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Abstract

The liquid layer hybrid combustion theory which was developed to predict the regression rate behavior of hybrid
rocket fuels burning by forming a liquid layer on their surfaces has been improved. In the enhanced version of the
theory, the regression rate equations are cast in a non-dimensional format, normalized by the classical regression
rate, and a universal law for the non-dimensional regression rate has been derived. Comprehensive prediction
methods for the surface temperature have been developed for the subcritical and the supercritical operating
conditions for the molten fuel. Note that each regime is quite different in terms of the underlying surface
phenomenon. In the subcritical operation, the temperature is dictated by the physical phase transformation process
whereas in the supercritical case, pyrolysis chemistry governs the surface phenomenon. The enhanced theory has
been applied to the homologous series of normal alkanes (C,H,,,) which are fully saturated hydrocarbons with
varying numbers of carbon atoms. It has been demonstrated that the regression rate predicted by the theory matches
the data obtained from the motor tests with reasonable accuracy. The motor test data used in the comparison was
based on a wide range of practical fuel systems composed of n-alkane molecules including liquid pentane (n=35),
paraffin waxes (n=28-32), PE waxes (n=60-80) and, finally, the high density polyethylene polymer (n > 100,000).

1. Nomenclature E,: Activation energy for viscous flow
E: Heat transfer correction factor for surface

Ao Evaporation equation coefficient roughness
Qopy - Entrainment coefficient G, G,.: Local, instantaneous mass flux, oxidizer
ap: Average gray body absorption coefficient mass flux

in the liquid phase h: Melt layer thickness
ap: Pyrolysis reaction rate coefficient for the By s B Effective heats

Arrhenius form hg, hy Enthalpies at the surface and flame
a;: Thickness parameter hy,: Effective heat of gasification
B,B,: Blowing parameter and evaporation 1,1,: Reaction layer integrals

blowing parameter K: Entrainment parameter coefficient
By, B, By: Thermal variables k: Boltzmann’s constant, reaction exponent
C: Specific heat k p Pyrolysis reaction rate coefficient
Cp1,Cpy:  Blowing correction coefficients L,,L,: Latent heat of melting and vaporization
Cy,Cy:  Skin friction coefficient with and without Lyg,: Latent heat of vaporization at the normal

blowing boiling temperature
Cy,Cp,: Stanton number with and without blowing M, : Critical molecular weight for
E,: Activation energy for pyrolysis entanglement
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Molecular weight of the monomer
Molecular weight of the alkane C,Hj,1o
Condensation mass flux into fuel surface
Entrainment component of mass flux
from fuel surface

Evaporation mass flux from fuel surface
Net vaporization mass flux from fuel

surface
Avogadro’s number

Carbon number
Effective carbon number of the pyrolysis

products
Offset carbon number for the ABC

prediction method
Number density of the molecules on unit

surface

Oxidizer to fuel ratio at the flame
Polydispersity

Pressure for normal boiling temperature,

1 atm
Chamber pressure

Critical pressure

Partial pressure of fuel at the surface

Radiative and convective heat flux at the
surface
Total heat flux at the surface

Heat of pyrolysis

Entrainment parameter

Ratio of effective heat of gasifications for
entrainment and vaporization

Ratio of thermal to radiative thickness in
the liquid

Universal gas constant

Total regression rate

Regression rate predicted by classical
theory

Regression rate for the HDPE polymer

Entrainment and vaporization

components of the regression rate
Number of quadratic terms among which
the activation energy is distributed
Temperature

Ambient temperature

Normal boiling temperature
Average gas phase temperature, glass
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Melting and surface temperatures
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Effective temperature of the melt layer
Temperature at which the pyrolysis
reactions start

Effective temperature of the solid

Temperature gradient variable
Quantity predicted by the ABC method
Normal distance in the pyrolysis, liquid

and solid zones
Fuel mass fraction

Fuel mass fraction at the flame
Fuel mass fraction at the surface

ABC method parameters

Axial distance along the port
Mass flux exponent

Reaction layer thickness variables
Thickness exponent, ABC prediction
method parameter

Characteristic thermal thickness in liquid

Thickness of the pyrolysis layer
Thickness of the radiation absorption
layer (1/a; )

Heat of formation of the ideal gas at 298
K

Heat of formation of the solid at ambient

temperature

Enthalpy difference between the flame
and the surface

ABC method parameters

Activation energy for evaporation per
molecule

Non-dimensional regression rate
parameters, total and entrainment
Non-dimensional regression rate

parameters, vaporization and classical
ABC method parameter

Thermal diffusivity
Thermal conductivity

Viscosity
Molecular mass
Glass transition and critical viscosities

Oscillation frequency of the molecules in
the liquid phase

Non-dimensional temperature

Density

Solid density
Surface tension

American Institute of Aeronautics and Astronautics



78 Non-dimensional thickness parameter
¢: Temperature difference variable
Subscripts.

ent: Entrainment

g: Gas

l: Liquid

ox: Oxidizer

s Surface

Superscripts:

~o Molar based quantity

- Non-dimensional quantity
2. Introduction

Despite their safety and cost advantages over solid and
liquid systems, conventional hybrid rockets possess
one very significant shortcoming: very low fuel
regression rates. For many practical applications, this
leads to a complex, multi-port grain design such as the
commonly used wagon wheel configuration. The multi-
port design presents serious shortcomings, which
significantly ~degrade the overall performance,
reliability and cost effectiveness of a hybrid propulsion
system.

Fundamentally, the limit on regression rate for
conventional hybrid fuels is set by the physical
phenomena of heat and mass transfer from the
relatively remote flame zone to the fuel surface'. Heat
transfer to the fuel surface is further reduced by the
well-known “Blocking Effect” which is induced by the
radial blowing of the gas from the fuel surface at
relatively high velocities. As a consequence, the
regression rates of modern hybrids that utilize
polymers as the fuel are much lower than conventional
solid rocket burning rates.

So far many techniques directed toward increasing the
heat transfer to the fuel surface have been suggested or
tried to improve the fuel regression rate of hybrid
rocket systems. Unfortunately, all of these methods
suffer from important shortcomings. We believe that a
natural and effective methodology to increase the
regression rate is to formulate a hybrid fuel that will
generate mass transfer by mechanical means in
addition to the mass transfer by direct gasification from
the fuel surface. For materials forming a low viscosity
melt layer on their burning surfaces, the mechanical
mass transfer will take place by the entrainment of
liquid droplets into the gas stream. An obvious class of
entraining substances includes liquids or gases at
standard conditions, which are frozen to form solids
(i.e. solid cryogenic hybrids). However it is clear that
the same internal ballistic behavior can be experienced
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by materials that are solids at standard conditions if
they form a low viscosity melt layer at the combustion
surface.

In fact, increased regression rates by several hundred
percent have been observed with solid cryogenic
hybrids by researchers at the Air Force Research
Laboratory (AFRL)*** and ORBITEC™®. The AFRL
program was concentrated on burning several frozen
organic liquids including normal pentane with gaseous
oxygen in a small test motor. As discussed in
references 2 and 3, the measured regression rates for
cryogenic pentane are 3-4 times larger than the
reported regression rates for the conventional fuel,
HTPB, under the same oxidizer mass flux condition.

Similarly, ORBITEC conducted tests using solidified
kerosene and methane with gaseous oxygen and
solidified oxygen with gaseous methane (i.e. a reverse
hybrid configuration) with small AFRL scale motors.
In the process of developing a production technique for
frozen methane fuel grains, ORBITEC has also
performed a limited number of tests with a low
molecular weight paraffin wax. The oxidizer mass
fluxes corresponding to the measured regression rates
for the paraffin tests were not reported. Similar to the
AFRL results, solid kerosene and methane showed
very high burning rates relative to the polymeric
classical hybrids. However regression rate data for
methane and kerosene is not adequate to make a
meaningful comparison with the other well studied
hybrid fuels.

The main conclusion from these various experiments is
that the regression rates for cryogenic propellants are
many times higher than for conventional hybrids. This
observation cannot be explained by a lower heat of
vaporization, which is insufficient to account for the
observed regression rate increase. Recall that in the
classical regression rate expression” ’, the heat of
vaporization is incorporated in the blowing parameter,
B, raised to a power 0.32. Thus reducing the effective
heat of gasification would only cause a modest increase
in the regression rate (30-50 %) over conventional
systems rather than the observed increases of 300-
400%. A different mechanism is clearly indicated.

A regression rate model has been developed for these
liquefying propellants® ', In addition to the classical
gasification, a mass transfer mechanism involving the
entrainment of liquid droplets from the melt layer has
been postulated. As demonstrated in references 8 and
10, droplet formation is due to liquid layer instabilities,
which result from the high velocity gas flow in the
port. A schematic of the model for entrainment is
shown in Figure 1.

3
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The liquid layer theory has been implemented® ' '* to
formulate various non-cryogenic paraffin-based fuels
which have demonstrated burn rates that are 3-4 times
faster than the well known classical fuel HTPB. A
specific formulation, SP-1a, with the baseline paraffin
wax FR 5560 (with a melting temperature of
approximately 70 C) has been tested extensively with
various oxidizers (i.e. GOX, LOX and N,0) using
motors up to 6,000 Ibf of nominal thrust'" " .

The homologous series of normal alkanes is a group of
fully saturated, straight chain hydrocarbons with the
chemical formula C,H,,:,. Each member of the series
is identified by the carbon number n, which ranges
from 1 (methane) all the way up to High Density
Polyethylene (HDPE) polymer with very large carbon
numbers. The high heat of combustion (due to the high
hydrogen to carbon ratio), low cost, availability and
chemical inertness characteristics of n-alkanes makes
them ideal fuels for combustion systems. A short list of
materials that are primarily made out of n-alkanes, that
are of interest in propulsion applications, are: methane
(n=1), pentane (n=5), paraffin waxes (n=16-40), PE
waxes (n=40-300) and HDPE polymer (n>300). Note
that the specified ranges for the carbon numbers of the
waxes is arbitrary and they are listed here to give a
general idea. We would like to emphasize that a large
fraction of the fast burning liquefying hybrid fuels
tested to date are also either pure normal alkanes such
as pentane or mixtures of n-alkanes such as paraffin
waxes.

The purpose of this paper is to enhance the liquid layer
combustion theory such that it can be used to predict
the regression rate performance of a selected fuel and
apply it to the homologous series of normal alkanes.
We first summarize the current state of the liquid layer
theory, and give the set of equations that can be solved
to determine the regression rate. Next we set the
problem in a non-dimensional format and derive an
approximate closed form solution for the non-
dimensional regression rate as a function of the
entrainment parameter which is an empirical relation
that correlates the entrainment mass transfer to the
material properties of the fuel. The surface temperature
is an important variable that needs to be determined
since the thermophysical properties of the fuel depends
strongly on the effective temperature of the melt layer.
The surface temperature is dictated by some complex
physical and/or chemical phenomena depending on the
critical state of the molten fuel under the operating
conditions. We have derived formulas for the surface
temperature for subcritical and supercritical conditions.
For the subcritical case the temperature is determined
by a physical process controlled by the phase change
(evaporation), whereas for the supercritical case the

ATAA 2005-3908

temperature depends on the chemical process of
pyrolysis.

In the next section, we summarize the important
property prediction methods for the normal alkanes that
are needed to calculate the regression rate using the
liquid layer combustion theory. Finally the theory is
applied to the homologous series of n-alkanes and the
theory predictions are compared to the motor test data
for various paraffinic fuels.

3. Liquid Layer Hybrid Combustion Theory

In this section we summarize the liquid layer theory
that has been developed in references 8, 9 and 10 and
has been used to successfully predict the regression
rates of fuels that form a liquid layer on their burning
surfaces. Following the summary of the present state of
the liquid layer theory, we will introduce several
improvements.

Due to the complexity of the problem, the modeling
has been performed in three stages. In the first stage,
the requirements for the formation of a melt layer on
the fuel grain has been investigated. In the second
stage, the linear stability of a thin melt layer under the
strong shear of a gas flow has been considered® °. Later
the linear stability results has been linked to the
entrainment of liquid droplets with use of some
experimental results and some semi-empirical relations
developed in the nuclear engineering and film cooling
literature. Eventually in the final stage, classical theory
has been extended to the case of liquid droplet
entrainment.

Film Thickness Estimation: In this stage a steady one
dimensional thermal analysis has been conducted to
estimate the film thickness formed on a burning slab
under the combined heating by convection and
radiation. In the derivation, it has been inherently
assumed that the operation is subcritical and the
surface temperature is dictated by the evaporation
process. For the sake of simplicity, the thermophysical
properties of the material both in the liquid phase and
solid phase are assumed to be uniform. The effect of
convection in the liquid layer was also ignored because
of the small melt layer thicknesses for which the
Reynolds numbers are relatively small (a couple of
hundreds), and the temperature gradients are fairly
large.

