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Abstract 

Hybrid rocket fuel average regression rate is one of the most important values to accurately 
determine in the hybrid rocket design process and for rocket performance prediction. Yet there is no 
comprehensive theory that can be used to reliably predict this quantity. Additionally, regression rate 
data is difficult to measure. Measured data often contains a high degree of scatter, suffers from scale 
effects and is generally a closely held secret by those performing the experiments and therefore is 
unavailable for many propellant combinations. This paper presents a regression rate model that has 
been developed based on the results of several previous studies. The model is applicable to vaporizing 
fuels in a cylindrical grain configuration that do not form significant char or melt layers. It accounts for 
the presence of a pre-combustion chamber upstream of the fuel grain and also for variable gas 
properties (to a limited degree). The model is compared with existing published regression rate data. 
The results of the comparison are reasonable given the level of approximation in the model but 
additional work is required before models of this type will supplant regression rate measurements for 
rocket design purposes. 

 

Nomenclature 

                                                           
∗ Research Scientist, NASA Ames Research Center/M.S. 260-1, Member AIAA. 
† Research Associate, Dept. of Aeronautics and Astronautics, Stanford University, Member AIAA. 

a  =  Regression rate coefficient 

A  =  Grouping of variables 

pc  =  Specific heat at constant pressure 

D  =  Port diameter 

aE  =  Activation energy 

G  =  Local instantaneous mass flux 

oxG  =  Oxidizer mass flux 

H  =  Channel height 

h  =  Enthalpy or heat transfer coefficient  

vh  =  Effective heat of gasification 

k  =  Conductivity or DRe  exponent 

L  =  Grain length or characteristic length 

l  =  Temperature ratio exponent 

M  =  Molecular weight 

m  =  Length exponent for a slab grain 

m&  =  Mass flow rate 

oxm&  =  Oxidizer mass flow rate 

n  =  Flux exponent or φ  exponent 

O/F =  Oxidizer to fuel ratio 

Q&  =  Rate of heat transfer 

#  =  Spatially-averaged quantity  

#̂  =  Temporally-averaged quantity 
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#̂  =  Averaged spatially and temporally 
 

uR  =  Universal gas constant 

r  =  Radial coordinate (see fig. 1) 

r&  =  Instantaneous local fuel regression rate 

T  =  Temperature 

bt  =  Time (burn duration) 

vu,  =  Axial and normal velocity, respectively 

yx,  =  Coordinate system (see fig. 1) 

α  =  Thermal diffusivity 

β  =  Blowing coefficient 

δ  =  Boundary layer thickness 

ε  =  Emissivity 

η  =  Boundary layer coordinate 

θ  =  Boundary layer momentum thickness 

µ  =  Absolute viscosity 

σ  =  Stefan-Boltzmann constant 

ρ f  =  Fuel density 

Subscripts 

b  =  Bulk  property 

bl  =  Boundary layer 

c  =  Pertaining to the flame  

e  =  Edge of the velocity layer 

f  =  Final or fuel 

i  =  Initial 

m  =  Mean 

o  =  Reference or without blowing 

ox  =  Oxidizer 

s  =  Surface 

I.   Introduction 

In a hybrid rocket engine, the fuel regression rate is the rate that the fuel surface recedes over the course 
of a burn and this quantity has a first order impact on the configuration (i.e. combustion chamber length and 
diameter) and therefore the performance of a motor. For example, since the specific impulse of many 
hydrocarbon fuels burned with a given oxidizer are of similar level, a high regression fuel will result in a 
combustion chamber design that is shorter and of greater diameter in comparison with a motor that employs a 
low regression rate fuel (for a single port motor).  In order to compare propellants, size a fuel grain, predict the 
performance of a hybrid motor, and avoid burn-throughs, accurate regression rate data is of paramount 
importance. 

A majority of the existing theories used to analyze hybrid rocket fuel combustion employ a fuel 
regression rate law that relates the local instantaneous fuel burning rate to the local instantaneous mass flux 
through the fuel port in terms of an empirically-based power law. This has been the case since Marxman 
derived such an expression in the first comprehensive theoretical treatment of hybrid rocket fuel combustion1 
in 1963.  

Marxman et al.1, 2 showed that the local instantaneous regression rate r& of a fuel slab submersed in an 
oxidizer stream is related to the local instantaneous mass flux G  by: 

23.02.0
036.0
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Where r& is the instantaneous local fuel regression rate, G  is the instantaneous local mass flux, x is the 
distance along the port, ce uu is the velocity ratio of the gas in the main stream to that at the flame, vhh∆ is 
the ratio of the total enthalpy difference between the flame and fuel surface to the effective heat of 
vaporization of the fuel and µ  is the viscosity main stream gas flow (note that the 0.036 coefficient is for 

English units as originally derived).  For a given propellant system, it is typically assumed that r& , G  and 
x are variable and the remaining quantities in equation 1 are constants. 
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The significance of Marxman’s theory is that it identifies many of the factors that influence fuel 
regression rate and how they are related. Marxman modeled the steady state flow in the port of a hybrid rocket 
motor as a diffusion flame within a turbulent boundary layer that forms over the regressing fuel surface. 
Included in his analyses are the effects of conductive and convective heat transfer to the fuel surface and the 
heat transfer limiting “blocking effect” that results from mass departing the fuel surface into the boundary 
layer.  A radiative heat transfer term (not shown in eq. 1) was also included in an ad hoc fashion but this term 
is thought to be small for fuels that do not contain metals. 

