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Abstract. We introduce a dynamic testimonial logic (DTL) to model
belief change over sequences of multi-agent testimony. Our static base
logic is Baltag and Smets’ [1] conditional doxastic logic (CDL). Our dy-
namic base logic is van Benthem’s [2] dynamic logic of belief upgrade
which we extend with a “belief suspension” operator. After showing how
to extract from CDL models agents’ beliefs about the doxastic reliability
of other agents, we add “authority graphs” to DTL models to capture
agents’ epistemic trust in other agents’ testimony. For DTL’s dynamic
testimony operator, we give complete reduction axioms. Finally, we de-
scribe an application of DTL in modeling epistemic bandwagon elects
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1 Introduction

As it is modeled formally, judgment aggregation is an instantaneous process:
given a group of agents, each with an opinion on some proposition, an aggregation
function takes their (possibly conflicting) individual opinions and returns a group
opinion, all at once. Yet in many contexts—from courtrooms to committees—the
protocol is to solicit individual opinions sequentially, not simultaneously. For one
example of how the temporal dimension matters in expert testimony, consider
what Sorensen [13] calls the epistemic bandwagon elect

An expert’s epistemic preferences can be justifiably influenced by his
knowledge of another expert’s preferences. Yet this provides the basis
for an epistemic bandwagon effect. For the sake of simplicity, suppose
there are three highly respectful experts, 1, 2, and 3, who prior to the
roll-call vote are respectively in favour, indifferent, and opposed to a
proposition. However, they only learn the others’ preferences by their
votes. If the roll-call vote is taken in order 1, 2, 3, expert 1 votes in
favour. Having learned that another expert favours the proposition, the
opinion of 2 is swayed and he too votes in favour. Having learned that

' This is a revised (Oct. 18, 2009) version of a paper by the same name in X. He,
J. Horty, and E. Pacuit (Eds.): Proceedings of the Second International Confer-
ence on Logic, Rationality and Interaction (LORI-II), Lecture Notes in Artibcial
Intelligence, Vol. 5834, pp. 161-179. 2009. The original publication is available at
www.springerlink.com.



two experts favour the proposition, 3 reverses his opinion (since he is
highly respectful) and the proposition is unanimously favoured. How-
ever, if the roll-call vote is taken in order 3, 2, 1, incremental disclosure
of preferences and high respect results in the proposition being unani-
mously opposed.... [T]he general point holds for more complicated cases
involving larger groups with different degrees of respect and irregular
preference revelation. Disclosure order bias indicates that epistemic re-
spect is trickier than has been supposed. (49-50)

There is nothing essential about voting in this scenario. The experts could ex-
press their views as statements in a public forum or as posts on a blog. What is
essential is the sequential nature of disclosure, together with the agents’ attitudes
of respect for one another.

In this paper we introduce a dynamic testimonial logic (DTL) to model belief
change over sequences of multi-agent testimony. We use the term ‘testimony’ in
the broad sense common in the philosophical literature, of a statement offered as
evidence for a proposition, whether or not it occurs in a courtroom or committee
(for further details, see [8]). For applications of DTL, one of our goals is to
formalize solutions to the epistemic bandwagon problem, in terms of both policies
for individual belief revision in response to testimony and protocols governing
testimonial sequences. Here we present only a base system capable of modeling
the bandwagon effect itself.

While Sorensen uses the notion of respect among experts, in DTL we use the
notion of trust. Modal logics have recently been developed to represent several
types of trust. To mention only two, an agent may (i) trust another agent to
perform an action or (ii) trust another agent’s judgment on the truth value
of a proposition. For examples in the literature, Broersen et al. [4] and Herzig
et al. [11] discuss logics of practical trust (i), while Demolombe [5,6] and Liau
[12] discuss logics of epistemic trust (ii). In this paper we deal exclusively with
epistemic trust. The logics developed so far to model epistemic trust are static
logics without dynamic operators, which provides another motivation for DTL
as a dynamic logic of trust. For discussion of the importance of epistemic trust
among experts and between laypeople and experts, we refer the reader to the
philosophical literature [9,10].

1.1 Modeling Trust and Authority in Testimony

Consider those experts on whose authority you would be willing to believe a
proposition . We will say that you “trust the judgment” of these experts on
. Among your trusted experts, some may be more authoritative for you than
others; if expert 1 testifies that ¢, expert 2 testifies that Ay, and you come to
believe ¢, then 1 is more authoritative for you than 2. If 2 were more authori-
tative, then you should have come to believe Ap. And if 1 and 2 were equally
authoritative, you should not have changed your mind on ¢ either way, or you
should have suspended belief on ¢ altogether. The same points apply if 1 and 2
are groups of experts, rather than individuals.



Supposing that 1 is more authoritative for you than 2, then after 1 testifies
that ¢, you no longer “trust” 2 on Ay, in the sense that you will no longer believe
Ay on the authority of 2 alone, something you might have done before 1 testified.
However, if another expert 3 joins 2 in testifying that Ay, you may believe Ay on
the authority of 2 together with 3, though perhaps not on the authority of either
of them individually. This will be the intuitive picture motivating our formal
representations of trust and authority.

Our goal is to develop a model of testimony that answers the following ques-
tions about what happens when an agent i testifies that ¢:

1. What do agents in i’s audience come to believe about ¢?
I What determines whether agents in i’s audience accept p?
I' For those who accept ¢, how do they revise their beliefs with ¢?
2. What do agents in i’s audience come to believe about ¢’s beliefs?
3. What do agents come to believe about the beliefs of other agents in i’s
audience?

We will return to each of these questions in the discussion below.

1.2 Assumptions of the Model

The version of DTL given here makes a number of assumptions about testimony.
First, testimony is always public: in every case of testimony, the identity of the
testifier and the content of the testimony is information available to all agents.
Second, testimony need not be true, but it is always sincere: an agent i testifies
that ¢ only if i believes . Third, testimony is heard under the presumption of
sincerity : if an agent ¢ testifies that ¢, all other agents come to believe that i
believes ¢. Finally, testimony is in the form of assertion: agents testify that ¢,
but do not provide further arguments for ¢.!

