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An Efficient Method for Large-scale Gate Sizing

Siddharth Joshi and Stephen Boygllow, IEEE

Abstract— We consider the problem of choosing the gate sizes complex (and accurate) models that account for differismg
or scale factors in a combinational logic circuit in order to and falling gate delays, the effects of signal slope, antebet
minimize the total area, subject to simple RC timing constraints, models of gate and wire load delay, as described in [3]

and a minimum allowed gate size. This problem is well known to Anoth h to obtaining high is t th
be a geometric program (GP), and can be solved using standard nother approach to obtaining higher accuracy 1s to use the

interior-point methods for small and medium size problems with Method described in this paper to find an initial design, and
up to several thousand gates. In this paper we describe a newthen use a local optimization method, with accurate models,
method for solving this problem that handles far larger circuits, to fine tune this design. This general approach can also be
up to a million gates, and is far faster. Numerical experiments saq to deal with problems in which the gate scale factors are
show that our method can compute an adequately accurate . - . . .

solution within around 200 iterations; each iteration, in turn, resFr'Cted to ‘_”‘ finite set of values, |n§tead of being COW
consists of a few passes over the circuit. In particular, the Vvariable, as is assumed here. We first solve the (approximate
complexity of our method, with a fixed number of iterations, problem, using the method described in this paper, ignahiag

is linear in the number of gates. A simple implementation of our  discrete constraints. We then round the scale factors reatai
algorithm can size a10000 gate circuit in 25 seconds, al00000 to valid values. Finally, we use a local method, with acaarat

gate circuit in 4 minutes, and a million gate circuit in 40 minutes, timi dels. to fine t the desi In thi h th
approximately. For the million gate circuit, the associated GP has Iming modaels, 1o nine tune the design. In this approach, the

3 million variables and more than 6 million monomial terms in ~RC gate sizing method described in this paper is used as a
its constraints; as far as we know, these are the largest GPs everfast method for getting a good initial condition for a local

solved. optimization method (see.g, [3]).
Index Terms—Gate sizing, geometric programming, large- The gate sizing problem and variations on it such as wire
scale optimization. and device sizing have been studied in many pagegs,[4],
[5], [6], [7], [8], [9]. Many methods have been proposed to
I. INTRODUCTION solve, or approximately solve, the gate sizing problem and

E consider the gate sizing probleie, the problem of its variations,e.qg. [10], [11], [12]. The most widely known
W choosing scale factors for the gates in a combinatiori the logical effort method [1], [2], [13], which gives fast
logic circuit in order to minimize area, or any other objeeti Neuristics or design guidelines for approximately solvihg
function that is a linear function of the gate scale factstch  92t€ sizing problem. (The main focus of the logical effort
as power), subject to some timing requirements. We are giv&i§thod is, however, giving design insight, and not solvimg t
the circuit topology and timing constraints; the variabtes Problem per se.) Another approach is based on formulating
be chosen are the gate scale factors, which must exceed s§fegate sizing problem as geometric program(GP), and
minimum allowed value. The scale factor of a gate affect$ing @ standard interior-point GP solvee.d, [14], [15],
its delay, area, and input capacitance, and so affects e §16]) to obtain the exact solution [17], [18], [19], [3]. Te
capacitance (and therefore also delay) of any gate thaegiriyne€thods can solve the gate scaling problem for circuits Wlth
it. The gate delays, in turn, affect the arrival times of sign UP (0 1000_0 gates, but require effort that typ|cally scales_ with
which are subject to given requirements. problem size more tha_n linearly, and so b_ecome impractical f

In this paper we use a relatively simple, but standard, mod@[9er problems. In this paper we describe a custom method
for timing analysis, based on an RC model for each gate, aifi Solving the gate sizing problem, to within a few percent
static timing analysis. The same (or equivalent) model éiys &ccuracy, that is extremely fast, and_ handles. circuits with
for example, in the logical effort method [1], [2]. This ting UP t0 1000000 gates (or more). Numerical experiments shovy
model is approximate, and even with careful tuning of th&iat our method can compute an adequately accurate solution
model parameters is unlikely to predict actual timing with aWithin around200 iterations; egch iteration, in turn, consists
accuracy better thaB% or 10%. For this reason, there is noOf @ few passes over the circuit. In particular, the compjexi
need to solve the gate sizing problem considered here to¥nOur method, which uses a fixed number of iterations, is
accuracy better thah% or so. linear in the number of gates. A simple implementation of

Several methods can be used to achieve higher accur@&y @lgorithm can size a0000 gate circuit in25 seconds, a

(if it is needed). First, our method can be extended to motgV000 gate circuit in4 minutes, and a million gate circuit in
40 minutes, approximately.
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GP, is reported in [21]. While the general approach is similéotal area is them”z, wherea is the (given, positive) vector
to the method described here at the highest level, all of tbéarea of the minimum size gates.
critical details differ. Each gate has delay D; that depends on its size and the
The outline of the paper is as follows. In Section Il wesize of the gates in its fan-out. We will use the model

give the gate sizing optimization problem. In Section Il we ) o

i iati 171 imi i min i + ZjGFO(i) Fljxj
consider a variation on the gate sizing optimization proble D, = 4™ + ,
when the arrival times are fixed, and give a very efficient Ti
method, which we calhonlinear back substitutiorto solve where d™* € R”, ¢ € R?, and F € R"*" are given
it exactly. Using this method, we can reduce the genenaloblem parameters. Her&"" gives the minimum possible
gate sizing problem to an unconstrained optimization gobl delay of gatei, obtained only in the limit ag; — oo, with all
where the variables are the arrival times. This problem @her gates fixed. All entries of the matriX are nonnegative;
not differentiable, however, so in Section IV we introduce moreover, the sparsity pattern @ is given by the circuit
smooth (and convex) approximation. In Section V we descritb@pology:
our algorithm, which is a variation on tuncated pseudo- Fi; >0 < j € FO(i).

Newton methodwhich solves the gate sizing optimization . . .
problem efficiently. In Sectioh VI we report some numerica’i“S a regult of our ordering of gates, the matfixis ;trlgt!y
pper triangular, and the number of nonzero entriediis

results for our method applied to various examples. In Se : : .
tion[VIl we give a proof of convexity for the unconstraineat e number of interconnections. The set of equations (1)

problem and the approximation; these imply that the sahstio ©a" be written in matrix form as
found are in fact global. D = d™" + diag(z) "' (Fz + g),

i=1,...,n, (1)

Il. GATE SIZING where diag(z) denotes the diagonal matrix with entries

. . . L Llyerey Ly
In this section we describe our timing model and the gateThroughout this paper we will use the timing model (1),

sizing problem, and give an overview of our method. parametrized by/™®, ¢, and F. But we briefly explain here
We consider a combinational logic circuit consistingrof how the standard RC delay model can be put in our form

gates, labeled, ..., n. lts topology will be described by a|, e RC model, gaté is modeled as an RC circuit, with
directed acyclic graph, where each node represents a gate Ajsiance inversely proportional to scale factor, andtal to

each edge.represents an interconnection from the output q:fa?)acitance that has contributions from the gate itselfjra w
gate to an input of another gate. We ietdenote the number |,y  ang the input capacitance of gates that it drives. The
of edges (interconnections). We define thelskt), thefan-in - 4q|5 of gate is then taken to be the product of the resistance
of gates, as and capacitance (times a constant, typicalg, that gives the
FI(i) = {j | there is a connection from the output of  50% threshold delay of an RC circuit). We can write this as
gatej to an input of gate},

