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Abstract

Channel capacity in the limit of vanishing SNR per degree of freedom is known
to be linear in SNR for fading and non-fading channels, regardless of channel state
information at the receiver (CSIR). It is shown [1] that the significant engineering
difference between the coherent and the non-coherent fading channels, including the
requirement of peaky signaling and the resulting spectral efficiency, is determined by
how the capacity limit is approached as SNR tends to zero, or in other words, the
sub-linear term in the capacity expression. In this paper, we show that this sub-linear
term is determined by the channel coherence level, which we define to quantify the
relation between the SNR and the channel coherence time. This allows us to trace a
continuum between the case with perfect CSIR and the case with no CSIR at all. Using
this approach, we also evaluate the performance of suboptimal training schemes.

1 Introduction

The use of a large bandwidth to improve the power efficiency in wireless communi-
cations has been studied since the 1960s. Kennedy [2] showed that, for the Rayleigh
fading channel at the infinite bandwidth limit, the amount of energy required to reli-
ably transmit one information bit is Eb

N0
= −1.59dB, which is the same limit for the

AWGN channels. Denote the signal-to-noise ratio per degree of freedom as SNR, and
the corresponding capacity as C(SNR)(nats/s/Hz), this result is equivalent to

lim
SNR→0

Cfading(SNR)
SNR

= lim
SNR→0

CAWGN(SNR)
SNR

= 1 (1)

This result is very robust. It holds regardless of whether the instantaneous channel
state information (CSI) is available at the receiver or not (although it does assume
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the absence of CSI at the transmitter). It was later shown [3] that (1) also holds for
general fading distributions.

On the other hand, it is also observed [4, 3, 5, 6] that there are some important dif-
ferences between the coherent and the non-coherent fading channels. Without receiver
CSI, the optimal signaling requires a very high peak-to-average ratio, and the resulting
capacity approaches the infinite bandwidth limit much slower. Reference [4] provided
numerical evidence to support this latter observation for the Rayleigh fading model.

The issue of rate of convergence is addressed by Verdú [1] quantitatively by looking
at the second order Taylor expansion of the capacity expression:

C(SNR) = C ′(0)SNR + C ′′(0)SNR2 + o(SNR2)

where C ′(0) and C ′′(0) are the first and second derivatives of the function SNR 7→
C(SNR) at SNR = 0. It is shown that, for a general class of channels, the second
derivative C ′′(0) is finite in the coherent case, when CSI is available at the receiver,
and is −∞ in the non-coherent case. This means that although a near linear capacity
can be achieved in both cases eventually at low enough SNR, this limit is approached
much more slowly for the non-coherent case.

From a signal design point-of-view, the results in [1] can be understood as de-
scribing a fundamental tension in non-coherent communications. On the one hand,
communicating over an unknown channel is subject to a penalty of the channel un-
certainty (sometimes in the form of the training costs); on the other hand, reducing
such penalty by sending over only a fraction of the available degrees of freedom (peaky
signaling) results in a loss of spectral efficiency. The tradeoff between resolving the
channel uncertainty and improving the spectral efficiency gives rise to optimal non-
coherent signaling, which can be solved for some special asymptotic cases [1, 7].

The difference between the coherent and the non-coherent channels is even more
significant when there is a constraint on the peak-to-average ratio of the input signal-
ing. For the coherent case, the optimal input has a Gaussian distribution, i.i.d. over
symbols. Thus, an additional constraint on the peakiness of the input usually does
not reduce the throughput much. In contrast, the optimal input for the non-coherent
channel is increasingly “flashy” at low SNR. Such input is ruled out when a peakiness
constraint presents. It is shown [5, 6] that the capacity of the non-coherent channel
at low SNR with the peakiness constraint scales as SNR2, which is much less than the
coherent capacity, which is linear in SNR. Thus the impact of the peakiness constraint
is much more severe in the non-coherent case than in the coherent case.

The goal of the current paper is to develop a unified view of these results. To
do that, we observe that the above notions of the “coherent” and the “non-coherent”
channels can be viewed as two extreme cases. While the coherent model assumes per-
fect CSI, the non-coherent model not only assumes no CSI available but implicitly
ignores the correlation between the fading coefficients over time, thus eliminating the
possibility to estimate the channel. In practice, however, the channel coherence time
might span hundreds or thousands of data symbols. In such cases, even though the
fading coefficients are unknown to the receiver at the beginning, it is possible to es-
timate these coefficients and communicate coherently thereafter; hence a performance
close to that of the coherent case can be achieved. Thus, depending on the coherence
time, there is a continuum between the coherent and the non-coherent extremes.

Moreover, the SNR per degree of freedom is an important component in determining
the effect of channel coherence on capacity. If one views the channel coherence as
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the reward for estimating the channel, since longer coherence time means taking more
advantage of the channel estimate, then the SNR indicates the price of such estimation.
When there is limited amount signal energy, any meaningful channel estimate would
require a large fraction of the total energy resource, thus one tends to estimate and use
the channel less often. This effect is quantitatively described in [5, 6, 8].

In short, the tradeoff between resolving the channel uncertainty and improving the
spectral efficiency is affected by both the coherence time and the SNR. To quantify this
effect, a natural question is therefore: how slowly the channel has to change over time,
with respect to SNR, so that the capacity for a non-coherent channel begins to resemble
that for the coherent channel. The main result of this paper is a clear characterization
of the continuum between the non-coherent and the coherent extremes as the coherence
time increases, in terms of capacity.

Specifically, we study the flat fading channel, where the fading coefficient is assumed
to be Rayleigh distributed, and remains constant over a coherence time of l symbol
periods, before changing into an independent realization. We compute the capacity
of the block fading channels without receiver side CSI, as a function of the average
signal-to-noise ratio SNR, the coherence time, and the peak power constraint. We
focus on the asymptotic case that SNR tends to zero and the coherence time l is large.
Let Emax denote the maximum allowed signal power transmitted over a symbol period1,
normalized by the noise variance, and C denote the capacity in nats per symbol period.
Our main results can be summarized as:

C ≈





SNR−
√

1
l · SNR Emax ≥

√
1
l

SNR− SNR
lEmax

1
l ≤ Emax ≤

√
1
l

l · Emax · SNR Emax ≤ 1
l

(2)

where the meaning of ≈ will be made clear later in the paper. The optimal signaling
for these three cases are as follows:
• When Emax ≥

√
1
l , the optimal input is the i.i.d Gaussian random code, transmit-

ted over δ =
√
lSNR fraction of the time. The peak power constraint is not active.

In particular, if l is of the order larger than or equal to O(SNR−2), the capacity
is close to that of the perfectly coherent channel; in contrast, when l grows very
slowly with SNR, we get close to the results reported in [1].

• When 1
l ≤ Emax ≤

√
1
l , the optimal input is also the i.i.d. Gaussian codes, but

transmitted over δ = SNR/Emax fraction of the time. The peak power constraint
is active.

• When Emax ≤ 1
l , the optimal input is on-off signaling. In particular, if the peak-

to-average ratio Emax/SNR and the coherence time l are both fixed, the capacity
scales as O(SNR2) as SNR approaches 0, consistently with [5].

1The ”peak power constraint” considered in this paper is slightly different from . Here, we are interested
in how the peak signal power increases as SNR → 0. The constraint Emax limits the use of flash signals,
where the signal energy is more and more concentrated in a even smaller fraction of d.o.f., as SNR tends to
0. We do, however, consider a Gaussian random code with average power less than Emax to be valid input:
although the peak power of a Gaussian code is higher than the average power, the difference does not depend
on the SNR of the channel. Detailed mathematical justification can be found section 5.2
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These three cases form a continuum that glue together several known results for
different extreme cases. The techniques developed here can also be used in analyz-
ing the performance of specific signaling such as training based schemes. Using this
approach, we quantify the performance loss of training schemes due to cost of energy
that is allocated for training purpose. In contrast, the optimal signaling scheme can
be understood as using all signal energy for both estimating the channel and carrying
information, thus avoiding the extra energy cost. Our results can also be generalized to
the cases with other models of the channel time-variation, such as the Gauss-Markov
model. The interactions among the bandwidth, channel coherence, and the signal peak-
iness discussed in this paper is thus shown to be a general issue for communication over
wideband fading channels.

The rest of this paper is organized as follows, after describing the channel model
in section 2, we continue in section 3 to review some known results of the low-SNR
capacity of the coherent and non-coherent fading channels, and motivate our approach
and the specific asymptotic scaling we choose. In section 4, we study the performance
of training schemes for block fading channel, providing contrast to the main capacity
results, presented in section 5. We discuss the Gauss-Markov model in section 6 before
concluding the paper in section 7.

2 Channel Model: from Wideband to Narrow-

band

We consider a communication system over a wideband fading channel. The wideband
channel can be modelled as a set of N parallel narrowband channels, such that each
channel is flat faded. The nth such channel is

y
(n)
i =

√
SNR · h(n)

i x
(n)
i + w

(n)
i

where h
(n)
i , x

(n)
i , and w

(n)
i are the fading coefficient, transmitted symbol, and the

additive noise, respectively at symbol time i for the nth channel. We assume that
h

(n)
i , w

(n)
i are complex Gaussian distributed with zero mean and unit variance, denoted

as h(n)
i , w

(n)
i ∼ CN (0, 1). The parameter SNR denotes the signal-to-noise ratio per

symbol time per narrowband channel.
In general, the fading coefficients, h(n)

i , are correlated over time and frequency. We
are thus interested in computing the capacity for the narrowband fading channel with
arbitrarily correlated fading coefficients. For simplicity, we drop the superscript (n),
and start our discussion by focusing on the block fading model. That is, the fading
coefficient is assumed to remain constant for a block of l symbol periods, before taking
independent realizations. The channel over one of such block can be written as

y =
√

SNR · hx + w (3)

where x,w,y ∈ Cl; h ∼ CN (0, 1) is the scalar fading coefficient associated with the
block. The block length l indicates the channel coherence over both time and frequency.

We assume an average power constraint: for any codeword transmitted over K
coherence blocks,

1
Kl

Kl∑

i=1

xi2 ≤ 1
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For the moment, we assume that there is no peak power constraint for the transmitted
signals, and leave the discussion about peak power constraint in Section 5.2.

For wideband communications, as N →∞, the SNR per degree of freedom SNR→
0, and hence our interest is in the low SNR regime. The cases with/without receiver
side CSI is referred to as the coherent/non-coherent cases, and we always assume that
transmitter side CSI is not available.

3 The Coherent and Non-Coherent Extremes

3.1 Non-coherent Penalty

In general, the capacity of a channel, including Gaussian channels and fading channels
under the coherent and non-coherent assumptions, increases with the signal-to-noise
ratio per channel use in a sub-linear fashion. It is only at the low SNR limit, the
channel capacity can increase with SNR linearly.

C(SNR) = SNR + o(SNR) (nats/channel use) (4)

This makes low SNR channels desirable in energy efficient communications.
In many cases, C(SNR) is close to linear at low SNR; thus the difference among

these channels, including the peakiness of the signaling, and the spectral efficiency,
etc., can only be explained by the difference in the sub-linear term o(SNR) in (4). To
emphasize the sub-linear term of the capacity, we use the following notation throughout
this paper:

∆(SNR) := SNR− C(SNR)

Clearly, at the low SNR limit, if

∆(SNR)
SNR

→ 0 (5)

the highest energy efficiency of −1.59(dB) per information bit can be achieved. Follow-
ing the definition in [1], (5) is equivalent to first order optimality. As the SNR increases,
the gap ∆(SNR) increases, yielding a larger gap between the capacity C(SNR) and its
linear approximation SNR, and the energy efficiency decreases. In the following, we
start with some examples to understand the operational meaning of this sub-linear
term.
Example: AWGN Channel
For the AWGN channel, the capacity is

CAWGN(SNR) = log(1 + SNR) = SNR− 1
2

SNR2 + o(SNR2) (6)

the sub-linear term is

∆AWGN(SNR) =
1
2

SNR2 + o(SNR2).

