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An Efficient Method for Large-scale Gate Sizing
Siddharth Joshi and Stephen Boyd,Fellow, IEEE

Abstract— We consider the problem of choosing the gate sizes
or scale factors in a combinational logic circuit in order to
minimize the total area, subject to simple RC timing constraints,
and a minimum allowed gate size. This problem is well known to
be a geometric program (GP), and can be solved using standard
interior-point methods for small and medium size problems with
up to several thousand gates. In this paper we describe a new
method for solving this problem that handles far larger circuits,
up to a million gates, and is far faster. Numerical experiments
show that our method can compute an adequately accurate
solution within around 200 iterations; each iteration, in turn,
consists of a few passes over the circuit. In particular, the
complexity of our method, with a fixed number of iterations,
is linear in the number of gates. A simple implementation of our
algorithm can size a10000 gate circuit in 25 seconds, a100000

gate circuit in 4 minutes, and a million gate circuit in 40 minutes,
approximately. For the million gate circuit, the associated GP has
3 million variables and more than 6 million monomial terms in
its constraints; as far as we know, these are the largest GPs ever
solved.

Index Terms— Gate sizing, geometric programming, large-
scale optimization.

I. I NTRODUCTION

W E consider the gate sizing problem,i.e., the problem of
choosing scale factors for the gates in a combinational

logic circuit in order to minimize area, or any other objective
function that is a linear function of the gate scale factors (such
as power), subject to some timing requirements. We are given
the circuit topology and timing constraints; the variablesto
be chosen are the gate scale factors, which must exceed some
minimum allowed value. The scale factor of a gate affects
its delay, area, and input capacitance, and so affects the load
capacitance (and therefore also delay) of any gate that drives
it. The gate delays, in turn, affect the arrival times of signals,
which are subject to given requirements.

In this paper we use a relatively simple, but standard, model
for timing analysis, based on an RC model for each gate, and
static timing analysis. The same (or equivalent) model is used,
for example, in the logical effort method [1], [2]. This timing
model is approximate, and even with careful tuning of the
model parameters is unlikely to predict actual timing with an
accuracy better than5% or 10%. For this reason, there is no
need to solve the gate sizing problem considered here to an
accuracy better than5% or so.

Several methods can be used to achieve higher accuracy
(if it is needed). First, our method can be extended to more
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complex (and accurate) models that account for differing rising
and falling gate delays, the effects of signal slope, and better
models of gate and wire load delay, as described in [3].
Another approach to obtaining higher accuracy is to use the
method described in this paper to find an initial design, and
then use a local optimization method, with accurate models,
to fine tune this design. This general approach can also be
used to deal with problems in which the gate scale factors are
restricted to a finite set of values, instead of being continuously
variable, as is assumed here. We first solve the (approximate)
problem, using the method described in this paper, ignoringthe
discrete constraints. We then round the scale factors obtained
to valid values. Finally, we use a local method, with accurate
timing models, to fine tune the design. In this approach, the
RC gate sizing method described in this paper is used as a
fast method for getting a good initial condition for a local
optimization method (see,e.g., [3]).

The gate sizing problem and variations on it such as wire
and device sizing have been studied in many papers,e.g., [4],
[5], [6], [7], [8], [9]. Many methods have been proposed to
solve, or approximately solve, the gate sizing problem and
its variations,e.g., [10], [11], [12]. The most widely known
is the logical effort method [1], [2], [13], which gives fast
heuristics or design guidelines for approximately solvingthe
gate sizing problem. (The main focus of the logical effort
method is, however, giving design insight, and not solving the
problem per se.) Another approach is based on formulating
the gate sizing problem as ageometric program(GP), and
using a standard interior-point GP solver (e.g., [14], [15],
[16]) to obtain the exact solution [17], [18], [19], [3]. These
methods can solve the gate scaling problem for circuits with
up to10000 gates, but require effort that typically scales with
problem size more than linearly, and so become impractical for
larger problems. In this paper we describe a custom method
for solving the gate sizing problem, to within a few percent
accuracy, that is extremely fast, and handles circuits with
up to 1000000 gates (or more). Numerical experiments show
that our method can compute an adequately accurate solution
within around200 iterations; each iteration, in turn, consists
of a few passes over the circuit. In particular, the complexity
of our method, which uses a fixed number of iterations, is
linear in the number of gates. A simple implementation of
our algorithm can size a10000 gate circuit in25 seconds, a
100000 gate circuit in4 minutes, and a million gate circuit in
40 minutes, approximately.

For the million gate circuit, the associated GP has3 million
variables and more than6 million monomial terms in its
constraints. As far as we know, these are the largest GPs ever
solved to date (by any method, for any application). A cus-
tom method for solving theℓ1-regularized logistic regression
problem, which like the gate sizing problem can be cast as a
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GP, is reported in [21]. While the general approach is similar
to the method described here at the highest level, all of the
critical details differ.

The outline of the paper is as follows. In Section II we
give the gate sizing optimization problem. In Section III we
consider a variation on the gate sizing optimization problem,
when the arrival times are fixed, and give a very efficient
method, which we callnonlinear back substitution, to solve
it exactly. Using this method, we can reduce the general
gate sizing problem to an unconstrained optimization problem,
where the variables are the arrival times. This problem is
not differentiable, however, so in Section IV we introduce a
smooth (and convex) approximation. In Section V we describe
our algorithm, which is a variation on atruncated pseudo-
Newton method, which solves the gate sizing optimization
problem efficiently. In Section VI we report some numerical
results for our method applied to various examples. In Sec-
tion VII we give a proof of convexity for the unconstrained
problem and the approximation; these imply that the solutions
found are in fact global.

II. GATE SIZING

In this section we describe our timing model and the gate
sizing problem, and give an overview of our method.

We consider a combinational logic circuit consisting ofn
gates, labeled1, . . . , n. Its topology will be described by a
directed acyclic graph, where each node represents a gate and
each edge represents an interconnection from the output of a
gate to an input of another gate. We letm denote the number
of edges (interconnections). We define the setFI(i), thefan-in
of gatei, as

FI(i) = {j | there is a connection from the output of
gatej to an input of gatei} ,

and the setFO(i), the fan-out of gatei, as

FO(i) = {j | there is a connection from the output of
gatei to an input of gatej} .

Gate i is said todrive gatej if j ∈ FO(i). Gates for which
the fan-out is the empty set are calledprimary output gates
or just primary outputs, and gates for which the fan-in is the
empty set are calledprimary input gatesor justprimary inputs.
We denote the set of primary output gates byPO. We order
the gates in such a way thatFO(i) ⊆ {i + 1, . . . , n}, for
i = 1, . . . , n. In other words, a gate can only drive another
gate with higher index. (This is possible because the topology
is a directed acyclic graph.) In addition, we list the primary
output gates last:PO = {ñ+1, . . . , n}. Thus we havẽn gates
that not primary outputs.

Each gate has asizeor scale factorxi ∈ R, with xi ≥ 1,
which denotes the size of the gate relative to the minimum
size gate of the same type. A gate withxi = 1 is called
a minimum size gate. The gate sizesx1, . . . , xn will be the
design variables in our problem. We letx ∈ Rn be the vector
of gate scale factors.

Each gate has an area, which we take to beaixi, whereai

is the area of the minimum size gatei. (In other words, we
assume that gate area scales linearly with scale factor.) The

total area is thenaTx, wherea is the (given, positive) vector
of area of the minimum size gates.

Each gate has adelayDi that depends on its size and the
size of the gates in its fan-out. We will use the model

Di = dmin
i +

gi +
∑

j∈FO(i) Fijxj

xi
, i = 1, . . . , n, (1)

where dmin ∈ Rn
+, g ∈ Rn

+, and F ∈ Rn×n are given
problem parameters. Heredmin

i gives the minimum possible
delay of gatei, obtained only in the limit asxi → ∞, with all
other gates fixed. All entries of the matrixF are nonnegative;
moreover, the sparsity pattern ofF is given by the circuit
topology:

Fij > 0 ⇐⇒ j ∈ FO(i).

