Exercises on Static Circuits

1. Modelling a compact disc player. The (left or right channel) output of a typical CD
player canbe modeledasa voltage sourcethat is ableto producevoltage between 5V
and +5V and currents between 10mA and +10mA without distorting. The CD input
on a receiwer can be modeledas a resistanceof R .

(&) For what valuesof R is the maximum output voltage of the CD player limited
by the 5V voltage limit, and for what valuesof R is it limited by the 10mA
currert limit? (Typically, R exceedslOk .)

(b) For R = 10k , nd the maximum power in Watts that can be transferred from
the CD player (say, from the Left channel output) into the receiwer (via the Left
channel CD input).

Thesevaluesare typical of all consumerline-level audio electronics.

2. Connecting two diodes. Considertwo diodes characterizedby the exponertial model
i = ig(e™VT 1), with ip = 10 *A and vy = 26mV.

(a) Supposewe form a two-terminal circuit elemen by connectingthe diodesin par-
allel but oppositely oriented, as showvn below:

v AVARVAN
|
Give the v { i relation for this elemen and sketch it, or plot it using Matlab.
What is the slope of this curve at v = i = 0? Can you think of any practical use

for this elemen?

(b) Supposewe form a two-terminal circuit elemern by connectingthe diodesin series
but oppositely oriented, as shovn below:

Give the v { i relation for this elemen and sketch it, or plot it using Matlab.



3. Atypical 10M 1=8W resistoris 7mmlong. As the voltageacrossit is increasedwhich
is likely to happen rst:

(a) the 1=8W power rating is exceededpr
(b) an arc forms from lead to lead?

4. Considerthe circuit below:

lin 1
v 2 RL.=2
(@) Find ij,.
(b) What fraction of the power deliveredby the voltage sourceis dissipatedin resistor
R.?

5. Deriving the v { i relation for a light bulb. Many circuit element models are derived
from physics, e.g, semiconductorphysics, E&M, etc. In this problem you use some
simple physicsto derive an electrical model of an ordinary light bulb.

An incandescetlamp works by heating up its lament to a temperature at which the
net heat lost from the lament equalsthe electrical power input pi, = vi. The net heat
lost is a function of the lament temperature T, say, f (T) (in units of Watts, with T
in degreesK). The function f increaseswith T and satis es F (Tamp) = 0 where Tamp
is the ambient temperature (usually 300 K), i.e., at ambient temperature, no net heat
is lost from the lament. The lament temperature of a typical incandescen lamp
operating at its standard voltage is between2800K and 3400K.

A simple thermal model that includes only radiated heat is f(T) = (T4 T2,

where > 0 is a constant that dependson the lament (surface area, emissivity).
More complicatedthermal modelswould include terms for conduction and cornvection,
the e ects of emissivity varying with temperature, and soon.

Electrically, the lament is aresistor,i.e., v = Ri. Becauseof the extremevariation in
lament temperature, however, we must take into accour the variation in R with T.
it turns out that the lament resistances accuratelymodeledby R = Ro+ (T Tamp)
where R is the lament resistanceat ambient temperature and ¢ > 0 is a constan
called the resistan@ temperature coe cient .

When you rst turn on an incandescen lamp, its resistanceis Rq sinceits lament
temperature starts at T = T,y,. This resistanceis lower than its steady-state or
equilibrium value (which it readesin a fraction of a second,asthe lament reatesits
operating temperature). Hencewhenyou rst turn on an incandescenlamp, a larger
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current ows (for a short period) than you'd expect from the power rating of the lamp.
This is called the cold inrush current, and it is an important practical e ect. The cold
inrush currert is often a factor of eight or more times the steady-statecurrert.

