APPENDIX 1

EQUATIONS OF MOTION IN CYLINDRICAL
AND SPHERICAL COORDINATES

Al.1 COORDINATE SYSTEMS

Al.1.1 CYLINDRICAL COORDINATES

ZA x = rCosH9
y = rSin
Z = Z
1/2
r= (2452
> 0 = Tan~1(y/x)
6 T
X
Al1.1.2 SPHERICAL POLAR COORDINATES
ZA r x = rSin6Cos¢
9 | y = rSin0Sing
| z = rCos6
|
1/2
| r=(x2+y2+z2)
|
-y _ 12
: 6 = Tan ]<(x2 +y2) /Z>
X \ ¢ = Tan_](y/x)
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Transformation of Vector Components

Al1.2 TRANSFORMATION OF VECTOR COMPONENTS
Basic trigonometry can be used to show that the Cartesian and

comnponents are related as follows.

Al1.2.1 CYLINDRICAL COORDINATES

Ur = UxC0s0+ UySinH

UG = —UxSin8+ UyCOSH

UZ: UZ

Ux = UrCOSH—UQSinH
Uy = UrSin0+ UHCOSQ

A1.2.2 SPHERICAL POLAR COORDINATES

U, = U/Sin0Cos¢ + UySinQSin¢+ UZCOSQ

Ug = U,CosO0Cos¢ + UyCosQSinq)—UZSinQ
U¢ = =U, Sin¢g + UyC0s¢)

U, = USin6Cos¢ + U6C0s0C05¢—U¢Sin¢

Uy = U,Sin0Sing + U CosBSing + U¢C0s¢

UZ = UrCOSQ—UQSiI’IQ

A1.3 SUMMARY OF DIFFERENTIAL OPERATIONS

Al1.3.1 CYLINDRICAL COORDINATES

19
ror

(rU,)+ -—x + —

VelU =
r 00 0z
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Summary of differential operations

2 2
Vo - ‘a‘(”gﬁ) v 5o h e L (A1)
ror d r- o060 0z
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eV = 1 () * el i+ ) el ) ¢
U U oU. U au_  dU (A13)
0 1 r 1 z z r
%(rov_r<78) Ty ae) " TBZ(?% * ‘5{0) + Trz<7;‘; + 5Z>
ap
Vol = 2&
P|r or
1dp
Vpl, = -—= Al6
p|6 radeo (AL.6)
Jp
vol = 2¢
p|Z 0z
VxU|l = —— - —
X |F r 00 0z
_ U, U,
V x U| = - = (A1.7)
0 dz ar
10 ]aUr
VUl = 75 0U0 50
- 10 ]0‘5},9 Tgp arrz
O T A
2
- 19Tg9 1 (r“trg) 9Te,
\% ’U|0 = ;W + —2 o + 2 (A1.8)
ver| = 19, )+£_‘”9z o
2 rdr % 70 07
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Summary of differential operations

oU U
Vo = VU 2776

u. U
VO|, = VUg+ 5L -2
)

where

UeVU| = U, —+——~"-— 4
|r " or r 00 r M 7 97
oU U,0U uu oU
— — 0 0 0 r- o 0
UeVU|. = U — + — + U —
|9 " or r 00 r 2 9z
. _ oU UGGU 6UZ
U‘VU| U — oy [J —=

v 3 ii(rz ) N ] é)(UHSlI’ZQ) N ] ou
20r " rSin6 70 rSin@ Jd¢
V2 1 d/ 20p I d(.. ,0p 1
p = ——( —) —(Sm@—) +
20N Ik 2eing?9N 90 254y
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Summary of differential operations

- oU 19U U
= T7 r 0 r
e A e
o Yo, Ur, UHC(’“)) . (,i(U_H) X gf?Ur> )
O0\rSin® o9 r r\" o\ 7 ) T F g0

20 au. U U U U, Cot0
w( by 5 r‘“i))”fw({ R T )
dr  rSinf Jd¢ r r d0  rSin6 Jd¢ r (Al1.14)
Jp
e P
1dp
= -— Al.l
Vp|9 raoo (AL15)
1 Jdp
Vv = -+
p|¢ rSin@d¢
r rSin@ 00 rSin@ Jd¢
- 1 9%Y 14
Vx|l = _r_19.u (A1.16)
X |9 rSin@ d¢ r&r(r ¢)
— 10 ]aUr
vxlUl = 12U )17
g |¢ r&r(r o) r 00
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Continuity

2U Uy 2U,C t@ ou
VZ | V2U ro 2 3 0 2 0]