As a result of our ordering of gates, the matrixF is strictly
upper triangular, and the number of nonzero entries inF is
the number of interconnectionsm. The set of equations (1)
can be written in matrix form as

D = dmin + diag(x)−1(Fx+ g),

where diag(x) denotes the diagonal matrix with entries
x1, . . . , xn.

Throughout this paper we will use the timing model (1),
parametrized bydmin, g, andF . But we briefly explain here
how the standard RC delay model can be put in our form.
In the RC model, gatei is modeled as an RC circuit, with
resistance inversely proportional to scale factor, and a total
capacitance that has contributions from the gate itself, a wire
load, and the input capacitance of gates that it drives. The
delay of gatei is then taken to be the product of the resistance
and capacitance (times a constant, typically0.69, that gives the
50% threshold delay of an RC circuit). We can write this as

Di =
ri
xi



cint
i xi + cwire

i +
∑

j∈FO(i)

cinj xj



 , (2)

whereri is the driving resistance,cint
i is the internal capac-

itance, andcini is the input capacitance of a minimum size
version of gatei, andcwire

i is the wire load capacitance for gate
i. (We have absorbed the constant0.69 into the constantsri.)
Our model here assumes that the internal capacitance and input
capacitance of a gate scale linearly with scale factor. Although
the formula (2) does not distinguish between different input
pins of a gate, we could account for this by adding another
subscript, that denotes input pin (or driving gate) tocinj . The
RC timing model (2) is readily mapped to our model:

dmin
i = ric

int
i , gi = ric

wire
i , i = 1, . . . , n,

Fij =

{

ric
in
j j ∈ FO(i),

0 otherwise.

We now describe the timing of the whole circuit. We define
the arrival time for gate i as the latest time at which its
signal becomes valid. This is defined recursively, as follows.
We define the arrival time of a primary input gate as its
delay. The arrival time of gatei is defined recursively as
its own gate delay, plus the largest arrival time of its fan-
in gates. Our timing constraint is that the arrival times for
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all output gates should not exceedT , which is the (given)
timing specificationfor the whole circuit. (This assumes, for
simplicity, that the signals at the inputs of the primary input
gates arrive at time0, and that the timing requirement on all
primary output gates is the same. We can readily extend our
model to incorporate different arrival times for the primary
inputs, and different arrival time requirements for the primary
outputs.) The maximum arrival time at the primary output
gates (with the signals at the inputs of the primary input gates
arriving at time0) is called thedelay of the circuit.

It will be convenient for us to work withupper boundson
the gate delays and arrival times, instead of their actual values.
We letdi denote an upper bound on gate delayi, i.e., di ≥ Di,
and we letti denote an upper bound on the arrival time at gate
i. The timing requirements can then be expressed as a set of
linear inequalities and equalities:

ti − tj ≥ di, j ∈ FI(i), i = 1, . . . , n, (3)

tj = T, j ∈ PO.

The inequality (3) is interpreted asti ≥ di if FI(i) = ∅. If t
andd satisfy these conditions, anddi ≥ Di, thenti will be an
upper bound on the arrival time at gatei, and the overall circuit
timing constraints will be met. In the sequel we will calldi the
delay of gatei, andti the arrival time of gatei, even though
they are really only upper bounds on these quantities. The
vector of arrival timest is also called thetiming assignment.

Now we can form the gate sizing optimization problem.
The objective is to minimize the area of the circuit subject to
meeting the timing constraints. Instead of the variablesdi, we
will use variablesui = di − dmin

i , which give theadditional
gate delay, above the minimum value. (Our motivation for
formulating the problem in the variablesui, instead ofdi,
will be explained in Section IV-B.) The optimization problem
is

minimize aTx
subject to ui ≥ (gi +

∑

j∈FO(i) Fijxj)/xi, i = 1, . . . , n

ti − tj − dmin
i ≥ ui, j ∈ FI(i), i = 1, . . . , n

tj = T, j ∈ PO
xi ≥ 1, i = 1, . . . , n,

(4)
where the variables arex ∈ Rn, u ∈ Rn, and t ∈ Rn. The
domain of the problem, denotedP, is

P = {(x, u, t) | xi > 0, ui > 0, ti ∈ R, i = 1, . . . , n} . (5)

The problem parameters area, g, F , dmin, andT . (The circuit
topology can be extracted from the matrixF .) The second
inequality in the problem (4) is interpreted asti − dmin

i ≥ ui

if FI(i) = ∅.
The problem (4) has3n variables,3n inequality constraints,

andn− ñ linear equality constraints. The equality constraints
are easily eliminated, of course, since each one constrains
one variable to a specific value. We can simply consider
the variables to bex, u, and t̃ = (t1, . . . , tñ), and replace
tñ+1, . . . , tn with the (constant)T .

We note that we can just as well minimizeany linear
function of x, with positive coefficients, such as power, or
some linear combination of area and power.

The problem (4) is a GP (see [19], [3]), and so can be solved
(globally) by standard methods. For geometric programming
see [25], [26].

A. Overview of our approach

Our approach to solve the gate sizing optimization problem
consists of several steps. In this section we give a brief
overview of the steps involved.

In Section III we describe an efficient method, called
nonlinear back substitution, to eliminate the variablesx andu,
thereby reducing the problem to an unconstrained optimization
problem in the unspecified arrival timẽt. Thus, if we are given
optimal (nearly optimal) arrival times, we can very efficiently
compute the optimal (nearly optimal)x andu.

The objective function of the reduced problem is not differ-
entiable because the gate sizing optimization problem (4) has
implicit max and min functions. In Section IV, we construct
a smooth approximation of the original problem (4), by
replacing the max and min functions with soft-max and soft-
min functions. When nonlinear back substitution is applied
to this approximation, we reduce it a smooth unconstrained
optimization problem in the unspecified arrival times. At
this point we have a very large, but smooth and convex,
unconstrained optimization problem.

To solve this optimization problem efficiently we develop
a customized method, which is of thetruncated pseudo-
Newtontype, described in Section V. We define an appropriate
surrogate for the Hessian of the objective function, and then
compute our search direction using an iterative method (pre-
conditioned conjugate gradients) to approximately solve the
pseudo-Newton equation.

The overall algorithm proceeds as follows. We first initialize
the variables using a method described in Section V-A. We
use our truncated pseudo-Newton method to approximately
minimize the smoothed objective. Finally, we use nonlinear
back substitution to obtain the final design. Efficiency depends
on two issues: first, we must be able to compute the search
directions fast, and second, the search directions must be good
enough that the overall problem can be solved in a reasonable
number of iterations.

The solution found using this method (or more accurately,
would be found if the method were carried out to high
accuracy) is in fact a globally optimal solution. This follows
from convexity of the original and the smoothed reduced
problems, which is shown in Section VII.

III. N ONLINEAR BACK SUBSTITUTION

In this section we show how the gate sizing optimization
problem (4) can be transformed to an unconstrained optimiza-
tion problem in the unspecified arrival times.

The optimization problem (4) can be written as

minimize aTx

subject to xi ≥ max
(

(gi +
∑

j∈FO(i) Fijxj)/ui, 1
)

,

i = 1, . . . , n
ui ≤ minj∈FI(i)(ti − tj − dmin

i ), i = 1, . . . , n
tj = T, j ∈ PO,

(6)
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with the variablesx ∈ Rn, u ∈ Rn, andt ∈ Rn.
We consider the problem (6) for a fixed timing assignment

t, which is

minimize aTx

subject to xi ≥ max
(

(gi +
∑

j∈FO(i) Fijxj)/ui, 1
)

,

i = 1, . . . , n
ui ≤ minj∈FI(i)(ti − tj − dmin

i ), i = 1, . . . , n,
(7)

with the variablesx andu. Here, the timing assignmentt is
considered given problem data, along withg, F , dmin, anda.

The solution to the problem (7)(x∗, u∗) can be computed
efficiently as follows. First,u∗ is computed as

u∗i = min
j∈FI(i)

(ti − tj − dmin
i ), i = 1, . . . , n. (8)

If any u∗i is found to be non-positive, we simply terminate as
the timing assignmentt is infeasible.

