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Wake vortices



http://i.imgur.com/h8pSK.gif





12.1 Flow over a three-dimensional wing







Spanwise flow below the wing is away from the centerline

Spanwise flow above the wing is toward the centerline



Circulation on the 
wing and circulation 
at the trailing edge 
are connected

−b / 2

b / 2



Linearized derivation 
of the relation 
between circulation 
and pressure.

12.2 Circulation and pressure

zLower x, y( )

zUpper x, y( )



F⊥ = −ρUR × ∇Φ × n̂ dA
Aw∫

Recall eqn 10.145

12.3 Forces and moments on a 3-D wing



Total pitching moment is 
determined by integrating the 2-D 
section pitching moment along the 
span.  

My = ρU∞ xγ x, y( )dxdy
0

C

∫−b/2

b/2

∫



12.4 Lifting line theory, vortex sticks

Wing aspect ratio

Relative velocity vector

We will construct the wake 
using “vortex sticks”.



Recall the Poisson equation for 
the vector potential



Vector potential of two semi-infinite lines of vortex monopoles; 
semi-infinite vortex sticks



Semi-infinite vortex line at  +y0 



Semi-infinite vortex line at  -y0 



Superpose the vector potentials of the two vortex lines

Velocity field



Downwash velocity at 
the lifting line due to two 
semi-infinite vortex lines



Downwash velocity along 
the centerline of the flow

lim
x→∞

Uz x,0,0( ) = − Γ
π y0



The idea of building flows using “vortex sticks” has been used to try to 
model hairpin vortices observed in turbulent boundary layers. 

New aspects of turbulent boundary-layer structure -  
M. R. Head and P. Bandyopadhyay – JFM Vol 107 1981 

Boundary layer turbulence in transitional and developed states – 
Wallace, Park, Wu and Moin – CTR Summer Program 2010 



Vortex stick model of turbulent boundary layers. 

New aspects of turbulent boundary-layer structure -  
M. R. Head and P. Bandyopadhyay – JFM Vol 107 1981 

A wall-wake model for the turbulence structure of 
boundary layers. Part 1. Extension of the attached eddy 
hypothesis – Perry and Marusic  – JFM Vol 298 1995 

A theoretical and experimental study of wall turbulence -  Perry, Henbest and Chong – JFM Vol 165 1986 



Downwash due to a sheet of vorticity shed into the wake of the airfoil

Vortex sheet lies in the (x,y) plane



Differential strength of the vortex sheet



Vector potential of the vortex sheet



Velocity field of the vortex sheet



Recall the induced drag in 2-D due to a starting vortex

We worked out an equation for the circulation  based on the modified 
angle of attack induced by the starting vortex.



12.5 Prandtl's equation of finite wing theory

Downwash velocity along the lifting line

Relative flow velocity approaching the wing

Relative angle of attack of the velocity vector approaching the wing

UR = U∞ ,0,Uz( )
The velocity vector on the lifting line is



Reduction in angle of attack due to the induced velocity at the lifting line

At small angle of attack the circulation about an infinite wing is

Wing shape factor depends on airfoil form – 2-D theory tells us

Lift curve slope of an infinite (2D) wing of the given cross section at the spanwise position y

CL = a0αR

L
1
2
ρUR

2C
= a0αR

ρURΓ =
1
2
ρUR

2Ca0αR

Γ =
1
2
a0CURαR



Combine relations

Simplify UR ≅U∞ α i ≅Uz /U∞

Prandtl's equation of finite wing theory - an integro-differential equation for the circulation.

Solve subject to the condition that the circulation goes to zero at the wing tips.



12.6 Elliptic lift distribution

Total lift



Downwash velocity along the span of the lifting line

For an elliptic lift distribution the downwash velocity is constant along the span



The downwash velocity everywhere is



The downwash velocity on the centerline

The downwash 
velocity in the far 
wake is twice the 
downwash at the 
lifting line.



Solve the Prandtl equation for the chord distribution along the span.

