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Abstract
In 1963 Boris Polyak suggested a particular step size for gradient descent methods,
now known as the Polyak step size, that he later adapted to subgradient methods. The
Polyak step size requires knowledge of the optimal value of theminimization problem,
which is a strong assumption but one that holds for several important problems. In
this paper we extend Polyak’s method to handle constraints and, as a generalization
of subgradients, general minorants, which are convex functions that tightly lower
bound the objective and constraint functions. We refer to this algorithm as the Polyak
Minorant Method (PMM). It is closely related to cutting-plane and bundle methods.

Keywords Convex optimization · First-order methods · Cutting-plane methods ·
Bundle methods

Mathematics Subject Classification 49M20 · 49M37 · 90C25 · 90C55

1 Introduction

1.1 The Problem

We consider the convex optimization problem

minimize f0(x)
subject to fi (x) ≤ 0, i = 1, . . . ,m

Ax = b,
(1)
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with variable x ∈ Rn , where f0 : Ω → R and fi : Rn → R, i = 1, . . . ,m are closed
proper convex functions, A ∈ Rp×n , and b ∈ Rp. We can have m = 0 (no inequality
constraints) or p = 0 (no equality constraints).

We let F denote the set of feasible points for (1). For ρ > 0, Fρ will denote the
ρ-violated constraint set,

Fρ = {x | fi (x) ≤ ρ, i = 1, . . . ,m, Ax = b}.

We will assume that Fρ ⊆ Ω for some ρ > 0, which means that when x is ρ-close to
feasible, the objective f0(x) is defined. We assume that the optimal value

f � = inf{ f0(x) | fi (x) ≤ 0, i = 1, . . . ,m, Ax = b}

is finite and achieved, i.e., there exists at least one optimal point x�, with fi (x�) ≤ 0
for i = 1, . . . ,m and f0(x�) = f �. We define X � to be the set of optimal points. For
our convergence proofs, we will also assume that fi for i = 0, . . . ,m are Lipschitz
continuous with constant G.

We define the (maximum) violation at a point x ∈ Ω that satisfies Ax = b as

v(x) = max{ f0(x) − f �, f1(x), . . . , fm(x)}, (2)

and take v(x) = ∞ when x /∈ Ω or Ax �= b. The violation is zero if and only if x is a
solution of (1). An algorithm solves the problem (1) if it produces a sequence xk with
v(xk) → 0.

1.2 Known Optimal Value

Like Polyak’s original method, the algorithm we present in this paper assumes knowl-
edge of f �. Although requiring that f � is known before solving the problem is
restrictive, there are common generic cases where it holds.

Feasibility problems. A feasibility problem is the special case of (1) with f0 = 0,

minimize 0
subject to fi (x) ≤ 0, i = 1, . . . ,m

Ax = b,
(3)

with variable x ∈ Rn , and fi , A, and b as in (1).

Primal–dual problems. A primal–dual problem includes both primal and dual vari-
ables and constraints, and includes the duality gap (the difference of the primal
objective and the dual objective) as the objective or as a constraint (that it is zero).
Such a problem has known objective value 0 when strong duality holds and the pri-
mal problem has a solution. As a specific example consider the primal and dual cone
programs
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minimize cT u
subject to Au = b

u ∈ K,

maximize bT v

subject to c − AT v = s
s ∈ K∗

(4)

with variables u ∈ Rn , s ∈ Rn , v ∈ Rp, where K ⊆ Rn is a closed convex cone and
K∗ is its dual cone, and c ∈ Rn , A ∈ Rp×n , and b ∈ Rp are parameters. Expressing
the condition that the duality gap cT u−bT v is zero as as a linear constraint, we arrive
at the primal–dual feasibility problem

minimize 0
subject to dK(u) ≤ 0, dK∗(s) ≤ 0⎡

⎣
s
0
0

⎤
⎦ =

⎡
⎣

0 −AT c
A 0 −b

−cT bT 0

⎤
⎦

⎡
⎣
u
v

1

⎤
⎦ ,

(5)

where dK is the �2 distance to K and dK∗ is the distance to K∗. This has the form (1)
with variable x = (u, v, s) and known optimal value f � = 0.