The optimal sizesx∗i are given by the backward recursion:
for i = n, . . . , 1,

x∗i = max

(

gi +
∑

j∈FO(i) Fijx
∗
j

u∗i
, 1

)

. (9)

Note that for anyi the sizesx∗j required to calculatex∗i have
been calculated in the previous steps.

We will now show that the point(x∗, u∗), computed by
the above procedure, is optimal. Suppose that(x∗, u∗) is not
optimal, and let the optimal point be(x̃, ũ). The point(x̃, ũ)
has lower objective value,i.e., aTx∗ > aT x̃. Let k be the
largest index such thatx∗k 6= x̃k. If x̃k < x∗k, then

ũk > u∗k = min
j∈FI(k)

(tk − tj − dmin
k ),

which means there is aj ∈ FI(k) such thattk − tj − dmin
k <

uk, thereby makinguk infeasible. If x̃k > x∗k, consider the
point (x̃, ũ) with (x̃k, ũk) replaced by(x∗k, u

∗
k). This point is

feasible, since the delay of any other gate can only decrease
by decreasingxk. The objective value of this point is lower
than that of(x̃, ũ). Thus (x̃, ũ) cannot be optimal. Therefore
(x∗, u∗) is the optimal point.

The optimal sizesx∗i are calculated starting from back of the
circuit at the primary output gates, and moving to the primary
input gates. We call this procedurenonlinear back substitution,
because if we consider the problem (7) without the constraints
on the minimum gate size, then the solutionu∗ is given by (8),
andx∗ is given by the upper triangular matrix equation

(U − F )x∗ = g,

where U = diag (u∗1, . . . , u
∗
n). The solution x∗ can be

efficiently found byback substitution, the standard algorithm
for solving a set of upper triangular linear equations: for
i = n, . . . , 1,

x∗i =
gi +

∑

j∈FO(i) Fijx
∗
j

u∗i
.

Thus the recursion (9) can be considered a generalization of
the standard back substitution algorithm.

A. Reduced problem

Let the optimal value of the optimization problem (7), as a
function of t, be denoted byψ(t). The domain of the function
ψ, domψ, is given by

domψ = Q = {t | ti − tj > dmin
i , j ∈ FI(i), i = 1, . . . , n}.

(10)
If FI(i) = ∅, the inequality is interpreted asti > dmin

i .
The functionψ can be viewed as a composition:

ψ(t) = aTx∗(u∗(t)). (11)

The functionu∗ is given by (8). The functionx∗ is a function
of u∗, and is implicitly defined as a backward recursion by
(9). The optimization problem (6) (and therefore (4)) reduces
to the optimization problem

minimize ψ(t)
subject to tj = T, j ∈ PO,

(12)

and further to the unconstrained optimization problem of
minimizing ψ over the unspecified arrival timẽt.

The functionψ is not differentiable because the min and
the max functions, that appear inu∗ andx∗, respectively, are
not differentiable. In Section VII we will show thatψ is a
convex function oft, and therefore a method that finds a local
minimum ofψ, in fact finds a global minimum ofψ, and thus
finds a globally optimal solution of the gate sizing problem.

IV. SMOOTH APPROXIMATION

In this section we show how to construct a smooth approxi-
mation toψ, by substituting the max and min functions in (6)
with soft-max and soft-min functions, respectively.

A. Soft-max and soft-min functions

Consider the soft-max function

smaxp(α1, . . . , αn) = (αp
1 + · · · + αp

n)(1/p),

where p ≥ 1, and α ∈ Rn. The domain of the soft-max
function is

dom smaxp = {α | αi ≥ 0, i = 1, . . . , n}.

The soft-max function satisfies the inequality

smaxp(α1, . . . , αn) ≥ max(α1, . . . , αn).

We call this property theconservativenature of the soft-max
function. Further, for anyα, asp→ ∞ the value of the soft-
max function decreases monotonically to the value of themax
function. The soft-min function is constructed by applyingthe
soft-max function to inverse ofαi, i.e.,

sminp(α1, . . . , αn) = (α−p
1 + · · · + α−p

n )(−1/p),

where p ≥ 1, and α ∈ Rn. The domain of the soft-max
function is

dom sminp = {α | αi > 0, i = 1, . . . , n}.

The soft-min function is also conservative,i.e.,

sminp(α1, . . . , αn) ≤ min(α1, . . . , αn).
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We also use the following notation for the soft-min function

sminp
j∈{1,...,n}

(αj) = sminp(α1, . . . , αn).

A soft-max (soft-min) function is characterized by the
weight p.

B. Smooth approximation

To obtain an approximation to the problem (6) we replace
the max and the min functions in the problem (6) with the
soft-max (with weightp1 ≥ 1) and the soft-min (with weight
p2 ≥ 1) functions, respectively. The problem so obtained is

minimize aTx

subject to xi ≥ smaxp1

(

(gi +
∑

j∈FO(i) Fijxj)/ui, 1
)

,

i = 1, . . . , n
ui ≤ sminp2

j∈FI(i)

(ti − tj − dmin
i ), i = 1, . . . , n

tj = T, j ∈ PO.
(13)

The variables arex ∈ Rn, u ∈ Rn, andt ∈ Rn. The domain
of the problem isP, as given in (5).

In Section III, the problem (7) was obtained by considering
the problem (6) for fixed arrival times. Similarly, we consider
the problem (13) for fixed arrival times. The solution to this
problem(x∗, u∗) can be efficiently obtained by nonlinear back
substitution with a slight modification, which is, in (8) themin
function is replaced by the soft-min functionsminp2

, and in (9)
the max function is replaced by the soft-max functionsmaxp1

.
Let the optimal value of the optimization problem (13) for
a fixed t be denoted byψs(t). The domain of the function
ψs, domψs = Q (given in (10)). Like in Section III-A, this
reduces the problem (13) to the unconstrained optimization
problem of minimizingψs over the unspecified arrival time
t̃ = (t1, . . . , tñ).

Like the functionψ as shown in (11), the functionψs can
be viewed as the composition:ψs(t) = aTx∗(u∗(t)), where
u∗ is defined using the soft-min function, andx∗ is defined
using the soft-max function. The functionψs is differentiable
because the soft-min and soft-max functions, that appear in
the composition, are differentiable.

The functionψs is an approximation toψ, and asp1 → ∞,
p2 → ∞, ψs(t) → ψ(t) for any t. Further, for anyt, ψs(t) ≥
ψ(t). This is due to the conservative nature of the soft-min
and the soft-max functions. Theui obtained by the soft-min
function are smaller than theui obtained by the min function.
Decrease in the delays, coupled with the conservative nature
of the soft-max function, yieldsxi larger than the one found
using the max function and the largerui. Thus for anyt the
optimal objective value of the problem (13) for a fixedt, ψs(t),
is always greater than or equal to the optimal objective value
of the problem (7),ψ(t).

In Section VII we will show thatψs is a convex function of
t, and therefore a method that finds a local minimum ofψs,
in fact finds a global minimum ofψs, and therefore finds a
globally optimal solution of the problem (13).

We can now explain the reason for formulating the gate
sizing optimization problem in the variablesui, the additional

gate delays, instead of the variablesdi, the actual gate delays.
Formulating the problem (4) in the variablesdi, and following
the same process by which the problem (13) was obtained,
will lead to approximating the functionminj∈FI(i)(ti − tj)
by sminp2 j∈FI(i)(ti − tj); whereas, in the problem (13), we
approximateminj∈FI(i)(ti−tj−d

min
i ) with sminp2 j∈FI(i)(ti−

tj − dmin
i ). It can be shown that

min
j∈FI(i)

(ti−tj) ≥ sminp2

j∈FI(i)

(ti−tj−d
min
i )+dmin

i ≥ sminp2

j∈FI(i)

(ti−tj),

which means thatsminp2 j∈FI(i)(ti − tj − dmin
i ) + dmin

i

is a better approximation thansminp2 j∈FI(i)(ti − tj) to
minj∈FI(i)(ti − tj). If dmin

i > 0 and the number of gates
in FI(i) is greater than1, the inequalities can be shown to be
strict. Thus, the advantage of formulating the problem in the
additional gate delaysui, instead of the gate delaysdi, is that
we obtain a better approximation toψ(t).