and the seFO(i), the fan-outof gatei, as Di=—" Mz + Y dray |, 2

FO(i) = {j | there is a connection from the output of
gatei to an input of gatej} . wherer; is the driving resistance;t is the internal capac-
Gatei is said todrive gatej if j € FO(:). Gates for which itange, andc;“‘is thewigp_ut capa_lcitance of a _minimum size
the fan-out is the empty set are callpdmary output gates yersmn of gaté, andc}"*® is the wire Iogd capacitance for gate
or just primary outputs and gates for which the fan-in is the" (We have absorbed the const@r@ into the co.nstantsi.) .
empty set are calleprimary input gatesr justprimary inputs Our mpdel here assumes thqt the mternal capacitance and inp
We denote the set of primary output gatesbg. We order capacitance of a gate scale_llnearly with scale fa(_:tor.dugh
the gates in such a way th&0(i) C {i + 1,...,n}, for the formula [(2) does not distinguish beMeen d|ff_erent tnpu
Jpins of a gate, we could account for this by adding another

i=1....n. In other words, & gate can only drive anoth subscript, that denotes input pin (or driving gate)fa The
gate with higher index. (This is possible because the tag;oloRC timing model |(2) is readily mapped to our model:

is a directed acyclic graph.) In addition, we list the prignar

output gates lasPO = {n+1,...,n}. Thus we have: gates AP =yt gi=mricl i=1,...,n,
that not primary outputs. n - ;

Each gate has sizeor scale factorz; € R, with z; > 1, F: = { gicj jtﬁ FO(),
which denotes the size of the gate relative to the minimum Otherwise.

size gate of the same type. A gate with = 1 is called We now describe the timing of the whole circuit. We define
a minimum size gate. The gate sizes ..., z, will be the the arrival time for gatei as the latest time at which its
design variables in our problem. We letc R be the vector signal becomes valid. This is defined recursively, as falow
of gate scale factors. We define the arrival time of a primary input gate as its
Each gate has an area, which we take taujag, wherea; delay. The arrival time of gaté is defined recursively as
is the area of the minimum size gate(In other words, we its own gate delay, plus the largest arrival time of its fan-
assume that gate area scales linearly with scale factoe) Tih gates. Our timing constraint is that the arrival times for
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all output gates should not excedd which is the (given)  The problem|(4) is a GP (see [19], [3]), and so can be solved
timing specificatiorfor the whole circuit. (This assumes, for(globally) by standard methods. For geometric programming
simplicity, that the signals at the inputs of the primaryuhp see [25], [26].

gates arrive at tim@, and that the timing requirement on all

primary output gates is the same. We can readily extend A Overview of our approach

model to incorporate different arrival times for the primar o, approach to solve the gate sizing optimization problem
inputs, and different arrival time requirements for thematy  consjsts of several steps. In this section we give a brief
outputs.) The maximum arrival time at the primary outpw,erview of the steps involved.

gates (with the signals at the inputs of the primary inpuegat |5 section[ Ill we describe an efficient method, called
arriving at time0) is called thedelay of the circuit nonlinear back substitutigrio eliminate the variables andu,

It will be convenient for us to work withupper bound®n  thereby reducing the problem to an unconstrained optifoizat
the gate delays and arrival times, instead of their actuabea proplem in the unspecified arrival tinieThus, if we are given
We letd; denote an upper bound on gate delaye., di > Di, optimal (nearly optimal) arrival times, we can very effidign
and we lett; denote an upper bound on the arrival time at ga%mpute the optimal (nearly optimat) and u.

i. The timing requirements can then be expressed as a set ofpe gpjective function of the reduced problem is not differ-

linear inequalities and equalities: entiable because the gate sizing optimization problem &4) h
ti—t;>d;,  j€FI(i), i=1,....,n, (3) implicit max and min functions. In Section IV, we construct

a smooth approximation of the original problem| (4), by

ty =T, J € PO. replacing the max and min functions with soft-max and soft-

min functions. When nonlinear back substitution is applied

to this approximation, we reduce it a smooth unconstrained

upper bound on the arrival time at gat@nd the overall circuit ?hptlmlzgtlon prr?blem n thel unspicnt‘led arrt|r\1/al tldmes. At

timing constraints will be met. In the sequel we will cdllthe IS point we ‘have a very farge, but smooth and convex,
unconstrained optimization problem.

delay of gatei, andt; the arrival time of gate, even though T ve thi timizati bl ficientl devel
they are really only upper bounds on these quantities. The 0 solve this optimization probiem etficiently we develop

vector of arrival timeg is also called the¢iming assignment a customized method, which is of thieuncated pseudo-

Now we can form the gate sizing optimization problemNeWtontype’ described _in Section V._We.define an appropriate
The objective is to minimize the area of the circuit subject tsurrogate for the Hessian of the objective function, andh the

meeting the timing constraints. Instead of the variaklgsve comdptljlte O;r Se‘?‘mh tdwectzjqn lt,lsmtg an |tera't|vetn|1ethot?é(p;re
will use variablesu; = d; — ™", which give theadditional SOnditioned conjugate gradients) to approximately so

gate delay above the minimum value. (Our motivation forpseudo-Newton eq_uat|on. L
formulating the problem in the variables;, instead ofd; The overall algorithm proceeds as follows. We first inidali
b 1

. : : . Lo the variables using a method described in Sedtion V-A. We
I I h IV-B.) Th )
Wi be explained in Sectio ) The optimization probie use our truncated pseudo-Newton method to approximately

The inequality [(3) is interpreted ds > d; if FI(i) = 0. If ¢
andd satisfy these conditions, arlj > D;, thent; will be an

is o = : ;
L T minimize the smoothed objective. Finally, we use nonlinear
minimize - a” x back substitution to obtain the final design. Efficiency dejse
subject to w; > (g + 2 jcro@) Fisi)/xi, i=1,....n on two issues: first, we must be able to compute the search
ti—t; —dM >y, jEFI(I), i=1,...,n directions fast, and second, the search directions musoe g
tj=T, j€PO enough that the overall problem can be solved in a reasonable
rp>1,1=1,...,n, number of iterations.

. (4) The solution found using this method (or more accurately,
where the variables are € R”, v ¢ R", andt € R". The yoyld be found if the method were carried out to high
domain of the problem, denote®d, is accuracy) is in fact a globally optimal solution. This faile

P={(z,u,t)|2; >0, u; >0, t; R, i=1,...,n}. (5) from convexity of the original and the smoothed reduced
, problems, which is shown in Section VII.
The problem parameters atgg, F, d™*, andT. (The circuit

topology can be extracted from the matix) The second 1. N ONLINEAR BACK SUBSTITUTION
inequality in the problent (4) is interpreted &s- d;"" > u, In this section we show how the gate sizing optimization
if FI(i) = 0. problem [(4) can be transformed to an unconstrained optimiza

The problem|(4) ha8n variables 3n inequality constraints, tjon problem in the unspecified arrival times.

andn —n linear equality constraints. The equality constraints The optimization probleni (4) can be written as
are easily eliminated, of course, since each one constrains .

one variable to a specific value. We can simply considefMnMiz€ a"x

the variables to ber, u, andf = (t,...,%;), and replace subject to z; > max ((gi + 2 jero) Fij«’ﬂj)/uiJ),
ti+1, - - -ty With the (constant). i=1,....n