1.3 Pointwise Lower Bounds andMinorants

Pointwise lower bound. Suppose f : Ω → R, with Ω ⊆ Rn . We say that f̂ :
Rn → R∪ {∞} is a pointwise lower bound (PLB) on f if f̂ (z) ≤ f (z) for all z ∈ Ω .
We write this as f̂ ≤ f .

Minorant. We will use the basic idea of a minorant of a convex function at a point.
Suppose f : Ω → R is a closed convex function. We say that f̂ : Rn → R ∪ {∞} is
a minorant of f at z ∈ Ω if the following hold:

• f̂ is closed convex;
• f̂ ≤ f , i.e., f̂ is a PLB on f ;
• f̂ (z) = f (z), i.e., the lower bound is tight at the point z.

We write f̂ (x) as f̂ (x; z) to indicate that f̂ is a minorant at the point z.
The simplest minorant of f at z is affine,

f̂ (x; z) = f (z) + gT (x − z), g ∈ ∂ f (z), (6)

with ∂ f (z) denoting the subdifferential of f at z. At the other extreme, we can take f
as its own minorant, f̂ (x; z) = f (x). All other minorants are in between these two, in
the sense that they are pointwise between f and at least one affine minorant defined
by a subgradient. We will say more about minorants and how to construct them in
Sect. 3.

If f has Lipschitz constant G, we will also assume that any minorant inherits the
same Lipschitz constant. (Some minorants do not inherit the Lipschitz constant, but
all the typical methods for constructing minorants do have this property.)

Other notation. Many authors have used different names for what we call a PLB
and a minorant. Some papers define (what we call) a minorant to be (what we call) a
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PLB [12, 42]. Other authors use minorant to be more restrictive, for example affine
[25, 30]. In [21], a minorant is defined as the largest convex function whose epigraph
contains a set of points. Throughout this paper, we use the definitions of PLB and
minorant above.

1.4 This Paper

In this paper, we develop amethod that solves (1)where the only access to the objective
and constraint functions is via minorants. That is, we can find a minorant of fi ,
i = 1, . . . ,m at any z, and of f0 for any z ∈ Ω . Our method is inspired by and is an
extension of the subgradient methodwith Polyak step size. Aswewill discuss below, it
is closely connected to many other methods including subgradient methods, cutting-
plane methods, and bundle methods. Much like bundle and cutting-plane methods,
each iteration of our method requires solving a relatively simple convex optimization
problem. One benefit of the method is that it has no parameters that need to be tuned.
To honor Boris Polyak, we name the method the Polyak minorant method (PMM).

1.5 PriorWork

Subgradient methods. Boris Polyak introduced the Polyak gradient step for min-
imizing continuously differentiable functionals in [38]. Following the development
of subgradient methods for non-differentiable optimization [43, 46], Polyak adapted
his gradient step to the subgradient case [41]. Since then various extensions of the
Polyak subgradient method have been developed, including Polyak step variations for
stochastic gradient descent [1, 7, 14, 27, 28, 35, 37], Polyak-like steps that do not
require knowledge of f � [19, 51], a Polyak-like step for momentum-accelerated gra-
dient descent [4, 18, 49], a Polyak step method for mirror descent [50], a Polyak-like
step for convex problemswith box constraints [9], and a Polyak step for weakly convex
functions [11]. We will see that PMM reduces to the subgradient method with Polyak
step sizes when there are no constraints and a subgradient-based affine minorant is
used.

Cutting-plane methods. Cutting-plane methods originate from the works [8] and
[22]. Thesemethods solve convex problems by iteratively shrinking a polygonal super-
set of the optimal set. This shrinking is done using a cutting plane in each iteration,
i.e., a halfspace known to contain the optimal set [6]. Cutting-plane methods differ
in how they choose the next iterate; see, e.g., the survey [47]. Cutting-plane methods
can be viewed as iteratively refining a piecewise-affine minorant on the objective and
constraints. Conversely, PMM can be thought of as a cutting-plane method, when the
minorants are piecewise affine.