V. THE METHOD

We considered several candidate methods for minimizing
ψs over the unspecified arrival timẽt = (t1, . . . , tñ). Sim-
ple methods such as gradient or diagonally scaled gradient
required far too many iterations to converge; quasi-Newton
methods required too much memory.

We developed a custom method of thetruncated pseudo-
Newtontype. (See [27, Chapter 6], [28, Chapter 9], for related
optimization methods.) The method consists of the following
steps:

1. Compute a feasible initial point̃t.

Repeat
2a. Compute the gradientg of the functionψs with

respect tõt.
2b. Compute a search direction∆t̃ as an approximate

solution to the system̃H∆t̃ = −g by diagonally
preconditioned conjugate gradient method.

2c. Compute the step sizes by backtracking line
search.

2d. Update.̃t := t̃+ s∆t̃.
Until the stopping criteria is satisfied.

3. Uset̃ to compute the areaψ(t̃) and gate sizex by
nonlinear back substitution.

In step 2b, the matrixH̃ is a suitable approximation of or
surrogate for the Hessian ofψs. We describe each step of the
method in detail in the following sections, and, in particular,
the surrogateH̃ for the Hessian ofψs, the preconditioned
conjugate gradient (PCG) algorithm implementation to find a
search direction∆t̃.

The method is calledpseudo-Newtonbecause the matrix̃H
(in step 2b) is not the Hessian ofψs, but only an approxima-
tion; it is calledtruncatedbecause the search direction∆t̃ (in
step 2b) is computed by terminating the PCG algorithm after
only a few iterations, well before an accurate solution of the
system has been computed.
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A. Initial point

In this section we will find a timing assignmentt ∈ domψs

such thattñ+1 = T, . . . , tn = T . In the process we will find
additional delaysu1, . . . , un such thatu andt are feasible for
the problem (4).

We first consider the circuit with all the gates operating
at their minimum delays,i.e., the additional delaysui = 0,
i = 1, . . . , n. The arrival timesti are calculated by a forward
recursion: fori = 1, . . . , n,

ti = max
j∈FI(i)

tj + dmin
i .

The delay of the circuit, with all the gates operating at their
minimum delay,Tmin is

Tmin = max
j∈PO

tj .

A timing constraintT on the circuit is feasible if and only
if T > Tmin, thereforeTmin is called theminimum circuit
delay. The minimum circuit delay is achieved in the limit as
xi/xi+1 → ∞, i = 1, . . . , n−1 andxn → ∞. (Since we order
the gates so thatj ∈ FO(i) ⇒ j > i, the above conditions
imply that xi/xj → ∞, j ∈ FO(i), i = 1, . . . , n, andxk →
∞, k ∈ PO.)

The critical slack of gatei, denotedsi, is the maximum
additional delay of gatei, ui, such that when gatei has
delay dmin

i + ui and all other gates have their minimum
delays, the delay of the circuit is less than or equal toT .
For a feasible timingT , the critical slack of gatei satisfies
si ≥ (T − Tmin) > 0, i = 1, . . . , n.

A path in the circuit is a sequence of gates for which each
gate in the sequence is in the fan-in of the next gate in the
sequence. Thelength of a path is the number of gates in the
sequence. Alongest paththrough a gate is a path among all
the paths that contain the gate for which the length of the
path is greater than or equal to any other path that contains
the gate. Let the length of a longest path through gatei be li,
i = 1, . . . , n.

We setui to be

ui = si/li, i = 1, . . . , n.

The arrival times are calculated by the forward recursion: for
i = 1, . . . , n,

ti = max
j∈FI(i)

tj + ui + dmin
i . (14)

As the critical slacks are positive, the additional delays are
positive, and the arrival time satisfiest ∈ domψs. Further,
the delay along any path is less than or equal toT because
the additional delay of any gate along the path is less than or
equal toT − Tmin divided by the length of the path.

Finally, to obtain a feasible point for the problem (4), we
set the arrival times for all primary output gates to beT . This
only can increase the arrival times of the primary output gates,
and thust ∈ domψs with tñ+1 = T, . . . , tn = T . Therefore
we have a feasible initial point̃t for the unconstrained opti-
mization problem.

We refer to a recursion,e.g., (14), as apass over the circuit,
in particular, a forward recursion of the type (14) as forward

pass, and a backward recursion of the type (9) as a backward
pass. The critical slack and the length of a longest path
through the gate, can be found for all gates by carrying out
two passes over the circuit (one forward and one backward),
each requiring a very modest number of computations per
interconnection.

B. Gradient

In this section we will show how to compute the gradient
of the functionψs efficiently. To simplify notation we write
x∗, u∗ asx, u, respectively in this section.

Like the functionψ as given in (11), the functionψs is
a composition:ψs(t) = aTx(u(t)). The functionu is given
by (8) with themin replaced bysminp2

, which is

u−p2

i =
∑

j∈FI(i)

(ti − tj − dmin
i )−p2 , i = 1, . . . , n. (15)

The functionx is implicitly defined by the recursion (9), with
the max replaced bysmaxp1

. With a little rearrangement of
terms we can write the functionx as

up1

i =
(gi +

∑

j∈FO(i) Fijxj)
p1

xp1

i − 1
, i = 1, . . . , n. (16)

The set of equations (16) show thatu can be written explicitly
as a function ofx.

Let
φ = ψs(t) = aTx(u(t)).

To find the gradient of∇ψs = ∇tφ, we apply the chain rule.
Applying the chain rule tou as a function oft gives

∇tφ =







∂u1

∂t1
· · · ∂un

∂t1
...

...
∂u1

∂tn

· · · ∂un

∂tn






∇uφ. (17)

The partial derivatives, using (15), are

∂ui

∂tj
=







up2+1
i

∑

j∈FI(i)(ti − tj − dmin
i )−p2−1 i = j

−up2+1
i (ti − tj − dmin

i )−p2−1 j ∈ FI(i)
0 otherwise.

Since we can writeu as an explicit function ofx, see (16),
we can compute∂ui/∂xj . Applying the chain rule tou as a
function of x gives

∇xφ =







∂u1

∂x1

· · · ∂un

∂x1

...
...

∂u1

∂xn

· · · ∂un

∂xn






∇uφ, (18)

where∇xφ = a. The partial derivatives, using (16), are

∂ui

∂xj
=







−ui/(xi(1 − x−p1

i )) i = j
uiFij/(gi +

∑

j∈FO(i) Fijxj) j ∈ FO(i)

0 otherwise.

To calculate∇ψs = ∇tφ we start with∇xφ = a. Then we
solve (18) to obtain∇uφ. The Jacobian matrix in (18) is lower
triangular, and hasn+m nonzero entries. Therefore∇uφ can
be calculated efficiently. Finally,∇tφ is given by (17).

The gradient of the functionψs with respect tõt, g, is the
vector consisting of the first̃n components of∇tφ.
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C. Search direction

For a large-scale problem solving a Newton like system
(e.g., (19)) accurately is not computationally practical, and is
not needed. We need to find a search direction∆t̃ which is
good enough in terms of the trade-off of the computational
complexity versus the accelerated convergence it provides. In
our method, the search direction∆t̃ is an approximate solution
of

H̃∆t̃ = −g, (19)

where the matrixH̃ ∈ Rñ×ñ is not the Hessian of theψs but
a matrix that captures the critical curvature ofψs.

Consider the function

ϕ(t) =

n
∑

i=1

∑

j∈FI(i)

ai

ti − tj − dmin
i

. (20)

The domain of the functionϕ, domϕ = Q (given in (10)).
The matrix H̃, instead of being the Hessian ofψs, is the
Hessian of the functionϕ (with respect tot̃). In (20), if
FI(i) = ∅ the term

∑

j∈FI(i) ai/(ti − tj − dmin
i ) should be

interpreted asai/(ti − dmin
i ).