◦
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Example: Coherent fading channel (perfect CSI)
For fading channels, when the CSI is available at the receiver side, the optimal input
distribution is i.i.d. Gaussian. Assume that the fading coefficients hi are generated
from an ergodic process, with marginal distribution h ∼ CN (0, 1), then the ergodic
capacity is

Ccoherent(SNR) = E[log(1 + SNR ‖h‖2)]

= SNR− 1
2
E[‖h‖4](SNR)2 + o(SNR2).

The corresponding sub-linear term is thus

∆coherent(SNR) =
1
2
E[‖h‖4](SNR)2 + o(SNR2) (7)

◦

Example: Non-coherent i.i.d. fading channel
For fading channels, when the CSI is not available at the receiver side, the sub-

linearity is larger than that for the AWGN channel. It is shown in [1] that for an
i.i.d. Rayleigh fading channel, where hi’s are independently CN (0, 1) distributed, when
receiver CSI is not available,

∆iid(SNR) = SNR− Ciid(SNR)� O(SNR2)

where � means the ratio between the two sides approaches ∞ as SNR→ 0. This im-
plies a much larger gap between the capacity Ciid(SNR) and SNR, at a strictly positive
signal-to-noise ratio. In other words, in order to obtain a high energy efficiency in the
non-coherent fading channel, it requires the SNR to be very low, or equivalently the
bandwidth to be much larger. ◦

The i.i.d. non-coherent model can be viewed as the opposite extreme to the perfectly
coherent model, since the channel changes so fast that there is no hope to have any
knowledge of the future channel state at all. In this paper, we are interested in the
general non-coherent cases, where the channel state information is not available at
the receiver, but can be obtained partially using channel coherence over time. To
quantify the performance of such channels, we will focus on computing ∆(SNR) for
such channels. Specializing to the block fading model, we will compute ∆l(SNR) ∆=
SNR−Cl(SNR), where the subscript indicates the dependence on the channel coherence
time l. Obviously, the i.i.d. fading model corresponds to l = 1. We are interested
in finding out how does the sublinear term change from ∆iid(SNR) � O(SNR2) to
∆coherent(SNR) = O(SNR2) as l increases.

In most cases of interests, ∆(SNR) is much larger than O(SNR2). The capacity loss
due to the lack of channel knowledge,

Ccoherent(SNR)− C(SNR) = (SNR− C(SNR))− (SNR− Ccoherent(SNR))
= ∆(SNR) +O(SNR2) ≈ ∆(SNR).

Therefore, we also refer to ∆(SNR) for the channels of interest as the non-coherent
penalty of the channel.
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3.2 The I.I.D. Rayleigh Fading Channel

In this section, we start by giving a more precise characterization of the capacity and
sub-linearity for the non-coherent fading channel (3), with block length l = 1. The
capacity of this channel has been partially characterized in [1]. It is shown that

SNR− Ciid(SNR)� O(SNR2),

or equivalently,

∆iid(SNR)
SNR2 →∞.

This result is sufficient to provide a clear distinction between the coherent and the
non-coherent channels: ∆iid(SNR) � ∆coherent(SNR) = O(SNR2). It is however of
interest to find out more precisely what the “right” order of the sub-linear term is.

Proposition 1 For the i.i.d Rayleigh fading without receiver side CSI, the channel
capacity Ciid(SNR) at low SNR is bounded by

SNR− SNR
log log 1

SNR

log 1
SNR

≤ Ciid(SNR) ≤ SNR− SNR

(
log log 1

SNR

)2 + 1
log 1

SNR

.

Proof:

We just give a sketch of the proof; a complete proof is given in Appendix A.
At low SNR, the optimal input distribution is i.i.d. on-off signaling, with

SNR · |x|2 =
{
A with probability δ = SNR

A
0 with probability 1− δ .

Under this input, the mutual information can be written as

I(x; y) = I(x; y, h)− I(x;h|y)
= log(1 + SNR)−D(y||yG)− δ log(1 +A)

where D(·||·) is the Kullback Leibler divergence, and yG is a Gaussian random variable
with zero mean and variance 1 + SNR.

Intuitively, to maximize the mutual information, one would like to choose peaky
inputs with larger A, so that the term δ log(1 + A), which can be interpreted as the
penalty of channel uncertainty, is minimized. On the other hand, peaky input makes
the distribution of y more different from Gaussian, i.e., increasesD(y||yG). The optimal
choice of A that balances these two trends is given by

log 1
SNR

log log 1
SNR

≤ A∗ ≤ log
1

SNR
. (8)

The detailed computation is given in Appendix A.
◦
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Ignoring the log log term, the result in Proposition 1 gives an approximation

∆iid(SNR) = SNR− Ciid(SNR) ≈ SNR

log 1
SNR

.

This means that the sub-linear term is much larger than SNR2 as SNR→ 0, which
is consistent with [1]. In fact, the statement in Proposition 1 is stronger. It says that
the sub-linear term of the capacity is in fact much larger than O(SNR1+α) for any
α ∈ (0, 1), or in other words, it is almost linear in SNR. Consequently, in the capacity
expression Ciid(SNR) = SNR−∆iid(SNR), the slope of the leading linear SNR term is
almost changed, implying that the -1.59 dB wideband limit is almost not achievable,
it is approached very slowly.

To capture this intuition. we introduce a new notation for approximations. We
write

f(SNR) .= SNRα (9)

if

lim
SNR→0

log f(SNR)
log SNR

= α.

Suppose that f(SNR) .= SNRα and g(SNR) .= SNRβ, we write f(SNR) .= g(SNR) if
α = β, and say that f and g are of the same order. Similarly,

.≤ and
.≥ are used to

denote that f and g are of different order. We write f(SNR)
.≤ g(SNR) if α > β, and

vice versa. This notation is simply a variation of exponential approximation used in
information theory. In particular, it allows us to ignore the ”log” term multiplied on a
polynomial term. With this notation, we write

∆iid(SNR) .= SNR

which is very different from that for the coherence channel ∆coherent(SNR) .= SNR2.

3.3 Spectral Efficiency and Energy Efficiency

In the low SNR regime, the non-coherent penalty ∆(SNR) also has the following simple
relation with the energy efficiency. Let En denote the transmitted energy per informa-
tion nat, and N0 the spectral level of the background noise. We have

(
En
N0

)

(J/nat)

× C(SNR)(nat) = SNR(J)

where the subscripts are the units of each term. Replacing C(SNR) by SNR−∆(SNR),
we have

En
N0

=
1

1− ∆(SNR)
SNR

.

Taking natural log of both sides, we have

log
En
N0
≈ ∆(SNR)

SNR
(10)
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Thus, the energy efficiency is directly connected to the non-coherent penalty, as well as
the percentage loss of the capacity. In Figure 1, we plot the capacity loss ∆(SNR)/SNR
vs. SNR for the Gaussian channel and the coherent/non-coherent fading channels.
Notice that in the low SNR regime, the channel capacity is approximately SNR, thus
the resulting graph is a good approximation, as well as a new interpretation, of the
“spectral efficiency vs. Eb/N0(dB)” graph in Figure 4 of [1].

SNR ~ Spectral Efficiency

S
ub

−
Li

ne
ar

ity
 ~

  l
n(

E
n/N

0)

0

i.i.d. NonCoherent Fading 

Coherent Fading 

AWGN 

Figure 1: The Sub-linearity of Gaussian and Fading channels at Low SNR.

Figure 1 can also be interpreted as the tradeoff between the energy efficiency and
the spectral efficiency of a wideband system. With a fixed total transmitted signal
power, one can choose to lower the SNR per degree of freedom, to improve the energy
efficiency, at the cost of requiring larger bandwidth, or vice versa. Thus in rest of this
paper, we will focus on characterizing ∆(SNR), in order to capture this fundamental
tradeoff.
Discussion:
At a low but strictly positive SNR, the effect of the sub-linearity on the channel capacity
is rather marginal. Even in the i.i.d. non-coherent channel, the capacity Ciid(SNR)
is quite close to that of the AWGN channel at the same SNR level. For example,
at SNR = −30dB, the percentage loss of the capacity due to the lack of the channel
knowledge is approximately

∆iid(SNR)
SNR

=
1

log 1
SNR

≈ 14.5%

As SNR→ 0, this percentage loss approaches 0. In terms of the energy per information
nat at a given SNR, the difference between the non-coherent fading channel and the
Gaussian channel is also quite small. Again take SNR = −30dB, by (10), we have

En
N0
≈ exp

(
∆(SNR)

SNR

)
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For the i.i.d. fading channel, ∆iid/SNR ≈ 1
log 1

SNR

≈ 0.145, and En/N0 ≈ 1.156; for the

AWGN channel, ∆AWGN/SNR = 1
2SNR = 5×10−4, and En/N0 ≈ 1.001. The difference

between the two is still only about 15%.
Such comparisons show that since the capacities of both the Gaussian channel and

the fading channel are close to linear in SNR, the effect from ∆(SNR) is secondary,
at least from a capacity point-of-view. However, we emphasize here that this small
difference in the channel capacity is indeed the reason of many dramatic differences,
signaling and the spectral efficiency at a finite bandwidth, between the coherent and
the non-coherent channels.

For example, in order to achieve a certain level of energy efficiency, the required
SNR and thus the bandwidth for the AWGN channel and the non-coherent fading
channel can be dramatically different. In the above example, if we want to achieve
an energy efficiency of En/N0 = 1.156 in an AWGN channel, the signal to noise ratio
should be SNR = 2 · (∆/SNR) = 2 log(En/N0) = 0.29 ≈ −5dB, instead of −30dB for
the fading channel. This translates to a factor of more than 300 times in the required
bandwidth. Thus the study of the sub-linear term of the channel capacity is more
important when there is a hard constraint on the energy efficiency.Intuitively, since
the energy efficiency log(En/N0)→ 0 as the bandwidth W →∞, the energy efficiency
of the non-coherent channel at low SNR is only slightly worse than that of the coher-
ent channel; however, it takes a much larger bandwidth to make up for this difference. ◦

4 Training schemes for the Block fading model

In this section and the next, we will focus on the block fading channel model. Before
computing the channel capacity, we will first study a sub-optimal approach to use the
block fading channel, by using training schemes, and establish the natural scaling to
address the problem. Training schemes are widely used in communicating over fading
channels when the fading coefficients are unknown to the receiver. At the beginning
of each coherence block, a training sequence, known to the receiver, is transmitted to
help the receiver to estimate the channel coefficients, and then these estimates are used
to communicate during the rest of the coherence block. We follow the approach used
in [7] and [9] to compute a lower bound of the achievable throughput, by optimizing
the amount of energy used in training.

We start by describing the training scheme in details. We rewrite the block fading
channel model, within one coherence block, as follows

yi =
√

SNR · hxi + wi, i = 1, . . . , l

where the fading coefficient h is assumed to remain constant within a block of l symbols.
For convenience, we refer to

√
SNR ·xi as the transmitted signal, which has an average

energy per symbol time of SNR.
We denote the total energy transmitted within one coherence block as

Etotal = l · SNR.
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At the beginning of a block, we use γ fraction of the total energy in training. For
convenience, denote the energy used in training as

Etr = γEtotal = γl · SNR.

