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Degree-of-Freedom Gain From Using
Polarimetric Antenna Elements

Ada S. Y. Poon, Senior Member, IEEE, and David N. C. Tse, Fellow, IEEE

Abstract—Polarization could be the last resource to be exploited
for space-limited devices. Over the past years, theoretical studies
and experimental work present different conclusions on the
potential increase in the number of degrees of freedom from po-
larization. This paper attempts to unify the different conclusions
and provide a mathematical framework that can be applied to any
array geometry and channel scattering condition. It shows that the
degree-of-freedom gain from using polarimetric antenna elements
ranges from 2 to 6 and the gain depends on the array geometry
and the channel scattering condition. Sampling techniques and
vector multipole decomposition are applied to derive the results.

Index Terms—Degrees of freedom, multiple antennas, mul-
tiple-input multiple-output (MIMO) systems, physical channel
modeling, polarization.

I. INTRODUCTION

T HE extra degrees of freedom from polarization effec-
tively increase the number of communication channels

between transceivers without increasing the space occupied by
the transceiver arrays. Exploitation of polarization in wireless
systems therefore represents a formidable opportunity, particu-
larly for space-constrained base-stations and mobiles. Over the
past years, theoretical studies and experimental work present
different conclusions on the potential increase in the number
of degrees of freedom from polarization. Andrews et al. [1]
demonstrated experimentally that three co-located orthogonal
electric dipoles attains 3 degrees of freedom. Svantesson et al.
[2] showed analytically that six co-located orthogonal electric
dipoles and orthogonal magnetic dipoles (a polarimetric an-
tenna element) attain 6 degrees of freedom. Gustafsson et al.
[3] illustrated that six electric dipoles centered on the edges
of a tetrahedron of length 0.3 wavelength attains 6 degrees of
freedom. As a result, it is speculated that there is 6-fold increase
in the degrees of freedom from an array of polarimetric antenna
elements. On the other hand, Marzetta [4] stated that there is
4-fold increase in the degrees of freedom. Our earlier paper [5]
claimed that there is only 2-fold increase and scatterers would
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Fig. 1. Illustrates the set of resolvable angular cells by a spherical array.

not increase the degrees of freedom from the use of polari-
metric antenna elements. From Physics, the six components of
electric and magnetic field emanate from a source region are
not independent. Two scalar equations are sufficient to capture
the electrodynamic phenomenon [6, Ch. 1]. This suggests that
there is only 2-fold increase in the degrees of freedom from
polarization no matter whether there is scatterer or not.

While the reported results hold and do not violate physical
laws, they are true only under certain geometry of antenna ar-
rays and scattering condition of channels. This paper attempts
to unify the different conclusions and provides a mathemat-
ical framework that can be applied to any array geometry and
channel scattering condition. Let us first outline our steps of
reasoning:

1) Resolvable angular cells. Any antenna array attains certain
radiation pattern—the directional (angular) dependence of
the field emanated from the array at a distance. This radi-
ation pattern is confined to certain angular region. For ex-
ample, a spherical array is able to generate radiation pat-
tern confined to the angular cells shown in Fig. 1(a). The
patterned region is one of the resolvable angular cells. For
ease of drawing, we unroll the cells and show them on a
2-D plane by their elevation and azimuth angles as
shown in Fig. 1(b).

2) Array degree-of-freedom. In a scattering environment,
certain directions of the radiating field will be diffracted
or reflected by scatterers. These directions correspond to
the directions of departure (DOD) of physical paths. The
number of angular cells that overlap with these directions
yields the dimension of the transmit signal space in the
spatial domain. For example, the shaded region in Fig. 1(b)
corresponds to the set of DOD. Signals radiated in the
shaded region could possibly reach the receiver. Similarly,
the number of angular cells that overlap with the directions
of arrival of physical paths at the receiver yields the di-
mension of the receive signal space. The minimum of the
number of overlapped angular cells at the transmitter and
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Fig. 2. Sketches the angular resolvable cells for three different dimensions of array geometry and illustrates the degree-of-freedom gain in a fully-scattered envi-
ronment. (a) Volumetric array. (b) Planar array lying on the ��-plane, � � �� . (c) Linear array along the �-axis, � � � .

Fig. 3. Illustrates the degree-of-freedom gain in an azimuth-scattered environment. (a) Volumetric array. (b) Planar array lying on the ��-plane, � � �� .
(c) Linear array along the �-axis, � � � .

that at the receiver yields the number of spatial degrees of
freedom from using uni-polarized antenna elements.