We note that we can just as well minimizny linear u; < minjepi (6 —t; — dmin) i=1,...,n
function of z, with positive coefficients, such as power, or t; =T, j € PO,

some linear combination of area and power. (6)
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with the variablest € R", v € R", andt € R". A. Reduced problem
We consider the problem |(6) for a fixed timing assignment | et the optimal value of the optimization problem (7), as a
t, which is function of¢, be denoted by)(¢). The domain of the function
minimize aTx 1, dom 1, is given by
subject to z; > max ((gi + Y ero Fiie) /i, 1) : domd = Q= {t|t;—t; > d™™ jeFI(), i=1,... 7(n}.)
i=1,....,n 10

wp < minjepy) (b — t; —d™m), i=1,...n, FI(i) = 0, the inequality is interpreted as > @i,
) The functiony can be viewed as a composition:
with the variablesr and u. Here, the timing assignmeuntis T %/ %
considered given problem data, along WithF', d™*, anda. V() = at2 (u(t). (11)
The solution to the problen (7)c*,v*) can be computed The functionu* is given by [(8). The function:* is a function
efficiently as follows. Firsty* is computed as of v*, and is implicitly defined as a backward recursion by
(9). The optimization problem (6) (and therefore (4)) reskic

wp = min (t =t —d™),  i=1....n. (8) to the optimization problem
If any u* is found to be non-positive, we simply terminate as minimize 4 (¢) , (12)
the timing assignment is infeasible. subjectto ¢; =T, j € PO,
The optimal sizes:; are given by the backward recursionand further to the unconstrained optimization problem of
fori=n,...,1, minimizing + over the unspecified arrival time
s o The function is not differentiable because the min and
¥ = max gi jeF*O(i) w7y 1 (9) the max fun_ctions, that ap_peamiﬁ and ;z:_*, respectively, are
U not differentiable. In Sectioh VIl we will show thap is a

convex function of, and therefore a method that finds a local
minimum of, in fact finds a global minimum of;, and thus
finds a globally optimal solution of the gate sizing problem.

Note that for any: the sizest; required to calculate; have
been calculated in the previous steps.

We will now show that the poin{z*,v*), computed by
the above procedure, is optimal. Suppose thdt «*) is not

optimal, and let the optimal point b, @). The point(z, @) IV. SMOOTH APPROXIMATION

has lower objective valud,e., a’z* > a”7. Let k be the In this section we show how to construct a smooth approxi-
largest index such that} # . If #; < z%, then mation to), by substituting the max and min functions fin (6)
_ with soft-max and soft-min functions, respectively.
i > uf = min (t —t; — d"
g > uy, jenplﬁ?k)( k=t — di™),

) . ) A. Soft-max and soft-min functions
which means there is ac FI(k) such thatt, —t; — dj'™ <

uy, thereby makingu, infeasible. If 2, > z}, consider the
point (&, @) with (2, 4y) replaced by(x}, u}). This point is smaxy(ay,...,an) = (af +-- + ag)(l/p)’
feasible, since the delay of any other gate can only decrease _
by decreasingz;. The objective value of this point is lowerVNerép = 1, anda € R". The domain of the soft-max
than that of(#,). Thus (Z, ) cannot be optimal. Therefore function is
(z*,u") is the optimal point. domsmax, = {a|a; >0, i=1,...,n}.
The optimal sizes:] are calculated starting from back of the ) o ) )
circuit at the primary output gates, and moving to the primar’ "€ Soft-max function satisfies the inequality
input gates. We call this procedunenlinear back substitutign
because if we consider the problem (7) without the congsain
on the minimum gate size, then the solutiohis given by [(8), We call this property theonservativenature of the soft-max

andz* is given by the upper triangular matrix equation ~ function. Further, for anyy, asp — oo the value of the soft-
max function decreases monotonically to the value ofitlag

(U-F)z" =g, function. The soft-min function is constructed by applythg
soft-max function to inverse af;, i.e.,

Consider the soft-max function

smax, (o, ..., Q) > max(aq,. .., o).

where U = diag (uj,...,u)). The solutionz* can be

efficiently found byback substitutionthe standard algorithm sminy (ay,...,a,) = (a4 -+ a )P,

for solving a set of upper triangular linear equations: for i
i=n 91 PP 9 q wherep > 1, and o € R™. The domain of the soft-max
=n,...,1,

function is

oo gi + ZjeFO(i) Fija]

! domsmin, ={a | a; >0, i =1,...,n}.

u;
Tgfe soft-min function is also conservativeg.,

Thus the recursion {9) can be considered a generalization
the standard back substitution algorithm. sming (o, ..., ap) <min(ag,..., o).
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We also use the following notation for the soft-min functiongate delays, instead of the variablgsthe actual gate delays.
Formulating the problem (4) in the variablés and following
the same process by which the probléem (13) was obtained,
) o _ will lead to approximating the functiomin;cpy;(t; — t;)
A soft-max  (soft-min) function is characterized by thegyy, SminpzjeFI(i)(ti — t,); whereas, in the problem (13), we
weightp. approximatenin e i) (t; —t; —d"™) With sminy, ; oy (fi—

t; —d™™). It can be shown that

smin, (o;)=smin,(a,...,a,).
je{l,....,n}

B. Smooth approximation

To obtain an approximation to the problem (6) we replace%in_ (ti—t;) > sminy, (t;—t;—d™™)+d™™ > smin,, (t;—t;),
the max and the min functions in the problem (6) with thé&" g JEFI() JEFI(D)
soft-max (with weightp; > 1) and the soft-min (with weight

ps > 1) functions, respectively. The problem so obtained is WNich means  thatsminy,, ; gy, (6 — ¢ — &) + 4™

is a better approximation thasminy, ;. (t; — ;) to

. - :
minimize - a* x minjepi(p)(t; — ;). If ™™ > 0 and the number of gates

subject to z; > smax;, ((gi + 2 jeroq) Fiii)/ i, 1) ,  in FI(4) is greater thar, the inequalities can be shown to be
i=1,...,n strict. Thus, the advantage of formulating the problem ia th
w; < sming, (t; —t; —d™™), i=1,...,n additional gate delays;, instead of the gate delays, is that
JEFI(3) we obtain a better approximation ta(t).
tj =T, je PO.
(13)
The variables are € R", u € R", andt € R". The domain V. THE METHOD

of the problem isP, as given in/(5).

In Section Ill, the problem (7) was obtained by considering We considered several candidate methods for minimizing
the problem[(6) for fixed arrival times. Similarly, we coneid ¢* over the unspecified arrival timeé = (t1,...,t5). Sim-
the problem/((13) for fixed arrival times. The solution to thiple methods such as gradient or diagonally scaled gradient
problem(z*, u*) can be efficiently obtained by nonlinear backequired far too many iterations to converge; quasi-Newton
substitution with a slight modification, which is, in (8) thén  methods required too much memory.
function is replaced by the soft-min functiemin,,,, andin(9)  we developed a custom method of threncated pseudo-
the max function is replaced by the soft-max functiamx,,. Newtontype. (See [27, Chapter 6], [28, Chapter 9], for related

Let the optimal value of the optimization problem (13) fopptimization methods.) The method consists of the follagin
a fixed ¢t be denoted byy)*(¢t). The domain of the function steps:

1%, dom* = Q (given in (10)). Like in Section lI-A, this
reduces the problemt (13) to the unconstrained optimization
problem of minimizingy® over the unspecified arrival time Repeat

1. Compute a feasible initial poirt

t=(t1,...,t7)- 2a. Compute the gradientof the functiony® with
Like the functioniy as shown in[(11), the functio#® can respect tol.
be viewed as the composition(t) = a’z*(u*(t)), where 2b. Compute a search directidst as an approximate
u* is defined using the soft-min function, and is defined solution to the systent/ A = —g by diagonally
using the soft-max function. The functiaf® is differentiable preconditioned conjugate gradient method.
because the soft-min and soft-max functions, that appear in  2c. Compute the step sizeby backtracking line
the composition, are differentiable. search.
The functiony® is an approximation te), and asgp; — oo, 2d. Updatef := £ + sAt.
pa — 00, P5(t) — 1 (t) for anyt. Further, for anyt, ¢(t) > Until the stopping criteria is satisfied.