Bundlemethods. Bundle methods extend cutting-plane methods in two ways. First,
the next iterate is found by minimizing a minorant plus an additional (typically
quadratic) stabilization term. Second, bundle methods include logic that only updates
the current iterate if a sufficient descent condition holds. The original and most com-
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mon bundle method is the proximal bundle method [13, 23]. Alternatively, the level
bundle method [13, 26] projects the current point onto the sublevel set of a minorant,
exactly as PMM does. Yet another variation is the trust-region bundle method [13,
31]. A history of bundle methods can be found in [20, Ch. XIV, XV]. We refer to [42]
for a more thorough review of modern bundle literature. PMM is structurally similar
to a level-set bundle method, but lacks a sufficient descent condition, and admits any
minorant instead of only cutting-plane minorants.

2 PolyakMinorant Method

We let xk ∈ Rn denote the kth iterate of PMM for k = 1, 2, . . . . PMM maintains
a PLB on the objective and constraint functions, which vary with iterations, denoted
f̂ ki , i = 0, . . . ,m. The constraint function lower bounds f̂ ki , i = 1, . . . ,m, are always

minorants of fi at xk , while the PLB f̂ k0 is a minorant only for some iterations. We
define

X k = {x | f̂ k0 (x) ≤ f �, f̂ ki (x) ≤ 0, i = 1, . . . ,m, Ax = b}. (7)

Since f̂ ki ≤ fi for i = 1, . . . ,m and f̂ k0 ≤ f0, we have that f̂ ki (x�) ≤ fi (x�) ≤ 0 for
i = 1, . . . ,m and f̂ k0 (x�) ≤ f0(x�) = f �, so x� ∈ X k .

The next iterate xk+1 is the projection of xk onto Xk , i.e.,

xk+1 = �X k (xk) = argmin
x∈X k

‖x − xk‖2.

PMM is summarized in algorithm 2.1.

Algorithm 2.1 Polyak minorant method

given x1 ∈ Rn , optimal value f �, tolerance ε > 0.

for k = 1, 2, . . .
1. Constraint minorants. Find minorants f̂ ki of fi at x

k for i = 1, . . . ,m.
2. Objective minorant.

If xk ∈ Ω , find a minorant f̂ k0 of f0 at xk .
Else, set f̂ k0 to be any PLB on f0.

3. Update. xk+1 = �X k (xk ).
4. Check stopping criterion. Stop if v(xk+1) ≤ ε.

Comments. Recall that dom fi = Rn for i = 1, . . . ,m, so we can always find
constraint minorants in step 1. In step 2, if xk ∈ Ω = dom f0, f̂ k0 is a minorant of f0
at xk . If xk /∈ Ω , f̂ k0 is any PLB, such as the constant function f̂ k0 = f �, or a minorant
of f0 found in any previous iteration.

The PMMmethod is generic since we have not specified what minorants to use. We
will discuss many different types of minorants in Sect. 3. Depending on the minorants
used, PMM can be considered a subgradient-type method, a cutting-plane method, or
a level-set bundle method [48].
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Connection to proximal operator. Define

F̂k(x) = f̂0(x) + I( f̂i (x) ≤ 0, i = 1, . . . ,m, Ax = b),

where I is the {0,∞}-indicator function. The projection of xk onto X k also min-
imizes tk F̂k(x) + (1/2)‖x − xk‖22 for some tk > 0. In other words, we have
xk+1 = proxtk F̂k (xk), where prox is the proximal operator [36]. In standard proximal
operator methods, tk is specified. In our case, however, xk+1 is given as a projection,
and we determine tk only after the update is computed.

Polyak subgradient method. Consider the special case Ω = Rn and m = p = 0.
We use the subgradient-based affine minorant (6) for f0. The set X k is the halfspace
{x | f0(xk) + (gk)T (x − xk) ≤ f �}, where gk ∈ ∂ f0(xk). The projection in step 3 is
then

xk+1 = xk − f0(xk) − f �

‖gk‖22
gk,

which coincides with the subgradient method with Polyak’s step size. (This assumes
gk �= 0; if gk = 0, we can terminate since xk is optimal.) So PMM generalizes the
subgradient method with Polyak step size.

Alternating-update PMM. We mention one simple variation of PMM in which the
projection is replaced with a projection onto the objective sublevel set or a projection
onto the constraint minorant sublevel set. We define

X k
0 = {x | f̂ k0 (x) ≤ f �},

X k
1 = {x | f̂ ki (x) ≤ 0, i = 1, . . . ,m, Ax = b}.