The receiver computes the minimum mean square estimate of the fading coefficient
h. Since the quality of this estimate depends only on the energy, rather than the
duration, of the training signal, we assume in the following that the training signal is
transmitted within 1 symbol period, i.e., the signal transmitted in the first symbol of
a block is

√
SNR · x1 =

√
Etr

and the received signal is

y1 =
√
Etrh+ w1.

Using ĥ and h̃ to denote the minimum mean square estimate of h and the estimation
error, respectively, we have

E[|ĥ|2] =
Etr

1 + Etr

E[|h̃|2] =
1

1 + Etr
.

For the remaining (l−1) symbols within the same block, we communicate by using
an i.i.d. Gaussian random code with average power of (1−γ)SNR. The channel in this
communication phase can be written as

yi =
√

(1− γ)SNR · ĥxi +
√

(1− γ)SNR · h̃xi + wi (11)
=

√
(1− γ)SNR · ĥxi + w′i

for i = 2, . . . , l, where xi is normalized to have E[|xi|2] = 1. Notice that the second
term in (11), the extra noise due to the channel estimation error, is uncorrelated with
the signal term, ĥxi. Thus, to obtain a lower bound of the mutual information, we can
replace it with the additive Gaussian noise with the same power [10]. The overall noise
w′i is replaced by a Gaussian noise with variance

σ2 = 1 + (1− γ)E[|h̃2]SNR

= 1 + (1− γ)
1

1 + Etr
SNR.

The resulting mutual information per symbol time is lower bounded by

Itr(SNR) ≥ l − 1
l
E

[
log

(
1 +

(1− γ)SNR|ĥ|2
σ2

)]
, (12)

where the factor (l − 1)/l is due to the fact that 1 symbol time out of a block is used
in training. Now we optimize over the power allocation γ, and compute the resulting
throughput for this training scheme.
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The question we try to answer here is that how long the coherence time l has to
be in order that the throughput of a fading channel, without CSI at the receiver, to
start look like that of a coherent channel. Our focus is on the sub-linear term in the
throughput

∆tr(SNR) ∆= SNR− Itr(SNR).

Recall that the two reference points from the extreme cases are: ∆coherent
.= SNR2 and

∆iid
.= SNR1. Thus a natural question to ask is: how long l has to be in order that

∆tr(SNR) .= SNR1+α for a given constant α ∈ (0, 1). The following lemma gives our
first result for the training scheme.

Lemma 2 For the training scheme described above achieves a data rate Itr(SNR) with

∆tr(SNR) = SNR− Itr(SNR)
.≤ SNR1+α

for α ∈ [0, 1], the sufficient and necessary condition is

l
.≥ SNR−(1+2α).

Proof:
See Appendix C ◦

Remarks:
In general, the channel capacity is a function of both the coherence time l and the SNR.
Although there is no physical connection between these two parameters, the channel
capacity and the optimum signaling depend on the relation between the two, rather
than on each of them in isolation. The simultaneous scaling of the two parameters in
the Lemma 2 allows the characterization of the throughput in terms of how they are
related.

A special case of interests in Lemma 2 is the case α = 1. That is, if we wish
to achieve a throughput whose sub-linear term, and hence the energy vs. spectrum
efficiency tradeoff, is of the same order as that of the coherent channel,

Itr(SNR) = SNR−O(SNR2)

it is sufficient and necessary that l .= SNR−3. We say in this case that a ”near coherent”
performance is achieved. ◦

The training based scheme proposed above transmits signals in every coherence
block. Intuitively, this is optimal if one operates near the coherent extreme, with α = 1.
Therefore, the requirement of l .= SNR−3 to achieve ∆tr(SNR) .= SNR2 is necessary.
For intermediate values of α ∈ (0, 1), however, the performance of the training schemes
can be improved by allowing flashiness in the transmission. That is, we can train and
communicate only in δ fraction of the available coherence blocks, thereby concentrate
the energy and avoid estimating too many fading coefficients. By optimizing over the
peakiness δ, one can reduce the gap between the training performance and the optimal.
The result is summarized in the following lemma.

Lemma 3 For a block fading channel with coherence time l .= SNR−3α, using a flash
training scheme with δ

.= SNR(1−α), one can achieve a data rate of the order SNR −
O(SNR1+α)

12



Proof:
Write the throughput of the described flashy training scheme as

Itr(SNR, δ) = δItr

(
SNR

δ

)

where Itr(SNR) is the throughput for a non-flashy training scheme with average power
per symbol time as

SNR′ =
SNR

δ
.

Now, for δ .= SNR(1−α), we have

SNR′ .= SNRα.

Lemma 2 says that, if the coherence time

l
.= (SNR′)−3 = SNR−3α,

we have

Itr(SNR′) .= SNR′ −O((SNR′)2) = SNRα −O(SNR2α)

and thus

Itr(SNR, δ) = δItr(SNR′)
= SNR−O(SNR1+α)

is achievable. ◦

Comparing Lemma 2 and 3, we observe that the difference between the performance
of the two schemes can be clearly quantified by the SNR exponent of the sub-linear
term. It is however not clear, even at the given scaling, whether the performance
of the training scheme in Lemma 3 is optimal or not. To gain more insights to the
requirements of the coherence time l, we take a closer look at the special case with
α = 1.
Discussion: Near Coherent Performance
Intuitively, if we want a training scheme for a non-coherent channel to have a through-
put close to the capacity of the perfect coherent channel, it is necessary that both the
following conditions be satisfied:
• The energy used in training, Etr, is large enough such that the channel estimation

error is ignorable.

• The fraction of energy used in training, γ, is small enough such that its effect is
ignorable.

In the scaling of interest, these two conditions can be quantitatively specified.
For convenience, we rewrite the RHS of (12) 2

2Strictly speaking, Rtr(SNR) is a lower bound of the achievable rate for the training schemes. However, in
order to achieve a rate higher than Rtr(SNR), a receiver that can take the advantage of the estimation error
term, h̃x, is required, which is usually difficult. Therefore, we take Rtr(SNR) as a “practical” approximation
of Itr(SNR).
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Rtr(SNR) =
l − 1
l
E

[
log

(
1 +

(1− γ)SNR|ĥ|2
σ2

)]
.

Notice that σ2 ≥ 1. By using Jensen’s inequality, we obtain a simple upper bound
for Rtr(SNR):

Rtr(SNR) ≤ log(1 + SNRE[|ĥ|2])

≤ SNR
Etr

1 + Etr

= SNR− SNR
1

1 + Etr
.

For SNR−Rtr(SNR) .= SNR2, the training energy must be as large as:

Etr
.≥ SNR−1. (13)

Noting that E[|ĥ|2] ≤ 1, we can find another upper bound to Rtr(SNR),

Rtr(SNR) ≤ log(1 + (1− γ)SNR) (14)
≤ SNR− γSNR. (15)

In order for SNR−Rtr(SNR) .= SNR2, the fraction of energy used in training must be
as small as

γ
.≤ SNR. (16)

Combining (13) and (16), and recalling that Etr = γEtotal = γlSNR, we have

l ≥ SNR−3

as a necessary condition that the near coherent throughput to be achieved.
From the above development, we observe that if one can reuse the training energy for

communication purpose, i.e., eliminating the second condition above, the requirement
to achieve the near coherent performance, l .= SNR−3, can be improved to l .= SNR−2.
It turns out that this intuition indeed gives the optimal performance, which is shown
in the next section.

5 Capacity of Block Fading Channels

5.1 Channel Capacity Without Peakiness Constraint

In this section, we compute the capacity of the block fading channel without any con-
straint on the peakiness of the transmitted signal. The following Theorem summarizes
our main results on the interplay between coherence level of the block fading channel
and the non-coherent penalty.
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Theorem 4 Consider a sequence of non-coherent block Rayleigh fading channels, in-
dexed by the average signal to noise ratio SNR. Let the block length and the capacity
of the channel corresponding to a particular value of SNR be l(SNR) and Cl(SNR),
respectively. The capacity has a non-coherent penalty

∆l(SNR)
.≤ SNR1+α

if and only if

l
.≥ SNR−2α

or equivalently,

lim
SNR→0

log(SNR− Cl(SNR))
log SNR

≥ 1 + α ⇐⇒ lim
SNR→0

log l
log SNR

≤ −2α.

Remarks:
Here, we focus on the cases that α ∈ [0, 1], i.e., the cases ranging from l being fixed

and l .= SNR−2. For the case that the coherence time l is even larger than SNR−2, the
effect of l becomes less important. In [11], the authors studied the case with a fixed
SNR and l→∞. Under this assumption, it is shown that the capacity

Cl(SNR) ≈ Ccoherent(SNR)−O
(√

log l
l

)
= SNR−O(SNR2)−O

(√
log l
l

)
.

Note that this result is for general SNR values. Specializing in the low SNR case,
however, it addresses a different regime than Theorem 4. With a fixed SNR and l tends
to infinity, the sub-linear term, SNR − Cl(SNR), is dominated by O(SNR2) from the
coherent capacity. We say in this case that a ”near coherent” throughput is already
achieved, and the effect of changing l on the resulting energy efficiency is insignificant. ◦

Proof: Achievability

We first show that if l .= SNR2, a near coherent performance can be achieved. In
particular, we show that if

l ≥ SNR−2

(
log

1
SNR

)2

then a throughput R(SNR) with

SNR−R(SNR) = O(SNR2)

can be achieved.
Consider the communication over a coherence block. To obtain an achievable per-

formance, we choose to use the i.i.d. Gaussian input distribution of x ∈ Cl. The
resulting mutual information is lower bounded by

I(x; y) = I(x; y|h) + I(h; y)− I(h; y|x)
≥ I(x; y|h)− I(h; y|x).
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The input is chosen to maximize I(x; y|h), thus the first term above coincides with
the capacity of a coherent channel, and the second can be interpreted as the amount
of information about h that one obtain from observing the output y given the input
x. We have that

I(h; y|x) = E[log(1 + ‖x‖2)]
≤ log[1 + l · SNR].

Now, letting l(SNR) = SNR−2
(
log 1

SNR

)2, the mutual information per symbol time
is:

1
l
I(x; y) ≥ 1

l
I(x; y|h)− 1

l
I(h; y|x)

≥ Ccoherent(SNR)− SNR2 ·
(

log
1

SNR

)−2

log

[
1 + SNR−1

(
log

1
SNR

)2
]

= Ccoherent(SNR)− o(SNR2)
= SNR−O(SNR2). (17)

To generalize this result, for any given α ∈ (0, 1),we choose to concentrate the
energy and transmit only in

δ(SNR) = SNR1−α (18)

fraction of the blocks, while leaving the other blocks in silence. In each block that we
do transmit, we use an i.i.d. Gaussian random code with average power

SNR′ :=
SNR

δ(SNR)
= SNRα.

In such a block with coherence time l .= SNR−2α =
(
SNR′

)−2, thus by (17), a through-
put per symbol time SNR′ −O(SNR′2) can be achieved. Now the overall throughput

Cl(SNR) ≥ δ(SNR)
[
SNR′ −O(SNR′2)

]

= SNR1−α [SNRα −O(SNR2α)
]

= SNR−O(SNR1+α)

is achievable. ◦

In the above proof, we choose the input to be the i.i.d. Gaussian random code over
δ fraction of the available blocks. Here, 1/δ can be interpreted as the peak-to-average
ratio of the transmission; it can be determined from the coherence level α through the
relation δ

.= SNR1−α. For larger values of α, the system is “more coherent”, and the
input becomes less peaky. α = 1 means that all available degrees of freedom are used.