Under these simplifying assumptions the thermal
analysis yields the following expression for the
thickness of the melt layer” ',

h=35, n(l/y) (1a)
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where the characteristic thermal thickness in the liquid

phase is defined as &, =x;p,/Fp; . The thickness
which depends

parameter, ¥, mainly on the

thermophysical properties and radiative absorbtion
character of the fuel and the nature of the heat transfer
to the fuel surface can be found as a solution of the
following nonlinear equation.

_ hm(Rl _1)+hv(Qr/Qw) (//Rl
W= =
he Rl _1)+hv(Qr/Qw)

(1b)

Here the following definitions of the effective heating
parameters are introduced for convenience.

By = Ly +Cs (T, = T,) (2a)

he:hm+Cl(Ts_Tm) (2b)

h, = & =h, +L,(#,/7) (2¢)
Pst

The form of effective heat of gasification, 4, , given in
Eq. 2c is slightly different than the expressions
commonly encountered in the literature, since no heat
is required to vaporize the material transported by
means of entrainment .

Note that 7, , T,,, T; are the ambient, melting and
surface temperatures of the fuel, respectively. The
surface temperature has been approximated by the
normal boiling temperature of the fuel. This is a
deficient assumption for many materials and will be
relaxed based on the arguments introduced later in this
paper. Qr and QW are the radiative and total heat
fluxes to the fuel surface, C; and C; are the average
specific heats of the liquid and solid and L,, and L,

are the latent heats for melting and vaporization (at the
surface temperature). Also note that 7 and 7, are the
total and vaporization components of the regression
rate. Another important parameter that appears in the
thickness expression is the non-dimensional radiation
parameter, R;, which is defined as the ratio of the
thermal thickness to the radiative thickness in the
liquid phase.

R; = djq 3)

Note that a; is the average gray body absorption
coefficient in the liquid phase.

An explicit solution for the algebraic nonlinear
equation, Eq. 1b, for the general case could not be
obtained. We focus on the following two limiting cases
of practical interest.
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1) R; >>1: The absorption of the radiation in the liquid

layer is very large. In this extreme case of an opaque
liquid layer, all the radiative heat is absorbed at the
liquid-gas interface. The thickness can be solved
explicitly as

hzalln[l"'cl(Ts_Tm)/hm]' 4

Note that all the thermophysical properties of the fuel
material are lumped in the logarithmic term and the

Qr / QC ratio” does not affect the thickness. Similarly
the ratio of the regression rates 7, /i does not appear

in the thickness formula. This case is important for
propellants that are loaded with strongly absorbing
materials such as carbon black.

2) Ry << 1: In this other extreme, the absorption of the

radiation in the liquid phase is small. Here the
thickness of the thermal layer in the liquid is much
smaller than the radiative thickness in the liquid and as
a consequence all the radiative flux is absorbed in the
solid. This case has practical importance for cryogenic
hybrids such as pentane which were tested without a
radiation absorption agent. The effect of the
entrainment mass transfer on the thickness is also
included in this formulation. Unlike the other extreme,
in this case the film thickness depends on the ratio of
the radiative heat flux to the convective heat flux and it
can be expressed as

CI(TS_Tm) :| (5)

hzél 1n|:l+mQr/—Qw')

Note that the dependence of the thickness on 7, /F
comes from the effective heat of gasification, 4, that

appears explicitly in this formula and is defined in Eq.
2c. Note that an important common property of the
regression rate expressions Eq. 4 and Eq. 5 is that the
melt layer thickness is proportional to the characteristic
thermal length of the liquid, J;, and thus inversely

proportional to the regression rate.

a
n=2t (©)

;
Here the thickness parameter, a,, has been introduced

for convenience.

" Note that & :% where Qc is the
0, 1+0,/0,

convective heat flux to the fuel surface.
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Linear Stability Investigation: The hydrodynamic
instability of the liquid film formed on the surface of a
hybrid fuel grain is essential for the possibility of
entrainment from the liquid interface. The stability of
liquid layers under strong blowing conditions and
relatively high liquid Reynolds numbers, which are
encountered in hybrids has been studied and reported
in Refs. 8 and 10. Here are the major conclusions from
these studies:

e Even at very small film thicknesses there exists a
finite range of amplified wave numbers, namely
the layer is unstable over a finite range of wave
numbers. The instabilities of this type were first
discovered for thin water films in a wind tunnel by
Craik'* and they are called the “slow waves”.
These are generated by the interaction of the gas
phase shear stresses acting on the liquid surface
with the slope of the liquid layer surface.

e As the liquid layer Reynolds number (which is
directly proportional to the local mass flux)
increases, the amplification rate also increases.
The Reynolds number also increases the most
amplified wave number. This means that at higher
gas flow velocities, the expected wavelengths of
the instabilities are smaller.

e Both the surface tension and also the viscosity of
the liquid have a stabilizing effect on the liquid
film.

Liquid Entrainment Relationships: The linear stability
treatment summarized in the previous section revealed
that the melt layers typically encountered in hybrid
applications could develop interfacial instabilities.
Even though the existence of these linear instabilities is
a necessary condition, it is not sufficient for the
entrainment process to occur. Before entrainment of
droplets can take place, the infinitesimal harmonic
disturbances growing at the liquid-gas interface must
conform into a non-harmonic waveform with a finite
amplitude. The process of growth to a finite amplitude
and eventually entrainment of droplets is a highly
nonlinear phenomenon, which is extremely difficult to
model. We bypass this difficult but critical step by
using some empirical relations that are introduced in
the existing literature for the entrainment from thin
liquid films under strong shear forces exerted by a gas
flow. As stated in the literature, one plausible
mechanism for droplet entrainment from these thin
films at large Reynolds numbers is through the
formation of nonlinear “Roll Waves”. As schematically
indicated in Fig. 1, the droplets are drawn from the tips
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of these nonlinear waves by the stresses exerted by the
local gas flow.

The most relevant experimental work on entrainment is
reported by Gater and L’Ecuyer in an early paper'. In
this study, which was motivated to address the liquid
injection requirements for film cooling applications,
the entrainment rates from thin films of various liquids
(including some hydrocarbons such as RP-1 and
methanol) under strong gas flow were measured. The
experiments were performed in a wind tunnel and some
tests were executed with hot gas flow. The entrainment
relationship suggested by Gater and L’Ecuyer, which is
slightly modified in Ref. 9, can be further simplified to
the following form to capture the scaling with the
important parameters one would encounter in hybrid
rocket applications.

C,G*h”
. . = f Pi
Meps =Fes Ps =K 1o =
Cral p G2
g LA G ®)
wo i

Here 7, is the entrainment portion of the regression

rate, K is the empirical entrainment parameter constant
and G is the local mass flux in the fuel port. Note that
the entrainment regression rate is a combined function
of the operational parameters such as the mass flux and
the regression rate, and the liquid layer properties such
as the viscosity, density and the thickness coefficient.
For the Gater and L’Ecuyer scaling law, the dynamic
pressure exponent, ¢ , and the thickness exponent, £,

are specified as 1.5 and 2, respectively.

We would like to note that no universally accepted
entrainment scaling formula exists in the literature'® '”
'8 Different researchers suggested different functional
forms for the entrainment mass transfer. We have
decided to base our analysis on the Gater and L’Ecuyer
formulation because of the wide range of experimental
conditions they have tested and the reasonably broad
class of materials they have used in their experiments.
The development of a non-dimensional, universal
formula for the entrainment mass transfer would be
quite beneficial in the further enhancement of the
liquid layer hybrid combustion theory.

We finally note that the moderate to high carbon
number normal alkanes such as paraffin waxes have
low critical pressures resulting in supercritical
conditions for almost all practical operating regimes.
Thus a surface separating the liquid phase from the
vapor phase does not exist and the surface tension is
not well defined. For this reason we will drop the
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surface tension dependency and use the following form
for the scaling law for the entertainment mass transfer.

C,G*hn’
. ) S f P
Ment =Tent Ps =K ,U—l:
Cral 2a
H P

Even for the low carbon number materials such as
pentane the surface tension at typical chamber
pressures is fairly small and the variation in the surface
tension of the liquid films within the homologous
series has been proven to be quite limited. Thus Eq. 9
will also be used for the members of the series
operating under subcritical conditions.

Modification of the Classical Theory for
Entrainment: 1t has been shown in the previous
sections that a liquid layer can be formed on the fuel
grain and this liquid layer can be unstable over a
reasonable range of parameters typical of hybrid
operation. It is also indicated that the instabilities in the
liquid layer may induce the entrainment of liquid
droplets into the gas stream. The final phase of the
development involves the modification of the classical
hybrid boundary layer combustion theory for the
possibility of entrainment mass transfer from the fuel
grain.

The formation of the liquid layer instabilities and
entrainment of liquid droplets require three major
modifications in the classical hybrid combustion
theory.

e The effective heat of gasification is reduced since
the evaporation energy required for the fuel mass
transfer from the surface is partly avoided by the
mechanical entrainment of the liquid. The enthalpy
difference between the flame and the surface is
also reduced, since some of the reactants are now
in liquid phase. It is estimated that, the reduction
in the effective heat of gasification is more
dominant than the change in the enthalpy
difference. Thus, as a first approximation, we
assume that the reduction in the flame enthalpy is
negligible.

e The blocking factor, Cp; /Cp, , that modifies the
convective heat flux to the surface is also altered
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due to the presence of the two-phase flow. As a
first approximation we ignore the effect of the
liquid droplets on the momentum and energy
transfer. Under this assumption the blocking factor
can be expressed as a function of evaporation
blowing parameter.

Cr /Cho :f(Bg)

The evaporation blowing parameter, B,, only

includes the gaseous phase mass transfer from the
fuel surface. We assume that evaporation of the
droplets released from the liquid surface into the
gas stream does not take place beneath the flame
sheet. This assumption is consistent with the flame
sheet approximation, which is a standard one in
hybrid combustion modeling. Moreover, it is a
reasonable approximation for typical hybrid
operating conditions that are characterized by high
blowing rates, and thus low residence time of
droplets between the liquid surface and the
diffusion flame. However, we believe that a more
rigorous treatment of the two-phase flow in the
hybrid boundary layer will be an important step in
the further improvement of the liquefying hybrid
theory.

e The ripples formed on the liquid layer surface
increase the surface roughness and the heat
transfer from the flame front to the surface. This is
predicted to be a smaller influence on the total
regression rate compared to the first two factors.

In general, the total regression rate of a hybrid motor
can be written as a sum of the evaporation regression
rate that is generated by the vaporization of the liquid
into the gas stream (or first thermal decomposition and
later volatilization into the gas stream in the case of
supercritical operation) and the entrainment regression
rate, which is due to the mass transfer mechanically
extracted from the liquid surface.

F=F, + Ty (10)
For an arbitrary combination of the entrainment and

evaporative mass transfer the energy balance at the
liquid-gas interface is

. R 0.03ug% (. .\ C }
rv+[Rhe+th(rv/r)] Tent :Frp—g<1+Qr/Qc)B _HGOBZ 02 (11)

N

CHo
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where

Cl(Ts_Tm) and Rh :hm
e

Ry, = . 12
hv hv hv ( )

Here the non-dimensional energy parameters for
entrainment (R;,) and vaporization (Rj,) are

introduced because the material that is extracted
through the entrainment mechanism possesses different
heating histories (i.e. no heat of vaporization or
pyrolysis is required for entrainment). We postulate
that the effective heating in the liquid phase required
for the fuel material which is going through the
entrainment mass transfer mechanism reduces linearly
as the vaporization component of the regression rate
decreases. This extra complexity, which was ignored in
the thickness estimation arguments, is introduced to
capture the asymptotic behavior of regression rate in
the entrainment-dominated region of operation. We
would like to note that the effect of reduced liquid
phase heating on the thickness at moderate entrainment
conditions is small since the thickness presents a
logarithmic dependence on the energy terms.

The roughness parameter, F,, is introduced in the

energy equation to account for the increased heat
transfer by wrinkling of the liquid surface. It has been
argued by Gater and L’Ecuyer that the surface
roughness decreases with increasing dynamic pressure
of the gas flow. This argument is based on the observed
reduction in the scale of the interfacial disturbances
with increasing dynamic pressure. Note that this
phenomenon is captured by the linear stability theory
which shows decreasing wave length with increasing
gas mass flux* '°. The empirical formula for the
roughness correction parameter suggested by Gater and
L’Ecuyer can be expressed in terms of the operational
parameters of the motor as

14.1 pg*

:HW. (13)

In this formula the units of mass flux and gas density
are kg/m*-sec and kg/m’, respectively.

