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Conservation of momentum - Tim Lincecum throwing baseballs from a frictionless cart
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AERONAUTICS & Bookkeeping momentum in the center-of-mass frame of reference

mass and velocity of vehicle total momentum in the center-of -mass frame
momentum of
exhaust mass M = M\'chi('l« + Mpropc[[um V = O 0 = (MW/,,]-](, + M[”"’I"’”"“/ ) X O
AM Uz’ M = vehicle + M propellant - AM
0 = (M\'L'hi(h' + Mpn)[w[lum - AM ) A‘/l + AMU(’
V=AY,
MU M=M, o+ M, —2AM | 0= (Mot M,y = 2AM )(AV, + AV, )+ 2AMU, + AM AV,
¢ Subtract
AM (U4 + AV] ) V= AVI + AVz 0= (M.-ehim + Mpl‘n[u'llunl - AM)Avl +AMU,
Equals
0= (M veticte T M propeians = 2AM ) AV, +AMU,
AMU, M =M, it Myt =38M | 0=(M,,0 + M, 00— 30M )(AV, + AV, + AV,)+ 3AMU, +2AM AV, + AM AV,
M (U, +AV,) V=AV,+AV, +AV, Subtract
0 = (M\'z’hirle + Mpropdlum - 2AM)(A‘/I + AVZ ) + 2AMU( + AMA‘/I
AM (U, + AV, +AV,) Equals
0 = (M\'chirle + M[)mpe[lunl - 3AM ) AV‘4 + AMU(

Conservation of momentum

MAV =-AMU,

Thrust
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STANFORD What if there is incoming momentum - Posey catching incoming baseballs (air) then

AERONAUTICS & handing the baseballs to Tim who pitches them to the left.
ASTRONAUTICS

Center of mass
frame of reference
X
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X
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Bookkeeping momentum in the center-of-mass frame of reference

mass and velocity of vehicle

total momentum in the center-of -mass frame

momentum of

exhaust mass M=M, V=0 0=M,x0
AMU, M=M,
VAV M AV, =—AM AV, — AMU,
=4V
AMU M=M, M (AV, +AV,) =AM (AV, +AV,) = AMU, =AM (U, +AV))
¢ Subtract
AM (U, +AV,) V=AV,+AV, M AV, =-AMAV, — AMU,
Equals
M AV, =-AMU,— AM (AV, + AV,)
AMU M=M,
e M, (AV, +AV, +AV,)=-AM (AV, + AV, + AV,) = AMU, - AM (U, + AV,) = AM (U, + AV, + AV, )
AM (U, +AV,) V= AV, +AV, +AV, Subtract
- ’ M, (AV,+AV,)=-AM (AV, + AV,)— AMU, - AM (U, + AV,)
Equals

AM (U, + AV, +AV,)

M AV, = AMU,— AM (AV, + AV, + AV,)

Conservation of momentum

M AV =—AMU, — AMV

Thrust
AV AM

T=M,

At At
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Convert to a differential. Take the limit AM — 0

What is the final speed of the cart?

Basic equation of motion

MAV =-AMU,

Note the change in sign of dM. The dM
differential change in mass is now the dV - Ue -
change in mass of the vehicle.
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paper o Moor’s Tresise

Integrate to produce the classical Moore-Tsiolkovsky rocket equation

V = U h‘l(Mj — _U ln( MdEliVEFEd + Mpropellant j
final e ¢

initial

delivered

The motion of the cart is precisely analogous to the motion of a
rocket in free space



FSTANFORD
The Basics of Rocket Thrust

Thrust is produced, not by expelling baseballs, but by expelling a gas

\ Po
Pressure
vessel at high > <
pressure
/ N

Pc> PO
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ASTRONAUTICS The BaS|CS Of ROCket ThrUSt

Open a hole

Thrust ~ (Pc-Po) x A
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ASTRONAUTICS The Basics of Rocket Thrust

m

Add more gas
continuously

Thrust ~ (Pc-Po) X A



FSTANFORD _
The Basics of Rocket Thrust

The combustion chamber PO
pressure is determined by the
mass flow rate and hole area