Over the years, the results of many regression rate tests have proven that the functional form of 
Marxman’s regression rate law is valid. Unfortunately, the law as originally derived is not accurate enough for 
rocket design purposes in that it predicts an averaged mass flux exponent that is too high and an axial 
dependence that is too great. This is not surprising because the law was developed for a hybrid configuration 
wherein the fuel is a slab and most practical hybrid motor designs employ a cylindrical fuel configuration. 
Hence, the standard practice today is to invoke the form of Marxman’s regression rate law, augmented by 
coefficients and exponents derived from subscale tests. Hence, the spatially and temporally averaged 
regression rate law is written as:  

 
mn

ox xGar ˆˆˆ =&  
 

(2) 

In equation 2, the coefficient a  and exponents n and m are propellant dependent constants that that are 
determined experimentally. Note that the averaging process makes it possible to express the average regression 
in terms of the oxidizer mass flux oxG  (an easily measured quantity) instead of the total mass flux G . This 

expression assumes that the regression rate is pressure independent. (Note that the coefficient a   is not 
unitless therefore care must be taken to use consistent units. For the data presented herein, the units of the mass 
flux oxG  are g/cm2-sec and the regression rate r&  is in mm/sec.) 

Regression rate data, used to determine the regression rate power law relationship, are typically obtained 
from sub-scale testing of a fuel-oxidizer combination in a ground-based facility. Spatially and temporally 
averaged regression rate, determined by measuring the fuel mass and port diameter change, are plotted against 
the oxidizer mass flux and a nonlinear regression algorithm is then employed to compute the regression rate 
law coefficient(s) and exponents. Multiple combustion tests of single-port grains are often required to 
construct an average regression rate curve over a range of average oxidizer mass fluxes. In some modern 
testing facilities, the instantaneous regression rate is measured using ultrasonic or x-ray techniques to measure 
the instantaneous regression rate thus reducing the number of tests required. Using the traditional approach, a 
minimum of two (or three if 0≠m ) tests are required to construct a regression rate curve but ten or more are 
desirable for reasonable accuracy.   

A complication that arises from experimentally determined regression rate laws based on a series of tests 
is that often they contain effects of temporal and spatial averaging that can mask important local regression 
rate behavior. Furthermore, the oxidizer-to-fuel ratio is usually not held constant from test to test hence the 
data should be O/F ratio corrected. Reference 3 describes these effects and suitable regression rate data 
reduction techniques to obtain an accurate and unambiguous average regression rate law.  

Even though techniques exist to measure regression rate, the tests are often costly and typically the data 
has a greater degree of scatter than is desirable. A minor change to propellant formulation often necessitates a 
new test series.  

An emerging route to obtaining fuel regression rate is through the use of computational fluid dynamic 
codes coupled with modules that model the fuel pyrolysis and chemical reactions. Good agreement was 
obtained by Serin4 between the measured and computed regression rate of HTPB burned with GOX using the 
commercially available CFD-ACE code.  Even so, currently, several limitations preclude the use of CFD in 
lieu of combustion tests including turbulence modeling, and the complexities of finite rate chemical reactions 
and fuel pyrolysis. 
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In the current paper, Marxman’s regression rate law is revisited and used as a starting point in an attempt 
to derive a regression rate model of higher fidelity. Grain configuration and port entrance effects are included 
in the model. Factors that influence the magnitude of the average mass flux exponent n  are considered. 
Previously published regression rate data are then compared with the modified model. 

 

II.   Analysis 

A.  Dimensionless Parameters of Hybrid Combustion 
 

Several non-dimensional numbers are of interest in the modeling of the diffusion flames and they are 
summarized in Table 1.  
 

Table 1. Dimensionless parameters. 
 
Non-
dimensional 
Number 

Definition Physical Meaning Typical 
Value 

Interpretation 

Prandtl 

g

ep

k

µc
=Pr  

momentum diffusivity 
thermal diffusivity 

1≈  Approximately the ratio of 
the velocity boundary layer 
thickness to the thermal layer 
thickness. 

Schmidt 

12D
µ

Sc e

ρ
=  

momentum diffusivity 
mass diffusivity 

1≈   

Lewis  

12Pr Dc
kSc

Le
peρ

==  
thermal diffusivity   

mass diffusivity 
1≈  Note that in some references 

Sc
Le

Pr
=  

Stanton  

pee cu
hNu

St
ρ

==
PrRe

 

heat transferred       
fluid thermal capacity  

1<<  Modified Nusselt number 

Nusselt 

k
hL

Nu =  
total heat transfer 

conductive heat transfer 
1>>  Dimensionless temperature 

gradient at the surface. 

Damkohler 

c

tDa
τ
τ

=  
fluid dynamic time 

scale  
chemical reaction time 

scale 

1>>  1>>Da implies diffusion 
controlled combustion  

Reynolds 

e

ee Lu
µ

ρ
=Re  

 inertial force  
viscous force 

1>>   

 
B.  Fuel Regression Model 
 

As mentioned previously, Marxman’s regression rate law generally over predicts the fuel regression rate. 
An exception to this statement is for low regression rate fuels in a slab configuration. In this section, we will 
make use of computation and experimental evidence from several sources to support a few modifications to 
Marxman’s theory in order to improve the regression rate prediction for cylindrical fuel grain configurations. 
The fuel-surface steady-state energy balance central to the model is shown schematically in figure 1.  

 



AIAA 2006-4504 

5 
American Institute of Aeronautics and Astronautics  

 
 

Fig. 1. Conceptualization of the flow and energy balance within hybrid rocket motor with a cylindrical port. 
 