We replace the projection in step 3 of PMM2.1 with projection ontoX k
0 for even k and

X k
1 for odd k. This alternating-update variation is very similar to existing alternating-

update subgradient methods for constrained convex optimization [2, 29, 39]. This
modified PMM converges under the same assumptions as the original PMM; we pro-
vide a brief proof of convergence in Sect. 2.2.

2.1 Convergence Proof

Herewe give a short convergence proof for PMM, i.e., we show that v(xk) → 0 as k →
∞, which implies that the stopping criterion is eventually satisfied. (A very similar
proof can be constructed to show that the alternating-update version also converges.)
We give the proof not because it is novel, but because it is short and simple. It uses
basic convex analysis and standard ideas that trace back to the subgradient methods
of the 1960s.
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Since xk+1 is the projection of xk onto X k (which contains x�), we have

(xk − xk+1)T (x� − xk+1) ≤ 0.

It follows that

‖xk+1 − x�‖22 = ‖xk − x�‖22 − ‖xk − xk+1‖22 + 2(xk − xk+1)T (x� − xk+1)

≤ ‖xk − x�‖22 − ‖xk − xk+1‖22.

This shows that the algorithm is Fejér monotone, i.e., each iteration does not increase
the distance to any optimal point. Iterating the inequality above yields

∞∑
k=1

‖xk − xk+1‖22 ≤ ‖x1 − x�‖22,

which shows that
‖xk − xk+1‖2 → 0. (8)

We use the Lipschitz continuity of f̂ ki , the fact that xk+1 ∈ X k (which implies

f̂ ki (xk+1) ≤ 0), and that f̂ ki is a minorant of fi at xk to conclude that

G‖xk+1 − xk‖2 ≥ f̂ ki (xk) − f̂ ki (xk+1) ≥ fi (x
k) (9)

for i = 1, . . . ,m.
Combining (8) and (9), we see that max{ fi (xk), 0} → 0 as k → ∞, for i =

1, . . . ,m. In other words, the iterates are eventually almost feasible. It follows that
there exists a K for which fi (xk) ≤ ρ, i = 1, . . . ,m, for all k ≥ K , which implies
xk ∈ Fρ , and thus xk ∈ Ω . This in turn implies that f̂ k0 is a minorant of f0 at xk for
k ≥ K .

We now show that f0(xk) → f �. For k ≥ K , a similar argument as above for fi ,
i = 1, . . . ,m, gives

G‖xk+1 − xk‖2 ≥ f̂ k0 (xk) − f̂ k0 (xk+1) ≥ f̂0(x
k) − f � = f0(x

k) − f �. (10)

(Here we use f̂0(xk+1) ≤ f � and f̂0(xk) = f0(xk).) Combined with (8), we deduce
that f0(xk) → f �. It follows that v(xk) → 0, so the stopping criterion is eventually
satisfied.

Comments. The convergence proof shows that we can relax several assumptions. For
example, the assumption of Lipschitz continuity can be relaxed by requiring it to hold
for the minorants, and only on the bounded set defined by ‖x − x1‖2 ≤ ‖x� − x1‖2.
(We do not know the righthand side here, but we never use the Lipschitz constant in
the algorithm.)

While we have assumed above that all constraint functions have domain Rn , our
proof shows that it suffices for just one to be defined on allRn , with the other constraint

123



Journal of Optimization Theory and Applications

functions playing a similar role to the objective, i.e., they are defined only when the
one constraint is nearly satisfied. Instead of a minorant, we take f̂i to be any PLB for
fi for the constraints with xk /∈ dom fi , as we do above for the objective.

2.2 Convergence with Alternating Update

We follow the steps of the proof in Sect. 2.1 to show that f0(xk) → f � as k → ∞ for
the alternating-update variant of the PMM. By construction, Axk = b. Since x� ∈ Xk

0
and x� ∈ Xk

1, we deduce that for both odd and even k,

(xk − xk+1)T (x� − xk+1) ≤ 0.

It follows that

‖xk+1 − x�‖22 ≤ ‖xk − x�‖22 − ‖xk − xk+1‖22.

Iterating these inequalities yields that

∞∑
k=1

‖xk − xk+1‖22 ≤ ‖x1 − x�‖22.

