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Abstract— We consider the problem of computing the smallest (approximately) as a linear program (LP), by approximating
contact forces, with point-contact friction model, that can hold & the friction force limit constraints as linear inequaltjeother
object in equilibrium against a known external applied force and papers taking the same approach include [8], [9] Mishra

torque. Itis known that the force optimization problem (FOP) can 101 d ib |t f timizati s
be formulated as a semidefinite programming problem (SDP), or [10] describes several types of force optimization protsem

a second-order cone problem (SOCP), and so can be solved usinglgorithms for determining feasible or optimal forces, and
several standard algorithms for these problem classes. In this points out the underlying convexity of the problem. Other

paper we describe a custom interior-point algorithm for solving  researchers have proposed neural network methods [11], [12
the FOP that exploits the specific structure of the problem, and probabilistic algorithms [13], and various other methods.

is much faster than these standard methods. Our method has The f timizati bl - | i
a complexity that is linear in the number of contact forces, € Torce optimization problem comes up In several appli-

whereas methods based on generic SDP or SOCP algorithms havecations and settings, such as grasp optimization (whictimig
complexity that is cubic in the number of forces. Our method is involve selection of the contact points as well as forced],[1

also much faster for smaller problems. | [15], [16], [17], [18], or realtime grasp control [19], [20
We derive a compact dual problem for the FOP, which allows 5,4 force optimization for the legs of a quadruped robot [21]

us to rapidly compute lower bounds on the minimum contact Some experimental results for force optimization are rigabr
force, and to certify infeasibility of a FOP. We use this dual P p

problem to terminate our optimization method with a guaranteed  iN, €.9, [22].
accuracy. In the late 1990s several exact formulations of the FOP

Finally, we consider the problem of solving a family of FOPs were obtained, by expressing it as a convex optimization

that are related. This occurs, for example, in determining whether problem involving matrix inequalities or second-order eon
force closure occurs, in analyzing the worst-case contact force . L .
required over a set of external forces and torques, and in the inequalities. In [24], [25], [26], [27] the FOP is expressed

problem of choosing contact points on an object so as to minimize Using (linear) matrix inequalities, so the resulting opzation

the required contact force. Using dual bounds, and a warm-star problem is a semidefinite programming problem (SDP). The
version of our FOP method, we show how such families of FOPs FOP is formulated as a second-order cone problem (SOCP) in
can be solved very efficiently. [28].

Index Terms— Grasp force, Friction cone, Force closure, Con-  These formulations reduce the problem to (what is now)
vex Optimization, Second-order cone program, Interior-point a standard convex optimization problem. This means the
method problems can be solved, globally and efficiently, by a vari-

ety of methods for nonlinear convex optimization developed
l. INTRODUCTION in the 1990s (seee._g, [29)). _General purpose LP, SOCP,
) o ) and SDP software is now widely available; seeg, [30]

A fundamental problem in robotics is choosing a set @by comparative benchmarking of some recent codes. These
grasping (contact) forces for an object; seq, the survey go|yers can reliably and efficiently solve FOPs. A typicato
[1]. The most basic requirement is the ability to restrain agptimization problem, withs contact points and one external
object against a specified external wrench [2], such as fgfench, can be solved in well under a second, on the order
example that due to gravity. A generalization is the abildy of 10omsec on a current typical desktop PC (for example, a
resist external wrenches in a “task wrench space” [3], or amsHz pentium 1V). Several authors have developed custom
wrench due to a force applied at the boundary of the objegd|yers for the FOP that are faster than generic SDP or SOCP
[4]. The ability to resist an arbitrary external wrench isled ggvers. In [25], Buss, Faybusovich, and Moore develop a
force closure [5], [6]. In this paper we first focus on the baSiDikin-type algorithm for the FOP, and in [27] Helmke, Hueper

requi_r_ement,i.e., the ability of the contact forces to re_si_st @nd Moore develop a quadratically convergent algorithm: Ou
specified external wrench; we then show how to efficiently,ork is similar in spirit to these.

handle some of these generalized contact force requirament The need to solve the FOP quickly arises in several ap-
such as for example determining force closure. ~ plications, for example, when the FOP must be solved many
Among the contact forces that can hold the object ifimes. Suppose, for example, we are given a lower and upper
equilibrium against the external wrench, we seek one Wikhund on the external force and torque componeigs, a
minimum force, as measured by the maximum magnituggy in wrench space, and wish to find the maximum value
of the contact forces. The problem of finding such a set g minimum contact force required to resist any wrench in
forces is theforce optimization problentFOP). Early papers this wrench box. (This includes the more basic problem of
on this topic include [2], [7], where the FOP is formulate@ietermining whether or not each wrench in the box can be
_ _ __resisted by some contact forces; by finding the maximum value
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by solving the FOP for each of th2® = 64 vertices of the moreover, our method for fast solution of the linear equatio
wrench box. The maximum of the optimal forces over theghat must be solved in each step can be used to speed up
vertices is in fact the maximum contact force required ovéhne iterations in the Dikin method, as well. In any case,&her
all wrenches in the box, since the optimal force required isia not much room for significant speed improvement over our
convex function of the wrench. So here we have an examptethod, by any other method at all, since our method requires
where64 FOPs must be solved. A similar example is providedround8 or so iterations, each of which entails a few hundred
by the problem of determining force closure. As we will sed/ floating point operations. To put this in context, we note
in §ll-F, this can be done by solving a set @f(or more) that our method requires only around a factor of ten times
FOPs. more effort than simply verifying that equilibrium holds.

As another example where many FOPs must be solved;The outline of this paper is as follows. Fil we describe
consider the problem of optimizing the position and oriéiota  the basic contact force optimization problem, formulatad a
of a manipulator, relative to an object, using the minimura conic problem,.e, a convex optimization problem with
force required to grasp the object as the objective (8e®, linear objective and equality constraints, and convex cone
[6]). This is the (nonconvex) problem of optimizing the cactt constraints on the variables. §ill we derive a compact dual
points at which to grasp a given object. This can be done usipgbblem for the FOP, which allows us to rapidly compute
an outer search loop that generates candidate manipulagaver bounds on the minimum grasping force, and to certify
positions and orientations; for each candidate, we find thgfeasibility of a FOP. We use this dual problem to terminate
resulting contact points, and then solve the associated FEMit optimization method with a guaranteed accuracy§\
to determine the minimum force required to grasp the objegie describe the barrier subproblem associated with a primal
Such an algorithm can require the solution of hundreds piterior-point method for the FOP, and iV we show how
FOPs. the special structure of the FOP can be exploited to compute

Applications that involve the solution of many FOPs, sucthe search direction very efficiently. We describe the dvera
as finding the worst-case contact force over a wrench baggorithm in§VI, and methods for efficiently solving a family
or contact point optimization, benefit directly from a venpf FOPs in§VIl. We give numerical results ir§VIIl, and
fast FOP solver like the one we describe in this paper. Wescribe some variations and extensions on the problem in
will also consider methods for obtaining even more efficiencg|x.
when solving a family of related FOPs, using warm-start inajly, we describe our (fairly standard) notation. We
optimization techniques, and “short circuitingl.e., early denote the set of real numbers By the set of reah-vectors
termination. _ _ asR”, and the set of real x n matrices aR™*". We use

In this paper we describe a method for solving the FOP thgjs notation(a, b, ¢) (for example) to denote a column vector

is substantially faster than a general-purpose solver P S it components:, b, ande, which we also write as
or SOCP. Despite the speed of our method, its termination is

entirely nonheuristic; our method terminates with a prdeab a
bound on the suboptimality of the computed contact forces b
(when the problem is feasible), or with a certificate proving
infeasibility of the problem, when the problem is infeasibl
We obtain the speedup by exploiting special structure in t
force optimization problem to compute the search direciion

c

t\]ﬁhen a, b, and ¢ are reals, this is a vector iR®. We use
the same notation whedm, b, and ¢ are themselves (column)

each iteration of an interior-point method. The computaio ; . ) .
X ! vectors, in which caséa, b, ¢) is the column vector obtained
effort of our method scales linearly witd/, the number .
by stackinga on top ofb on top ofec.

of contact points; for a generic SDP or SOCP, however;
the computational effort grows ak/. Our method is much
faster for small problems as well. For a typical grasping
problem with A/ = 5 contact points, our method solves the Il. GRASP FORCE OPTIMIZATION PROBLEM
FOP in around400usec, on a3Ghz Pentium IV, with a not
particularly optimized C++ implementation. This meansttha The rigid object is grasped at/ contact points, which have
2500 FOPs can be solved in one second. By exploiting warrRositionsp() € R? (in the global coordinate system), for=
start techniques, the typical time to solve an FOP drops te. .., M. We will use a point contact with friction model. (In
around200usec, many hundreds of times faster than generitX-C, however, we explain how our methods can be extended
SDP or SOCP solvers. to handle other friction model®.g, a soft contact point that

It is difficult to make a direct speed comparison betwee¢fn exert a torque on the object.) The force applied at contac
our method and those of Buss, Faybusovich, and Moore [2B)int p will be denotedf(®) € R?, and is given in docal
and Helmke, Hueper, and Moore [27], since these methoggordinate system, with-axis andy-axis tangent to the object
have different stopping criteria, not based on an expliciald surface ap(”), andz-axis normal to the object surface pif)
bound, and the run time depends very much on the detailsastd pointing inward. We denote its components f48 =
the implementation. In fact, many of the methods in this papéfﬁl), £, Thus £ is the normal (inward) force applied
can be used in both of these algorithms. For example, cair contact pointp(), and ( S), ;i)) is the tangential force
dual based stopping criterion is easily used in both algorit, applied at contact point(.