The essence of the model is that a thin flame sheet forms within a boundary layer on the fuel surface. The 
flame sheet is fed from below by vaporized fuel and from above by the port oxidizer flow. The fuel is 
vaporized primarily by convective heat transfer from the flame sheet to the fuel surface, although for some 
fuels (e.g. fuels containing metals) radiation can contribute to the vaporization process.  The flame sheet forms 
at a location where the oxidizer to fuel mixture ratio is near but less than stoichiometric. It is assumed that the 
reaction rate is infinitely fast (i.e. Da>>1) and therefore the chemical kinetics of the reaction are not explicitly 
considered and the reaction rate is limited by diffusion of oxidizer and fuel into the flame sheet.  
 

The flame-sheet approximation implies that the all chemical reactions are confined to an infinitely thin 
sheet. In reality, the flame sheet has been observed to be approximately 10% of the boundary layer thickness. 
Although the fuel port velocity profile is impacted by the fuel blowing, (i.e. transpiration from the fuel surface) 
changes to the velocity profile caused by the presence of the flame sheet are negligible5.  It is a fairly safe 
assumption that the boundary layer flow in the port is turbulent from inception because of the transpiration of 
fuel from the surface. To simplify the analysis, boundary and thermal layer similarity is assumed resulting in 
fuel and oxidizer concentration profiles that are linearly dependent on the velocity profile. 

 
At the fuel surface, the steady-state energy balance as shown in figure 1 is: 

Q& convection+ Q& radiation in= Q& conduction out+ Q& phase change+ Q& radiation out 
that can be written per unit surface area as: 

 
4

0

4

0 ssgfyffgyg Thr
y
T

kT
y
T

k σερσαε ++
∂
∂

=+
∂
∂

−+ ==
&  

 

(3) 

Where gh  is the effective heat (enthalpy) of gasification. For many non-metalized fuels, radiation heat transfer 

can be neglected. At the fuel surface, the rate-of-heat transfer per unit area convected from the flame sheet to 

the surface is equal to that conducted , +=∂
∂

=
0ygs y

T
kQ& . Therefore the simplified fuel surface energy 

balance can be written as:  
 

gfs hrQ && ρ=  

 

(4) 

Determining the heat transfer rate sQ&  is the crux of the regression rate problem. In general, sQ&  is 
dependent on many geometrical, combustion and flow related factors. An additional complication in a hybrid 
rocket motor is that the vaporized fuel leaving the fuel surface substantially decreases the rate of heat 
transferred to the surface and therefore the regression rate (aka the “blocking effect” caused by fuel blowing).  
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Since a direct measurement of sQ&  is nearly impossible, one has to resort to similitude and analogies to 
estimate the heat transfer rate. Marxman employed the Reynolds analogy to estimate the heat transfer rate for a 
turbulent boundary layer in the absence of blowing. He then developed an expression for the reduction in heat 
transfer rate in a boundary layer with blowing. We will follow a similar course. 

 

A Stanton number can be defined as huQSt mbsD ∆= ρ&  where h∆ is the enthalpy difference between 
the flame sheet and the fuel surface. The energy equation can then be written in terms of the Stanton number 
as:  
 

gfmbs hrhuSt &ρρ =∆  

 

(5) 

The goal now becomes to find a simple way to determine the Stanton number for the reacting flow 
environment within the fuel port. 
 

In Marxman’s original model, he assumed that 1Pr ≈ . This approximation allowed him to choose the 
Reynolds analogy, 2/fcSt =  over more complex correlations (e.g. Chilton-Colburn analogy, 

2/Pr 3
2

fcSt =  that is valid for 60Pr6.0 << ). Implicit in the 1Pr ≈ assumption is that the thermal and 

velocity boundary layers are of the same thickness. Data2,5 show that the flame sheet in a hybrid rocket motor 
resides within the boundary layer (as shown schematically in figure 1) at a δ/y  ranging from 0.1 to 1.0 
(depending on the distance along the grain and the oxidizer choice) and therefore the thermal layer is thinner 
than the velocity layer and 1Pr > . Furthermore, the Reynolds and Chilton-Colburn analogies break down for 
gas flows where there is a large temperature difference between the surface and the bulk flow resulting in 
properties that vary significantly. A relation recommended by Gambill6 (eq. 6) that is applicable for heat flux 
levels of 1600 kW/m2 or higher for a turbulent tube flow through a tube and is valid over a range of Prandtl 
numbers is the most appropriate analogy identified and so this is the correlation that we will use. Defining a 

Nusselt number as 
b

x
D k

Dh
Nu = where xh  is the local heat transfer coefficient and a Reynolds number 

b

mb
D

Du
µ

ρ
=Re , then 

PrReD

D
D

Nu
St = and:  

 

l
bs

k
D.

D TT
.

St
)/(

Re0210
Pr 60 =  

 

(6) 

In equation 6, DSt , Pr  and  DRe are the local values (i.e. at x ) with properties evaluated at the local 

bulk gas temperature bT . The bulk temperature is an energy-averaged fluid temperature across a tube that will 

be approximated as the film temperature ( ) 2/scb TTT +≈ . In reference 6, 2.0−=k  and 

)(0019.029.0 Dxl +=  but in the current context, k and l  will remain a free parameters during the 
derivation.  Fundamentally, equation 6 relates the convective heat transfer between a gas and a surface to the 
fluid friction for a flow through a tube. Equation 6, like all convective heat transfer correlations for turbulent 
flow, is empirical. It should be noted that if bs TT = , equation 6 is nearly equivalent to the Chilton-Colburn 

analogy for flow in a tube which in turn is nearly equivalent to the Reynolds analogy when 1Pr = . The 
denominator of equation 6 compensates for variable gas properties caused by large temperature gradients. 
 