1.3 Testimony vs. Public Announcement

To identify the information provided by testimony, it is useful to compare tes-
timony with public announcement the classic case of an informational event in
dynamic epistemic logic (see [7]). For our purposes, the crucial difference between
testimony and announcement is that unlike testimony, announcements are not
typically thought to come from one of the agents within the model, but from
some anonymous external source.

What difference does the individual source of testimony make? When an
agent j testifies that p, an agent ¢ in j’s audience will acquire the information

! Each of the first three assumptions could be dropped or modified, leading to a differ-
ent version of DTL. The fourth assumption, that we are dealing with testimony in
the form of assertion rather than argument, is more important. Given this assump-
tion, agents hearing testimony on a proposition ! must decide whether to change
their minds on ! purely on the basis of whether they take the testifier to be an
authority on the proposition and whether they trust the judgment of the testifier.



that j believesy, given our assumptions about sincerity. But then what is the
difference between a truthful public announcement that j believes ¢ and j’s own
(public) testimony that ¢, if both provide the information that j believes ¢?

The difference is that j’s testimony provides more information?: it provides
the information that j is willing to publicly assert ¢. As we might say, j is willing
to “go on the record” for . If j is the kind of agent who only publicly asserts
a proposition if he has conducted a thorough inquiry into its truth, then the
information that j is willing to publicly assert ¢ is vital information. A truth-
ful public announcement (from no particular agent) that j believes ¢ does not
provide this vital information. For it may be that j believes many propositions,
while he only has the time and resources to investigate some few of them in such
a way that he would be willing to make public assertions about them.

We can now make a distinction between two ways in which one agent might
judge another agent to be “reliable” about the truth of a proposition. If according
to 1, if j believes ¢, j’s belief is likely to be true, then ¢ considers j doxastically
reliable on ¢. If according to 4, if j testifies that ¢, j’s testimony is likely to
be true, then ¢ considers j to be testimonially reliable on ¢. The point is that
judgments of doxastic reliability and testimonial reliability may come apart.
Suppose that j has expressed a general lack of understanding of economics.
Then ¢ might judge j’s doxastic reliability on each economic proposition to be
low. But suppose, as above, that i knows that j would only publicly assert a
proposition if he had conducted a thorough inquiry into its truth. Then ¢ might
judge j’s testimonial reliability on each economic proposition to be high; if j
were to ever make a public assertion about economics, ¢ would take it seriously.
As we will see, this distinction can be represented formally in DTL.

2 Conditional Doxastic Logic

In this section we define the static base logic for DTL, the conditional doxastic
logic (CDL) of Baltag and Smets [1].

2.1 Language

Debnition 1. Let At be a set of atomic sentences and\gt a set of agent-
symbols. The language of CDL is debned by:

e=plAple" ¢| B¢
wherep # At, ¢ # Agt.

The intended reading of Bi! 1) is “i believes that i conditional on ¢.”

2 Here we are not considering the difference that public announcement is usually con-
ceived as a source of “hard information” that eliminates possibilities, while testimony
is better conceived as a source of “soft information” that reorders the relative plau-
sibility of possibilities (see [2] for this distinction).



2.2 Semantics

Debnition 2. Let $ be a binary relation on a setiV. A comparability class is
asetC={w# W |w$ vorv$ w} for somev # W.

Debnition 3. $ is a well-preorder on W if it is rel3exive, transitive and every
non-empty subset ofit¥ has a$-minimal element. $ is locally well-preordered
on W if the restriction of $ to each comparability classC' in W is a well-preorder

on C.
I N

Debnition 4. A multi-agent plausibility model is a triple M = . WAS i}icag»V
where (i) W is a non-empty set(of “possible worlds”), (ii) $; (agent ¢’s plausibil-
ity ordering) is a locally well-preordered relation onWW, and (iii) V' : At % P (W)
(a valuation).

Following convention, we read w $ v as “i considers world w at least as plausible
as world v,” so the minimal worlds in the ordering $; are the most plausible
worlds for i. We also use the notation w &; v (comparability) for (w $; v or
v$i w)and & (w) ={v# W |w&; v} for the comparability class of world w
for i.

Debnition 5. For boolean formulas, the truth debnitions are those of classical
modal logic. For conditional belief, the truth debnition is:

I M ,wk B iff for all v # ming, (J¢]' & i (w)) : M ,vEY

where we denote the set of most plausible worldsfor ¢ in P ( W by min<, P =
{v# P|lv$;uforall u# P} and thetruthsetof p by [o] ={u# W |M JuE ¢}.
In CDL, (unconditional) belief and knowledge are derived operators. For
belief, we define B;p := B," ¢, read “i believes that ¢,” and B ¢ := AB; Ay, read
“i considers it plausible that ¢.” For knowledge, we define Kjp := Biﬁ! ) , read
“7 knows that ¢,” and K, ¢ := AK;Ap, read “i considers it possible that .”
For complete axiomatizations of CDL, see [1] and [3].

2.3 Doxastic Reliability Information in CDL Models

CDL models contain information about what agents would believe upon learning
various facts. They also contain information about what agents would believe
upon learning about other agentsO belief€lonsider a formula such as BiBj Ppn
BiB 7P Ap, which is true if and only if in all the Bj p worlds that ¢ considers most
plausible, j’s belief is true, and likewise for the most plausible B; Ap worlds. If
this formula is true, then after a public announcement that B;p, ¢ will believe
p. Intuitively, the formula expresses that ¢ takes j to be doxastically reliable on
p, in the sense of Section 1.3. Various judgments of doxastic unreliability can
be expressed in a similar way. We can even extend this observation to agents’
beliefs about the relative doxastic reliability of other agents. For example, a



formula such as BiB' PABIR, BiB’ “PABKP Ay (*) expresses i’s belief in the superior

doxastic reliability of j relative to k on p.