In the following, we prove the converse part of the Theorem. We first recall [11]
that the optimal input distribution for this block fading channel is

x = ‖x‖Θx,

where Θx is isotropically distributed, and is independent of ‖x‖. Therefore, we only
need to find the distribution of ‖x‖. It turns out that, for the low SNR channel, the
key is to determine how peaky the optimal input is.
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Proof: Converse
In the following, we prove that in order the capacity to satisfy

SNR− Cl(SNR)
.≤ SNR1+α (19)

or equivalently, if there exists a distribution of x, such that

SNR− 1
l
I(x; y)

.≤ SNR1+α (20)

then it is necessary that

l
.≥ SNR−2α. (21)

Note that (20) implies

SNR− 1
l
I(x; y) ≤ SNR1+α′ (22)

where α′ = α− ε, for some ε > 0. (22) is more convenient in the following development
since it has ≤ instead of

.≤. Since ε can be made arbitrarily small, we do not distinguish
α and α′ in the sequel.

We first give an overview of the proof. Write

I(x; y) = h(y)− h(y|x).

Let yG be the Gaussian random vector with the same total power constraint as y,
but i.i.d. over symbols. It holds that

h(yG) = l log [πe(1 + SNR)]

and

h(y) ≤ h(yG)

Let Dy
∆= h(yG)− h(y) ≥ 0, which gives a measure of how much the distribution of y

is different from i.i.d. Gaussian.
On the other hand, since given x, y is Gaussian distributed, with a covariance

matrix SNRxx† + I, we have

h(y|x) = l · log πe+E
[
log(1 + SNR ‖x‖2)

]
. (23)

Thus, the mutual information is

I(x; y) = l log(1 + SNR)−Dy −E
[
log(1 + SNR ‖x‖2)

]
.

Now, to maximize the mutual information is equivalent to minimizing the sum
Dy + E[log(1 + SNR ‖x‖2)]. This minimization can be interpreted intuitively as the
following.

The term E[log(1 + SNR ‖x‖2)] from (23) can be viewed as the penalty due to the
channel uncertainty, since it is the difference between h(y|x) and its counterpart for the

17



coherent channel. To minimize this penalty, one would set the input ‖x‖ to be peaky.
On the other hand, using peaky input signals causes the distribution of the output y
to appear increasingly different than Gaussian, thus increasing Dy, which consequently
has the interpretation that channel uncertainty leads to a wasting of degrees of freedom.
The minimization of the sum of these two types of penalty therefore captures the
tension, in selecting the peakiness of the signal, between using the degrees of freedom
and being affected by channel uncertainty. In the rest of the proof, we will quantify
this effect, and thereby solve the optimization problem. Throughout the proof, we
occasionally remark on the intuition that guides the proof, although the mathematical
derivation is completely rigorous.

First we observe that both of the penalty terms are non-negative. Now suppose
that (22) is satisfied with some input distribution, it follows that

1
l

[
Dy + E[log(1 + SNR ‖x‖2)]

]
≤ SNR1+α

⇒ 1
l
E[log(1 + SNR ‖x‖2)] ≤ SNR1+α (24)

Remark:
(24) is a constraint that the input ‖x‖ must be peaky. To see that, we use Jensen’s
inequality on the LHS of (24) and get

1
l
E[log(1 + SNR ‖x‖2)] ≤ 1

l
log(1 + SNRE[‖x‖2]) ≈ SNR.

Equality holds if the input ‖x‖2 is a constant. Expression (24) says that, in order to
achieve the desired performance (22), the distribution of ‖x‖2 must be such that the
expectation of the log function is much less than its upper bound given by Jensen’s
bound. ◦

Now we derive another necessary condition so that the performance (24) can be
achieved. We write

I(x; y) = I(‖x‖ ; y) + I(x; y| ‖x‖).

In the following, we first show that the first term, the information conveyed by the
norm ‖x‖ is small:

1
l
I(‖x‖ ; y)

.≤ SNR1+α. (25)

Since the optimal input distribution is isotropically distributed, we have

I(‖x‖ ; y) = I(‖x‖ ; ‖y‖).

To obtain an upper bound of this mutual information, we give the receiver the side
information of the direction of the transmitted signal vector, x/ ‖x‖. With this side
information, the optimal receiver filters out the additive noise that is perpendicular to
x, and get a new sub-channel

‖x‖ → y′ =
√

SNR · h ‖x‖+ w′
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where w′ ∼ CN (0, 1). This becomes a scalar fading channel with signal-to-noise ratio
of SNR′ = l · SNR. Clearly, as l increases, 1

l I(‖x‖ ; y′) decreases. Thus, it suffices to
consider the case where l · SNR� 1.

We choose the input distribution to maximize I(‖x‖ ; ‖y‖), subject to the power
constraint, E[‖x‖2] ≤ l, and the peakiness constraint (24). At low SNR, with only the
average power constraint, the mutual information is maximized with the on-off input
distribution,

SNR ‖x‖2 =
{

0 1− δ
A δ

,

where A > 1. The same input also minimizes E[log(1 + SNR ‖x‖2)] in (24), thus this
extra peakiness constraint does not change the optimal input, and it suffices to consider
only the on-off signaling.

From (24), we have

1
l
δ log(1 +A) ≤ SNR1+α

⇒ 1
l
δ ≤ SNR1+α

⇒ 1
l

(−δ log δ)
.≤ SNR1+α.

Now with the on-off input distribution of ‖x‖,
1
l
I(‖x‖ ; y′) ≤ 1

l
H(‖x‖) ≈ 1

l
(−δ log δ)

.≤ SNR1+α

and (25) follows.
Expression (25) can be viewed as a direct consequence of the peakiness constraint

given in (24). Consider the on-off distribution of ‖x‖2, and for the time being, assume
l
.= SNR−2α, even though it is not shown as necessary yet. Expression (24) implies

that δ ≤ SNR1+α · l, which means the input norm has the non-zero point mass at

SNR ‖x‖2 = A =
SNR · l
δ

.= SNR−α

and the per symbol period signal energy is

1
l

SNR ‖x‖2 =
SNR−α

l

.= SNRα.

Let us compare the above expression with the optimal input for an i.i.d. non-coherent
channel. We observe that the energy per symbol time decrease and the input signal is
less peaky, the energy per block increases to SNR−α � 1. Hence, using the transmitted
energy over the entire block to convey information becomes very inefficient. ◦

We have that

1
l
I(x; y) ≤ 1

l
I(‖x‖ ; y) +

1
l
I(x; y| ‖x‖),
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where the first term on the right side is smaller than O(SNR1+α). Thus, for (22)to be
satisfied, we need

1
l
I(x; y| ‖x‖) ≥ SNR− SNR1+α.

Note that, given the norm of x, this mutual information is upper bounded by the
capacity of AWGN channels with the same input power. Thus, we have

E

[
log

(
1 +

SNR ‖x‖2
l

)]
≥ SNR− SNR1+α. (26)

Remark:
Expression (26) says that, in order to achieve a certain data rate, the input signal
cannot be too peaky; otherwise even if the receiver has CSI, the desired throughput
cannot be achieved. This means the signal power has to be spread out over the available
degrees of freedom.

We have therefore a tension between the effect of the lack of channel coherence,
which leads to (24), and the inefficient use of degrees of freedom yielded by peaky
signaling, which leads to (26). In order to investigate this tension further, we define
the random variable

B
∆=
‖x‖2
l
.

If the desired performance given by (22) is achieved, B satisfies

E[B] = 1 (27)
E[log(1 + SNR ·B)] ≥ SNR− SNR1+α (28)
1
l
E[log(1 + SNR · l ·B)] ≤ SNR1+α. (29)

These constraints imply that l must be large enough, in way that is quantified in
the following Lemma, which concludes the proof of the Theorem.

Lemma 5 If there exists a random variable B that satisfies (27)-(29), for any α ∈
(0, 1), then it is necessary that

l
.≥ SNR−2α.

Proof: See Appendix B. ◦

Discussion: Coherence level and Peakiness
The result in Theorem 4 is surprisingly simple: the system behavior can be deter-

mined by a single parameter α, the coherence level. To summarize, at a coherence time
l
.= SNR−2α, the optimal input is the Gaussian code in δ

.= SNR1−α fraction of the
blocks; the resulting capacity is Cl(SNR) = SNR−O(SNR1+α), and the resulting energy
efficiency is log(En/N0) ≈ SNRα. While some potential improvements may be ignored
by the coarse scaling we chose, the main relation between the channel coherence level
and the peakiness of the optimal input is captured in our development.
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One important engineering observation to be made is that, with the optimal Gaus-
sian input, the information transmitted through the channel is dominated by that
conveyed by θx, the direction of the transmitted signal vector over the block, instead
of the total energy. Decomposing the mutual information as

I(x; y) = I(‖x‖ ; y) + I(x; y| ‖x‖)
it is shown in (25) that the first term, the information conveyed by the power of the
transmitted signal, is negligible for any α > 0. This is surprising since, traditionally,
schemes such as PPM and FSK, which only use the position of impulses to convey in-
formation, are considered efficient in low SNR applications. This extreme non-coherent
view turns out to be valid only for the system has a very short coherence time. The-
orem 4 says that, in other cases, when the channel coherence time l is not negligible,
signaling by pulse positions quickly becomes inefficient, when compared to coherent
communication using Gaussian block codes.

To illustrate further the choice of the peakiness of the input, we compute the total
energy transmitted over a coherence block, where signal is transmitted, as

SNR ‖x‖2 =
l · SNR

δ
= SNR−(1−α)SNR−2αSNR = SNR−α � 1.

Note that if α ≤ 1
2 , the total average energy available per coherence block is lSNR =

SNR1−2α � 1. Under such coditions, it seems impossible to have any meaningful
channel estimate and, hence, coherent communication. The peakiness of the input
signaling, however, allows the signal energy to be concentrated to create locally large
enough energy to communicate coherently over a small fraction of the blocks. In
contrast, if α ≥ 1

2 , the average energy per block is much larger than 1, therefore we
have more than enough energy to estimate all the fading coefficients. However, we may
still not wish to communicate over all blocks. Indeed, peakiness is still desirable to
keep the penalty of the channel uncertainty low. The signal power per symbol period,
on the other hand, is

1
l

SNR ‖x‖2 = SNRα � 1

remains small, to maintain a high energy efficiency.
The choice of the optimal peakiness therefore balances the requirements of low

channel uncertainty penalty and high energy efficiency. This can be illustrated with the
following simple derivation. Consider using the signaling that transmits i.i.d. Gaussian
random codes in a coherence block with probability δ. We focus on the data rate
achievable in each of these blocks, where the equivalent signal to noise ratio per symbol
time is SNR′ = SNR/δ. The achievable data rate per block is

I(x; y) = I(x; y|h) + I(h; y)− I(h; y|x)
≥ I(x; y|h)− I(h; y|x).