In most hybrid rocket motors of practical interest, the grain configuration is cylindrical with length-to-
port diameter ratios in the range of 5 to 50 and a fuel grain fore-end geometry that resembles a forward-facing 
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step.  Therefore in the Reynolds number range of 104 to 106 (based on port diameter) typically encountered in 
hybrid rocket motors, it is expected that entrance effects should play a role. The HTPB-GOX cylindrical-port 
hybrid computational result shown in figures 2-4 illustrates this point. These results were obtained using an 
equilibrium-chemistry Navier-Stokes code on a channel configuration with a pre-combustion chamber.  
Clearly, the flow is not fully developed until 2.41/ =Hx  which is close to the port exit. Therefore, equation 
6 must be modified to account for entrance effects.  
 

 
 
Fig. 2. Computed port velocity distribution, 4.30 ==xu  m/sec (From reference 4). 
 

 
 

Fig. 3. Computed port temperature distribution, 3310 ==xT  K (From reference 4). 
 

 
Fig. 4. Computed port density distribution 3.430 ==xρ kg/m3 (From reference 4). 

 
 



AIAA 2006-4504 

8 
American Institute of Aeronautics and Astronautics  

In reference 7, experiments were performed to investigate the impact of a separated zone on the heat transfer in 
a pipe. These experiments are of interest because of their similarity to the flow at the inlet of a cylindrical fuel 
grain. In the experiments, a restriction was used within a heated pipe to create a separated zone. The effects of 
the restriction on the heat transfer were measured over a range of Nusselt, Reynolds and Prandtl numbers for a 
few restriction ratios. Presented in figure 5 is the ratio of local Stanton number xSt  to the fully developed 

Stanton number DSt versus distance downstream of the restriction (note that the Stanton number ratio shown 
in figure 5 was calculated from Nusselt number data presented in reference 7). The data plotted is for a 
restriction diameter ratio of 3/2/ =Dd which is considered to be representative of the entrance effects (i.e. 
right trends but magnitude is too high at 2/ ≈Dx ) expected near the fore-end of a cylindrical fuel grain. As 
one can see in figure 5, a minor separation zone substantially increases the heat transfer for Dx /  less than 
about 10 over a range of Reynolds numbers. It should be noted that the boundary layer is turbulent and fully 
developed upstream of the restriction, and therefore the increased heat transfer is related to the restriction and 
not laminar or transitional flow. 
 

 
 
Fig. 5. Tube entrance effects on Stanton number (Pr=3, Nusselt number data source is reference 7). 
 

It was difficult to find a simple function that would fit the data of figure 5 across the complete Dx /  
range. Equation 7 was chosen because it is well behaved at large Dx / and does a reasonable job for Dx /  
greater than 1. For the comparison shown in figure 5, 6.341 =C  but based on data shown in other references 

and also the fact that the fuel port entrance becomes rounded during the burn, it is believed that 0.21 =C  will 
better represent the actual geometrically-induced entrance effects encountered in a fuel port and so this value 
will be used in the regression rate model.  
 

Dx
D

D

x eC
St
St /4.022.0

1 Re1 −−+=  

 

(7) 
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In the paragraphs that follow, we will make use of several results that were derived for a zero pressure 
gradient turbulent boundary layer (e.g. flat plate boundary layer) with a thickness δ and a characteristic 
velocity eu  at the boundary layer edge (subscript bl  is used to distinguish boundary layer quantities from 
those expressed in terms of other characteristic velocities and length scales, e.g. a tube flow). In flows through 
cylinders without mass addition, the characteristic velocity typically employed is the mean velocity mu  which 

along with DRe are assumed to be constant. In a hybrid fuel grain port, the velocity increases, the density 

decreases and the temperature increases with increasing x  resulting in DRe  that is not constant with x . For 

instance, DRe , based on port centerline quantities, decreases with x  for the computational results presented 
in figures 2-4.  

Marxman1 defined a non-dimensional blowing coefficient 
2/

)(

fee

s
bl cu

v
ρ

ρ
β =  to quantify the mass 

addition to a boundary layer on a flat plate. He then derived a very fundamental result, namely, an expression 
for the velocity profile of a fully-developed turbulent boundary layer with mass injection. Boundary layer 
similarity is assumed and the result is valid for any boundary layer with a no-blowing velocity profile that 

follows a power law of the form n

e
bl u

u
ηφ == where 1<<n . Typically, for a flat plate, 71=n  with 

δη /y=  and for a tube, 91=n with Dy /2=η when 0=β . The velocity profile with blowing that 

Marxman derived is: 





 +






 +=

2
1

2
1 blnbln

bl

β
η

β
ηφ . The velocity ratio desired for flow through a 

cylinder is 
m

e
bl

m u
u

u
u
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22.1≈me uu  for a tube-flow velocity profile with mass addition in the range of 1005 << β  where eu  

is the tube centerline velocity. For a tube, assuming the density does not vary significantly with y , the 

blowing coefficient can be defined as
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As mentioned previously, fuel blowing reduces the heat transfer to the fuel. This effect can also be 

quantified in terms of a Stanton number ratio 
oSt

St
where oSt is the Stanton number without blowing. 