Figure 1 shows a CDL model in which BiB"pp " BinﬁpAp is true (at every
world), so 7 considers k doxastically reliable on p, but (*) is also true (at every
world), so when j and k disagree, i considers j more reliable. The lines represent
plausibility orderings, with arrows pointing toward more plausible worlds and
arrowless lines indicating equi-plausibility. The solid lines are for i, while the
dashed lines are for k. No lines are shown for j, indicating that at each world, j
considers no other worlds possible. Every world is equi-plausible with itself for
each agent, but we omit the reflexive loops (and arrows implied by transitivity.

If we view CDL models as containing information about agents’ beliefs about
. . 1. . | .
the doxastic reliability of others, we can extract a relation k <j,, j that holds

just in case, e.g., M ,w F BiB’! B! 0" BiB’ o AB Ag. Other definitions are
also possible. Note that the relation <i!'W will not in general be an ordering,
unless we make further assumptions about the relations and valuation in the

model.

Although CDL models contain information about agents’ views of the dox-
astic reliability of other agents, they do not contain information about agents’
views of the testimonial reliability of other agents. If we were to assimilate j’s
testimony that ¢ to a public announcement of Bj ¢, then CDL models would con-
tain sufficient information to determine how agents’ beliefs change in response
to this “testimony.”® However, as discussed in Section 1.3, j’s testimony that ¢
is not equivalent to a public announcement of Bj ¢, in terms of the information
provided. For this reason, we will need to add additional structure to models for
DTL in Section 4.

3 Moreover, if we understand a judgment of doxastic reliability to be a kind of trust,
then CDL provides a kind of logic of trust. An open problem, which we leave for
future work, is to identify—and if possible, axiomatize—a fragment of CDL sufficient
to capture the notion of trust given by judgments of doxastic reliability.



3 Dynamic Belief Revision

Having defined the static base logic for DTL, we turn to the dynamics. To
model belief revision, we use van Benthem’s [2] dynamic logic of belief upgrade
Two dynamic logics are presented in [2], one for radical upgrade and one for
conservative upgrade We will use both types of upgrade in DTL, each for a
different purpose. As its name suggests, radical upgrade represents a strong
way of revising beliefs in response to incoming information, appropriate when
an agent has high confidence in an information source. Conservative upgrade
represents a weaker way of revising beliefs, appropriate when an agent has more
tempered confidence in a source. In our setting, authoritative sources may offer
conflicting testimony, so conservative upgrade will be appropriate for factual
formulas, which may come under dispute. On the other hand, we will see that
given the presumption of the sincerity of testimony, radical upgrade will be
appropriate for doxastic formulas that reflect testifiers’ beliefs.

3.1 Language

Debnition 6. Let At be a set of atomic sentences and\gt a set of agent-
symbols. The language of radical and conservative upgrade is debned by:

p=plAplo" ol B ol+¢lellivle

wherep # At, i # Agt.

[+i ¢] is the operator for radical upgrade, and [,i ¢| is the operator for
conservative upgrade. The intended reading of [+ @] and [,; @] is “after
i (radically/conservatively) upgrades (or, revises his beliefs) with ¢, ¢ is the
case.” As an abbreviation, we write [+s ¢] for [+s, ¢][t+s, ¢] ... [*s, ©], where
S ={s1,...,sn} ( Agt, and likewise for [, s ¢].

3.2 Semantics

Models for the logic of radical and conservative upgrade are the same multi-agent
plausibility models as before.
| "

Debpition 7. GivenamodelM = ' W A$ } eagr» V' the updated modeM +

o — W, {$ ,-};“e"Agt ,V is obtained by changing the plausibility ordering$; to

$ Iﬂ as follows: in each$ ; -comparability class, all§ worlds become more plausible
than all A9 worlds, but otherwise the old ordering remains.
! "

Deb?ition 8. GivenamodelM = W, {$;} V , the updated modeM , |

' "
0: W{$j}j€Agt7
$ IT as follows: in each$ ; -comparability class, the most plausiblé worlds become
most plausible overall, but otherwise the old ordering remains.

j €Agt
V' is obtained by changing the plausibility ordering$; to



Debnition 9. The truth debnitions for static formulas are those of CDL. The
truth debnitions for belief upgrade are:

' MJwE[+H Oloif M+ 0wk @
P MywE[i flpif M, j ,wkEp

3.3 Axiomatization

In [2] van Benthem provides reduction axioms that allow the rewriting of any
formula with the dynamic operators [+ ¢] or [, ¢] as an equivalent formula in
the static base logic of CDL. Given a complete axiomatization for CDL, these
reduction axioms provide a complete axiomatization for the dynamic logic of
radical and conservative upgrade. Here we give only the crucial reduction axioms
for conditional belief in the case of conservative upgrade, referring the reader to
[2] for the other axioms:

#

i 0] B} - 51 0 B[ gy
$ .. . o
B'Al,i 0]" BI"I [ 0]

Li 6B v- B[ 6]y for j i

The first axiom captures how i’s upgrade affects i’s conditional beliefs. The left
side expresses that after ¢ upgrades with 6, the best (most plausible) ¢ worlds
for ¢ are v worlds. The right side expresses an equivalent condition in terms of
what is true before the upgrade, given a case distinction. Case 1: some of the
best # worlds in the original model become ¢ after the upgrade, indicated by
B"[,i 6] ¢. Since the upgrade makes the best § worlds best overall, in this case
the best ¢ worlds after the upgrade are the best worlds satisfying 6" [,i 0] ¢
in the original model. Case 2: none of the best § worlds in the original model
become ¢ after the upgrade, indicated by B A [,i 0] ¢. In this case the best ¢
worlds after the upgrade are simply the best worlds satisfying [, 6] ¢ in the
original model.

