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_Abstract—A widely recognized shortcoming of model pre- will demonstrate that when used in combination, they allow
dictive control (MPC) is that it can usually only be used in MPC to be implemented orders of magnitude faster than with
applications with slow dynamics, where the sample time is generic optimizers.

measured in seconds or minutes. A well known technique for o in strat is t loit the struct f th =
implementing fast MPC is to compute the entire control law ur main strategy Is 1o explol e structure of the QPs

offline, in which case the online controller can be implemented that arise in MPC [3], [4]. It has already been noted that
as a lookup table. This method works well for systems with small with an appropriate variable re-ordering, the interiompo
state and input dimensions (say, no more tha), and shorttime  search direction at each step can be found by solving a block
horizons. In this paper we describe a collection of methods for tridiagonal system of linear equations. Exploiting thigcial

improving the speed of MPC, using online optimization. These truct bl ith state di L t di .
custom methods, which exploit the particular structure of the structure, a problem with State dimenstaninput dimension

MPC problem, can compute the control action on the order of ™, and horizonT takesO(T'(n + m)?) operations per step
100 times faster than a method that uses a generic optimizer. in an interior-point method, as opposed @7 (n + m)?)

As an example, our method computes the control actions for a if the special structure were not exploited. Since intepioint
problem with 12 states, 3 controls, and horizon of 30 time steps  ath4ds require only a constant (and modest) number of,steps
(which entails solving a quadratic program with 450 variables . . . .

and 1284 constraints) in around 5msec, allowing MPC to be it follows _thgt the complexity of_MPC is therefolimear rather
carried out at 200Hz. than cubic in the problem horizon.

Another important technique that can be used in online
MPC is warm-starting[5], [6], in which the calculations for
each step are initialized using the predictions made in the
previous step. Warm-start techniques are usually not used i
|. INTRODUCTION general interior-point methods (in part because theseadsth

In classical model predictive control (MPC), the controf'® already so efficient) but they can work very well with
action at each time step is obtained by solving an online op" @ppropriate choice of interior-point method, cutting th
mization problem. With a linear model, polyhedral consttsj Number of steps required by a factor ©br more.
and a quadratic cost, the resulting optimization problera is The final method we introduce is (very) early termination
quadratic program (QP). Solving the QP using general pmpdg an appropriate interior-point method. It is not surprgi
methods can be slow, and this has traditionally limited MBC that high quality control is obtained even when the assediat
applications with slow dynamics, with sample times meaur&PS are not solved to full accuracy; after all, the optimarat
in seconds or minutes. One method for implementing fast MAREoblem solved at each MPC step is really a planning exercise
is to compute the solution of the QP explicitly as a functién gnéant to ensure that the current action does not neglgct the
the initial state [1], [2]; the control action is then implented future. We have found, however, that after only surprisingl
online in the form of a lookup table. The major drawbackeW iterations (typically betweers and 5), the quality of
here is that the number of entries in the table can grd@ntrol obtained is very high, even when the QP solution
exponentially with the horizon, state, and input dimensjonoPtained is poor.
so that ‘explicit MPC’ can only be applied reliably to small We Wwill illustrate our methods on several examples: a
problems (where the state dimension is no more than arodR§chanical control system, a supply chain problem, and a
5). randomly generated example. The mechanical controllsystem

In this paper we describe a collection of methods th&k@mple has: = 12 states,n = 3 controls, and a horizon
can be used to greatly speed up the computation of the= 30; €ach MPC step requires the solution of a QP with
control action in MPC, using online optimization. Some of50 variables,924 inequality constraints, and60 equality

the ideas have already been noted in literature, and here §@@straints. A simple, non-optimized C implementation of o
method allows each MPC step to be carried out in around
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MPC can be used for several types of control (and alsB, Objective and constraints
estimation) problems, including tracking problems, reguf  \ve define the following objective:
problems, and stochastic control problems; moreoverntre-t .
varying and finite-horizon versions of each of these can be .1
handled. In this paper we will focus on the infinite-horizon J= Th—r>noo TE fa(t), ult)), 2)
time-invariant stochastic control problem, mentioningtltas =0
end of the paper how the methods extend or apply to othéhere ¢ : R™™™ — R is a convex quadratic stage cost

types of problems. function, with the form
0z (t),u(t) =
A. Related work T
- [ x(t) } { QT S } [ 2(t) } + ¢z (t) + rlu(t).
Model predictive control goes by several other names, such u(t) ST R u(t)

as rolling-horizon planning, receding-horizon contrgihdmic Here,Q = QT € R™", § € R™™, R = RT ¢ R™™,

matrix control, and dynamic linear programming. It has bee(pe R"

applied in a wide range of applications, including chemical

process and industrial control [7]-[11], control of quegiin { Q S } >0

systems [12], supply chain management [13], [14], sto@hast ST R |=7

control problems in economics and finance [15], [16], dyr@miyhere > denotes matrix inequality.

hedging [17], and revenue management [18], [19]. We also have state and control constraints, defined as a set
For discussion of MPC from the point of view of optimalof ; |inear inequalities,

control, see [20]-[22]; for a survey of stability and optiita

, andr € R™ are parameters, and we will assume

results, see [23]. For closed-form (offline) methods, sde [1 Fox(t) + Fyu(t) < f, t=0,1,..., ®3)
[2], [24]. For dynamic trajectory optimization using optaa- whereF, € R*", F, € R, and f € R! are problem data
tion methods, see [25]. and < denotes vector (componentwise) inequality.

