05, +T,0, +T7,0.]
where again, . are christoffels with respect to g in the {0;, , 0., 0., } basis. We’ve also notationally identified

0s,, Oz, and 0,, with their pushforwards by W. We will denote the above as

—u

Gi(0y,) = 0y, +ul 0., + To0,,

The induced metric is then given by
_ . o
hap :gab_‘_gaju{) +uJFbjgau (31)
. S —
+ U Gpi + Ul Gi; + ugu Ty Gig
S - o
+ uzrai [gob + u{)gza + ujrbjgua]
_ B —w
hae = u];gka + ukFa:kgaw
- kR —
tu, [uacgik tu kagiw]
+ uifgi [gaw + ulaigkra + ukfzkgwo']
— _ =T
+ugug G + ugu'g, Loy
+ ukfzk + uiukf:kgwl + ukueﬂkflégwr
using the metric notation of section As a point of notation, we let v, € {vq, v, } so that {v,} is a basis

for 'Y, with « taking on the z and a subscripts. Now assume m is even. Evaluating at s =0 and z = u(s, x)
and using equation |30 and lemma [25| applied to the symbols {I';.,} by converting from g — g, we get that

E(Lb = dap + 0(12)7 F <hab ) =1
(s=0,2=u,z) (s=0,2=u,z)

s — 0(*), F (hw ) _—
(s=0,z=u,x) (s=0,z=u,x)

Py =05 + O(.%'Q), F (hwz ) =1
(s=0,z=u,z) (s=0,z=u,z)

13.2.1 The T matrix

We use the previous section to define a frame for 7'M using the decomposition TM = TY & NT', which holds
at points p € M with x < e. Consider the map

R:U®I) — U(®Y)
R(s,z,2) = W(s, 2 +u(s,z), )

and define
T:=R*(9)
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so that

N
8
N

Ta
ab
ib

zj
aj
ij

where each entry is g(R.(9.), R.(9.)). We recall the index notation (see equation (15)) of

{vo} = {va, vz, vi} = {Ri(0s,), Ri(0z), Ri(02,) }

S|
I
15l
:
S
SIS

3
8 ¢
S
S

which is a frame for all of TM for z < € small. We compute T' in these coordinates as T, := G(ve,vp).
Note that T,z have been computed in the previous section For the new entries, we have

Il
Qf

1% ij

S

— y 14—
ia = Ga; T U005 T u'l ;G0
_ B B .
Tio = Gui + sGir + v T30,

and immediately from [30| and lemma we get that

Tij = 51’]’ + O(IZ), ]:(T”) =1
Tia = O(z*), Flx™2Ty) =1
Tim _ = O(Z’S), ./_'.(1'72sz) =—-1

we can also invert the metric and get the same asymptotics and F(-) values.

13.3 Projected basis for the normal bundle
We prove the following, again abusing notation by writing 0.y for W.(9(.)) where needed:

Lemma. For any p € v and a neighborhood U(p) C M, there exists a frame {w1, ..., Wp+1-m } for N(U(p)N
Y’) which is orthonormal with respect to g on « such that for m even (odd)

?(wmax) = O((E), ]—'(g(wmax)) =—-1
g(wi, 0s,) = O(z*), Fg(w:,0s,)) =1
g(wi,azj) = 6ij + 0(1‘2), }'(g(wi,azj)) =1

in fact, g(w;, 0s,) is even up to m + 2 (m + 3) when m is even (odd).