A. Friction cone constraints the vector of all the contact forces. We deftmntact matrices

) 6x3
The point contact friction model requires the contact ferceAz €R as

i icti i @
to satisfy thefriction cone constraints A — { 5(%@(1‘) ] i1

@) @Oy =/ fD2 L g2 0 @) g M
I £l R A 1y and the (overallcontact matrixA = [A; --- Ay] € R,
We collect the external force and torque into a single extern
wrenchw®t = (fext rext) ¢ RS, Note thatA®) f gives the

wrench on the object due to the force at contact ppifit and
Af gives the total wrench on the object from all the contact

nonnegative.) The friction cone constraints aecond-order forgesS. Thus we can write the equilibrium conditions (4)
cone constraintg29, §4.4.2] [28]. We introduce thériction and (5) as A ext 6
conesKy,..., Ky C R?, defined as fHw™ =0 (6)

This is a set of linear equations in th8\/ contact forcesf.
\a?+a3 < uixg}, i=1,...,M.

(2) C. Contact force constraints
Using this notation we can express the friction cone con- |, many practical problems, there are further constraints o

where; > 0 is the friction coefficient at contact poipt®.
This constraint states that the magnitude of the tangefotied
does not exceed the friction coefficient times the normatdor
(In particular, it implies that the normal forcefé”) must be

Ki:{a:eRS

straints (1) compactly as the contact forces, due to actuator limits, kinematic c@msts,
f(i) €K, i=1,... M. 3) and other limits, which we can describe as
f c Cother.
B. Equilibrium constraints These constraints are typically convex, and often polyaledr

Let Q@) € SO(3) be the3 x 3 orthogonal matrix that i.e, Cother is described by a set of linear equalities and
transforms forces in the local coordinate system(@tinto the inequalities on the contact forces. In the main development

global coordinate system. Thus, the force on the object dued’ this paper, we will ignore these constraints; but we will
the contact force ap® is Q) (& (in the global coordinate make occasional comments about how our methods can be

system). The force equilibrium condition is extended to handle these constraints.

QWM .o g QUM pIM) 4 poxt — g, (4)  D. Force optimization problem
Where fCXt c R3 iS the tota' externa' force that acts on the The force Optimization problem iS to f|nd a set Of contact
object (in the global coordinate system). force vectorsf () that are as small as possible, while satisfying
The torque applied to the object by the force at contact poitit¢ friction cone constraints (3) and the force and torque
p@ is given by equilibrium conditions (6). We will measure the size of the
(4) () £(3) set of contact forces by the maximum magnitude of fie
P eQYf
contact forces,
in the global coordinate system). The torque equilibrium max
(n e d ystem) aue e P = a0
condition is 5 B :
1)2 )2 )2
= max \/fx +fy T+ 20
pD @ QW W 4. 4 p) g Q) (M) 4 pext _ =1, M Y
where 7t ¢ R3 is the total external torque that acts on th((a) ur problem can be expressed as
object (in the global coordinate system). Then we can write minimize ~ Fmex
the torque equilibrium condition as subjectto f¥ e K;, i=1,..., M, )
SWQM F) 4 ... 4 QN p(M) | rext g (5) Af 4+ w™t = 0.
' The optimization variables are the contact forces, f €
where R3M: the problem data arel (which describes the geometry
) ) of the contact points)w®*® (the externally applied wrench),
@ 2) —b= py(i) and K; (the friction cones, which depend on problem data
SYW=1 p: _ 0 —px € skew(3) the friction coefficients). We note for future referencettha
—p.ff) p§:> 0 has ranké, provided M > 3, and the contact points are not
_ ) ) - , colinear (which we assume).
is the skew-symmetric matrix that satisfig)z = p* © . The problem (7) is convex, since the objective is a convex

We now introduce some more compact notation for th@ithough nondifferentiable) function off, and the constraints
equilibrium constraints. We define theontact force vector consist of linear equa"ties and (Convex) cone constraifis
feR*™ as problem remains convex if we add additional (convex) force

f= W, 0Dy, constraintf e Cother,



E. Conic formulation It follows that the force vector

The FOP (7) can be expressed in conic form, indeed, as _
: . = +ot
a second-order cone program (SOCP), by introducing a new f=hh br [
scalar variableF’ that bounds the magnitude of the contads feasiblej.e. satisfies the friction cone constraints and resists

forces: the external wrench.
minimize F We describe two simple methods for constructing a set
subjectto (f), F)e K, i=1,..., M, of wrenches \{vi'_[h the_required property. The first _method
fOe K, i=1,...,M, (8)  constructs a minimal seite., a set of7 wrenches. In particular,
Af 4wt = . it constructs the wrenches as the vertices of a regular sxnpl
in R®, centered ab, so the sum of the wrenches is zero.
Here K denotes the standard second-order conB‘in Moreover, the wrenches all have unit norm, and are maximally
. 5 5 5 equidistant on the unit sphere.
K= {x eRY | \a1+a5 taz < $4} ; We start with the7 x 7 matrix Z = I — (1/7)117, where
. 1 € R” is the vector with all entries one. This matrix has
so(f",F) € K; means value 6/7 on its diagonal, and-1/7 for each off-diagonal
02 ()2 ()2 entr)_/. I_ts_ eigenvalues afe(with multipli(_:ity one), andl with
\/fac +fy T+ TS FE multiplicity 6. Therefore we can factor it 487V = Z, where
In the problem (8) there ar@)M + 1 (scalar) variables: the vV € R®*T (for example using the eigenvalue decomposition).
contact forcesf € R3M, and F, the new scalar variable L€t v1,...,vr denote the7 columns ofV. From Vv =2
introduced to bound the maximum force magnitude. we conclude thafv;|| = \/6/7, and thatv/v; = ~1/7 for

Although we will not use the SDP formulation, we mentior # J, 80 £(vi,v;) = cos™(—1/6) ~ 100° for i # j. We can
that it is readily derived from the conic formulation of thd@kew; = /7/6v;.
FOP, by expressing the second-order cone constraintsess lin | Nere are several ways to express a generas a nonneg-

matrix inequalities (LMIs). For example, we can expres%tive linear com_bination ob%, WK One method is to first
f@ e K, as the linear matrix inequality expressw as a linear combination
//fifz(i) 0 fq(;i) w= B+ + Brwrk,
0 ;m .152). =0, for example, as3 = [w; - wx]w, wheret denotes pseudo-
S LT inverse. Then we takg = 3+ p), where) is from (10), and

where > denotes matrix inequality. This gives the SDP (of is chosen large enough that all entriesdoéire nonnegative.

LMI) formulation of the FOP [26]. A more compact formula- "€ second method we describe involves a setldf
tion, which uses onl\2 x 2 LMIs, is given in [27]. wrenches, but has the advantage that no computation is in-

volved in expressing a general wrench as a positive linear

combination of the given wrenches. The wrenches are
F. Force closure

Force closure occurs if for every wrench € RS, there teq, ..., Ees,
exists a set of contact forcg$”) € K; for which Af +w = 0.