Ref. 9 gives a new curve fit expression for the blowing
correction, Cp/Cp,, which is a reasonable
approximation for the analytical expression given by
Marxman'? for a wide B, range of 0-14.
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Cy Cr _ 2 B
Cio Cp  2+1.25B07
C
- B.l . \0.75 (14)
Cp1 +Cpa(i, /)
Here the coefficients are defined as
1258073
Cp=—————— and Cpp =———— . (15)
2+1.258%7 2+1.25B%7

Note that for the purposes of this study for which the
accuracy at low B values is essential, it is not
acceptable to adapt one of the forms that are commonly

used in the hybrid literature' (i.e. Cpy /Cpp = B7068)y,

These exponential expressions predict unrealistically
large blocking factors (even larger than one) for B
values close to zero. Also note that B is the classical
blowing parameter and 7,; is the classical regression

rate of the system in the case of no entrainment.
Following Marxman', the classical regression rate can
be written as

Tel

0.0322 o
= (140,/0.)B €GP322 (16)

N

Based on the arguments in the proceeding section (i.e.
Eq. 9) the entrainment regression rate can be expressed
in terms of the mass flux in the port and the total
regression rate.

20
. G
Fopt = Aot —— (17)
en. en rﬁ
where the entrainment coefficient is introduced as
Craf py
gy = K—LLEL (18)
HiPg

Here we have ignored the dependence of the thickness
coefficient on the vaporization regression rate as
suggested by Eq. 12. This is an excellent assumption
for the case of large radiative absorptivity in the liquid
phase and a reasonable approximation for the other
extreme of very small absorptivity, since the regression
rate only appears inside the natural logarithm. Note that
the entrainment coefficient, a,, , is primarily a

function of the properties of the selected propellant.

Egs. 10, 11, 12, 13, 17 and 18 together with the
blowing correction expression, Eq. 14, form a

8
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nonlinear set of algebraic equations which can be
solved for a given propellant combination to obtain the
total regression rate as a function of the axial location
and local mass flux.

It is convenient to cast the regression rate equations
given in the preceding paragraphs in the nonlinear form
by introducing the following wvariables that are
normalized by the classical regression rate.

r 7; Font
¢:._7 ¢v :._V’ ¢em‘ = .en
Tel cl Tel
2a
G
and R

ent = Qent . p+l
;
cl

The set of nonlinear equations for the three unknown
non-dimensional regression rates become.

¢ = ¢v + ¢ent (19a)
¢_v 3 Fr
¢v +(Rhe + th ¢ j¢ent - CBl " C32¢v (19b)
R
Bons = ;Zt (19¢)

For the purposes of this paper, we will ignore the effect
of surface roughness on the regression rate and assume
Fr=1 and we will use a thickness exponent of 2 as
suggested by the Gater and L’Ecuyer scaling law for
the entrainment mass transfer. For a selected value of
the entrainment parameter, R,,, the nonlinear

algebraic Eqs. 19a, 19b and 19c can be solved
numerically to determine the three unknown non-
dimensional regression rates. For the range of
entrainment parameters 0-300, solutions have been
produced for the case of B=4.7, Rj, =0.051and
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Ry, =0.433 . The results are plotted in Figure 2. As
shown in the figure, the entrainment component of the
regression rate increases rapidly with growing
entrainment parameter. The increase in the non-
dimensional entrainment regression slows down as
R,,; increases. The total regression rate follows a

very similar trend, whereas the vaporization regression
rate decreases slowly from its value of 1 at R,,, =0.

ent

At large values of the entrainment parameter, the
entrainment component of the regression rate
dominates the vaporization. Note that the total
regression rate asymptotes to the value of
¢=1/R;,Cp;. It has been determined that the
following simple equation fits the predicted total non-
dimensional regression rate in the range of
0<R,,; <300, which covers the practical range of

operation.
¢ =1+0.61R% (20)

Even though the curve fit expression given by Eq. 20 is
calculated for the numerical values of B=4.7,
Rj, =0.051and Rj, =0.433, it has been determined

that the variation in the total regression rate with the B,
Ry, or Ry, is small. Thus Eq. 20 can be treated as a

universal regression rate expression for the thickness
exponent of 2 (for Gater and L’Ecuyer scaling law).
For other values of the thickness exponent, £, curve

fit expression with the same form but with different
coefficient and exponent should be used.

For predicting the regression rate behavior of a class of
liquefying fuels, it is critical to understand the
functional dependence of the entrainment parameter on
the inherent properties of the fuel. From Egs. 6, 9 and
16, one can write the following expression for the
entrainment parameter.

a, pg P, — . - =S+ —
R, =kKtEsrlc lﬁB (ﬂ+1)(1 Qr/Qc) (B+1) 52a-085-1,025 @

Hi

Note that we have ignored the effect of the two phase
flow on the skin friction coefficient, namely

Cf G 2 -0.2
Cfo Hg

This is a fairly good assumption since the variation of
the non-dimensional vaporization regression rate is
relatively small for practical systems (i.e. see Figure 2).

The constant, 0.03, and the gas viscosity, Hg s have

been incorporated into the constant entrainment
parameter constant, K. For ¢ =1.5and =2 Eq. 21

takes the following form
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2 2
A7 PSPL 12 3(1 L Ay [ 13040,
Royg = KL LegB3(1+0,/0. ) 604204 (23)
l

Note that R, is a strong function of the material

properties and a weak function of the local mass flux
and the axial location.

The form of the equation for the classical regression
rate hints that the fuel solid density and the blowing
parameter are the only variables that strongly depend
on the properties of the particular fuel being used. Even
though the solid density can easily be measured or
estimated for a given fuel, the blowing parameter is
difficult to predict. Also note that the entrainment
regression rate calculation using Egs. 19a, 19b and 19¢
requires the knowledge of the blowing parameter. For
the purposes of this paper, the blowing parameter will
be roughly estimated with use of the following formula
derived by Marxman et al'

1+ |1+ (0/F) |an/h,
(O/F);

B= (24)

Here (O/ F) 1 1s the oxidizer to fuel ratio of the hybrid

diffusion flame, Ah = hy, — h is the enthalpy difference
between the flame and the surface and 4, is the

effective heat of gasification. We will assume that the
flame oxidizer to fuel ratio and the enthalpy at the
flame are constant for the entire series of n-alkanes and
the numerical values of (O/F) ;=2 and

h, =2,652 cal/g will be used in the calculations.

The surface enthalpy and the effective heat of
gasification will be calculated for each case. It has been
determined that the effect of moderate variations in the
assumed flame oxidizer to fuel ratio on the total
regression rate is fairly small.

For convenience we will define the classical regression
rate of the infinitely long chain HDPE polymer as the
reference classical regression rate, (7 )ref' Based on

this definition and using Eq. 16, the classical regression
rate for an arbitrary carbon number # can be written as

po=l B _Bln o
(rcl )ref Ps (B CBl)ref

Here we have assumed that the radiative to convective
heat flux ratio is constant for the entire series of normal
alkanes. Based on Eq. 25, the total regression rate can
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be expressed in terms of the regression rate of the
HDPE polymer.

F=0at (er),o (26)

Note that the entrainment parameter constant K is the
only unknown variable introduced in the liquid layer
combustion theory, which needs to be evaluated by
matching the measured regression rate for a selected
carbon number to the regression rate predicted by the
theory. Note that this a single point matching and can
only be used to adjust the level of the regression rate-
carbon number curve. The shape of the regression rate
curve (or regression rates for all other carbon numbers)
is uniquely determined by the theory.

4. Material Properties for n-Alkanes:

The calculation of the regression rate for the entire
homologous series of normal alkanes requires the
knowledge of the fuel properties over a wide range of
temperatures and carbon numbers. In this section we
will discuss some of the material property estimation
techniques as given in the chemistry literature: initially
for pure n-alkanes (i.e. materials composed of one
carbon number) and later for mixtures of n-alkanes.

4.1. Pure n-Alkanes: A reasonably accurate method of
estimating the thermophysical properties of
homologous series has been reported by Marano and
Holder in Ref. 20, 21 and 22. They have established a
class of equations which are referred to as asymptotic
behavior correlations (or ABCs) that are used to predict
the properties of homologous series accurately
especially for the moderate to high molecular weight
elements of the series.

Here we discuss only a few of the important properties
that are estimated to evaluate the regression rate.

Critical Properties: The critical temperature and
pressure for the homologous series of n-alkanes are
predicted by the ABC method and plotted in Figures 3
and 14. The important observation is that the critical
pressure drops with increasing carbon number. In fact
for infinite carbon number the critical pressure
asymptotes to zero as predicted by many of the state
equations for long chain molecules. This implies that
most hybrid systems using paraffin based fuels are
operating in the supercritical regime for which the
distinction between the liquid and vapor phases
disappear. This important operating regime will be
discussed in detail in section 5.3 of this paper. The
critical temperature increases monotonically with
increasing molecular weight and asymptotes to the
value of 1020.7 K as the carbon number approaches
infinity.
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Viscosity: It will be shown later in this paper that the
melt layer viscosity is one of the most important
parameters that establish the regression rate of a
liquefying hybrid propellant. The prediction of
viscosity is a difficult process. Multiple estimation
methods need to be used to establish a reasonably
accurate depiction of the viscosity behavior over the
entire range of carbon numbers. We start with the ABC
method for which the viscosity can be calculated as
using the following set of equations.

Y=Y, +AY,(n—n,)-AY, expl— Bln—n, )7J 27)
AY,=A,+B,/T+C,InT+D,T> +E,/T* (28b)
AY, =A,+B,/T+Cy,InT+D,T>+E,/T* (28b)

and
u; =exp(Y). (29)

It has been reported that the following coefficients fit
n-alkane data the best™.

n, =-2.293981, Y, o = 57.8516
B =2.476409 , y =0.0112117

The coefficients of temperature dependent terms given
by Eqgs. 28a and 28b, are presented in Table 1. Note
that the data used in the fit process was in the range of
0-300 C.

It turns out that the ABC method prediction for the
viscosity is inaccurate for compounds with carbon
numbers less than 11. For light members of the series
we have used the temperature dependent viscosity data
as discussed in Ref 23. Reference 23 reports a best
curve fit to the measured viscosity data in a wide range
of temperatures for each n-alkane and is expected to be
fairly accurate when evaluated within the suggested
temperature range.

Unlike the other thermophysical and transport
properties, the accuracy of the viscosity prediction by
the ABC method reduces with increasing molecular
weight for carbon numbers larger than approximately
70. The anomalous behavior of viscosity is due to the
complex rheology of liquids made out of long chain
molecules. For that reason, another method for
estimating the zero shear viscosity of heavier
molecules (i.e. polymers), which was reported by
Bicerano™, has been implemented. This method can be
used to evaluate the viscosity of liquids composed of
large n-alkane molecules at a specified temperature, 7.
The estimation process is outlined in the following
paragraphs.

ATAA 2005-3908

First the critical molecular weight (in g/mole) can be
estimated using the relation

4
M
M, = 169( ra ] (30)

cr

where the constant K. is 13.10 and the molecular
weight of the monomer, M, , is 28.05 g/mole for the
case of n-alkanes.

The glass transition viscosity and the critical viscosity
can be calculated using the following relations.

-5
( 0.052-85 10 Tg)/Tg—lA

pirg =107 (31a)

(r,-T)E, /(2.3R,T,T)

Her :/uTgIO (31b)

Note that 7, is the glass transition temperature (190 K
for polyethylene) and R, is the universal gas

constant. The activation energy for viscous flow is

defined as
3
H
Ev — ( totJ (323)
Mm
where
Htol = Hadd + 250 Nside . (32b)

The numerical value of H,;; is estimated to be
840 k"3 g mol 23 for polyethylene and the number

side chains, Ng;;,, is assumed to be zero (linear
polyethylene molecule).

The zero shear viscosity of a compound with the
molecular weight M,, can be estimated using the

following relations:

M
ﬂ:ﬂch_W for M\, <M., (33a)

cr

3.4
M
U= ey (—W] for M,, >M_, (33b)
MCI"

For n-alkanes, the Bicerano method predicts a critical
molecular weight (entanglement molecular weight) of
3,552.5 g/mol which corresponds to a carbon number
of 254. For the homologous series of n-alkanes the
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viscosity behavior with increasing carbon number
changes dramatically at this carbon number. The
reason for the change in character is due to the extra
restrictions on the molecular motion induced by the
entanglement of long molecules. The rate of viscosity
increase with carbon number decreases above the
entanglement molecular weight. Also the Newtonian
behavior of the low carbon number n-alkanes becomes
invalid (shear thinning phenomenon take place). Please
note that the molecular entanglement behavior has also
been observed in long chain molecules other than n-
alkanes.

Liquid Density: The liquid density is another variable
that directly influences the entrainment character of a
liquefying hybrid fuel. The densities of normal alkanes
with carbon numbers less than 11 will be estimated
using the temperature dependent density data reported
in Ref. 23. For carbon numbers larger than 11 the
ABC method predictions are accurate.

Y=Y, 0+AY,(n+n,)-AY, exp[— Bln+n, )7J (34a)

and

M
P = 10007W (34b)

The coefficients of temperature dependent terms, Egs.
28a and 28D, are also presented in Table 1. It has been
noted that the following coefficients fit n-alkane data
the best.

n, =—1.388524, Y, o =0
B =5.519846, 7 =0.0570632

Note that unlike the viscosity, the liquid densities can
be accurately predicted by the ABC method for all
carbon numbers larger than 11.