Since i.i.d. Gaussian random code is used, I(x; y|h) is indeed the coherent capacity,
thus

1
l
I(x; y) ≥ Ccoherent(SNR′)− Ex

[
log(1 + SNR′ · ‖x‖2)

]

≥ l · Ccoherent(SNR′)− log(1 + SNR′ · l).
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The average data rate per symbol period is thus

δ · 1
l
I(x; y) ≥ δ · Ccoherent(SNR′)− δ1

l
· log(1 + SNR′ · l) (30)

= SNR− k · SNR2

δ
− δ

l
log
(

1 +
l · SNR

δ

)

for some constant k. Let l .= SNR−2α, δ
.= SNRβ, and assume l · SNR/δ � 1,

δ · 1
l
I(x; y)

.≥ SNR−O(SNR2−β)−O(SNR2α+β). (31)

The two negative terms in the RHS can be interpreted as the sublinearity due to log(.)
function, and to the cost of the channel estimation, respectively. To find the optimal
peakiness, one needs to choose β to balance these two terms, i.e., 2−β = 2α+β, which
is equivalent as

δ∗ .= SNR1−α (32)

While (30) is only an achievable data rate, it is a tight lower bound and can be
used as an approximation of capacity. An important conclusion to be drawn here
is that the optimal peakiness of transmission is a function of the channel coherence
level. Thus when there is a peakiness constraint in the system, as long as the above
optimal peakiness level is allowed, such constraint is no active. Thus in the designs
of wideband wireless systems, it is not always ”the more peaky, the better.” The case
that the peakiness constraint indeed rules out the optimal value of δ∗ will be further
discussed in the next section.

Theorem 4 can be viewed as a result on the rate that the capacity of the non-
coherent block fading channel converges to that of the coherent channel. Eliminating
the parameter α, we can write

∆l(SNR) = SNR− Cl(SNR) .= SNR1+α .=

√
1
l
· SNR (33)

with the optimal peakiness as

δ(SNR) .= SNR1−α = SNR ·
√
l (34)

and the resulting energy efficiency, using (10), is

log
(
En
N0

)
≈ ∆l(SNR)

SNR
.=

√
1
l

(35)

It is important to read (33)-(35) with the corresponding level of approximations.
The notion of the coherence level α, although not explicitly present in these equations,
indicates the precision level of these statements. In general, because of the use of
approximation .=, these results are more useful in comparing different systems than in
making absolute statements.

A rule of thumb in designing the input signals for practical system can thus be
obtained from these results. If one wishes to apply a given system to a new environment
where mobile users moves 4 times faster, i.e., the coherence time decreases by a factor
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of 1/4, then the optimal signaling should be twice as peaky as the original system.
The resulting energy efficiency, in terms of the energy to transmit a nat log(En/No) ≈
∆l/SNR

.=
√

1
l is increased by 3dB.

Discussion: Comparing to training schemes
Comparing the capacity result in Theorem 4 and the throughput of training schemes
in Lemma 3, we observe that the optimal training scheme uses the same duty cycle as
the capacity achieving scheme, δ .= SNR1−α, for any value of α ∈ (0, 1). The optimal
signaling scheme differs from the training based ones in that there is no energy sepa-
rately used in training. It is crucial that the optimal receiver performs joint channel
estimation and detection of the transmitted messages. Effectively, this is as if that the
energy used for training is not ”wasted” in the optimal communication scheme. ◦

Discussion: Wideband Slope
There is more than one scaling that can be used to describe the coherence level of a
channel. For example, in [1], the wideband slope is defined as a measure of the sub-
linear term in the capacity expression. If we write the channel capacity for small SNR
as

C(SNR) = C ′(0)SNR +
1
2
C ′′(0)SNR2 + o(SNR2) (nats/channel use)

where C ′(0), C ′′(0) are the first and second derivative of the capacity at SNR = 0, then
the wideband slope

S0 =
2(C ′(0))2

−C ′′(0)

is the slope of the C(SNR) ∼ log(Eb/N0) curve at Eb/N0 = −1.6(dB).
The non-coherent penalty defined in this paper is related the wideband slope as

following, assume that the first order optimality is achieve, that is, C ′(0) = 1, then

lim
SNR→0

∆(SNR)
SNR2 = lim

SNR→0

SNR− C(SNR)
SNR2 =

−C ′′(0)
2

=
1
S0
. (36)

Verdú shows that the wideband slope is strictly positive for the perfectly coherent
channel and is 0 at the non-coherent extreme. To describe a continuum between these
two extreme cases, one can ask the question “how long must the coherence time be
for S0 to attain a given value”. From (36), it is clear that describing the non-coherent
penalty by the wideband slope is equivalent to linear curve fitting

log
En
N0
≈ ∆

SNR
←→ 1

S0
SNR.

Theorem 4 suggests that any S0 > 0 can be achieved if l is of the order SNR−2.
However, the precise value of l is hard to compute. Moreover, since the difference
between the two extremes lies in the SNR exponent of ∆(SNR), it seems more natural
to approximate the logEn/N0 curve by powers of SNR, as used in Theorem 4. Figure
2 illustrates the continuum in performance with coherence levels.
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Figure 2: Energy efficiency vs. spectral efficiency at different coherence levels.

5.2 Channel Capacity with Peakiness Constraint

The optimal input for the non-coherent fading channel at low SNR has high peak-to-
average ratio, and is thus usually difficult to implement in practice. It is therefore of
interest to investigate capacity with an extra constraint of the peakiness of the input
signals. In this section, we continue to study the block fading channel model, with an
additional constraint on the peakiness of the transmitted signals. From the previous
section, we have observed that the optimal input has a peakiness δ∗ .= SNR1−α. In
this section, we will find out the channel capacity when such small duty cycles are not
allowed by the peakiness constraint. A natural form of such constraint is

δ
.≥ SNRβ (37)

Clearly, this constraint is only active if β < 1− α. Thus, the impact of the peakiness
constraint depends on the coherence level of the channel α.

One can write the equivalent constraint on the maximum power transmitted in one
symbol period,

SNR ‖xi‖2
.≤ Emax = SNR1−β (38)

Strictly speaking, Emax is somewhat different from the commonly used notion of peak
signal power. Here, we consider the use of a Gaussian random code with duty cycle
δ satisfying (37) as a valid input. Although the fluctuation in the Gaussian ensemble
might cause the signal energy in a particular symbol period to be larger than its average
value, the difference does not depend on SNR, and is thus ignored in the following
order-of-magnitude analysis. For convenience, we will refer to Emax as the ”maximum
peak power”, with the operational meaning that the signaling scheme we consider valid
in this section will satisfy the peak power constraint of K · Emax, with a probability
arbitrarily close to 1, for a large enough constant K.
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Consider the case that the transmitted energy is concentrated in δ .= SNRβ fraction
of the coherence blocks. Within each of such blocks, the signal to noise ratio is increased
to

SNR′ =
1
δ
· SNR

.= SNR1−β

the achievable rate is, from (30) (although it is a lower bound of the data rate, we use
it as an approximation, and the converse can be carried in a manner similar to the
proof of Theorem 4)

R(SNR) ≈ δ
[
SNR′ − k(SNR′)2

]− δ1
l

log
(
1 + l · SNR′

)

= SNR− kSNR2−β − SNR2α+β log
(

1 + SNR1−β−2α
)

If we assume that 1− β − 2α < 0, the last term is of the order SNR2α+β. In the case
that α+ β < 1, i.e., the peakiness constraint is active, this dominates the second term
SNR2−β. These conditions can be written in a compact form as

1− β − 2α < 0 ⇔ l · Emax

.≥ 1

α+ β < 1 ⇔ Emax

.≤
√

1
l

}
=⇒ ∆l(SNR) .= SNR2α+β .=

1
l
· SNR

Emax
. (39)

Now the only case left is when l · Emax < 1. For this case, we can use the following
lemma from Médard and Gallager [5], which is also reported as a special case in the
recent paper by Subramanian and Hajek [6].

Lemma 6 For the non-coherent block fading channel with coherence time l, assume a
forth moment constraint γ such that

E[‖xi‖4] ≤ γ
the capacity per symbol time satisfies

1
l
I(x; y) ≤ 1

2
· l · γ · SNR2.

Notice that, under the average and peak power constraints, this lemma implies

1
l
I(x; y) ≤ 1

2
· l ·
(

Emax

SNR

)
· SNR2

=
1
2
· l · Emax · SNR (40)

where Emax/SNR is the maximum allowed peak-to-average ratio.
Expression (40) applies to the case when both l and Emax go to their limits as

SNR−2α and SNR1−β, respectively, when SNR approaches 0. In such case, the capacity
per symbol period is upper bounded by Cl(SNR)

.≤ SNR2−2α−β. This upper bound is
only meaningful when 1 − 2α − β > 0, since otherwise one can use the trivial bound
C(SNR) ≤ SNR.

While Lemma 6 is only an upper bound of the capacity, under the scaling of interest,
a throughput

1
l
I(x; y) .= l · Emax · SNR
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is in fact achievable, provided that l · Emax

.≤ SNR0, i.e., the maximum total energy in
a coherence block is much less than order 1. This result is given in a more precise form
in [5, 6], where the order of the leading term of the capacity, as well as its coefficient,
are precisely computed as a function of l and Emax. However, for the purpose of this
paper, a crude scaling suffices.

The following theorem summarizes all these results.

Theorem 7 For block fading channel with a coherence time l and a peak transmitted
energy per symbol period constraint Emax, the capacity and the optimal input are given
in the following three cases:

(I) If Emax >
√

1
l , the capacity has ∆l(SNR) .=

√
1
l · SNR, and the optimal input is

i.i.d. Gaussian code transmitted in δ
.=
√
l · SNR fraction of the available degrees

of freedom.

(II) If Emax <
√

1
l , and l · Emax > 1, the capacity has ∆l(SNR) .= SNR/(l · Emax), and

the optimal input is i.i.d. Gaussian code transmitted in δ
.= SNR/Emax fraction of

the available degrees of freedom.

(III) If l ·Emax < 1, the capacity is Cl(SNR) .= l ·Emax ·SNR, the optimal input is on-off
signaling over coherence blocks with a probability of being on as SNR/Emax.

III

0 1

1

1/2 logα ~

Optimal Peakiness: 

I

II

E

δ1logβ ~

l

Coherent
Almost

E maxl ∼∼x 1

∼∼
1
lmax

Figure 3: Peakiness constraint and Channel coherence

Remark:
The results in Theorem 7 are depicted in Figure 3. The parameters α and β can be
viewed as scaled versions of the log

√
l and log δ (scaled by log 1

SNR as SNR→ 0). Case
I corresponds to the case when α+ β > 1, when the peakiness constraint is not active;
case III corresponds to the region 2α+ β < 1, where the maximum signal energy in a
coherence block is simply not enough to estimate the fading coefficient, and Shannon’s
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wideband limit is not achievable; case II corresponds to the range in the middle. Thus,
a complete picture of the effect of the peakiness constraint and the channel coherence
is given.

The coherent and the non-coherent extreme cases correspond to α = 1 and α = 0,
respectively. As long as α ≥ 1, near coherent performance can be achieved. Decom-
posing the mutual information into the part carried by the norm of the input vector,
I(‖x‖ ; y), and the part carried by the direction, I(θx; y| ‖x‖), we observe that the
information carriers are different in these three cases. In case I and II, the information
is mostly carried by θx. It is thus nearly optimal to transmit in a prescribed fraction
(positions) of coherence blocks, and encode the information bits only in θx. In case III,
however, the information is mostly carried by ‖x‖2. Thus the blocks where signals are
transmitted should not be predetermined, but rather decided according to the informa-
tion bits, however, θx, can be fixed, without significantly decreasing the throughput.
The boundary between these two cases is the line l · Emax

.= 1. Thus, we conclude that
the techniques based on energy detection, such as PPM, are nearly optimal only in
range 3, when the transmitted energy, even if being focused as much as possible, is not
enough to estimate any fading coefficient. ◦

6 Gauss-Markov Model

The study of the block fading channel model in the previous sections established the
sufficient and necessary conditions on the coherence time (block length) in order that
the channel has a coherence level α. In this section, we study another model of the
time-variation of the fading process, namely, the Gauss-Markov model. Our goal is to
understand the impact of the channel modelling assumptions on the performance, and
to build a connection among different models.