. . S . where ¢; is the ith unit vector in R®. The sum of these
We can describe this condition in terms of cones. Define y ‘

wrenches is zero, so the condition (10) holds wkh= 1.
W ={-Af | f(i) € K}, (9) Suppose we solve thé2 associated FOPs, which are all
o ) feasible (so force closure occurs). Lﬁ?t be an optimal contact
which is the cone of wrenches that can be resisted. FOuge o tor wrenchuext — ¢;, and letf,” be an optimal contact

: : _ b
closure is equivalent toV = R”. , force for wrenchu®™t = —e,. Once we have computed this set
We can determine force closure by solving a set of FOFSt 19 contact forces, we can very easily construct a feasible

6 - .
Let Wi, .. WK € R® be a set_ of Wrenches_ witld M contact force vector foany wrenchw € RS, as follows:
the interior of their convex hullj.e, there exist positive
>‘13 veey Ax such that f = ((*‘)l)JrfljL +(w1)*f17 +oot (w6)+fg+(w6)*f67a (11)
Awi + -+ Agwg = 0. (10) where (u)+ = max{0,u} and (u)- = max{0,—u} are the

positive and negative parts afc R, respectively, and herg;
if and only if each of these wrenches can be resisted,the denotes thath compo_nent ofu. Thus, once we have solved
. . the 12 FOPs, we can instantly generate a feasible (but subop-
associated{ FOPs are all feasible. timal) contact force vector for any external wrench, usihg t
If any of these FOPs is infeasible, then evidently forc y exte nen, usig
or{nula (11). The formula (11) describes a piecewise-linea
closure does not occur. On the other hand, suppose tmaa ing fromw into £, with 12 regions,i.e, the orthants in
each of thesél' FOPs is feasible, with optimal force vectorsR6 ppIng v ' 9 e
fi,-- fx € R®M_ Givenanyw € R®, we can write itas a ' |

nonnegative linear combination of the vectars .. ., wg,

(The minimum possible value df is 7.) Force closure occurs

As one consequence, we find that the minimum grasping
force required to resist the wrenchis no more tharG||w||1,
w = fiw1 + - + Prwk, B,y B > 0. where G is the maximum of the optimal value of the2



FOPs, and|w||y = |wi| + -+ + |ws|. Thus, the numbets, with variablesz, u, v, andv; K* denotes the dual of the

the maximum of the optimal grasping forces for the wrenchesandard second-order cone Rt, and K¢ denotes the dual

+e;, gives a quantitative measure of force closure. of the friction coneK;. The standard second-order cone is self
There are several other uses of the formula (11). Suppasaal,i.e., we haveK™* = K; the dual friction cones are given

we have computed an optimal contact force vecfofor a by

wrenchw, and we wish to compute a contact force vegtdor _ 3 \/ﬁ _

a nearby wrenchy. (In fact,@ does not have to be closedo) Ki = {y €R Vit s (1/u1)y3} ' (12)

To do this, we use the formula (11) to find a feasible contag—f—hiS follows from the general fact that for any coié and
force vectoro f that resists the external wrenéh— w. Then any nonsingular matrixC, we have(CK)* = C-TK*))

the contact force vectof + ¢ f satisfies the cone constraints, \ye can considerably simplify the basic Lagrange dual
and resists the wrencly. This contact force vector can beproblem above, by eliminating all variables excepe R°.
computed almost instantly; moreoverufandw are not too  gjnce (ui,v;) € K* = K is the same adu;|| < v;, we can

far from each other, the force vector will be not too suboplim gjiminate the variables; and express the dual as
We mention one important feature of the formula (11). The

original FOP is invariant under a change of the global geo- maximize v we

metric coordinate system. If we change the global coordinat subjectto z; € K, i=1,...,.M
system, we will changes and the matricest;, and therefore Sl <1

change the basic FOP. But the solution of this FOP will be Alv=wu;+z, i=1,...,M.

the same as the solution of the original FOP. This Propeye now eliminate the variables;, usingu; = ATv — z;, to
does not hold for (11)i.e., a change of the global coordinateobtam ' ’ ¢ v
system will in general change the force vectbrcomputed

imi T, jext
from (11). (This is obvious since (11) depends on an expansio maximize v~ w

of the external wrench in a specific basis.) We have found subject to z; K i=L...M (13)
that (11) gives good results when the zero coordinate of the Simi ATy =z < 1.

global coordinate system is chosen to be near the contaut p@inally, we eliminate the variables;. The optimalz; in the
locations,e.g, their average. problem above is the one that minimizégl”v — z;|| over

z; € K}, i.e, the (Euclidean) projection ofi? v onto K}
IIl. DUAL PROBLEM AND INFEASIBILITY CONDITIONS ¢

A. Dual force optimization problem 2z = Prc: (A v),

In this section we derive a dual problem for the FOP (7hnd the associated minimum value is
(For a general reference on Lagrange duality, see [29, §h.5] ) T . T .
We introduce Lagrange multiplier vectors € R? for the R 147 v = z|| = dist (A7 v, K7),
friction cone constraints, and Lagrange multiplier vestor

(ui,v;) € R*, with u; € R® andv; € R, for the constraints the distance from4d7 v to K. Thus, we can write the dual
involving K, and v € R® for the equality constraint. The FOP as
Lagrangian is then maximize 7wt (14)
L(f, F, z,u,v,v) subject to 2V, dist(ATv, K7) <1,
=F =M 27O 5™ (g, 0) T (FD F) with variablesv € RS,
+UT(Af + w™t) We can give an explicit formula for the projection of a point
, _ i 2 x.
— (- Zi»il i) F — Zi]\il(zi b — AZTZ/)Tf(Z) 4T et (z,y), with z € R* andy € R, onto the cone :
To obtain the dual function, we minimiz& over the primal (z,y) y > il
variablesF and f. When we minimizel, over F', we find that %7 () = ¢ Bl pillzll) =/ p)llzll <y < pll]
the minimum is—oo, unlessy" ™ v; = 1. Minimizing L over 0 y < = (/)|
1@ yields —oco unlessA?v = u; +z; fori=1,...,M. The where
dual function is therefore given by _ My ]
SN
9(27 u7 U? V) i
=inf; p L(f,F,2z,u,v,v) The corresponding distance is given by
[ vTeet S vi=1, ATv =itz i=1,..., M dist((z,y), K})
—00 otherwise. 0 y > |z
Thus, we can write the dual of the FOP (seey, [29,§5.9]) =1 (ullzll —v)/v1+p? —Q/w)lz]l <y < iz
as o @)l y < —(1/p)lz
maximize vlw
subjectto z € K, i=1,....,.M This gives us an explicit formula fodist(A7 v, K}), so the
(us,v;) e K*, i=1,....M dual (14) is completely explicit.
Zf\il v; =1 The dual force optimization problem (14) satisfies the

ATy =i+ 2z, i=1,...,M, following properties.



o Weak duality. Suppose v is dual feasible, i.e, sinceAlv c K} and f%) ¢ K; imply (ATv)T f(® > 0.

Zf\il dist(Alv, K;) < 1. Then the dual objective value The infeasibility conditions (18) are closely related te th
vTwe* is a lower bound orf'™*, the optimal value of the dual FOP (14): Ifv satisfies the alternative constraints (18),
(primal) FOP (7). then for anya > 0, av is feasible for the dual problem (14),

« Strong duality. Suppose the primal FOP (7) mtrictly  sincedist(A7 (av), K;) = 0. Therefore,av’w®™* is a lower
feasible i.e, there exists(f, F') with Af + w®™* = 0, bound onF*, for anya > 0. Since this can be made arbitrarily
(f,F) € int K, and f() € int K. (int S denotes the large, we must havé™ = oo, i.e, the FOP (7) is infeasible.
interior of the setS.) Then there exists a dual feasible ~ We can interpret the infeasibility conditions (18) in terms
for which v*Tw** = F*. (In fact, v* is optimal for the of energy supplied to the object by the external wrench, when
dual FOP (14).) the object is displaced a small amount. We think of the dual

Since the dual objective”w® and the dual constraint variable v € R® as representing a small displacement and

function Zfil dist(A7v, K;) are both homogeneous, we canotation of the objecty”w™* > 0 means that some positive
scale anyv for which Zf(:l dist(ATv, K¥) # 0 so that energy is supplied to the object by the external force. The

Zfil dist(ATv, K7) = 1. This gives the lower bound vectorsAT v give the displacement, to first order, of the contact
— points, in the local coordinates. Sinc& v and f(*) are in
prdual _ vw < F* (16) dual cones, we havgAfv)” f) > 0 for any feasible set of
S dist(ATv, KF) forces. This means that if the contact forces satisfy tratidm

. K 4. T Y . , cone constraints, each one provides zero or positive energy
valid for_Zi:l dls;(AitV’ K;) #0. (This lower bound is only 1, the object. But the total energy supplied to the object, by
interesting whem” w™* > 0; otherwise it gives a worse lower ¢ eyteral wrench and the contact forces, must be zero. We
bound than the trivial oné < . conclude that no feasible contact forces exist.