Proof: For notational brevity, we handle m even, noting that all m related indices will be shifted up by 1

when m is odd by Recall the frame for TY = span{v,, v, } as given in Now setting N = W.(0s,)
for notation, we define

wy =y N = W, (0z,) — Ty (Wa(02,))
—ab__ —ax
= W (02) = (R G(00 We(@2))00 + B (v0, W (0,02 |

— [F 0 W (@) 4+ (0, W (02,

Now using §13.2]and (30), we get

g(wi, 0z) = O(x), F(g(wi, 0,)) = =1 (32)
?(wiaasa) = O(Iz)a f(?(wlva%)) =1
g(w;,8,) = 6;; + O(2?), F(g(ws, 0:;)) =1
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using the established parity of the metric coefficients. Note that the {wy,} are not normalized but we compute
using and §13.2.1

g(wg, wi) = cx(z,5)

=1+0(z%)
]:(Ck) =1
so we define
_ W
WE = —
g(wkvwk)

which still obeys (32]).

13.4 Simons Operator

In this section, we compute the Simons operator for Y, the graph over I" given by u(s, z) where ||u(s, z)|| =
O(2?) and is even in z up to order m. Note that this includes u = 0, corresponding to the boundary cylinder
I' = v x RT. In particular, we show that the Simons operator is O(2?) in its leading coefficient. Recall our
notation of {v,} = {v,, v, } for a basis of TY. Then

AX) = g((Vo,va), X)RTRP (Y, 05)Y
We have '

X = XJ’LU]‘
where {w; = w;(x,s)} is the basis for N(Y') as in m We compute

A(X) = XT[g((Vo,05)V, 0 )h*ThY (V vs) Y
+ (Vo va) N wj )W R (W, v5) Y

+ 9T, 0 T (T, )™

+ 9((Vo,ve)N, w) ) BB (Vy vs) V]

x

and we expand '
fade) fady)
(vvavﬁ)N = (Fa6v0>N =T pw;
We reference the following Christoffel symbols (computed following [I1] and lemma

fab = 0(1), F(T,) =
T, =0() F(T,,) =
f;b = O(x) }—(facb) =
T,, = 0(?) F(T,,) -

This immediately tells us that

and so

A(X) = X7 [g((Vovp)™ w0y RO HPTy Yoy
Fi({X*})w; = O()w;
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i.e. FJ is some linear function of {¢*¥} and

FI{X*)) = fl(s,2) X" (s, 2)
fis,2) = O(?)
F(fi)=1
where the last line holds by parity of the Christoffels and metric coeffiicents. This shows that the Simons
operator gives a quadratic error term that preserves parity.
13.5 Equivalence of Hadamard and Riesz Regularization
In this section, we demonstrate that Hadamard regularization and Riesz regularization are equal for m even
or odd
13.5.1 m even

Under Hadamard regularization, the renormalized volume is the constant term in the following expansion

VY n{z>e}) = / dA = age ™ fage ™3 4o a g6t + ag, + O(elog(e))
YN{z>e}

Such an expansion follows because

Vdet h
/ dAy = / / o av,da + / dAy
Yn{z>e} yJe<a<h T z>b

= / / (ho(8)z™™ + (even terms) + hy,—2(8)2 ™% 4+ Ry (s, x))dx) dVy, + / dAy
v Je<x<b x>b

m/2—1

= Z e2k=mt ey + Ay + O(elog(e))
k=0

where we have used that the expansion of the volume form is even up until h,, (cf corollary [3.1.3). In

addition, R,,(s,x) = O(log(z)) is the remainder term. We set

1 _
=— <
Cok T /thk(S)dA’Y(S) 2k <m
m/2—1
Ay = / / Bo(s,2)dadVy — 3 cpphmH20+1 4 / dAy (33)
v J0<z<b k=0 x>b

Note that A,, is finite (recall that {z > b} is a compact region) and actually independent of b. We denote

H/ dA = A,,
Y

Under Riesz regularization, consider the meromorphic function

()= [ aday

- % .y %m
72—(—m+1)+ +

+ D + O(2)

We then define
R/ dA := FP ((2)
v z2=0

61



we compute this as

/:L‘szy :/ I'ZdAy—‘r/ r*dAy
Y Y{z<b} YN{z>b}

_ / / 2* ™/ det hdV,, A dx + / w*dAy
v J0<z<b Y

N{z>b}
= / / (Eo(g)th + (even teI‘IIlS) +Em_2(§‘)x272 + Em(s, I)lvz)dx) dA,Y n / v ddy
T YNn{z>b}
where b < 1 so that we can use such an expansion. For the first integral, we write

m/2—1

/ / (Eo(é')xz_m + (even terms) + Em,g(é’)xz_Q)dx) dVy A dz = Z asg
v J0<z<b 50

bz—m+2k+1

z—m+2k+1

having assumed Re(z) > 0 and setting
agy 1= /E%(s)dAﬂ,(s) = (m— 2k — 1)cog
2!