3) Polarization degree-of-freedom. When uni-polarized an-
tenna elements are used, each pair of overlapped cell at
the transmitter and that at the receiver can be modeled
by a complex gain. When polarimetric antenna elements
are used, the complex gain becomes a 6 6 complex
matrix. The rank of this complex matrix yields the de-
gree-of-freedom gain from using polarimetric antenna
elements. The total number of spatial degrees of freedom
is the product of the array degree-of-freedom and the
polarization degree-of-freedom.

Given an unambiguous definition of the degree-of-freedom
gain, we will consider the gain for linear, planar, and volumetric
arrays in fully-scattered and azimuth-scattered environments.

In a fully-scattered environment, the shaded region is the en-
tire -plane. A volumetric array such as a spherical array
is able to resolve both and directions, and the resolvable
cells are shown in Fig. 2(a). In each resolvable cell, polarimetric
antenna elements can be used to resolve the direction of elec-
tromagnetic fields, which is perpendicular to their direction of
propagation and is tangential to the resolvable angular cells.
The field direction in one of the resolvable cells is therefore
spanned by the two vectors shown in Fig. 2(a). Hence, the de-
gree-of-freedom gain from using polarimetric antenna elements
is 2. A planar array lying on the -plane is also
able to resolve both and directions. But it cannot distin-
guish physical path coming from above or below the array; that
is, the two patterned regions in Fig. 2(b) belong to the same
resolvable angular cell. Polarimetric antenna elements can re-
solve not only the field directions but also the propagation di-
rection of physical paths coming from versus .

Hence, the degree-of-freedom gain is doubled and equals to 4.
On the other hand, a linear array lying along the -axis can re-
solve the direction only. But it cannot distinguish physical
path coming from versus ; that is, the two patterned
strips in Fig. 2(c) belong to the same resolvable angular cell. Po-
larimetric antenna elements can resolve not only the field direc-
tions but also the propagation direction of physical paths along

. The degree-of-freedom gain therefore equals to the number
of co-located orthogonal dipoles which is 6.

In an azimuth-scattered environment, the direction of phys-
ical paths clusters around –the shaded strips in Fig. 3.
For volumetric arrays, the resolvable cells that overlap with the
shaded strip, attain 2 degrees of freedom from resolving the
field directions. For planar arrays, the resolvable cells are con-
nected. We would not get the extra factor of two from resolving
physical paths coming from versus . The de-
gree-of-freedom gain remains 2. For linear arrays, the resolvable
cells are disconnected and are partitioned into and
where is connected. Polarimetric antenna elements can re-
solve the two disconnected regions which is equivalent to re-
solving physical paths coming from versus . Therefore,
the number of degrees of freedom is doubled and equals to 4.

Table I summarizes our main results. Inevitably, there are
only two degrees of freedom from resolving the direction of
electromagnetic fields by polarimetric antenna elements. The
extra multiplicative gain in some array geometries is due to the
use of polarimetric antenna elements in resolving the propaga-
tion directions of physical paths. In particular, lower dimen-
sional array geometries are less effective in resolving the di-
rection of physical paths. Hence, they have higher degree-of-
freedom gain from using polarimetric antenna elements. Strictly
speaking, the degree-of-freedom gain from resolving the direc-
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TABLE I
MULTIPLICATIVE GAIN IN DEGREES OF FREEDOM FROM USING

POLARIMETRIC ANTENNA ELEMENTS

tion of electromagnetic fields should be considered as the po-
larization degrees of freedom which are 2 in all cases and agree
with physical laws.

The resolvable angular cells in Figs. 2 and 3 give a contrast
among different array geometries but they do not correspond to
the actual shape of the resolvable cells. To obtain the set of re-
solvable cells, we will use a sampling approach. Any geometry
of antenna array has a certain range of resolvable propagation
directions. For example, a linear array can resolve as
shown in Fig. 2(c). This resolvable angular range is analogous
to the spectral bandwidth of a time-domain signal. On knowing
the signal bandwidth, we obtain the optimal sampling period in
the time domain. Similarly, on knowing the resolvable angular
range, we will obtain the optimal placement of antenna elements
on the array. This optimal placement, in turn, will reveal the set
of resolvable angular cells. For completeness, we will also intro-
duce a physical approach based on the multipole decomposition
of vector fields to derive the degree-of-freedom gain.

The rest of the paper is organized as follows. Section II
presents the complex matrix that models the correlation be-
tween a pair of polarimetric antenna elements, and investigates
the degree-of-freedom gain and diversity gain in both fully-scat-
tered and azimuth-scattered environments. Sections III–V
extend the model and studies to arrays of polarimetric antenna
elements in various array geometries. Section VI presents an
alternate approach based on vector multipole decomposition.
Finally, we will conclude this paper in Section VII.