Previous work that addresses efficient solution of the QPSs|n many problems the objective and constraints are separa-
that arise in MPC includes [26]-{28]; for efficient methods f e in the state and controls. This means that 0, and that

large-scale MPC problems arising in chemical process obntrihe state and control constraints can be written sepayatsly
see [29]-[31]. Efficient methods for robust MPC is addressed

in [32]. The idea of using Newton’s method, applied to a Foa(t) < fo, Fou(t) < fu, t=0,1,...,
smooth nonquadratic cost function can be found in [33],.[34}mere hereF, € R'*", f, e R1, F, € R2*™, f, c Rl
) xr L] xT l u L] u .

A further specialization is where, in additio) and R are
Il. TIME-INVARIANT STOCHASTIC CONTROL diagonal, and the state and control constraints consistvedr

A. System dynamics and control and upper bounds,

In this section we describe the basic time-invariant stechamin < Z(t) < Tmax,  Umin < u(t) < Umax, t=0,1,...,
tic control problem with linear dynamics. The state dynm'%herexmin, Zmax € R™ andumin, tmax € R™. We refer to

are given by these as box constraints.

x(t+1) = Az(t) + Bu(t) +w(t), t=0,1,..., (1)
C. Stochastic control problem

The stochastic control problem is to find a control policy
that satisfies the state and control constraints (3), and min
mizes the objective/ (2). Several pathologies can occur. The
stochastic control problem can be infeasible: there exists
causal state feedback policy for which the contraints hotd f
all ¢ (with probability one), and/J is finite. Our stage cost

where¢ denotes timey(t) € R" is the stateu(t) € R™ is
the input or control, andv(t) € R™ is the disturbance. The
matricesA € R™*" and B € R™™ are (known) data. We
assume thaiv(t), for different values oft, are independent
identically distributed (1ID) with known distribution. Wiet
w = Ew(t) denote the mean ab(¢) (which is independent

Of_lt_)H | boli q . h . can be unbounded below (since it has linear terms and the
e control policy must_ etermine the current_mpqt) guadratic part need not be positive definite), so the stdichas
from the current and previous state§0),...,xz(t), i.e, we

control problem can also be unbounded beliogy, there exists
a policy for whichJ = —oco. Our interest in this paper is to
describe a method for efficiently computing an MPC control
u(t) = ¢(2(0), ..., 2(t)). policy (which is itself only a heuristic suboptimal policy)
and not the technical details of stochastic control, so we wi
This is equivalent to the statement that the random variabiet consider these issues further, and simply assume that th

will have a causal state feedback policy. Wegdet R+D" —
R™ denote the control policy, so that

u(t) is measurable on the random varialfle(0),...,w(t — problem is feasible, with finite optimal cost. Seeg, [40] for
1)). An important special case is a time-invariant static stateore on the technical aspects of linear stochastic control.
feedback control, for which(t) = ¥ (z(t)), wherey : R" — It can be shown that there is an optimal policy which has

R™ is called the control function. the form of a time-invariant static state feedback conitel,



u(t) = Yopt(x(t)). Unfortunately, the state feedack functioris a piecewise-affine function, when the quadratic cost ierm
Yopt, CaN be effectively computed in only a few special casegositive definite (seeg.g, [1]).

such as when there are no constraints afft) is Gaussian. We can give a simple interpretation of the MPC QP (4).
In this QP we truncate the true cost function to a horizon
T steps in the future, and we replace the current and future
) _disturbances (which are not yet known) with their mean
For future reference we describe the steady-state cerainj,|yes. We represent the truncated portion of the costiimct

equivalent problem, in which we assume thaindu have the \ith an approximate value functiofy. We then compute an
constant values andw, and the process noise has constant gntimal trajectory for this simplified problem. We can think
value equal to its meamw. The dynamics equation becomes ¢ w(t),...,u*(t+ T — 1) as a plan for what we would do

D. Steady-state certainty equivalent problem

7= AZ + Bu +w, if the disturbance over the neft steps were to take on its
mean value. We use only the first control action in this plan,
the constraint becomeB,z + F,u < f, and the objective v*(¢), as our actual control. At time+ 1, the actual value of
becomed(z, u). x(t+1) becomes available to us, so we carry out the planning
The steady-state certainty-equivalent problem is then  process again, over the time peribd 1,...,¢t+7 4 1. This
minimize  £(z, ) is repeated for each time step.
subjectto z = Az + Bu+w, F,z+ F,u<f,

. . . : F. Explicit model predictive control
with variablesz € R"™ andu € R™. This problem is a convex P P

QP and is readily solved. We will let* denote an optimal N explicit model predictive control, an explicit form ofeh
value ofz in the certainty equivalent problem. piecewise-affine control law),,,. is computed offline. We
In many cases the steady-state certainty-equivalent gmob|COMpute, offline, the polyhedral regions over which the aant
has a simple analytic solution. For example, wher- 0, the is affine, as well as the offset and control gain for each regio
objective is purely quadratid.¢., ¢ andr are both zero), and ( [1], [2])- The online control algorithm is then reduced to a

f > 0 (which meanst = 0, @ = 0 satisfy the constraints), we |00k-up table: the region associated with the current stétg
have#* — 0. is first determined, and then the control law associated with

that region is applied.
This method is very attractive for problems with a small
number of states and controls, simple constraints, and &stod
MPC is a heuristic for finding a good, if not optimal, controhorizon, for which the number of regions is manageable. For
policy for the stochastic control problem. In MPC the cohtrather problems (say, with > 5) the number of regions can be
u(t) is found at each step by first solving the optimizatiomery large, so explicit MPC is no longer practically feasibl