B. Sensitivity interpretation

The optimal dual variable* is useful as a measure of - Force non-closure
the sensitivity of the optimal grasping force with respemt t We can now give similar necessary and sufficient conditions
changes in the external wrench. Assumify is a differen- for the absence of force closure. This is the condition that t
tiable function ofw®** (which is not always the case), we havecOP is infeasible forsomeexternal wrench; by the results
OF* above, this is equivalent to

=,

Owsxt g AT o
i s veKS, i=1,...,M, v #0. (29)

For example,v} gives us (approximately) the change in
minimum required grasping force, per Newton of increase faiven such av, we can easily construct an external wrench
the z-component of the externally applied force. Thusyif that cannot be resisted; for example®* = v. More generally,
is large, small changes in externally applied wrench cad led v that satisfies the no-force-closure conditions (19) gives u
to |arge Changes in the minimum required grasping force. an entire halfplane of wrenches that cannot be resisted,
any wt with 7wt > 0.

We also note that-v can be interpreted as a tangent plane,

C. Infeasibility conditions : : .
y , , , at 0, to the coneWW of resistable wrenches (defined in (9)),
The FOP (7) is feasible when there exists a force ve¢tor; o 'tor each nonzeras ¢ W. we haver’w < 0. Indeed

that satisfies the friction cone and equilibrium constsiné., _,, c W* the dual of the cone of resistable wrenches:

D ek, i=1,...,M, Af +w™t =0, (17) this establishes that force closure fails, since forceutoss
equivalent tolW* = {0}.
a set ofM second-order cone constraints ahlinear equality
constraints. The associated setatternative constraintgive
the conditions under which (17) is infeasible: IV. BARRIER SUBPROBLEM

AZTV €K/, i=1,...,M, T W™t > 0, (18) In this section and then next, we describe and analyze
] _the barrier subproblem associated with the FOP (8), and
a set of M second-order cone constraints for the dual variablgewton’s method, which is used to solve it. This subproblem

v € R°. The conditions (17) and (18) are strong alternativegsises directly in interior-point methods such as primatiea
for any problem data, exactly one of them is feasible ([29nethods, including the algorithm we will describe, and also
§5.9.4]). Thus, feasibility of either set of conditions ingsl jngjrectly in all otherse.g, primal-dual methods. The Dikin
infeasibility of the other set of conditions. search direction [25] can also be expressed in terms of the
It is easy to verify weak dualityi.e, that (17) and (18) parrier subproblem: it is the Newton search direction fa th

cannot both be feasible. If they were both feasible, say Wl%bpromem, in the limit — oo (and suitably scaled).
frandv, then we would have The barrier subproblem is

M

0= vT(Af +w™) = S (AT T FO) 4 Tt 5, minimize tF+¢
; subject to Af + w®t =0, (20)



wheret > 0 is a parameter, and is thelog barrier for the The optimality conditions for the barrier subproblem (20)
cone constraints. The log barrier is given by can be expressed in terms of the primal and dual residuals as

rp =0, rq = 0.

M
S(f, F) = iV, F),
i=1 (See,e.qg, [29, Ch.10].)

where
i i i i B. Dual feasible points from subproblem solution
GilfOF) = —log(F? — f{U2 — f{i2 — ;2) ual feasible poinis Trom subprobiem SOl
Clog(p2f0% — f02 _ p)2) If (.f v ) are optimal for the barrier subproblem, then
vz z v 7 v*/t is feasible for the dual FOP (14). The associated dual
if (f,F) satisfies the cone constraints stricilg., objective value is
(f(i),F) € int K, f@@) € int K, (21) Tt = F* — 4M/t.

and +oo otherwise. The log barrier is a smooth conveXhis can be shown by direct computation, or from generakfact

function, so the subproblem (20) is a smooth convex problesbout conic problems and logarithmic barriers, since heze w

(For more on log barriers for convex cones, see [31], [29].)have 2M second-order cones, each withavalue of 2 (see
Unless stated otherwise, we will assume the subproblem[29, §11.6], [31]). It follows that the solution of the barrier

feasible,i.e., there exists a pointf, F') that satisfiesAf + subproblem is at mostA//t suboptimal for the FOP (8).

w™t = 0 and (21). This assumption is slightly more than

assuming the original FOP (8) is feasible; it means the oaigi

FOP is strictly feasible. This assumption can be simplified t

there existsf € R*M that satisfies

C. Newton method

We use an infeasible start Newton method to solve the
4 barrier subproblem (20) [29,10.3]. The Newton method starts
Af +w™t =0, fDeintK;, i=1,... M. with, and maintains(f, F, ) € R** x R x RS, with (f, F)

(We can always choosg' large enough to satisfy the otherStriCtIy satisfying the cone constraints&, (21)), but not
cone constraints strictly.) necessarily the equality constraintsf + vt = 0. Within

Before getting into details, we mention the most importa/t finite number of steps, however, the equality constraints
facts about the barrier subproblem (20). First, it is a canv@©cOme satisfied, and once satisfied, they remain satisfied
optimization problem, with smooth objective and equalit@‘t all subsequent |terat|ons. In part|cular_, if the |nfbi_15|
constraints, so it can be solved by Newton’s method. Secordf"t Newton metheg:j IS Start??c @g’ F F]V) W|th|_the equality
it gives an approximate solution of the FOP (8): The squtio?lc,’ITStra'ms,'Aff +w ”f: 0 satisfied, the equality constraints
(f,F) of the barrier subproblem is guaranteed to be at mod!l be satisfied at all future iterates.
4M /t-suboptimal for the original FOP (8). At each iteration of the Newton method, we compute the

Newton step(df,dF,dv) at the current point f, F,v). We
A Bari borobl imali diti then carry out a backtracking line search to find a step length
- barmer subpro e_m opt|r‘r.1a_|ty conditions _ v, based on the merit functidfr,||?+||r,|*. The backtracking
Suppose(f, F) strictly satisfies the cone constraint®., |ine search algorithm chooses= 3*, whereg (0,1) is an

(21) holds. Theprimal residualis algorithm parameter, ankl is the smallest nonnegative integer
ry = Af +w™t € RO, for which
412 L 12)1/2 2 2\1/2
which is the error in the equilibrium force and torque baknc (I7all® + 17p1%) " < (1 = o) (Irall®* + lIro1*)
condition. Thedual residualis holds, wheref; and 7, are the primal and dual residuals
S T Viod(f, F)+ ATy c RAMH1 evaluated at the tentative poif + vdf, F' + vdF,v + vdv),
= g | T | t+06(f, F)/OF ' anda € (0,1/2) is another algorithm parameter. (In particular,

we require thalf + vdf, F + vdF) strictly satisfies the cone
econstraints.) The parameters must satisfy< 5 < 1 and

dual residual iated with the f d R 0 < a < 1/2. Common choices for the parameters are
ual residual associated wi e force vecforandry < B =1/2, a = 0.1. (The Newton method is fairly insensitive

is the component of the dual residual associated With to the choice of these parameters.)

W.e can further d'V'd&f. into components corresponding to After the line search, we update the new point as
the individual contact points, as

wherev € RS is the Lagrange multiplier associated with th
equality constraints. Here; € R* is the component of the

#(1) Vf(lﬂf)l(f(l),F) + ATy f=f+~df, F:=F+~dF, v:=v+-~dv.
T = : = : . The Newton method is terminated when the norm of the
(M) Vf<M>¢M(f(M>,F) + ATy residual is small enough, or when some other exit criterion

is satisfied. Once a full Newton step is takere( the line
Herer(® ¢ R? is the portion of the dual residual associatedearch givesy = 1), the primal residual becomes zero, and
with contact point;. We will give more explicit formulas for remains zero (to within numerical accuracy) from that step o
these in§IV-D. see [29,510.3.2].