We shall focus on a first order Gauss-Markov model of the fading process:

ht+1 =
√

1− ε · ht +
√
ε · zt

where zt’s are i.i.d. CN (0, 1) random variables. The parameter ε is referred to as the
innovation rate, which indicates the speed that the channel changes over time. The
channel at time t is

yt =
√

SNR · htxt + wt. (41)

It is shown in [1] that, for any fixed innovation rate ε, as SNR approaches 0, the
wide band slope is 0. This means that the sub-linearity of the channel is much larger
than that of the coherent channel

SNR− Cε(SNR)
SNR

� SNR

or equivalently,

SNR− Cε(SNR)� SNR2.

As for the block fading channel, in order that the Gauss-Markov channel to have an
intermediate level of coherence, or even have a capacity approaches that of the perfectly
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coherent channel, we need to let the innovation rate ε approach 0 as SNR decreases,
while maintaining a certain relation ε(SNR) between the two. The following Theorem
summarizes our result.

Theorem 8 The Gauss-Markov channel has a coherence level of α, i.e.,

Cε(SNR) = SNR−O(SNR1+α)

for α ∈ [0, 1], if and only if

ε(SNR) .= SNR2α

Sketch of the Proof:
We first consider the case with α = 1, corresponding to the perfectly coherent case. In
this case, it is necessary to transmit signals in all available degrees of freedom. That is,
the input signal in not peaky. The average signal-to-noise ratio for each symbol time
is thus SNR.

To establish the necessary condition on ε(SNR), we assume that at each symbol
time, the transmitted signal xt can be perfectly decoded, after which it can be reused to
update the channel estimate. Denote ĥt and h̃t as the channel estimate and estimation
error, respectively, at the end of the tth symbol period. By the orthogonality principle,
we have

E[|ĥt|2] + E[|h̃t|2] = E[|ht|2] = 1.

We observe that, in order to achieve a capacity

Cε(SNR) = SNR−O(SNR2), (42)

it is necessary that

E[|h̃t|2] = 1−E[|ĥt|2]
.≤ SNR (43)

Otherwise even if we ignore the channel estimation error, the upper bound of the
throughput

Cε(SNR) ≤ E
[
log(1 + SNR · |ĥt|2)

]

≤ log(1 + SNR · E[|ĥt|2])
≤ SNR · E[|ĥt|2]
= SNR− SNR · E[|h̃t|2]

is smaller than the desired throughput (42).
Now, in the next symbol period, the channel innovation increases the variance of

the unknown part of the fading coefficient to

(1− ε)E[|h̃t|2] + ε.

After decoding the transmitted symbol, we estimate this unknown coefficient, and the
new estimation error has a variance

E[|h̃t+1|2] =
1

1 + SNR

[
(1− ε)E[|h̃t|2] + ε

]
. (44)
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In order that the desired throughput be achieved in all symbol periods, we need
E[|h̃t+1|2] = E[|h̃t|2]. That is, the channel innovation rate ε needs to be small enough
that, with a transmitted signal power of SNR per symbol time, we can maintain the
variance of the channel estimation error at the desired level.
Remarks:
(44) is indeed a key observation of using the Markov channel. As we are interested in
the upper bound of the performance in general, we should not be limited to the schemes
based on channel estimation. The optimal non-coherent communication scheme might
not require any channel estimation, and even if it does, it is not always true that one
would like to maintain a constant channel estimation error variance through the time.

In this section, however, we are interested in the coherence level of the channel.
If no channel estimation can be made, then the time correlation of the fading coeffi-
cients becomes irrelevant, and only the performance of the non-coherent extreme can
be achieved. On the other hand, the Markov structure of the channel implies that
it is always more desirable to estimate the channel base on the recent history of the
fading process, rather than having a ”fresh start” after the channel changes completely.
Thus, it is intuitively clear that the optimal way of using the Markov channel is to use
it continuously in a long block while maintaining the channel estimates. ◦

Reorganizing (44), we have

(SNR + ε)E[|h̃t|2] = ε.

Combining the latter expression with (43), we have that

ε
.= SNR2

as a necessary condition to achieve the performance in (42).
We may in fact attain this upper bound of the performance, up to the scaling of

interest. To do so, we need to use a communication scheme that allows joint chan-
nel estimation and communication; we also need to show that the effect of channel
estimation error is negligible.

To allow joint channel estimation and communications, we adopt the interleaved
decision-oriented training scheme proposed in [12]. This scheme is depicted in Figure
4.

In Figure 4, each box denotes a transmitted symbol, and the boxes with the same
pattern form a codeword. Training signals are transmitted periodically once in T
symbol periods. We deliberately distinguish T from the coherence time l used in the
previous sections, since the value of T can be chosen regardless of the actually speed
that channel changes over time. The use of training signals is only to set the symbols
from the same codeword at the same footing. At the receiver, the first symbol after
the training signal in each block is first received, and the corresponding codeword
is decoded. With an arbitrarily large number of such blocks, the codeword can be
decoded reliably. After decoding a codeword, the channel estimates are updated, before
receiving the next symbol. As shown in (44), with ε

.= SNR2, the channel estimation
error can be maintained at

E[|h̃t|2] .= SNR.
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Figure 4: Interleaved Training Scheme for the Gauss-Markov Channel.

Thus we can choose T to be arbitrarily large, and the cost of training, in time and
energy, can be ignored.

Now, in each symbol period, the transmitted signal is Gaussian with variance SNR.
By treating the effect of the channel estimation error as Gaussian noise, we obtain an
achievable throughput,

R1(SNR) ≥ E

[
log

(
1 +

|ĥt|2SNR

1 + E[|h̃t|2]SNR

)]
.

Denoting

f(SNR) ∆=
|ĥt|2SNR

1 + E[|h̃t|2]SNR

as the effective SNR at each symbol, and using the fact that

E[|h̃t|2] = 1− E[|ĥt|2] .= SNR,

we have

f(SNR) = SNR · |ĥt|2 −O(SNR2).

We observe here the channel estimation error causes an increase in the noise variance,
E[|h̃t|2]SNR, which is no larger than O(SNR2), and can thus be ignored.

R1(SNR) ≥ E

[
f(SNR)− 1

2
f(SNR)2

]

.= SNR−O(SNR2)

thus the desired near coherent throughput is achieved.
Finally, in order to achieve a data rate of the order

SNR−O(SNR1+α)

for α ∈ [0, 1], we can choose to use flashy signaling, that is, we transmit only in
δ

.= SNR1−α fraction of the available time slots. The resulting throughput is

Rα(SNR) = δ ·R1

(
SNR

δ

)
.
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Let SNR′ = SNR
δ

.= SNRα. We know from our previous discussion that, if ε .= (SNR′)2 .=
SNR2α, a throughput

R1(SNR′) .= SNR′ −O((SNR′)2)
.= SNRα −O(SNR2α)

can be achieved. Thus, the resulting throughput is

Rα(SNR) = δ ·R1

(
SNR

δ

)
.= SNR−O(SNR1+α)

and the throughput corresponding to a coherence level α is achieved.
The choice of α .= SNR1−α is indeed the optimal choice of the duty cycle. The proof

of this fact is similar to that in the previous sections, and is therefore omitted. ◦

Comparing our above results for Gauss-Markov channels to the capacity results
for the block fading model in section 5.1, we observe that, for the channel to have a
coherence level of α, for a block fading channel, the block length has to be l

.≥ SNR−2α;
for the Gauss-Markov model, the innovation rate has to be ε

.≤ SNR2α. Thus, through
the notion of the coherence level, we can build a connection between the block fading
model and the Gauss-Markov model. A block fading model with a block length l and a
Gauss-Markov model with an innovation rate ε are equally coherent if l ≈ ε−1, provided
that optimal signaling is used. This means the peakiness δ in the optimal input signals
is of the same order for both models, and the resulting non-coherent penalty of the
capacity is of the same order for both cases. Although the optimal signaling presented
in 5.1 for the block fading model is rather different from the interleaved scheme in this
section, it can be verified that this interleaved scheme, with the key component of joint
channel estimation and communication, is also optimal in a block fading channel, in
the sense that the requirement on the block length l to achieve a certain coherence
level is the minimum.

Furthermore, if one insist to have separated training and communication phases,
the achievable sub-optimal performance for the Gauss-Markov model is also similar to
that of the block fading channels, with the correspondence l ↔ ε−1. That is, in order
to achieve the throughput of SNR−SNR1+α for the Gauss-Markov model, the sufficient
and necessary condition is ε .= SNR3α. The proof of this statement is similar to Lemma
3, and is therefore omitted. The only differences in the design of the training signals
for the Gauss-Markov channel are: 1) with the channel memory, each training signal
is used to update the channel state information from the previous estimates, instead
of estimating the channel from scratch; 2) training signals have to be sent frequent
enough before the quality of the channel estimates degrades too much: in particular,
the interval between two training symbols should be much smaller than 1/ε, which is
different from the block fading case, where one could use 1 training symbol per block
of length l.

The above comparison shows much similarity between the Gauss-Markov model and
the block fading model, in terms of the capacity limits, the optimal signaling schemes,
as well as the penalty of sub-optimal operations. We thus conjecture that the low SNR
fading channel is in fact insensitive to the details of the time variation of the channel.
The performance is mainly determined by the average changing rate of the channel.
While the precise mathematical statement of this intuition is beyond the scope of this
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paper, we will use the following discussion to further illustrate the idea.

Discussion:
We consider a family of models, which lies between the block fading model and the
Gauss-Markov model. Suppose that the fading coefficient remains constant for a block
of T symbol periods, and then evolves as a Markov process. That is, for any integer n,

hnT = hnT+1 = . . . = hnT+T−1

h(n+1)T =
√

1− µ · hnT +
√
µ · zn

where zn’s are i.i.d. CN (0, 1) random variables. The parameters T and µ specify
a particular model in the family. To make comparisons among these models, we let
µ = Tε for a fixed ε. Clearly the model with T = 1 is the Gauss-Markov model
consider in this section, and T = 1

ε = l corresponds to the block fading model with a
block length l.

For simplicity, we focus on the case ε
.= SNR2, which can be easily generalized

using the analysis of peaky signaling in the previous sections. We use a communication
scheme as follows. At the beginning of each block of length T , a channel estimate is
formed. Communication symbols with average energy SNR are sent throughout the
block and received using the channel estimate. Assuming these symbols are decoded
perfectly, which can be assured using an interleaving scheme similar to Figure 4, at
the end of the block, we can use the communication signals in the block, with total
energy of TSNR, as training signals to update the channel estimate. The estimation
error variance at the end of the nth block is

E[|h̃nT+T−1|2] =
1

1 + TSNR

[
(1− µ)E[|h̃nT−1|2] + µ

]

In steady state, we have E[|h̃nT+T−1|2] = E[|h̃nT−1|2], and

(TSNR + µ)E[|h̃nT+T−1|2] = µ,

which implies E[|h̃nT+T−1|2] ≈ SNR. At the beginning of the next block, the channel
estimation error becomes E[|h̃(n+1)T |2] ≈ SNR + µ. Now as long as T

.≤ SNR−1, we
have E[|h̃(n+1)T |2] .= SNR and thus the near coherent performance is achieved.