E. Model predictive control

problem (There is some hope that a good control law can be obtained by
T-1 simplifying the piecewise-affine functiop,,,., €.9, using the
minimize  ly(z(t +1T)) + Z 0(2(7), u(r)) methods described in [46]-{48], replacing it with a piecgsvi
g affine function with a manageable number of regions.)
subject to Frz(t+T) < ff (4) Even when the number of regions is manageable (say, a few
Foax(r)+ Fu(r) < f, 7=t,...,t+T—1, thousand), it can still be faster to solve the QP (4), usirgg th
(T + 1) = Az(7) + Bu(r) + o, methods described in this paper, rather than implemeritieg t
T=t,... ,t+T-1, lookup table required in explicit MPC.

with variablesz (t+1), ..., z(¢t+T) andu(t), ..., u(t+T—1).
Here, T is the (planning) horizon, the functiofy : R™ — R Ill. PRIMAL BARRIER INTERIOR-POINT METHOD
is the terminal cost function, which we assume is quadratic, In this section we describe a basic primal barrier interior-
B T T point for solving the QP (4), that exploits its special staie.
li(z(t+T)) =2t +T) Qpz(t+T)+qra(t+T), Much of this material has been reported elsewhere, possibly
with Q; > 0, and Fyaz(t + T) < fs is the terminal state in a different form or context (but seems to not be widely
constraint. There are many methods for choosing the MAHough appreciated among those who use or study MPC); we

parameters’, Q;, q;, Fy, and f;; seee.qg, [41]-[45]. collect it here in one place, using a unified notation§Iv,
The problem (4) is a convex QP with problem data we describe variations on the method described here, which
give even faster methods.
z(t), A, B, Q, Qf S R, q g5 1 We first re-write the QP (4) in a more compact form. We
F,, F., Fr, f, ff, w. define an overall optimization variable

Let w*(t),...,u*(t + T — 1), a*(t + 1),...,2*(t + T) be z= (u(t),z(t +1),...,ult+T —1),z(t +T)) € RTm+),
optimal for the QP (4). The MPC policy takegt) = u*(t).
The MPC inputu(t) is evidently a (complicated) function of
the current state:(t), so the MPC policy has a static state- minimize :THz+ g7z )
feedback formu(t) = ¢mpc(z(t)). It can be shown thapy,pc subjectto Pz <h, Cz=1,

and express the QP (4) as



where with smooth objective and linear equality constraints, ead
0O 0 0 be solved by Newton’s method, for example.

As k approaches zero, the solution of (6) converges to a
solution of the QP (5): it can be shown that the solution of (6)
is no more tharx(IT + k) suboptimal for the QP (5) (see,
e.g, [3, §11.2.2]). In a basic primal barrier method, we solve a
0 sequence of problems of the form (6), using Newton’s method
starting from the previously computed point, for a decnegsi
Qr | sequence of values af. A typical method is to reduce by
0 a factor of10 each time a solution of (6) is computed (within
0 some accuracy). Such a method can obtain an accurate solutio

of the original QP with a total effort of arourid) or so Newton

’ steps. (Using the theory of self-concordance §B1.5] [50],
0 one can obtain a rigorous upper bound on the total number of
Fy Newton steps required to solve the QP to a given accuracy.
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o

oo o O:"lj
o

) B. Infeasible start Newton method

We now focus on solving the problem (6) using an infeasible
start Newton method [3,10.3.2]. We associate a dual variable
_ - v € RT™ with the equality constrain€'z = b. The optimality

r+25Ta(t) conditions for (6) are then

, f rg=2Hz+g+rkPTd+CTv =0, rp=Cz—b=0, (7)
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9= : y h= : ) whered; = 1/(h; — p!'2), andp! denotes theth row of P.
q f The termxPTd is the gradient ofs¢(z). We also have the
r fr implicit constraint here thaPz < h. We call r, the primal
qr residual, andryq the dual residual. The stacked vector=
- (ra,rp) is called the residual; the optimality conditions for (6)
can then be expressed as-= 0.

In the infeasible start Newton method, the algorithm is
b— ) initialized with a pointz° that strictly satisfies the inequality
: constraints Pz° < h), but need not satisfy the equality
) constraintsCz = b, (Thus, the initialz° can be infeasible,
o which is where the method gets its name.) We can start with

. . . Cany 0.
Evidently these matrices have considerable structure; l%r L . .
y We maintain an approximate(with Pz < h) andv, at each

example, H is block tri-diagonal. In special cases we can . . )
. step. If the residuals are small enough, we quit; otherwise w
have even more structure. When the problem is state contrro.

. . efine our estimate by linearizing the optimality condisdi)
separable, for examplé/ is block diagonal. and computing primal and dual steps:, Av for which z +

Az, v+Av give zero residuals in the linearized approximation.