The main effort of the algorithm is in computing the Newtoriormula for the gradient and Hessian of the function
step(df, dF, dv) € R**7 which is given by the solution of

_ T
the Karush-Kuhn-Tucker (KKT) system (u) = —log(u” Pu),
¢ 0% 4T if where P is a symmetric matrix. (We assume theftPu > 0.)
of*  9JoF rr We have
9FOf qu; 0 dF | =—1rr |, \Vi 2 _p
A0 0 dv T A r (24
Vi =~ P (o) (Pu)(Pu)T

a set of3M + 7 equations ilBM + 7 variables. Since the log
barrier is a sum of functions of eagh”), the second derivative
appearing in the upper left entry of the KKT matrix is block 9¢i _

Using this formula (or by direct differentiation) we have

diagonal, so we can express the KKT system as afl
H, o AT dfy - N 2 L 21" |
2 _ fa(;Z)Q . fgSZ)Q . f§1)2 H?fzgz)Q o fa(;Z)Q o flgz)Z
T H%w au AL, dfse | 77| rm | = (a; +b;)f",
g - qy Hrp 0 dF TR .
AL - Ay 0 0 dv " where we define
22) . = 2
L )2 )2 )27
where a¢, s F2— f0% g2 _ gl
H; = ( )2 €R ) b — 2
Hp = %% eR, (23) L g
¢ 3 ’ ‘
% = grmor © R We have S|m|Iar expressmns for the partial derivative with

Explicit formulas for these will be given in the next section"€SPect tof,”, with f;" changed tOEJ in the numerators.
for now we note the sparsity pattern of the KKT system, whichhe partial derivative with respect " Vi

consists of a block diagonal part, with’ 3 x 3 blocks (each g4,

associated with a contact point), bordered bylense rows

(4)
and columns (corresponding to the objective variablend of N (Z)
dual variablev). 2fz 207
The infeasible start Newton method always converges tothe 2 — f()2 _ p(02 _ (02 p2 fi2 gl O _ 2
optimal point for the barrier subproblem, provided the orad — (ai — /J?bi)fz(i)-

FOP is strictly feasible. When the original FOP problem is not
strictly feasible, the barrier subproblem is not feasilded Thus, the gradient is given by
the Newton method does not converge; the residuals do not

WO
converge to zero. Moreover, the Newton method cannot take @) (a; + b’)ffzi)
a step sizey = 1 (because if it did, the next iterate would be Viwdi(£7F) = | (ai +bi)fy"”
strictly feasible). (a; — Zb»)fz”)

The convergence of Newton’s method is quadratic, so teﬁ}e partial derivative ofs with respect toF" is
minal convergence is extremely fast. For the same reason

the method is started at an initial point with primal and dual 9¢ M 9F M
residuals not too large, convergence to high accuracy can bgz — Z T PO ORI = Zai
obtained within a few steps. The total number of Newton steps =1 ¢ 4 z

can be bounded using the theory of self-concordance [3Ierefore the dual residuals can be explicitly expressed as
but the bounds obtained are usually far larger than the hctua

number required in practice, which is often fewer tha@n and (a; + bi)fﬂ(? ,
rarely more than a few0s. When the starting point is good, i = (ai + bi) 151)4 + Ay, i=1,...,M,
i.e, the starting residuals are small, convergence typically (a; — p2b;) ®
occurs in just a few steps. rp = t—(a1+---+am)F. -
] ) ] Now we work out the blocks in the barrier Hessi&ft ¢,
D. Barrier gradient and Hessian formulas using the notation in (23). Using the general formula (24)

In this section we give explicit expressions for the gratlie@bove, we have
and Hessian of the log barrier, which are needed to define H = ai1+azgf(i)f(i)T+bi diag(1,1, —p2)+

the dual residuals, and the coefficient matrix in the KKT ’ ) ) T
system (23). ) " "
The log barrierg is a sum of2M terms, each of which is +b; Y Iy

the negative log of a quadratic form. So we first give a general —uffz(i) _uffj)



The vectorsg; that form the last row and column of theinvertibility of the Cholesky factors. Moreover, our metho
Hessian are given by involves no conditionals, which makes it faster (and simple
2R 1 o than a generic sparseLDL” PT method. And finally, since
¢ =—a B, i=1,., M. our method uses an explicit elimination ordering, it expend

Finally, we have no effort in discovering a good elimination ordering.
0% ) Lo
Hrp = 772 A. First elimination step
M Our first step is to eliminate the variable$; from (22).
= ) (—a;+ad}F?) From
i1 Hidf; + q;dF + Al'dv = —r;
M ;
_ F2 4| f®2 we obtain
= L 1 r
1=1 dfz = —H; (’I“i + qldF + Ai dU) (26)
M
_ Z ﬁ(FQ n Hf(f,)Hz)_ Combining this with
; 2
1=1 M
> qldfi + HpdF = —rp,
V. EFFICIENTNEWTON STEP COMPUTATION =

In this section we show how to compute the Newton stepe obtain
(df,dF,dv), i.e, solve the equations (22), efficiently. These M
equations can be solved using standard methods for linear _ZqiTHZfl(ri + qdF + ATdv) + HpdF = —rp,
equations, such as Gaussian elimination. For example, we ca =1
compute anL DLT factorization of the KKT matrix, and then which can be written as
find (df, dF, dv) by a back and forward substitution. The cost

of this is around1/3)(3M +7)3+2(3M+7)% ~ 9M3+63M2  — (Hr — S ol Hy 1qi) dF + (Z?il g H; 1A?) dv
flops (floating point operations). While this can be fast for =rp— Ei]‘il qiTHlflri_

modest values of\f (say, M smaller than10 or so), we (27)
can exploit the special structure of the equations to sdiee tNow we use o

equations far faster. The method we describe in this section ZA‘df‘ _

requires around350M flops, and in addition involves no Pt idi="Tp

conditionals (which are needed to pivot in the general case)
leading to extremely fast execution time. Faf large our and (26) to get

method is clearly far faster than a general method. It is also M
faster for small values of\/ such asM = 4, for which > AH (ri + qidF + Al dv) =,
(1/3)(3M + 7)3 + 2(3M + 7)% is around two and one-half i=1
times 35011 which we write as
Our method is based on a sequence of two elimination M -1 M —1 T
steps, in which particular blocks of variables are eliminit (Zi:l Al ]q\;) dF -+ (Zi:l Al A ) dv (28)
using Cholesky factorizations to compute the requiredrses =Tp— D ic1 Ainlri-
since their definiteness properties are known ahead of timgw we write (27) and (28) as
The leading3M x 3M block is block diagonal, witt8 x 3 5. BT AF
blocks that are positive definite, and so can be inverted very [ 12l } { } = [ “ } , (29)
Egl E22 dl/ ()

efficiently. A basic elimination method (seeg, [29, App.C])
applied to this block yields & x 7 set of linear equations to Where

solve. This reduced system of linear equations is indefibite M
it contains & x 6 subblock that is positive definite, so a further Ey = - (HF - Z qiTHi_lqz) )
elimination step can be taken, using a Cholesky factoomati i=1
to invert the positive definite subblock. M
Before giving the details of our elimination method, we Eay = ZAz'HflfIm
comment on how it differs from using a good sparse solver i=1
to compute the Newton step. Such a method decomposes the B M AT =1 AT
KKT matrix asPLDLT PT, whereP is a permutation matrix 2 = 2 i i s

chosen to reduce fill-in and preserve numerical stability, "

is unit lower triangular, andD is diagonal. It is very likely er = Z T -1,
that the permutation found will be good enough to yield an ! E — %
algorithm that solves the KKT system (M) flops, just like ZJ\;

our method. Ours, however, is completely explicit, and also e = Tp— ZAz‘Hflm-
exploits a small amount of further structure, such as thg eas P
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The reduced system (29) is a set'©finear equations irf  the data in the reduced systeig., FEi1, Fo1, Fao, €1, and
variables, which is easily solved to gét’ anddv. Once these e,. For example, to comput&s,, we express it as
have been computed, we can fidfj from (26). M
By =Y (LA (L7 AD).
=1
This costs126M flops. There are21 entries in the upper
The reduced system (29) also has structure that can thangle of the matrices in the sum (their lower halves are
exploited, even though it is fully dense. As we will showthe same as their upper halves); each of these is computed as
the matrix £ is not positive definite (or negative definite)an inner product of two vectors iR, which costs5 flops.
so we cannot use a Cholesky factorizationfof(or —F) to  This gives5 - 21 = 105 flops for each term in the sum, plus
solve the system. We must use &L factorization, or a 21/ flops to add the matrices.
factorization such aé DU that ignores the symmetry. Generic  Forming E», is the dominant cost in forming the reduced
algorithms for each of these require numerical pivotingiolth system: FormingE;; ande; each cost$M flops; forming

B. Second elimination step

complicates (and slows) the algorithm. FE5; ande, each costs$1M flops. Thus, the total flop count
Thel,1 entry Ey; is negative. This follows from convexity to form the reduced system is aroudd0! flops.
of ¢, which implies that the Hessian is positive definitef; | The reduced system is solved using the method described

is a Schur complement &F2¢, and therefore positive. 12  in §V-B, which has a small cost, independentidt. of around

entry Ey, is, however, positive definite. (It is clearly positive(1/3)7% + 2 - 72 ~ 200 flops. Finally, df; are computed
semidefinite; it is positive definite sincé is full rank.) Thus, from (26), at a cost arounsllM flops. All together, then, we
the matrix E is indefinite; it has one negative eigenvalue &ndcan compute the Newton step in arousi) M/ plus a modest
positive eigenvalues. We can solve the reduced system §29)donstant aroun@00, flops.