Now we define

o m/271 bz7m+2k+1 -1
D, (b, z ::// R,,(s,x)x* + —a k—|—/ 27 dAy
(b:2) v Jo<z<b (s 2) kZ:O s—m+2k+1 " yn{z>b}

m/2—1
a2
— | 27dAy = — 9%k Db
/Yx Y I;)Z—m+2k+1+ (6,2)

As before, one can compute that D,, (b, z) is finite, independent of b, and holomorphic at z = 0. We can
compute the finite part at z =0 as

m/2—1 "
£ ey = 3 S o)
m/271m2ktl B
- ];) _m+2k+1a2k+/7/0<w<b Rm(s,a:)ddiﬂ,(s)Jr/Ym{wb} dAy
m/2—1

- Z b7m+2k+102k+// Em(s,x)dsz,Y(s)Jr/ dAy
v J0<z<b YN{z>b}

k=0
H/ dA:R/ dA
Y Y

this is the same as so that

13.5.2 m odd

Under Hadamard regularization, the renormalized volume is still the constant coefficient in the following
expansion

VY n{z>¢e}) = / dAy = ape” " +age ™ 4 a6 +alog(e ) + am + o(1)
YNn{z>e}
Such an expansion follows because

/ dAy = / / (ho(8)z™™ + (even terms) + hy,—1(8)z ™" + R (s, z))dz) dV, + / dAy
YNn{z>e} v Je<a<b T

>b
(m—-1)/2—-1

= Z Rt eor + et log(e™ ) 4+ A, + O(e)
k=0
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where we used that for m odd, the expansion of the volume form is even up until h,, 1, at which point the
2™ log(z) term also appears. Denote

1 —
_— sm—
Cok i= o Lth(S)dAw(S)y 2k <m—1
(m—1)/2-1
Am = / / EML(S, z)dIdV»Y — Z C2k67m+2k+1 + Cm—1 log(b) + / dAY
v Jo<a<o P w>b
H/ dA := A,
Y

analogous to the even case. For Riesz regularization, we have

dA:=FP{(z)=FP | 2°dA
v z=0 z2=0 Jy

and we want to show that this gives A,, as above. Using the same expansion, we get

/I‘ZdAy:// z? diltngvda:—&—/ v dAy
Y 0<z<b T z>b

// (ho(8)z*~™ + (even terms) + hp,—1(5)2* " + 2" Ry (s, 2))dz) dV, +/ x*dAy
0<z<b

z>b
(m 1)/2 bz m—+2k+1
= ——— a0 + / / (s,x)dzdA, +/ ?dAy
kZ:O z—m+2k+1 O<:c<b ) z>b

for
agr — /Egde,y = (m — 2k — 1)C2k
v

as before. Then the same analysis as before gives us

Fp [// (s,x)dzdA, +/ ;deAy} :// Rm(sw)ddiy—i—/ dAy
O<:c<b x>b v J0<x<b z>b

and also
(m_zl)/z pE—m+2k+1 pr—m+1 N N pZ—2 N b?
—_— Qg = —————a A am —am
— z—m+2k+1 2k z—m+10 z—2 3 !
(m—1)/2 _ _
b= m~+2k+1 b m+1 b 2 b?
> FP - e e - _ FP R _
z=0 kzo z—m+2k+1 @2k —m+1a0+ +—2am3+z—0( >am1
We now expand
YL log(d) + 0(2)
o= og z
= FP b—z = log(b)
z=0 z =08
and so
(m—1)/2-1
FP / r*dAy = / / Ry (s, z)dxdA., — Z corb™ ™R e log(b) —|—/ dAy
z2=0 Y v Jo<z<b k—0 z>b
thus