It now follows that ‖xk−xk+1/2‖2 → 0.We conclude using (9), (10), and theLipschitz
continuity of f̂i for i = 0, . . .m that f0(xk) → f � as k → ∞.

2.3 Convergence with Sharpness

A convex function φ onΩ , with φ� = inf x∈Ω φ(x) finite, isμ-sharp if for someμ > 0
and all x ∈ Ω

φ(x) − φ� ≥ μ inf
x�∈X �

‖x − x�‖2.

It is a well-known result (see [11, 17, 40, 45]) that for minimizing a G-Lipschitz μ-
sharp closed proper convex function, the original Polyak subgradient step produces
iterates that converge linearly:

inf
x�∈{x |φ(x)≤φ�} ‖x

k+1 − x�‖2 ≤
√
1 − μ2

G2 inf
x�∈{x | f (x)≤ f �} ‖x

k − x�‖2.

We can derive a similar convergence result for PMM. Define

h(x) = max( f (x) − f �, f1(x), . . . , fm(x))

on Ω . The function h is G-Lipschitz, closed, proper, and convex, and its set of min-
imizers is X �. Now suppose that h is μ-sharp. From (9), (10), and sharpness, we
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have

G‖xk+1 − xk‖2 ≥ h(xk) ≥ μ inf
x�∈X �

‖xk − x�‖2.

Letting �X �xk denote the projection of xk onto X �, we have

inf
x�∈X �

‖xk+1 − x�‖22 ≤ ‖xk+1 − �X �xk‖22

≤ ‖xk − �X �xk‖22 − μ2

G2 inf
x�∈X �

‖xk − x�‖22

=
(
1 − μ2

G2

)
inf

x�∈X �
‖xk − x�‖22.

Thus when the function h isμ-sharp, PMM attains the same linear rate of convergence
as the original Polyak subgradient method.

2.4 Cost of an Iteration

We address here a question that could just as well be asked about cutting-plane or
bundle methods: What is the computational cost of an iteration of PMM, specifically
the projection step? Of course, this depends very much on the minorants used. For
example, if we take the functions themselves as minorants, PMM converges in one
step, which consists of solving the problem; PMM is correct in this case, but silly. To
be useful, carrying out the projection step should be, at a very minimum, cheaper than
solving the original problem.

Typical minorants are piecewise affine, defined as the maximum of a set of affine
functions. For such problems, the projection can be solved in time that is linear in n,
and quadratic in the number of terms in the minorants plus equality constraints. In
typical cases the latter number is kept substantially smaller than n as the algorithm
proceeds, using limited memory minorants described in Sect. 3.4.

While the details depend on the specific form of the minorants, we give them here
for a specific generic case, where the projection can be expressed as

minimize ‖x − xk‖22
subject to Fx ≤ g, Ax = b,

(11)

where F ∈ Rq×n and g ∈ Rq , where q is the number of terms in the piecewise
affine minorants. We assume here that q � n, and show how to solve this problem
efficiently.

From the optimality condition for this quadratic program (QP), we find that the
solution to (11) has the form

xk+1 = xk − FT λ − AT ν,
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for some dual variables λ ∈ Rq and ν ∈ Rp, with λ ≥ 0 [5, §5.5.3]. So we can
reformulate (11) using variables λ and ν as

minimize ‖FT λ + AT ν‖22
subject to Fxk − FFTλ − FAT ν ≤ g

Axk − AFT λ − AAT ν = b.
(12)

This a QP with variables (λ, ν) ∈ Rq+p. We solve this (smaller) QP and then set
xk+1 = xk − FT λ� − AT ν�. When q + p � n, this has far fewer variables than the
original projection QP 11.

Without exploiting any structure, the small QP (12) can be solved in O((p + q)3)

flops [5, §11]. In many cases the computational cost of the projection is dominated by
forming the matrices

FFT , FAT , AAT , (13)

which has cost O(n(p + q)2) flops.
To illustrate this, we consider a specific example with n = 106 and p = q = 50.

Computing the matrices (13) costs O(1010) flops, whereas solving the small QP (12)
costs O(106) flops, which is negligible in comparison. Carrying out this computation
using CVXPY [10] and OSQP [44] on an instance of this problem yields results that
are compatible with these rough flop counts. Computing the matrices requires around
0.3 s, and solving the small QP requires 0.007s. In comparison, solving the original QP
directly takes around 700s. (These numbers are for a laptop with a Ryzen 9 5900HX
processor.)