eliminating thel, 1 block, which will leave & x 6 system of

equations that is positive definite, and can therefore beedol VI. BARRIER METHOD

by a Cholesky factorization. In a classic primal barrier method, the barrier subprob-
This approach does not reduce the flop count, when cofem (20) is solved for an increasing sequence of values of
pared to a generi€ DL" factorization method; but it removes; The Newton method for each subproblem is initialized at
all conditionals and row/column permutationise{ pivoting), the optimal solution of the previous one. A typical method
and therefore yields a simpler (and faster) algorithm. &ingor increasing the parameteris to multiply it by a factor
the final system is solved by Cholesky factorization, th&lagn the order ofl0 (see,e.g, [29, §10.3]). This is repeated

of pivoting comes at no cost in numerical stability. until 4M/t is smaller than the required tolerance. This basic
To solve the reduced system (29) by this method we procegsirier method is reliable, and can solve the FOP using on
as follows. We first note that the order of50 or so Newton steps, provided the problem is

feasible, and the starting point is reasonably close taliEas
Since each Newton step can be carried out very quickly, this
is already an attractive algorithm. We will show, howevaatt
a variation on the basic barrier method can reliably sohe th
(E22 _ (1/E11)E21E2Tl) dv = es — (1/Ey)Eore;. problem to a good enough guaranteed relative accuracy (say,
1%) using almost an order of magnitude fewer Newton steps,
Since E1; < 0, the matrix on the left is positive definite.i.e, between5 and 10 steps.
Therefore we can solve this set of equations using CholeskyWhen the FOP (8) is infeasible, the basic primal barrier
factorization; we then find/F" from the equation above. method fails during the first barrier subproblem, which nmeve
finds a feasible point (since no such point exists). Even when
the FOP is feasible, but nearly infeasible, the number of
C. Summary and flop count iterations required can be much larger than the typical rermb
We summarize our efficient method for computing tha hese proplems can _be handled by preceding_the basic barrier
Newton step. We compute the primal and dual residuals, B€thod with a special phase | method, designed to find a
well as the Hessiani,e., H;, Hy, andg;, using the formulas feasible pglqt, or establish infeasibility of the FOP. Wd!WI
given in §IV-D. We compute Cholesky factors; of Hj, i.e., address this issue §VI-B. For now, we assume that a feasible,

lower triangularL; with L;,LT = H,. We then compute the ©" Nearly feasible, starting point is available.

inverses of the Cholesky factoise,, L; '. (The more standard

method would be to use forward substitution to compiutéy, A. A custom primal barrier method

but here there is a slight advantage to simply invertingehes Our basic method consists of solving the barrier subprob-

matrices.) The total flop count for this step is less than mgoulem, for a fixed value of, using Newton’s method. Oncg

50M flops. is feasible, we evaluate the current maximum fofcg&** =
Next, we computd.; ' A7, L7 'q;, andL; 'r;, at a total cost max{||f™|,...,|f*)|} using the current value of, and

of 73M flops. (Since the cost of multiplying a lower triangulathe current dual bound™d'#! (from (16)) using the current

3 x 3 matrix by a vector i9 flops.) From these, we computeestimate ofv, i.e, v/t, wherev is the current value of the

dF = (1/E11)(eq — EJ dv),

and substituting this intdydF + Eoodr = eo, We get
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dual variable in the Newton subproblem. We terminate if thehere F4'#! is the current value of the dual bound, and
current maximum force™#* is within a given tolerance of continue until the relative stopping criterion (30) is sééd
the current dual lower bound. (which must occur).

Finally, we describe two modes of early termination for the
algorithm, that we will employ in§VIl. We are given two
target values/,, andUy,,. We terminate the algorithm once
we have achieved eithef™** < U, (i.e, the maximum
force is less than the upper target value), [6t"» > L.

given
starting point(f, F,v) that satisfies (21)
required tolerance,ns > 0
parametem € (0, 1)

Sett := 4M/(neaps)- (i.e, the dual bound shows that the optimal maximum force
repeat is more than lower target value).
1. Compute Newton stefilf, dF, dv) using the
methods described ifV. B. Phase | problem

2. Line search and update.
Choose a step size using backtracking (se€V-C).
3. Update.(f, F,v) := (f, F,v) + v(df,dF,dv).
4.if Af + w™* =0, evaluateF™2* and the dual
lower boundFda (16).
until pmax — pdual < ¢\

The custom primal barrier method described in the previous
section will work when started from any infeasible pointttha
strictly satisfies the cone constraints, provided the opabi
FOP is strictly feasible. If the starting point is far from
feasibility, however, the algorithm can require a large bem
of iterations. When a good starting point is not available,

We make some observations about this algorithm. First, theis more efficient to break the optimization up into two
algorithm exits with a guarantee (via the dual bound) that tiphases. In phase | we determine a feasible paiet, an f
maximum force is no more thany,-suboptimal, even though that satisfies the constraints (17), or verify that the probis
Newton’s method may not have converged. Second, the exiteasible, by exhibiting a feasible solution of the altive
condition must hold eventually; if it did not, Newton's meth inequalities (18). In phase Il, we use the custom barriehotkt
converges to the optimal point for the barrier subproblem, to compute the optimal solution of the FOP (7), starting from
which we have the feasible point found in phase I.

pax _ pdual & g pedual _ AMJt = neas < €ane, One choice for the phase | problem for the FOP is
minimize s
subjectto f) +ses e K;, i=1,..., M,
Af + wext — 0’
s> —1,

a contradiction. The parametergives a ‘margin’ that guar-
antees that if Newton’s method were to converge, the gap
betweenF™* and the lower bound~"?! is smaller than our
tolerance. We have found good results with= 0.8.

Choosing afixed value of ¢ (as we do in the algorithm \yhere the optimization variables akec R and f € R*M,
described above) is a poor choice for solving general SOCRgd ¢, — (0,0,1). This phase | problem is also in conic form,
especially when high accuracy is required, and the numberg{ SOCP. The variable (which is also the objective in the
constraints is large. But for the FOP, a fixed choice wforks  phase | problem) can be interpreted as a fictitious force ddde
very well, at least for modest/ (say, smaller thari00). If {5 each of the normal force”, for the purpose of satisfying
high accuracy is needed, 01 is large (say, ovet00), a more the friction cone constraint. But these fictitious forcesrud
conventional schedule far (as in a primal barrier method) appear in the equilibrium conditiod f + w®* = 0. The goal
would likely perform better. - _ is to drive this fictitious force to become zero (or negative)

We can modify the algorithm to stop with a guaranteegl we succeed, the correspondinyis evidently feasible for
relative tolerance instead of a guaranteed absolute tolerangg Fop (7). On the other hand, if the optimal value of the

(1)

by replacing the stopping criterion with phase | problem is positive, it means that the original FOP (7
pmax _ prdual is infeasible. The inequalitg > —1 is not really needed; it
Fdual < Gel- (30) keeps the algorithm from finding a point that has very negativ

In this case we must ensure that the value ofsed is large S @t the cost of very large forces. . .
enough to driveFmax — Fdual small enough so that (30) will  For the phase | problem we can easily construct a feasible

eventually hold. This requires point from which to start the barrier method. First we choose
dual any f that satisfies the equality constraintsf + w°*t, for
t > AM /(& M) example the least-norm solution
To do this we can adjust during the algorithm, as follows. f= —AT(AAT) 1o,
We start with an absolute tolerance, as in the algorithm epov
chosen so that it is likely to be sufficiently small to work forAs an initial value ofs we can choose any value that satisfies
the required relative tolerance. We terminate if the reéati 4 4
tolerance is reached (in which case we are done), or when > max {(UM) {02 4 f;m — i
the absolute tolerance is reached. In the latter case, waysim
updatet to be The pair (f,s) is then feasible for the phase | problem.
t = 4M/(nere F2), Of course, the force vectof in (32) need not satisfy the

(32)

i_l,...,M}.