10
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The Basics of Rocket Thrust
Add a diverging section to
the nozzle to take
advantage of the high PO
pressure of the gas exiting " \

the combustion chamber

Thrust = m X U, + (Pe-Po) x A

11
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7.1 Thrust — A more fluids-based approach

A control P
volume

Figure 7.1 Rocket thrust schematic

outside surface of the vehicle exposed to P,
inside surface of the combustion chamber
nozzle exit area

outward unit normal (7. 1 )

area averaged exit gas pressure
area averaged exit gas density

area averaged x-component of velocity at the nozzle exit

12
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X-momentum of
The total force on the rocket is zero injected propellant

/

0 = T+j(P}—%)-ﬁdA +I(Pi—%)-ﬁdA -
A A

(7.2)
Ky X C X
If the rocket were inactive (turned off)
0 = JPO} endA| + J-PO; e 1dA
(7.3)
As X Ac X
In this situation the control volume contains fluid all at rest.
0 = jpoi o ndA| + IPO} e hdA
(7.4)
Ac X Ae X

13
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The last equation can be written as

0 = JpofroﬁdA +PyA.

(7.5)
A, X
Thus (7.3) can be written

0 = JPOI e idA| —PyA, (7.6)

A X

The original force balance becomes
0 = T+P0A6+J(Pi—%)0hdA +mU, (7.7)

AC
X




’(STANFORD

AERONAUTICS &
ASTRONAUTICS

The assumption in this last relation is

[J(PI ~ 7) e hdA ] - UPOI o hdA ] (7.8)
A X~ after engine turn on Ag x~ before engine turn on
Momentum balance
d| = _ [apU _ — — 2
EijdV = j e av = —J.V e (pUU + PI - 1)dV (7.9)
1% 14 1%
Convert the right hand side to a surface integral
= J.VO(pUU + Pl - )dV =
(7.10)

J- UU + PI - 'c)ondA+I (pUT + PI—7) o AdA

A, A,
15
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On the combustion chamber surface the velocity is zero by the no-
slip condition. Use area averaging over the nozzle exit.

I(Pi—%)-ﬁdA +mU_ +p U-A +P,A =0  (7.11)
A

¢ X

Now the force balance on the rocket is

2
0 =T+PyA,—(p,U.A,+P,A). (7.12)

Finally our rocket thrust formula is

2
T =pU,A +(P,—PpA, (7.13)

16
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The propellant mass flow is

m = p,UA,

and so the thrust formula is often written as

T = mU,+(P,-PyA,

Same as the thrust definition for air-breathing
engines without the incoming air momentum term.

(7.14)

(7.15)

17
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ASTRONAUTICS 7.2 Momentum conservation in the center-of-mass system

Y| U=0 t<0
center of mass Py
i I~ X
— |
; /As t>0
center of mass
________________ |
A | P,
. N | Ay
vV, ——p Sm === !I X
I _
1 0,

Expanding control volume

Figure 7.2 Center-of-mass description of the rocket and expelled propellant.

18
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Conservation of momentum for the aggregate system comprising

1. Rocket vehicle plus onboard propellant

2. Expelled combustion gases

3. Air set into motion by the drag of the vehicle
and through entrainment by the rocket plume.

N

Il
S

(7.16)

o J- pUAV|_+ M (1)V (1)

V(1) J

M.(t) is the vehicle mass and V.(t) is the vehicle velocity.

In the absence of gravity no external forces act on the system.

19
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Momentum integral

D _ - —_—
D1 J pUdv| = - J‘ (PUU - Uy) + PI -7) @ ndA|_ (7.17)
V) A(t)

Over most of the control volume surface no additional
momentum is being enclosed. The control volume is
sufficiently large so that the fluid velocity on A,, A, and A,
is zero and the pressure is P,. The pressure forces on A,
and A, cancel and the pressure force on A; has no
component in the x direction. Thus the momentum

balance becomes

I%JPUdV|x = _J‘ (p(—](l—]_(_]A)"'P}—%)‘fldA‘x—
V(t) A (1) (718)
j (PUU - Uy) + PI-7)e AdA |

A (1)
20
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Recall that the integral of the ambient pressure over the
whole surface of the rocket is zero.