Similar methods to efficiently compute the projection can be used for minorants of
a more general form, i.e., not the maximum of q affine functions. As specific exam-
ples, the minorants could be the sum of terms, each a maximum of affine functions,
second-order cone representable, with q being something like the total number of
terms involved. The main point here is while each iteration of PMM requires solving a
(possibly large) convex optimization problem that does not have an analytical solution,
this can be done efficiently provided q is not too big.

3 Minorants

In this section, we look at methods for constructing minorants. We have already men-
tioned some simple minorants, such as the affine subgradient-based minorant (6) and
the function itself. We start by mentioning simple minorants for functions that satisfy
additional conditions, such as strongly convex or self-concordant [34]. We then give
some rules for constructingminorants, which can be extended to an automatedmethod
that relies on disciplined convex programming [15].

3.1 Strongly Convex and Self-Concordant Functions

Strongly convex functions. The subgradient-based minorant (6) can be replaced
with a quadratic minorant when f is strongly convex with parameter δ > 0, i.e.,
f (x) − (δ/2)‖x‖22 is convex. Here the minorant is
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f̂ (x; z) = f (z) + gT (x − z) + (δ/2)‖x − z‖22,

where g ∈ ∂ f (z).

Self-concordant functions. As another example, suppose f is self-concordant [32,
§2.2.VI]. In this case, we have the minorant

f̂ (x; z) = f (z) + ∇ f (z)T (x − z) + u − log(1 + u),

where u = ‖∇2 f (z)1/2(x − z)‖2. (This is convex since u − log(1 + u) is increasing
on u ≥ 0.)

3.2 Rules for ConstructingMinorants

Scaling and sum. If f̂i (x; z) is aminorant for fi at z andαi ≥ 0, then
∑M

i=1 f̂i (x; z) is
a minorant for

∑M
i=1 fi at z. As an example, if each minorant f̂i (x; z) is the maximum

of affine functions, then the minorant for the sum is also piecewise affine, with the
specific form of a sum of functions, each the maximum of affine functions.

Selective minorization. As a specific example, suppose

f (x) = l(x) + λr(x),

where l is a convex (loss) function, r is convex (regularizer) function, and λ > 0 is a
parameter [5, §6.3.2], [33, §6.4.1]. (This function arises in regularized empirical risk
minimization problems.) We can use the minorant

f̂ (x; z) = l̂(x; z) + λr(x),

where l̂(x; z) is a minorant of l at z. Here we form a minorant of the loss function, but
keep the regularizer (which is its own minorant).

Supremum. Suppose f is the pointwise supremum of a set of convex functions,

f (x) = sup
α∈A

fα(x),

where fα : Ω → R are convex. We will assume that the supremum is achieved for
each x . (When f is the objective, the problem (1) is then a minimax problem [5].) We
can construct a minorant as follows. Find α′ ∈ A with f (z) = fα′(z). Then

f̂ (x; z) = fα′(x)

is a minorant. We can generalize this in several ways. We can replace the righthand
side with a minorant of fα′ at z. We can form a (pointwise) larger minorant as the
maximum over multiple values of α, as long as one of them maximizes fα(z).
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Maximum eigenvalue. As a specific example, we consider f : Sm → R defined as

f (X) = λmax(X) = sup
‖u‖2=1

uT Xu, (14)

where X ∈ Sm , the set of symmetric m × m matrices. Using the method above, we
find a minorant at Z ∈ Sm by finding an eigenvector v of Z , with ‖v‖2 = 1, associated
with its maximum eigenvalue [24]. This gives the minorant

f̂ (X; Z) = vT Xv,

which is linear. (This coincides with the minorant constructed from the subgradient
vvT of f at Z .) For more sophisticated (and larger) minorants, we can take

f̂ (X; Z) = λmax(V
T XV ), (15)

or
f̂ (X; Z) = max diag(V T XV ), (16)

where V is an m × r matrix whose columns are orthonormal eigenvectors associated
with the top r eigenvalues of Z and diag gives the diagonal entries of a matrix. These
minorants reduce to (14) when r = 1. For r ≥ 2, (15) and (16) are not equivalent, and
when r = 2, (15) is second-order cone representable. The minorant (16) is always
piecewise linear.