R/dA:H/dA
Y Y

in the odd case. It is interesting to note that ((z) does have a pole at z = 0 in the odd case, in contrast
with the even case. Note that for m odd, renormalized volume depends on the choice of special bdf - see [I]
for details.
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13.6 Degeneracy of Minimal Hypersurfaces in M"*!

In this section, we summarize the relevant results from section 4 of [2] on the degeneracy of a minimal
submanifold Y™ C M. For X € N(Y), recall the Jacobi operator:

Jy (X) = Ap(X) + A(X) = Trry [R(-, X))
We can view Jy as a map between weighted Holder spaces
Jy : tPATH(N(Y)) = zFAJY(N(Y))

Moreover, the indicial roots of this operator are ;1 = —1 and ps = m. When —1 < p < m, we know from
[26] that Jy is Fredholm and index 0 in the codimension 1 case. A minimal submanifold Y™ C M is said to
be nondegenerate if the kernel of this map is just {0}. Again in the codimension 1 case, one can show that
any boundary variation of a nondegenerate submanifold, i.e.

Yy = {&D,(V(P)N(p))}, Y€ C™(y)

can be extended to a Jacobi field on Y, X = qﬁ(p, x)v(p, x), so that <75(p, 0) = ¢ (p). This follows by an inverse
function theorem argument which is a direct adaption of the n = 2 case described in [26].

When Y is degenerate, Ly is still index 0 but the kernel is a non-trivial finite dimensional space. We
consider the kernel of Ly acting on functions 1 € L2, i.e. such that vy = 0,

K={¢|Jy(®) =0, ¢ =0}

Elements of K have the following asymptotic expansion:

b~ Ymy1(s)z™ 4+ m even
Yma1(s)x™ + U(s)z™  og(x) +... m odd

i.e. they vanish to order m + 1. Consider

V:{f | 3¢€K s.t. f:wn-‘rl}

which is also finite dimensional. Recall equation (28]), i.e. for Y™ a critical point of renormalized volume
and n even, we have

/ U y1(5)¢o(s)dA, =0
.
From the above, if ¢o(s) <+ ¢(s,z) a Jacobi field, and 1,41 (s) > 1(s,2) an L2 Jacobi field, then
0= [ Iy (6(sa)uts. o)y
Y
= [ (@voy+ |avPow - Ricry (v1)ovlday
Y
= [ 106+ |Av s~ Riery (r)usiday - [ (n+ D(bnn)dodd,
8!
2/ Jy (¥)p — (n+1) / Vi1 GodA,
Y Y
= —(n+ 1)/1/;n+ﬂz'>odA7

The equality in line three is most easily seen by switching to the compactified metric, keeping track of powers
of x, and integrating by parts twice. This tells us that ¢g(s) must be orthogonal to all elements of V, i.e.
(#0(8), f)r2(y) = 0. This then tells us that any u,;1 € V lies in a finite dimensional space.
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13.7 Computing EZL and ¢,

In this section, we consider Y™ C M"*! and compute the (n + 1)st coefficient for the metric coefficient
—TT :
h' " (s,z) and the volume form prefactor g(s,z). We aim to show

Proposition. For Y C M"™*! minimal, we have

Eiﬁ-l s = {(n —1)(n—2) —4(3n — Lusunt1 + Trry (knt1,0) n even
n—1)(n—2) —4(3n — Dugupt1 + Trry (knt1,0) + R(uz) n odd
where . Ly
knt1,0 1= m (dm) k(s,z,0) -
Remark When M = H""!/T for I' a coconvex subgroup, k,+1 = 0.
13.7.1 Ezil, even
Expansion by minors of the inverse yields
2 = L det({f))
eth

where a,b = 1,...,n — 1 are the coordinates corresponding to coordinates for s. Note that F(h.) = 1 via

Vo = O, + T udy, + a0,

= 0,, + T udy, + T udy + 0.