0 = JPOIoﬁdA + JPOIOﬁdA (7.4)
A ;. A

c

€ X

Add the above equation to the previous result

D _ _ =
= | pUV|, = - J (pUT - Tp) + (P =PI~ 7) » ndA|_-

V(1) A1)
o . (7.20)
J (PUU - Ty) + (P=Py)l - 7) o ndA|_

A (1)

21
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On the rocket the control volume surface velocityis U, = (V

J. pU(U—UA)°ﬁdV|x = 0 (7.21)
A1)
Now
D - - = _
Di J‘ pUdV| = - J- (P -PpI—-1)endA| -
V(1) A (1) (7.22)

J- (pU(T - Ty) + (P=Py)I 7)o ndA |
A, (1)
The combination of viscous skin-friction drag, pressure drag
and wave drag are all accounted for by the first integral.
D = - J' (P =Pyl -7) e idA|_ (7.23)

A (1)
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Now we can evaluate the rate-of-change of the integrated gas
momentum over the control volume.

D pUdV| = D- J. (pI_J((_J—(_JA)+(P—PO)}—:T)'MA|X (

Dt 7.24)

V(t) A, (1)

Fluid velocity at the nozzle exit in the center of mass frame

U=V +U, (7.29)

Area average over the nozzle exit

J (PU(T - Ty) + (P - Pyl - 7) » iidA|_
A (1)

= PALU AV IU +V, =V )+ (P =Pg)A, 5 o6y

D —
= | PUAV| = D= (pA(U,+V)(U,+V,=V)+(P,=PyA,) (727)
V(1)

23
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Momentum conservation of the aggregate system is

l%(Mr(t)Vr(t)) +D-(p,(U,+V)U,+(P,-P))A, = 0

Carry out the differentiation

dVr d r 2
Mr o +V o +D—peUeAeVr—(peUe+(Pe—P0))Ae = 0
dM
Note dtr = p,UA,
Finally
dVr 2
Mr 77 = (peUeAe+(Pe—P0)Ae)—D

Rocket mass X acceleration = Thrust - Drag

(7.28)

(7.29)

(7.30)

(7.31)

24
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7.3 Effective exhaust velocity

Total impulse

I = det
0

Total propellant expended

Mp = J-’mdt
0

Effective exhaust velocity

(7.33)

(7.34)

(7.35)

25
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In terms of the exit Mach number

P A P
C=U (1+--f—"—(1-—‘-’D
e 2 7.36
Pl P (7.36)
1 P
C = Ue(l + -—2(1 - FD (7.37)
i\ P

Note that for a large area ratio exhaust the pressure
contribution is a diminishing proportion of the thrust.

26
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Theoretical maximum exhaust velocity

—>

1,2
hip = hytq = h,+3U, (7.38)
Conax = 24 (7.39)

- hCT. 2y
Conax = ZCthZ = Jy_IRTtZ' (7.40)

27
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Note that

R

R =2 (7.41)
MW

The theoretical maximum exhaust velocity depends on the combustion
chamber temperature and the molecular weight of the exhaust gases.

|2y (R
o [,
w

28
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C* efficiency

Define C* . PZA*
i = rC_ (7.43)

Recall our mass flow relation — at the choked throat

i=P,A Y

Y+l

y+1\0-) [ R
(2) Tm,

Under a constant heat capacity assumption C* would be

o= bA :l(y+1)2(y—l)
m Y\ 2

C* is directly proportional to the speed of sound in the rocket chamber and provides a very useful
measure of completeness of combustion. The definition (7.43) enables C* to be determined without
making any assumptions about the gas passing through the nozzle. For a given mass flow and throat
area, higher C* implies higher chamber pressure and higher thrust.

29



TSTAN FORD Rocket test schematic

AERONAUTICS &

ASTRONAUTICS @
Thrust ‘
<

A*
N\
1y - *Ae

Propellants

In a typical rocket test the mass flow, chamber pressure and throat area are relatively easy to measure with
commonly available instrumentation allowing C* to be determined indirectly. The chamber temperature is
very hard to measure. The C* efficiency is defined as

*
(PQA

n .= m ]measured (744)

C *
m ideal

For the same mass flow and area the C* efficiency is determined by the chamber pressure.

(7.45)

t2measured

n =«
¢ szideal

The ideal chamber pressure is usually determined from an equilibrium combustion calculation.