The primal and dual search stefpz and Av are found by
We will use an infeasible start primal barrier method tgolving the linear equations

solve the QP ( [3, Chap. 11] [49]). We replace the inequali%/

A. Primal barrier method

constraints in the QP (5) with a barrier term in the objectiv

2H + xPT diag(d)*P CT } [ Az } _ { Td
to get the approximate problem

C 0 || av } - ®

minimize zTHz + g7z + ko (2) 6 (The termx P diag(d)?P is the Hessian of¢(z).) Once
subject to Cz = b, (6) Az and Av are computed, we find a step sizee (0,1]
using a backtracking line search on the norm of the residual
r, making sure thaf’z < h holds for the updated point (see,
e.d. [3, §9.2]). We then update our primal and dual variables

Tp

wherex > 0 is a barrier parameter, anglis the log barrier
associated with the inequality constraints, defined as

IT+k . asz := z+sAz andv := v+sAw. This procedure is repeated
¢(z) = > —log(hi — p 2), until the norm of the residual is below an acceptable thriesho
i=1 It can be shown that primal feasibility.€., Cz = b) will be

wherep?, ... ,p}ﬂk are the rows ofP. (We take¢(z) = co  achieved in a finite number of steps, assuming the problem (6)
if Pz £ h.) The problem (6) is a convex optimization problenis strictly feasible. Once we haweg, = 0, it will remain zero



for all further iterations. Furthermore,andv will converge to

than the number of steps typically required.
C. Fast computation of the Newton step

solve it using a dense LDLfactorization, for example, the

by exploiting the structure in our problem.

We will use block elimination [3, App. C]. Before we
proceed, let us defin@ = 2H + xPT diag(d)?P, which is
block diagonal, with the first block: x m, the last block: xn
and the remaining” — 1 blocks (n+m) x (n+m). Its inverse
is also block diagonal; we write it as

Step 2 is carried out by Cholesky factorization f,

an optimal point. The total number of Newton steps requirddllowed by backward and forward-substitution. The matrix
to compute an accurate solution depends on the initial poirit is block tridiagonal, withT (block) rows, withn x n

29 (and v%). This number of steps can be formally boundeblocks. It can be factored efficiently using a specialized
using self-concordance theory, but the bounds are muchrlarghethod described below for block tridiagonal matrices @i
is related to the Riccati recursion in control theory) [48B],
[51], [52], or by treating it as a banded matrix, with bandthid
3n. Both of these methods require orden? flops ( [3], [4],

[28]-[31], [51],
If we do not exploit the structure of the equations (8), angy

ps.

[52]). Step 2 therefore requires ord&n3

: X h The Cholesky factorization d&f = LLT, whereL is lower
cost is(1/3)7(2n +m)” flops. But we can do much bettertriangular, is found as follows. The Cholesky facfohas the
lower bidiagonal block structure

Ry 0 0 ... 0 0 0
0 Q1 S ... 0 0 0
0 ST R, ... 0 0 0
ol = : : s : : :
0 0 0 Qr-1 Sr-1 0
0 0 0 Sr—1 Rr_1 0
0 0 0 ... 0 0  Qr |

Solving (8) by block elimination involves the following se-

guence of steps:
1) Form the Schur complemenf = C®~'C” and 3 =
—Tp + C(I)_le.
2) DetermineAv by solvingY Av = —(.
3) DetermineAz by solving®Az = —r; — CTw.
The Schur complement has the block tridiagonal form

[ Ly 0 0 0 0
Loy Loo 0 . 0 0
0 L3 L3z --- 0 0
L= . . . . )
0 0 0 Ly_ir.i 0
0 0 0 Lr7r_1 Lyt

where L;; aren x n lower triangular with positive diagonal
entries, and_,,; are generah x n matrices. Directly from
LLT =Y we find that

T

Ly Ly,
T

LiiLiyq

T

Li;L;;

Thus we can

= Y,
= Yy, t=1,...,T -1,
= }/2 - Li,iflLZi,h 1= 2,. .. ,T.

findL,; by Cholesky factorization ofY;q,

then we find Ly; by solving L1 L, = Yi» by forward
substitution; then we can findl;; by Cholesky factorization
of Yas — Loy LT}, and so on. Each of these steps requires order

n3 flops.

The cost of step 3 is dominated by the other steps, since the
Cholesky factorization oft was already computed in step 1.

[ Y1 Y2 O 0 0
Yo1r Yoo Yo3 0 0
0 Y3 Yss 0 0
Y = . . .
0 0 0 Yroira Yroar
. 0 0 0 Yrr_1 Yrr |
where

The overall effort required to compute the search direstion
Az and Av, using block elimination, is ordef’ (m + n)3.
Note that this order grows linearly with the horizdn as
opposed to cubicly, if the equations (8) are solved using a
generic method.

For special cases, further savings in complexity are ptessib
For example, when the problem is state control separable,

Y11 = BRoBT + Q,

Y = AQzelAT + AS; BT +

BSF AT + BR,_.B" +Q;, i=2,...,T,

Yiign = Ygu,z‘ =-QAT - 5BT, i=1,....,T -1

T(n3 + n?m) flops. Thus, step 1 requires ord&(n + m)3
flops.

with diagonal @ and R, and box constraints, the matrik
is diagonal. In this case the over all complexity is order
T (n3 4+ n?m) flops, which grows linearly in bot™ andm.

D. Warm start
In a typical

primal barrier method, we solve (6) for a

decreasing sequence of valueskofWhen we decrease and

We can formY” as follows. First we compute the Choleskysolve (6) again, for the new value a&f we can simply use
factorization of each of the blocks i®, which requires the previously computed as the initialz for the first Newton
(1/3)m3 + (T — 1)(1/3)(m + n)* flops, which is order step. This warm start method is extremely effective in rauyc
T (m-+n)3. FormingY is then done by backward and forwardthe number of Newton steps required for each valuesof
substitution with columns taken froml and B, and then (Indeed, it is the key to the primal barrier method.) It can be
multiplying by the associated blocks @; this requires order proved, using the theory of self-concordance, that wkesa
decreased by any constant factor, the total number of Newton
steps required to solve (6) to a given accuracy, starting the



previously computed solution, is bounded by a polynomial @nd in addition only computes an approximate solution. We
the problem dimensions. While the existence of such a boupbpose the use of a fixed value rothere for several reasons.
is re-assuring, its value is much larger than the number Birst, we must remember that the goal is to compute a control
Newton steps actually required, which is typically smadly(s that gives a good objective value, as measured/ pgind not
between5 and 10) [3, §10.3.3]. to solve the QP (5) accurately. (Indeed, the QP is nothingbut