T — — =B _

hab =9Gab + UbG gz + U’szgaB
+ UaGp, + UaUpG,, + ua’u’fl[jzgzﬁ
+ Ufz,zyba + ubUszgza + u2szf5z§a,6’

where f; , 1s the Christoffel symbol as in lemma Similarly, we have that
deth =1+ 2%, + -+ + 2"q, + 2" log(2)Q + 2" g, + O(2" " log())

1

. _ $"+2)
det h

=1+ (even terms up to order n) — Q2" log(z) — G, 112" " + O(

Because F(det({hay})) = 1, we can compute

Py = ([detA] ™), - (det({Ran})) + ([detB) ™) o - (det({Ran})),,
= —Gpp1 + (det{hap} )t

Because F(hgap) = 1, we use linearity of the determinant to get

_ n-1 (h11)o B (hy (n-1))o
(det({hav})), 1 = S (hab) 1y -
ab=1|(h(n-1y1)o (R(n=1) (n=1))o

but @ab)o = dap so the above can be thought of as the identity matrix with the (i, j)th entry substituted
with h;;. The determinant is then

O

. 5)in U D

0 a. .(. o 1 (haa)nt1 a=b
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From the expansion of haq, we have

[Eaa]n—i_l = [gaa]n—i—l + 2[’u’f2z§aa]n+1
= ool + 2[u]" " - [T0200)’

To compute g,, we first recall the expansion of kq(s, z) in
G =da® +ko(s,2) + 2%ka(s,2) + - + kn(s,2)z" + K(s, 2)x™ log(z) + kni1(s, 2)x™

ki(s,2) = kio(s) + ki1 (s)z + - + kimsa(s)2™? + O("/*H)

K(s,z) = Ko(s) + k1(s)z+ -+ kn/g(s)z"/2 + O(zV/*
when we evaluate at z = u = O(2?), we see that

[Gual™ = o5, 2 = 1) (D 0o, )™ + long1 (5, 2 = 1) (s, )]
= [ko(s, 2 = u)(Ds,, s, )" + knt1,0(9s,, 05,

because F(u) = 1. Of course, from or [22]

ko(s,2)(0s,,0s,) = 0ab + [sz + ﬁ;]z +0(22, 52, 5%)

where f are the Christoffels as in equation . When evaluated at z = u and s = 0, the O(2?, sz, %)
terms will not contribute a n + 1st term. Thus

[ko(s,z = u)]"+1 = fo%(mzunH

where T'., . denotes the restriction of the christoffels in lemma restricted to Tvy. We leave the other term
as is and get

— n+1 __
- _2F77aazun+1 + knJrl,O

[9aal
Similarly
2l |y )nt1 = 2Unt1ly,00a = —2Unt10 .00z
so that
[haa)" ™ = —4up 1T aaz + kn+1,0(0s,, 0s,)
With this, we get

n—1

(det({ﬁab}>)n+1 = (n - 1)2 - (n —-1)+ Z[_4un+1f77aaz + kn+170(85a’85a)]

a=1
= (n — 1)(7’L — 2) — 4un+1H’y,k:0 + TrTry(knJrl’O)
Now using the fact that H, , = 2(n — 1)ug, we get

—IT

hypi1 = —qpiy + (n—1)(n —2) = 8(n — Dugtpi1 + Trry (knti,0)

13.7.2 hy\q +Gppq, 0dd
Via the same reasoning as in the even case, we have that

o'y + Ty = (det{ap})ns1 + Rluz)

where R is some function of us and its derivatives. Expanding this determinant and using multilinearity, we

have _ —
_ n—1 (h11)o T (hq (n—l))o
@et{faDuri= S| (adory |+ Rw)
ab=1|(h(n-1y1)o (h(n=1) (n—1))o
so that