From the relations given above we can derive the (steady-state)v { i relation for an
incandescehlamp. First verify that the relation is symmetric, i.e., if (v;i) lieson the
curve, then sodoes( v; i). Sowe will assumethat v and i are positive. Now shov
that |

- f(T) ) 1=2

I = ;o v= (F(T)YRe+ (T T :

RO + C(T Tamb) ( ( )( 0 ( amb)))

These equations parametrize the v{i curve by the parameter T; by varying T from
Tamp t0 the maximum lament temperature we can trace out the v{i curve (by hand,
or using Matlab, etc.).

Now considera typical 125V/100W lamp that operatesat 3000K (whenv = 125V).
The coldinrush currert is eight times the operating current. You canusethe simpli ed
f described above.

(a) UseMatlab to plot the v{i curve of this lamp. Verify that it hasthe generalshape
shown in the notes.

(b) What voltage results in a power that is one-half the rated power, i.e., 50W?
Comparethis with the voltage that yields half-power for a (linear) resistor that
dissipates100W at 125V.

(c) As we discussedn class,every model haslimits of applicability. Briey decribe
some of the limits of applicability for the model of a 125V/100W lamp found
above. For example,do you think that the model predicts the current accurately
for v = 400V? Doesit accurately predict the current when the voltage is rapidly
varying? Roughly how accurately would you expect the model to predict i given
v, over the rangejvj 125V? (i.e., 0.001%,1%, or 10%?) You can give educated
guessess your answers.

6. Considerthe circuit below:

1

A
20 § ZV#D 5 1A <>

(&) Find the power p,s deliveredby the voltage source.

(b) Find the power p.s delivered by the current source.
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7. Does current takesthe path of least resistane? The idea of the phrase\current takes
the path of least resistance"is essetially the appraximation R;kR,  minfRy; R,g,
i.e., the parallel connection of two resistorsyields a resistanceabout equal to the
minimum of the two resistances.Of coursethis approximation is never exact. But how
far o canit be?

(a) Show that wheneer Ry, R, are positive we have

1 . .
émlnle;Rzg RikR, minfRy; R,0:

Thus, the appraximation is never o by more than 100%.
(b) Find an examplewherethe approximation yields a 100%error.

(c) Find the conditionsonR; andR; sud that the approximation R;kR,  minfRy; R,g
is accurateto 10%.

(d) Use Matlab to plot the relative error of the approximation as a function of the
resistanceratio R,=R; (assumingboth are positive). The relative error is given

by
jminfR1;R20  R1kRyj

JR1KR3]

8. Zenerdiode voltageregulator. The circuit below shavs a simple voltageregulator based
on a zenerdiode with zenervoltagev,. In this circuit, the voltage acrossthe load, v,
is equalto v, over a rangeof input supply voltage vs,p, and a rangeof load currert i.
Thus, the voltage v, has beenregulatal against variations in supply voltage and load
current. The resistor R, IS called the seriesresistor.

ISUDD Rser

R T
L

v () ﬁx "

In this problem you will explore the design of such a regulator. You are given a
maximum load current and a range of supply voltages,i.e., you KNOW iyax, Vmin, and
Vmax Sud that:

0 i L i max » Vimin Vsupp Vmax -
You may assumehat the zenerdiodeis described by the ideal zenerdiode characteristic
showvn on page?? of the notes.



(@)

(b)

(€)

First assumethe circuit is regulating, i.e., vp = v,. Find expressiongor the power
dissipatedin the seriesresistancethe zenerdiode, and the load, in terms of Ry,

IL, Vsupp, @and v,. Giventhe voltage sourceand load current rangesabove, nd the
maximum power that can be dissipatedin the zenerdiode. Repeat for the series
resistor.

Note: The answersto these questionsare usedto properly sizethe diode and
the resistor. A componert that can safelydissipatea large power (e.g, 1W) will

cost more and be larger than one that handlesa smaller power (say, 1/8W), so
it's desirableto nd the smallestsafepower-rating for a componen.

Now we considerthe conditions under which v, = v, (which you assumedn part
(a)). Show that this happensprovided

Vsupp [ L Rser Vz!