¥(t). This is due to the conservative nature of the soft-min
and the soft-max functions. The obtained by the soft-min
function are smaller than the obtained by the min function. R
Decrease in the delays, coupled with the conservative matlm step 2b, the matrixd is a suitable approximation of or
of the soft-max function, yields; larger than the one found surrogate for the Hessian g@f'. We describe each step of the
using the max function and the largey. Thus for anyt the method in detail in the following sections, and, in partayl
optimal objective value of the problem (13) for a fixed)*(¢t), the surrogateH/ for the Hessian ofy*, the preconditioned
is always greater than or equal to the optimal objective ealgonjugate gradient (PCG) algorithm implementation to find a
of the problem[(7)z(¢). search directiom\t¢.
In Sectioni VIl we will show that/® is a convex function of  The method is callepseudo-Newtobecause the matrikl
t, and therefore a method that finds a local minimumyéf (in step 2b) is not the Hessian @f, but only an approxima-
in fact finds a global minimum of)*, and therefore finds a tion; it is calledtruncatedbecause the search directidit (in
globally optimal solution of the problem (13). step 2b) is computed by terminating the PCG algorithm after
We can now explain the reason for formulating the gatnly a few iterations, well before an accurate solution & th
sizing optimization problem in the variables, the additional system has been computed.

3. Uset to compute the area(f) and gate sizer by
nonlinear back substitution.
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A. Initial point pass, and a backward recursion of the typge (9) as a backward
In this section we will find a timing assignment dom* Pass. The critical slack and the length of a longest path

such thatty .1 = T,...,t, = T. In the process we will find through the gate, can be found for all gates by carrying out

additional delaysu1, . . ., u,, such that, andt are feasible for two passes over the circuit (one forward and one backward),

the problem|[(4). each requiring a very modest number of computations per
We first consider the circuit with all the gates operatin§itérconnection.

at their minimum delaysi.e., the additional delays; = 0,

i=1,...,n. The arrival timeg; are calculated by a forward B. Gradient
recursion: fori = 1,...,n, In this section we will show how to compute the gradient
_ min of the functiony® efficiently. To simplify notation we write
ti = Imax tj + di . . . . h
JEFI(3) x*, u* asz, u, respectively in this section.

The delay of the circuit, with all the gates operating atrthei LK€ the functiony asTgiven in (11), the function)® is
minimum delay, 7™ is a composition:*(t) = a” x(u(t)). The functionu is given

' by (8) with themin replaced bysmin,,, which is
T™" = max t;. o .
jEPO uyP =Y (ti—t;—dP), i=1,...,n. (15)
A timing constraintT’ on the circuit is feasible if and only JEFI(3)
if T > T, t_herefor_eT“fln is ca!led th_eminir_num ci_rcgit The functionz is implicitly defined by the recursion |(9), with
delay The minimum circuit delay is achieved in the limit aghe max replaced bysmax,, . With a little rearrangement of

Ti/Tip1 — 00,4 =1,...,n—1andz, — oo. (Since we order terms we can write the function as

the gates so that € FO(i) = j > 4, the above conditions

; ’ i 4+ . s Fz . )P1

imply thatz;/z; — oo, j € FO(i), i = 1,...,n, andz, — ubt = (g Z]eijO() i) , i=1,...,n. (16)
00, k € PO.) z; —1

The critical slack of gate, denoteds;, is the maximum The set of equations (16) show thatan be written explicitly
additional delay of gate, wu;, such that when gaté has as a function ofr.
delay d"* + u; and all other gates have their minimum Let
delays, the delay of the circuit is less than or equallto =5 (t) = a’ x(u(t)).

For a feasible timingl’, the critical slack of gate satisfies To find the gradient o’y = V.4, we apply the chain rule.

$i2 (L =T"")>0,i=1...,n. Applying the chain rule ta: as a function of gives
A pathin the circuit is a sequence of gates for which eachppy g 9

gate in the sequence is in the fan-in of the next gate in the %—’t‘j %%f
sequence. Théength of a path is the number of gates in the Vi = . . V. (17)
sequence. Aongest paththrough a gate is a path among all S S
the paths that contain the gate for which the length of the S, T Oty

path is greater than or equal to any other path that contaifise partial derivatives, using (15), are
the gate. Let the length of a longest path through gdte!;,

+1 y—pa—1
i=1,...,n. Du; uzi)2 +¥j€FI(i) (t; — 1.fj — dmin)=pz L=
We setu; to be ot; —u* (b =ty — dpn) TP J ﬁ FI(i)
0 otherwise
uZ:sZ/lZ, Z:1,,TL

Since we can writax as an explicit function ofr, see [(16),
The arrival times are calculated by the forward recursion: fwe can computéu;/Jz,. Applying the chain rule ta: as a
i=1,...,n, function of x gives

o= i+ amin, (14) fu ... G
. . . Ve = vu¢a (18)
As the critical slacks are positive, the additional delays a ouy . duy
positive, and the arrival time satisfiesc dom «°. Further, Ozy, Oxn,
the delay along any path is less than or equal'tbecause whereV,¢ = a. The partial derivatives, using (1L6), are
the additional delay of any gate along the path is less than or —p .
equal toT — 7™ divided by the length of the path. ou; _7“;2/(%(1 —x)) P ‘= {?O .
Finally, to obtain a feasible point for the problem (4), we 9z, — uiFij /(9i + X ero() Fists) 7€ _(Z)
set the arrival times for all primary output gates toeThis 0 otherwise
only can increase the arrival times of the primary outpuégat To calculateVy® = V;¢ we start withV,¢ = a. Then we
and thust € dom® with t;.1 =T,...,t, = T. Therefore solve [(18) to obtairVV,,¢. The Jacobian matrix in (18) is lower
we have a feasible initial point for the unconstrained opti- triangular, and has +m nonzero entries. Therefofé, ¢ can
mization problem. be calculated efficiently. Finallyy;¢ is given by [(17).
We refer to a recursiore.g, (14), as gass over the circuit ~ The gradient of the function® with respect tot, g, is the
in particular, a forward recursion of the type (14) as fomlvarvector consisting of the first components ofV;¢.
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C. Search direction

H (and alsoH) is diagonally dominant. Since the diagonal

For a large-scale problem solving a Newton like systeftries offf are positive and off-diagonal entries fare non-
(e.g, (19)) accurately is not computationally practical, and iositive, diagonal dominance fdf means)_;_, H;; > 0,

not needed. We need to find a search directionwhich is

i=1,...,n. We note this fact for future use.

good enough in terms of the trade-off of the computational TO find & search directiom\i we approximately solve
complexity versus the accelerated convergence it provides the system! (19) using a diagonally preconditioned congigat
our method, the search directidxf is an approximate solution 9radient (PCG) algorithm. We will not go into the details loét

of 3
HAt = —g, (19)

where the matrix € R™*" is not the Hessian of the>® but
a matrix that captures the critical curvaturet.
Consider the function

DI DI

S E— (20)
=1 e T a

p(t) =

The domain of the functionp, dom ¢ = Q (given in (10)).
The matrix H, instead of being the Hessian ¢f, is the
Hessian of the functionp (with respect to?). In (20), if
FI(i) = 0 the term ", ;) ai/(ti — t; — ™) should be
interpreted as; /(t; — d™™).