Other Thermophysical Properties: Most of the other
thermophysical properties of the fuel that are needed in
the regression rate calculations, such as the thermal
conductivity and the heat capacity of the liquid, has
been estimated using the ABC method as discussed in
Refs. 20, 21 and 22. The solid density, solid heat
capacity and heat of melting are not considered in Refs.
20, 21 and 22. Using data reported in other literature®,
we have developed our own asymptotic relations to
predict these quantities. For example, the molar heat of
melting can be approximated by the following linear
function of .

Ly, =0.601(n—1.536) kcal /mole. (35)
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4.2. Mixtures of n-Alkanes: Most practical paraffinic
fuel systems are not composed of a single type of n-
alkane molecule, instead they are mixtures of straight
chain molecules. The paraffinic systems form an
extensive class of fuels with well known members such
as kerosene (a liquid under standard conditions),
paraffin waxes, PE waxes and HDPE polymer. The
estimation of the material properties for the mixtures of
alkanes is a complex process™. A rigorous treatment
requires the knowledge of the details of the molecular
weight distribution which is not readily available for
most materials. Furthermore the mixing rules are
complex and require the evaluation of a number of
empirical parameters. In this paper, we will bypass
these difficulties by evaluating all necessary material
properties other than viscosity at the number averaged
carbon number. For an accurate estimation, the
viscosity of mixtures will be calculated using the
weight averaged carbon number. A justification for this
approach is given Ref. 24.

At this point we will introduce a useful concept
commonly used in polymer science, polydispersity
(PD), which is defined as the ratio of the weight
averaged carbon number to the number averaged
carbon number. In general terms, the polydispersity
characterizes the broadness of the molecular weight
distribution in a mixture. For example for a
monodisperse mixture PD is one and its value
increases as the distribution gets broader.

In this simplified approach, two quantities are adequate
to describe a paraffinic mixture, namely the number
averaged carbon number, #, and the polydsipersity, PD.
Note that viscosity should be evaluated at n*PD and all
other properties will be calculated using 7.

In Figure 4, the viscosity as a function of the weight
averaged carbon number has been plotted for four
temperatures 90, 120, 140 and 190 C. Note that each
plot is constructed using the three prediction methods
outlined in the previous paragraphs within their
acceptable range of carbon numbers. Data points for
the paraffin wax FR5560, and the PE wax Marcus 200
have also been included for comparison purposes. The
paraffin data has been measured by the authors using a
Grace Instruments viscometer. The melting point for
this particular grade of wax is 70 C, suggesting a
number averaged carbon number of approximately 32.
A polydispersity of approximately 1.1 has been
estimated by matching the measured viscosity to the
ABC method prediction. The viscosity information for
the PE wax has been supplied by the vendor, Marcus
Oil and Chemical Company. The number averaged and
weight averaged carbon numbers for this particular PE
wax grade has been reported to be 79 and 134,
respectively, yielding a polydispersity of 1.71. Note
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that the viscosity prediction for the paraffin wax and
for the PE wax at 190 are in good agreement with the
experimental data. The viscosity prediction for the PE
wax at 121 C and 140 C are high possibly due to
measurement errors (both in viscosity and also in the
weight averaged molecular weight).

5. Estimation of the Condensed Phase Temperature
Field:

Most of the thermophysical properties discussed in the
previous section are strong functions of temperature.
Thus for an accurate calculation of the regression rate it
is critical to evaluate the material properties at a
temperature that is representative of the layer for that
particular fuel composition. In the following
paragraphs we discuss the three key temperatures that
need to be identified for each formulation: 1) ambient
temperature, 2) melting temperature and 3) surface
temperature.

5.1. Ambient Temperature:

Ambient temperature is the bulk temperature of the
solid fuel grain. In our calculations, we assume the
following temperature variation as a function of the
carbon number for the homologous series of n-alkanes.

If T,, <298 K T,=T, —20 K
If T, 2298 K T, =298 K

(36a)
(36b)

Even though the selection of the ambient temperature
is somewhat arbitrary, as long as 7, >7,, the

aforementioned ambient temperature assignment is a
reasonable selection from a practical point of view.

5.2. Melting Temperature:
The melting temperature of the n-alkanes can be

estimated based on the ABC method using the
following equations.

Y=Y, —(YOo -7, )exp[— ,B(n—no)yJ 37
and
m =Y. (38)
The following coefficients fit n-alkane data the best*'.

n, =0.34979, Y, = —6288460
Y, =418.07, B =8.929364 , 7 = 0.0690406

The measured melting temperatures of n-alkanes™
along with the predicted values by the ABC method are
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shown in Figure 5. The odd-even oscillation of melting
temperatures at low carbon numbers is common in
many homologous series and this cannot be predicted
by the ABC method which is accurate for carbon
numbers larger than 11. The oscillation of the melting
point is due to the different crystal structures of the odd
and even carbon numbered n-alkanes as discussed in
Ref. 21. For the carbon numbers less than 11, melting
point data as shown in Figure 5 has been used instead
of the ABC prediction. The data points for the paraffin
and PE waxes considered in this study have also been
included in the figure.

5.3. Surface Temperature:

As discussed earlier, the accurate determination of the
surface temperature is a key step in the development of
a comprehensive combustion model for the liquefying
propellants. The surface temperature, along with the
melting temperature, determines the effective melt
layer temperature at which the critical fluid properties,
such as viscosity and density, should be evaluated.
These key fluid properties influence the stability of the
fluid layer and governs the entrainment mass transfer
from the high density fluid layer to the gas stream in
the port.

The definition and the determination of the surface
temperature is a difficult process. The fundamental
thermodynamic properties of the fuel material (i.e.
critical properties and the state equation) along with the
operational parameters of the motor, such as the
chamber pressure, dictate the nature of the surface
phenomenon. For homologous series, a large variation
in the thermodynamic properties with the carbon
number is expected. Thus, the combustion modeling of
the entire series requires good understanding of various
processes that take place at the surface. Specifically, if
the partial pressure of the fuel is less than the critical
pressure, the evaporation process determines the
surface temperature (see Figure 6a for a schematic for
this mode of operation). This mode of operation is
expected for the light members of the series for which
the critical pressure is high, or for moderate carbon
numbered members if the chamber pressure is
extremely low. If the partial pressure at the surface is
larger than the critical pressure, the thermodynamic
distinction between the liquid and gas phases is lost
and the surface as defined by the physical phase change
phenomenon disappears. The surface tension also
diminishes and the fluid heats from the melting
temperature to the surface temperature, which is now
dictated by chemistry, namely the pyrolysis process of
the fuel molecules. In this case, the surface temperature
is defined as the temperature for which an arbitrarily
set amount of fuel is thermally decomposed into
smaller molecules (See Figure 6b for a schematic of
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this case). Fortunately the activation energies for the
pyrolysis processes for most hydrocarbons are large
and the variations in the surface fuel mass fraction does
not effect the surface temperature significantly.

In the following sections we will derive relations to
estimate the surface temperature and the liquid layer
thickness for these two distinct operational regimes.
Initially the effect of the entrainment on the surface
temperature will be ignored. In other words, the surface
temperatures estimated using the following procedures
are expected to be valid at the onset of the entrainment
process, but not during operation with entrainment.

5.3.1. Kinetic Theory Derivation:

As discussed in the previous paragraphs, if the partial
pressure of the vapor, P, is less than the critical

pressure for the fuel, the surface temperature will be
determined by an evaporation process. This condition
can be written in terms of the chamber pressure as

YfS‘PC :Pf <Pcr. (39)

In this section, using the concepts of the kinetic theory,
we will derive a formula for the surface temperature in
terms of the properties of the fuel and the operational
parameters of the motor.
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The kinetic theory predicts the mass of material
evaporating from the liquid surface into the vapor
phase as*

o (g/kTs )S_l efg/kZ}
(s—1)! ’

I (40)

evap = H o

Here n, is the number density of the molecules on
unit surface, 2s is the number of quadratic terms among
which the activation energy is distributed, o is the
oscillation frequency of the molecules in the liquid
phase, k is the Boltzmann’s constant, & 1is the
activation energy for evaporation and “uo is the

molecular mass. Note that if the activation energy of
condensation is assumed to be zero, £ can be regarded
as the heat of vaporization per molecule.

Similarly the mass of the vapor condensing can be
written as

m

1/2
_ Pf’um"l kTs /
cond kT 27

)
B 1/2
= p,| Lmel | 41
! (ZHkTSJ @D

The mass balance at the liquid gas interface requires
that

m, = piry = Meyap ~Meopd = K, Mo

o 1/2
R

I 27k,

For the equilibrium case of 7, =0, Egs. 40, 41 and
42 can be combined to yield the Clausius-Clapeyron

equation for the vapor pressure.

A \S-1
_ 1/2 nGU i
P =(272M ,R,) oDl {Ru J

b L/Rp ]
TSS—?)/Z

e*LAv/RuTs (43)

ce Tb—3/2
N

Note that the heat of vaporization, iv, the universal
gas constant and molar masse M, are defined in terms

of the Avogadro’s number, N, as follows.

L,=¢ N,, R, =k Nyand M,, = p1,,,;N,, .

At the normal T, =T, and

Pr =P, =1 atm, this equation can be used to

boiling  point

evaluate the constant, 4.

(s—D! R,

= paTlf—3/ 2,L,/RT (44)

A NS
o (L
Acc = (22M R, /2 222 (—] =
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Now Egs. 42 and 44 can be combined to yield the
following non-dimensional relation between the
regression rate, partial pressure and the surface
temperature.

P M

a

. 1/2
i 0y (ZﬂRuTb j /

w

T Sile*(iv/RuTb) (T/1-1)_ Pr (T, V2 (45)
T, P

s a s
For a given material, regression rate and vapor partial
pressure, the temperature ratio 7, /T, can be solved

from this non-dimensional algebraic equation. Note
that normal boiling temperature 7}, is a known quantity

for a given material and the pressure P,is / atm by
definition.

The variation of the internal degrees of freedom, s,
with the carbon number and the temperature at which
the heat of vaporization would be evaluated still need
to be determined in order to estimate the surface
temperature. For the homologous series of normal
alkanes we have decided to use the heat of vaporization

at the normal boiling temperature, iv = LAV,Tb (since it

is readily available) and the following simple variation

for s with the carbon number n, s = 1% . The normal

boiling temperature and the heat of vaporization at the
normal boiling temperature for the series of n-alkanes
has been evaluated using the ABC method™™*" %,

The best value of «is determined by matching the

vapor pressure predicted by Eq. 45 (for the case of zero
regression rate) to the vapor pressure predicted by the
ABC method and the experimental data given in the
literature™. Tt has been determined that, in the carbon
number range of 5-20, the best fit to the ABC
prediction can be obtained for o, =0 (ie. s=1)

which simplifies Eq. 45 to

. 1/2
rpi | 27R, Ty / _
P M

a w

(i _ : 12
A /mn) @y z;_, [r_,, J )

a S

For larger carbon numbers the prediction by Eq. 46 and
the ABC method have deviated progressively with
increasing carbon number. Part of the discrepancy is
due to the high error in the ABC method predictions
for the larger carbon numbers. In fact, Eq. 46 resulted
in a better match at the critical point compared to the
ABC method estimate.
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Figure 7 shows the vapor pressure temperature
variation for four n-alkanes with carbon numbers 5, 10,
15 and 20 as predicted by Eq. 46. The critical points for
these alkanes are also shown in the figure. Note that the
part of the plots beyond the critical temperature does
not have any physical meaning and should be ignored.
Also note that the match between the vapor line and the
critical point is fairly good especially for low carbon
numbers. The accuracy of the surface temperature
prediction for carbon numbers larger than 20 is not
significant since the fuel systems with high carbon
numbers would operate in the supercritical regime for
which the surface temperature is not determined by the
evaporation process.

It can be shown that, for typical conditions encountered
in hybrid rockets, the regression rate term that appears
on the left hand side of Eq. 46, is several orders of
magnitude smaller than the terms that are on the right
hand side. Thus for liquefying hybrid fuels operating in
the subcritical regime, quasi-phase equilibrium is a
valid assumption.

The partial pressure of the fuel is not a variable that can
be easily measured. Thus it needs to be related to
variables that are measurable such as the chamber
pressure. Here we follow the approximations
introduced by Marxman' in his diffusion limited model
for the combustion of classical hybrid rockets. The
Reynolds analogy between the flame zone and the
surface yields

Al L L (47)

Here h;, is the enthalpy of the gas at the flame, A is
is the
effective heat of vaporization, Y is the fuel mass

the enthalpy of the gas at the surface, &

v

fraction at the surface and Y 1 is the fuel mass fraction

at the flame. Based on the flame sheet approximation,
the fuel mass fraction at the flame can be assumed to
be zero. Under this condition, Eq. 47 can be used to
solve for the fuel mass fraction at the surface.