The following notation will be used in this paper. We will
use boldface capital letters for matrices , boldface
lower case letters for vectors , and calligraphic bold-
face capital letters for electromagnetic entities . For a given
vector , is a unit vector denoting its direction and denotes
its magnitude. is the identity matrix. , and denote
conjugate, conjugate-transpose and expectation operations re-
spectively.

II. POINT SOURCES

Point source refers to the six co-located orthogonal dipoles.
In this section, we will model the response between a transmit
and a receive point source, and derive the degree-of-freedom

Fig. 4. Radiation pattern of an electric and a magnetic dipole oriented along
the �-axis.

and diversity gain of such channel. The point source will form
the element response for various arrays in subsequent sections.

A. Source and Channel Responses

Let us first describe the radiation patterns of polarimetric an-
tenna elements. Fig. 4 shows the radiation patterns of an electric
and a magnetic dipole oriented along the -axis. The magnitude
of a radiation pattern reveals the relative strength of the radiated
field as a function of the propagation direction. The magnitudes
are the same for both dipoles. The difference between them is
the direction of the radiated field. For the electric dipole, the di-
rection of the electric field is along , while for the magnetic
dipole, it is along . That is, the electric field lines due to the
electric dipole are the closed paths that circle the torus’ hole,
while those due to the magnetic dipole are the closed paths that
circle the torus’ body. In mathematical form, the normalized ra-
diation pattern for the electric dipole is

(1)

and that for the magnetic dipole is

(2)

Note that there are two sets of directions. One denotes the prop-
agation direction where the radiation pattern is a function
of it. Another denotes the field direction in terms of unit vectors

and at the propagation direction . These unit vectors
are functions of as well.

The torus in Fig. 4 revolves about the z-axis. When it revolves
about the -axis, it represents the radiation patterns of an elec-
tric and a magnetic dipole oriented along the -axis, denoted by

and respectively. Similarly, when the torus re-
volves about the -axis, it represents the radiation patterns of an
electric and a magnetic dipole oriented along the -axis, denoted
by and respectively. As a result, the response
of a polarimetric antenna element is given in (3) at the bottom of
the page. In the transmit coordinate system, the transmit dipoles

(3)
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are co-located at the origin. Similarly, the receive dipoles are
co-located at the origin of the receive coordinate system. They
both have the same response . The receive coordinate
system is simply a translation transformation of the transmit co-
ordinate system.

The translation operation between the transmit and the re-
ceive coordinate system, and scatterers in between the transmit
and the receive antennas are captured by the channel response.
We consider multipath channels with physical paths. Scat-
terers on the th path affect the radiated field departing at
angle . The th path arrives at the receiver at angle

. Path delay and dielectric properties of scatterers
introduce a phase change of on radiated
field oscillating along and incident field along , and the
corresponding path gain is . Similar
definitions apply to the other pairs of field directions. Conse-
quently, the 6 6 multiple-antenna channel matrix can be
written as

(4)

where is a 2 2 matrix with elements:

To model the statistical properties of the channel ma-
trix, we adapt Clark’s model for fading channels [7]. When
there are many scatterers and they are far away from the
transceivers, the phases ’s are presumably
uniformly distributed in , independently distributed
across , and independent of each other. By the
Central Limit Theorem, it is reasonable to model the channel
matrix as a zero mean, jointly Gaussian matrix. The covari-
ance between and is

(5)

in which the inner expectation is given by

where and are the and components
of . The outer expectation depends on the distribu-
tion of physical paths. In a fully-scattered environment,
and are independent, and are uniformly distributed on a
sphere. In an azimuth-scattered environment, they are uniformly
distributed on
for small which is a band centered at the equator.

When physical paths are created due to specular reflection,
the incident and the reflected field direction would not change.
That is, , and

. On the other hand,
when physical paths are created due to diffused scattering, the
incident and the reflected field direction can be totally uncor-
related. That is, all the ’s are equal. In
general, physical paths are created by a combination of reflec-
tion and scattering. We therefore assume that

where is the cross polarization discrimination
(XPD). In a channel where diffused scattering is more severe
than specular reflection, is close to 1. When reflection is more
severe than scattering, is close to 0.

B. Degree-of-Freedom and Diversity Gain

In both fully-scattered and azimuth-scattered environments,
nonzero elements of are independent. The variance of the
elements of is given by:

• Fully-scattered

(6)

• Azimuth-scattered

(7)
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Both variance matrices are full rank. Therefore, the degree-of-
freedom gain in both channels are the same and equal to 6. The
co-located orthogonal dipoles are used to resolve both field di-
rections and propagation direction of physical paths.