Marxman2 invoked the Reynolds analogy coupled with the von Karman momentum integral equation to show 

that 
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0

 for a turbulent boundary 

layer with mass injection.1,2,8 In performing the integration, a linear density variation was assumed between the 
surface and the edge of the boundary layer. He also showed that this result can be approximated by the simpler 
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expression 
77.02.1 −≈ bl

oSt
St β for 1005 << β .  He then used the Reynolds analogy to show 

that
gc

e
bl h

h
u
u ∆

=β . This is a very useful result because it quantifies the reduction of heat transfer to the fuel 

surface caused by blowing in a very succinct expression that is only a function of a velocity ratio and two 

thermodynamic properties.  Chiaverini et al.9 deduced a similar 
oSt

St  correlation based on the results of 

HTPB-GOX motor tests (when slightly different blowing coefficient definitions are reconciled with each 

other). For a tube, 77.04.1 −≈ β
oSt

St  and 
gc

m

h
h

u
u ∆

= 49.1β . The Marxman result will be used in the 

present analysis even though it was derived assuming that 1Pr = .  Since this term is a ratio of Stanton 

numbers, inclusion of the Prandtl number in the derivation would result in a quantity 
oPr

Pr that should be 

close to one for most situations and therefore have a minimal impact on
oSt

St .  

 

So the Stanton number sSt in equation 5 should be replaced by the product 












oD

x
D St

St
St

StSt where 

oSt is the Stanton number without blowing, 
oSt

St is the heat transfer decrement caused by blowing and 

D

x
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is the entrance effect.  Combining equations 5 and  6 results in:  
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The local total mass flux is mbuG ρ= . Applying the variable definition 
m

c
c u

u=φ , substituting 

77.0
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03.1
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≈

gco h
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φ
 and equation 7 into equation 9 leads to the following local instantaneous 

regression rate expression:  
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(10) 

The above equation shows, among other things, that the position of the flame sheet relative to the fuel 
surface (as indicated cφ ) has a first order impact of the heat transfer rate to the fuel and therefore the fuel 
regression rate.  Marxman2 used boundary layer integral methods along with species continuity equations to 
derive an expression for the velocity ratio for which the tube flow equivalent is 
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( )
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=
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/22.1

φ  where FO /  is the oxidizer to fuel ratio at the flame and 
eoxK is the 

oxidizer mass fraction at the edge of the boundary layer (usually unity). This relation is not immediately 
helpful because the local FO /  is unknown but it does show the factors that influence flame stand-off 
distance including oxidizer choice. 

 
In classic diffusion flame theory, the flame sheet resides at the location where the FO /  is 

stoichiometric. In hybrid rocket motors, the diffusion flame is immersed in a turbulent boundary layer with 
mixing and transport aided by the eddy viscosity of the turbulent boundary layer.  In addition, the flame sheet 
is observed to reside closer to the fuel surface (at a location where FO /  is less than stoichiometric) in 
comparison to a classic diffusion flame. In Marxman’s original modeling of PMMA burned with oxygen, the 
flame sheet was positioned at a fuel rich local FO /  ratio of 1.5, (i.e. slightly less then the PMMA 
stoichiometric FO /  of 1.92) without rigorous justification, (based on some measured results). In the current 
model, the flame sheet FO /  ratio will be the stoichiometric value.  

 
Equation 10 can be simplified by grouping variables that are approximately constant. It can be seen in figure 3 
that the flame and surface temperatures are constant along the grain. Furthermore it can be assumed that the 
flame sheet resides at the same local flame FO along the grain, therefore cφ  is constant. These 

considerations make it possible to assume that  c
gm

s

h
h

T
T

φµ ,,,Pr,
∆

 and fρ  are independent of x and t  and 

are roughly constant. Let: 
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(11) 

Therefore the final form of the local instantaneous regression rate expression in terms of the total mass flux for 
a cylindrical grain is:  
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(12) 

Since the total mass flux G  is a quantity that is difficult to measure, it is desirable to express the regression 
rate law in terms of the oxidizer mass flux oxG . It takes several steps to accomplish this goal.  

In equation 12, oxGG ≈  in the term Dx

m

e
GD

C /4.0

22.0

1
−

−









µ

 because at the fore end of the grain oxGG =  

and for increasing x ,  0/4.0 →− Dxe . Therefore:   
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(13) 

Conservation of mass written between the port entrance and x dictates that.   
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Let’s assume that fuel is added uniformly along the grain. We can then write the mass flux ratio oGG  in 

terms of the ( ) LxFO = at the end of the grain as:  
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 We can  substitute equation 13 into equation 14 and then use equation 15 to get:  
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(16) 

The integral in equation 16 can be integrated after using the binomial expansion 
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 and neglecting small terms (note that 11 <+k  and  

1/ >=lxFO  ). The result is:  
 

( ) ( )
( ) ( )












−














−






+






+

+≈ −

−

=

15.2
2

1
41 /4.0

22.0

1

2
Dx

m

ox

Lx

oxk
ox

ox

e
DG

L
D

C
L
x

L
x

FO
Kk

D
L

DGA
G
G

µ

 
 

(17) 

Comparing  equation 15 and 17 and neglecting small terms, it can be seen that:  
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Equation 17 can be substituted into 13 to obtain the desired result of the local instantaneous regression rate in 
terms of the oxidizer mass flux oxG : 
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(19) 

Where A  is defined by equation 11. 
 