Ah/h,

=i 48
B Anfh, +1 45

The partial pressure of the fuel at the surface can now
be written in terms of the chamber pressure P, and the

enthalpy ratio Ah/h,, as

Ah/h
Pr=YP.=—"12Y_P . 49
SR Ay 1€ 49)
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Note that the mass fraction of the fuel at the surface
increases as the enthalpy ratio increases. For typical
conditions encountered in hybrid rockets, the surface
mass fraction is expected to be in the range of 0.75-
0.90.

In the subcritical case, the melt layer thickness
expressions given in section 3 of this paper can be used
with no modifications.

5.3.2. Supercritical Case - Thermal Analysis:

In this section we assume that the conditions for
supercritical operation exist and the relevant surface
phenomenon is governed by the pyrolysis chemistry. A
thermal analysis which takes into account the chemical
reactions will be conducted to determine the surface
temperature and the thickness of the melt layer.

In our model, the solid-liquid fuel slab has been
divided into three zones: 1) Pyrolysis zone, 2) Liquid
zone and 3) Solid zone. A schematic for the model is
shown in Figure 6b. In the following paragraphs the
field equations for each zone will be derived. For the
sake of simplicity, the material properties will be
assumed to be constant within the liquid and solid
zones. Furthermore, the properties in the pyrolysis zone
are taken equal to the properties in the liquid zone.

1) Pyrolysis Zone: This is a thin layer next to the
surface (for large activation energies) in which the
pyrolysis reactions take place. In this zone the
temperature varies from 7, for which the pyrolysis

reactions start to the surface temperature 7 . The mass

fraction of the fuel reduces from one to a low value due
to thermal cracking of the original n-alkane molecules
forming the fuel bulk. The surface temperature is
defined based on an arbitrarily selected value for the
n-alkane mass fraction at the surface. This condition
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The energy equation and the equation for the mass
fraction of the fuel can be written as

d’T 1 dr
v =
dxp 0; dxp

_9pP1lp £, /R, yk _%6_“1’% (50)
A4 : A4

dy
S ~E,/R,T vk
e G

Using the average liquid velocity®® (i.e. 7p, /p1) , the

mass fraction equation can be converted from the time
base into the displacement base as

dx , PPy

dY s a
_f__p_ple— a/RuTY]{f. (52)

Egs. 50 and 52 should be solved simultaneously with
the following boundary conditions to obtain the
temperature and mass concentration profiles in the
reaction zone.

For x, =0 T=Tjand Yy =Yg
For xpzdp r=T, and Yp=1

To our knowledge, a closed form solution for this set of
nonlinear ordinary differential equations does not exist.
However, a solution can be obtained by employing the
large activation energy approximation. In order to
demonstrate the relative importance of individual
terms, Eq. 50 will be normalized using the following
non-dimensional variables

T_Ts

X
also constitutes a definition for the surface. 0= and X, = — (53)
T, -T, S,
2 . .
420 +5_p d6 _ 4pP1a,9) - a/Ru[(Tp—TS)6’+TS]Yk LN Qr./Qc. 5_p5_pe—5p7cp/5, 54
&2 6 di, (T, - Ty) (T, -T)1+0,/0, 8 6,

For large activation energies the thickness of the
radiation zone will be small, namely &, /5; <<1.

Therefore the convection term is negligible compared
to the other terms and will be dropped for the sake of
simplicity. The validity of this assumption will be
checked later in this section.

The radiative heating term can also be ignored in the
following two extremes:

1) Case 1: Very large absorptivity (&, /5, >>1):

The exponential term drives the radiative
heating in the reaction zone to zero. All the
radiation is absorbed at the surface (in a very
thin layer compared to the reaction zone)

2) Case 2: Very small absorptivity
(6,/3, <<1): The coefficient drives the
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heating in the reaction zone to zero. All
radiation is absorbed beneath the radiation
Zone.

In either case, the field equation for the temperature
reduces to

2
d T:qpplap o a/RuTY/]f.

(55)
dx 4

2
p
The set of Eqgs. 51 and 55 can now be solved to
determine the temperature and mass fraction field in

the reaction zone. Note that Eq. 55 can be rearranged
as

2
d [dT] 4 e FalRTyk - (56)

dxp dxp :

1
2dx,
Here we have introduced the following variable for
convenience

a
A= dpPrp ) (57)
A
Similarly Eq. 51 can be written as
dy a,p
s dr __2ph e Eal Ry, (58)

dT dx, 7Py

Now we define the temperature gradient variable
u=dT / dx, and Eqs. 56 and 58 can be written in terms

of this new variable as

%duz = Ae EalRT ykar (59)

and

a
udY; = _EpPL Ea/RT ykar. (60)

Py

dT can be eliminated from these two equations to yield.

i
du="Lsqy,. (61)
ap Pl '
Equation 61 can be directly integrated to yield
i
w=ug+ 2Py, —v ). (62)
appr '
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The boundary condition at the surface requires that

O, = L, pyi— Aj— =L,pgi— Ay . (63)

Note that for the case of large absoptivity &, /6, >>1,

the surface heat flux is a combination of radiation and
convective fluxes, O = Q.. + O, . Whereas for the case
of small absorptivity, 5, /5, << 1, the surface flux is

only composed of the convection term Q, = Q.. In

this paper, we will only consider the case of large
absorptivity because of its practical importance. Note
that the other extreme case can easily be treated by
using the arguments of the following paragraphs.

The definition of the effective heat of gasification,

Qg =h,p,r and the variable 4 can be used to obtain

the following linear relation between the temperature
gradient variable u and the fuel mass fraction in the
reaction zone.

u=-#By-BY;) (64)

where

_IpPs and B, = (hv ~hv +qu‘fS)pS )

Bi==7 2
! [

(65)
Note that this relation is independent of the reaction
order, k.

Substitution of Eq. 64 into Eq. 60 results in

_V'zps <BZ _Blyf)dyf _ o EalRT gy

k
a
pPl Yf

(66)

which can be integrated to yield

The exponential integral can be approximated using the
following arguments. The integrant can be written in
terms of a new variable =7, — 7T as
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I

u-s

Ea __ Ea Ea [1,¢ (68
R,T R,(T,-¢) R,T T, ) )

Here we have used the Taylor series expansion
assuming ¢ /T, <<1. Following this approximation,

the integral 7, simplifies to

ATAA 2005-3908

T,

S

_ -E,/R,T ~
1,= e dT =

p

I

Rfi IRy (1 _ S EalneT IR ) . (69)

a

Egs. 67 and 69 and can now be combined to relate the
regression rate to the surface temperature

a l1-e
RMTSZ ppl|:

1
-E, (Ts _Tp )/RuTsz :| 2

=

1-k

Fa ps|:B2(l_Y}s_k)_k

2—

e_Ea/ZRuTS (70)

(1 -~k )}

For the special case of zeroth order reaction, k=0, Eq. 70 simplifies to

{1 _ ) Ruff} 2

1

e_ a/zRuTs . (71)

a

pb(l_Yf;)|:BZ -

BI(I+Y/S):|

2

And for a first order reaction, k=1, the regression rate expression becomes

R T2 ap,D[

u-s

{l_e@(w)/zeurz} :

1

e Fal2Rs (72)

E 1
“py [32 In( )= Bi(1- Y )}
fs

Eq. 72 which is derived for the first order reaction case
has been used to plot the regression rate as a function
of the inverse surface temperature for C;,Hgs at three
different fuel mass fraction values at the surface (See
Figure 8). The rate constant for this molecule has been
calculated by Eq. 98b of section 6. The activation
energy and the chamber pressure are assumed to be, 45
kcal/mole and 25 atm, respectively. Figure 8 shows
that for a given regression rate, the surface temperature
increases slightly with decreasing fuel mass fraction at
the surface.

For the special case of no liquid layer (for fuels
burning without forming a liquid layer), Egs. 71 and 72
reduces to the regression rate surface temperature
relationship given in Ref. 27.

Thickness of the Pyrolysis Layer: The thickness of the
pyrolysis layer can also be estimated using the
formalism of the previous paragraphs. Upon the
substitution of the linear relation between the
temperature gradient and the mass fraction into the
energy equation, Eq. 59, one obtains

wht_____A_FIRTgr. (73
(B2r+u) (Blr)

Integration of this ordinary differential equation results
in the following expression

1 _ k) Bar | - -
(vz k2 k)_ 2" (Vl k_ 1 k):

(B,7)f

TS
A J'e‘Ea/RquT: A.kl (74)
T (Blr)
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where
T,
v=Byi+u, v, = Byi +u, and I:Ie*Ea/RquT. (75)
T
Note that integral / can be simplified to the following
expression 2
U= —Bzf\/al —aye Fal [ R (78)
T
I=[efalR gr = where
T
Ps Ps BZ Ps BZ
R T? _ _ o :(1——)+2—— oy :——(2——1J .(79)
~ 2 S e E, /R, Ty (l_e EoS IR, T ) (76) Yol ol Bl Y B1

a
The thickness can be obtained by integrating the
temperature gradient variable, u, from x, =0 to

xp:5p.

Lo AT __d o

dxp dxp

For sake of simplicity, we will perform the derivation
of the reaction layer thickness expression only for the
special case of zeroth order reaction, k=0 for which Eq.
74 simplifies to

Combining Eqgs. 77 and 78 yields

dx, = de S (80)
2
le;\/a’l —aze_Eag/R“Ts

Integration of this equation results in the following
relation for the thickness

2
\/O!1 +a26_Ea¢p/RuTs _\/Z

5 = R, 1 In 1oy —In
b EaB2’;\/Z 1+\/Z

(81)

- :
~El | R,T,
\/a1+a2e ”gp/ S

Note that the characteristic thermal thickness in the
liquid layer can be written as

0y =K—,lﬂ=L_ where B; =%. (82)
Fops  Byr A

Based on Egs. 81 and 82, the ratio of the reaction
thickness to the liquid layer characteristic thickness can
be constructed as

_Eag Rurvz
\/0!1 +ajye p/ — \/a_l (83)

n
8§ E, B o

1+\/a_1

517 _ RT BTy 1 1 [1_\/0!_1]_1n

2
—E R, T,
\/al +aje aé’p/ Sy )

Note that the relative thickness of the reaction zone
reduces with increasing activation energy. For large
activation energies the thickness of the reaction zone is
expected to be small and the simplified version of the
energy equation should be valid.

Figure 9 shows the variation of the thickness ratio,
Sy /51 , as predicted by Eq. 83 as a function of the

activation energy for various values of the temperature
difference in the reaction layer, 7 — T, . The following

values have been used in the construction of the plot:
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B, =143 10", B, =3.08 10'°
By =23110", T, =962 K

Figure 9 indicates that the thickness ratio decreases
with increasing activation energy and decreasing
temperature difference. Moreover for conditions
expected in hybrid rocket applications, &, / oy 1is likely

to be less than 0.05.

In the following paragraphs we will summarize the
calculations in the liquid and solid zones in order to
derive an expression for the liquid layer thickness.

2) Liquid Zone: In the liquid zone there are no
reactions. In the special case of large radiative
absorbtivity, the energy equation simplifies to

d’T 1 dT
_2+__ =
dxl 6] dxl

Boundary conditions

0. (84)

For x, =0 T =T,
For x, =h T =T,
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T,-T,

eyt

T(x)=T

) (85)

3) Solid Zone: In the solid zone there are also no
reactions. In the special case of large radiative
absorbtivity, the energy equation becomes

da’r
dx2

N

1 dT
+———=
o, dx,

0. (86)

Note that the following boundary conditions must hold

For x;, =0 T=T,
For x;, > T =T,

Eq. 86 can be integrated to obtain

T(x,)=T, +(T, —T,) e /% (87)

Note that the following boundary conditions must also
be satisfied:

Zone I-Zone 11 Boundary:

1 1
dr dT
Eq. 84 can be directly integrated to yield A e =4 P (83)
)Cp - xl X]=0
P=%p
Note that
dT ! :
- : "Ps
E uxpzép ——F(Bz—Bl) Tl[hv—Lv—qp(l—st)]. (89)
xp=0p
Zone 11-Zone I1I Boundary: Also note that the following formula for the effective
heat of gasification can be derived from the boundary
i/ i iti
AT AT ' conditions.
As = -A— —Lyupsi=0 (90)
dxg|. dxi |y, h, =C/(Ty =T, )+Cy (T, —T,)+

Upon substitution of the derivative terms in Eq. 89, the
following relation for the liquid layer thickness can be
obtained.

h:&lln{hv_LV_q”(l_Yf‘)} o1)

Cs(Tm _Ta)+Lm

+L,+Ly, +q,1-Y5) (92)

Combining Egs. 91 and 92 results in the simple relation
for the melt layer thickness.

h=2s, ln{l+ CT, ~T,) }
Cs(Tm _Ta)+Lm

93)

Note that this expression is same as Eq. 4 which is
derived based on the evaporation process at the surface.
It has also been shown that the thickness formula for
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the case of small absorptivity in the supercritical
operating regime is exactly the same as the thickness
expression in the subcritical regime as given by Eq. 5
of section 3. The derivation has been omitted from this
paper for the sake of brevity.