In the fully-scattered environment, when , elements of
are i.i.d. complex Gaussian random variables. The channel

is equivalent to the i.i.d. Rayleigh fading MIMO channel. It at-
tains the full diversity gain. When , only two elements of

become zero. The diversity order decreases from 36 to 34.
Cross polarization has only minor effect on the diversity gain.
In the azimuth-scattered environment, on the other hand, half of
the entries in are close to zero when . Thus, cross po-
larization has significant effect on the diversity gain.

III. LINEAR ARRAYS

We will first use sampling argument to derive the set of re-
solvable angular cells for linear arrays. Then, we will look into
the degree-of-freedom gain from a pair of transmit and receive
resolvable angular cell.

A. Resolvable Angular Cells

For simplicity, we first consider an array of electric dipoles
where each dipole is pointing in the direction. The radiation
pattern due to a dipole at the origin is , and that due to
a dipole at close to the origin is

where all the position parameters , , and , are normalized to a
wavelength. Now, if the linear array is oriented along the -axis,
the total electric field due to an array of length normalized to
a wavelength will be

(8a)

(8b)

where is the signal on the electric dipole at on the
array. Notes that and are Fourier transform
pair. The linear array can only resolve the direction. As
the range of propagation directions resolvable by the array
is , the optimal separation between adjacent
antenna elements should equal to the inverse of the length of
the resolvable interval which is and corresponds to the half
wavelength antenna spacing. With this optimal spacing, we can
re-write the total electric field as

(9)

where is the signal on the th dipole. In the expression, the
total number of antenna elements is . When ’s are
all equal to unity, the magnitude of the total electric field in the
direction satisfies

(10)

It peaks at and is 0 at for
. The angular separation between the peak and the

zero crossing is which is the angular resolution of the array.
Suppose the normalized length of the transmit and the receive

array are and respectively. Then, the resolvable angular
cells at the transmitter and those at the receiver are given by

(11a)

(11b)

respectively for all and , where and .
Similar to (4), the response between the th resolvable cell at
the receiver and the th resolvable cell at the transmitter is

where denotes the number of physical paths departing from
and arriving at . Replacing by yields the

response for the arrays using polarimetric antenna elements. The
6 6 channel matrix between a pair of resolvable angular cells
can be written as

(12)

As physical paths departing and arriving at different angles are
assumed to be independent, and the resolvable angular cells are
nonoverlapping, the ’s are independent for all and . The
rank of corresponding to resolvable cells that overlap with
physical paths gives the degree-of-freedom gain from using po-
larimetric antenna elements.

In the fully-scattered environment, we consider linear arrays
oriented along the -axis and the resolvable angular cells are
given by (11). When physical paths spread over the azimuth an-
gles only, these arrays are perpendicular to the plane of phys-
ical paths. The resolution of the array on the physical paths is
poor. In the azimuth-scattered environment, we therefore con-
sider linear arrays oriented along the -axis which are on the
plane of physical paths. The resolvable angular cells become

(13a)

(13b)

B. Degree-of-Freedom and Diversity Gain

In both fully-scattered and azimuth-scattered environments,
elements of are not independent. But we can find matrices
that transform into a matrix with independent elements. The
results are summarized as follows:
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Fig. 5. Illustrates the resolvability of a linear array on physical paths. A linear array can resolve physical paths coming from different beams where the beamwidth
is the inverse of the length of the array normalized to a wavelength, ���. (a) In a fully-scattered environment, polarimetric antenna elements can resolve physical
paths coming from the same beam but different directions on the plane perpendicular to the array—the lightly shaded circular region. (b) In an azimuth-scattered
environment, polarimetric antenna elements can resolve physical paths coming from the left versus the right of the array within the same beam.

• Fully-scattered. There exist 6 6 full-rank matrices

and such that the nonzero elements of
are independent. Its variance matrix is given by

(14)

where

• Azimuth-scattered. There exist 6 6 full-rank matrices
and such that the variance of the elements of

varies as and the correlation between
the elements varies as . For small, the nonzero

elements of are approximately independent.
Its variance matrix is given by

(15)

where

The proof is included in Appendix A.

In the fully-scattered environment, the two submatrices
correspond to resolving the field directions, and , which con-
tribute a multiplicative gain of 2. The 3 3 submatrix itself
corresponds to resolving physical paths coming from different
directions as shown in Fig. 5(a). This contributes another mul-
tiplicative gain of 3. The degree-of-freedom gain is therefore
equal to 6.