We can also use this warm start idea to initializehe heuristic for computing a good control.) In extensive nuicagr
first time we solve (6), at time stefy using the previously experiments, we have found that the quality of closed-loop
computed trajectory for time step- 1. Roughly speaking, in control obtained by solving the approximate QP (6) instefad o
MPC we compute the current action by working out an entitbe exact QP (5) is extremely good, even when the bound on
plan for the nextT" time steps. We can use the previouslguboptimality in solving the QP is not small. This was alse ob
computed plan, suitably shifted in time, as a good startirsgrved by Wills and Heath [53] who explain this phenomenon
point for the current plan. as follows. When we substitute the problem (6) for (5), we

We initialize the primal barrier method for solving (6) forcan interpret this as solving an MPC problem exactly, where
time stept with the trajectories for: andw computed during we interpret the barrier as an additional nonquadratie stad
the previous time step, with andz appended at the end. Onecontrol cost function terms.
simple choice for; and# is a* andz*. Suppose at timé— 1 The particular value of to use turns out to not matter
the computed trajectory is much (in terms of Newton iterations required, or final value

- - - - - of J achieved); any value over a very wide range (such as a

E=t-1),3t -1, at+T-2),2(t+T-1)). factor of 10%) seems to give good results. A good valuexof
We can initialize the primal barrier method, for time step can be found for any particular application by increasing it
with perhaps by a factor af0 each time, until simulation shows a
- drop in the quality of control achieved. The previous valfie o
AU = (a(t), Bt 4 1), B+ T — 1),a%, 7). o or e uoed. P
Assuming? satisfies the equality constraints, so wiftit, ex-  The idea of fixing a barrier parameter to speed up the
cept at the first and last time stepszlgatisfies the inequality approximate solution of a convex problem was described in
constraints strictly, then so wilt™i*, except possibly at the [54], where the authors used a fixed barrier parameter to
first and last time steps. In this case we can modif§) and compute a nearly optimal set of grasping forces extremely
@ so that the inequality constraints are strictly satisfied. ~ rapidly.

Several other warm start methods can be used in speciaf second advantage we get by fixiagis in warm starting
cases. For example, let us consider the case with box c#i®m the previously computed trajectory. By fixing each
straints. We can work out the linear control obtained usireg t MPC iteration is nothing more than a Newton process. In this
associated LQR problem, ignoring the constraints, or ugirg case, warm starting from the previously computed trajgctor
techniques described in [41], and then project this trajgca  reliably gives a very good advantage in terms of the number
small distance into the feasible set (which is a box). Thiemva of Newton steps required. In contrast, warm start for thé ful
start initialization has the (possible) advantage of dejpen primal barrier method offers limited, and erratic, advageta
only onz(t), and not on the previous states or any controller By fixing «, we can reduce the number of Newton steps
state. required per MPC iteration from a typical value & or so

for a primal barrier method, to a value on the ordebofThe
IV. APPROXIMATE PRIMAL BARRIER METHOD exact number depends on the application; in some cases it can

In this section we describe some simple variations on tlk?g even smaller.)
basic infeasible start primal barrier method describedvabo
These variations produce only a good approximate solution®, Fixed iteration limit
the basic MPC QP (5), but with no significant decrease in theOur second variation on the primal barrier method is also
quality of the MPC control law (as measured by the objective

o ? simplification. By fixingx we have reduced each MPC
J). These variations, however, can be computed much fasc%ﬁculation to carrying out a Newton method for solving (6)
than the primal barrier method described above. ying g .

a standard Newton method, the iteration is stopped only when
] the norm of the residual becomes small, or some iteratioit lim
A. Fixedr K™2x is reached. It is considered an algorithm failure when
Our first variation is really a simplification of the barrierthe iteration limit is reached before the residual norm igém
method. Instead of solving (6) for a decreasing sequenceeasfough. (This happens, for example, when the problem does
values of k, we propose to use one fixed value, which igot have a strictly feasible point.) In MPC, the computation
never changed. Moreover, we propose that this fixed valueofthe control runs periodically with a fixed period, and has a
not chosen to be too small; this means that the suboptimalitgrd run-time constraint, so we have to work with the worst
boundx(IT + k) will not be small. case time required to compute the control, which/i&a*
For a general QP solver, using a single fixed valuexof times the time per Newton step.
would lead to a very poor algorithm, that could well take a Now we come to our second simplification. We simply
very large number of steps, depending on the problem dathpose a very small value df™, typically betweer8 and



. TABLE |
10. (When the MPC control is started up, however, we have RQye raken To soLVE EACH QP FOR RANDOMLY GENERATED EXAMPLES

previous trajectory, so we might use a larger valug<@f**.)

