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AA103
Air and Space Propulsion

Lecture 6 - Multistage Rockets

Recommended reading — AA283 course reader chapter 8
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1) With current technology and fuels and without greatly increasing / sp by airbreathing, a

single stage rocket to orbit is still not possible.

2) The final velocity of an n stage rocket is the sum of the velocity gains from each stage.

V, = Av;+Av, + Avg+ .o + Ay (8.1)

n
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71 Notation

ML ML ML
Launch
Ms3 MS3 M S3
Command module
* M M
Servics MOGUIE et P3 P3 MP3
:)nn‘mm i Msz MSZ M
03
LOX wnk
Mp, Mp,
32 englne (1)
Fuel tank. MSl
My,
LOX tank
p The index i refers to the ith stage

B ——

Mp, M ); - The total initial mass of the ith stage prior to firing including payload, ie,
the mass of i, i+1, i+2, i+3, ...., n stages.

LOX tank ———i1

M . The mass of propellant in the ith stage.

Fuel tank ———

M; - Structural mass of the ith stage alone including the mass of its engine, controllers

Fo) engines (5} ———

and instrumentation as well as any residual propellant which is not expended by the end of
the burn.

M; - The payload
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7.2 Analysis

Payload ratio

1. = My 1
: MOi - MO(i + 1) (8 2)
1 - Mon + 1) M; '
" MOn—MO(n+1) MOn_ML
Structural coefficient
. - Mg; Mg (8.3)
YoMy My, Mg+ Mp,

Mass ratio

k; = My —Mp, Y (8.4)
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Ideal velocity increment

n n
1+ /Ii
Vn = zCilnRi = zciln

ei+li
i=1 i=1

Payload fraction

r- My _ (Moz)(Mw)(Mm) (ML\
M, My, \Mpp \ M3 M

/,LI AZ /13 ;tn )
ST HANT 2T+ AT I+A

or

(8.5)

(8.6)
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TABLE 10.3 Saturn V Apollo flight configuration

Stage
Mass and
thrust features 1 2 3
Engine F-1 J-2 J-2
Fuel RP1 (hydrocarbon) LH, LH,
Oxidant LO, LO, LO;
Number of engines 5 5 1
Total thrust
Ib, 7,500,000 1,000,000 200,000
kN 33,400 4,450 890
Total initial mass
b 6,115,000 1,488,000 473,000
kg 2,780,000 677,000 215,000
Mass of propellant
Ib 4,393,000 943,000 239,000
kg 1,997,000 429,000 109,000
Mass of structure
and engines
b 234,000 71,600 56,500
kg 106,000 32,600 25,700
€ 0.050 .0.071 0.191
Payload
b 178,000
kg 81,100
Ai 0.321 0.466 0.603
C, =2500 C,=4250 C,=4250
+ A 1+ 1+A
V,=C,Ln L |+ C,Ln| —= |+ C,Ln| ——
g +A g, +4A, g+,
1+0.321 1+0.466 1+0.603
V, =2500Ln +4250Ln +4250Ln =10429M /sec
0.05+0.321 0.071+0.466 0.191+0.603
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Let C = C; and ¢ = ¢; be the same for all stages. In this case V, is
n 14\ 1+A\"¢
n — 1 :1
v Z;CH(E+A) n(s+A>

In this case the payload ratio 4 is independent of the payload fraction I".

B 1— se(x_g)

A\ =
e(X_g)—l

The mass ratio is
Vn

Rze(ﬁ)

and the payload fraction is
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Consider a liquid oxygen, kerosene system. Take the specific impulse to be 360 sec imply-
ing C = 3528 M/sec. Let V, = 9077 needed to reach orbital speed. The structural

coefficient is € = 0.1 and let the number of stages be n = 3. The stage design results
are @ = 2696 M/sec, A = 0.563, R = 2.3575 and the payload ratio is

I' = 0.047 (8.25)

Less than 5% of the overall mass of the vehicle is payload.

2 3 4 5 6
number of stages

There is very little
advantage to using
more than about
three stages.
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The final velocity of a multistage system can be expressed as

a M. | M,.
Vn — ch 11’1 0i / Pi
i=1 MOi /MPi -1
Consider a two stage design

M. | M M. /M
V,=C,Ln| —Y—L_ 14 C,Ln| —2—12
]\401/1\4131_1 Moz/Mpz_l

My=My+M, +My, +M,,+M,
My,=Mgy,+M,,+M,

E E ML
M,=|——|M M,=|——|M I'=
sl (1_81j Pl 52 [1—82) P2 ]\401

Express payload mass in terms of propellant masses and payload fraction

ML:(1—Fr)(1—1£1]M”+(1—Fr)[1—182)M“

5/3/21 9
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Express stage mass ratios in terms of propellant mass ratios

(L) (s (e
() ()

M., | M M., /M
V, = CLn| —Zo Moy o g Moo/ Mo
M01 /Mm -1
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V,=C,Ln

+C,Ln

(e (e (e )

For given values of

EN(Eap——

I,C,,C,,¢& &,

The final velocity is a function of the propellant ratio.