Similarly, in the azimuth-scattered environment, the two sub-
matrices corresponding to resolving the field direction. The
2 2 submatrix itself corresponds to resolving physical paths
coming from versus , that is, from the
right side versus the left side of the array as shown in Fig. 5(b).
The degree-of-freedom gain is 4.

In both channels, when , the diversity order is re-
duced by half. Cross polarization improves the diversity gain
substantially.

Finally, the number of resolvable cells that overlap with the
physical paths is at the transmitter and at the receiver
in both channels. They are equal to the respective number of
antenna elements. Therefore, the number of array degrees of
freedom is the minimum of them.

IV. PLANAR ARRAYS

Now we extend the sampling argument to higher dimensional
Euclidean spaces to derive the resolvable angular cells of planar
arrays.

A. Resolvable Angular Cells

Suppose the planar arrays are lying on the -plane. Then, the
total electric field due to an array of electric dipoles pointing in
the direction can be expressed as

(16a)

(16b)

Defining and and
are 2-D Fourier transform pair. As
, the range of propagation directions resolvable by

the array is limited to a unit disk in the coordinates.
The optimal placement of antenna elements can be obtained
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Fig. 6. (a) Illustrates the densest packing of unit disks. (b) Illustrates the op-
timal placement of antenna elements on a planar array.

from the periodic lattice defined by the densest packing of the
unit disk on a plane [8]. Fig. 6(a) illustrates that the densest
packing is a hexagonal lattice defined by the vectors and :

The optimal placement of antenna elements is then given by

with

The vectors and are

The lattice for the optimal antenna placement is a 120 rhombus
shown in Fig. 6(b). Suppose the area of the antenna array is
normalized to the square of a wavelength and there are equal
number of antennas on each direction. Then, the total number
of antenna elements is

With the optimal placement of antenna elements, we can
re-write the total electric field as

(17)

where . When ’s are all equal to
unity, the magnitude of the total electric field satisfies

(18)

It peaks at and is 0 at

Fig. 7. Illustrates the resolvable angular cells from a rhombus-shaped planar
array of length . The shaded region is the �� � � �th resolvable cell.

Suppose the normalized area of the transmit and the receive
array are and respectively. Then, the resolvable angular
cells at the transmitter and those at the receiver are given by

respectively for all and , and are shown in Fig. 7. The 6 6
channel matrix between a pair of resolvable angular cells is sim-
ilarly given by (12).

B. Degree-of-Freedom and Diversity Gain

Fully-Scattered Channel: Referring to Fig. 7, we denote the
coordinates of the left lowest vertex of the th re-

solvable angular cell by at the receiver. It satisfies

(19a)

(19b)
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Fig. 8. Planar array with polarimetric antenna elements can resolve physical
paths coming from above versus below the array.

Similarly definition applies to at the transmitter.
There exist 6 6 full-rank matrices and such that the

variance of the elements of varies as

and the correlation between the elements varies as

and . For and large, the nonzero elements

of are approximately independent. Its variance
matrix is given by

(20)

where

(21)

The proof is included in Appendix B.
The two submatrices correspond to resolving the field di-

rection, and . The 2 2 submatrix itself corresponds to
resolving physical paths coming from versus

, that is, from the upper versus the lower side
of the array as shown in Fig. 8. The degree-of-freedom gain is
therefore 4.

When , the diversity order is reduced by half. Cross
polarization improves the diversity gain substantially.

Finally, the area of resolvable angular cell is
at the transmitter. The number of resolvable angular cells filling
up a unit disk therefore equals to while the number of an-
tenna elements is . The number of antenna elements is
slightly larger than the number of resolvable angular cells. For
linear arrays, they are the same. The number of array degrees
of freedom is determined by the number of resolvable angular
cells that overlap with physical paths but not by the number of

antenna elements. Therefore, the number of array degrees of
freedom for planar arrays is .

Azimuth-Scattered Channel: When the directions of physical
paths are limited to , it is equivalent to

for small. As , phys-
ical paths are clustered on the unit circular ring—the shaded re-
gion in Fig. 9(a). Here, we are interested in studying the rank of

for those angular resolvable cells that overlap with the cir-
cular shaded region. The overlapping region in each resolvable
cell is irregular. To ease the derivation, we approximate the cir-
cular ring with the largest hexagonal ring that is inside the unit
circle—the shaded region in Fig. 9(b).