The message of this discussion is that the family of models gives essentially the
same performance limit, for a large range of values of T . Thus the capacity of the
channel is determined by the parameter ε, which can be viewed as a long term average
changing rate of the fading process. No matter the channel variation occurs gradually
over time, or in bursts once every T symbols, the resulting capacity and coherence level
are the same, hence confirming with our intuition of the insensitivity of the channel
models at low SNR. ◦

7 Conclusion

We have characterized in this paper how the rate of change of channel, signal peakiness
and SNR interplay to determine channel capacity. Our results lead to compact char-
acterization of different regions, of varying operational coherence, that span the range
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between the coherent and non-coherent extremes. The regions may be interpreted as
the ranges in which certain effects dominate capacity behavior. While we have con-
sidered only a block fading model and a Gauss-Markov model for the channel fading,
the agreement in the results we obtain for these two types of channels indicate that
our results are robust to reasonable modelling assumptions and necessary simplifica-
tions. Our results may be readily extended to multiple-user systems, since for low SNR
systems, the channel noise will dominate the interference.

The results we have presented naturally lead to questions regarding the effect of
channel coherence in the multiple-input multiple-output (MIMO) case with low SNR.
In such systems, traditional approaches, geared towards high SNR systems, have relied
heavily on channel coherence to mitigate interference. We have extended the results
in this paper to MIMO systems and shown that the concept of coherence level can be
readily extended [13].

A Proof of Proposition 1

For convenience, we rewrite the channel here,

y =
√

SNR · hx + w

where x,w,y, and h ∈ C, and the power constraint is normalized such that E[‖x‖2] = 1.
It is shown in [14] that, at low SNR, the optimal input is on-off signaling with

√
SNR · x =

{ √
A, with probability δ

0, with probability 1− δ

where δA = SNR.
With this input, we directly compute the mutual information

I(x; y) = h(y)− h(y|x)

We have that, given x, y is Gaussian distributed,

h(y|x) = E[log πe(1 + SNR · ‖x‖2)]

= log(πe) +
SNR

A
log(1 +A).

On the other hand,

h(y) = h(yG)−D(y||yG),

where yG ∼ CN (0, 1 + SNR) is Gaussian distributed with the same variance as y,
h(yG) = log πe(1 + SNR); and D(·||·) denotes the Kullback-Leibler divergence.

In the following, we derive upper and lower bounds for D(y||yG). The end results
are summarized in (56).

By the change of variable t = ‖y‖2, we have

D(y||yG) =
∫ ∞

0
p(y)(t) log

py(t)
pG(t)

dt
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where

py(t) = (1− δ)p0(t) + δp1(t)
p0(t) = exp(−t)
p1(t) =

1
1 +A

exp
( −t

1 +A

)

pG(t) =
1

1 + SNR
exp

( −t
1 + SNR

)
.

Now write the divergence as

D(y||yG) =
∫
py(t) log

[
(1− δ) p0(t)

pG(t)
+ δ

p1(t)
pG(t)

]
dt

=
∫
py(t) log

[
(1− δ) p0(t)

pG(t)

]
dt (45)

+
∫
py(t) log

[
1 +

δ

1− δ
p1(t)
p0(t)

]
dt. (46)

Expression (45) can be easily computed and satisfies

(45) = −SNR

A
+O(SNR2)

(46) =
∫

(1− δ)p0(t) log
[
1 +

δ

1− δ
p1(t)
p0(t)

]
dt (47)

+δ
∫
p1(t) log

[
1 +

δ

1− δ
p1(t)
p0(t)

]
dt. (48)

Let us first consider (48),

(48) = δ

∫
p1(t) log

[
1 +

δ

1− δ
p1(t)
p0(t)

]
dt

=
SNR

A

∫
1

1 +A
e−

t
1+A log

[
1 +

SNR

(A− SNR)(1 +A)
exp

(
At

1 +A

)]
dt

=
SNR

A

∫
1

1 +A
e−

t
1+A log

[
1 +

SNR

A(1 +A)
exp

(
At

1 +A

)]
dt+O(SNR2).

For convenience, we denote

G(SNR, A) ∆=
SNR

A

∫
1

1 +A
e−

t
1+A log

[
1 +

SNR

A(1 +A)
exp

(
At

1 +A

)]
dt.

Now, let t∗ satisfy

exp
(−At∗

1 +A

)
=

SNR

A(1 +A)
. (49)

We may write

G(SNR, A) =
∫ t∗

0

SNR

A(1 +A)
e−

t
1+A log

[
1 +

SNR

A(1 +A)
exp

(
At

1 +A

)]
dt . . . . . . G1(SNR, A)

+
∫ ∞
t∗

SNR

A(1 +A)
e−

t
1+A log

[
1 +

SNR

A(1 +A)
exp

(
At

1 +A

)]
dt . . . . . . G2(SNR, A)
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where

G1(SNR, A) =
∫ t∗

0

SNR

A(1 +A)
e−

t
1+A log

[
1 +

SNR

A(1 +A)
exp

(
At

1 +A

)]
dt

≤
∫ t∗

0

SNR

A(1 +A)
e−

t
1+A

SNR

A(1 +A)
exp

(
At

1 +A

)
dt

=
[

SNR

A(1 +A)

]2 ∫ t∗

0
e
A−1
A+1

tdt

=
[

SNR

A(1 +A)

]2 A+ 1
A− 1

[
e
A−1
A+1

t∗ − 1
]

=
A+ 1
A− 1

[
SNR

A(1 +A)

]1+1/A

+O(SNR2)

and

G2(SNR, A) =
∫ ∞
t∗

SNR

A(1 +A)
e−

t
1+A log

[
1 +

SNR

A(1 +A)
exp

(
At

1 +A

)]
dt

=
[

SNR

A(1 +A)

]1+1/A ∫ ∞
t∗

e−
t−t∗
1+A log

[
1 + exp

(
A(t− t∗)

1 +A

)]
dt

=
[

SNR

A(1 +A)

]1+1/A ∫ ∞
0

e−
t

1+A log
[
1 + exp

(
At

1 +A

)]
dt

=
[

SNR

A(1 +A)

]1+1/A ∫ ∞
0

e−
t

1+A

[
At

1 +A
+ log

[
1 + exp

( −At
1 +A

)]]
dt

≤
[

SNR

A(1 +A)

]1+1/A ∫ ∞
0

e−
t

1+A

[
At

1 +A
+ exp

( −At
1 +A

)]
dt

=
[

SNR

A(1 +A)

]1+1/A

[A(1 +A) + 1] .

Denote (47) as:

(47) ∆= (1− δ)F (SNR, A)

where

F (SNR, A) =
∫ ∞

0
exp(−t) log

[
1 +

SNR

A(1 +A)
exp

(
At

1 +A

)]
dt

= e−t
∗
∫ ∞

0
e−(t−t∗) log

[
1 + exp

(
A(t− t∗)

1 +A

)]
dt

= e−t
∗
∫ 0

−t∗
e−s log

[
1 + exp

(
As

1 +A

)]
ds (50)

+e−t
∗
∫ ∞

0
e−s log

[
1 + exp

(
As

1 +A

)]
ds. (51)
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We may use a similar approach to obtain upper bounds:

(50) ∆= F1(SNR, A) = e−t
∗
∫ t∗

0
es log

[
1 + exp

( −As
1 +A

)]
ds

≤ e−t
∗
∫ t∗

0
es exp

( −As
1 +A

)
ds

= (1 +A)e−t
∗
[
exp

(
t∗

1 +A

)
− 1
]

=
SNR

A
− (1 +A)

[
SNR

A(1 +A)

]1+1/A

(52)

and

(51) ∆= F2(SNR, A) = e−t
∗
∫ ∞

0
e−s log

[
1 + exp

(
As

1 +A

)]
ds

= e−t
∗
∫ ∞

0
e−s

[(
As

1 +A

)
+ log

[
1 + exp

( −As
1 +A

)]]
ds

≤ e−t
∗
∫ ∞

0
e−s

[(
As

1 +A

)
+ exp

( −As
1 +A

)]
ds

= e−t
∗
[

A

1 +A
+

1 +A

1 + 2A

]

=
[

A

1 +A
+

1 +A

1 + 2A

] [
SNR

A(1 +A)

]1+1/A

. (53)

Now, we have (47) = (1− δ)F (SNR, A) = F (SNR, A)−O(SNR2). By combining all
of the above we have

D(y||yG) ≤
[

SNR

A(1 +A)

]1+1/A

[
A(1 +A) + 1 +

A+ 1
A− 1

+
A

1 +A
+

1 +A

1 + 2A
− (1 +A)

]
+O(SNR2)(54)

At low SNR, A→∞, this becomes

D(y||yG) = SNR1+1/AA−2/A(1 + o(1)).

Similarly, a lower bound for every term can be found, and

D(y||yG) ≥
[

SNR

A(1 +A)

]1+1/A [
A(1 +A) +

A+ 1
A− 1

− 1 +A

4A− 2
− (1 +A) +

A

1 +A
− A+ 1

2(A− 1)

]

+O(SNR2). (55)

Although the above bounds are derived assuming A is fixed, as SNR → 0, it is
optimal to choose A → ∞, while the O(SNR2) term remain at the same order of
magnitude.

For completeness, we give the proof of the lower bound as follows:
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G1(SNR, A) =
∫ t∗

0

SNR

A(1 +A)
e−

t
1+A log

[
1 +

SNR

A(1 +A)
exp

(
At

1 +A

)]
dt

≥
∫ t∗

0

SNR

A(1 +A)
e−

t
1+A

SNR

A(1 +A)
exp

(
At

1 +A

)
dt

−1
2

∫ t∗

0

SNR

A(1 +A)
e−

t
1+A

[
SNR

A(1 +A)
exp

(
At

1 +A

)]2

dt

=
A+ 1
A− 1

[
SNR

A(1 +A)

]1+1/A

+O(SNR2)

−1
2

∫ t∗

0

[
SNR

A(1 +A)

]3

exp
(

2A− 1
1 +A

t

)
dt

=
A+ 1
A− 1

[
SNR

A(1 +A)

]1+1/A

+O(SNR2)

−1
2

[
SNR

A(1 +A)

]3 1 +A

2A− 1

[
exp

(
2A− 1
1 +A

t∗
)
− 1
]

=
A+ 1
A− 1

[
SNR

A(1 +A)

]1+1/A

+O(SNR2)

−1
2

1 +A

2A− 1

[
SNR

A(1 +A)

]1+1/A

+O(SNR3)

=
[

SNR

A(1 +A)

]1+1/A [A+ 1
A− 1

− 1
2

1 +A

2A− 1

]
+O(SNR2)

and

G2(SNR, A) =
∫ ∞
t∗

SNR

A(1 +A)
e−

t
1+A log

[
1 +

SNR

A(1 +A)
exp

(
At

1 +A

)]
dt

=
[

SNR

A(1 +A)

]1+1/A ∫ ∞
0

e−
t

1+A

[
At

1 +A
+ log

[
1 + exp

( −At
1 +A

)]]
dt

≥
[

SNR

A(1 +A)

]1+1/A ∫ ∞
0

e−
t

1+A

[
At

1 +A

]
dt

=
[

SNR

A(1 +A)

]1+1/A

[A(1 +A)] .
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Moreover,

F1(SNR, A) = e−t
∗
∫ t∗

0
es log

[
1 + exp

( −As
1 +A

)]
ds

≥ e−t
∗
∫ t∗

0
es
[
exp

( −As
1 +A

)
− 1

2
exp

(−2As
1 +A

)]
ds

=
SNR

A
− (1 +A)

[
SNR

A(1 +A)

]1+1/A

−1
2
e−t

∗
∫ t∗

0
es exp

(−2As
1 +A

)
ds

=
SNR

A
− (1 +A)

[
SNR

A(1 +A)

]1+1/A

−1
2
e−t

∗ 1 +A

1−A
[
exp

(
1−A
1 +A

t∗
)
− 1
]

=
SNR

A
− (1 +A)

[
SNR

A(1 +A)

]1+1/A

−1
2

1 +A

A− 1

[
SNR

A(1 +A)

]1+1/A

+
1
2

1 +A

A− 1
exp

(
− 2A

1 +A
t∗
)

=
SNR

A
−
[

SNR

A(1 +A)

]1+1/A [
(1 +A) +

1
2

1 +A

A− 1

]
+O(SNR2).