For constant lift curve slope angle of attack and wing cross-section.





Circulation at midspan.

Lift coefficient.

Recall the aspect ratio.

S = πC0b / 4



Effect of aspect ratio on the lift coefficient of an elliptic wing.



12.7 Drag due to lift of an elliptic wing



Induced drag.

Uz 0, y,0( ) = −
Γ0

2b
Recall for an elliptic wing.



Induced drag as a function of lift for an elliptic wing.



Effect of aspect ratio on induced drag for an elliptic wing.



Effect of aspect ratio on lift to drag ratio for an elliptic wing.



Why aren't all wings designed to be elliptic?

1. At high angles of attack a wing with uniform cross section along the span and 
no twist will stall simultaneously all along the span causing sudden loss of aileron 
control. Increased chord at the wing tips helps maintain control authority.

2. Stall near the wing root is preferred and the wing can be twisted to reduce 
the angle of attack near the tips. This is called washout.

3. The induced drag penalty is relatively small even for relatively large 
deviations from an elliptical shape.

4. The compound curves involved in constructing an elliptic wing increase cost 
and complexity of manufacture.



12.8 General wing loadings

Assume the downwash far downstream of the wing is twice the 
downwash at the wing at every spanwise point.



Problem we would 
like to treat

Problem we 
actually treat



Far wake velocity field in the the (y,z) plane - the Trefftz plane

If the wing loading is elliptic



Velocity field in 
the Trefftz plane 
for an elliptically 
loaded wing



The difference in spanwise velocity across the sheet is related to the 
circulation gradient in the y direction

Trefftz plane potential

The downwash velocity is 
continuous across the vortex 
sheet

Express the Prandtl 
equation in terms of the 
Trefftz plane potential.



Determine the Trefftz plane potential.





Use complex analysis to solve the problem.



Complex velocity.



Joukowsky transformation in reverse





Map the vortex sheet in the Trefftz plane to a circle



Assume the complex potential 
in the eta plane is of the form

Coefficients of the 
symmetric terms in 
12.130 must all be zero



Complex potential in the eta plane 

Complex potential in the 
xi plane 

Complex velocity in the 
xi plane 





Separate the complex velocity into real and imaginary parts 



Downwash 
velocity in the 
xi plane 



Downwash 
velocity in the 
xi plane at z=0 

Potential in the 
xi plane at z=0 

Substitute 12.143 and 12.144 into the Prandtl equation and rearrange 





Solution for the potential 

Coefficients are 
determined from 

Evaluate the 
Prandtl equation 
on the vortex 
sheet 



Check against the case of 
an elliptic wing 

Centerline chord 



Compare to the equation for the 
centerline chord that we derived 
when we established the theory of 
an elliptic wing (12.71) 

Where we choose 

The downwash also checks 



The circulation 
and downwash 
on a general 
wing shape 

where 



12.9 Forces on a general wing

Lift 

Induced drag 

y = b
2
Cos θ( )       and      dy = − b

2
Sin θ( )dθ                   (12.161)



Lift only depends on the 
first coefficient in the 
series 

Induced drag depends 
on all coefficients in the 
series 



Roll moment 

Yaw moment 

Roll moment only 
depends on A2 

Yaw moment  depends 
on all coefficients



Force and moment coefficients 

Pitching moment coefficient is determined from 2-D wing profile analysis - Chapter 11 



The moment coefficient due to camber can be thought of as a pure moment or couple 
about the leading edge plus a moment due to lift acting at the 1/4 chord point.   

Recall the pitching moment from 2D wing theory 

Pitching moment 
due to camber 



Pitching moment due 
to angle-of-attack 

CM =
CL

4
In 3D the effect of downwash on the 
pitching moment is felt through the 
modified angle-of-attack 



Potential flow for a flat plate at an angle of attack in low speed flow.  