Indeed, there is no harm in simply running a fixed number » m T QP size| K™ax | Time (ms) | SDPT3 (ms)
K™2* of Newton steps per MPC iteration, independentof how 4 2 10 60/168 3 0.94 150
big or small the residual is. 4 2 2 120/328 3 1.87 250

When K™#* has some small value such asthe Newton 4 2 30 180/488 3 2.79 400
process can terminate with a pointthat is not even primal 10 3 10 130/380 3 1.84 450
feasible. Thus, the computed plan does not even satisfy thelo 3 20 260/740 3 3.68 800
dynamics equations. It does, however, respect the comtstyai 10 3 30 390/1100 3 5.52 1400
in particular,u(t) satisfies the current time constraifif(¢) + 16 4 10 200/592 3 2.50 500
F.(t) < f (assuming these constraints are strictly feasible). 16 4 20  400/1152 3 5.04 1300
In addition, of course, the dual residual need not be small. 16 4 30  600/1712 3 7.58 2600

One would think that such a control, obtained by such a30 8 10  380/1120 5 7.63 1400
crude solution to the QP, could be quite poor. But extensive 30 8 20  760/2180 5 16.42 4800
numerical experimentation shows that the resulting cbmgéro 30 8 30  1140/3240 5 25.95 3400

of very high quality, with only little (or no) increase ihwhen

compared to exact MPC. Indeed, we have observed that with . ) .
K™max a5 low asl. the control obtained is. in some cases. nglY Monte Carlo simulation to estimate average stage cost,

too bad. We do not recommerid™®* = 1: we only mention it essentially the same as the control performance obtained by

as an interesting variation on MPC that requires dramdicaf©!Ving the QP exactly; in any case, never more than a few
less computation. percent worse (and in some cases, better).

We do not fully understand why this control works so well Tat_)le l _Iists results for 12 problems. The colqmn listing
even in cases where, at many time instances, the optimhzatBP size gives the total number of _varlables (the first number)
is terminated before achieving primal feasibility. Oneysiole and the total number of constraints (the second number).

explanation goes back to the basic interpretation of MPC: X{& can see that the small problems (which, however, would

each step, we work out an entire plan for the néxsteps, be considered large problems for an explicit MPC method)

but only use the current control. The rest of the plan is n8i€ solved in under a millisecond, mak_ing_possible kiloktert
really used: the planning is done to make sure that the curr&RNto! rates. The largest problem, which involves a QP that
control does not have a bad effect on the future behavior '§fMOt small, with more than a thousand variables and several
the system. Thus it seems reasonable that the current tonfpgusand constraints, is solved in arounims, allowing a

will be good, even if the plan is not carried out very carafull control rate of several tens of Hertz. We have solved farlarg

It is interesting to note that when the algorithm does n@[“)?'ems as well; the time required by our approximate prima
fully converge in K™ iterations, the resulting control law arrier method grows as predicted, or even more slowly.

is not a static state feedback, as (exact) MPC is. Indeed, th e can also see th"’?t the approxmgtg barrier method far
controller state is the plan, and the controk(t) does indeed out-performs the generic (and very efficient) solver SDPTS,

. which only exploits sparsity. Of course the comparison it no
depend (to some extent) arit — 1). entirely fair; in each call to SDPT3, the sparsity patternstnu
) ) be detected, and a good elimination ordering determined; in
C. Summary and implementation results contrast, in our code, the sparsity exploitation has ajrésn
We have developed a simple implementation of our approstene. (Indeed we can see this effect: for the problem with
imate primal barrier method, written in C, using the LAPACK: = 30, m = 8, andT' = 30, the time taken by SDPT3 is
library [55], [56] to carry out the numerical linear algebraactually lower than fofl" = 20, since SDPT3 chooses to treat
computations. Our current C implementation, available at the former problem as sparse, but the latter one as dense.) Th
http://www.stanford.eduboyd/fast mpc.html, numbers make our point: Generic convex optimization sslver

handles the case of separable purely quadratic objedtare (even very efficient ones, are not optimized for repeatedly

g =0, r = 0) and box constraints. We report here the timinaowIng small and modest sized problems very fast.

results for12 problems with different dimensions, constructed V. EXAMPLES

using the method described §v-C, on a 3Ghz AMD Athlon o -~

running Linux. In the_ next section we present three s!oecmc examples: a
To be sure that the inputs computed by our method deliverBtgchanical control system, a supply chain, and a randomly

control performance essentially equivalent to exact MP€, WWenerated system. We compare the performance of our fast

simulated each example with exact MPC, solving the QiPProximate MPC method with exact MPC, and give timing

exactly, using the generic optimization solver SDPT3 [57fpe0|f|(_:at|ons for the two cases which our current C imple-

called by CVX [58]. (The reported times, however, inclug&entation can handle.

only the SDPT3 CPU time.) SDPT3 is a state-of-the-art o

primal-dual interior-point solver, that exploits spaysiThe A. Oscillating masses

parametersK™#* and « in our approximate primal barrier The first example consists of a sequence 6ofmasses

method were chosen to give control performance, as judgeshnected by springs to each other, and to walls on either sid
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Fig. 1. Oscillating masses model. Bold lines represent spriagd the dark 0 s s
regions on each side represent walls. 0 5 10 . " ) 20 25 30
100 - ‘
as shown in figure 1. There are three actuators, which exert SOJ{ jﬂﬂmm
tensions between different masses. The masses have Nalue 0 e
. . . . 0 5 10 15 20 25 30
the springs all have spring constdntand there is no damping. k=01
The controls can exert a maximum force 4.5, and the o ‘ ‘
displacements of the masses cannot exceéd 50 i
We sample this continuous time system, using a first order Jﬁ m _ ‘
hold model, with a period 0.5 (which is around3 times % 5 10 15 20 25 30
faster than the period of the fastest oscillatory mode of _ ‘ “:‘0-01
the open-loop system). The state vecidr) € R'? is the 100 M
displacement and velocity of the masses. The disturbance SOQ‘W M
w(t) € R% is a random force acting on each mass, with a s 5 1 = > T 2
uniform distribution on[—0.5,0.5]. (Thus, the disturbance is % = 0.001
as large as the maximum allowed value of the actuator forces, 1000 1 ‘ ‘
but acts on all six masses.) For MPC we choose a horizon sol I
T = 30, and separable quadratic objective wigh= I, R = I, oﬂ_ﬁ mﬂ