Effect _of Entrainment: Note that the surface
temperature and thickness expressions derived in the
previous sections are only valid without the existence
of the entrainment mass transfer. It is clear that the
general effect of entrainment will be to reduce the
surface  temperature. ~However developing a
quantitative model to predict the surface temperature
with entrainment is a difficult and highly speculative
process. As discussed in following paragraphs, we will
bypass this difficulty by assigning an effective melt
layer temperature closer to the melting temperature.

5.4. Layer Temperatures:
Here we define the following layer temperatures:

Fluid Layer Temperature: The characteristic melt
temperature that one would evaluate the material
properties is expected to be somewhere between the
melting temperature and the “surface” temperature that
separates the high density fuel from the low density
gases in the port. We will use the following
temperature as the characteristic melt layer temperature
for the fuel of interest.

T. + 2T,
Toeir = % 94)

We believe that variations in the specific definition of
the layer temperature would change the numerical
value of the entrainment parameter constant K, but
most likely would keep the shape of the regression rate
distribution invariant. Thus, it is expected that this
simplified approach would be accurate to compare the
relative burn rates of fuel formulations.
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Solid Layer Temperature: We will use the following
temperature as the characteristic solid layer
temperature for the fuel of interest.

Tr,+T,

3 95)

Tsolia =

6. Pyrolysis Data for n-Alkanes:

As shown in section 5.3, the surface temperature
estimation under the supercritical regime requires the
knowledge of the pyrolysis parameters such as the
activation energy and the rate constant for the fuel of
interest. In this section we will summarize the
information gathered from the chemical kinetics
literature on the pyrolysis of n-alkanes for a range of
carbon numbers from butane (n=4) to the HDPE
polymer™ % 3% 3132 The majority of these studies
focus on reactions of the zeroth or first order for the
thermal decomposition process.

For the sake of simplicity, we will only consider the
first order pyrolysis reaction which can be expressed as

dyy

= ~k (T, P.,n)Y . (96)

'Y is a function of

the temperature, pressure and the carbon number.
Typically, the temperature dependency of the rate
function can be written in the Arrhenius form as

In general, the reaction constant, k

—E,/R,T
ko (T, Pyon)=a,(Py,n) e Fa/Rl 97)
Here E, is the activation energy for the pyrolysis
reactions. For the pressure and carbon number
dependency, we refer to the data given in Ref. 28 to
evaluate a,(P.,n) for the carbon number range of 4-

32.

If 4<n<11

If11<n<32

a,(P.,n)=10"2[1+0.0259(P. -1)] (n—1) (1.57n—3.9)

a,(P.,n)=10"[1+0.0259(P. -1)] (2.3n-15.6)

(98a)

(98b)

Note that the pressure is in atmospheres and the rate
constant is in 1/sec. The rate data given by Egs. 98a
and 98b are calculated for an activation energy of 60
kcal/mole as reported in the literature® for alkanes with
carbon numbers larger than 3. The experimental
findings discussed in Ref. 28 also suggests that the

effect of pressure on the activation energy for pressures
less than 40 atmospheres is negligible.

Similarly using the thermal degradation data from

Refs. 31 and 32, we have evaluated the rate constant
for the polyethylene polymer.

21

American Institute of Aeronautics and Astronautics



If n—> o a,(P.)=10"%[1+0.0259(P. -1)] (98¢)

Note that we have retained the pressure function for
convenience. It has been determined that an activation
energy of 60 kcal/mole also fits the polymer data
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reasonably well and should be used with the rate
constant given by Eq. 98c.

The gap in the data for the pyrolysis rate constants has
been filled using the following interpolation formula

If32<n<w

a; (Pc , n) =101 [1 +0.0259 (Pc - l)] (2.91 —2.093 e—0.0l(n—32)).

(98d)

Pyrolysis rate constants as a function of the carbon
number have been plotted in Figure 10 for three
pressures values. Note that the pyrolysis rate increases
with increasing carbon number as the longer molecules
become more vulnerable to the bond scission reactions.
Pressure also increases the rate constant.

The pyrolysis data discussed in the previous paragraphs
is for bulk pyrolysis (as in the thermogravimetric
analysis) at fairly slow heating rates, typically 0.1-1
K/sec. Whereas the processes that take place in hybrid
rockets involve heating rates that are several orders of
magnitude larger (i.e. 10>-10* K/sec). The effect of the
heating rate on the pyrolysis of polymers has been
studied and reported in the literature (for example see
Ref. 27 for Hydroxyl-Terminated Polybutadiene). The
primary effect of the increase in the heating rate has
been shown to reduce the activation energy.
Unfortunately, to the best of our knowledge, rapid
pyrolysis data for the series of n-alkanes does not exist.
We have decided to take the simple approach of
modifying the activation energy based on matching the
surface temperature for the HDPE polymer predicted
by the theory to the surface temperature values
commonly observed in polymeric hybrid fuels (i.e. 800
K). This simple method resulted in an activation energy
of 45 kcal/mole and a surface temperature of
approximately 812 K. Note that the use of the slow rate
activation energy 60 kcal/mole yields an unrealistically
high surface temperature of 950 K.

The other important key information needed in the
liquid layer hybrid combustion model is the heat of
pyrolysis, namely the heat required to thermally

decompose a unit mass of fuel. The estimation of the
heat of pyrolysis requires information on the
composition of the end products of the pyrolysis
reactions. Typically, the thermal degradation of the
normal paraffin molecules does not result in large
concentrations of the monomer (ethylene)™ 2.
Depending on the carbon number of the original fuel
and the pyrolysis conditions, the products are
composed of a range of lower n-alkanes, n-olefins and
some  branched hydrocarbons. The  detailed
composition of the end products can be approximated
using the Rice-Kossiakoff theory?®. For the purposes of
this paper, we will bypass this complex, free radical
based pyrolysis model and simply assume a final
product distribution that is composed of one type of
alkane and 1-olefin molecules with a preset carbon
number, n,, that characterizes the real decomposition

products. Based on this simple argument, the pyrolysis
reaction can be written as

9p
CoHopiy >Ny CneH2n6+2 + NocneH2ne - 99

For the specific case of n, =5 this reaction becomes

qp

CpHypiy —CsHyy +(02n—1) CsHyy.  (100)

Based on this simplified pyrolysis reaction, the heat of
pyrolysis can be approximated as

. 5 IG A
qp =[AH ;595 +Cy (7 _298)] 7,29

CsHp

+(0.2n—1)[A1§1’G o +CglT, —298)]

.(101)

Cntop12

_lhpe  _; . J
CsHy lAHf,m Ly 295 +C, (T, —298)

Here AH }ngg is the heat of formation of the ideal gas

at 298 K, LAV,298 is the heat of vaporization at 298 K,

C ; 1s the molar heat capacity of the liquid and the

é'g is the molar heat capacity of the gas. Note that all

of these properties can be estimated using the ABC
method®**"" 2. We have assumed that at the surface
temperature, the pyrolysis products are in the gaseous
phase, which turns out to be a good assumption for the
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relatively high surface temperatures calculated for n-
alkanes (i.e. for the supercritical case heat of
vaporization is zero). The mass based heat of pyrolysis
can easily be calculated using the relation

_ 9
Mw

q, (102)

7. Estimation of the Heat of Formation:

The heat of formation of the solid alkane at a specified
ambient  temperature is  required for  the
thermochemical calculations (i.e. calculation of c*). It
is also used in the estimation of the effective heat of
gasification, which will be discussed in the following
section. The molar heat of formation of the solid at a
temperature 7,, which is lower than the melting

temperature, can be written as
NS _AfnlG
AH  ry = AH g

Using the ABC method, we have estimated the molar
heat of formation (in kcal/mole) of the solid alkanes as

i‘v,298 _lA‘m _és (298_Ta) (103)

AH 7, =—=6.713n-7.846-C, (298-7,) . (104)
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The mass based heat of formation of the solid becomes

o _Min (105)
fla = ppy

Eq. 105 indicates that the heat of formation decreases
with increasing carbon number. Consequently, the c*
and Isp performance drops with growing » within the
series of n-alkanes. The decrement in the performance
diminishes with increasing carbon number and for
carbon numbers larger than 15 there is no practical
difference in the c* values of the compounds. We
would like to note that n-alkanes have the best ¢* and
Isp performance within the family of hydrocarbons
because of their superior hydrogen to carbon ratio.

8. Estimation of the Effective Heat of Gasification:

The heat of gasification is defined as the heat required
to take one mole of fuel at its ambient conditions and
bring it to the thermodynamic state of the gas at the
surface temperature. In the subcritical regime this can
be written as

I 7 1G A TS
h, = [AH fhog +Cy (T —298)Jcn T IAH}QQS JCnHan : (106)
In the supercritical case the effective heat of
gasification takes the following form
h _[AH’.G +C,(T —298)J +(0.2n-1) [AH +C,(T —298)J —[Aﬁs. J (107)
' 1,298 T e8RS CsHz 9% e CsHo 129830, o

The mass based heat of gasification of the solid
becomes

(108)

9. Motor Tests:

A large set of motor test data already exits for the
following n-alkane-based hybrid fuels.

e Paraffin Wax FR5560 (Also referred to as SP-1a):
This is a fully refined paraffin wax with a melting
point of approximately 70 C. FR 5560 has been
used as the base material for the paraffin-based

fuel formulation, SP-1a that has been developed as
a fast burning hybrid rocket fuel® ' ' An
extensive number of tests (up to 6,000 Ibf class
motors'"’) have been conducted with this particular
formulation using various oxidizers such as GOX,
LOX and N,O.

e Pentane: Pure CsHj, solidified at liquid nitrogen
temperature (77 K) has been burned with gaseous
oxygen. The detailed description of the motor tests
conducted by AFRL is given in references 2, 3 and
4 and the reduced regression rate data used in this
paper has been reported in reference 9.

In order to establish the burn rate characteristics of the
entire homologous series of n-alkanes, more small
motor tests have been conducted using various new
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paraffinic fuel formulations with varying average
molecular weights and polydispersities. The testing
effort has been limited to 3-4 tests per new
formulation. With this limited testing program, it has
been possible to quantify the general level of burning
rate for each formulation compared to the HDPE
polymer, but more testing is needed to completely
establish the internal ballistics for each of these new
paraffinic fuels.

Test Facility: All tests are conducted using a 3” OD
hybrid motor which runs with gaseous oxygen as the
oxidizer. The grain OD is limited to 5.84 cm (2.3”
inches) and the length can be varied by swapping the
combustion chamber tube. The motor is ignited using a
methane oxygen torch which lasts for approximately
0.3 seconds. The nominal burn time is 3 seconds for all
tests.

The oxygen flow rate is initiated by opening a series of
Aktomatic solenoid valves. The motor and the chamber
are isolated from each other by a sonic orifice which
operates in the choked condition for all motor tests. A
pressure transducer collects data at the upstream end of
the sonic orifice, which is used to calculate the mass
flow rate for each test. The sonic orifice has been
calibrated and the discharge coefficient for the orifice
is determined to be 0.83, which is in good agreement
with the value 0.84 quoted in the literature for square
edge orifices operating under choked conditions®.

The 3 inch facility utilizes ATJ graphite nozzles with
no divergent section. The nozzle erosion rates for all
the tests reported in this paper has been negligible. The
motor is controlled remotely by a Labview VI designed
particularly for the 3 inch facility. The chamber
pressure and the feed system pressure are measured
using Kistler 601B1 pressure transducers. These
transducers have been factory calibrated and supplied
with the calibration curves. The pressure signals are
amplified using Kistler charge amplifiers with long
time settings making these transducers capable of
operating in a quasi-steady mode over the duration of
the test. The data is collected at a slow rate, typically
less than 100 Hz, for most of the tests. The slow
sampling rate has been adequate for motor tests
tailored to characterize the burn rate of different fuel
formulations. The details of the facility are discussed in
Ref. 8.

We would like to note that this facility has been
extensively used to evaluate paraffin-based fuels,
especially the baseline fuel SP-1a (more than 200 tests
have been conducted with various paraffin
formulations). For SP-la, the regression rate data
obtained from the 3 inch motor showed excellent
agreement with the set of data obtained from the 10
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inch motor tests conducted at the Hybrid Combustion
Facility of NASA Ames Research Center'”.

The fuel grains which are fabricated by either casting
or machining are cartridge loaded into the motor
casing. The insertion and removal of the fuel grains has
been achieved without difficulty due the reasonably
large tolerance between the grain OD and the motor
case ID. In order to prevent outside combustion,
insulators at both ends have been inserted between the
grain and the casing.

Data reduction and error analysis methods used in this
paper are reported in reference 13.