For and in the hexagonal ring, there exist 6 6 full-rank
matrices and such that the nonzero elements of

are approximately independent for ,
small. Its variance matrix is given by

(22)

The proof is included in Appendix B.
The degree-of-freedom gain is 2 and is from resolving

the field directions only. When , the diversity
order is reduced by half. Cross polarization could double
the diversity gain. Finally, the number of resolvable
angular cells that overlap with the hexagonal ring is

at the transmitter. Therefore, the
number of array degrees of freedom is approximately equal to

.
As the number of array degrees of freedom depends on

the square root of array area, it suffices to place the an-
tenna elements on the perimeter of the array. This leads us
to compare the results with those of linear arrays. Suppose

and . The number of array degrees
of freedom from using linear arrays is ,
versus from using planar arrays. It is
because linear array resolves while planar array resolves

. When polarimetric antenna elements are used, the total
number of degrees of freedom is versus

. The ratio diminishes because linear
array with polarimetric antenna elements not only resolves

but also it is able to distinguish between and
.
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Fig. 9. Illustrates the same resolvable angular cells as in Fig. 7. The lattice points in the angular domain can be connected as concentric hexagons. The outer
circle in (a) is a unit circle while the inner circle is of radius �� . The resolvable angular cells that overlap with this circular ring, convey information, and the
corresponding� ’s are nonzero. The hexagonal ring in (b) is an approximation to the circular ring in (a).

V. VOLUMETRIC ARRAYS

A. Resolvable Angular Cells

Same as in the linear and planar arrays, we first consider an
array of electric dipoles pointing in the direction. The total
electric field can be expressed as

(23a)

(23b)

Defining , , and ,
and are 3-D Fourier transform pair.

Now, . The range of propagation directions
resolvable by the array is limited to a spherical shell of unit
radius in the coordinates.

In the planar array, when physical paths spread over the az-
imuth angles only, is limited to a unit circle. We used
the resolvable angular cells for the case when is lim-
ited to a unit circular disk, and then focused on the resolvable
angular cells that overlap with the unit circle, as illustrated in
Fig. 9(a). For the volumetric array, is limited to a
spherical shell of unit radius. We use the same approach as in
the planar array. We will first obtain the resolvable angular cells
for the case when is limited to a unit sphere, and
then focus on the resolvable angular cells that overlap with the
unit spherical shell.

The optimal placement of antenna elements is determined
by the densest packing of the unit sphere. Both hexagonal close
packing and cubic close packing yield the maximum possible
packing density. We consider the cubic close packing lattice be-
cause it can be constructed by integer combination of the fol-
lowing three vectors:

Thus, the antenna locations are given by

where

Suppose the volume of the antenna array is normalized to the
cube of a wavelength and there are equal number of antennas
on each direction. Then, the total number of antenna elements
is .

With the optimal placement of antenna elements, the resolv-
able angular cells at the transmitter and those at the receiver are
defined by the following lattices:

(24a)

(24b)

respectively, where and are the normalized volume of the
transmit and the receive array respectively. Fig. 10 shows one
of the resolvable angular cells at the receiver.

B. Degree-of-Freedom and Diversity Gain

When physical paths spread over all directions, we study the
rank of for those resolvable angular cells that overlap with
the unit spherical shell. When physical paths spread over the
azimuth angles only, we study those cells that overlap with the
unit circle on the -plane. The analyses are similar to those of
planar arrays in the azimuth-scattered environment. The rank of

at the overlapped cells is 2 which corresponds to resolving
the field directions, and . Furthermore, cross polarization
could double the diversity gain.

In the fully-scattered environment, we count the number of
resolvable cells that overlap with the unit spherical shell to com-
pute the number of array degrees of freedom. Each resolvable
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Fig. 10. Illustrates a resolvable angular cell from a parallelepiped volumetric
array.

cell has 6 faces. At the transmitter, two of them are of area
and the remaining four have area of . There-

fore, the number of overlapped cells is bounded between
and , and is approximately equal to . Hence, the
number of array degrees of freedom is approximately equal to

.
In the azimuth-scattered environment, we count the number

of resolvable cells that overlap with the unit circle instead. The
sides of each resolvable cell have the same length equal to
at the transmitter. The number of overlapped cells is .
Therefore, the number of array degrees of freedom is ap-
proximately equal to

.

VI. A PHYSICAL APPROACH

Up to this point, our reasoning is based on resolvable angular
cells. These cells are derived from the sampling approach. It
works well when the portion of a resolvable cell that overlaps
with the physical paths is the same across all overlapped
cells. When they are not the same such as planar arrays in
azimuth-scattered environment and volumetric arrays, the sam-
pling approach gives accurate result for the degree-of-freedom
gain from using polarimetric antenna elements but gives ap-
proximated result for the number of array degrees of freedom.
To obtain accurate result for the array degrees of freedom,
we should use a physical approach based on vector multipole
decomposition. This approach also illustrates the transition of
the degree-of-freedom gain from 6 for point sources to 2 for
volumetric arrays from using polarimetric antenna elements.