The Hessianfl € R™*" of the functiony (with respect to

t) can be written compactly in the following notation. Let théﬁag(ﬁl"

interconnect wires of the circuit be labeléd. .., m, where

each wire connects the output of a particular gate to an inﬁnfﬂ

of a particular gate. We also label wires+1,. .., m, one for

each primary input gate, where each of these wires connects

PCG algorithm, and refer the reader to [30], [31, Sectiof, 6.7
[27, Chapter 5]. It is well known that the PCG algorithm with
diagonal preconditioning performs well when the matrix is
diagonally dominant, which is indeed the case for the matrix
H. (See,e.g, [32, Section 6.1] and [28, Section 8.5] for
more details.) Within a small number of iterations of the PCG
algorithm, we expect to get a good enough search direction
At.

We now describe the important points needed in an imple-
mentation of the PCG algorithm, which are, the initializati
rule, the truncation rule, and a couple of operations desdri
below. First, we need to multiply a given vectar ¢ R"
with the HessianH, which is implemented as follows. To
compute Hw, we start by multiplying the vectow with the
matrix A7, then we multiply the vectoA” w with the matrix
.., Bm), and the resulliag(3, . . ., Bm) ATw with
the matrixA to obtainHw = Adiag(f1, .. ., fm)ATw. Note
we never need to form the matriif. Second, given
€ R™ and the preconditioning matrix/, we need to
QIve the system of equationg/w = b, for w. Since our

any one input of a different primary input gate. These Wiréyecondmonmg matrix)M is a diagonal matrix, solving the

can be though as connections from the output of a pseu
gate to an input of every primary input gate. Thus we ha

M —m primary input gates, angh wires. We defing? ¢ R™

JystemMw = b is trivial. The diagonal of\/ is the diagonal
W H, which has positive entries and is given B*) 3, where

the matrix A € R js
A = (4?2 i=1

S, 7=1...,m.

Note that3 depends orf but the matrixA® does not. The
matrix A?) depends on the circuit topology and therefore

Now we address the issue of initialization and truncation of
the PCG algorithm. A good initial search direction requines
average fewer iterations of the PCG algorithm, and theeefor

as follows. Fork =1,...,m, let
QCLZ‘
ﬁk = mi ’
(b — t; — din)?
where wirek connects the output of gafeto an input of gate needs to be computed only once.
i;and fork=m+1,...,m, let
2&,‘
B = (G = )

can accelerate the method. There are many choices for the

where wirek connects to an input of the (primary input) gaténitial search directione.g, 0, the search direction found in the

i. Let the matrixA € R™**™ be

1 wire j connects to an input of gate
—1 wire j connects to the output of gate
0 otherwise

Aij =

The Hessian ofp (with respect tof) is
H = Adiag(31,...,6:)AT.

The Hessian ofy with respect tof, H, is theqn x 7 top left
sub-block of the matrixt{. The matrixH is given by

H = Adiag(31, ..., 3m)AT,

where A € R™*™ s the matrix formed by the firsi rows of
the matrix A.

previous step of the method. Truncation rule for the albanit
gives the number of PCG iterations to be carried out before
terminating the algorithm. Among the various schemes we
tried out for the choice of the initial search direction ahé t
truncation rule the following worked quite well.

In our implementation, the PCG algorithm is initialized kit
0 if the decrement in the objective value in the previous step i
less than).05 times the decrement in the objective two steps
earlier. This check indicates that the search directiomdou
in the previous step is not good enough for the current step.
Otherwise the search direction found in the previous step is
used for initialization.

The truncation rule in our implementation is simple. We
perform2 PCG iterations when the PCG algorithm is initial-

The matrix H is the Laplacian matrix of the graph withized with the search direction found in the previous step of
weights3; on the edges = 1,...,m. (See [29, Section 2.5] the method, and PCG iterations when the PCG algorithm is
for the Laplacian matrix of a graph.) Therefore the matriinitialized with 0. This means we carry out at mo$tPCG
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TABLE |

iterations irrespective of the size of the matfix Each PCG
RC MODEL PARAMETER VALUES.

iteration, in turn, involves a small number of passes over th

circuit. Inputs | Gate type| a r | ¢n | ¢int

We should make a few comments about our choice of 1 inv 3 | 0.333 3 3
the function for the surrogate Hessian. The functiati 2 nand2 810333 | 4 6
is a composition of functions, so applying the chain rule 2 nor2 10 | 0.333 5 6
to get the Hessian will involve Tensor products, which is 3 aoi2l | 17 | 0333 | 6 7
cumbersome; the complexity of computing the Hessian of 3 oai2l | 16 | 0.333 | 6 7

1% (let alone computing the search direction) will be at
leastO(n?), which will defeat our aim of having a scalable
method. Second, the functigncan be obtained by substitutingwe need to computing the search directiog, an approximate
> jeriq) L/ (ti—tj—di) for ;i = 1,..., n, inthe objective solution to the systemfAi = g by the PCG algorithm.
function )" | a;xz;. This captures, approximately, the invers@he computationally expensive operation for a PCG itenatio
relationship of the gate size; and the additional gate delayis the matrix-vector multiplication, which primarily depes
u;, Whereu; is given by[(15). Also, the Hessian of the functioron the number of nonzeros in the matrix The number of
¢ can be easily adapted for applying the PCG algorithm @®nzeros inA is linear in m. Since every step requires at

shown earlier in this section. most4 PCG iterations, computing a search direction has a
complexity linear inm. To compute the step size we require a
D. Line search small number of backtracking line search iterations. Fahea

, L - ~ iteration we need to evaluat&(t) which is one nonlinear back
Given the search directio, the new point ist + sAt, g ptitytion. The complexity of nonlinear back substitatis
wheres € R, the step size, is to be computed. A backtrack, oo i the number of edges because it requires a travefsal
ing line search is mple_mepted t(,) find the step siz&irst, tq the circuit once from the primary outputs to the primary itgpu
ensure that the new point is feasible we compute the maximui},qigering each edge exactly once. Thus the complexity of
step sizeso such that the point + spAt is feasiblei.e, nonlinear back substitution, and therefore the complegity
t; + s0At; —t; — s Aty > d?lin, jeFI(G), i=1,...,n. computing the step size is linear in.
Finally, suppose the stopping criteria does not depend on
In the backtracking line search, taking the initial valuesef  the circuit size £ or n). Then the complexity of the method
0.9s0, the following condition is checked: is linear in the number of interconnections in the circuit.
s(7 P s/ TAG Suppose that the average fan-out of a gate is constant, and
VAt A1) < 9R() + cnsgT At (21) does not depend on (which usually is the case). Then
with ays = 0.01. If the condition [(21) holds then is taken to is depends linearly om and therefore the complexity of the
be the step size, else the step size is set te be 3;;s, with method is linear in the number of gates of the cirouit
Bis = 0.5, and the procedure is repeated. The current point isThe numerical experiments in Section VI-B suggest that
updatedj.e., t := t + sAt. a few hundred steps are sufficient to obtain a good enough
Note that an iteration of the backtracking line search ®olution, even for very large circuits. Thus it seems to be, f
expensive. Each iteration of the line searcle., checking practical purposes, that the complexity of the method isdin
the condition[(21) requires one evaluation of the functign in the number of gates in the circuit.
which is one nonlinear back substitution.