(det({ﬁab}))rﬂrl = (n — 1)(TL — 2) — 8(TL — I)UQUH_H + TrT’y(kn+1,0) + R(Ug)
= Ty + Gpyy = (0= 1)(n = 2) = 8(n — Dugtns1 + oy (kns1,0) + R(us)
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13.8 Second variation of Mean Curvature - Parity for §

In this section, we compute the second variation of mean curvature for a family of minimal surfaces {Y;}
and prove theorem [5.2 and proposition [2]

Theorem. Let {Y;} € M™*! be a family of minimal of m-dimensional minimal submanifolds. Let ¥ = Y;
and h denote a compactified metric on Y. Then for

Y, = {exp; ,(Si(p)7(p)) [ p €Y}
and {w;} the normal basis described in section §13.3] we have

d2

§= gl

St = Szwz

and F(97) = 1.

Proposition. Let {Y;"} € M"*! be a family of minimal of m-dimensional minimal submanifolds. Let
Y =Y, and h denote a compactified metric on Y. Then for

Y = {expy ,(Si(p)) | p € Y}

The second variation of mean curvature is given by

d2 N .
St = JE(5) + QH(9)

where Q1 is a quadratic differential functional in S and

Q*(8) = Q'(s, 2)w;
FQ)=1

We first show that § € NY, we then sketch the proof of how one computes QL(S) in codimension 1.

13.8.1 Normality of S

We first show that S = Vi, Ft’ € NY since F} is a normal variation. Recall that the image of o,(t) =
t

F(p,t) is a geodesic curve starting at p. We write

F*(at) :Ft

q=0p(t)

= At)7(t)

q=0,(t)

q=0y(t)

for 7(t) a unit normal tangent vector evaluated at ¢ = Fi(p) on the path produced by F;(p). We compute
$(n) = Vi |
t=0

= (AW O)AWD)| _ 7(0) + A2(0) V- 7(1)]
_ir

t=0

where the second term vanishes since V.7 = 0 since 7 is the tangent vector to a geodesic curve. But
7(0) € NY,s0 S € NY.

13.8.2 S Computation in codimension 1

For brevity, we sketch the proof in codimension 1. We have S = (z7'¢)v and can let v(t) = v(F(t,p)) be
a normal vector for Y; at the point F'(t,p). By abuse of notation, we will absorb the prefactor of 2~ and

denote ¢ = x’lé, converting to the proper normalization at the end. We now compute

Vevt)) =-VYéeTy
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this follows since

for all t. We show

Proposition 5. For {Y;"} C M"™*! a family of minimal submanifolds and S = qb(s, v, S = év, the second
variation of mean curvature is given by

d2
—H(t
dt? ()t:O

where F(¢) = F(G($,V,d)) =

Proof: We compute

= Jy () + G(¢,V, D*P) =

hef = —2H AP
hoP = 4¢%(A o A)*P + 29 AP — 292 R + 247 ¢°
A more lengthy computation shows that
Aaﬁ = thAOCB(t)
= [(bR(U, Vo, VB, V) + (éaﬂ - (/b(A © A)a,@]y
- Aaﬁ(vyé)
and also
WP Ay = [Ty (6) + Qu($, 0) + Qa(dw, VY ) + Qa(VY §, VY §)lv — 4[| A[[*$V" ¢
Ql((ba ¢) = Q.SQTI (V V) - 4¢29(A(,)7 R(V’ BRE) V))
Q2(6, V¥ $) = Ricy (¢v, —V" )
Q3(V¥9, V¥ 9) = 29(A(V"$), V)
when ¢ is a Jacobi field. In sum, we compute