A. Source and Channel Responses

With reference to (23a), the radiated electric field due to an
arbitrary source region can be expressed as

(25)

where is a 6 1 functional and its th element denotes
the signal on the th co-located orthogonal dipole at
on the array. The expression only captures the radiated field. A

complete expression that is valid in all field regions, is in terms
of the free-space dyadic Green function as follows:

(26)

where becomes a 3 1 functional and denotes the current
at in the source region. The dyadic Green function can be
written as

(27)

where is the wavenumber. It is a linear operator and can be
decomposed into its spectral elements as

(28)

where and are the th eigenvectors, and is the
corresponding singular value. Now if we project the input signal

onto the set of orthonormal basis , the electric field
can be written in terms of

(29)

where is the projection of onto . The expression
is similar to (9) and (17) where the discrete representa-
tions are based on sampling. Here, it is based on multipole
decomposition.

To model the channel, we project all scatterers affecting
the radiated field onto a sphere of radius enclosing the
transmit array. Similarly, we project all scatterers affecting the
incident field onto a sphere of radius enclosing the receive
array. The choice of makes sure that scatterers are in the
far field of both transmit and receive array. Consequently, the
response between the th receive eigenvector and the th
transmit eigenvector is

(30)

for and , where and
are the direction of arrival and direction of departure of the

th physical path respectively. Assume . The covariance
between and is

(31)

Suppose is a diagonal matrix with th diagonal
element equal to , is a functional matrix with

th column being , and is a functional ma-
trix with th column being . Similar definitions apply to
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Fig. 11. Plots the distribution of � for � equal to 2 wavelength and � � ��. The connected line corresponds to approximating �� �� � �� by .

, , and . Then, the number of degrees of freedom
is given by

(32)

The and define the transmit and the receive source region
respectively. When the source region is a sphere, the two inte-
grals equal to an identity matrix due to the orthonormal property
of ’s. In a fully-scattered environment, the two expecta-
tions equal to an identity matrix due to the orthonormal prop-
erty of ’s. The number of degrees of freedom simplifies
to . Next, we derive the distribution of the
singular values, and hence obtain the rank of and .

B. Vector Multipole Decomposition

The dyadic Green function can be decomposed into a sum of
vector multipoles. In the spherical coordinates, it is [6, Ch. 7]

(33)

The vector multipoles are defined as

(34a)

(34b)

(34c)

(34d)

where is the spherical Hankel function of the first kind,
is the spherical harmonic function, and is the

spherical Bessel function. The ’s are orthogonal on any
spherical surface and ’s are orthogonal in any spherical
region. Suppose the antenna array is enclosed in a sphere of

radius . Then, the spectral elements defined in (28) are given
by

In Appendix C, we derive the singular values, and express
them in terms of and

(35a)

(35b)

The singular values depend on but not . When scatterers are
in the far field of the antenna array, . The spherical
Hankel function can be approximated by

The magnitude of the asymptotic term is independent of and
equals to . When , for .
Hence, both and vanish when . As an
example, Fig. 11 plots the distributions of for
and where is a wavelength. Both and

are small when . Furthermore, the
asymptotic term of provides a good approximation.
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Asymptotically, the number of nonvanishing vector multipoles
is .

C. Degree-of-Freedom Gain

Volumetric Arrays in Fully-Scattered Channel: Here, we as-
sume the volumetric array is a spherical array. The number
of degrees of freedom therefore equals to the number of non-
vanishing vector multipoles. When the source region is very
small, only the lowest order multipoles can be used for infor-
mation transmission. The lowest order multipoles correspond
to and the number of them is 6. Therefore, the de-
gree-of-freedom gain for point sources is 6. When the source
region increases, more multipoles can be used for information
transmission and the number of them is asymptotically equal
to . A factor of 2 is due to the use of both magnetic
multipole and electric multipole , and it ac-
counts for the degree-of-freedom gain from polarization. As

and is a wavelength, the asymptotic number of

degrees of freedom is

.
Volumetric Arrays in Azimuth-Scattered Channel: The rank

of and equal to the respective number of nonvanishing
multipoles in a fully-scattered channel. When the channel
is less scattered, the number of degrees of freedom should
be equal to or less than these ranks. It should then be equal
to where the columns of
are ’s for , and

and are the radius of the transmit and the receive
source region respectively. The is uniformly distributed on

.
The ’s and ’s are orthogonal over

, for different only. That is,
for the same , the dimension of the functional space spanned
by either ’s or ’s is 1. Consequently,
the dimension of the space spanned by either ’s or

’s is .
Next, we need to establish the orthogonality between the

space spanned by ’s and that by ’s.
It is suffice to show that ’s and ’s are
orthogonal at . From definition, it is also suffice
to consider the orthogonality between and

(36)

where is the associated Legendre function. At
and , the expression in the bracket is .