V1. EXAMPLES

E. Complexity In this section we apply our method t®5 circuits. The

The computational complexity of the method, for a fixegxamples consist 085 different circuit topologies, and for
number of iterations, is linear in the number of interconneeach topology we solve the gate sizing optimization problem
tions (or edges)n. To see this we analyze the complexity ofor 3 timing specifications: loose, medium, and tight. T3ie
each step of the method. circuit topologies consist of1 ISCAS-85 benchmark circuits

We analyze the step that needs to be carried out only di8], with numbers of gates ranging froérto 3512. The other
time, which is to find an initial feasible point. To computeth24 topologies are randomly generated, with number of gates
initial point we need to compute the lengths of a longest patinging from100 to 1000000.
and the critical slacks for all the gates. These quantitees ¢ We use the standard RC model for the gate delays as shown
be computed by two recursions which take a small numberiof (2), with model parameter values given in Table I. These
operations per interconnection. model parameter values come from the logical effort model

Now we analyze the operations that are performed for eve(gee [1]). The values are chosen so that the delay of unit size
step of the method. First, we need to find the gradignt inverter with no load i).333 x 3 =~ 1. Thus, the unit of time
The complexity of computing; or Vv* is the number of is taken to be the delay of an unloaded unit size inverter.
nonzero entries in the Jacobian matricesfin (18) and (17).The randomly generated circuits includetypes of gates,
Each of the matrices has + m nonzero entries, so thegiven in Table |. Depending on the number of inputs of a gate,
complexity of computing the gradient is linearin. Second, the RC model parameter values for the gate are chosen from
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Tabl€ 1. If there are two or more models with the same numbeery high confidence in our estimates. (This will becomerclea
of inputs, we choose among them with equal probability. THater.)

value of wire/fixed load capacitane#'* for a gate is chosen
randomly from a uniform distribution of0), 10]. For a gate
whose output is an output of the circuit, a capacitance(of o ]
is added to the wireffixed load capacitance. For the ISCAS-8510 generate a circuit topology we decide on a number of
circuits, the RC model parameter values for gates are chod@Yf!SL, and the number of gates in each levél so the total
similarly, according to the number of inputs of the gatehi t Number of gates in the circuit is = NL. Level 1 gates are
number of inputs of a gate exceedss then the parameters Primary input gates and levél gates are primary output gates.

A. Randomly generated circuit topologies

values are given by For eack_l gate in the circuit thg number of input's of the gaFg is
_ - chosen independently according to the following probgpbili
a = 51, " =23n, ™ = 3. distribution.
The resistance is taken to be).333. Inputs 1 2 3
The timing specificatioril” for a circuit will be given in Probability | 0.2 | 0.4 | 04

terms of the minimum circuit delag™». For the randomly
generated circuits, the loose timing specificatiorf1g°s =
3.07™"  the medium timing specification igmedivm —
2.77™n, and the tight timing specification igisht

Similarly, the tentative number of gates in the fan-out of a
gate is chosen independent of its number of inputs and other
gates, according to the following probability distributio

2.47™ For the ISCAS-85 circuitsTl°0¢ = 2.77™in, Outputs 1 2 3 4 5
Tmedium 9 gpmin - gnd Ttight — 9 j7min These timing Probability | 0.25 | 0.35 | 0.30 | 0.025 | 0.025
specifications are chosen so that the distribution of themabt Outputs 6 7 8 9 10
gate sizes is reasonable. For the loose timing specification | Probability | 0.01 | 0.01 | 0.01 | 0.01 | 0.01

around half of the optimal gate sizes are of minimum siz
and the largest gates have a size on the orddi6ofor the
medium timing specification arourgb% of the optimal sizes
were of minimum size, and the maximum gate size ad-or A
the tight timing specification, around a quarter of the Opﬁmserves as an output of the f:lrcwt. .
gates have minimum size, and the largest gates have a size o-|'_1he output .Of a gate wil b_e- connected to an input of
the order of128. a ga_te at a higher level, or will serve as an outqu of the
We will judge convergence by(t), the suboptimalityof a cwcmlt. Therefore the topology of the circuit will be a dited _
timing assignment, defined as acyclic graph. For each gat(_e, for each output, a Ieve_[ is
chosen independently according to the following probgpbili
e(t) = () = 1)/ (22) distribution.

where f* is the optimal area. The domain of the functien | Level | +1 +2 +3 | Circuit output
is dom e = Q (given in (10)). To observe the performance of | Probability | 0.75 | 0.1875 | 0.0469 0.0156

our method we will look at the suboptimalit(t) versus the once a level is chosen, then among all the unconnected
cumulative number of PCG iterations. inputs of all the gates in that level, one unconnected input
To calculate the suboptimality we need to know the exagf chosen randomly. This input, and the output of the gate
optimal areaf*, which can be found by solving the problemgy g |ower level) for which this input has been selected, are
by a standard technique. As mentioned earlier the gategsiziien connected. After connecting the outputs of all thegjate
optimization problem [(4) is a geometric program, and &me gates may have some of their inputs unconnected. Such
standard technique is to transform the problem into a convg¥connected inputs are considered as the inputs of theitcircu
optimization problem and use an interior-point method to \\e generate4 topologies, ranging from00 gates (rand1),

solve it. The advantage of the interior-point based stahda, 1o 1000000 gates (rand24). These topologies are listed in
method is that we can solve the problem to high degree fp|e;.

accuracy, which is guaranteed by the method since it praduce

a certificate of optimality for the solution. For all but the )

three largest circuits (with00000 and more gates), we used®- Numerical results

a customized GP solver, using a primal-dual interior-point We start by showing the performance of the method for
method to solve the convex optimization problem, with eachtypical circuit, rand21, witli00000 gates, and the medium
Newton step solved approximately by the PCG algorithntiming specification. Fig.1 shows the suboptimality) versus
For the large circuits, computing the exact value f6fwas the cumulative number of PCG iterations. The soft-max weigh
expensive (tens of hours), but we did this only to reliablyge is p; = 5, and the soft-min weight is, = 55. The dotted line
convergence of our method (which was much faster). For tehows the value ofy®(t) — f*)/ f*, and the solid line displays
three largest circuits, even our custom GP solver failed. Fitne suboptimality(¢). Sincey®(¢) > v (t) for anyt, the solid
these circuits, we estimateft using our own algorithm run line is below the dotted line. The two circles indicate thstfir
many iterations {000). For these circuits, then, we cannot béteration to achievd0% and5% suboptimalityj.e., 50 and72
absolutely certify that our value gf* is correct, but we have iterations, respectively. To give a rough idea of the spdedio

q‘he actual number of gates in the fan-out of a gate can be less
than the randomly generated number due to nonavailability o
gate inputs at a higher level. In such a case the gate’s output
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Igorithm, we note that the custom GP solver required arou TABLE I
o go , e noe a © custo q rll'.’q:G|TERAT|ONS REQUIRED TO ACHIEVE10% AND 5% SUBOPTIMALITY

20 hours to computef*, whereas our algorithm required
p g q

. . . . FORISCAS-85BENCHMARK CIRCUITS.
around4 minutes to compute 8% suboptimal point. The time

taken by MOSEK [14] (a standard GP solver) to compfite [ circuit | Total Inter- PCG iterations
for a much smaller circuit, rand8 with200 gates, is around gates | connec- Loose Medium Tight
20 minutes. tions | 10% | 5% | 10% | 5% | 10% | 5%
We solve the gate sizing optimization problem (4) for the= 6 6 ol a 0l 4 0] 2
randomly generated circuits with the loose, medium and tigh .43, | 160 255 | 10 | 22 4| 24 221 30
timing specifications. We use soft-max weight = 5, and c499 | 202 206 16 | 38 18| 36 29 | 32
soft-min weightp, = 55. The cumulative number of PCG| .ggp | 383 507 8l 30| 10| 34! 30| 40
iterations required to achieve0% and 5% suboptimality is | ¢1355 | 546 856 30 | 56 40 | 48 60 | 108