The second axiom captures how i’s upgrade affects the conditional beliefs of
other agents.* Since i’s upgrade may change j’s higher-order beliefs (about i’s
beliefs), to determine whether j believes ¢ conditional on ¢ in the new model,
we check whether j believes [, 6] ¢ conditional on [, 6] ¢ in the original model.

4 In the multi-agent setting, belief revision via relation change is a kind of public belief
revision; when one agent’s plausibility ordering changes, other agents may “notice”
the change. This does not mean that if i upgrades with ! | all other agents necessarily
come to believe that i believes ! . The effect can be more subtle, changing only the
conditional beliefs of other agents. While it is natural to understand belief revision
as a private mental change on the part of an agent, which other agents can at best
infer or learn of through communication, in the version of DTL introduced below
it makes sense for belief revision to be public in the sense that relation change is
public, because information about whom agents trust will also be public. Hence if |
testifies that ! and all agents know that i trusts j on! , it is reasonable that agents’
beliefs about i’s beliefs change after j’s testimony.



3.4 Suspension of Belief

In modeling belief change due to testimony, we wish to model not only how
agents form new beliefs about propositions, but also how agents suspend belief
about propositions. Suppose that agents j and k are equally authoritative in
the eyes of i. If j testifies that ¢ and then k testifies that A, one policy for i
would be to believe whoever testified first—in this case, agent j. A more sensible
policy, in a situation where equally authoritative sources conflict, would be to
suspend belief about . Alternatively, ¢ might not revise his beliefs at all, ignoring
the conflicting testimony of j and k. Yet conflicting testimony from authoritative
sources does not seem to “cancel out” to provide ¢ with no information. Something
informative has occurred—two authoritative sources have testified for ¢ and Ay
respectively—and the manner in which ¢ suspends belief on ¢ should reflect this.

To extend the logic to a dynamic logic of upgrade and suspensignve add a
suspension operator [0; ¢] to the language defined in the previous section. The in-
tended reading of [0; ¢] v is “after ¢ suspends belief on ¢, 9 is the case.” As an ab-
breviation, we write [Os ¢] for [Os, ¢] [Os, ¢] ... [Os, ©], where S = {s1,...,5n} (
Agt.

| "

DeDnitionllo. Given a modelM = .W,{$ ,—}jeAgt ,V , the updated model
MO; 0= . W {$; }J.i'E"Agt ,V is obtained by changing the plausibility orderingb i

to $|l as follows: in each$ ;-comparability class, the most plausibleAd worlds
and the most plausibled worlds becomes equally plausible and most plausible
overall, but otherwise the old ordering remains.

Debnition 11. The truth debnition for belief suspension is:
' MLwE[GOlpif MO O,wk ¢

Proposition 1.  Together with a complete axiomatization of CDL and the re-

duction axioms for upgrade, the following reduction axiom for suspension and

conditional belief (the other axioms are of the same form as for upgrade) pro-

vides a complete axiomatization for the dynamic logic of upgrade and suspension:
[0 6] B ¥ -

i . &
B (A0 6]¢)" B (A0 6]0)" BT [0 6w

B (00" B (A0 6]o)" B [0 0]
B (A0 0]¢)" B[00l BT [0 )y
B0 6lg" B [0 6] B (o o)y BTN (0 6]

* O OH

&&

The same style of analysis that we gave for the reduction axiom for upgrade and
belief can be used here for suspension and belief. We leave it to the reader to
confirm the soundness of the above axiom.



4 Basic DTL

In this section we develop basic DTL. For the design of the system, we make
two simplifying assumptions about testimony. First, we assume that it is publicly
known how agents trust the testimony of others. Second, we assume that the tes-
timonial sequences of interest are on a single issue; as in Sorensen’s bandwagon
example, agents testifying in a given sequence either testify for a single proposi-
tion or against it (or pass). Here we cannot treat the many questions raised by
private relations of trust and multi-issue testimony on related propositions. We
plan to address both in future work.

4.1 Language

Debnition 12. Let At be a set of atomic sentences andgt a finite set of agent-
symbols. The language of basic DTL is debned by:

w0 :=p|Apo 0" vo ,
¢ =wolUpo|Apl o™ 0| Bio| [+ivlel| i ele |0 ¢le
Rec(i7<p0)|51i0 SI|2’L7'500390

wherep # At, i # Agt, and S, S’ ( Agt4{ i}.

The language of basic DTL includes four types of formula not in CDL. We
have added the universal modality U for ¢y formulas for technical reasons—in
particular, so we can express in our axioms that two ¢y formulas are equivalent
in a model (see the Appendix).

The intended reading of Rec (%, ) is “i is (most recently) on the record as
testifying that ¢.” The intended reading of S li! S’ is “S” is as (testimonially)
authoritative as .S on ¢ for ¢.” Intuitively, we have in mind that S’s authoritative-
ness on ¢ for ¢ is a matter of the extent to which ¢ judges S to be testimonially
reliable on ¢, in the sense of Section 1.3. One may also wish to think of non-
cognitive or non-rational factors that contribute to authoritativeness. We use
the abbreviations S 5; S'=9 li[ Sitshl : S for “S’" is more authoritative
than S on ¢ for 7,” and S 6: Si=8 li! s’ s’ li! S for “S and S’ are equally
authoritative on ¢ for i.” In Section 4.3, we will use formulas of these kinds to
define trust formulas of the form T; (j, ), read “i trusts j’s testimony on ¢.”