12

cone constraints; for example, the normal forg‘é@ can be A. Warm start

negative. We_ "?‘ISO note that computirfg_from (32) can be_ Suppose we have solved a FOP, and then need to solve a
done very efficiently, because the associated normal amsti o one with problem data that is “closd’e. the external

have exactly the same block sparsity pattern that allowsusvﬁenchwext contact geometry matrixl, and coefficients of

use the methods dfv. riction y; are not far from those of the previous problem. In a
W_e use a bar_ner me_thod tq solve the ph_ase_ | problem (3 arm-start technique, we simply use the previously conpute
starting frpm this feasible p0|r_1t, a_nd termma_tmg as Soen g, ce vectorf as the starting point for Newton’s method, in the
s < 0, since the corresponding is then strictly feasible 1, ier suhproblem associated with the new FOP to be solved,
for (7). In each outer iteration, we solve the problem assuming it satisfies the friction cone constraints for the n
minimize ts + ¢(f,s) (33) problem. (If it does not, we can simply add some extra inward
subject to Af +w™t =0 normal force to each contact force that does not satisfyoibec

wheret > 0 is a parameter, and is the log barrier for the constraint.) This force vector will not, in general, satishe

cone constraints in the phase | problem: equilibrium conditions for the new problem, but, assuming t
M new problem is strictly feasible, a feasible point will etglly
K i i be found.
01.5) = 3o 0B (L) +7 = £ = 1%, u

If the new FOP problem data are close enough to the
previous FOP problem data, the new problem can be solved
in just a few Newton steps. On the other hand, it is possible
that this approach can requineoreiterations than &old-start
) method,i.e., solving the new problem as a new one, with a
with 9-value 2. , hase | followed by a phase II. As an extreme example, if the

We use Newtons methoq to solve the smooth SprrOEéW problem is infeasible, then Newton’s method will simply
lem (33). We omit the details and formulas involved SINCEil 1o converge. A very simple method for getting around
they are very close to the ones em’:ountered above. We NR%s is to run the warm-start method for a fixed and small
however, that each step of Newton’s method for the phase, | et of jterations, such a if a feasible point has not

problem involves the solution of a set of equations veiiactly been found by then, the warm-start process is abandoned, and

tbr;e E%me spallrsit.ywitructurbel eEcoEntgreddabbo:j/e in (@), the new problem is solved using a cold-start. The hope is that
ock diagonal, with\/ 3 3 blocks, bordered by dense rows e jarations saved in the successful warm-start attempte

s}\;d (;]olumns. (Thed_p;famcularT(;]oeff:cmenthmat”CHhﬁ dq% a”d_btréan offset the extra iterations wasted in warm-start fagu
r, however, are different.) Therefore the method describe We note that general interior-point methods aat well

't?] §than ble ussld to efficiently compute the Newton step f(%ruited to warm-start techniques. Our method handles warm
€ phase | problem. start well since it is a primal barrier method, with a fixed

When we SOW? the phase | problem with an abSOIUU%\Iue oft, so it inherits the (very good) warm-start properties
tolerancee,y,s (which corresponds td@ = 2M/e,,s), three of Newton’s method

outcomes can occur. We can terminate (early) having found

. . : s an example application, consider the problem of com-
a feasible point; we can also terminate early, once the dualA P bp P

X i imal ing f f ' i I

bound for the phase | problem shows the optimal value %Jtmg opt|n_1a grasping forces for an object, as It movesig 0
. . Lo . .a known trajectory. We assume the contact points on the bbjec

positive. The third possibility is an ambiguous outcome, in

. . remain the same, but along the trajectory, the external efren
which we have computed a set of forces that are feasibl 9 ) v

- ) c?ianges. The external wrench can include a gravity term, as
when an additional normal contact force no more thap is

: . . well as a term associated with accelerating the object. By
added. This outcome is extremely rare, and in any case n . : : !

) . L choosing a global coordinate system tied to the object, the
a problem in practice. When a force optimization problem IS _, . : ) .
just on the boundary between feasible and infeasible, it Cg1natr|x 4 remains constant along the trajectory, as the object
J . : y ; ' moves, but the external wrencbf** varies. After computing
be considered infeasible for all practical purposes.

the optimal grasping forces at one time, we can use a warm-
VIl. SOLVING MULTIPLE FORCE OPTIMIZATION PROBLEMs Start technique to rapidly compute the optimal graspingéer

In this section we consider the problem of efficiently :sog/inat the next sampled time.

. . (In this special case witkl not changing, we can also use
a family of related FOPs. In the simplest case, we ha . .
. . e method described igll-F. We computel2 wrenches that
multiple FOPs to solve to some given accuracy. We can always . i . . .
. . esist t+e;; thereafter we can immediately generate feasible,
solve them one by one, using the method described ab? %ot optimal, contact force vectors at each point along the
for each problem instance. If the data for the FOPs differ . P ' P 9
. . . {rajectory.)
sufficiently, treating each problem as a brand new one is no . . . .
nother example is computing the optimal grasping forces

a bad approach; but if the problem data are close, we ca . ) X 4
more efficiently solve them usingarm-starttechniques. Since a.lt the ver_t|ces of a box in wrench space, all 64 con:xl:{na—
the computational effort and time required to solve a FOP ﬁ'éms of high and low values of the components o&/*:
measured by the number of Newton steps required, the goal is Wt e (I}, Q=1
to solve FOP with fewer Newton steps than would be typically

required. We can solve the FOP for the average or nominal value of

i=1

when f() + ses € int K;, and ¢(f,s) = oo otherwise. The
solution of this subproblem is at mogfi//¢ suboptimal for
the phase | problem (31), since here we havecones, each

,...,6.
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Wt problem solved, certifies that the minimum grasping forae fo
W™t = (1/2)(1 + u), the current problem will be worse than the best case already

. ound.
and then attempt to compute the optimal contact forces tfor

each vertex using a warm-start method.
VIIl. NUMERICAL EXAMPLES

B. Short-circuiting In this section we give some numerical examples to illustrat
Short-circuiting refers to early termination of the FOPthe algorithm and variations described above. Our examples
algorithm, i.e, termination before the required relative omll use M = 5 contact points, determined by the position
absolute tolerance has been reached. This can be done in &ve orientation of a particular manipulator withfingers and
interesting cases. In the first case, the goal is compute ®iRe palm contact point. (This of course does not affect the
worst-caseor maximum value of the minimum grasping forcealgorithm; we are just pointing out that the sets of contact
over a set of FOPs. In the second case, the goal is compp@nts are not chosen arbitrarily.) The external wrenchue d
the best-caseor minimum value of the minimum graspingto gravity. We used the coefficient of frictiom; = 0.5 for all
force over a set of FOPs. Of course, both of these probleg@ntact points.
can be solved by solving each FOP (possibly using warm-We used the algorithm described above, with a Phase | to
start techniques), and then simply computing the maximugietermine feasibility and a Phase Il to minimize the maximum
(or minimum) of the optimal grasping forces. grasping force. The algorithm parameters used are the ones
Examples of the first case include computing the maximumentioned in the algorithm description above. The stopping
grasping force that is required over a box in external wrengtiiterion is 1% relative accuracy,.e, ¢« = 0.01. (The
space, or the maximum grasping force that is required to moatgorithm performs well for much higher precisions, butsthi
the object along a given trajectory. The second case arisgsuracy is more than adequate for any practical use.)
in optimizing the position and orientation of a manipulator We solved 10* FOPs, generated using a collection of
relative to an object, using the minimum force required tobjects, including bars, rods, boxes, and barbells, witioua
grasp the object as the objective (seeqg, [6]). This is the assumed weights and centers of gravity, and various grasp
(nonconvex) problem of optimizing the contact points atekhi contact points. Aboul0% of the FOPs were infeasible. The
to grasp a given object. This can be done using an outsrerage number of Newton steps required to solve the FOP (or
search loop that generates candidate manipulator posiéind determine infeasibility) is aroung, with a standard deviation
orientations; for each candidate, we find the resulting acint around2. The minimum number of Newton steps (over ¢
points, and then solve the associated FOP to determine tast cases) wa3; the maximum wad 6. The average number
minimum force required to grasp the object. Here our goal & Newton steps in Phase | was arouhdrhe average number
to find thebestset of contact points,e., the contact points that of Newton steps required to certify infeasible FOPs wasadou
(among those considered) minimize the maximum graspifig
force. Our implementation was coded in C++, and run o3GHz
Worst case short-circuiting works as follows. We maintaifentium 1V. Our implementation required aroud@:sec per
a current worst-case value of minimum grasping force (whiddewton step, so the time to solve a FOP was aroiftjsec.
we can set equal to zero number initially). We then solve eachTo illustrate warm-start and primal short-circuiting meds,
FOP in turn, but we can terminate early if the algorithm find&e considered the problem of finding the worst-case grasping
a feasible grasping force vector witfi™** smaller than the force over a box of wrenches with each force and torque
current worst-case value. If the current FOP has minimuoomponent varying=25%. We generated000 test problems,
grasping force larger than the current worst-case valige, #nd compared the average number of Newton steps required,
minimum force becomes the new worst-case value. This per FOP, when alé4 vertices, plus the center, of the wrench
calledprimal short-circuitingsince we can terminate the forcebox were solved using four methods:
optimization problem when the primal value"** is less than | cqid-start without short-circuiting.
a target valuei(e., the current worst-case value). « Cold-start with short-circuiting.
Best case short-circuiting is s!m|lar. Here we maintain & cu . \arm-start without short-circuiting.
rent best (smallest) vglgg of minimum grasping forqe (which | \narm-start with short-circuiting.
we can set equal too initially). We solve each FOP in turn,
terminating early if the algorithm finds a dual lower boun
Fdual on minimum grasping force that exceeds the curre

ur warm-start scheme ran for at mdssteps, and reverted
Qa cold-start scheme if a feasible point had not been found
best-case value. If the current FOP has minimum graspi Ithen.'(We counted the _ll\_lﬁwttor;)lstebpsl; was'Fed |r:hwarm—start
force smaller than the current best-case value, its minimu ures in our averages.) The table below gives the average

force becomes the new best-case value. This is callex humber of Newton steps required, per FOP.

