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Abstract— We consider the problem of estimating a sparse  Several recent papers address the problem of quantized com-
signal from a set of quantized, Gaussian noise corrupted mea pressed sensing. In [14], the authors consider the extrase ¢
surements, where each measurement corresponds to an intatv of sign (.e, 1-bit) measurements, and propose an algorithm

of values. We give two methods for (approximately) solving S . . .
this problem, each based on minimizing a differentiable comex based on minimizing art,-regularized one-sided quadratic

function plus an ¢ regularization term. Using a first order function. Quantized compressed sensing, where quamtizati
method developed by Hale et al, we demonstrate the performae  effects dominate noise effects, is considered in [15]; the

of the methods through numerical simulation. We find that, usng  authors propose a variant of basis pursuit denoising, based
these methods, compressed sensing can be carried out evernewh , ising any, norm rather than a, norm, and prove that
the quantization is very coarsegg., 1 or 2 bits per measurement. P . .

the algorithm performance improves with largern [16], an

adaptation of basis pursuit denoising and subspace sagnplin

is proposed for dealing with quantized measurements. In all

. INTRODUCTION of this work, the focus is on the effect of quantization; in
We consider the problem of estimating a sparse vectitis paper, we consider the combined affect of quantization
x € R™ from a set ofm noise corrupted quantized measureand noise. Still, some of the methods described above, in
ments, where the quantizer gives us an interval for eactenofrticular the use of a one-sided quadratic penalty functice
corrupted measurement. We give two methods for solving thitbsely related to the methods we propose here. In addition,
problem, each of which reduces to solving @nregularized several of these authors observed very similar results ts, ou
convex optimization problem of the form in particular, that compressed sensing can be succesdfuily
minimize  f(Az) + A, (1) even with very coarsely quantized measurements.

where f is a separable convex differentiable function (which Il. SETUP
depends on the method and the particular measureméints), \We assume that = Az + v, wherez € R™ is the noise

R™*™ is the measurement matrix, andis a positive weight corrupted but unquantized measurement vectog R™*",
chosen to control the sparsity of the estimated value.of  andv; are IID N (0, 02) noises. The quantizer far; is given

We describe the two methods below, in decreasing orderw a functionQ,; : R — ));, where)); is a finite set of
sophistication. Our first method i -regularized maximum codewords. The quantized noise corrupted measurements are
likelihood estimation. When the noise is Gaussian (or any )
other log-concave distribution), the negative log-likelbd yi=Qi(zi), i=1,...,m.
function for z, given the measurements, is convex, SO CONThjs is the same as saying thate Q; ' (y;).

. . . . . . (2
puting the maximum likelihood estimate of is a convex e will consider the case when the quantizer codewords
optimization problem; we then add regularization to obtain correspond to intervals,e., O Yys) = [li,wi). (Here we
a sparse estimate. The second method is quite simple: glude the lower limit but not the upper limit; but whethbet
simply use the midpoint, or centroid, of the interval, ashét endpoints are included or not will not matter.) The vallies
measurement model were linear. We will see that both metndy; are the lower and upper limits, or thresholds, associated
ods work suprisingly well, with the first method sometimegjith the particular quantized measurement We can have

outperforming the second. o l; = —o0, Or u; = oo, when the interval is infinite.
The idea of¢; regularization to encourage sparsity is NOW Thys, ourm measurements tell us that

well established in the signal processing and statistiosnco-
nities. It is used as a signal recovery method from incoreplet I <Az +o<u,

measurements, known as compressed (or compressive)gengiierel andu are the lower and upper limits for the observed
[1], [2], [3], [4]. The earliest documented use 6f based codewords. This model is very similar to the one used in [17]

signal revovery is in deconvolution of seismic data [5],. [6or quantized measurements in the context of fault estinati
In statistics, the idea of; regularization is used in the well

known Lasso algorithm [7] for feature selection. Other usies I1l. M ETHODS
¢, based methods include total variation denoising in image ¢, -regularized maximum likelihood
processing [8], [9], circuit design [10], [11], sparse [olib '

optimization [12], and trend filtering [13]. The conditional probability of the measured codewggd

givenzx is
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wherea! is theith row of A and

D(z) = \/% /_Z exp (—t%/2) dt

is the cumulative distribution function of the standardmal
distribution. The negative log-likelihood af given x is given

by
m _ 4T . _ 4T .
~> log (cb (7% ““l) — (7“1 “lz)) :
i=1 gi gi

which we can express g5.1(Az), where

m
o)== s (3 (=552 -0 (S5 )
. (3 (3
=1 Fig. 1. Comparison of the two penalty functions for a singleasurement

(This depends on the particular measurement observedghrowith v = 0.2, = 0.2, § = 0, 0 = 0.1, andG = 0.11.
[ andu.)
The negative log-likelihood functiofi,,; is a smooth convex

function. This follows from ConcaVity, with I‘espect to thQ/Ve can then express the measurement as g + q, where
variablez, of q € R™ denotes the quantization error.