We also allow 7 to occur in formulas: we read 7 5; S as “S’s testimony
on ¢ is authoritative for i,” 7 6; S as “S’s testimony on ¢ is neutral for i,”
and S 5; 7 as “S’s testimony on ¢ is anti-authoritative for :.” Intuitively, as
in Section 1.1, what it means for S to be authoritative on ¢ for i is that if the
agents in S testify that ¢ (and no one more authoritative testifies against ¢), @
will believe . (We will see this reflected in the semantics below.) By contrast, if
S’s testimony is anti-authoritative, then i will actually believe Ay if the agents
in S testify that . Finally, ¢ may have no information about the testimonial (as
opposed to doxastic) reliability of S on ¢, in which case S’s testimony on ¢ will
be neither authoritative nor anti-authoritative but rather neutral for i.

10



The intended reading of 2, !¢34 is “(i can sincerely testify that ¢ and) after ¢
testifies that ¢, 1 is the case,” the parenthetical phrase reflecting the precondition
for testimony that 7 believesy. We may also want to express what is the case
after i testifies with his actual belief on ¢, whatever that may be. In Section 4.3,
we will define a formula, 2, 703, read “after i testifies with his opinion on ¢, ¥
is the case.” Note that in basic DTL, for simplicity we consider only testimony
on factual formulas ¢g, so agents do not testify about the beliefs of others. It is
for this reason that only ¢y formulas can appear inside testimony operators and
in authority and record formulas.

4.2 Semantics
# &
Debnition 13. A testimonial model M = W, {$ i}ieAgt ,V.rec, E is a multi-

agent plausibility model together with two new functions,(i) rec : P (W) %
P (Agt) (a public record) such that if j # rec (P) then j # rec(W 4 P) and (ii)
E (an expertise function), which sends each triple(i, w, P) of an agenti # Agt,
a world w # W, and a proposition P ( W to an authority relation 1 fw , Which
is a preorder on P (Agt4{ i}).

We impose the following conditions on authority relations:

1. 81f, 5’8 s1\,F 9.
2. If there is an S such that7 5{,, S, then &; (w)' PET.

3.1f S1f, S (SE S, then there is av #&; (w) such thatv # W 4 P and
&k (v)' PETforall k#S.

The function of the public record is to record which agents have testified on
which propositions, where a proposition is now understood as a set of worlds
not a formula. For reasons discussed below, we require that an agent cannot be
on the record for both a proposition and its complement at the same time.

The function of the authority relations is to encode agents’ judgments of
the relative testimonial authority of other (sets of) agents.® The condition that
s1if, 5’8 S 1?{\6\,_'3 S’ states that authoritative relations are the same for a
proposition and its complement. This condition could be dropped, at the expense
of complicating the system.® The second condition states that if there is a set of

® Note that an agent i does not rank himself among the other (sets of) agents in the
authority graphs. This is because i’s self-ranking relative to other (sets of) agents is
implicit in which (sets of) agents i considers authoritative. If i considers j author-
itative on ! (1" |w {i}), then i considers j more authoritative on ! than himself,
in the sense that if j were to testify that ! (and no one more authoritative were to
testify against ! ), then i would believe ! , whatever i’s initial beliefs.

Without the condition, we would have to give S # | S' a more complicated reading
than “S' is as authoritative as S on ! fori,” since both S #; S'and S' #; S could
be true. A little reflection also shows that transitivity for #, would no longer hold.
One reason to drop the condition that S # fw s'$ S #,VXV P &' is that it implies
that j is authoritative on ! for i if and only if j is authoritative on Al for i. Yet
this principle is subject to counterexamples. (We leave it to the reader to think of

(=)
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agents S that is authoritative on P for ¢ at w, then ¢ must consider P possible
at w. For to say that S is authoritative on P for ¢ means that if S testifies in
favor of P, then (assuming no one else testifies against P) ¢ will believe P. But
then ¢ must consider P possible. The third condition states that if there is a S’
that is at least as authoritative as S on P for ¢, then there must be a world at
which P is false but no one in S knows this. For if the only worlds at which P is
false are ones at which someone in S knows that P is false, then it is impossible
for the members of S to all sincerely testify that P and yet be wrong. Yet this
must be possible if there is some other set of agents S’ who is equally or more
authoritative on P than S.

Debpnition 14. A testimonial model M is introspective i! for all ¢ # Agt,
w,o# W, P( W:iif wé&; v, then E (i,w, P) = E (i,v, P).

In an introspective model, agents have knowledge of their own authority rela-
tions, reflecting the assumption that agents have introspective access to their
views about other agents.

Debnition 15. A testimonial model is fully public i! for all i # Agt, w,v# W,
P( W: E(i,w,P) = E (i,v, P).

In such a model, each agent’s authority relations are commonly known. Hence
fully public models are introspective. In this paper we consider only fully public
models, so we write 1; instead of 1 :W .

Before defining the model transformation induced by testimony, we must
consider how to model the presumption of sincerity stated in Section 1.2. We
can distinguish several strengths that such a presumption may take:

I Weak presumption of sincerity: when i testifies that ¢, other agents j perform
the conservative upgrade ,; Bjp.

! Strong presumption of sincerity: when i testifies that ¢, other agents j per-
form the radical upgrade +; Bj¢.

I Stronger (higher-order) presumption of sincerity: when i testifies that ¢, “i
performs” the upgrade ,; ¢ and other agents j perform the upgrade +; Bj¢.

Given that Bjy will be a precondition of i’s successful testimony that ¢, the
upgrade ,i ¢ for the stronger presumption of sincerity is not really a belief
upgrade for ¢ at all. Instead, the upgrade ,; ¢ is a way of changing the beliefs
of agents in i’s audience about other agentsO beliefsbout i’s beliefs. In the
Appendix we illustrate this point with an example.

some.) In cases where such counterexamples arise, the condition may be dropped.
In the cases we have in mind, those of testimony among scientific experts, it seems
more plausible to require that a scientist j is authoritative on a scientific proposition
! if and only if j is authoritative on Al . Since counterexamples can be produced for
other conditions that one might consider imposing on authority relations, we do not
build other “principles of authority” or “principles of trust” into the logic.
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Pebnition 16.  Given a mogelM , the updated modeM () =

W, {$ }f"!,igjt . V,rec-") E is debned as follows:

! For P[] and P =W 4 [¢], let rect:" ) (P) = rec(P).
Let rec™ " ([io]) = rec ([¢]) 9{ i}
Let req<" "YW 4 [¢]) =rec(W 4 [o]) 4{ i}

U Let $" =8¢ ' For j# Agt, j k=i
1. 1f rec M) (W 4 [¢]) 5]-[[! Vrec® ) ([¢]), then $]-<i’” >=$jﬂ8i!’ ",

i, I Il i 1) g Bl 1!