M
VZZF( P2j
MPl

It is now just a matter of differentiating with respect to the propellant
ratio to identify a maximum.
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Application - Mars Sample Return Campaign 2020-2030(ish)

Mars Orbit Rendezvous

Next major step in Mars Science
Requires international collaboration
Multiple new developments

— Mars Ascent Vehicle (MAV)

— Sample acquisition and handling
— Precision entry descent and landing

12
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Mars Sample Return Mission Architecture

e,

¢

»

Mars 2020

%, I

Sample Tubes
Tube Retrieval

Sample Return
Lander (SRL)

Sample Return
Orbiter (SRO)
e

‘».,

"\ 2 (MAV) Launch

1 \\

Mars Ascent Vehicle

O Orbiting Sample

g

R RRN  ba b

[
|
1

Mars 2020

Sample Return Orbiter

Sample Retrieval & Launch

Earth Entry ’ Mars Returned

Vehicle (EEV)

>
Retrieve OS
Break-the-Chain

e )

SRO Divert ,
1

Sample Handling
(MRSH) Facility

e

Sample Return and Science

Reentry V

13
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A rover would drill rock samples and place them in individual containers.
The samples would be left on the surface of Mars for later pick up by a second rover.

The second rover would place the samples in the payload bay of the MAV which
would then launch to Mars orbit.

Current OS
Reference Design

¥

Mars 2020 Sample Tube
Assembly

N

Engineering OS ready for
impact testing

14
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The Mars Ascent Vehicle

The MAV takes a container with Mars rock samples into orbit around Mars. There the container is transferred to another
spacecraft for the return journey to Earth.

15
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Critical Challenge: Mars Environmental Conditions

« Diurnal/seasonal minima and maxima (-111C to 24C)

40

AMax: 24C
20
0
@)
g -2
5
§ of, Avengeeoc | | | T 7| L] Data from the NASA Ames
Z Research Center Mars Global
- Climate Model for Holden
-10 Crater.
Min: -111C
-12 ! L L ) )
0 5 10 15 20 25

Local Time of Day, hours

5/3/21
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Use a two stage design for the Mars ascent vehicle

One part of Ashley velocity is actually
Karp’ s PhD project quite insensitive to

Note that the final

4450

4400 +

4350
4300 -

4250

the propellant mass

O 3 54 ratio giving the

designer quite a bit
l of flexibility.

Notional values.

g =0.13

g,=0.155
C, = 2883
C, =3026

oMM, T=0147

1 1 1 1
’ 02 04 0.6 0.8

In order to confirm the design it is necessary to fly it to orbit.

17
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Kepler’ s equations govern the motion of objects near gravitating bodies. This is called the two
body problem.

.« 2a »l
T
Universal gravitational

_ 7 constant
FeG Mm(r )
s G =6.67x107" m3/kg-sec?

r
' Y
i} x(1) . (1) z(7)
M - M PlanetG O Planet — O
X(t)'l' PlanetG (t) O y(t)+ (f) 1 I"(t)3

r(8) = Jx(t) +y(t) +2(1)

5/3/21 18
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Constants of the motion — two body problem

m; y y 2 Reduced mass
/ r J e mm
r; N _> m= 177%2
e > X I’I’l1 + m2
z m; Z

Energy Angular momentum
1, k - _ _
EZEmv - L=rXp k = Gm,m,
The Laplace vector

A

pxL{ _~mkr
2

| §
r pXL A

19
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Orbital Period
GMT? (m )
= F|—,e¢
(rmean)3 M

Fmean = v ab / -5y

Kepler’ s theory gives

(5l
(M’e T\ A m/M)1 = 2y

5/3/21
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Orbital Periods of the Planets about the Sun

Table 2.1. The planets and their orbits.