New Fuel Formulations:

The following are the new paraffinic fuel formulations
that have been tested and will be reported in this paper:

e Paraffin Wax FR4045 : A fully refined paraffin
wax grade with a melting point of approximately
61 C. A small fraction of a high absorptivity
material has been added to minimize the radiative
thickness. Fuel grains used in the motor tests have
been cast centrifugally.

e Polyethylene = wax  (Marcus  200):  This
polyethylene wax has been acquired from Marcus
Oil & Chemical Company in the form of small
pellets. The number averaged and weight averaged
carbon numbers are reported by the vendor to be
79 and 134 respectively, resulting in a
polydispersity of 1.71. Based on the number
averaged carbon number the melting point is
estimated to be approximately 110 C (fairly close
to the peaks observed in the DSC traces as
reported by the vendor). A small fraction of a high
absorptivity material has been added to minimize
the radiative thickness. Fuel grains used in the
motor tests have been cast in axial layers and then
machined to the specified port diameter and
length. The outside surface of the grains is not
machined.

e Polyethylene wax (Polyflo 200): This polyethylene
wax has been acquired from the Munger and
Moore Company in the form of small pellets. For
this particular grade reliable number averaged and
weight averaged carbon numbers could not be
obtained. We have measured the melting point to
be approximately 102 C, resulting in a number
averaged carbon number of 62. A small fraction of
high absorptivity material has also been added to
Polyflo 200 in order to increase its radiation
absorption capability. Fuel grains used in the
motor tests have been cast in axial layers and then
machined to the specified port diameter and
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length. The outside surface of the grains is not
machined.

e High Density Polyethylene Polymer: This material
has been purchased from Interstate Plastics Inc. in
the form of cylindrical rods. The molecular weight
distribution for this particular polymer could not
be obtained. However the high density, high
melting point and the extremely high melt
viscosity indicates a high molecular weight most
likely larger than 100,000 g/mole. Fuel grains are
produced by machining the plastic material.

Discussion _of Test Results: Tables 2a and 2b
summarize the motor test parameters and important test
results such as the average regression rate and average
oxidizer mass flux.

Figure 11 shows the pressure time traces for a typical
test. The feed system and chamber pressures are fairly
constant and the orifice is certainly choked for the
entire test. The figure also shows smooth ignition with
no overshooting which indicates that the effect of the
ignition pulse on the regression rate is negligible. The
effective burn time, which is defined from the middle
of the ignition transient to the middle of the thrust
termination transient, is also marked in the figure. It
has been determined that the burn time for all the tests
reported in this paper is 3.0 seconds with a 0.1 second
variation.

All motor tests were successful and included in data
reduction to produce regression rate data. Tests 13 and
14 had anomalous chamber pressure measurement and
the pressures for these tests have not been reported. For
all the runs, the combustion was stable. Namely, the
pressure time traces were reasonably smooth as seen in
Figure 11 and the plumes were observed to be steady.
We did not make any attempt to quantify the stability
character of the motors tested in this study.

Figure 12 shows the regression rate as a function of
oxidizer mass flux for all of the motor tests conducted
under in this investigation. We have also included the
well established regression rate law for the baseline
fuel, SP-1a, given by the following expression'.

7 = 0.488G 0. (109)
Here the flux is in g/cm’-sec and the regression rate is
in mm/sec. The data points for SP-la have been
excluded from the plot to make room for the data
obtained from the new tests. For the purposes of this
paper we will assume that all formulations have the
same flux exponent and the regression rate is solely
determined by the mass flux coefficient. This is
probably a reasonable approach if the mass flux used in
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the calculations matches the range of fluxes for which
the tests were conducted.

As expected, the HDPE polymer is the slowest burning
alkane with a burn rate of approximately 20 % of SP-
la regression rate. Note that the low flux data point for
the HDPE polymer is slightly above the fit that uses a
mass flux exponent of 0.62, indicating that a lower
exponent would fit the data better. In order to verify
this observation more tests must be conducted at the
low end of the mass flux spectrum.

Figure 12 also shows that the PE waxes Polyflo 200
and Marcus 200 burn approximately 4 and 3 times
faster than HDPE, respectively. Finally the lighter
alkanes pentane and low grade paraffin wax FR4550
regression rate are approximately 5.5 and 5.4 times the
regression rate of the polymer. Table 3 summarizes the
relative regression rates for all alkanes discussed in this
section.

10. Discussion of Results:

The enhanced liquid layer combustion theory outlined
in section 3 has been applied to the homologous series
of normal alkanes. The only parameter that can be
freely adjusted is the coefficient of the entrainment
parameter, K which has been selected to be 1.421x10°
m**-sec'*/kg”* in order to match the theory prediction
to the observed regression rate for the baseline fuel SP-
la.

Figure 13 shows the theory predictions for the non-
dimensional regression rates as a function of the carbon
number in the range of 5-1000. The member of the
series with carbon numbers less than 5 have not been
considered in this study since they have little practical
importance in hybrid applications and only limited
experimental data is available for such materials. The
following selection of the variables has been used in
the construction of the regression rate plots in the
supercritical operating regime.

E, =45 kcal/mole T, =T; —100 K
Y5 =001, 7 =0.001 m/sec

Here the regression rate is assumed to be a constant
value that is used to estimate the surface temperature at
the onset of the entrainment process. It has been shown
that varying its value (within a practically acceptable
range) does not affect the end result significantly. As
discussed in the previous section, the activation energy
is selected based on the expected surface temperature
for the polymer and is assumed to be constant for all
members of the series. We have determined that the
effect of reasonable variations in the extent of pyrolysis
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at the surface and the value of T on the end result is

negligible. Furthermore, the chamber pressure has been
assumed to be 20 atm in order to match the
experimental conditions as close as possible for all
materials reported in section 9. The melt layer
thickness expressions for the very high radiative
absoptivity case, R; >>1, have been used for all

materials. Finally each fuel is assumed to be a pure n-
alkane with the corresponding carbon number.
Mixtures will be discussed later in this section.

Figure 14 shows the variation of the important
temperatures as a function of the carbon number. The
ambient temperature has been assumed to follow the
selected variation discussed in section 5. The melting
temperature increases monotonically and continuously
with the carbon number. The rate of increase
diminishes as the carbon number increases. The critical
temperature also follows a similar behavior. Namely, it
increases monotonically with a decreasing rate. As
expected, the most complicated behavior is in the
surface temperature. In the subcritical region, the
surface temperature is determined by the physical
process of evaporation and it increases with increasing
carbon number. Note that in the subcritical operating
regime, the theory correctly predicts a surface
temperature less than the critical temperature for that
particular carbon number. Since the critical pressure
decreases with the carbon number, at a certain n the
partial pressure of the vapor at the surface becomes
equal to the critical pressure for this particular n-
alkane. This is the critical carbon number beyond
which the distinction between the liquid and gas
disappears and the supercritical operation takes over.
Since the definition of the surface and the conditions
determining the surface temperature in the supercritical
regime are completely distinct from the subcritical
case, a significant jump in the surface temperature at
the critical carbon number has been observed. It is
shown in the figure that the surface temperature
determined by the pyrolyis process is much higher than
the temperature dictated by the evaporation process. In
the supercritical regime, as the carbon number further
increases the surface temperature starts to decrease
with a diminishing rate. The drop in the temperature,
the opposite trend compared to the evaporation case, is
due to the increase in the rate coefficient with
increasing carbon number. Namely the normal alkane
molecules are becoming less resistant to thermal
decomposition as they become longer. The surface
temperature asymptotes to a value close to 812 K for
the case of infinitely long chain polymer. Finally the
effective fluid layer temperature is also plotted in
Figure 14 as it is defined by Eq. 94. The fluid layer
temperature increases in the low end of the carbon
numbers and stays fairly constant in the supercritical
regime for the moderate to high carbon numbers. Note
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that this is the temperature that the fluid properties are
evaluated to estimate the entrainment parameter.

Figure 15 shows the variation of the effective heat of
gasification and its components as a function of the
carbon number. The effective heat of gasification
increases in the subcritical region and jumps to a much
higher value once the critical carbon number is
reached. The energy components that derive the
increase in the heat of gasification are the heat of
pyrolysis, which is only nonzero in the supercritical
case, and the increase in the liquid heating due to the
sudden jump in the surface temperature. In the
supercritical regime, the effective heat of gasification
declines slowly and asymptotes to a value of 782.1
cal/g for the infinite chain polymer. The change in the
value of the effective heat of gasification within the
subcritical and supercritical regions is reasonably
small. Also note that the heat of pyrolysis is zero in the
subcritical regime and increases in the supercritical
regime to its asymptotic value of 412.1 cal/g as the
carbon number goes to infinity. The heat of
vaporization is only nonzero in the subcritical regime.
It has been observed that the heat of vaporization
decreases with increasing chamber pressure and it
should diminish as the critical pressure is reached. The
heat of melting and solid heating are small compared to
the other components. They also increase with
increasing carbon number over the whole range of
carbon numbers.

One of the key consequences of the change in the
effective heat of gasification is its influence on the
blowing parameter. In fact, the blowing parameter as
calculated by Eq. 24 is plotted in Figure 16. The value
of the Dblowing parameter decreases from
approximately 13 in the subcritical regime to a value of
roughly 5 in the supercritical case. The variation of B
has paramount importance since it significantly
influences both the classical regression rate and also
the entrainment parameter.

As indicated by Eq. 23, the entrainment parameter
strongly depends on the properties of the fluid layer
evaluated at the effective melt layer temperature. The
key properties that explicitly affect the entrainment
parameter (the viscosity, liquid density and the
thickness parameter) are plotted in Figure 17 . As
expected, the viscosity shows a decreasing trend with
increasing carbon number. The sharp change in the
slope of the viscosity curve at the carbon number of
250 is due to the entanglement transition of the long
chain alkane molecules as discussed in section 4. The
sharp changes in the density and the thickness values at
the carbon number of 12 are induced by the transition
from the subcritical to supercritical operation.
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Figure 18 shows the plot of the entrainment parameter,
R as a function of the carbon number. In order to

match the experimental conditions, we have used the
characteristic values of Qr / QC =0.1 G=100 kg/m’-

sec and z=0.] m in evaluating the entrainment
parameter. We would like to note that due to the low
exponents of the G and z, we believe that the effect of
variations in these variables on the end result is
expected to be small. As indicated by the figure, the
entrainment parameter is low in the subcritical region
mainly due to the high value of the blowing parameter.
R,,; jumps to high value as the critical carbon number

ent »

is reached and it starts to decrease with increasing
carbon number. A quick study of Figures 2 and 5
reveals that the decline in R, is driven by the

increase in the melt layer viscosity, showing the
importance of viscosity in determining the regression
rate behavior, at least in the supercritical operating
regime.

As discussed earlier in this section, the non-
dimensional components of the regression rate are
calculated for each carbon number and plotted in
Figure 13. First, it has been observed that the classical
regression rate drops from the subcritical regime to the
supercritical regime. This variation is induced by the
change in the blowing parameter. Note that the
classical regression rate of the infinitely long chain
polymer has been taken as the reference point, and the
classical regression rates corresponding to all other
carbon numbers are normalized with respect to the
reference. The entrainment regression rate follows the
trend of the entrainment parameter very closely.
Namely, the entrainment regression rate in the
subcritical region is low due to the low values of the
entrainment parameter. At the critical point, the
entrainment regression rate jumps to a high value and
starts to decrease with the growing carbon number as
the layer becomes more viscous. The total non-
dimensional regression rate that is normalized with
respect to the local classical regression rate follows the
entrainment regression rate closely. Figure 13 indicates
that the changes in the vaporization component of the
regression rate are minor compared to the variation in
the entrainment part. Non-dimensional vaporization
regression rate slowly asymptotes to the value of one as
the entrainment regression rate diminishes at very large
carbon numbers. The figure also shows that at n=1000
the total regression rate is very close to its classical
value. In fact it is expected that at a certain carbon
number the fluid film would be stabilized and the
entrainment component would suddenly drop to zero.
Even though the onset boundary for the entrainment
mass transfer has not been investigated in this paper, it
is expected to be at a carbon number larger than 300,
which is well beyond the practical range for fast
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burning hybrid fuels. The total non-dimensional
regression rate with respect to the polymer (which is
i/ (fd ),, of = &.;9) is also shown in Figure 13. Note that

the effect of the blowing parameter on the classical
regression rate and the entrainment regression rate
compensate each other to a high degree, and result in a
fairly smooth transition in the total regression rate, 7°,
as the operation moves from the subcritical into the
supercritical regime.

So far in the discussion of the theory predictions, we
have assumed that each fuel formulation is composed
of a single n-alkane component. In reality almost all
practical paraffinic solid fuels, such as paraffin waxes,
PE waxes or polymers are mixtures of n-alkanes. As
discussed in section 4, for the purposes of this paper we
will simply assume that all material properties, other
than viscosity, can be evaluated at the number averaged
carbon number, whereas the viscosity should be
evaluated at the weight averaged carbon number. It has
been shown in Ref. 25 that this is a fairly accurate
assumption for the mixtures of paraffins and olefins.
Based on the preceding simplification, the liquid layer
theory can be expanded to treat the mixtures of n-
alkanes by introducing the polydispersity (i.e. PD),
which is defined as the ratio of the weight averaged
molecular weight to the number averaged molecular
weight. For a pure n-alkane the polydispersity is one
and it increases as the distribution of the molecular
weights in the mixture broadens. In our model, we
evaluate all the properties at a carbon number, n, which
corresponds to the number averaged carbon number
and evaluate the viscosity at the carbon number n*PD.