1 a—z ) Of courseg is a function of Az 4 v; but we use a standard
log (®(a —2) — (B — 2)) = log E/ exp (—t*/2) dt, approximation and consider to be a random variable with

zero mean and variance
wherea > . (This is the log of the probability that ax(z, 1) Wi =2 d
random variable lies ifi3, a].) Concavity ofy follows from 52 = fl (wwi 5i)"p(w) w,
log-concavity of®(«—z)— ®(8—z), which is the convolution fz p(w) dw

of two log-concave functions (the Gaussian density and thg, the case of a uniform (assumed) distribution onwe
function that is one betweefl and o and zero elsewhere); have 52 — (ui — 1;)?/12; see,eq. [19]. Now we take the

see.eg, [18, §3.5.2]. This argument shows that, is convex  apnroximation one step further, and pretend thistGaussian.

for any measurement noise density that is log-concave.  ynder this approximation we havg= Az + &, wherev; ~

We find the maximum likelihood estimate af by mini- N (0,02 + 52). We can now use least-squares to estimate
mizing fmi(Az). To incorporate the sparsity prior, we add  py minimizing the (convex quadratic) functigfy(Az), where
regularization, and minimizé,,; (Az) + A||x| 1, adjustingX to

obtain the desired or assumed sparsityzin
We can also add a prior on the vecter and carry out
maximum a posteriori probability estimation. The function

fis(z) = Y (1/2)(zi = 5)* /(07 +67).
=1
To obtain a sparse estimate, we a€id regularization, and
fu1(Az) —log e (), minimize fi;(Az) + A||z||;. This problem is the same as the

wherep,. is the prior density of, is the negative log posteriorOne considered in [20]

density, plus a constant. Provided the prior density aon

is log-concave, this function is convex; its minimizer giveC. Penalty comparison

the maximum a posteriori probability (MAP) estimate of  Figure 1 shows a comparison of the two different penalty
Adding ¢, regularization we can trade off posterior probabilitfunctions used in our two methods, for a single measurement

with sparsity inz. with u = 0.2, 1 = —0.2, 7 = 0, ando = 0.1. We assume that
the distribution of the unquantized measurement is uniform
B. /,-regularized least squares [—0.2,0.2], which implies that the quantization noise standard

deviation is aboutt = 0.11. We can (loosely) interpret the

The sgcond methoc_j we c0n3|dgr is simpler, and is ba &alty function for the second method as an approximation
on ignoring the quantization. We simply use a real value f % the true maximum-likelihood penalty function.
each quantization interval, and assume that the real value |

the unquantized, but noise corrupted measurement. For the
measuremeny;, we letg; € R be some value, independent
of z, such as the midpoint or the centroid (under some Problems of the form (1) can be solved using a variety of
distribution) of [I;,u;). Assuming the distribution of; is algorithms, including interior point methods [18], [20]sop

IV. A FIRST ORDER METHOD

pi(z), the centroid (or conditional mean value) is jected gradient methods [21], Bregman iterative regusaiton
ws algorithms [22], [23], homotopy methods [24], [25], and &ffir
i = Ji, wp(w) dw order method based on Nesterov’s work [26]. Some of these

flzuip(w) dw methods use a homotopy or continuation algorithm, and so



efficiently compute a good approximation of the regulaimat We found that the parameter values
path,i.e, the solution of problem (1) as varies. 5 )
We describe here a simple first order method due to Hale, T=1/[l4]z, e=10"" 5=05
Yin, and Zhang [27], which is a special case of a forwarqyork well for a large number of problems.
backward splitting algorithm for solving convex problems
[28], [29]. We start from the optimality conditions for (1).