: r2 2 90 r2 r Sin@ a9

VOl = VU, 20U, Uy 2c0509Y,
- g+ St _
0 r2 90 2sin’e F’sin’e 99
. oU oUu
V2U|¢ VZU B N _ 2 - r 22C0s26 - 0
r Sm 6 r Sin6 ¢ r Sin 0 ¢

(A1.18)

where

2
g7 2d() I a( ) 1 d()
_<r ) + (Sm@ ae) Toi70 2 (A1.19)

2 2
U, UydU, U, U, (Ug+Up)

+ + -
r " or r 90 rSin0 J¢ r

2
U-vU|, = U Wy UgdUy Uy Uy Urly UyCot6 (A120)
0 roor r 00 rSinf d¢ r r

UU UyU Cot
UeVU|, = — 0 E]—é’aU")+ Yy 0U¢+ re, 079 i
¢ T oor r 40 rSinf Jd¢ r r

Al4 CONTINUITY

Al4.1 CYLINDRICAL COORDINATES

op 19 19 9 _
&t =3 ( U’”)+ro”0(pU9)+(9z(pUZ)_0 (A1.21)

Al1.4.2 SPHERICAL POLAR COORDINATES

dp 1 9 2 1

t 5P U a0

1
o 2(9 (pU Sinf) + —— ( U) 0 (A122)

rSin6dg
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Momentum

Al1l.5 MOMENTUM

Al1.5.1 CYLINDRICAL COORDINATES

r - component

+ U

2
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P\ "% ar T 50 T 2 oz) T rae (A123)
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2
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Z - component
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10 1 THZ &Tzz
A A R
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Momentum

A1.5.2 SPHERICAL POLAR COORDINATES

r - component

2 2
U U, UgdU, U, dU, (Ug+ U¢)) L 0P _

r r r
or

+ U + + -
p ot " or r 40  rSin@ J¢ r

dt,.,Sinb) at Top+ T
(7 ro 1 ro ( 00 ¢¢>

lo2 vy, ! 4 _
20r e rSin0 20 rSin@ d¢

+ g,

0 - component

2
P ot " or r 90 rSin6 Jd¢ r r

NTggSin0) 1 Ty Tro_Cotd

i(r2r ) + ! + —
ro” " rSin® 90 rSin6 d¢ r

¢ - component

UuU U,U Cot6
U &U(p U907U¢ U¢ &U(P rY oY 0 )i

rao

T Tee T PSe

¢
U 7
p( at e, ar " r d0 +rSin9 720) " r r

19,2 19%g4 1 9%y Ty 2Co010
;Eé?(r o)t i T0 Trsmoap T r T

‘176¢+ pg¢

4/6/13 A28

(A1.24)

i ) T Sin6ae

bjc



Energy equation

A1.6 ENERGY EQUATION

Recall that the stagnation enthalpy is

e+1—3+k

h
! o

Al1.6.1 CYLINDRICAL COORDINATES
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ot ror

0. U, 10U,

+ + —) —(t. — + .

r 0 az,> (Trr or TQQ(r 90
Uy U, U U

(rr9<r£<76> T

10
Ur< Z(rz,,) +

i—”(?r

19%9 Tgp T
= -4

r 00 r

2
(1(9799 1 9(r"tr0) ‘”Bz)
0| - > + -

r 00 r2 or 0z

ot

10 1 aT@z 2z

’L" —_—
d ’Z) r 06 0z
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(A1.25)
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U

(A1.26)
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+ —) = {power sources}

4/6/13



Energy equation

A1.6.2 SPHERICAL POLAR COORDINATES
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Components of the stress tensor

A1.7 COMPONENTS OF THE STRESS TENSOR

Al1.7.1 CYLINDRICAL COORDINATES

07Ur 2 —

T, = 2u7—<§u—uv>V‘U
]O')UB Ur —

T = 2655 + )~ (Gu-m) VT

oUu

o = 2o (Guen)veT
(A128)

g9,/ U 19U,
o = Wrz(3) + 7 5s)
U, U,
Trz = M( dz ’ 7)
v, - M(f‘_f{.mz‘?_’]z)
< 07 r d0

Al1.7.2 SPHERICAL POLAR COORDINATES

07Ur 2 —
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19Ug Upn 2 -
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(A1.29)
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Kinetic energy dissipation function

A1.8 KINETIC ENERGY DISSIPATION FUNCTION ¢ = 7:VU

Cylindrical coordinates
- 2l(F) (e ) () ) e )
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(A1.30)

Spherical coordinates
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