2. If rec<f ) ([]) 5 recl<' >(F/V4 [, thlen $; .”—$j .
3. 1f rect ™) (W4 [¢]) 61T rect ™) ([]) 6l 1 7, M =g Bt 1
4. Otherwise $"" '=$ /%" |

Note that if M is introspective/fully public and satisfies the conditions on
authority relations, then the updated model M (") is also has those properties,
since upgrade and suspension do not change the comparability relations &; or
the authority relations 1.

The definition states when i testifies that ¢, we put ¢ on the record for [¢]
and take i off the record for W 4 [¢] = [A¢]. For another agent j, after i
testifies that ¢, j performs radical upgrade with B;, reflecting that j strongly
assumes that 7 is sincere. To determine what j does with ¢ itself, we make a case
distinction. If j judges those on the record for [¢] to be more authoritative than
those on the record for [A¢], then j performs conservative upgrade with . (The

notation $ iﬂBj " T indicates that we first change $; by radical upgrade with Bj ¢
and then by conservative upgrade with ¢.) If, on the other hand, j judges those
on the record for [Ap] to be more authoritative, then j performs conservative
upgrade with Ap. If j judges both groups to be authoritative and equally so,
then j suspends belief on ¢. Otherwise j only performs radical upgrade with
Bi ¢, and whether j comes to believe ¢ in this case depends on j’s beliefs about
i’s doxastic reliability.”

We should note several features of the testimony update. First, we do not
allow an agent to be on the record for a proposition and its complement at the
same time, because if this were possible, then j could count the same agentOs
authority both in favor of and against a proposition. Second, note that after i
testifies that o, while j compares the authority of those on the record for [¢] with
the authority of those on the record for [A¢], j does not consider those who have
testified that 1) " ¢ or those who have testified that 1 and 1) % Ay (assuming
these are not equivalent to ¢ or Ay in the model). This is unproblematic if
we wish to model single-issue testimonial sequences, but if we wish to model
multi-issue sequences in which agents testify on related formulas, the definition

" Hence when j does not have any view of the relative testimonial reliability of the
Il "_testifiers versus the !Al "-testifiers, j “falls back” on his beliefs (if he has any)
about i’s doxastic reliability. Note that our semantics for the testimony operator
gives a kind of priority to the presmption of sincerity . Whatever else j believes as a
result of i’s testimony that ! , j will believe that i believes ! .

13



of update for testimony must be more complex. Finally, note that j considers
all and only those on the record for [¢] and those on the record for [Ap]. Other
policies are possible. For example, j may choose not to consider k’s authority in
favor of [¢] if although k testified that ¢, j believes that k no longer believes .
By counting the authority of those agents who have testified that ¢ but who (j
believes) no longer believe ¢, we assume that j judges the testimonial reliability
of k£ in terms of how reliable k’s sincere testimony has been in the past, even in
cases where (j believes) k later gave up the belief that the testimony expressed.®

Two other model transformations are useful to include in DTL, but we do
not define them formally here. The first is a simpler testimony transformation
that updates only agents’ beliefs about factual formulas, ignoring how agents’
higher-order beliefs (about others’ beliefs) change in response to testimony. Such
a transformation is sufficient to model the bandwagon effect of Section 1, where
higher-order beliefs are not essential, and using an associated operator in formu-
las reduces the complexity of deriving what agents’ factual beliefs will be after
a testimonial sequence. The second transformation is public retraction. So far,
the only way for an agent to get off the record for [¢] is to go on the record for
[Ap]. Yet we can easily define a model transformation that allows an agent i to
publicly retract his past testimony so that he will no longer be on the record for
[¢], and other agents will upgrade with AB; .

Debnition 17. The truth debnitions for the new formulas are:

! MywEUgpiffforallv# W, M juE ¢

I' M ,wE Rec(i,p) iff i # rec([¢])

' M, wES1 s ifs1hil s

' M, wkE 2,103y iff M ,wE Bpand M 1)

In the Appendix, we give a sound and complete axiomatization for basic DTL
over the class of legal, fully public models.

4.3 Reliability, Opinion, and Trust

We can now express the difference between j judging i doxastically reliable and
7 judging ¢ testimonially reliable. For example, the satisfiable formula AB]-B‘ : p"
2,1p3B; ¢ expresses that if j were to learn that By (and nothing stronger), j
would not come to believe ¢, but if ¢ were to publicly testify that ¢, j would
come to believe p, reflecting the kind of situation described in Section 1.3.

Given the precondition of Bjp for 2, 13 we can express “after i testifies with
his opinion on ¢, 1 is the case” as follows:

2i,703¢ := (ABjp" A BiAp " 2i,!:3 1)) . 24,1034 . 20, |Ap39)
8 We could distinguish such pure testimonial reliability from a hybrid testimonial-

doxastic reliability, judged in terms of the reliability of an agent’s testimony in just
those cases in which the agent retained the belief that his testimony expressed.

14



As we will see below, formulas of this kind are useful in formalizing Sorenson’s
bandwagon example.”