42 .. . . ..
=HO| = hoP Ayp + 20°P App + WP A g

t=0
= [49* (A0 A, A) = 26*(R(v,,v,), A) + 2A(V ), V)]
+4[6% Ry, A) ¢<D2¢, > + ¢ (40 A, A))
+ [y (9) + Q1(¢, 9) + Q2(9v, V¥ 9) + Q3(V' 6, V" 9)]
In particular, when é)l/ is a Jacobi field, this equation is another proof that S € N (Y). We reframe this as

2 . . . ;
%H(t) = Jy(¢) + G(¢,V¢, D*9)

t=0

where F(¢) = F(G(,V,¢)) =

References

[1] Pierre Albin. Renormalizing curvature integrals on poincaré—einstein manifolds. Advances in Mathe-
matics, 221(1):140-169, 2009.

[2] Spyridon Alexakis and Rafe Mazzeo. Renormalized area and properly embedded minimal surfaces in
hyperbolic 3-manifolds. Communications in Mathematical Physics, 297(3):621-651, 2010.

68



3]

[15]

[16]

[17]

Michael T Anderson. Einstein metrics with prescribed conformal infinity on 4-manifolds. Geometric
and Functional Analysis, 18(2):305-366, 2008.

Tobias H Colding and William P Minicozzi. A course in minimal surfaces, volume 121. American
Mathematical Soc., 2011.

C Fefferman and C Robin Graham. Conformal invariants. FElie Cartan et les Mathématiques
d’aujourd’hui Astérisque, 95, 1985.

Charles Fefferman and C Robin Graham. The Ambient Metric (AM-178). Princeton University Press,
2011.

Joel Fine and Yannick Herfray. An ambient approach to conformal geodesics. Communications in
Contemporary Mathematics, page 2150009, 2021.

Mariano Giaquinta and Luca Martinazzi. An introduction to the reqularity theory for elliptic systems,
harmonic maps and minimal graphs. Springer Science & Business Media, 2013.

C Robin Graham. Volume and area renormalizations for conformally compact einstein metrics. arXiv
preprint math/9909042, 1999.

C Robin Graham, Ralph Jenne, Lionel J Mason, and George AJ Sparling. Conformally invariant powers
of the laplacian, i: Existence. Journal of the London Mathematical Society, 2(3):557-565, 1992.

C Robin Graham and John M Lee. Einstein metrics with prescribed conformal infinity on the ball.
Advances in mathematics, 87(2):186-225, 1991.

C Robin Graham and Edward Witten. Conformal anomaly of submanifold observables in ads/cft
correspondence. Nuclear Physics B, 546(1-2):52-64, 1999.

C Robin Graham and Maciej Zworski. Scattering matrix in conformal geometry. Inventiones mathe-
maticae, 152(1):89-118, 2003.

Bo Guan and Joel Spruck. Hypersurfaces of constant mean curvature in hyperbolic space with prescribed
asymptotic boundary at infinity. American Journal of Mathematics, 122(5):1039-1060, 2000.

Bo Guan, Joel Spruck, and Marek Szapiel. Hypersurfaces of constant curvature in hyperbolic space i.
Journal of Geometric Analysis, 19(4):772-795, 2009.

Qing Han, Weiming Shen, and Yue Wang. Optimal regularity of minimal graphs in the hyperbolic
space. Calculus of Variations and Partial Differential Equations, 55(1):3, 2016.

Mark Henningson and Kostas Skenderis. The holographic weyl anomaly. Journal of High Energy
Physics, 1998(07):023, 1998.

Tomoyoshi Hirata and Tadashi Takayanagi. Ads/cft and strong subadditivity of entanglement entropy.
Journal of High Energy Physics, 2007(02):042, 2007.

Xumin Jiang. Boundary expansions for minimal graphs in the hyperbolic space. University of Notre
Dame, 2016.

Luquésio P Jorge and Friedrich Tomi. The barrier principle for minimal submanifolds of arbitrary
codimension. Annals of Global Analysis and Geometry, 24(3):261-267, 2003.