shown in Table 1l. The Corresponding numbers for the ISCA 5-¢c1908 880 1419 62 76 98 | 152 114 | 148
85 circuits are shown in Table lll. For all the circuits, the <2670 | 1193 1850 19 | 29 2% | 42 | 166 | 274
plot of the suboptimality versus cumulative number of PC(G¢3540 | 1669 2630 32 | 56 54 | 72 90 | 116
iterations looks similar to Fig. 1. In general, B§0 cumulative | ¢5315 | 2307 3878 4| 16 18 | 24 42 | 56
number of PCG iterations (or less) the method has convergeeb2ss | 2416 4288 6 | 42 | 42 | 124 | 170 | 256
to the optimal solutioni.e., the suboptimality is less thatvs. c7552 | 3512 5836 6| 20| 22| 50| 62| 102
Increasing the number of PCG iterations in each step,
to compute an approximate search direction, does not help.
Consider, for example, the rand21 circuit with medium tigninthe problem sizej.e., the number of gates. (The ratio of
specification. If10 PCG iterations are used in each step, theumber of interconnections to the number of gates is around
cumulative PCG iterations required to achieM&; and 5% 2 for the randomly generated topologies, and arotridfor
suboptimality arel20 and 220, respectively, as compared tothe ISCAS-85 circuits. Therefore we will use number of gates
50 and 72. Similar results are observed for the other circuit@s our comparison criterion.) In fact, a couple of hundred of
which indicates that increasing the number of PCG iteratiooumulative PCG iterations are good enough to achieve a point
for each step, is, in fact, wasteful. with suboptimality less tham0%. The cumulative number of
The values for weights of the soft-max and soft-min fundPCG iterations do depend on the timing specification. One
tions, p; andp. respectively, are chosen so the approximatiaason is that the suboptimality of the initial point fourng b
1® is good enough, as judged by the final performance. Fitre method described in Section V-A, increases as the timing
very small values ofp; and p, the approximation poor is specificatioril’ decreases. The suboptimality of the initial point
enough to the affect final performance; for very large valudsr the circuits with loose timing specification is arou@bs;
of p; andp, numerical problems are sometimes encounteregith medium timing specification the suboptimality is ardun
However, the method works for a wide range of valuegof 50%; and with tight timing specification, the suboptimality is
and ps. typically around150%. In some cases the initial points are
For various circuits, the average number of line search itavithin 10% of optimality, before any PCG steps have been
ations to find the step size in step 2c. of the algorithn3, @ carried out. (This is seen as the entries martkéad Table/ I11)
sometimes even less. Each line search iteratien,checking This is the case for the ISCAS-85 c¢17 circuit, for example,
condition [(21), required nonlinear back substitution, whicheven with the tight timing specification.
is one pass over the circuit. The computational effort of the Of course, in practice we do not know the valuefof The
line search amortized over the PCG iterations is small. Thonamerical results shown (and many others that are not shown)
measuring the computational effort of the method in terms efiggest that a very safe stopping criterion is to simply hen t
the cumulative PCG iterations is a good criterion. algorithm for some fixed total PCG iterations, such2s or
As mentioned earlier, it is not practical to solve the gat&0. We plot the number of circuits versus the suboptimality
sizing optimization problem for circuits rand22, rand28da obtained after200 and 300 iterations, in Figl 2. We see that
rand24 (which contain more thai®0000 gates), using the cus- at 300 PCG iterations the suboptimality is less the®o for
tomized GP solver. For these large-scale circuits the @dtimall circuits and less thaf% for most of the circuits.
areaf* is taken to be the area obtained by our method afterFinally, we report the time required to obtain a point with
running for 1000 cumulative PCG iterations. This is indicatedess thanl0% suboptimality for various circuits. A scatter plot
by a break in Tablé 1l. For these three large circuits, thef time taken versus the number of gates in the circuit is show
loose, medium and tight timing specification were changed Fig. [3 on a log-log scale. The dashed line is the least-
to Tloose = 37min pwedium _ 9 gpmin - gng Ttisht —  squares fit of the functiod(n) = ologn + & to the log of the
2.67™n | respectively, so as to achieve reasonable distributionlsserved times. The parameterand x are found to bel.11

of optimal gate sizes. (For the same reason, weTl8&° = and —9.36, respectively. This shows that the time required to
3.07™in pwedium 9 7pmin - gng Ttight — 9 47min for  achievel0% suboptimality is nearly linear in the number of
€6288 ISCAS-85 circuit.) gates (or interconnect wires).

The values in Table Il and Table lll indicate that the cu- Our implementation| sgs, written in MATLAB and C
mulative number of PCG iterations required to achieve goinfusing the MEX interface), is available online [34]. The
with suboptimality less than0% or 5% does not depend onmethod takes approximatel§0 seconds for rand149(00
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TABLE Il
PCGITERATIONS REQUIRED TO ACHIEVE10% AND 5% SUBOPTIMALITY FOR RANDOMLY GENERATED CIRCUITS

Circuit | Levels | Gates| Total gates| Interconnections PCG iterations
Loose Medium Tight

10% | 5% | 10% | 5% | 10% | 5%
randl 10 10 100 165 6 12 8 12 8 20
rand2 10 15 150 272 6 10 10 18 14 26
rand3 10 20 200 381 8 10 8 16 14 30
rand4 10 30 300 575 6 12 10 16 16 20
rand5 20 20 400 800 8 12 18 30 36 62
rand6 20 30 600 1183 12 20 16 36 48 86
rand7 20 40 800 1626 10 14 14 32 48 96
rand8 20 60 1200 2462 8 14 14 28 40 76
rand9 20 80 1600 3316 24 42 50 64 68 | 162
rand10 20 120 2400 4911 14 26 42 56 60 | 124
rand11 20 160 3200 6548 32 44 18 36 52 | 100
rand12 20 225 4500 9269 10 34 18 36 48 88
rand13 20 315 6300 12962 36 64 38 60 90 | 122
rand14 20 450 9000 18594 10 26 56 74 50 92
rand15 20 630 12600 25994 18 44 38 52 78 | 122
rand16 20 900 18000 37183 10 42 42 62 74 | 138
rand17 20 1250 25000 51764 18 50 48 64 96 | 142
rand18 20 1775 35500 73500 8 42 32 58 90 | 140
rand19 20 2500 50000 103423 10 24 86 | 106 146 | 216
rand20 20 3500 70000 144890 10 44 50 68 160 | 220
rand21 20 5000 100000 206673 10 24 50 72 152 | 198
rand22 40 5000 200000 426671 6 34 84 | 108 156 | 186
rand23 40 | 12500 500000 1066850 10 24 76 | 126 272 | 340
rand24 40 | 25000 1000000 2135860 12 52 88 | 138 232 | 322

07 will converge to a point witth% suboptimality or less within,

say, 300 PCG iterations. However, these results (and many
others, not reported here) strongly suggest that this isdke.

VII. GLOBAL OPTIMALITY

In this section we will show that the functiong and «*
are convex ir.

Before proceeding, we would like to mention an important
difference between the traditional approach to solve the ga
sizing optimization problem as geometric programand our
approach. One standard way to solve the problem (4) is based
on recognizing that the problem is a geometric program in
the variablesz;, d;, t;, i = 1,...,n. This means that the
o 50 100 150 200 250 300 problem [(4) is a convex optimization problem in the variable
log z;, log d;, logt;, i = 1,...,n. Our approach is different.
We show that the gate sizing optimization problém (4) can be
formulated as a convex optimization problem in the varigble
log x;, logu;, t;, i =1,...,n. This will lead us to show that
function is convex int. The functiony is not differentiable,
and we construct a smooth approximatioh by choosing the

gate) circuit,4 minutes for rand21100000 gate) circuit, and goft-min and soft-max functions so that is also convex in
40 minutes for rand24 1000000 gate) circuit, to achieve a ;.

point with less thanl0% suboptimality. Since the method is
implemented in MATLAB, the measured times should not bE
taken too seriously; a complete C implementation is expecte”
to be substantially faster.