Heavenly Mass Diameter Mean orbit Orbital period
body (Earth masses) (Earth diameters) Radius (10° km) Eccentricity (years)
Sun 332,488.0 109.15 — —_— —
Mercury 0.0543 0.38 57.9 0.2056 0.241
Venus 0.8136 0.967 108.1 0.0068 0.615
Earth 1.0000 1.000 149.5 0.0167 1.000
Mars 0.1069 0.523 227.8 0.0934 1.881
Jupiter 318.35 10.97 777.8 0.0484 11.862
Saturn 95.3 9.03 1426.1 0.0557 29.458
Uranus 14.58 3.72 2869.1 0.0472 84.015
Neptune 17.26 3.38 4495.6 0.0086 164.788
Pluto <0.1 0.45 5898.9 0.2485 247.697
39.67¢
2
GMT n
3 2 5 .,
(rmean) § > ‘g 3 g
2 e 4 2 3
. e ¢ £ 7 2
39.4784+¢ = ® é % E
° 5 Z A
e o °
39.4
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Mars Ascent Vehicle - launch to orbit

Equations of motion V4
X | Fone® Fon @

XTHRUST

r@)  m(@) m(t)

(t):z’ + P;DRAG (t) _ P;THRUST (t) — 0
r(t) m(t) m(t)
Z(t) + F;DRAG (t) _ F;THRUST (t) — O

r(t)’ m(t) m(t)

Mars radius=3.376 x 10°m

X()+my .G

Mars mass=6.418 x 1023 kg Universal gravitational constant
@i = MyesG 172 = 3756 m/sec? G=6.67x10" md/kg-sec?
, r Vehicle mass
Mars time scale: Ty s =4/——= =948.03 S€C
mG m(l‘)

Mars velocity scale: U, = 1/mTG =3561 m/sec

22
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o
CDO
0 1 2 3

Drag

0.3

vehicle mass 02

M

sec’
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0.1

0.1

t/T
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ASTRONAUTICS Xty F. () F,__ (t) FTHRUSTXV_O
+ DRAG — “THRUST

MO+ MGt Ty my
r m — . . .
V=(x,y,2)
c . 3 y{) @D“G(t)—F”T”W(t)zo See the paper Universal Gravit
Assume there is no lift KOs T e ) Turn Traj%c?ories (I)‘:w my websité/.
on the rocket. Combine
. o F,,O F O
thrust and drag. e
_ _ _ y(t)F.(1)=z(t)F,(t)=0 (1)
(FTHRUST_FDRAG)XV:() Fy(t):y—Fx(t)
— > )E@0-#)FE()=0 — *(1)
V=(x,y,2) F ()=
t)=—=F (t
s ) x(t)li(t)—y'(t)ﬂ(t):o z() x(t) x()
2 2 b 1/2
(OB r) e
Vehicle acceleration o m(1) £(t)m(1)
(1) _x(1)
()~ 7))
X(1)+ My G x@) _ (t)x(t) =0

R0 2
Suars = MyarsG /77 =3.756 m/sec?

00,
r(ty 7(t)

V(@) +m,,, .G
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Angle between velocity vector and planet radius

Z

Launch point

-0.5

25



|75TANFORD

AERONAUTICS &
ASTRONAUTICS

01}

Launch trajectory

06 -10005 10004 —10003 -10002 -10001

ooooo

r«— Surface speed at the
equator=241.17 m/sec

Vertical launch
12.5 sec

dp

=0.038
" degrees/sec

o \

5/3/21

-0.1}F

=021

n —s5 " " " s 3

First stage
gravity turn
36.6 sec

d
d_ﬁ =0.132 degrees/sec

| \

Coast
620 sec

d
b =0.0007 degrees/sec

dt
\\

Second stage
gravity turn to orbit
39.4 sec

26
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Maximum altitude

557.9 km

Minimum altitude

527.5 km
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M. M M. M M./ M
V,=Cln| olMp 1y 0| MM |, o gy Mo/ My
]‘401/1\/1191_1 Moz/Mpz_l ]‘403/1\/1193_1

The mass ratios can be written in terms of the payload fraction as follows.

1 1 1 1
M, /M, = + M, IM,)+——M,./M
9= e e e ) 0,0,

( 1 j 1 I 1 1 (M., /M,
My, I M,,= + +
1-T')\1-¢&, 1-g\ M., /M, ) 1-\M,, /M,

1 1 I 1 r (M,,/M,,
My, M,,= + +
1-T')\1-& 1-¢\M,; /M, ) 1-\ M., /M,
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For given values of

I,C,,C,,C,,€,,8,,&,

The final velocity is a function of of the propellant ratios.

. :FLMPZ Mmj
3 ’
M, M,

Differentiate with respect to the two variables to identify a maximum.

29
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g =0.116
0.10F
g, =0.117
0.08 | £,=0.148
MP3/MP1 C, = 3040 m/sec
0.06
Maximum delta-V C,=3210 m/sec
occurs at
M,,/M;; = 0.2911
M,s/M,, = 0.05858 0.04| C,=3350 m/sec

I'=0.01125
0.02f

AV =10,800 m /sec

000

Payload mass = 85 kg

M, =7557 kg
5/3/21 30