30
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The specific impulse is defined as

I = r _c (7.46)
P mgy g

Note that for rockets the specific impulse is defined in terms of the total propellant mass flow
whereas for air-breathing engines only the fuel mass flow is used. Note also that the specific

impulse increases as the nozzle expansion ratio increases and as the ambient pressure decreases.

Typical solid rockets have ideal (fully expanded) specific impulses in the range of 230 to 290 sec.

Liquid rockets using hydrocarbon fuel burning with Oxygen have ideal specific impulses in the
range of 360 to 370 sec. Hydrogen - Oxygen systems reach 450 sec.

A meaningful statement about the specific impulse of a rocket motor should always specify the
chamber pressure and area ratio of the motor and whether the information refers to ideal or

delivered impulse.

31



STANFORD  Manufacturers will go to great lengths to achieve

AERONAUTICS &

astronavtics  jmprovements of even a few seconds of specific impulse.

Boeing — CSD Inertial Upper Stage

Extendible exit cone
(optional)

2"d Stage: Orbus 6E

1% Stage
Orbus 21

inertial measurement Q
unit — RIMU)

Air Force/NASA IUS, built by Boeing, a 2-Stage Space Vehicle using CSD’s Orbus 21 and
Orbus 6E Solid Propellant Rockets. It was Configured to Fly off both the Shuttle and Titan
Launch Vehicles

Orbus 21: IUS 1*' Stage Orbus 6E: IUS 2™ Stage

Diameter = 92-in Diameter = 63-in
Wp = 21,400-b Wp = 6,000-1b
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Boeing inertial upper stage (IUS) with extensible vectored nozzle.

Nozzle area ratio could change from 49.3 to 181 increasing specific impulse by
14 seconds while allowing the motor to fit within a smaller length when the
nozzle was stowed. The extensible nozzle added $1M to the cost of the motor.

Motor case- Kevlar fibers
reinforced: 63.4 in. diameter

Roled up extension device

Movable nozzle extension,
conical sections in nested
or stowed position

Igniter

Extended nozzle in
Propellant operating position
Aft skirt

for structural
support
Extended sheet metal
strip is disconnected and
rotated out of way of
vectoring nozzle

33
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7.4 Chamber pressure
Recall the all-important mass flow relation

_Y+1
2(y-1) YP,A
m = pUA = (7—“2“—1) C_ F(M)
/yRTt
where
Y+ 1
A (y+ DO-D M
f(M)_X"(Z) Y +1
(1 M IMZ)Z(Y_I)
2
f(M)O.B- /y = 1o i

Figure 7.3 Area-Mach number relation

(7.47)

(7.48)

34
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The stagnation temperature at station 2 is the sum of the incoming
stagnation temperature and temperature increase due to heat release.

_ q
Iy =T+ & (7.49)

p

To a good approximation the stagnation temperature in the
combustion chamber is independent of chamber stagnation pressure.

The chamber pressure is determined by the mass flow and chamber
temperature. Virtually all rocket chambers run at a high enough
pressure to insure that the nozzle is choked.

b (y+ 1)2(7‘1) WRT,, (7.50)

35
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7.5

Combustion chamber stagnation pressure drop

Recall the Rayleigh line relation

Y
- N r __1 2,
2111 L_M Y-1
P J1r7MI{]7 7 272 (7.51)
P, 2 1,72 -
‘1 -1+yM2“1+—y2 My
The static pressure ratio is
P, |1+m?
172 — <_____;> (7.52)
1 1+ yM,

36
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The maximum stagnation pressure loss due to heat addition

P o oyl )| =Ty | T ()

»=1

Y v
’J/_l 2 E y+1 ')/—1
P (t+ym |1, M _( 2
M,=0

0.82

4 08I

0.80

0.79

0.78

1.1 12 13 14 1.5 1.6
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At station 1 the Mach number is small and so we can approximate
conditions at station 2 just in terms of the Mach number at station 2.

Y
P [ ] _ y-1
iz >{1+—-—7 IMZ}
P 2 2 72
t1 L1+ YM,
P, 7] (7.53)
— = 2>
P L1+ YM,

The Mach number at station 2 is determined by the nozzle area ratio.