Most measured regression rate results are temporally and spatially averaged results. Several approaches to 
averaging measured data are in common use and the techniques and the various pitfalls related to how the 
average oxidizer mass flux is defined are described in reference 3.  As will be seen, it is difficult to obtain an 
exact closed-form solution for the modeled average regression rate and therefore similar techniques to that 
used for measured regression rate are invoked. A spatially and temporally averaged regression rate can be 
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defined as dtdxr
Lt

r
Lt

b

b

∫∫=
00

1ˆ && . It is not possible to obtain an exact solution of this integral. The integration 

can be performed numerically, or for short burn times, it can be solved approximately. The approach taken 
here is to first perform the spatial average assuming a linear axial r&  variation. A spatially-averaged oxidizer 

mass flux can be written as 24 DmG oxox π&=  where ( ) 2/0 Lxx DDD == += . The integral is: 
 

( )( ) dxDG
D
L

DGkAe
DG

C
A

L
r kk

ox

k

ox
Dx

m

ox

f

L
1/4.0

22.0

1
0

141
1 +−

−












++








+≈ ∫ µρ

&  

 

(20) 

Therefore, the spatially averaged regression rate is:  
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(21) 

A  space-time averaged regression rate is given by ( ) bif tDDr 2ˆ −=& and a space-time averaged port 

diameter can be defined as 2/)(ˆ
fi DDD += , therefore the spatially and temporally averaged regression 

rate is given by:  
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(22) 

Where ( )2
16ˆ

fioxox DDmG += π&  and A  is defined by equation 11. 

As previously mentioned, the ( )l
ms TT  term of equation 6 was included to compensate for variable 

properties that arise from the extreme temperature gradients normal to the surface. It has been recognized by 
many that better high heat-flux correlations result with the explicit inclusion of a temperature dependency 
when properties are evaluated at the bulk temperature. The property most greatly impacted is viscosity which 
is strongly dependent on temperature. Physically, when the surface is cooler than the freestream, the boundary 
layer velocity profile is fuller in comparison to the isothermal flow because the viscosity is higher than that 
calculated using the equivalent bulk temperature. For most fuel grains, DL /  is of the order 20 and therefore 
we can neglect the small dependency on Dx /  in the original exponent  )(0019.029.0 Dxl += . 
Furthermore, equation 6 was established without considerations of mass addition and variable species, both of 
which have a major impact on local properties. Nevertheless,  29.0=l  will be used in the current model, and 
all properties related to the correlation will be evaluated at the bulk temperature.  

 
The k exponent in equation 10 can be traced back to the DRe exponent of the heat transfer correlation 

implemented (i.e. equation  6). This exponent has been confirmed to be -0.2 by many heated-wall tube-flow 
experiments. Even so, it is a bit of a stretch to expect that the correlation will work perfectly for a fuel port 
containing a chemical reaction, a flame zone and mass addition from the walls. Typical values of k  found 
experimentally from regression rate tests range between -0.50 and -0.25 for fuels without metal additives and  
for some fuels containing metals, k  approaches 0. All else being equal, the difference between 2.0−=k  and 

5.0−=k  can result in a factor of 10 in regression rate. Therefore the accuracy of this exponent is critical to 
the success of a regression rate theory.  
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Several factors appear to have an impact on k including fuel composition, oxidizer choice, radiation and grain 
configuration (i.e. slab or cylindrical). Yet as the theory stands, k is a constant regardless of these factors. In 
reference 23, it was found that the pyrolysis Arrhenius constant ea RTE , where aE  is the activation energy, 
was strongly correlated with the oxidizer mass flux exponent as determined from numerical solutions of a 
chemically reacting laminar boundary layer. A correlation of this type is not surprising because fuel production 
is related to the chemical degradation of the solid polymer even though the rate of the combustion chemical 
reaction is controlled by the interplay of heat transfer to the surface and diffusion of fuel and oxidizer into the 
flame zone. In the current model, without much of a physical basis at this point, the following relationship will 
be used (note that the flux exponent 1+= kn ):  
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(23) 

This expression was determined by looking at n , aE  and sT trends in the measured data of different 
propellant combinations. 
 

Several points can be made concerning equations 19 and 22. Most importantly is that regression rate 
decreases with scale. For instance, increasing the diameter by a factor of ten while maintaining constant 

oxG and DL / results in a regression rate decrease of 50%.  A similar but not as pronounced scale effect was 
obtained computationally in reference 11. It should be noted that radiation (not included in the present model) 
should offset the regression rate scale effect to some degree. A second point to observe about equations 19 and 
22 is that when equation 23 is implemented, the oxidizer flux exponent is around 0.7. This level is in line with 
that obtained experimentally for several common propellant combinations (and is less than the classical 
exponent of 0.8 that Marxman obtained). A final point is that both the instantaneous and average regression 
rate laws depend on a priori knowledge of the FO /  at the flame sheet, (or alternately, cφ ). This is the only 
quantity in the model that is not readily obtainable. It is expected that at some point, a theory will be developed 
that predicts the local FO /  (and therefore, cφ ) at the flame sheet location for a diffusion flame in a 
boundary layer. Until this occurs empiricism must be relied on to specify this quantity. 

 
It should be reiterated that the model developed within this paper is most applicable to fuels that do not 

form significant melt or char layers. A char layer acts like an insulating blanket on the fuel surface that alters 
the heat transfer rate to the fuel. It may be possible to include the effects of char via a Stanton number ratio 
based on char number similar to the approach used to account for the blowing effect. The melt layer that forms 
on the surface of some high regression rate fuels (i.e. n-alkanes such as paraffin) results in a fuel entrainment 
mechanism into the flame zone that alters the basic fuel surface energy balance of equation 3. 
 