S =04¢=0, ¢ =0, r = 0. We chooseQ; using a 0 5 10 15 20 25 30
heuristic method described in [41]. The problem dimensions
aren = 12, m = 3,1 = 18 andk = 24. The steady-state Fig. 2. Histograms of stage costs, for different valuesspfor oscillating
certainty equivalent optimal state and control are, of sepr masses example. Solid vertical line shows the mean of eaclibdiin.
zero.

All simulations were carried out forl100 time steps,
discarding the firsi00 time steps, using the same realization
of the random force disturbance. The initial stai@) is set Exact MPC
to the steady-state certainty equivalent value, which ie e ‘ ‘ ‘

this case. We first compare exact MPC (computed using CVX 7
[58], which relies on the solver SDPT3 [57]) with approximat 50"
MPC, computed using a fixed positive value mf but with
5

no iteration limit. Exact MPC achieves an objective value % 10 15 20 25 30
J = 5.93 (computed as the average stage cost overl €@ Kmax =1

time steps). Figure 2 shows the distributions of stage amst f 00 ‘ ‘

exact MPC and for approximate MPC with = 1, 107, HT

1072, and 1073, For x < 1072, the control performance is so,rfﬁ hﬂwm

essentially the same as for exact MPC; for= 107!, the 0 .
objective is less thad% larger than that obtained by exact 0 ° 10 15 20 5 0

MPC, and forx = 1, the objective is aboui8% larger than

exact MPC. 100
To study the effect of the iteration lim&™**, we fix k =

102, and carry out simulations fokK™#* = 1, K™ax = 3,

and K™#* = 5. The distribution of stage costs is shown in

figure 3. ForK™* = 3 and K™#* = 5, the quality of control Fmax _ 5

obtained (as measured by average stage cost) is essetitally mi ‘ ‘

same as for exact MPC. Fdt™* = 1, in which only one 7l

Newton step is taken at each iteration, the quality of comsro 50r

measurably worse than for exact MPC, but it seems surprising H‘W ﬂmm
to us that this control is even this good. Hof** = 1, primal % 5 10 15 20 25 30
feasibility is attained irb% of the steps, while for{™a* = 3,

primal feasibility is attained in onl$8% of the steps, and for Fig. 3. Histograms of stage costs, for different valueg@P>*, with x =
K™ax — 5 primal feasibility is attained i95% of the steps. 10~2, for oscillating masses example. The solid vertical line shtive mean

. . : X L f each distribution.
It is apparent (and a bit shocking) that primal feasibilgyniot ot each distribution
essential to obtaining satisfactory control performance.
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Fig. 4. Simulation of oscillating masses example with= 10~2, K™a = Fig. 6. Simulation of supply chain with = 0.01, K™% = 10. Solid: Fast
5. The solid curves show fast MPC; the dashed curves show &4Rct MPC, Dashed: Exact MPC.

Three of the flows, represented by dashed arrows, are inflows,
and beyond our control; the remainin§ flows, however, are
the controls. Two of these controls are outflows, represente
in dash-dot line type.

At each time step, an uncertain amount of commodity
enters the network along the three inflow links; the control
law chooses the flow along the othéf edges, including
the two outflow links. The system state is the quantity of
the commodity present at each node, s@) € RS. The
state is constrained to satisty(¢) > 0. The control is
u(t) € R'®, each component of which is constrained to lie
in the interval [0,2.5]. (Thus, each link has a capacity of
2.5.) The disturbancev(t) is the inflow, sow(t) € R®. The
components ofv are 1ID with exponential distribution, with

mean one. There is one more constraint that links the cantrol
Fig. 5. Supply chain model. Dots represent nodes or wareSouseows = 44 the states: The total flow out of any node, at any time,
represent links or commodity flow. Dashed arrows are inflows dah-dot . .
arrows are outflows. cannot exceed the amount of commaodity available at the node.
Unlike the constraints in the oscillating masses exampis, t
problem is not separable in the state and control. The pmoble

For this example, a reasonable choice of parameters Woighensions are, = 6, m = 10, andl = 32.
be x = 1072 and K™** = 5, which yields essentially the The objective parameters ate=1, R=10, S =0, ¢ = 1,
same average stage cost as exact MPC, with a factaoof . _ 1, Q; = I, ¢; = 1. (Here 1 denotes the vector with
or more speedup (based 66 iterations for exact solution of 5 entries one.) This means that there is a storage cost at
the QP). The control produced by = 1072 and Kmex =5 each node, with value;(¢) + z;(t)?, and a charge equal to
is very similar to, but not the same as, exact MPC. Figureie flow on each edge. The storage cost gives incentive for
showsz,(t), the displacement of the first mass, and), {he commodity to be routed out of the network through the
the first control, for both exact MPC and fast MPC. Thefiow links ug and u,. For this problem the steady-state

state trajectories are almost indistinguishable, whigedntrol certainty equivalent problem is not trivial; it must be carted
trajectories show a few small deviations. by solving a QP.