What conditions on Rg, guarartee that we will have vi = v, over the full range
of vsypp and i given above?

Design a zenerdiode voltage regulator that operatesfor load currents between
0 and 100mA at v, = 15V, for supply voltagesranging between 18V and 25V.
(By design,we mean: nd Rse and say what power ratings the resistorand diode
must have.) Your designshould make the power rating of the seriesresistor and
diode as small as possible.

Note: thesevaluesare realistic.

In this problem, we investigate the designof a proper voltage regulator using a zener
diode. The problem walks us though the designof a circuit that keepsthe voltage on
the load constart even while the sourcevoltage and load current change. Also, bounds
on the sourcevoltage and load current provide a meansto designthe circuit with the
least expensiwe seriesresistor and diode by sizing them appropriately.

(@)

ISUPP Rser

—>_/\/\NV+;L> |+

Vsupp <t> Vg Vi
i

First, we assumethe zenerdiode is operating at the zenervoltage, v4 = Vv,, and
dewelop expressiondor the power dissipationin the speci ed circuit elemets.

SeriesResistor: The voltage acrossthe resistor is the sourcevoltage minus
- 2
the zener/load voltage. Usingp = %,

Peor = (Vsupp  V2)°.
ser Rser .



(b)

ZenerDiode: Let the voltage acrossthe diode be v, = v and let the current
through the diode beig = isypp 1. Isupp CaN be found by applying Ohm's

Law:
_ Vsupp  Vz,

i supp — T 5
Rser
sothat,
Vsupp V;
Reser

Load: The power transferredto the load is simply:

Pd = Vzlisupp 1L]= V2 i

PL = VzlL:

We can now nd the maximum possiblepower dissipatedin the diode and the
seriesresistanceby using the limits on load currert and supply voltage given in
the problem description. The maximum power dissipatedin both devicesoccurs
when the supply voltage is at a maximum (Vsypp = Vmax) and when the load
current is at a minimum (i, = 0).

2
_ o (Ymax  V5)*,
max Pser = ——(5——;
Vsupp 1L RSEI’
V V,
max pg = V, max "z .
Vsupp 5lL Rser

The v{i curve of the ideal zenerdiode appearson page2-6 of the notes. The ref-
erencepolarity for the curvein the notesis not the sameasthe polarity de nition
for the diode in this solution (i.e. vq and ig4). With thesereferencepolarities, the
zenerdiode operatesat its zenervoltage when the voltage drop acrossthe diode
equalsv, and the current through the diode is positive:

Va = Vz= Vsypp isuppRser;
id 0:

Sincethe current owing down through the diode is positive, we can conclude

Vsupp iLRser Vsupp isupp Rser = Vz
Hence,the load voltage is regulated at v, when,
Vsupp [ L Rser Vz!

Solving for the seriesresistance,we determine an upper bound on the possible
valuesfor R sudh that the above equation holds:

Vsupp \'/
Rser ———
I



Given the variations in supplied voltage and load current, we needto nd the
most consenative bound on Rge,. This translatesto nding the smallestupper
bound:

R min Vsupp V; _ Vmin Vz_
ser . - . .
L I max
In other words, for any variations in vg,, and i_, a seriesresistancethat holds

under the above condition will keepthe voltage regulator working.

(c) Given values for imax,Vmin, and Vmax, We can nd the range of possible series
resistancesausing the result in (b):

18 15 _

Rser 1

30

Therefore, any resistancelessthat 30 will work. Howewer, by examining the
resultsin part (a), one can seethat the maximum power dissipatedin the diode
and resistances lesswhenRgg, is large. Hence,we chooseRge; = 30 to minimize
the necessarypower rating:

maxp; SW
maxpser = 3:33W

9. An inverting ampli er using an op-amp. This problem concernsthe two op-amp cir-
cuits shavn below:

lin 1k 10k

—\W\ WW

16 ot

1k

Vout

b

Circuit A
lin 1k 10k

Circuit B



The only di erence is the orientation of the input terminals on the op-amp.