The HessianH̃ ∈ Rn×n of the functionϕ (with respect to
t) can be written compactly in the following notation. Let the
interconnect wires of the circuit be labeled1, . . . ,m, where
each wire connects the output of a particular gate to an input
of a particular gate. We also label wiresm+1, . . . , m̃, one for
each primary input gate, where each of these wires connects to
any one input of a different primary input gate. These wires
can be though as connections from the output of a pseudo-
gate to an input of every primary input gate. Thus we have
m̃−m primary input gates, and̃m wires. We defineβ ∈ Rm̃

as follows. Fork = 1, . . . ,m, let

βk =
2ai

(ti − tj − dmin
i )3

,

where wirek connects the output of gatej to an input of gate
i; and fork = m+ 1, . . . , m̃, let

βk =
2ai

(ti − dmin
i )3

,

where wirek connects to an input of the (primary input) gate
i. Let the matrixA ∈ Rn×m̃ be

Aij =







1 wire j connects to an input of gatei
−1 wire j connects to the output of gatei

0 otherwise.

The Hessian ofϕ (with respect tot) is

H = Adiag(β1, . . . , βm̃)AT .

The Hessian ofϕ with respect tõt, H̃, is the ñ × ñ top left
sub-block of the matrixH. The matrixH̃ is given by

H̃ = Ãdiag(β1, . . . , βm̃)ÃT ,

whereÃ ∈ Rñ×m̃ is the matrix formed by the first̃n rows of
the matrixA.

The matrixH is the Laplacian matrix of the graph with
weightsβi on the edgesi = 1, . . . , m̃. (See [29, Section 2.5]
for the Laplacian matrix of a graph.) Therefore the matrix

H (and alsoH̃) is diagonally dominant. Since the diagonal
entries ofH are positive and off-diagonal entries ofH are non-
positive, diagonal dominance forH means

∑n
j=1Hij ≥ 0,

i = 1, . . . , n. We note this fact for future use.
To find a search direction∆t̃ we approximately solve

the system (19) using a diagonally preconditioned conjugate
gradient (PCG) algorithm. We will not go into the details of the
PCG algorithm, and refer the reader to [30], [31, Section 6.7],
[27, Chapter 5]. It is well known that the PCG algorithm with
diagonal preconditioning performs well when the matrix is
diagonally dominant, which is indeed the case for the matrix
H̃. (See, e.g., [32, Section 6.1] and [28, Section 8.5] for
more details.) Within a small number of iterations of the PCG
algorithm, we expect to get a good enough search direction
∆t̃.

We now describe the important points needed in an imple-
mentation of the PCG algorithm, which are, the initialization
rule, the truncation rule, and a couple of operations described
below. First, we need to multiply a given vectorw ∈ Rñ

with the HessianH̃, which is implemented as follows. To
computeH̃w, we start by multiplying the vectorw with the
matrix ÃT , then we multiply the vector̃ATw with the matrix
diag(β1, . . . , βm̃), and the resultdiag(β1, . . . , βm̃)ÃTw with
the matrixÃ to obtainH̃w = Ãdiag(β1, . . . , βm̃)ÃTw. Note
that we never need to form the matrix̃H. Second, given
b ∈ Rñ and the preconditioning matrixM , we need to
solve the system of equationsMw = b, for w. Since our
preconditioning matrixM is a diagonal matrix, solving the
systemMw = b is trivial. The diagonal ofM is the diagonal
of H̃, which has positive entries and is given byÃ(2)β, where
the matrixÃ(2) ∈ Rñ×m̃ is

Ã
(2)
ij = (Ãij)

2, i = 1, . . . , ñ, j = 1, . . . , m̃.

Note thatβ depends oñt but the matrixÃ(2) does not. The
matrix Ã(2) depends on the circuit topology and therefore
needs to be computed only once.

Now we address the issue of initialization and truncation of
the PCG algorithm. A good initial search direction requireson
average fewer iterations of the PCG algorithm, and therefore
can accelerate the method. There are many choices for the
initial search direction,e.g., 0, the search direction found in the
previous step of the method. Truncation rule for the algorithm
gives the number of PCG iterations to be carried out before
terminating the algorithm. Among the various schemes we
tried out for the choice of the initial search direction and the
truncation rule the following worked quite well.

In our implementation, the PCG algorithm is initialized with
0 if the decrement in the objective value in the previous step is
less than0.05 times the decrement in the objective two steps
earlier. This check indicates that the search direction found
in the previous step is not good enough for the current step.
Otherwise the search direction found in the previous step is
used for initialization.

The truncation rule in our implementation is simple. We
perform2 PCG iterations when the PCG algorithm is initial-
ized with the search direction found in the previous step of
the method, and4 PCG iterations when the PCG algorithm is
initialized with 0. This means we carry out at most4 PCG
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iterations irrespective of the size of the matrix̃H. Each PCG
iteration, in turn, involves a small number of passes over the
circuit.

We should make a few comments about our choice of
the functionϕ for the surrogate Hessian. The functionψs

is a composition of functions, so applying the chain rule
to get the Hessian will involve Tensor products, which is
cumbersome; the complexity of computing the Hessian of
ψs (let alone computing the search direction) will be at
leastO(n2), which will defeat our aim of having a scalable
method. Second, the functionϕ can be obtained by substituting
∑

j∈FI(i) 1/(ti−tj−d
min
i ) for xi, i = 1, . . . , n, in the objective

function
∑n

i=1 aixi. This captures, approximately, the inverse
relationship of the gate sizexi and the additional gate delay
ui, whereui is given by (15). Also, the Hessian of the function
ϕ can be easily adapted for applying the PCG algorithm as
shown earlier in this section.

D. Line search

Given the search direction∆t̃, the new point is̃t + s∆t̃,
wheres ∈ R+, the step size, is to be computed. A backtrack-
ing line search is implemented to find the step sizes. First, to
ensure that the new point is feasible we compute the maximum
step sizes0 such that the point̃t+ s0∆t̃ is feasible,i.e.,

ti + s0∆ti − tj − s0∆tj ≥ dmin
i , j ∈ FI(i), i = 1, . . . , n.

In the backtracking line search, taking the initial value ofs =
0.9s0, the following condition is checked:

ψs(t̃+ s∆t̃) < ψs(t̃) + αlssg
T ∆t̃, (21)

with αls = 0.01. If the condition (21) holds thens is taken to
be the step size, else the step size is set to bes := βlss, with
βls = 0.5, and the procedure is repeated. The current point is
updated,i.e., t̃ := t̃+ s∆t̃.

Note that an iteration of the backtracking line search is
expensive. Each iteration of the line search,i.e., checking
the condition (21) requires one evaluation of the functionψs,
which is one nonlinear back substitution.

E. Complexity

The computational complexity of the method, for a fixed
number of iterations, is linear in the number of interconnec-
tions (or edges)m. To see this we analyze the complexity of
each step of the method.

We analyze the step that needs to be carried out only one
time, which is to find an initial feasible point. To compute the
initial point we need to compute the lengths of a longest path
and the critical slacks for all the gates. These quantities can
be computed by two recursions which take a small number of
operations per interconnectionm.

Now we analyze the operations that are performed for every
step of the method. First, we need to find the gradientg.
The complexity of computingg or ∇ψs is the number of
nonzero entries in the Jacobian matrices in (18) and (17).
Each of the matrices hasn + m nonzero entries, so the
complexity of computing the gradient is linear inm. Second,

TABLE I

RC MODEL PARAMETER VALUES.

Inputs Gate type a r cin cint

1 inv 3 0.333 3 3

2 nand2 8 0.333 4 6

2 nor2 10 0.333 5 6

3 aoi21 17 0.333 6 7

3 oai21 16 0.333 6 7

we need to computing the search direction,i.e., an approximate
solution to the systemH̃∆t̃ = g by the PCG algorithm.
The computationally expensive operation for a PCG iteration
is the matrix-vector multiplication, which primarily depends
on the number of nonzeros in the matrix̃A. The number of
nonzeros inÃ is linear in m. Since every step requires at
most 4 PCG iterations, computing a search direction has a
complexity linear inm. To compute the step size we require a
small number of backtracking line search iterations. For each
iteration we need to evaluateψ(t̃) which is one nonlinear back
substitution. The complexity of nonlinear back substitution is
linear in the number of edges because it requires a traversalof
the circuit once from the primary outputs to the primary inputs,
considering each edge exactly once. Thus the complexity of
nonlinear back substitution, and therefore the complexityof
computing the step size is linear inm.