We can also define the notion of trust we have adopted. First, we need two
abbreviations for S ( Agt:

I' Rec(S,p) = SRec (s, )
se
I Abs (S, p) = (ARec (s, )" A Rec(s,Ap))

seS

We read Abs (5, @) as “the agents in S have (so far) abstained from testifying on

7

Q.
Let Partyx be the set of partitions of X. Then the trust formula 7 (i, ¢) is:

( -
(Rec (X, )" Rec(Y,Ap)" Abs(Z,¢)" )
{X\Y,Z }ePart ag—gjy

where 5 :=Y 4{ i} 5 X 9{d}. We read Tj (i, ) as “J trusts ¢’s testimony on
©.”10 For distrust, D; (z ©), we set g:=X 9&2} 5.V 4{ zk For ambivalence
A- (i, ), we set B := Y4{z}6 X9{i}"A X9{z}6 7.

4.4 Basic DTL Validities

Given our definitions of trusts and testimonial update and given the conditions
imposed on authority relations, we have the following basic DTL validities, or-
ganized according to the questions with which we began.

1. What do agents in i’s audience come to believe about ¢?

E(Bie" Tj (i,9)) % 2i,1¢3B, ®
F(Bip" Dj (i,9)) % 2i,193B; Ap
E(Bip" A (i,0)) % 2i,'93AB; " A B Ay

9 One defect of this definition is that if i has no opinion on ! , then i testifies to %,
which provides no information to other agents. Yet intuitively, the fact that i has no
opinion is itself informative. We leave it to future work to capture these subtleties.
Note that whether i trusts j’s testimony on ! depends on who else is on the record
for ! " and who else is on for Al ". This explains why T; (j,! ) is consistent with
I 4 {j} and even {j}" | !. If we wished to define “individual trust” or “isolated
trust,” we could let IT; (j,! ) :=1" , {j}. Here a peculiarity arises if we consider
anti-authorities , those agents j such that {j} " iII" Iy Agent i can “trust” the anti-
authority j, even though {j}& rec(!! ") " i[[" 11 This occurs in a situation in which
although {j}& rec(!! ") " i[[” Iy , we also have rec('Al ") " ,[[ ! {j}& rec(!! "). Suppose
rec(!! ") and rec(!A! ") are both anti-authoritative for i. If rec(!Al ") is more anti-
authoritative than rec(!! ") &{j} for i, then when | testifies that !, i will actually
come to believe ! . It is certainly a stretch to say that i “trusts” j in this case, but it
would unduly complicate our terminology to introduce distinctions for this case.

10

15



2. What do agents in ¢’s audience come to believe about i’s beliefs?
F2,193:% 24,1038 By

3. What do agents come to believe about the beliefs of other agents in ¢’s au-
dience?

E(Bip" BT (i,¢)) % 2i,'03Byx B; ¢ and similarly for D; and A4;.
We leave it to the reader to verify that the above formulas are indeed valid.

5 Application: Bandwagon Elects

Given the intended readings of DTL formulas, we can sketch how to model
Sorensen’s bandwagon scenario. Let the initial premises about the three agents
in the example be:

L. Bip A 76}{2}6}{3}5}{2,3}
2. A(J?Q@. ByAy) 75?{1}6?{3}5?{1,3}
3. BsAyp 765 {1}6 5 {2}5 5 {1,2}

The following formulas, which represent the outcomes of the two testimonial
sequences, are easily derivable from the premises above:

2,9732,p733,973B19p" Bap" Bsyp
23,0732, 0732, 0?73B1Ap" BoAp" BsAp

A list of other DTL validities facilitates the derivation of these formulas, but for
reasons of space we do not give the list or the derivation here.

6 Conclusion

We have proposed a logic to model belief change over sequences of multi-agent
testimony. In Section 1 we began by distinguishing testimony from public an-
nouncement considering the informational difference that the individual source
of testimony makes. We also distinguished judgments of doxastic reliability from
those of testimonial reliability, showing in Section 2 how multi-agent plausibil-
ity models capture the former and in Section 4 how testimonial models capture
both. In Section 3 we showed how to represent suspension of beliefproviding
the key reduction axiom for the associated dynamic operator. We introduced dy-
namic testimonial logic (DTL) in Section 4, and we defined a dynamic testimony
operator for one policy of belief revision in response to testimony. In Section 5,
we showed how DTL can represent agents’ judgments of the two kinds of relia-
bility, as well as agents trusting the testimony of others. Finally, in Section 6 we
sketched how to model epistemic bandwagon electsin DTL.
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In future work we plan to extend basic DTL to represent further aspects of
testimony, including testimonial sequences on multiple issues, authority graphs
that are not fully public, operations that change authority graphs, trust about
doxastic as well as factual formulas, and agents’ reasoning about how testimony
has influenced the beliefs of others. In a full version of DTL, we hope to model
not only how bandwagons start, but also how to stop them.

Acknowledgements. I wish to thank Johan van Benthem, Tomohiro Hoshi,
Thomas Icard, and Eric Pacuit for generous and helpful feedback on this pa-
per. I also benefited from discussion of this work in the 2009 Logical Dynamics
Workshop at Stanford University.
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Appendix

Theorem 1. Together with the reduction axioms for belief upgrade and sus-
pension and with an axiomatization for CDL plus the universal modality, the
following axiom system is sound and complete for the class dfilly public tes-
timonial models. The static axioms are the following (where Ey := AUA):

(R1) Rec (5, p) % URec(j, ) (R2) ERec (j, p) % Rec(j, ¢)
(R3) (Rec (j,) " U(p - 1)) % Rec(j, )  (R4) Rec (5, ) % ARec (j, Ap)
(A1)S1} % US1} S (A2)ES1 S % S1; S
(A3)(51| S U (p- ¢))%31 s/ (A4)Sli s, 81,8
(45)(S1; §'" 81} S")Y% S1} S” (46)S 1. S

(a7)S1; S - Slﬂ' s/

The new reduction axioms for upgrade and suspension are:

(U1) [+i ] - « for « of the form Uy, Rec (j,¢)or S 1]-# S’
(C1)Same as (U1l)but for [,i ¢] (81)Same as (U1)but for [0 ¢]

The reduction axioms for the DTL testimony operator are:

(T1) 24, 13 Rec (4, w)— $ng0

(Rec (4, ) "AU (¥ -A ¢)). U@~ )
(T2) For i E 4,2j, '<p3Rec( ¥)- (Bjp" Rec(i,v))
(T3) 2j, l3a - (Bje" a)for a of the form p, Uz or S 1? S’
ET4§ 2),13A) - (Bjp" A2j,193¢)
(T6)

%

T5) 2j,193(¢ " ') - (2),193¢ " 2, 1p3¢))
T6) For 0 and v tl)at do not contain testimony operators,

2,'¢3B{ ¢y -  Bjp"
X #
Tx (4,9)" Dy (4,0)" Az (4,0)" Nv (4,9)

{X,Y,ZV }ePart Agt(
&++

Bl")-1)
" [vJ QD} [+Agt(Bi! #)_{j } B] SO] [l X SO] [1 Y A@] [OZ (P] Blu*ql}*

. %
where we use the following notation: Agt B, ¢ is the set of agent-symbols oc-
curring in B; . Given S ( Agt, we also define:

I Ts (4, ) := Ts (4, ¢), and similarly for Dg (j,¢) and Ag (J, ¢)

s&€S

I Ns(j.p) = (ATs(j,9)"A Dg(j,0)" A Ag (4, 9))

seS
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Finally, the formulas 6* and ¥* are obtained from 6 and v respectively by
replacing, for all a, each occurrence of Regfj, ) in 6 and ¢ by
(Rec(j, ) "AU(a-A ¢)). Ula- ¢)) .

Proof. (rough sketch) Soundness . Axioms (R1)4 (R2) reflect the global nature
of the rec function, while (A1)4 (A2) reflect the full publicity of models. (R3) and
(A3) hold because the 1P relations and rec function deal with propositions as
sets of worlds. (R4) (with (R3)) corresponds to the condition that an agent cannot
be on the record for both a proposition and its complement at the same time.
(A4)4 (A6) express the basic properties of the 1 P relations, while (A7) (with (A3))
expresses the condition that authority relations must agree for a proposition and
its complement. (U1), (C1), and (S1) indicate that belief upgrade and suspension
do not change universal propositional facts, the rec function, or the 1} relations.

(T1) says that after j testifies that ¢, j is on the record for v iff j was already
on the record for ¢ and 1 is not equivalent in the model to Ay (for if it were,
j would have been taken off the record for i) when he testified that ¢) or
is equivalent in the model to ¢ (in which case j was added to the record for
1 when he testified that ¢). (T2) says that for agents other than j, the record
does not change after j’s testimony. (T3) reflects the fact that testimony does
not change local or universal propositional facts or the 1 relations. (T4)4 (T5)
give standard properties of dynamic operators.

(T6) captures the effect of j’s testimony that ¢ on agents’ beliefs, which fol-
lows exactly the semantic definition of model transformation due to testimony.
Note that we only consider what happens to the beliefs of those agents whose
symbols appear in B; ¢, since others do not matter for evaluating the formula.
Following the semantics for the testimony operator, we do not update j’s beliefs.
The reason for the change from 6 and ¢ to 6* and ™ is that 6 and ¢ may contain
a formula of the form Rec (4, @), the truth value of which may change after j’s
testimony. Hence we use the same idea as in (T1) and express what must be true
in the original model in order for Rec (j, ) to be true in the updated model.'*

Completeness . Using the reduction axioms (U1) 4 (T6), every formula of ba-
sic DTL with dynamic operators is reducible to an equivalent formula in the
static part of the language.'? It therefore suffices to show completeness for the
static part of DTL. We use the standard canonical model construction, only we
must show how to construct the expertise function and the public record for the
canonical model.

Suppose I is a consistent set of CDL formulas plus li! and Rec formulas.
Extend I' to a maximally consistent set I't in the usual way. Let Fj be the
set of authority formulas S 1; S in I't and I{, the set of record formulas

11 The replacement of " and # by "* and #* does not achieve the correct result if either

" or # contains additional testimony operators, hence the restriction on " and #.
12 We reduce DTL formulas by applying the reduction axioms from the “inside out,”
eliminating dynamic operators from subformulas first. This explains why the restric-
tion on " and # in (T6) is acceptable; since " and # are subformulas of B##, any
testimony operators will be eliminated from them by the time we get to 'j, I! (B{#.
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Rec (i, ) in I'". The canonical testimonial model based on I' and I} has the
domain: B

WC = A|Aisan MCSand A9 F;' 9 I{, is consistent

We extract a canonical set of authority relations from I'Y as follows: if
S 1; S'# I 2‘ , then for every A # WC, construct the relation 1%}} such

that S 1&]] S’. This construction clearly produces a (fully public) authority

relation. For suppose 1 |[[[$]] is not reflexive, because S'! i[F!sﬂ S. Then by construc-

tion, S 1; S # I't. Since I'T is a maximally consistent and hence complete
set of authority formulas, we have S ! : S # I'Y. But then I'M is inconsis-
tent by (A4). The arguments for the other properties of authority relations fol-
low similarly. We define the canonical expertise function E€ as the function
that maps each triple (i, A, P) of i # Agt, A # W€, and P ( W€ to the
relation 1g constructed as above (except for those P ( W€ that are not
definable by g formulas, for which we let 1 f s and 1?{\5/3_'3 be the same, ar-
bitrary total preorder on P (Agt)). We define the canonical rec® function by
setting rec® (P) = {i # Agt | Rec (i, p) # & and [p] = P} for all i # Agt. It is
straightforward to check that this construction produces a proper public record.

The rest of the completeness proof for DTL uses the standard methods,
following the completeness proof for CDL (see [3]).
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