(a) Using the ideal op-amp model (page ?? of lectures notes), nd i, and vy, in
circuit (A).

(b) Repeat for circuit (B).

(c) A morerealistic model of an op-ampis a VCVSwith againof 10°, i.e., Vo = 10Pw
wherevwis the voltagedi erence acrosshe + and input terminals of the op-amp.
Using this op-ampmodel, nd ij, and vy in the circuit (A).

(d) Repeat for circuit (B).

(e) With areal op-amp,the circuit (A) will work (meaning,ij, and v, predicted by
the ideal op-amp model (a) will be very closeto the actual current and voltage
in the real circuit) while the circuit (B) won't. Do either of the op-amp models
consideredin this problem predict this?

10. Re ected resistan@ seen througha transformer. Considerthe circuit shovn below:

Shawv that v = iR, for someappropriate Re (the subscript standsfor \e ectiv e").

This meansthat this circuit, from the point of view of the terminals A and B, is
electrically equivalent to a resistor of value R . R is often called the \re ected
resistanceof R seenthrough the transformer.”

11. Sketch the v { i characteristic of the two-terminal elemen belowv. The diode is char-
acterizedby the ideal diode model.

1

12. The op-ampin the circuit below is characterizedby the ideal op-amp model. Find i,
i2, and Vou. What doesthis circuit do? Can you think of a practical application of
this circuit?



i1 10k

Vi1 Va2 5k 5k 5k ? Vout

13. This problem concernsthe two related circuits shovn below.

(a) Find the Thevenin voltage vy, and Thevenin resistanceRy, of the circuit shovn
below, with respectto the terminals A and B. (Your answersshouldbe asexplicit
aspossible,but may cortain the parametervsypp.)

2:5k

w @  Ew

—o W0

(b) Now considerthe circuit belon. The vacuumtube recti er is characterizedby

( _
i= kvg‘2 vg¢ O
d 0 vw<o0

wherek = 0:3 mA=V32. (Pleasenote the units: iq is in milliamps and vq is in
volts.)

Find the value of vg,p, that resultsin ig = 30mA.



+
Vsupp <_> § 5k 4

(c) Let vgy, have the value you found in part (b), sothat iy = 30mA. Find the
power prs dissipatedin the 2:5k resistor. and the power psy,p, delivered by the
voltage source.

(d) Supposethat vgy,p is 5 volts lessthan the value you found in part (b). Give an
estimateof vy4. Explain what you are doing.

14. Bias and smal signal analysis of a MOS ampli er. This problem concernsthe MOS
ampli er circuit shavn at the top of page ?? of the notes, exceptwe do not assume
that vi; 4V. The MOS transistor characteristic is given on page ?? of the notes,
with parametersvy, = 2V, = 2mA=\°.

(a) Bias calculation. Determine what vi, must be sothat vy, = 2V.

(b) Forming a linearized model. Determinethe linearizedmodel of the MOS transistor
accuratenear the bias condition found in part (a). Give equationsdescribingthe
approximation and alsoa circuit model of the approximation.

(c) Smal signal analysis. Find an expressionfor vq; in terms of v;, that is accurate
for vi, nearthe bias value found in part (a).

15. Ampliers. The sthematic diagram below showvs a generalmodel of an (ideal, linear)
ampli er. The two terminals on the left are calledthe input port and the two terminals
on the right are called the output port. An amplifer is characterized by its input
resistane Rj,, its voltagegain a, and its output resistan@ Ry .

! |
o M ——,
[ R
Vin : Rin aVin out : Vout
o L
| }




Note that when Ry = 0 and Rj, = 1 , the ampli er reducesto a VCVS. Also note
that the voltage and current at the input port is completely una ected by the voltage
and current at the output port.

