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Chapter 11 - Two-dimensional airfoil theory 



Potential flow over a circle - lines of constant 
velocity potential Φ and stream function Ψ



11.1 Creation of circulation over an airfoil 



Recall the solution for a point vortex  

The velocity field is 
directed in the counter-
clockwise direction - 
circulation is positive. 
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The downwash from the starting vortex reduces the effective angle of attack 
and rotates the normal force vector producing drag 

Solve for the circulation  



Onset of circulation  

Onset of lift  

 Growth and decay of drag  

Time constant  

According to classical theory  a0 = 2π





The Joukowsky airfoil - from Wing Theory by R. T. Jones chapter 3  



The Joukowsky transformation 
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The Joukowsky transformation maps a circle of unit radius centered at the origin to the 
upper and lower surface of a horizontal line joining -2 and +2. For example 
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The Joukowsky transformation maps a circle of greater than unit radius 
with the origin offset from (0,0) to the upper and lower surface of a wing 
with its trailing edge at +2. 



R.T. Jones describes a sequence of transformations. 

1) Translate the origin and select the trailing edge - this determines the radius of the circle. 

2) Map the circle to an oval with the trailing edge at (1,0). 

Choose the real and 
imaginary parts of 
epsilon so that 



3) Map the oval to an airfoil with the trailing edge at (2,0). 

Overall mapping 

−Cp





Some examples with pressure distributions 





11.2 The Joukowsky airfoil - Class notes 

Circulation in the clockwise 
direction has been taken to 
be positive. This is commonly 
done in aerodynamics (eg. 
RT Jones) 

z1 plane 

Note correction! 



Non-dimensionalize the potentials and circulation 



In cylindrical coordinates 

Complex velocity 

Velocity components 



Tangential velocity at the cylinder surface 

Stagnation points occur where the tangential velocity is zero 

Stagnation point angles 



Note that γ  and R 
determine CL

CL = πγ R







Note that Δ does 
not affect γ



The airfoil coordinates are  



Complex velocity  





Pressure distribution  

Rapid acceleration  

Forward stagnation point  

Airfoil nose  
Pressure recovery  

Trailing edge singularity 

not perfectly cancelled  

Positive pressure beneath the airfoil  

Rapid 

deceleration  



Cp at various angles of attack 

α = 0°

α = 10°

α = 20°

α = 30°

α = −10°

α = −20°

α = −40°



Effect of the parameter  on wing shape and Cp  Δ

Δ = 0.0

Δ = 0.2

Δ = 0.4

Δ = 1.0

Δ = 4.0

Δ = 16.0

α = 10°
CL = 0.85

Δ = −0.2

Δ = −0.8

Δ = −0.4



11.3 Thin airfoil theory 

Thin airfoil theory allows us to design airfoils with nearly arbitrary 
characteristics. It works pretty well even on airfoils that are not all that thin.  

Conditions at the 
trailing edge 



Define a disturbance potential 

and disturbance velocities 

The disturbance potential satisfies Laplace's equation 

and goes to zero at infinity 



Nonlinear boundary conditions at the airfoil surface 

Linearized boundary conditions applied at y=0 

+ 

+ 



Define the thickness function 

Define the camber function 

Linearized problem formulation 







Contribution to the velocity potential from the thickness 

Contribution to the velocity from the thickness 

Surface condition 



We need to determine the source distribution that generates the correct 
surface condition. Let   y = ε

The entire contribution to this integral comes from the neighborhood of    ξ = x

This allows the source distribution to be pulled out of the integral.     

The integral can be evaluated.     



The distribution of source strength is now known in terms of the slope of 
the thickness distribution of the airfoil.     

The thickness potential is     

Note that the total source strength is zero.      

q x( ) = 2U∞
dηthickness

dx
                         (11.92)





Contribution to the velocity potential from the camber 

Contribution to the velocity from the camber 

Horizontal velocity component near the surface. Use the same procedure to pull the vortex 
source distribution out of the integral as was used for thickness. 



Source strength is the circulation per unit length (the velocity jump) along the camber line.  

The surface condition for camber is.  

Take the limit.  

The pressure on the camber line is  



The lift due to camber is determined by the circulation due to camber   

There is a moment about the leading edge due to camber   

But we still do not know    γ x( )



We need to solve    





The lift coefficient due to camber only depends on the first two coefficients in the series.    



The moment coefficient due to camber can be thought of as a pure moment or couple 
about the leading edge plus a moment due to lift acting at the 1/4 chord point.    

The moment coefficient depends on the first three coefficients in the series.    





Potential flow for a flat plate at an angle of attack in low speed flow.   



dηCamber

dx
= Bn

n=0

∞

∑ Cos nθ( )

Convergence of the series  
approximating the camber function 

dηCamber

dx

x x

dηCamber
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n=16 n=100 

(11.111) 



NACA airfoil numbering system 







and so on ….. 





Viscous effects - from Wing Theory  by R.T. Jones 



Roughness effects    

Roughness consisted of a strip of 0.01 inch 
Carborundum grains near the airfoil leading edge.

Roughness consisted of a coat of camouflage paint.



Efforts at Drag control    

A record setter   



JFM Vol 5 



Effort to maintain incipient separation    