Our simple C implementation can carry out one Newton For MPC control of the supply chain, we used a horizon
step for the oscillating masses problem in arountsec. With . _ 10. In our simulations, we use initial state(0) = z*
Km®¢ =5, our approximate MPC control can be implementef), 4,iq example, we find tha;t with = 0.01. K™% — 10. our

with samplq time ofsmsec. It follows that the MPC control approximate MPC gives essentially the same quality of contr
can be carried out at a rate up200Hz. as exact MPC. Figure 6 shows () andw, (t) for both exact
MPC (dashed) and approximate MPC (solid). Evidently, the
B. Supply chain controls and states for the two are almost indistinguishabl
This example is a single commodity supply chain consisting Our current C implementation of the fast MPC method does
of 6 nodes, representing warehouses or buffers, intercortheatet handle coupled state input constraints, which are ptese
with 13 uni-directional links, representing some transport this example, so we cannot report the timing. (All the
mechanism or flow of the commodity, as shown in figure Simulations shown in this example were found using a Matlab
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1t | | | | | that the exact same methods can be used when the system,

— cost function, or constraints are time-varying; we only dhee
=0 to keep track of the time index in the matrices B, Q,

= _al | R, S, F,, and F,, and the vectors;, r, f, and w. The
same infeasible-start Newton method, and the same method

0 20 40 60 80 100

for rapidly computing the Newton step, can be used. All
ol n F A n et ] that changes is that these data matrices (possibly) change
0.08t||||u i ' | ] at each time step. Other extensions that are straightfdrwar
= o i : d include multi-rate problems, or problems with piecewiger
S 005 : il {5l a2l or piecewise-constant inputs, or the addition of a finalestat
N L L QU b constraint (instead of our final state cost term).
0 20 40 60 80 100

The method can be applied to nonlinear systems as well,
using standard techniques. At each Newton step we simply
Fig. 7. Simulation of random system with = 0.01, K™ — 5. Solig: lin€arize the dynamics (using Jacobians or particle filtettm
fast MPC; Dashed: exact MPC. ods), at the current value of, and compute the step using

this linearized model. (We would, however, carry out the lin

search using the true primal residual, with nonlinear dyicam
implementation of the fast MPC method, which is slow fognd not the primal residual in the linearized dynamics.) In
many reasons.) We can, however, form a reasonable estimatg case, the data matrices change each Newton step (as the
of the performance that would be obtained, based on tligearization is updated). We have not experimented mutih wi
complexity analysis given above and extrapolating fromeothapplying these methods to problems with nonlinear dynamics
examples. Our estimate is that the fast MPC implementatigfe expect that a larger number of iterations will be requiced
would take around.2msec per Newton step, and so aroungive good control performance. Our ability to rapidly corteou

t

12msec per solve. each Newton step will be useful here as well.
We can use any smooth convex stage cost functions, with
C. Random system little change. We can incorporate nhonsmooth convex stage

Our third example is a randomly generated system, whefest functions, by introducing local variables that yield a
the entries ofA and B are zero mean unit variance normaflarger) smooth problem (see.g, [3, Chap. 4]). These added
random variables. We then scaleso that its spectral radius isVariables are ‘local’i.e, interact only withz(t), u(t), so
one, so the system is neutrally stable. We have already gi8fir contribution to the Hessian will also be local, and
timing results for this family of problems in table I; here wéhe same methods can be applied. One example is moving
consider a specific problem, to check that out approximdﬁé’“zon estimation with a Huber cost function, which gives

solution of the QP has little or no effect on the contro® smoothing filter that is very robust to outliers in process
performance obtained. disturbance or noise [36.1]. We can also add any convex

The particular example we consider has= 30 states COnstraints thatare ‘local’ in time.e, that link state or control
and m = 8 controls. The constraints are box constraint§Ver a fixed number of time steps; such constraints lead to
2| < 5, lus| < 0.1. The disturbances(t) € R® has 1D KKT matrices with the same banded form.
entries, uniformly distributed ofi-0.3,0.3]. (The constraints
and disturbance magnitudes were chosen so that the controls
are often saturated.) The cost parameters¢are I, R = I, VIl. CONCLUSIONS AND IMPLICATIONS
g=0,r=0, ¢ =0 and we choos&); using the method
described in [41]. For MPC we use a horizonTof= 30, with By combining several ideas, some of which are already
a randomly generated starting poin(0). ~ known in MPC or other contexts, we can dramatically increase

As in the previous examples, we found that approximajfe speed with which online computation of MPC control
primal barrier MPC, with parameters= 0.01 andK™* =5, |aws can be carried out. The methods we have described
yields a control essentially the same as exact MPC. A samplgmplement offline methods, which give a method for fast
trace is shown.m figure 7. . control computation when the problem dimensions are small.

Using our C implementation, we can carry out one NewtaBompined with ever-increasing available computer powe, t
step for this example in arouriimsec. With K™ = 5, our  yogsibility of very fast online computation of MPC control
method allows MPC to be implemented with a sample timgys suggests to us that MPC can be used now, or soon, in

of 25msec, so control can be carried out at a ratd@iz. a0y applications where it has not been considered feasible
before.
VI. EXTENSIONS AND VARIATIONS Much work, both practical and theoretical, remains to be

Our discussion so far has focussed on the time-invariaghdne in the area of fast online MPC methods. While our
infinite-horizon stochastic control problem. Here we diegcr extensive simulations suggest that fast online MPC workg ve
how the same methods can be applied in many variationgll, a formal stability analysis (or, even better, perfame
on this particular MPC formulation. First, it should cleaguarantee) would be a welcome advance.
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