Here are sometypical valuesfor ampli ers:

(@)

(b)

(€)

For a line-level audio ampli er, we might have Rj, 10k , Royy 100 or less,
and a gain in the range1 to 10.

For an audio power ampli er (i.e., onethat acceptsa line-level input and drives
a speaker), we might have R;, 10k , Ro,y 0:01 , and a gainin the range 10
to 100. Note: the output resistanceof an audio power ampliferisnot4 or 8 .

For high-frequency(e.g, video) circuits, we might have Rj, = Rq,t = 50 or 75
and a gain in the rangeof 1 to 10.

A typical real op-amp s pretty well modeledby an amplier with R;, 100k ,
Rout 100 , and a gain of about 10°. (This model gives better predictions
than the ideal op-amp model, but is considerablyharder to work with for hand
analysis.)

Supposewe hook up two ampli ers in cascadeas shovn below.

+ - |+ Amplier 1 + + Amplier 2 +| +
Vin input  output input output : Vout

Amplier 1 has parametersRi(,f), Rf)t)t, and a®; Amplier 2 has parametersRi(f),
R® and a®.

Show that the resulting four-termimal elemen (enclosedby the dotted box) is
equivalent to a single amplifer. Find the parametersof the equivalert amplifer
(i.e., Rin, Royt and gain).

Considera video ampli er with Rj, = Ryt = 75 and a voltage gain of 10. Sup-
posethe ampli er is drivenby a voltage source(i.e., a voltage sourceis connected
acrossthe input terminals), and the output terminals are connectedto a load
resistor which is 75 . Find the power gain of the ampli er, which is de ned as
the ratio of the power owing out of the output port to the power owing into
the input port.

The power gain of an ampli er dependson the load resistance.Find an expression
for the power gain of an ampli er in terms of the parametersRj,, Rout, &, and
the load resistanceR_. What load resistancemaximizesthe power gain? The
resulting power gain is called the maximum power gain of the ampli er. Give an
expressionfor maximum power gain in terms of Rj,, Roy, and a.
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16. Groundel (single-endé) ampli ers. In the ampli er model descriked in problem 15,
no currert can ow betweenthe input terminals and the output terminals, i.e., the
input terminals and output terminals form two separate\p orts”". Sometimesthis is
calleda\ oating" or \isolating” ampli er to emphasizethis fact.

Many real ampli ers are better modeledby the circuit shavn below:

Note that you can make a oating ampli er into a single-endedor groundedampli er
by connectingits input and output  terminals together.

Are oating and grounded ampli ers electrically equivalert? If so, explain why. If
not, nd a simple circuit that cortains an ampli er, and behavesdi erently whenthe
ampli er is oating or grounded.

17. (a) Find the Thevenin equivalert for the circuit below:
2 1

v C_’) 2

(b) Find v andi in the circuit below. The diode is characterizedby the ideal diode
model.

v C_f) 2 | v

18. Maximum power from a source with nonlinear v { i characteristic. Supposethat the
v { i characteristic of a battery is givenby v= 10 5 5i?2for0 i 1, wherethe
current referencedirection for i is out of the positive battery terminal. (For batteries,
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power supplies,and the output of power ampli ers, it is commonto usethesereference
polarities, which are opposite the normally usedones.In this casep = vi is the power
delivered by or drawn from the battery or power supply.)

(a) Sketch the v { i characteristic of this battery, or use Matlab to plot it.

(b) Give an approximation of the v { i characteristic valid for small currents. Showv
a Thevenin circuit that hasthe samev { i characteristic asyour appraximation.

(c) If the battery is terminated in a resistancewhosevalue is equalto the Thevenin
resistancefound in part (b), what is the power drawn from the battery?

(d) Find the resistancevalue that maximizesthe power drawn from the battery. Find
the correspnding voltage, current, and power. Verify your answer by plotting
someconstart power curves(with dotted line type) on top of the v { i character-
istic.