Additional factors (aside from radiation effects) known to impact regression rate that are not incorporated 
in the model include the effects of fuel surface roughness, combustion chamber pressure (for some fuels) and 
combustion efficiency.  Furthermore, finite rate chemical kinetics, additional aspects of  fuel pyrolysis, and 
flame sheet curvature may be important for some fuel systems.  
 

The local bulk temperature bT  is required in order to specify eµ . It can be seen in figure 3 that the 
temperature is highly variable throughout the domain with the temperature along the symmetry axis varying 
between oxT  at the inlet and cT . The bulk temperature is computed approximately as ( ) 2/scb TTT +≈  

where cT  is the adiabatic flame temperature computed by an equilibrium chemistry code. An additional 
complication is that the gas is a mixture of several species. During the fuel pyrolysis process, the polymer 
breaks down into low molecular weight volatile fuel species near the fuel surface. For HTPB burned with 
oxygen, the most prevalent species found between the surface and the flame zone are C4H6, C2H4, CH4 and 
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CO.  Above the flame, the main species are O2, CO2 and H2O. Therefore determining the viscosity of the port 
gas is difficult. The approach taken here is to use the approximate formula22 (from the Kinetic Theory of 
Gasses):  
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2 1069.26 −×
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e

MT
      

secm
kg

 

 

(24) 

Where M is the molecular weight, and σ  is the hard-sphere diameter in Angstroms and bT  is specified in K. 

As a rough approximation, it is assumed that on average, ( ) 2Lxox MMM =+=  and 0.5=σ Angstroms 

(an average value). Fortunately, the viscosity in A  of the regression rate expressions is raised to 
approximately the power of 0.2, so a factor of two change in bT  results in only an 8% difference in mµ . For 

averaged regression rate calculations, bT  is that found at 2/Lx = . 
 

The effective heat of gasification gh  is the difference between the enthalpy of the solid in the initial state 

at ambient temperature and pressure, oT  and oP  and the enthalpy of the volatile thermally decomposed 

products at sT  and cP : 

∫ ∆+∆+∆+=
sT

T
vdfpg hhhdTch

0

 

 

(25) 

Where fh∆  is the enthalpy of fusion, dh∆ is the enthalpy associated with fuel thermal degradation and vh∆  

is the enthalpy of vaporization of the decomposed products. The effective heat of gasification is gh  is a 

quantity that can be measured in a constant heat flux gasification device or a flaming calorimeter. These 
measurements should be done under conditions that match the fuel surface regression rate.  
 

In the model, the quantity h∆  is the enthalpy change of the gas between the flame and the fuel surface. 
This quantity is dependent on the local FO in addition to temperature. This quantity can be calculated using:  

 
( ) ( )osspoccpsc TTcTTchhh −−−=−=∆  

 

(26) 

 
C.  Fuel Regression Rate Data 
 

The average regression rate for various commonly used hybrid rocket fuels burned with oxygen is shown 
in Figure 7 and data related to the burning tests that the regression rate curves were derived from are shown in 
Table 2. The curves shown were obtained by applying a nonlinear regression to measured data from many 
sources in the open literature over the oxidizer mass flux range encompassing the tests. Only data from 
cylindrical combustion chamber configurations are shown and no additional corrections beyond those of the 
original source have been applied.  
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Fig. 7. Measured average fuel regression rate with oxygen. 
 

Table 2. Data from regression rate tests. 
 

Results summary of the average regression rate with oxygen for various fuels 
No. Fuel a † n No. 

of  
Tests 

Chamber 
Pressure 
Range 
(MPa) 

Average 
O/F 
Ratio 
Range 

Data 
Reduction 
Technique 

Oxidizer 
Mass Flux 
Range 
(g/cm2-sec) 

Ref. 

1 Paraffin, SP1A 0.488 0.62 65 1.1-6.9  1.0-4.0 DA 1.6-36.9 15 
2 HTPB, (Thiokol) 0.146 0.681 16 - - - 3.8-30.2 16 
3 HTPB+19.7%AL 0.117 0.956 2 1.2 - OA 5.1-23.0 17 
4 HTPB 0.304 0.527 3 2.0 - OA 6.2-31.0 17 
5 HTPB+20%GAT 0.473 0.439 5 - - - - 18 
6 PMMA 0.087 0.615 8 0.3-2.6 - - 3.3-26.6 19 
7 HDPE 0.132 0.498 4 0.7-1.3 3.8-5.9 DA 7.7-26.1 20 
8 PE Wax, Marcus 