Pitching moment 
due to camber 



12.10 Minimum induced drag wing

Γ y( ) = 2U∞bA1Sin θ( ) = 2U∞bA1 1− 2y
b
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Γ y( ) = Γ0 1− 2y
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12.11 Induced drag of a rectangular wing





Recall the induced drag result for an elliptic wing 

On a real wing profile 
drag is almost 
independent of angle of 
attack. 

Profile drag is the sum of viscous drag plus pressure drag due to the deviation of the 
pressure field from the potential flow solution.

From Prandtl and Tietjens



Consider two wings with the same profile but different aspect ratio 

Since the profile drag coefficient is the same for both wings the 
drag coefficient of one wing can be converted to the other using 

From Prandtl 
and Tietjens



The same idea can be used to collapse lift data. 
Recall the downwash velocity for an elliptic wing 

Recall the lift for an elliptic wing 

Combine 12.185 and 12.187 



Consider two wings with the same profile but different aspect ratio 

Since the reference angle of attack is the same for both wings the 
angle of attack of one wing can be converted to the other using 

From Prandtl 
and Tietjens



12.12 Unsteady momentum integral in a Trefftz plane 
fixed with respect to the surrounding fluid

A 3-D momentum balance on a point force (see Chapter 10 section 10)
 suggests that two-thirds of the applied impulse by a lifting aircraft  in steady 
flight is contained  in the downward momentum generated by the force 



Carry out a 2-D momentum balance on an infinite impulsive line force 

I
ρ
= L
ρU∞

Vdrift
Impulse per unit 
length of aircraft 
wake



The impulsive force creating the flow is 

Total impulse produced by a force 

Momentum balance 



Far field vector potential 

Far field velocity 

Far field scalar potential 

Far field pressure disturbance

Far field flow is a 
dipole 



Integrate the 
pressure 

Rate of change 
of the total 
downward 
momentum

Momentum integral is 
one-half the applied 
impulse

Impulse is related to the lift

Momentum integral 
related to lift



12.13 Inviscid vortex pair model of the wake

Vorticity source - one vortex 

3D vector potential - one 
vortex 

We need to determine b0 
and a(t) 

a t( ) > 0

Vortex position
z = - a(t) 



3D vector potential - 
two vortices 

2D vector potential of 
one vortex

2D vector potential of two 
vortices

2D scalar potential of two 
vortices



Velocity field of an inviscid vortex pair



Momentum of an 
inviscid vortex pair 

Momentum integral 
of an inviscid 
vortex pair 



Recall the connection to aircraft lift 12.208 

For an elliptic wing 

Vortex spacing needed to match 
the lift of an elliptic wing 

Hz = Uz−∞

∞

∫−∞

∞

∫ dydz = − 1
2

L
ρU∞

Hz = − Γ0b0
2





What about a(t) - require no net pressure on the vortex pair

z-momentum on the z-axis 

Pressure on the z-
axis 

Net pressure 
integrated along 
the z-axis should 
be zero 



z-velocity on the z-axis 

Downward 
drift speed 
of the vortex 
pair 



Recall unsteady scalar potential, vector potential and velocity



Transform to an observer moving downward with the vortex pair





A plausible correction to the induced drag

Downward drift speed of 
the vortex pair created by 
an elliptic wing based on 
wing span 



Oswald efficiency

Recall for an 
elliptic wing 

The Oswald efficiency is used to adjust for a non-elliptic lift distribution  

CD = CDp +
CL
2

ε0π
S
b2

Typically between 
0.7 and 0.9 

Span efficiency

CD = CDp0 +CDp1CL
2 + CL

2

ε1π
S
b2

in practice the profile drag may have a small quadratic dependence on the square 
of the lift coefficient.



12.14 Effect of a ground plane on the downwash velocity



Vector potential of the main vortex sheet plus the image sheet below the ground plane



Velocity field



On the lifting line

Which integrates to

Ground effect comes 
into play when the 
wing height above the 
ground plane is less 
than about 3/4 of the 
wing span





NACA airfoil numbering system







and so on …..