(e) Find an approximate Thevenin equivalert of the battery that is valid near the
voltage and current found in part (d).

(f) Conjecturea generalizationof the maximum power transfer theoremto nonlinear
v { i characteristics.

19. Find a value of vs sudh that the lamp in the circuit below dissipates1:5W. The lamp
characteristic is plotted at right. You can make reasonableestimatesfrom the plot.

i) (amps)
+2 +

+1 +

1 1 v, (volts)
2

Ve @) Y

20. In the circuit below, vi, canvary over the range 5V.

What is the largest (magnitude) output current the op-amp must supply? l.e., what
is the maximum value of jioyj for 5V v, 5V?

(This is animportant practical question,sincereal op-ampshave output currert limits.
A typical valueis 10mA))

You can usethe ideal op-amp model.
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21. In the circuit shavn below, the voltage sourcedelivers power pg. and the load resistor
R, dissipatespower py .

10V <f> 10 § R. = 10

Find the power transfer e ciency, i.e., pL=pPsrc-

22. The diodein the circuit below is characterizedby the exponertial modelig = ig(e"e™
1), with ip = 10 **A and v, = 26mV.
You can usethe ideal model for the op-amp. The input voltage vi, variesfrom 10mV
to 10V (always positive).

10k

Vin Vout

Expressvy,: asan explicit function of vj,.
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23.

24,

An NPN transistor is descriked by the model
ip = i0€°™; ic= (L4 Vee=Va)ip

whereip = 10 A, vy = 26mV, = 100, and v, = 50V, and the terminal currerts
and voltagesare de ned belov. (This model capturesthe “Early e ect’, in which i,
dependsmore strongly on v than the Ebers-Moll model predicts. The parameterv,
is called the "Early voltage'.)

Find the linearized circuit model of this transistor at the bias condition v = 0:7V,
voias = 10V

ce :

Expressthe linearizedmodel asa circuit. Your circuit may cortain voltageand current
sources,resistors,and dependert sources.Be sureto clearly label the terminals c, b,
and e, and to indicate the valuesof elemens (e.g, resistance,transconductance)in
your circuit.

The circuit belonv shovsanampli er (in the dashed-linebox) with input resistancelk ,
output resistanceO , and gain 10, connectedin a "negatiwe feedba&’ con guration
(sincethe output is connectedto the input terminal).

N 1

Find the Thevenin resistanceRy, looking into the terminals A and B.

25. Conservationof power. Considerthe circuit shovn below.
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2A 3

() 1a

Determine the power dissipatedin ead elemen. Which elemens are supplying (pos-
itive) power? Which elemens are absorbing (positive) power? Verify that the total
power being supplied (by the elemerts supplying positive power) is equalto the total
power absorked (by the elemens absorbingpositive power).

You must explain the stepsin your circuit analysis.

26. v { i curvetracer. The following is a circuit usedfor curve tracing:

* ?idev 10k ok L

Vdev +
- ——— Vhoriz
- +

10k

Vdrive <t> 1k § 10K

Vvert

The box is the deviceto be tested, sometimescalled the "deviceunder test' (D.U.T.).
The output voltagevyer IS connectedto the vertical de ection input of the oscilliscope,
and the output voltage vy, IS connectedto the horizontal de ection input of the
oscilliscope. The oscilliscope is setto 1V per division, horizontal and vertical. The
voltage sourcevy;, ¢ is usedto sweepout the v { i curve. During the demoit had the
form vgrive(t) = 10sin30Q (approximately).

To analyzethis circuit you can assumethe op-ampsare ideal.

Expressthe output voltagesvyer and Vi, in terms of the devicevoltage vgey, device
current iqey, drive voltage vgiive, and any other relevant parameter. Descrike the steps
in your analysisof this circuit.
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Explain how this circuit, connectedto the oscilliscoge asdescriked, canbe usedto plot
the v | 1 curve of the device. What are the resulting axis sensitivities (in V and A

per oscilliscoge division) and total range?