*
M,

D>|D>
|

Y+ 1 (7.54)

38



STANFORD The internal area ratio of the nozzle determines the

AERONAUTICS &

ASTRONAUTICS maximum stagnation pressure loss due to heat addition
~— —/\ /\
1 y = 1.1
Piz
Pt]
0.8
\ y = 1.66
Virtually all rocket nozzles are
0.6} . . .
designed with an internal area
ratio of about three. A larger area
0. al ratio provides little improvement.
0.2
A2
‘ Tk
0 2 3 4 5 6 A

Figure 7.4 Combustion chamber stagnation pressure loss
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Description

The Walter 109-509C two-chambered rocket engine
was intended for use on Germany's Meserschmitt Me
263 and Junkers Ju 248 second generation rocket-
powered interceptor aircraft, but hostilities in Europe
ended before it was made operational. Itburned a
fuel mixture of methyl alcohol and hydrazine in
hydrogen peroxide. The photograph shows a
sectioned version of the smaller chamber. The fuel
was pumped between the two layers of its double
skin to keep it cool.

40
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L*

The length of the combustion chamber is determined by the distance needed
for the propellants to atomize, mix and fully react in order to release all their
chemical energy before exiting the combustion chamber.

Injection holes N )
) Impingment 'mp;gsr?ent
=00 &
7 o ints ~
Fuel F ?)/ i Oxidizer \ Fuel
ifolds 4 " N manifolds
- £ Face of manifolds Face of Oxidizer
Oxidizer -, injector -y . injector manifolds
manifolds <%Z=><") Fuel 253
manifolds

stream pattern

injector flow system

Triplet impinging
stream pattern

Self - impinging
stream pattern

41
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Whether or not complete atomization, mixing and combustion is achieved is determined by
the time that the propellants spend in the combustion chamber; the residence time.

1

2 €
/ S | P
A*
<« —>
L 1/2
. ) . Yy T,
;= mass of gas in the combustion chamber M, pV y+1)20-n P,V M,
" mass flow rate through the combustion chamber m pU A 2 R, T yP,A f(M)
2
M, !
7+l y+1

Yy +1)20-1) Yy +1)20-1) Propellant Combination L*, cm

2 V 2 . Nitric acid/hydrazine-base fuel 76-89

fr = 72 y — 172 L Nitrogen tetroxide/hydrazine-base fuel 76-89
Ru A Ru T Hydrogen peroxide/RP-1 (including catalyst bed) |[152-178
4 M " 4 M " Liquid oxygen/RP-1 102-127

w w

Liquid oxygen/ammonia 76-102

Liquid oxygen/liquid hydrogen (GH> injection) 56-71

Liquid oxygen/liquid hydrogen (LH3 injection) 76-102

. V. V[ A V P i
L = — ~ 3_ ~ 3L Liquid fluorine/liquid hydrogen (GH> injection) 56-66
% k - —_—
A A A A Liquid fluorine/liquid hydrogen (LH3 injection) 64-76
Liquid fluorine/hydrazine 61-71
Chlorine trifluoride/hydrazine-base fuel 51-89 42
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T _mC _C _ mU+(P-P)A,
F— x P y+l 7.65
Fod B C m(y+1)2(y—1) R, (765
f}’ 9) YMW t2

This can be expressed in terms of the exit Mach number and ambient pressure.

7/Mj+1—5
T P

= —=—0= —
P,A C r B 12
(Vz“)z(y ) Me(1+V2 1M2)

43



STANFORD  For a rocket operating with a very large expansion ratio to
perronavTics - vacuum the exit Mach number becomes large and the thrust

coefficient has an upper limit.