Note that e−t∗ =
[

SNR
A(1+A)

]1+1/A
. Finally,

F2(SNR, A) = e−t
∗
∫ ∞

0
e−s log

[
1 + exp

(
As

1 +A

)]
ds

= e−t
∗
∫ ∞

0
e−s

[(
As

1 +A

)
+ log

[
1 + exp

( −As
1 +A

)]]
ds

≥ e−t
∗
∫ ∞

0
e−s

[(
As

1 +A

)]
ds

= e−t
∗
[

A

1 +A

]

=
[

A

1 +A

] [
SNR

A(1 +A)

]1+1/A

Combining the terms for G1, G2, F1 and F2, we obtain the lower bound (55).
To summarize, D(y||yG) is upper and lower bounded as

D(y||yG) = SNR1+1/AA−2/A(1 + o(1)) +O(SNR2) (56)

and the mutual information is

I(x; y) = log(1 + SNR)−D(y||yG)− SNR

A
log(1 +A)

To maximize the mutual information, we need choose A to minimize

min
A

SNR

A
log(1 +A) + SNR1+1/AA−2/A
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or approximately, for large A,

min
A
M(A,SNR)

where

M(A,SNR) =
log(A)
A

+
[

SNR

A2

]1/A

.

Let M∗(SNR) be the minimum value. We first show that

M∗(SNR) ≥ML(SNR) ∆=
log log 1

SNR

log 1
SNR

. (57)

To see why (57) holds, suppose that, for some A, M(A,SNR) < ML(SNR). Then,
both terms in M(A,SNR) must be less than ML(SNR), since both are non-negative.
Now log(A)/A < ML(SNR) implies that

A > log
1

SNR
.

On the other hand, for any A satisfying this,

[
SNR

A2

]1/A

=
SNR

1
A

exp
[
2 log(A)

A

]

≥ SNR−
1

log SNR exp[−ML(SNR)]

= e−1 exp

[
− log log 1

SNR

log 1
SNR

]
.

As SNR → 0, the above right-hand side is much larger than ML(SNR). Thus, (57) is
proved by contradiction.

Now we simply choose a value of A to get an upper bound. Let

A =
log 1

SNR

log log 1
SNR

.

The two terms are

log(A)
A

=
(log log 1

SNR − log log log 1
SNR) log log 1

SNR

log 1
SNR

≤
(
log log 1

SNR

)2
log 1

SNR

and
[

SNR

A2

] 1
A

= SNR
1
AA−

2
A
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Notice that

SNR
1
A = SNR

log log 1
SNR

log 1
SNR

=
1

log 1
SNR

.

It can be verified that A > 1 and A−
2
A ≤ 1. Combining everything, we have that

M∗(SNR) ≤M(A,SNR) ≤
(
log log 1

SNR

)2 + 1
log 1

SNR .

In conclusion,

SNR− SNR
log log 1

SNR

log 1
SNR

≤ C(SNR) ≤ SNR− SNR

(
log log 1

SNR

)2 + 1
log 1

SNR

.

B Proof of Lemma 5

We need to show that, if there exists a non-negative random variable B ≥ 0 with

E[B] = 1
E[log(1 + SNRB)] ≥ SNR− SNR1+α (58)
1
l
E[log(1 + l · SNRB)] ≤ SNR1+α, (59)

then l
.≥ SNR−2α.

The intuition of this lemma is quite clear. (58) says that the distribution of B is
quite concentrated around its mean, so that the concavity of log(.) does not have much
effect on the expectation; while (59) says that the distribution random variable l · B
is, in contrast, widely spread out, pushing the expectation to be very low. The two
conditions combine to the fact that l has to be very large.

To prove this lemma, we first use (58) to show that there is non-vanishing proba-
bility that B ≤ SNR−(1−α)+2ε, e.g.,

Pr[B ≤ SNR−(1−α+2ε)] ≥ 1
2

(60)

and that the conditional mean of E[B|B ≤ SNR−(1−α+ε)] is also of order 1.
We combine these two results with (59) to have

SNR1+α ≥ 1
l
E[log(1 + lSNRB)]

≥ Pr[B ≤ SNR−(1−α+2ε)] · 1
l
E[log(1 + lSNRB)|B ≤ SNR−(1−α+2ε)]

≥ 1
2
E[log(1 + lSNRB̃)]

.= E[log(1 + lSNRB̃)]
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where B̃ is the random variable that minimizes E[log(1+lSNRB)], under the constraint
that B has a support on [0,SNR−(1−α+2ε)], and has an expectation of order 1. It is
clear that B̃ must have a distribution as

B̃ =
{

SNR−(1−α+2ε) with probability η
0 with probability 1− η

with η
.= SNR1−α+2ε, and that

SNR1+α
.≥ 1

l
E[log(1 + lSNRB̃)]

=
1
l
η log(1 + lSNRSNR−(1−α+2ε))

=
1
l

SNR1−α+2ε

thus l ≥ SNR−2α+2ε, ∀ε > 0, which proves the lemma.
Now it remains to prove that

Pr[B ≤ SNR−(1−α+2ε)] ≥ 1
2

and that

E[B|B ≤ SNR−(1−α+2ε)] .= 1 (61)

The first inequality can be directly obtained by using Markov inequality, with

Pr[B ≥ SNR−(1−α+2ε)] ≤ SNR(1−α+2ε) � 1

(61) is more tricky. We prove that for β = (1− α+ 2ε),

E[B|B ≥ SNR−β] Pr(B ≥ SNR−β] <
1
2

thus

E[B|B ≤ SNR−β] Pr(B ≤ SNR−β] ≥ 1
2

since E[B] = 1.
To do that, we compute the expectation for different ranges of B. We first use (58)

SNR1+α ≥ SNR−E[log(1 + SNRB)]
= E[SNRB − log(1 + SNRB)]
≥ Pr(B ≥ SNR−γ)E[SNRB − log(1 + SNRB)|B ≥ SNR−γ ]

When γ > 1 and B ≥ SNR−γ , SNRB � log(1 + SNRB), thus we have

Pr(B ≥ SNR−γ)E[SNRB|B ≥ SNR−γ ]
.≤ SNR1+α

and thus

Pr(B ≥ SNR−γ)E[B|B ≥ SNR−γ ]
.≤ SNRα
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One can easily generalize this to the case γ ≥ 1, using the fact that the probability
that B lies in a neighborhood of SNR−1 is very small, thus we have

Pr(B ≥ SNR−1)E[SNRB|B ≥ SNR−1]� 1 (62)

Now consider for any γ ≤ 1, again use (58),

SNR1+α ≥ Pr[B ≥ SNR−γ ]E[SNRB − log(1 + SNRB)|B ≥ SNR−γ ]
≥ Pr[SNR−1 ≥ B ≥ SNR−γ ]E[SNRB − log(1 + SNRB)|SNR−1 ≥ B ≥ SNR−γ ]

≥ Pr[SNR−1 ≥ B ≥ SNR−γ ]E
[

1
2

(SNRB)2 − 1
3

(SNRB)3

∣∣∣∣SNR−1 ≥ B ≥ SNR−γ
]

.≥ Pr[SNR−1 ≥ B ≥ SNR−γ ]E[(SNRB)2|SNR−1 ≥ B ≥ SNR−γ ]
≥ Pr[SNR−1 ≥ B ≥ SNR−γ ]SNR2−2γ .

Thus

Pr[SNR−1 ≥ B ≥ SNR−γ ] ≤ SNR2γ−(1−α) (63)

Now for β = (1− α) + 2ε < 1, to compute

Pr[SNR−1 ≥ B ≥ SNR−β]E[B|SNR−1 ≥ B ≥ SNR−β]

we break the range ofB into many segments, [SNR−β, SNR−(β+ε)), [SNR−(β+ε), SNR−(β+2ε)),
. . . . For each of the interval, we use (63), with γ = β + kε for k ≥ 0, to compute

E[B|B ∈ [SNR−(β+kε),SNR−(β+kε+ε))] Pr[B ∈ [SNR−(β+kε),SNR−(β+kε+ε))]
≤ SNR−(β+kε+ε)SNR2(β+kε)−(1−α)

= SNR(k−1)εSNRβ−(1−α)

= SNR(k+1)ε

Thus,

Pr[SNR−1 ≥ B ≥ SNR−β]E[B|SNR−1 ≥ B ≥ SNR−β]� 1 (64)

Combine (62) and (64), we proved (61), and completed the proof.

C Proof of Lemma 2

For convenience, we copy (12)

Itr(SNR) ≥ l − 1
l
E

[
log

(
1 +

(1− γ)SNR|ĥ|2
σ2

)]
.

Notice that the term inside the expectation is the mutual information per symbol
time in the training scheme, and is upper bounded by the SNR, thus dropping the
factor (l − 1)/l yields an error less than SNR/l = o(SNR2) for l .= SNR−(1+2α).

Itr(SNR) ≥ E

[
log

(
1 +

(1− γ)SNR|ĥ|2
σ2

)]
− o(SNR2).
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Using the inequality log(1 + x) ≥ x− 1
2x

2, we have

Itr(SNR) ≥ f(SNR, γ)− 1
2
f(SNR, γ)2 − o(SNR2),

where f(SNR, γ) can be viewed as the effective signal to noise ratio for the training
scheme.

f(SNR, γ) =
(1− γ)SNRE[|ĥ|2]

σ2

=
(1− γ)SNR · E[|ĥ|2]

1 + (1− γ)SNR · E[|h̃|2]

=
(1− γ)SNR Etr

1+Etr

1 + (1− γ)SNR 1
1+Etr

=
(1− γ)SNRγlSNR

1 + γlSNR + (1− γ)SNR
.

Maximizing f(SNR, γ) we have that, for

γ∗ =

√
1 + (l−1)SNR

1+SNR − 1
(l−1)SNR
1+SNR

,

f(SNR, γ∗) =
lSNR2

1 + SNR
γ∗.

It can be easily verified that replacing (1 + SNR) by 1 and l− 1 by l causes an error of
order no larger than O(SNR2), thus

f(SNR, γ∗) = lSNR2

(√
1 + lSNR− 1

lSNR

)2

+O(SNR2)

= lSNR2 (1 + lSNR− 2
√

1 + lSNR + 1)
(lSNR)2

+O(SNR2)

= SNR− 2
√

1 + lSNR

l
+

2
l

+O(SNR2)

= SNR− 2
√

1 + lSNR

l
+O(SNR1+2α) +O(SNR2)

for l .= SNR−(1+2α). For the same l, we have that
√

1 + lSNR

l

.= SNR1+α.

Notice that neither O(SNR1+2α) nor O(SNR2) is larger than O(SNR1+α). Thus, for
α ∈ [0, 1], we have

f(SNR, γ∗) .= SNR−O(SNR1+α)

and

Itr(SNR)
.≥ f(SNR, γ∗)− 1

2
f(SNR, γ∗) +O(SNR2)

.= SNR−O(SNR1+α)

The desired data rate is thus achievable. ◦
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