200 
0.188 0.781 4 0.5-1.2 2.2-3.2 DA 4.8-15.8 20 

9 PE Wax, Polyflo 
200 

0.134 0.703 3 0.6-1.2 1.6-1.7 DA 4.4-16.3 20 

10 HTPB 0.194 0.670 6 - - OA 17.5-32.0 21 
11 HTPB+13% nano 

Al 
0.145 0.775 12 - - OA 16.5-34.2 21 

12 Paraffin, FR5560 
+ 13% nano Al 

0.602 0.730 8 - - OA 14.5-29.0 21 

13 Paraffin, FR5560 0.672 0.600 4 - - OA 6.3-12.3 21 
14 Paraffin, FR4550 0.427 0.748 3 0.7-? 1.3-1.8 DA 4.3-11.9 20 

Regression rate equation:  mn
o xGar =&  with 0=m   

† For use with Go with units of gm/cm2-sec, produces an average regression rate in mm/sec. 
DA: Diameter Averaged, FA: Flux Averaged, AA: Area Average, OA: Other averaging technique applied 
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A couple of disclaimers are in order concerning the data presented in Fig. 7. Many factors including 

scale, O/F ratio, combustion chamber configuration, oxidizer injector design, fuel composition (i.e. trace 
additives) and processing, ignition and thrust termination transients, data reduction and experimental technique 
greatly impact the accuracy of reported regression rate data. This is one reason for the disparity between 
reported regression rate data for seemingly similar propellant combinations. An attempt was made to choose 
data from reliable sources, nevertheless, the data should be used for design purposes only and the actual 
regression rate of a fuel and oxidizer combination for any given application should be independently verified.  
 

Fuel composition and processing can greatly affect the regression rate. This is particularly true for 
polymer-based fuels such as HTPB. Typical HTPB fuels are long-chain hydrocarbons that result from the 
mixing of a resin with a hardener and often a plasticizer, anti-oxidant, dispersant and an opacifier. The actual 
recipe and fuel processing techniques used varies widely and this information is usually closely held by 
companies as trade secrets. 

 
 
D.  Comparison of Model with Measured Data 
 
The space-time average fuel regression rate predicted by the model developed in the preceding section is 
shown in figure 8 for three propellant combinations.  The model was exercised using fuel grain dimensions 
equivalent to that of the test article. The Prandtl number in the model has been assumed to be equal to one 
uncertainty in the flame FO  ratio and port gas viscosity makes it difficult to determine a value of greater 
accuracy. Data supplied to the model is listed in Table 3 with the data source referenced where applicable.  
Several of the parameters used in the model were calculated using the thermo-chemistry code CEA that was 
developed at the NASA Glenn Research Center.  
 
It was found that the model is very sensitive to specification of the fuel surface temperature sT .  Small 
adjustments in this temperature can easily result in a regression rate change of a factor of two. The surface 
temperature has an impact on the bulk temperature that is used in property determination and also on the 
k exponent, so it is understandable why this quantity is important. Since sT  is an input to the model and 

reliable measurements of sT  are difficult to obtain, (they must be performed under equivalent heat transfer 

rates in a specially designed test rig) some liberty was taken in the sT value choice to produce a favorable 
regression rate match. The slope of the modeled results in figure 8 does not match the measured data very well. 
Since the slope is directly related to the oxidizer mass flux exponent n , the poor agreement is an indication 
that equation 23 could be improved.  Finally, the port gas viscosity has a significant impact on the modeled 
results and this value has been determined using a very simple relationship (i.e. equation 24) that is probably 
not as accurate as desired.  
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Fig. 8. Modeled average fuel regression rate with oxygen. 
 
 

Table 3. Data used to determine the modeled fuel regression rate (with oxygen). 
 

 PMMA HDPE HTPB 

Average Formula (C5H8O2)n (C2H4)n (C7.337H10.982O0.058)n 

MW of repeat unit, (g/mol) 100 28 100 

fh∆ , Heat of Formation (kcal/mole) -102.9 -53.8 13 -2.97 

O/FStoic 
† 1.92 3.0 2.7 

O/Fopt (at optimal Ispvac) 
† 1.7 2.7 2.5 

Tc  ( at O/F, K) † 3483 3626 3701 

Ts (K) * 500 840 935  

exM   ( at O/F, g/mol) † 27.03 24.1 24.63 

spc  (gas at surface, J/g K ) 1.548 11 3.0 2.386 11 

cpc   (gas at flame, J/g K ) † 7.16 8.02 7.88 

h∆  (eq. 26, J/g) 22306 24734 25296 

gh  (J/g) 966 11 2200 12 1812 11 

fρ  (solid, kg/m3) 1100 11 959 12 930 11 
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mµ  (gas, eq. 24, kg/m sec) at mT  1.29×10-4 1.34×10-4 1.37×10-4 

cφ (calculated using definition) 0.65 0.73 0.72 

aE * (kJ/mol) 160 264 203 

D ^  (cm) 2.08 1.45 3.00 

DL ^ 12.21 21.0 13.3 

^ Values determined from grain configuration of test motor used in comparison 

† Calculated using CEA thermo-chemistry code, NASA Glenn. 
* from measured data under similar average regression rate conditions 

 
 

III.   Conclusions 
 

This paper presents a regression rate model that has been developed based on the results of several 
previous studies. The model is applicable to vaporizing fuels in a cylindrical grain configuration that do not 
form significant char or melt layers. It accounts for the presence of a pre-combustion chamber upstream of the 
fuel grain and also variable gas properties (to a limited degree). The model is compared with existing 
published regression rate data and the comparison is reasonable given the level of approximation in the model. 
The modeled oxidizer mass flux exponent is too high in comparison to that obtained by curve fits of measured 
data but it is closer to measured values than the exponent predicted by Marxman’s classical regression rate 
theory.  

 
The model is very sensitive to several parameters including the average fuel surface temperature and port 

gas absolute viscosity. The modeled regression rate can be off by a factor of two or more depending on the 
accuracy of the data used in the model. A major short coming of the model is the necessity of specifying the 
oxidizer-to-fuel ratio a priori (specified as stoichiometric even though the actual value may be less for some 
propellant combinations). Nevertheless, the model serves as a good starting point in assessing the factors that 
influence hybrid fuel regression rate. 
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