4,
_ Y 3\
C. = — 7 Cr.. (7.67)
(y—l) (y+ljz(y—l) 2
2 2 |
0T 12 13 14 15 16 4
2.5
Cr y = 12
— -y
Ty —— -
. / y = 166
F,=0 1 P =0
0.5+ ,
Me *
0 7 3 5 10 15 zlo 25 0 3‘s AIA

Figure 7.7: Thrust coefficient versus Mach number. Figure 7.8: Thrust coefficient versus area ratio.
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P, #0

Due to the viscous boundary layer an over expanded nozzle will separate

VULCAIN thrust chamber during start-up (at pressure ratio p ¢ / p a of approximately 40), with free shock
separation (FSS, left) and restricted shock separation (RSS, right) (Mach number distribution as inlay, increasing
from blue to red)
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Pressure

Thrust coefficient with separation

Area ratio € = Ay/A;

Divergence
half angle «
\/‘ Continuously variable nozzle
= 1.8 area ralioA ———————— -
P =150
1.7
Subsonic flow €=6.0
r 1.6
t 15
\ &1
Supersonic flow 13 Exit plane
downstream of throat; - Si ted fi
! jet separation and internal eparetecion — — — — Exhaust plume at sea level
3 oblique shocks inside 12k — =
; diverging section ’ ~—
i | B /\7 B B " Contour of
! l e AN T _—— blume at about
| P 3000 m altitude
g 1 Lo N
| ! Optimum expansion Separation plane aé)gﬁu;oaéo m
: - 1 | | | | 1
Distance along nozzle axis T External 0 10,000 20,000 30,000 40,000 50,000 60,000
expansion waves Altitude, m
at high altitude
. k=120 hoa6—~> [ — ]
2‘ \Ja\Ue’:,_—f—_—:—— =277
. Line of optimum N\a’%‘ =2 >§
18] thrust coefficient pllps‘%/'——"‘, == ? 0
] P2=P3 ] Qa‘a\\o > 9000
167 T R N @
- T 2\,
1.4 7 e \‘é‘"‘}\ 2 €a
W oY < B\ RO
O 7 .7 0 X\ 5 2 ‘0\e
E O
121 S °3 2\
. / X N
:ﬁ{\/ D \\(\e‘
1 K\Y
] o°
; / \ VOl
] O
0.8 °VS
] -~ <&
] o \
- o
0.6 T T T T T T T 1T T T T —rrT
1 3 10 30 100 300 1000

From Sutton: Rocket
Propulsion Elements
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3

= vehicle thrust

AN ESSAY ON NAVAL GUNNERY,

N

= vehicle aerodynamic drag
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= vehicle velocity

angle with respect to the horizontal

MILITARY, NAVAL, AND SCIENTIFIC INSTRUCTION.

BY WILLIAM MOORE
OF THE ROYAL NILITARY ACADEXY, WOOLWICK.

= nozzle mass flow

= vehicle mass

LONDON:
PRINTED YOR G. AND 8, ROBINSON, PATERNOSTER-ROW.

1313

Fig 1. The titke paper of Moore's Treatise
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AERONAUTICS &
ASTRONAUTICS

Balance of forces along the direction of flight

M(il_‘t/ = T-Mgsin6-D

Substitute the thrust equation expressed in terms of the
effective exhaust velocity.

av = —Cé]—‘—l——MgsinO—-D.

M=
dt dt

Divide through by the current mass of the vehicle.

D
A osinG - =
gsin

(7.56)

(7.57)

(7.58)
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AERONAUTICS &
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Let

M. = initial massat t=0
Mf = final massatt=t,

time of burnout

-~
o
!

The velocity change of the vehicle is.

AV =V, -V, = AV|. - AV

where

b
AV | o = JJ g sin Odt
gravitational 0

b

D

—dt
|2

Avldrag

| AV
gravitational drag

(7.59)

(7.60)

(7.61)
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ASTRONAUTICS |deal velocity increment
Mi
AV‘ideal = Clin ]Ff (7.62)

Thrust T=mZ —cM
o

Power applied to the vehicle in
the center-of-mass frame

P=TV=CdﬂV
dt

The Oberth effect
When adding energy to a spacecraft in a gravitational field
the largest energy increase for a given mass of propellant
burned occurs when the spacecraft is at its highest speed.
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To minimize drag losses the rocket should be long and slender.