short-circuiting since we terminate the force optimization Method Newton steps per FOP
problem when the dual lower bound!'*! exceeds a target Cold-start without S/C 10.6

value {.e., the current best-case value). Note that in dual  Cold-start with S/C 7.0
short-circuiting, it is possible to expenzero Newton steps Warm-start without S/C 4.0

on a FOP. This occurs if the dual variahle from the last Warm-start with S/C 3.9



14

Both short-circuiting and warm-start techniques redueetth method can be used to compute the Newton step efficiently,
tal number of Newton steps required. (Although the combinand therefore to solve the problem efficiently.

tion of both does not give much further reduction over warm- Let us give some details for the case with objectiv@™msq,
start alone.) With warm-start, we require abdutlewton steps We can just as well minimize its squareroag., solve the
per FOP; in our implementation, this corresponds to aroumdoblem

200us per FOP. minimize F

To illustrate dual short-circuiting, we solved grasp ceta subject to (f, F) € K,
point optimization problems. At each iteration, we update fOeK, i=1,...,M, (34)
the position and orientation of the manipulator, comput th Af 4wt =0,

contact points, and then solve the associated FOP. We used a )

simple hill-climbing algorithm to (locally) optimize theanip- With variables” € R and f € RSM- Here K denotes the
ulator position and orientation. Each of these optimizatins Standard second-order coneR" 1,

required around 30 or so iterations, each of which requires the K ={(zy) € R3M « R Lzl < v}

i intg(® | —
In dual short-circuiting. we stop solving any FOP when it thatrtn‘etﬁoleotl::onftrr;un(|§‘ HFV&E tKh ! in 1I7 ol ’nM thr?étr in
is determined that the set of contact points being consider? p;a 1% € are replace € single cone coristra
cannot give a better solution than the best set of contactoi ), F) € L . .

ollowing the methods used iglll, we arrive at the dual
found so far. The table below shows the average number ort:):blem
Newton steps required, per FOP solved, for the three diftere’
methods. maximize vTwext

subjectto z; €e Kf, i=1,...,M

Method Newton steps per FOP N T )

Cold-start without S/C 10.6 dim 147y =zl <1,

Cold-start with S/C 9.7 the analog of (13). Indeed, the only difference between this

Warm-start without S/C 4.6 dual and the FOP dual (13) is that sum of norms constraint

Warm-start with S/C 3.0 in the FOP dual becomes a sum of norms squared constraint

These examples show that both dual short-circuiting arh] re. We can write a compact and explicit dual, the analog
. . of (14), as

warm-start techniques significantly reduce the number 0 o -

Newton steps required. With warm-start and primal short- maximize v Atjex

circuiting, we are expending onl$ Newton steps per FOP. subject to >°;7, dist(ATv, K7)? < 1.

In our implementation, this corresponds to arourius per  The barrier function for the minimum sum-of-squares force

FOP. optimization problem (34) is given by

M
IX. VARIATIONS AND EXTENSIONS O(f, F) = —log(F>— || f[13) = log(u? f{7? = 02— f{72).
=1

The methods presented in this paper can be extended in . o i
several ways, for example by using a different objectiv-c[\he matrix appearing in the KKT system that defines the New-
function, or a different contact point friction model. ton step in fact is fully dense. However, closer examination

reveals that the Hessian term contributed by the secondderm
the barrier is block diagonal, withx 3 blocks, and the Hessian
A. Other objectives term contributed by the first block is actually diagonal plus
Instead of the maximum magnitude of the grasping forcg@nk one. Using an un-elimination step (see [29, App.C]), we
we can take as objective the sum of squares of the ford¥en obtain a set of linear equations with exactly the for@).(2

magnitudes, .
B. Contact force constraints

Feomsa = || FO 124 | OD)2, In this section we briefly describe, at a high level, how

additional (convex) contact force constraintse C can be

f the fi itudes, o .
or @ sum ot the force magnitudes added to our FOP. The dual objective for the constrained

Fom = [ F D) 4 4 D problem will have an additional term (corresponding to the

) force constraint in the primal) which can be used to increase

or the maximum normal force, the dual objective. In the barrier method, we add a log barrie
pnorm,max _ max{fz(l), N _’f;M)}_ for the force constraints. This new barrier term contrilsute

a term to the gradient and Hessian. If the force constraints
Each of these results in a new conic formulation of thare separablej.e, have the formf() < C®, then the
problem, a new dual problem, and a different KKT system tworresponding Hessian term is block diagonal, with< 3
solve in each Newton step. The same structure for the KKilocks. This implies that the same basic method can be used
coefficient matrix, however, will occur in all cases (pos$gib to efficiently compute the search direction in this case. In
after elimination of some variables), which means that ogparticular, the computational effort is stilb(M).
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number of contact forces is small, the advantage here is

The methods we have described can be extended to otigf huge; but forM large (say, a few tens), the advantage
friction models, such as frictionless point contact or soff great. Our nonoptimized implementation can solve a FOP,

contact with elliptic or linearized approximation (seeg,
[26], [32], [33], [34]).

with 5 contact forces, in around00usec. Our method can
handle efficient warm-start, exploiting a good initial gsiés

In this section we briefly explain how to handle one suchplve a set of similar FOPs. This reduces the effort by a facto
extension, to soft contact with elliptic model. In this mbdeof 2.

the contact points can exert a torque, about the (loecal)
axis (.e., normal axis), as well as a force. So we introduce
normal contact torquegft(l) €R,i=1,...,M, as a fourth [
component of the contact point force vector. In this case the
matricesA; becomes x 4, with a fourth column that includes
the effect of the torques applied in the normal directionaathe
contact point; the equilibrium condition is still f +w®** = 0,
with these new definitions of and A. The friction cone, now
in R?, has the form

Vv )t + afot <o o (39)

i=1,...,M, whereo; > 0 is a parameter, sometimes called
the torsional friction coefficient (cf. (2)). Note that herg
represents the normal forcéz,,x2) the tangential friction
force, andz, the friction torque.

With these new definitions of € R*, A ¢ R*M ‘and [
K; C R*, and assuming we measure the size of a set of contact
forces by the maximum magnitude of the contact forces (an !
torque), the FOP is unchanged; it has exactly the form (7).
The dual is also identical, with the dual of the soft contact
friction cone [9]

(3]

(4]

Ki—{I€R4

(5]

(6]

K;‘:{yeR4

ViR B+ oBA <
[10]

The dual problem is exactly the same; the only change is in the
explicit formula for the Euclidean distance #6;. While the 14
Euclidean distance to the cone above can be computed quickly
there is no longer an explicit formula for it, analogous t&b)(1

The barrier method is the same, with the obvious mog‘-zl
ification to the barrier function. The KKT system for the
barrier subproblem has the same general form, except t?l%ﬁ
the diagonal blocks aré x 4, instead of3 x 3. Otherwise,
everything is the same.

(14]
X. CONCLUSION

We have considered the problem of computing an optim@Pp!
set of contact forces, as measured by the maximum magnityglg
of the contact forces, subject to the constraint that we hald
object in equilibrium against an external wrench. We have
developed a very simple dual problem, that can be easjly;
interpreted, and gives a very cheaply computable lower Boun
on the optimal grasping force. We have developed a prin}%}
barrier algorithm that reliably solves the force optiminat
problem within10 or so iterations; in contrast, general interior{19]
point methods typically take several or more tens of iterai
Each iteration of our algorithm involves solving a set okl g
equations. The special structure of these equations can be
exploited to solve these equations witH M) computational
effort, instead ofO(A13) for the naive method. The constant?!
hidden in theO(M) notation is quite modest. For cases when
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