Finally, suppose the stopping criteria does not depend on
the circuit size (m or n). Then the complexity of the method
is linear in the number of interconnectionsm in the circuit.
Suppose that the average fan-out of a gate is constant, and
does not depend onn (which usually is the case). Thenm
is depends linearly onn and therefore the complexity of the
method is linear in the number of gates of the circuitn.

The numerical experiments in Section VI-B suggest that
a few hundred steps are sufficient to obtain a good enough
solution, even for very large circuits. Thus it seems to be, for
practical purposes, that the complexity of the method is linear
in the number of gates in the circuit.

VI. EXAMPLES

In this section we apply our method to105 circuits. The
examples consist of35 different circuit topologies, and for
each topology we solve the gate sizing optimization problem
for 3 timing specifications: loose, medium, and tight. The35
circuit topologies consist of11 ISCAS-85 benchmark circuits
[33], with numbers of gates ranging from6 to 3512. The other
24 topologies are randomly generated, with number of gates
ranging from100 to 1000000.

We use the standard RC model for the gate delays as shown
in (2), with model parameter values given in Table I. These
model parameter values come from the logical effort model
(see [1]). The values are chosen so that the delay of unit size
inverter with no load is0.333× 3 ≈ 1. Thus, the unit of time
is taken to be the delay of an unloaded unit size inverter.

The randomly generated circuits include5 types of gates,
given in Table I. Depending on the number of inputs of a gate,
the RC model parameter values for the gate are chosen from
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Table I. If there are two or more models with the same number
of inputs, we choose among them with equal probability. The
value of wire/fixed load capacitancecwire for a gate is chosen
randomly from a uniform distribution on[0, 10]. For a gate
whose output is an output of the circuit, a capacitance of20
is added to the wire/fixed load capacitance. For the ISCAS-85
circuits, the RC model parameter values for gates are chosen
similarly, according to the number of inputs of the gate. If the
number of inputs of a gateη exceeds3 then the parameters
values are given by

a = 5η, cin = 2.3η, cint = 3η.

The resistancer is taken to be0.333.
The timing specificationT for a circuit will be given in

terms of the minimum circuit delayTmin. For the randomly
generated circuits, the loose timing specification isT loose =
3.0Tmin, the medium timing specification isTmedium =
2.7Tmin, and the tight timing specification isT tight =
2.4Tmin. For the ISCAS-85 circuits,T loose = 2.7Tmin,
Tmedium = 2.4Tmin, and T tight = 2.1Tmin. These timing
specifications are chosen so that the distribution of the optimal
gate sizes is reasonable. For the loose timing specification,
around half of the optimal gate sizes are of minimum size,
and the largest gates have a size on the order of16. For the
medium timing specification around35% of the optimal sizes
were of minimum size, and the maximum gate size was64. For
the tight timing specification, around a quarter of the optimal
gates have minimum size, and the largest gates have a size on
the order of128.

We will judge convergence byǫ(t), the suboptimalityof a
timing assignmentt, defined as

ǫ(t) = (ψ(t) − f⋆)/f⋆, (22)

wheref⋆ is the optimal area. The domain of the functionǫ
is dom ǫ = Q (given in (10)). To observe the performance of
our method we will look at the suboptimalityǫ(t) versus the
cumulative number of PCG iterations.

To calculate the suboptimality we need to know the exact
optimal areaf⋆, which can be found by solving the problem
by a standard technique. As mentioned earlier the gate sizing
optimization problem (4) is a geometric program, and a
standard technique is to transform the problem into a convex
optimization problem and use an interior-point method to
solve it. The advantage of the interior-point based standard
method is that we can solve the problem to high degree of
accuracy, which is guaranteed by the method since it produces
a certificate of optimality for the solution. For all but the
three largest circuits (with100000 and more gates), we used
a customized GP solver, using a primal-dual interior-point
method to solve the convex optimization problem, with each
Newton step solved approximately by the PCG algorithm.
For the large circuits, computing the exact value off⋆ was
expensive (tens of hours), but we did this only to reliably judge
convergence of our method (which was much faster). For the
three largest circuits, even our custom GP solver failed. For
these circuits, we estimatedf⋆ using our own algorithm run
many iterations (1000). For these circuits, then, we cannot be
absolutely certify that our value off⋆ is correct, but we have

very high confidence in our estimates. (This will become clear
later.)

A. Randomly generated circuit topologies

To generate a circuit topology we decide on a number of
levelsL, and the number of gates in each levelN , so the total
number of gates in the circuit isn = NL. Level 1 gates are
primary input gates and levelL gates are primary output gates.
For each gate in the circuit the number of inputs of the gate is
chosen independently according to the following probability
distribution.

Inputs 1 2 3
Probability 0.2 0.4 0.4

Similarly, the tentative number of gates in the fan-out of a
gate is chosen independent of its number of inputs and other
gates, according to the following probability distribution.

Outputs 1 2 3 4 5
Probability 0.25 0.35 0.30 0.025 0.025

Outputs 6 7 8 9 10
Probability 0.01 0.01 0.01 0.01 0.01

The actual number of gates in the fan-out of a gate can be less
than the randomly generated number due to nonavailability of
gate inputs at a higher level. In such a case the gate’s output
serves as an output of the circuit.

The output of a gate will be connected to an input of
a gate at a higher level, or will serve as an output of the
circuit. Therefore the topology of the circuit will be a directed
acyclic graph. For each gate, for each output, a level is
chosen independently according to the following probability
distribution.

Level +1 +2 +3 Circuit output
Probability 0.75 0.1875 0.0469 0.0156

Once a level is chosen, then among all the unconnected
inputs of all the gates in that level, one unconnected input
is chosen randomly. This input, and the output of the gate
(at a lower level) for which this input has been selected, are
then connected. After connecting the outputs of all the gates,
some gates may have some of their inputs unconnected. Such
unconnected inputs are considered as the inputs of the circuit.

We generate24 topologies, ranging from100 gates (rand1),
up to 1000000 gates (rand24). These topologies are listed in
Table II.

B. Numerical results

We start by showing the performance of the method for
a typical circuit, rand21, with100000 gates, and the medium
timing specification. Fig. 1 shows the suboptimalityǫ(t) versus
the cumulative number of PCG iterations. The soft-max weight
is p1 = 5, and the soft-min weight isp2 = 55. The dotted line
shows the value of(ψs(t)−f⋆)/f⋆, and the solid line displays
the suboptimalityǫ(t). Sinceψs(t) > ψ(t) for any t, the solid
line is below the dotted line. The two circles indicate the first
iteration to achieve10% and5% suboptimality,i.e., 50 and72
iterations, respectively. To give a rough idea of the speed of our
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algorithm, we note that the custom GP solver required around
20 hours to computef⋆, whereas our algorithm required
around4 minutes to compute a5% suboptimal point. The time
taken by MOSEK [14] (a standard GP solver) to computef⋆

for a much smaller circuit, rand8 with1200 gates, is around
20 minutes.

We solve the gate sizing optimization problem (4) for the
randomly generated circuits with the loose, medium and tight
timing specifications. We use soft-max weightp1 = 5, and
soft-min weightp2 = 55. The cumulative number of PCG
iterations required to achieve10% and 5% suboptimality is
shown in Table II. The corresponding numbers for the ISCAS-
85 circuits are shown in Table III. For all the circuits, the
plot of the suboptimality versus cumulative number of PCG
iterations looks similar to Fig. 1. In general, by500 cumulative
number of PCG iterations (or less) the method has converged
to the optimal solution,i.e., the suboptimality is less than1%.

Increasing the number of PCG iterations in each step,
to compute an approximate search direction, does not help.
Consider, for example, the rand21 circuit with medium timing
specification. If10 PCG iterations are used in each step, the
cumulative PCG iterations required to achieve10% and 5%
suboptimality are120 and 220, respectively, as compared to
50 and72. Similar results are observed for the other circuits,
which indicates that increasing the number of PCG iterations
for each step, is, in fact, wasteful.