27. Extracting maximum power from a battery.
Considera battery that can be modeledusing a Thevenin equivalert.

When a 10

voltage acrossthe battery terminals is 13V.

load resistanceis connectedto the battery, as shown at left below, 10W
is dissipatedin the load resistor.

When the battery is connectedto a 100mA charger, as shavn at right below, the

battery

=1

battery

100mA

13v

charger

A load resistanceR is connectedto the battery. Find the value of R that results in
maximum power dissipationin the load resistor.
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Exercises on Static Circuits: Part 11

1. This problem concernghe circuit shavn below, with the branchesoriented and labeled

bl,..., b9, the nodeslabeled, e , and the voltage sourceggiven speci ¢ numeric
values. In addition, the op-amp hasbeenreplacedby a VCVS with a gainof = 100,
with a sensebranch b6 and an output branch b7.

10k s

(a) Find the reducedincidencematrix for this circuit.

(b) Write out KCL, KVL, and the branch relations for this circuit. Expressthese
circuit equationsin the form of a giant matrix equationFx = g whereF is alarge

writing down this big matrix, you don't needto explicitly write zeros. What
perceriage of the entries in the big matrix F are zero?

(c) Solwe the equationsyou found in part 1b, i.e., nd the solution vectorsi, v, and
e. You cando this by hand (it's not sobad!) or using Matlab.

(d) Verify that the matrix equations describing KCL and KVL hold: Ai = 0 and
v=ATe

(e) Which branches are dissipating (absorbing) power and which branchesare sup-
plying power?

(f) Calculate the quartity p= v'i. Can you explain the answer that you get?

2. The reducedincidencematrix of a circuit is:

2 3
1 10 00

A=80 11 1 0%:
0 00 11
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The branch relations are

2 3 2 3 2 3
1 0 00 O 000O0OO 1
O 2 00 O 01000 0
O 0 10 04i+R0020O04v = 0
O 0 00 O 00010 4
O 0 00 3 00O0O01 0

Draw a corventional schematic diagram of this circuit. Label the branchesand nodes,
and show the orientation of the brandhes. Give the numerical valuesof the elemerts,
e.g, give resistor valuesin ohms,the value in volts of any voltage source,etc.

3. Considerthe circuit below:

@

1A

=

- 3= () 2

(a) Label the nodes and branches and assignorientations. Find the reducednode
incidencematrix A.

(b) Write out the equationsthat describe this circuit. Give theseequationsin explicit
form, i.e., as a set of 12 equationsin 12 unknowns. Also give the equationsas
one large matrix equation, with a 12 12 matrix. You can leave ertries in the
matrix that are zeroas blank.

(c) Formulate the node voltage equationsin the form Ye = 1. Solwe them.

(d) You know that if both of the current sourcesdouble in value, then all node
voltages, branch voltages and branch currents will also double. Suppose that
the three resistorsin this circuit doublein value. What happens?

4. A geneaslization of power conservation. Consider a circuit with b branches and n
nodes, with assaiated referencedirections assigned. As in the notes, v denotesthe
vector of branch voltages,i denotesthe vector of branch currents, and e denotesthe
vector of node potertials (excluding the referencenode). We saw in the notesthat no
matter what the branch elemerts are, we always havev'i = 0, i.e., the total net power
dissipatedin the circuit is always zero.
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Now supposewe changeoneor moreof the elemetnts in this circuit, but we do not change
the topology (i.e., which branchesare connectedto which nodes,in what orientation).

For example, we might substitute a diode for a voltage source, changethe value of
someresistors,and soon. We'll supposethat this modi ed circuit hasa solution; let
v denote the branch voltages, T denote the branch currents, and e denote the node
potertials in this modi ed circuit. We know that +'i = 0, i.e., the modi ed circuit
also satis es power consenration.