3.3 DCP Expressions

Disciplined convex programming (DCP) is a system for constructing expressions with
known curvature, convex, concave, or affine [15]. Expressions are built from a library
of atomic or basic functions with known sign, monotonicity, and curvature. These are
combined in such a way that a composition rule, sufficient to establish convexity or
concavity, holds for each subexpression. The leaves of the expression tree are constants
or variables. In addition to curvature of subexpressions, we can also track sign and
monotonicity. Roughly speaking,we determine the signs of the zeroth, first, and second
derivatives of all subexpressions using the composition rule.

DCP composition rule. Consider the expression given by

ψ0 = φ(ψ1, . . . , ψk),

whereφ is an atomandψ1, . . . , ψk are expressions. The composition rule for convexity
is: ψ0 is convex provided φ is convex and for each i = 1, . . . , k, one of the following
holds:

1. ψi is affine,
2. ψi is convex and φ is non-decreasing in argument i ,
3. ψi is concave and φ is non-increasing in argument i .
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One subtlety is that the monotonicity in conditions 2 and 3 must be of the extended-
valued function; see [5, §3.2.4]. There is a similar rule for concavity.

An expression is called DCP (or DCP-compliant) if every subexpression satisfies
the composition rule. DCP is a sufficient condition for convexity or concavity. We can
think of a DCP-convex expression as a function that is syntactically convex, since its
convexity can be established by recursively applying the composition rule. Note that
it only requires knowing the sign, monotonicity, and curvature of the atoms used, and
not their specific values.

Minorant for DCP expression. Suppose ψ is DCP-convex. We can construct a mino-
rant for it by replacing every atom in it with a minorant at its argument, provided the
minorants satisfy two additional conditions: The minorant preserves the sign and the
monotonicity of the atom. These properties do not hold for general minorants, but
they do when the minorants are constructed from subgradients or the other methods
described above. Handling the sign requirement is easy; if φ is an atom that is known
to be nonnegative, we replace any minorant φ̂(x; z) with max{φ̂(x; z), 0}, a minorant
that is also nonnegative.

We omit the proof that this simple method produces a minorant of φ, since it uses
standard arguments used in DCP. We note that the sum, scaling, and maximum rule
above (i.e., the supremum rule whenA is finite) are special cases of DCP-constructed
minorants.

3.4 Memory-BasedMinorants

Suppose we have found minorants f̂ i of f for iterations i = 1, . . . , k. Then their
pointwise maximum

max{ f̂ 1, . . . , f̂ k} (17)

is also a minorant, because f̂ 1, . . . , f̂ k−1 are PLBs, and f̂ k is a minorant. The mino-
rant (17) is pointwise larger than f̂ k . We say that the minorant (17) has memory (of
the previously found minorants). We can also limit the memory to, say, the last M
minorants, as

max{ f̂ k−M , . . . , f̂ k}. (18)

We refer to this as a limited-memory or finite-memory minorant.
When the minorants in each iteration are affine, we can express the minorant (17)

as
f̂ k(x) = max

i=1,...,k

(
f (xi ) + (gi )T (x − xi )

)
, (19)

where gi ∈ ∂ f (xi ). These minorants are piecewise affine and require only the eval-
uation of a subgradient of f , and its value, at each point. When these minorants are
used, PMM looks very much like a cutting-plane or bundle method.
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4 Numerical Experiments

We present two numerical experiments to illustrate the PMM. Python code for these
experiments is available as a Jupyter notebook at

https://github.com/cvxgrp/polyak_minorant

The data for both problems was generated with a seeded pseudorandom number gen-
erator, so our numerical experiments can be reproduced exactly.

We used CVXPY [10] with the SOCP solver Clarabel [16] to compute the PMM
updates. This incurs some inefficiency, but our goal is only to illustrate how PMM
workswith variousminorants, with a trade-off of per-iteration cost and overall iteration
cost. The numerical examples were run on a laptop with Ryzen 9 5900HX processor
and 32 GB of DDDR4 memory.