Using subdifferential calculus, we obtain the followingces- _ _ _
sary and sufficient conditions far to be optimal for (1): We now look at a numerical example with= 250 variables

and up tom = 500 measurements. For all our simulations, we
{=Ai} zi >0, : ;
ViAz) € [“h4N] @5 —=0 i—0 n (2 use a fixed matrixd whose elements are drawn randomly from
{+/<f} v <0 B aN(0,0.004) distribution. For each individual simulation run

o N . . ~we choose the elements ofrandomly with
These optimality conditions tell us in particular that= 0 is

V. NUMERICAL RESULTS

optimal for (1) if and only if 1, with probability 0.05,
s x; =< —1, with probability 0.05,
A2 A= [V F(0) oo 3) 0, with probability 0.90.

We make use of this fact when selecting the initial value of
for our algorithm.

From (2) we deduce that for any> 0, = is optimal if and
only if

Thus the expected number of nonzerogiis 25, anda! = has

zero mean and standard deviati®316. The noise standard

deviation isg; = 0.1 for all 4, so the signal to noise ratio of

each unquantized measurement is atous.

z = sgnz — TATV f(Ax)) o (| — TATV f(Az)| = 7X) We consider a number of possible measurement scenarios.
(4)  We vary b, the number of quantization bins used from,

where sg(r) and (-) are the elementwise sign and nonnego 22 and m, the number of measurements, frofd to

ative part operators respectively, andlenotes the Hadamards00. We choose the bin thresholds so as to make each bin

(elementwise) product. . S ~ have approximately equal probability, assuming a Gaussian
~ From equation (4) we see thatis optimal if and only if it distribution. For each estimation scenario we use eacheof th
is a fixed point of the following iteration: two penalty functions described illl. For the case off;-

Rt Sgr(l'k—TATVf(Axk))O“wk — 7 ATV f(AzFHY)| — T)\?eg_ularized least squares we set the approximagioto be
(5) he approximate centroid ¢, u;), assuming:; has\/(0,0.1)
In [27], the authors prove that this iteration converges o éj'St”bUtA'O” (which it does not). In both cases we choase
optimal point of problem (1), starting from an arbitrary poi SO thatz has25 nonzeros, which is the expec_ted_number_ of
20 € R", as long as the largest eigenvalueAf V2 f(Az)A, NOnzeros inz. So here we are using some prior information
the Hessian off(Az), is bounded. This condition holds in@Pout the (expected) sparsity ofto choosex. .
particular for both f,,; and fi, since V2fi(z) = I and  We generatel00 random instances of and y, while
V2 f(2) < 1. keeping A fixed, and we record the average percentage of
The fixed point continuation method is summarized belowfue positive and false positive in the sparsity patternhef t
resulting estimate of. Our results are summarized in figure

given tolerancee > 0, parameters > 0, 0 < 4 <1 2, which shows the true positive rate, and figure 3, which

initialize zo :=0, A\ := A", k:=0 shows the false positive rate, as a functionboand m for
while A > A both methods.
=\ What these figures show is that there is a large region
while ||z — zx_1]l2 > €||lzr_1]2 in the (b, m) space ir_l Wh!Ch we get very _good estimation
Eo— ka1 perfor_mance,Le.,. a high likelihood of getting the correct
= wpr — TATV (A1) sparsity pattern inc. For more thanl50 measurements and

around10 quantization bins (corresponding to a little more
than 3 bits per measurement), we can estimate the sparity
pattern of x quite accurately. Both methods perform well
For more details about this algorithm, as well as a convargerin this region. This agrees with the theoretical results on
proof, see [27]. compressed sensing which state that each nonzero entry in
For completeness we giveéf (z) for each of the two penalty » requires about 4-5 samples for accurate estimation (which
functions that we consider. For the negative log-likelileee translates to am of around 100-125 for our experiments).

zi = Sga-1) © (|lzp—1| = TA)

have L . From the contour lines we can also see that
V f(2); = eXP(_“jﬂ) - eXp(_li/2)7 regularized maximum likelihood outperforms the more naive
o fl“ exp(—t2/2) dt ¢,-regularized least squares, both in terms of true positive r

and false positive rate, especially when we have a large sBumb
of coarsely quantized measuremerits.(small b and large
m) or a small number of finely quantized measuremeins (
Vhs(2)i=(zi = §i)/(0s +75), i=1,...,m. largeb and smallm). This is an accordance with the results in

Whel’eﬁi = (Zl — ui)/ai, l~l = (Zi — li)/O'i, i=1,...,m. For
the quadratic penalty we have
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