The values for weights of the soft-max and soft-min func-
tions,p1 andp2 respectively, are chosen so the approximation
ψs is good enough, as judged by the final performance. For
very small values ofp1 and p2 the approximation poor is
enough to the affect final performance; for very large values
of p1 andp2 numerical problems are sometimes encountered.
However, the method works for a wide range of values ofp1

andp2.
For various circuits, the average number of line search iter-

ations to find the step size in step 2c. of the algorithm, is3 or
sometimes even less. Each line search iteration,i.e., checking
condition (21), requires1 nonlinear back substitution, which
is one pass over the circuit. The computational effort of the
line search amortized over the PCG iterations is small. Thus
measuring the computational effort of the method in terms of
the cumulative PCG iterations is a good criterion.

As mentioned earlier, it is not practical to solve the gate
sizing optimization problem for circuits rand22, rand23, and
rand24 (which contain more than100000 gates), using the cus-
tomized GP solver. For these large-scale circuits the optimal
areaf⋆ is taken to be the area obtained by our method after
running for1000 cumulative PCG iterations. This is indicated
by a break in Table II. For these three large circuits, the
loose, medium and tight timing specification were changed
to T loose = 3.2Tmin, Tmedium = 2.9Tmin, and T tight =
2.6Tmin, respectively, so as to achieve reasonable distributions
of optimal gate sizes. (For the same reason, we useT loose =
3.0Tmin, Tmedium = 2.7Tmin, and T tight = 2.4Tmin, for
c6288 ISCAS-85 circuit.)

The values in Table II and Table III indicate that the cu-
mulative number of PCG iterations required to achieve points
with suboptimality less than10% or 5% does not depend on

TABLE III

PCG ITERATIONS REQUIRED TO ACHIEVE10% AND 5% SUBOPTIMALITY

FOR ISCAS-85BENCHMARK CIRCUITS.

Circuit Total Inter- PCG iterations

gates connec- Loose Medium Tight

tions 10% 5% 10% 5% 10% 5%

c17 6 6 0 4 0 4 0 4

c432 160 255 10 22 4 24 22 30

c499 202 296 16 38 18 36 22 32

c880 383 507 8 30 10 34 30 40

c1355 546 856 30 56 40 48 60 108

c1908 880 1419 62 76 98 152 114 148

c2670 1193 1850 12 22 26 42 166 274

c3540 1669 2630 32 56 54 72 90 116

c5315 2307 3878 4 16 18 24 42 56

c6288 2416 4288 6 42 42 124 170 256

c7552 3512 5836 6 20 22 50 62 102

the problem size,i.e., the number of gatesn. (The ratio of
number of interconnections to the number of gates is around
2 for the randomly generated topologies, and around1.5 for
the ISCAS-85 circuits. Therefore we will use number of gates
as our comparison criterion.) In fact, a couple of hundred of
cumulative PCG iterations are good enough to achieve a point
with suboptimality less than10%. The cumulative number of
PCG iterations do depend on the timing specification. One
reason is that the suboptimality of the initial point found by
the method described in Section V-A, increases as the timing
specificationT decreases. The suboptimality of the initial point
for the circuits with loose timing specification is around20%;
with medium timing specification the suboptimality is around
50%; and with tight timing specification, the suboptimality is
typically around150%. In some cases the initial points are
within 10% of optimality, before any PCG steps have been
carried out. (This is seen as the entries marked0 in Table III.)
This is the case for the ISCAS-85 c17 circuit, for example,
even with the tight timing specification.

Of course, in practice we do not know the value off⋆. The
numerical results shown (and many others that are not shown)
suggest that a very safe stopping criterion is to simply run the
algorithm for some fixed total PCG iterations, such as200 or
300. We plot the number of circuits versus the suboptimality
obtained after200 and 300 iterations, in Fig. 2. We see that
at 300 PCG iterations the suboptimality is less than10% for
all circuits and less than5% for most of the circuits.

Finally, we report the time required to obtain a point with
less than10% suboptimality for various circuits. A scatter plot
of time taken versus the number of gates in the circuit is shown
in Fig. 3 on a log-log scale. The dashed line is the least-
squares fit of the functionC(n) = o log n+κ to the log of the
observed times. The parameterso andκ are found to be1.11
and−9.36, respectively. This shows that the time required to
achieve10% suboptimality is nearly linear in the number of
gates (or interconnect wires).

Our implementation,lsgs, written in MATLAB and C
(using the MEX interface), is available online [34]. The
method takes approximately20 seconds for rand14 (9000
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TABLE II

PCG ITERATIONS REQUIRED TO ACHIEVE10% AND 5% SUBOPTIMALITY FOR RANDOMLY GENERATED CIRCUITS.

Circuit Levels Gates Total gates Interconnections PCG iterations

Loose Medium Tight

10% 5% 10% 5% 10% 5%

rand1 10 10 100 165 6 12 8 12 8 20

rand2 10 15 150 272 6 10 10 18 14 26

rand3 10 20 200 381 8 10 8 16 14 30

rand4 10 30 300 575 6 12 10 16 16 20

rand5 20 20 400 800 8 12 18 30 36 62

rand6 20 30 600 1183 12 20 16 36 48 86

rand7 20 40 800 1626 10 14 14 32 48 96

rand8 20 60 1200 2462 8 14 14 28 40 76

rand9 20 80 1600 3316 24 42 50 64 68 162

rand10 20 120 2400 4911 14 26 42 56 60 124

rand11 20 160 3200 6548 32 44 18 36 52 100

rand12 20 225 4500 9269 10 34 18 36 48 88

rand13 20 315 6300 12962 36 64 38 60 90 122

rand14 20 450 9000 18594 10 26 56 74 50 92

rand15 20 630 12600 25994 18 44 38 52 78 122

rand16 20 900 18000 37183 10 42 42 62 74 138

rand17 20 1250 25000 51764 18 50 48 64 96 142

rand18 20 1775 35500 73500 8 42 32 58 90 140

rand19 20 2500 50000 103423 10 24 86 106 146 216

rand20 20 3500 70000 144890 10 44 50 68 160 220

rand21 20 5000 100000 206673 10 24 50 72 152 198

rand22 40 5000 200000 426671 6 34 84 108 156 186

rand23 40 12500 500000 1066850 10 24 76 126 272 340

rand24 40 25000 1000000 2135860 12 52 88 138 232 322
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Fig. 1. Suboptimality versus cumulative PCG iterations for rand21 circuit
(consisting of100000 gates), with medium timing specification.

gate) circuit,4 minutes for rand21 (100000 gate) circuit, and
40 minutes for rand24 (1000000 gate) circuit, to achieve a
point with less than10% suboptimality. Since the method is
implemented in MATLAB, the measured times should not be
taken too seriously; a complete C implementation is expected
to be substantially faster.

Of course, these experiments do notprove that our method

will converge to a point with5% suboptimality or less within,
say, 300 PCG iterations. However, these results (and many
others, not reported here) strongly suggest that this is thecase.

VII. G LOBAL OPTIMALITY

In this section we will show that the functionsψ and ψs

are convex int.
Before proceeding, we would like to mention an important

difference between the traditional approach to solve the gate
sizing optimization problem as ageometric program, and our
approach. One standard way to solve the problem (4) is based
on recognizing that the problem is a geometric program in
the variablesxi, di, ti, i = 1, . . . , n. This means that the
problem (4) is a convex optimization problem in the variables
log xi, log di, log ti, i = 1, . . . , n. Our approach is different.
We show that the gate sizing optimization problem (4) can be
formulated as a convex optimization problem in the variables
log xi, log ui, ti, i = 1, . . . , n. This will lead us to show that
functionψ is convex int. The functionψ is not differentiable,
and we construct a smooth approximationψs, by choosing the
soft-min and soft-max functions so thatψs is also convex in
t.

A. Convexity ofψ

Consider the transformation

yi = log xi, zi = log ui, i = 1, . . . , n. (23)
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Fig. 2. Suboptimality at200 and300 cumulative PCG iterations for various
circuits.
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Fig. 3. Time required to achieve a point with less than10% suboptimality
for various circuits.