4.1 Second-Order Cone Program

We consider an instance of the primal–dual cone program, given in (4) and (5), with

K = K1 × · · · × Kl ,

where Ki = {(si , ti ) | ‖s‖2 ≤ t} are second-order cones. These cones are self-dual,
i.e., K∗

i = Ki . In (5) we list the cone distances separately as

dKi (xi ) ≤ 0, i = 1, . . . , l,

and similarly for the dual cone constraints. In the form (1), we havem = 2l inequality
constraint functions. There is an analytical expression for the projection onto a second-
order cone, and from this, we can derive an analytical expression for a subgradient of
dKi .

Data generation. We generate an instance of (4) with n = 500 variables, p = 200
equality constraints, and l = 10 cones each of dimension 50.

We generate the data A, b, and c as follows. We first generate a vector z ∈ Rn with
standard normal entries. We project z ontoK to obtain u, and we set s = u− z, which
guarantees that s ∈ K∗ = K [43][§14]. These two vectors satisfy sT u = 0, i.e., they
are complementary with respect to K. Then we generate A ∈ Rp×n and v ∈ Rp with
standard normal entries. We set b = Au and c = s + AT v. The zero-gap equality
constraint cT u = bT v holds for this data. For our experiment we only use the data A,
b, and c, and not the primal–dual solution (u, v, s).

Minorant construction and initial point. We use a basic subgradient minorant for
dK and dK∗ , and explore different memories M . Our initial point is x1 = 0.

Results Figure1 shows the maximum violation v(xk) versus k, the number of itera-
tions, for memory values M = 0, 5, 20, 100. Not surprisingly we get a strong speedup
with M = 20 and M = 100 compared to smaller memory.
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Fig. 1 Maximum violation versus iterations for primal–dual cone problem

Figure 2 shows the maximum violation v(xk) versus the total elapsed time, which
takes into account the varying complexity of the subproblems solved in each iteration.
Here we see a clear best value of memory M = 20.

4.2 Linear Matrix Inequality

Our second example is a linear matrix inequality (LMI). The goal is to find a matrix
X ∈ Sq that satisfies

X ≥ I , AT
i X + X Ai ≤ 0, i = 1, . . . , k,

where the inequalities are with respect to the positive semidefinite cone, and Ai ∈
Rq×q , i = 1, . . . ,m, are given data. Problems of this form arise in the analysis of
control systems; see, e.g., [3].

We express this as the feasibility problem

minimize 0
subject to λmax(I − X) ≤ 0

λmax(AT
i X + X Ai ) ≤ 0, i = 1, . . . , k.

(20)

The variable is X ∈ Sq , which has dimension n = q(q + 1)/2. There are no equality
constraints and m = k + 1 inequality constraints.
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Fig. 2 Maximum violation versus time for primal–dual cone problem

Fig. 3 Maximum violation versus iterations for LMI problem
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Fig. 4 Maximum violation versus time for primal–dual cone problem

Data generation. We set q = 20 and k = 10, so n = 210 and m = 11. To generate
Ai we proceed as follows. First, we generate

Ãi = −Bi B
T
i + Ci − CT

i ,

where the entries of the q × q matrices Bi and Ci are standard normals. This means
that, with probability one,

ÃT
i + Ãi ≤ 0,

i.e., they satisfy the constraints ÃT
i X + X Ãi ≤ 0 with X = I . Now we generate a

q × q matrix F with standard normal entries, so F is invertible with probability one,
and form

Ai = F−1 Ãi F .

Then X = FT F satisfies AT
i X + X Ai ≤ 0, i = 1, . . . , k. Since X > 0 (with

probability one)we can scale it to obtain a solution of theLMI (20). For our experiment,
we only use the data Ai , and not the solution X .

Minorant construction and initial point. Each constraint is the composition of a
linear function with λmax. For λmax we use the minorant (15), with dimension 2, so the
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minorants are second-order cone representable, and the projection can be computed
using a SOCP solver. We run PMM with memories M = 0, 5, 20, 100.

Results Figure3 shows the maximum violation v(xk) versus k, the number of itera-
tions, for memory values M = 0, 5, 20, 100, and Fig. 4 shows the maximum violation
versus elapsed time. The results are very similar to the previous example, withmemory
M = 20 giving the fastest (in time) convergence.
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