2
b b b
D 1PV CpA(M,,; A (%1, 2. (M
Avr’drag = M—dt = ‘r 5 M’% I, dt = Y E(PV Cp) A dt (7.63)
1

rid r

riEEl)vehicle‘/vehicle

A 1
V vehicle length

AV e ™ (7.64)

vehicle
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r’rpmpulsive

Traditional Rocket Propulsive Efficiency

i(lM,vrz):Mrvr Yoy Ly dh,
dr\ 2 dar 2 dt
dE MV dv. —lVrZ dm,
dt dt 2 dt
dv. _dm,
" dt dt ' ¢
dE, _lulv dm, —lVZ dm,
dt Chdr 27 dt
dmp 2 Vr
n . = T‘/r = ° dt = Ue
rpropulsive dm dm m 2
T"/r-'_l p(Ue _‘/r)2 Ue‘/r p+l p(Ue_ r)2 1+ ‘/r
2 dt dt dt U

1.0,

08
; This provides a snapshot of
0.6/ the rocket efficiency at a

’ moment during the flight but

; is not a useful measure of
0.2

propellant utilization over the
00 full burn.
0
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’(STANFORD Where does the energy go? Assume vacuum conditions, no gravity.

AERONAUTICS &
ASTRONAUTICS

y U=0 t<0

center of mass P, =

I~
[— |

Expanding control volume

M ,— Rocket delivered mass after all propellant is expended

M , —Initial propellant mass

M, —Rocket total mass at any instant

m,, — Propellant mass expelled since the beginning of the burn

V_—Vehicle velocity during the burn

V,; — Vehicle velocity at the end of the burn

E,; — Vehicle kinetic energy at the end of the burn

E,, —Energy of the propellant in the rocket plume at the end of the burn

U, — Velocity of the propellant exiting the nozzle during the burn, assumed constant

h, — Propellant total enthalpy

h,=h,+ %Uf — Enthalpy of the propellant exiting the nozzle during the burn

53



B}Zﬁ}{i%?&‘% Energy that ends up in the plume

ASTRONAUTICS

dE, d d
L= mp+l(—Ue vy )
dt dt 2 dt
2
| Y 1
dE, = hydm, +—{U, (M,+M,)| -1+ Ln "
MM,
— mP
M+ M,
M, 1 2 Mﬂilzjw 2
E,=h,] dm, +—{U, (M, +M,) [ ¥ (14 Ln(1-x)) " dx

M,

E,=hM, +% Ul (M, + Mp)(x—(l—x)(Ln(l—x))z);”ﬁMp
M,+M
Epf:Mp(hﬁ%Ufj—%Mpr[ dﬁ; p—l][Ln(l_
p
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Define the rocket cycle efficiency as

\
h,+ erZ This accounts for propellant
_ 2 energy losses between the
n.= h storage tanks and the nozzle exit.
propellant

\

Define the rocket thermal efficiency as

1 2 —1
—|Ue y—}/Mez This accounts for propellant
n., = 2 7 — 7 energy not converted to nozzle
! 2 — exhaust kinetic energy.
h,+—|U 1+ Sy m? &
e 2 e 2 e

The energy lost to the plume can be expressed as

pf

2
E M +M M
1 =1—77mh[—dM p—l](Ln[l——M PM n
Mp(he+2|U€|2j p «tM,




’,STANFORD Energy transferred to the rocket vehicle during the burn

AERONAUTICS &
ASTRONAUTICS

1.0,
‘/rf — Ug Ln ;M 0.8’
— P 06! T[rprmX =0.64761
M,+M, nrpr
1 2 04}
E;= EMdVrf 02/
M,+M M, )\ 0.0 Yy
E,=im Juf| P ey || paf 1-— 02 4 e s 0y
2 M, M,+M, e
Rocket overall efficiency . . .
Maximum fractional conversion of propellant
E, energy to rocket kinetic energy occurs for
nrov = 1 2 Mp
M, h+—|U, —F—=0.7968
2 M,+M,
2
M,+M, J ( M, ) 1%
Moy =10, —1|Ln| 1- —1-=1.59362
h[ M, M,+M, U,

Rocket propulsive efficiency

E M,+M M ’ 1Oy
nrr: A = d p_l Ll’l 1— d 087
T lypp UM, M+ M, | 0.64761
2 p e nrrmaxz .
" \ nrpr% v
P _1_p WUl |
M,+M, 0.4
: 02
Ny = ! ﬁ 0 ‘ ‘ ‘ ‘ M,
"o e, e 80 02 04 06 08 10 M.+M,
e -
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