Using the transformation (23) and taking the log of the
inequalities, the problem (4) becomes

minimize
∑n

i=1 ai exp(yi)
subject to zi ≥ log(gi exp(−yi)

+
∑

j∈FO(i) Fij exp(yj − yi)), i = 1, . . . , n

log(ti − tj − dmin
i ) ≥ zi, j ∈ FI(i),

i = 1, . . . , n
tj = T, j ∈ PO
yi ≥ 0, i = 1, . . . , n,

(24)
where the variables arey ∈ Rn, z ∈ Rn, and t ∈ Rn. The
domain of the problem, denotedS, is

S = {(y, z, t) | yi ∈ R, zi ∈ R, ti − tj > dmin
i ,

j ∈ FI(i), i = 1, . . . , n}.
(25)

Here, if FI(i) = ∅ we meanti > dmin
i . Note that, unlike the

geometric program, we have not transformed theti to log ti.
Now we show that the optimization problem (24) is a convex

optimization problem in the variablesy, z, andt. The objective
function

n
∑

i=1

ai exp(yi)

is convex iny as ai ≥ 0 and exp(yi) is convex inyi, i =
1, . . . , n. The first set of constraints can be written as

log
(

exp(−yi − zi + log gi)

+
∑

j∈FO(i) exp(yj − yi − zi + logFij)
)

≤ 0,

i = 1, . . . , n,

sincegi > 0, Fij > 0, j ∈ FI(i), i = 1, . . . , n. The function
on the left hand side is alog-sum-exp function in the variables
zi, yi and yj , j ∈ FI(i), and therefore a convex function of
the variables. The second set of inequalities is

zi − log(ti − tj − dmin
i ) ≤ 0, i = 1, . . . , n.

The function− log(ti − tj − dmin
i ) is a convex function ofti,

tj since it is a composition of− log, a convex function, with
an affine transformation of(ti, tj). The function on the left
hand side of the inequality is affine inzi. Thus the function is
a convex function ofzi, ti, andtj . Therefore the optimization
problem (24) is convex in the variablesy, z, andt.

The optimal objective value of the problem (7) as a function
of t, i.e., ψ(t) is the optimal objective value of the prob-
lem (6) or (24) for the given (fixed)t. A convex optimization
problem when minimized over a subset of variables leaves a
convex problem in the remaining set of variables (see [25,
Section 3.2.5]). Thus eliminatingy andz in the problem (24),
which effectively is eliminatingx and u in the problem (6),
gives the convex optimization problem (12). Thereforeψ is
convex int.

B. Convexity ofψs

Consider the optimization problem (13). Using the change
of variables (23) and writing the soft-min and soft-max func-
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tions explicitly, the optimization problem obtained is

minimize
∑n

i=1 ai exp(yi)
subject to exp(p1yi) ≥ (gi exp(−zi)

+
∑

j∈FO(i) Fij exp(yj − zi))
p1 + 1,

i = 1, . . . , n
exp(−p2zi) ≥

∑

j∈FI(i)(ti − tj − dmin
i )−p2 ,

i = 1, . . . , n
tj = T, j ∈ PO,

(26)
with the variables arey ∈ Rn, z ∈ Rn, and t ∈ Rn. The
domain of the problem isS (given in (25)). Rearranging the
terms and taking the log of the first set of inequalities, the
optimization problem (26) can be written as

minimize
∑n

i=1 ai exp(yi)
subject to log (exp(p1yi) − 1) ≥ p1 log(gi exp(−zi)

+
∑

j∈FO(i) Fij exp(yj − zi)),

i = 1, . . . , n
1 ≥ exp(p2zi)

∑

j∈FI(i)(ti − tj − dmin
i )−p2 ,

i = 1, . . . , n
tj = T, j ∈ PO.

(27)
We now show that the problem (27) is a convex optimization

problem in the variablesy, z, and t. The objective function
is convex iny, as shown in Section VII-A. The first set of
inequalities can be written as

log (exp(p1yi) − 1) ≥ p1 log
(

exp(−zi + log gi)

+
∑

j∈FO(i) exp(yj − zi + logFij)
)

,

i = 1, . . . , n,

sincegi > 0, Fij > 0, j ∈ FI(i), i = 1, . . . , n. The function
on the right side is the log-sum-exp function, and the function
log(exp(p1yi) − 1) is concave inyi (see (28) in Appendix ).
Thus the first set of inequalities represents a convex set. The
second set of inequalities is

1 ≥ exp(p2zi)
∑

j∈FI(i)

(vij)
−p2 , i = 1, . . . , n,

wherevij = ti−tj−d
min
i , j ∈ FI(i), i = 1, . . . , n. Using (30)

in Appendix , and sincevij is an affine transformation of
(ti, tj), the function on the right hand side is a convex function
of zi, ti, andtj , j ∈ FI(i). Thus the second set of inequalities
also represents a convex set. Therefore the problem (27) is
convex iny, z, andt.

The optimal objective value of the approximation (13) as
a functiont, i.e., ψs(t), is the optimal objective value of the
problem (13) or (27) for the given (fixed)t. Thus eliminating
y andz in the problem (27), which effectively is eliminating
x andu in the problem (13), gives the optimization problem
of minimizing ψs(t) subject totj = T , j ∈ PO. Thereforeψs

is convex int.

VIII. C ONCLUSION

In this paper we have described a new custom method for
solving the gate sizing problem with an RC timing model.
Numerical experiments show that the method reliably finds

solutions accurate to5% (or better) with a computational effort
that scales linearly with problem size, up to1000000 gates.
Our method can size a1000000-gate circuit in around40
minutes. For a circuit of this size, the associated geometric
program has3000000 variables, and more than6000000
monomial terms in the constraints. As far as we know, these
are among the largest GPs ever solved.

The same approach can be generalized to handle a variety
of extensions. For example, the nonlinear back substitution
method can be used with any delay model in which the
gate delay is monotone decreasing in the gate size, for a
given load capacitance. More complex timing models, such
as distinguishing between rising and falling gate delays and
signal arrival times, can also be used.

Finally, we mention a variation on the problem formulation.
In this paper we focus on the problem of minimizing area (or
power), given a timing constraint. (As part of our solution,
we determine, very efficiently, whether the timing constraint
is feasible.) Our method can be used to trace out the entire
optimal trade-off curve between area and circuit delay (i.e.,
T ). This is done simply by minimizing the area, for each of
several values ofT . Once we have this curve, we can readily
solve the problem of minimizing circuit delay, subject to a
limit on area.

APPENDIX

SOME CONVEX FUNCTIONS

In this section we show the convexity of some of the
functions used in Section VII-B.

Consider the function

h(y) = − log(exp(py) − 1), (28)

wherey ∈ R, andp is a positive constant. The domain ofh
is domh = {y | y > 0}. The functionh is convex iny. This
can be seen by calculating the second derivative ofh

d2h

dy2
=

p2 exp(py)

(exp(py) − 1)2
,

which is positive for anyy.
Consider the function

g(w, v) = exp(wp)v−p, (29)

wherew ∈ R, v ∈ R, andp is a positive constant. The domain
of g is dom g = {(w, v) | w ≥ 0, v > 0}. The functiong is
convex in(w, v). To prove this we will show that the Hessian
of g is positive definite. The Hessian of the functiong is

∇2g = p exp(wp)

[

pv−p −pv−p−1

−pv−p−1 (p+ 1)v−p−2

]

.

The diagonal elements of the2×2 Hessian matrix are positive.
The determinant of the Hessian is

det(∇2g) = p2 exp(wp)v−2p−2 > 0.

Therefore the functiong is convex.
Consider the function

f(w, v) = exp(wp)

n
∑

i=1

v−p
i , (30)
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wherew ∈ R, v ∈ Rn, and p is a positive constant. The
domain off is

dom f = {(w, v) | w ≥ 0, vi > 0, i = 1, . . . , n}.

The functionf is convex in(w, v), as it is the sum of convex
functions, each function of the formg given in (29).
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