Of course, these experiments do pobve that our method y; = log x;, z; = logu;, i=1,...,n. (23)

Suboptimality

Cumulative PCG iterations

Fig. 1. Suboptimality versus cumulative PCG iterations ford@l circuit
(consisting 0f100000 gates), with medium timing specification.

Convexity ofp
Consider the transformation
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Using the transformation (23) and taking the log of the
inequalities, the problem (4) becomes

minimize Y7 | a; exp(y;)
subject to z; > log(g; exp(—y;)
+2jeroq Fisexply; —wi), i=1,...,n
log(tl — tj — d;mn) >z, ] € FI(Z),
i1=1,....n
tj =T, j€PO
yi >0,1=1,...,n,
(24)
where the variables arg € R", z € R", andt € R". The
domain of the problem, denoteS is

52{(y,z,t) | Y; ER, Z; E];{7 ti_tj >d;nin’

JeFIE), i=1,....n}. @)

Here, if FI(i) = () we meant; > d™". Note that, unlike the
geometric program, we have not transformed theo logt;.

Now we show that the optimization probleim (24) is a convex
optimization problem in the variables z, andt. The objective
function

n

Zai exp(y;)

=1
is convex iny asa; > 0 andexp(y;) is convex iny;, i =
1,...,n. The first set of constraints can be written as

log (exp(—yi — z; + log g;)

+ ZjeFO(i) exp(y; — yi — 2 + lOgFij)) <0,
i=1,...,n,

sinceg; > 0, F;; > 0, j € FI(i), ¢ = 1,...,n. The function
on the left hand side islag-sumexp function in the variables
zi, y; andy;, j € FI(¢), and therefore a convex function of
the variables. The second set of inequalities is

z; —log(t; — t; — d™™) <0, i=1,...,n.

The function—log(t; —t; — d™") is a convex function of;,
t; since it is a composition of log, a convex function, with
an affine transformation oft;,t;). The function on the left
hand side of the inequality is affine i. Thus the function is
a convex function ot;, ¢;, andt;. Therefore the optimization
problem [(24) is convex in the variablegs z, andt.

The optimal objective value of the problem (7) as a function
of ¢, i.e, ¥(¢) is the optimal objective value of the prob-
lem (6) or [(24) for the given (fixed). A convex optimization
problem when minimized over a subset of variables leaves a
convex problem in the remaining set of variables (see [25,
Section 3.2.5]). Thus eliminating andz in the problem/(24),
which effectively is eliminatingr and v in the problem|(5),
gives the convex optimization problem (12). Therefards
convex int.

B. Convexity ofy)®

Consider the optimization problem (13). Using the change
of variables[(2B) and writing the soft-min and soft-max func
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tions explicitly, the optimization problem obtained is solutions accurate t&% (or better) with a computational effort
that scales linearly with problem size, up 1600000 gates.
Our method can size &000000-gate circuit in around40
minutes. For a circuit of this size, the associated geometri
program has3000000 variables, and more tha6000000

minimize "7, a; exp(y;)
subject to exp(p1yi) > (gi exp(—2;)
+2_jeroq) Fis exply; — 2:))" +1,

! :r}]i’n’ ';;)2” monomial terms in the constraints. As far as we know, these
exp(=p2zi) 2 e (i — 1 - i), are among the largest GPs ever solved.
_ i=L...,n The same approach can be generalized to handle a variety
ty=1T, jePO, 26) of extensions. For example, the nonlinear back substitutio

method can be used with any delay model in which the
gate delay is monotone decreasing in the gate size, for a
iven load capacitance. More complex timing models, such
s distinguishing between rising and falling gate delayd an

signal arrival times, can also be used.

with the variables arey € R", z € R", andt € R". The

domain of the problem is§ (given in [25)). Rearranging the
terms and taking the log of the first set of inequalities, th
optimization problem/ (26) can be written as

minimize Y7 | a; exp(y;) Finally, we mention a variation on the problem formulation.
subject to log (exp(p1y:) — 1) > p1 log(gi exp(—2zi) In this paper we focus on the problem of minimizing area (or
+ZjeFO(i) F;jexp(y; — 2i)), power), given a timing constraint. (As part of our solution,
i=1,...,n we determine, very efficiently, whether the timing consitai
1> exp(p2z:) ZjeFI(i) (t; — t; — d™m)=P2, is f_easible.) Our method can be used to tra_ce put tr_le entire
i=1... ..n optimal trade-off curve between area and circuit delieg., (
t;=T, jePO. Y T). This is done simply by minimizing the area, for each of

(27) several values of. Once we have this curve, we can readily
We now show that the problem (27) is a convex optimizaticsplve the problem of minimizing circuit delay, subject to a
problem in the variableg, z, andt. The objective function limit on area.
is convex iny, as shown in Section VII-A. The first set of

inequalities can be written as APPENDIX
SOME CONVEX FUNCTIONS
log (exp(p1y:) — 1) = pr log (eXp(_Zi +1oggi) In this section we show the convexity of some of the
+2_jerou) exp(y; — % + log Fij)>, functions used in Section VII-B.
i=1.....n Consider the function

sinceg; > 0, F;; > 0, j € FI(z), ¢ = 1,...,n. The function h(y) = —log(exp(py) — 1), (28)
on the right side is the log-sum-exp function, and the f@Itti yherey ¢ R, andp is a positive constant. The domain hbf
log(exp(p1yi) — 1) is concave iny; (see (28) in Appendix ). is dom h = {y | y > 0}. The function is convex iny. This
Thus the first set of inequalities represents a convex s&. Ttyn pe seen by calculating the second derivativé of

second set of inequalities is
d*h _ p®exp(py)

1>exp(pezi) Y (vi) ™", i=1,....n, dy? — (exp(py) —1)%’
JEFI®) which is positive for anyy.
wherev;; = t;—t;—d™®, j € FI(i),i = 1,...,n. Using (30) ~ Consider the function
in Appendix , and sincey;; is an affine transformation of g(w,v) = exp(uwp)v™? (29)
(t;,t;), the function on the right hand side is a convex function ’ ’
of z;, t;, andt;, j € FI(i). Thus the second set of inequalitiesvherew € R, v € R, andp is a positive constant. The domain
also represents a convex set. Therefore the problem (27)pfsy is domg = {(w,v) | w > 0, v > 0}. The functiong is
convex iny, z, andt. convex in(w, v). To prove this we will show that the Hessian
The optimal objective value of the approximatidn [(13) asf g is positive definite. The Hessian of the functigris

a functiont, i.e., ¥*(t), is the optimal objective value of the P _pyp1
problem [(13) or[(27) for the given (fixed) Thus eliminating Vg =pexp(wp) | _ vl (pt 1)pP-2
y and z in the problem[(27), which effectively is eliminating P P
z andw in the problem[(18), gives the optimization problenThe diagonql elements of thae<.2 H_essian matrix are positive.
of minimizing v*(¢) subject tot; = T, j € PO. Thereforeys The determinant of the Hessian is

IS convex Int. det(V2g) _ p2 exp(wp)v72p72 > 0.

Therefore the functiory is convex.

) ] Consider the function
In this paper we have described a new custom method for n

solving the gate sizing problem with an RC timing model. Flw,v) = exp(wp)zvfp7 (30)
Numerical experiments show that the method reliably finds —~

VIIl. CONCLUSION
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wherew € R, v € R™, andp is a positive constant. The[11]
domain of f is

dom f = {(w,v) |[w>0, v; >0, i=1,...,n}. (12]

The functionf is convex in(w, v), as it is the sum of convex

. . . ) [13]
functions, each function of the form given in [29).
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