Asymptotically, ’s are orthogonal at .
Consequently, the number of degrees of freedom equals
to

.

Fig. 12. (a) Oblate spheroid with large aspect ratio. (b) Surface of a portion of
the oblate spheroid that includes the major equator.

TABLE II
SUMMARIZES THE ASYMPTOTIC NUMBER OF DEGREES OF FREEDOM FOR

DIFFERENT TYPES OF ARRAY ELEMENTS AND ARRAY GEOMETRIES IN VARIOUS

CHANNEL SCATTERING CONDITIONS

Planar Arrays in Azimuth-Scattered Channel: Here,

we first argue that is greater

than , and then argue that

.
Hence, the number of degrees of freedom will be the same as
in the case for volumetric array in azimuth-scattered channel.

We model the source region as a disk-like ellipsoid
(oblate spheroid) with large aspect ratio as illustrated in
Fig. 12(a). Now if we consider a portion of the ellipsoid
that includes the major equator as shown in Fig. 12(b) and
denote the corresponding surface at the receiver by ,

the rank of will be less than

.
Replacing by the width of the ring in Fig. 12(b) and

by the radius of the source region, we can use the
same argument for the volumetric array in azimuth-scat-

tered channel and show that

. Hence, the number of degrees of
freedom is .

VII. CONCLUSION

In this paper, we use the sampling approach to derive the de-
gree-of-freedom gain from using polarimetric antenna elements
in conjunction with the multipole decomposition approach to
derive the total number of degrees of freedom for different array
geometries in various channel scattering conditions, as tabulated
in Table II. The connection between the two approaches is that
the point source used in the sampling approach corresponds to
the set of lowest order multipoles ( , , 0, 1, and

, 2). The sampling approach uses the set of shifted lowest
order multipoles to represent the signals while the vector mul-
tipole approach uses all multipoles to represent the signals. We
use both approaches as neither of them gives exact results in all
scenarios.
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We show that the degree-of-freedom gain from using polari-
metric antenna elements ranges from 2 to 6. From Physics, only
2 out of the 6 components of time-varying electric and magnetic
field are independent at any point in space; that is, there are only
two degrees of freedom from resolving the field directions. The
extra factor in the degree-of-freedom gain for some array ge-
ometries is due to the use of polarimetric antenna elements in
resolving the propagation directions of physical paths. For ex-
ample, a scalar point source is not able to resolve any physical
path but a point source with 6 co-located orthogonal dipoles is
able to resolve physical paths to certain extent. Thus, there is a
distinction between using polarimetric antenna elements to re-
solve the field directions and that to resolve the propagation di-
rections of physical paths. Lower dimensional array geometries
are not as effective in resolving the propagation directions, and
therefore, the degree-of-freedom gain from using polarimetric
antenna elements is higher.

APPENDIX A
PROOF OF (14) AND (15)

For the fully-scattered channel, we consider the transforma-
tion matrices in (37) at the bottom of the page.

The covariance matrix of is diagonal when

Applying these pair of transformation matrices yields the result
in (14).

For the azimuth-scattered channel, we consider the transfor-
mation matrices in (38) at the bottom of the next page to decorre-
late the channel matrix. The diagonal elements of the covariance

matrix of vary as while the off-diagonal el-
ements vary as , when and satisfy (39) at the
bottom of the next page. Applying those pair of transformation
matrices yields the result in (15).

APPENDIX B
PROOF OF (20) AND (22)

For the fully-scattered channel, we apply the following trans-
formation matrices to decorrelate the channel matrix:

where

Diagonal elements of the covariance of vary as

while the off-diagonal elements vary as

(37a)

(37b)
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and . For and large, the nonzero elements of

are approximately independent. Its variance ma-
trix is presented in (20).

For the azimuth-scattered channel, we apply the following
transformation matrices to decorrelate the elements of the
channel matrix:

where

For , small, elements of are approxi-
mately independent. The variance matrix is presented in (22).

APPENDIX C
PROOF OF (35)

From definition

(40)

Using (9.120) in [9], we obtain

This yields

(41)

To find the correspondence for , it requires some
work that is not in standard electromagnetic textbooks. We apply
(3.12c) in [10] to obtain

(42)

(38a)

(38b)

(39a)

(39b)
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(43)

As

we obtain

(44)

Replacing with yields the integration of
the angular part of . Thus, we obtain

(45)

and

(46)

As a whole, we have
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