Figure 19 shows the predicted regression rate with
respect to the regression rate of the polymer for three
values of polydispersity, 1, 1.1 and 1.71. Only the
PD=] case has been plotted in the figure for the
subcritical regime, since these low carbon number
materials are often pure liquids (pentane) or liquids
with a very narrow cut molecular weight distribution
(kerosene). It can be deduced from the figure that as
the polydispersity increases, the improvement in the
regression rate over the polymer is compromised. This
is due to the increased viscosity for a given number
averaged carbon number (melting temperature). Thus
the best hybrid fuel with a specified melting point is
the material with the narrowest molecular weight
distribution.

The experimental results for various paraffinic
materials have also been included in the figure. As
mentioned earlier in this section, the paraffin wax
FR5560 (or SP-la) with a polydispersity of 1.1 has
been selected as the reference point. Namely, the
entrainment parameter coefficient, K, has been selected
to match this data point. The error bar for FR5560 is
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smaller compared to the others test results reported in
the figure due to the vast number of tests conducted
with this particular formulation. The regression rate
data for the PE wax Marcus 200, which has a
polydispersity of 1.71, is in very good agreement with
the liquid layer prediction. The fit for the other PE
wax, Polyflo 200, is not as good. The position of the
data point suggests that the polydispersity for this
particular material is 1, which is a fairly unrealistic
deduction. Even though no reliable polydispersity data
is available for this particular PE wax, it is expected to
be more than the polydispersity of the paraffin wax
FR5560.

The regression rate prediction for the lower grade
paraffin wax FR4045 is also very accurate. The
prediction is well within the error bounds of the test
result. The data point suggests a polydispersity slightly
less than the polydsipersity of the FR5560 which is
certainly plausible.

The theory estimates the regression rate for pure
pentane, which is operating in the subcritical region,
with reasonable accuracy. The prediction is slightly
higher than the experimental data point and this minor
deviation is probably due to the effect of the small but
finite surface tension on the entrainment mass transfer
which has been ignored in the current model. We also
would like to note that the pentane tests were
conducted in a less controlled environment due to the
cryogenic nature of the propellant and the certainty in
the experimental results is not as high as it is for the
non-cryogenic fuels considered in this study.

We have also investigated the effect of the chamber
pressure on the theory predictions. In the subcritical
region, increasing pressure reduces the latent heat of
vaporization and increases the surface temperature. The
effect of pressure on the regression rate in the
subcritical regime is determined to be small but finite.
It has been determined that the primary influence of
pressure is to shift the critical carbon number, namely
the critical carbon number decreases with increasing
pressure. The effect of pressure in the supercritical
regime has been predicted to be negligible. This
observation is in good agreement with the deductions
from the extensive motor test data for the baseline fuel
SP-la. Specifically, the regression rate of SP-la
showed no distinguishable dependency on the chamber
pressure in the broad range of 2-68 atm'’.

The thickness of the reaction zone with respect to the
characteristic thickness of the liquid layer has been
plotted in Figure 20 for the entire series of n-alkanes.
Note that the relative thickness is always less than 0.05
which validates the assumption introduced in
estimating the surface temperature in section 5.3.
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In Figure 21 we show the variation of the surface
tension as a function of the carbon number. The two
important observations are that the surface tension
values are fairly small for the chamber pressure used in
this example case and the changes in the surface
tension are small within the subcritical range of carbon
numbers. Both of these conditions verify the exclusion
of the surface tension from the entrainment mass
transfer scaling law. Also note that the surface tension
in the supercritical case is shown to be zero since the
surface is defined by the pyrolysis chemistry not by
phase change.

11. Conclusions
The following are the conclusions:

e The liquid layer combustion theory has been
improved. The regression rate equations are cast in
a non-dimensional format. A non-dimensional
universal regression rate law has been developed
for liquefying fuels that are characterized by
entrainment mass transfer along with vaporization
mass transfer. Examining Eqs. 16, 20 and 23
indicate that, the mass flux exponent for the
entrainment part of the regression rate is slightly
higher than the classical flux exponent, and the
length exponent for the entrainment component is
approximately zero. Note that the classical theory
predicts a negative length exponent of -0.2. The
lack of significant dependency on the grain length
is in agreement with the results of motor tests
conducted at different scales'.

e  The surface temperature has been estimated for the
subcritical and also for the supercritical operating
conditions. Even though a large jump in the
surface temperature has been observed at the
critical carbon number for which the transition
takes place, the regression rate prediction is a
relatively smooth function of the carbon number.
In the supercritical region the effect of chamber
pressure on the regression rate is determined to be
negligible. This observation is also in very good
agreement with the experimental results.

e The improved liquid layer theory has been applied
to the homologous series of normal alkanes. The
predicted regression rates agree well with the
motor test data obtained from several paraffinic
fuel formulations covering a wide range of carbon
numbers: liquid pentane, paraffin wax 4550,
paraffin wax 5560, PE wax Polyflo 200, PE wax
Marcus 200 and HDPE polymer. The good
agreement between the theory and the test results
over a wide range of carbon numbers indicates that
the implemented entrainment scaling law is
reasonably accurate. It has also been determined
that, especially in the supercritical operation

28

American Institute of Aeronautics and Astronautics



regime, viscosity is the most important variable
that dictates the regression rate behavior of a fuel
system. Another important outcome of the theory
is that the narrow cut mixtures of n-alkanes are
most suitable as hybrid rocket fuels, since they
present the fastest burning rate for a specified
melting temperature.

e The results of this paper show that, for most
applications, the paraffin waxes have the best
properties as hybrid rocket fuels among the series
of n-alkanes due to their fast regression rates at
relatively high melting temperatures.

e The theory can easily be applied to the other
homologous series such as normal alcohols or
normal acids. We believe that the regression rate
characteristics for the heavy members of these
series will be quite similar to that of the series of
n-alkanes since, as the carbon number increases,
most properties for different homologous series
converge.

The following are some of the areas where further
improvement would be beneficial:

e Development of a physics based non-
dimensional entrainment mass scaling law.
Cold flow experiments and numerical
simulations would be necessary to guide this
effort.

e Development of a fuel pyrolysis data base for
n-alkanes at high heating rates that are
observed in rocket applications.

e Construction of the generalized state
equations for the series of n-alkanes.

e Development of a more accurate, high fidelity
model for the classical regression rate.
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14. Tables and Figures:
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Table 1: ABC method temperature coefficients for viscosity and liquid density.

Viscosity Liquid Density
AY, AY,, AY, AY,,

A -602.688 0.0290196 8592.30 12.7924

B 77866.8 -241.023 -85.7292 0.0150627

C 198.006 0.0440959 0.280284 -1.30794 107

D -4.18077 107 -184891 107 -4.48451 10" 1.59611 10°

E -2.49477 10° 56561.7 0 0
Table 2a: Summary of motor test data.
Test Formulation Initial Oxidizer Final O/F  Regression Ave. Oxidizer Chamber

PortID  Flow Rate  PortID Rate Flux Pressure
(mm) (g/sec) (mm) (mm/sec) (g/cm*-sec) (atm)
1 HDPE 12.8 45.4 17.0 441 0.692 26.1 12.5
2 HDPE 17.0 453 20.1 4.87 0.522 16.8 11.8
3 HDPE 22.0 32.8 24.3 5.87 0.381 7.7 7.2
4 HDPE 12.8 32.9 16.2 3.79 0.568 19.9 9.6
5 Marcus 200 22.0 21.8 26.2 2.45 0.714 4.8 5.5
6 Marcus 200 22.1 43.9 27.8 3.23 0.945 9.0 11.5
7 Marcus 200 12.6 38.5 22.5 2.16 1.646 15.8 11.8
8 Marcus 200 15.7 41.0 24.3 2.70 1.428 13.1 10.6
9 PolyFlo 200 22.0 21.0 27.6 1.63 0.935 4.4 5.6
10 PolyFlo 200 22.0 39.9 30.4 1.70 1.400 7.4 10.3
11 PolyFlo 200 11.2 43.0 25.5 1.68 2.393 16.3 11.5
12 Paraf. FR4550 24.0 26.1 31.8 1.34 1.293 43 7.0
13 Paraf. FR4550 22.4 47.1 33.9 1.77 1.918 7.6 -
14 Paraf. FR4550 143 47.1 30.7 1.48 2.737 11.9 -
Table 2b: Summary of motor test data.
Test Formulation Grain Burn Nozzle Fuel Mass Notes
Length Time Throat Diam. Burned
(cm) (sec) (mm) (8

1 HDPE 30.48 3.0 9.78 30.9 Successful Test
2 HDPE 30.48 3.0 9.78 27.9 Successful Test
3 HDPE 30.48 3.0 9.53 17.6 Successful Test
4 HDPE 30.48 3.0 9.91 26.0 Successful Test
5 Marcus 200 17.15 3.0 9.65 26.6 Successful Test
6 Marcus 200 17.15 3.0 9.65 40.8 Successful Test
7 Marcus 200 17.15 3.0 9.65 53.3 Successful Test
8 Marcus 200 17.23 3.0 9.96 45.5 Successful Test
9 PolyFlo 200 17.02 3.0 9.53 38.6 Successful Test
10 PolyFlo 200 17.02 3.0 9.53 70.2 Successful Test
11 PolyFlo 200 17.22 3.0 9.53 76.8 Successful Test
12 Paraf. FR4550 17.10 3.0 9.14 58.4 Successful Test
13 Paraf. FR4550 17.10 3.0 9.14 79.9 Pressure Trans. Failure
14 Paraf. FR4550 17.10 3.0 9.14 95.5 Pressure Trans. Failure
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Table 3: Summary of the regression rate data for all fuels.
Burn Rate Factor

Burn Rate Factor

Relative to SP-1a  Relative to HDPE
Pentane (CsH») 1.10 55
Paraffin Wax FR 4550 1.08 54
Paraffin Wax FR 5560 (SP-1a) 1.00 5.0
PE Wax Polyflo 200 0.80 4.0
PE Wax Marcus 200 0.60 3.0
HDPE Polymer 0.20 1.0
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Figure 1: Schematic of the entrainment mechanism.
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Figure 2: The non-dimensional regression rates as a function of the entrainment parameter has been plotted. The
regression rates are normalized with respect to the classical regression rate of this particular fuel formulation. This
caseis for f=2,B=4.7, R;, =0.433 and Ry, =0.051.
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Figure 3: The critical pressure as a function of the carbon number for the homologous series of n-alkanes as
predicted by the ABC method.
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Figure 4: The liquid viscosity as a function of the carbon number for the n-alkanes has been plotted for a range of
carbon number and for three temperatures. The viscosity data for the PE wax Marcus 200 and the paraffin wax has
also been included in the figure.
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Figure 5: The melting temperature as a function of the carbon number for the homologous series of n-alkanes. The
ABC method prediction, solid line, and data points for pure alkanes are included along with the melting points for
various paraffin and PE waxes considered in the paper.
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Figure 6a: Schematic of the combustion model for the subcritical regime, Y4 P, < P, .
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Figure 7: Vapor partial pressure at the fuel surface as a function of the surface temperature for various n-alkanes.
Subcritical case.
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Figure 8: Regression rate as a function of the surface temperature for C;,Hgg at three different fuel mass fraction
values at the surface. Activation energy is 50 kcal/mole and chamber pressure is 25 atm. Supercritical case.
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Figure 9: Reaction layer thickness relative to the characteristic thickness of the liquid as a function of the activation
energy for several temperature differences evaluated at the surface and the start of the pyrolysis zone.
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Figure 10: The pyrolysis rate coefficient for the n-alkanes as a function of the carbon number has been plotted for
three pressure levels.
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Figure 11: The Chamber and feed pressures for a typical test.
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Figure 12: The regression rate data for the fuels considered in this paper.
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Figure 13: The non-dimensional regression rates for the series of n-alkanes as predicted by the liquid layer
combustion theory.
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Figure 14: The temperature field in the condensed phase as a function of the carbon number for n-alkanes.
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Figure 15: Effective heat of gasification and its components for the series of n-alkanes.
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Figure 16: The blowing parameter for the series of n-alkanes.
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Figure 17: The viscosity, liquid density and thickness parameters evaluated at the effective fluid temperature for the

series of n-alkanes.
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Figure 18: The entrainment parameter, R,,, for the series of n-alkanes.
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Figure 19: The regression rates of n-alkanes with respect to the regression rate of the HDPE polymer. Three plots
corresponding three different polydipersity values have been produced. The experimental regression rate data for
various paraffinic fuel have also been included in the figure.
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Figure 20: The thickness of the pyrolysis layer with respect to the characteristic thickness of the liquid layer as a
function of carbon number for the series of n-alkanes has been plotted.
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Figure 21: The surface tension as a function of the carbon number for chamber pressure of 20 atm.
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