Fang Hua Lin. On the dirichlet problem for minimal graphs in hyperbolic space. Inventiones mathe-
maticae, 96(3):593-612, 1989.

Fethi Mahmoudi, Rafe Mazzeo, and Frank Pacard. Constant mean curvature hypersurfaces condensing
along a submanifold. arXiv preprint math/0405564, 2004.

Manh Tien Nguyen. Weighted monotonicity theorems and applications to minimal surfaces in hyperbolic
space. arXw preprint arXi:2105.12625, 2021.

69



[24]
[25]

[26]

[27]

Jun O’Hara. Uniqueness of centers of nearly spherical bodies. arXiv preprint arXiv:2103.07685, 2021.

Stephen M Paneitz et al. A quartic conformally covariant differential operator for arbitrary pseudo-
riemannian manifolds (summary). SIGMA. Symmetry, Integrability and Geometry: Methods and Ap-
plications, 4:036, 2008.

Mazzeo Rafe. Elliptic theory of differential edge operators i. Communications in Partial Differential
Equations, 16(10):1615-1664, 1991.

Leon Simon. Schauder estimates by scaling. Calculus of Variations and Partial Differential Equations,
5(5):391-407, 1997.

Yoshihiro Tonegawa. Existence an regularity of constant mean curvature hypersurfaces in hyperbolic
space. Mathematische Zeitschrift, 221(1):591-615, 1996.

Brian White. The maximum principle for minimal varieties of arbitrary codimension. arXiv preprint
arXi:0906.0189, 2009.

70



	Introduction
	Background
	Statement of Results
	Outline of Proofs

	Preliminaries
	Defining Renormalized Volume
	Brief Review of Poincaré-Einstein Manifolds
	Model Case: Half Space Model of Hn+1
	Riesz Regularization
	Parity of functions
	Variation of Renormalized Volume

	Graphical Asymptotic Expansion
	Results about u
	Coordinates and Notation
	Metric on Y
	Maximum principle argument
	Model Case: M = Hn+1
	M general PE manifold

	Showing v x2 k C0k, 
	Showing u C1,0
	Revamped Schauder Bootstrapping

	Parametrix Argument
	Expanding Mean Curvature Functional
	Iteration Argument

	Parity of Second Fundamental Form
	Lemmas for theorem 4.1
	Proof of theorem 4.1

	Asymptotics for the variational vector field
	Jacobi Operator in full codimension
	Regularity and Parity of 

	Mechanics of Finite Part Evaluation
	Renormalized Volume for Y Mn+1
	Equivalence of Renormalized Volume of Yn Mn+1, m even
	Anomly for Renormalized Volume of Yn Mn+1, m odd

	Variational Formulae
	Proof of Variational Formulae
	First Variation 
	Second variation
	I1 Computation
	I2 Computation
	Putting it Together

	Conformal Invariance of Variational Formulae for even dimensional submanifolds

	Codimension 1 case
	Computing the normal
	First variation, codimension 1, even
	Codimension 1, First variation, odd
	Codimension 1, Second variation, Even
	I1
	I2
	I3
	I4, even
	I5
	I6
	The Full Expression, Even Case

	Codimension 1, Second Variation, Odd
	I1
	I2
	I3, odd
	I4, odd
	I5, odd
	I6, odd
	The Full Expression, Odd Case


	Application: Variation via Killing Vectors in Hn+1
	Proof: Codimension 1, even
	Proof: Codimension 1, odd

	Conclusion
	Appendix
	Metric on TM
	Metric on TY
	The T matrix

	Projected basis for the normal bundle
	Simons Operator
	Equivalence of Hadamard and Riesz Regularization
	m even
	m odd

	Degeneracy of Minimal Hypersurfaces in Mn+1
	Computing hn+1xx and qn+1
	hn+1xx, even
	hn+1xx + qn+1, odd

	Second variation of Mean Curvature - Parity for 
	Normality of 
	 Computation in codimension 1