This modi ed circuit can be quite di erent from the original circuit, so there is no
reasonto think there is any relation at all betweenthe circuit variablesin the rst
circuit (v, i, and €) and the circuit variablesin the secondcircuit (v, T, and e).

Remarlably, there is a relation, called Tellegers theorem. It is: ¥'i = 0. Note that
v'i looks very much like v'i and also v't, both of which we know to be zero by
power consenation. But Tellegen'stheoremrelatesthe voltagesin onecircuit with the
currents in another!

(a) Prove Tellegen'stheorem,i.e., explain why it is true.

(b) First, nd the vectori of branch currents in the circuit of problem 3. Now consider
the circuit belowv, which is the sameas the one problem 3 exceptthat an ideal
diode is substituted for the 2 resistor.

(=)
N
A

=

V

1 = 3= (1) 2

Find v, the vector of branch voltagesfor this modi ed circuit. Usethe node and
branch labels and referencedirections that you usedin problem 3.

Verify that Tellegen'stheorem holds.

5. Newton-Raphsonprocedure for a resistor-diale circuit. Considerthe nonlinear circuit
shown below:
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1k i

2V \/ Vv

The diode is given by the exponertial model with i = 10 #A and v; = 26mV. We
will try to nd v andi usingthe Newton-Raphsonmethod.

(a) We start with the initial guessv(2 = 0:7V. Form the linearizedmodel of the diode
accuratenearv 0.7V, and show the circuit that results when you substitute
this linearized model into the circuit above.

(b) Solwe the resulting circuit, i.e., calculate the voltage that appears acrossthe
linearizedmodel of the diode. Call this voltagevM (the superscript standsfor \ v
after oneiteration").

(c) Do onemore iteration of the Newton-Raphsonmethod to nd v®.
(d) Do onemore iteration of the Newton-Raphsonmethod to nd v®.

(e) Now let's seewhat happensif we start with a very bad initial guess.Repeat parts
(a-c) starting with the initial guessv® =  1:0V. Note the valuesof current that
you encourter. Can you guesswhat will happen if you keepgoing?

6. A linear circuit solver. Describe, in rough outline form, the code neededto make a
versionof SPICE that analyzescircuits that cortain linear elemerts and sources.You
may assumethat you have a function (subroutine) that computesthe solution x of the
linear equationFx = g. (Sincethis is a vagueproblem, answersranging from onepage
of verbal descriptionto completeC sourcewill be accepted.)

7. Designacircuit with oneop-ampand v eresistorsthat producesoutput voltagevyy =
vi + 2v, 3vz at the output of the op-amp (with respect to the ground or reference
node, to which the bottom output terminal of the op-ampis connected).v,, v,, and vs
are the voltagesof three voltage sourcesthat have negative terminals grounded(i.e.,
connectedto the referencenode). You may usethe ideal op-amp model.

8. Sensitivity of load power to variations in load resistan@. Suppose we have a load
resistor R which we would like to dissipate pges Watts. (The load resistor might be a
heating elemen irg1 someexperimert.) One simple way to do this is to connectit to a
current sourceof pges=R. amps.

We will consideran important practical consideration: variation in R_. Supposethat
R, varies 10%.i.e., 09R,om R. 1:1Rpom, WhereR,om is the nominal valueof the
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load resistance.Sud variation canarisein variousways. For example,whenmany load
resistorsare manufactured, the individual load resistorsmight have valuesthat vary

10% from the nominal value R,,. As another example,the resistanceof the load
resistor might depend on someervironmental variablessud as ambient temperature
that we cannot cortrol.

Now supposewe have a circuit consisting of linear elemeits, sources,and the load
resistorR_. Supposethat whenR| = Ryom, the desiredpower pqes is dissipatedin R, .
Of course,the power dissipatedin the load resistor will depend on the value of R ;
henceasR, varies 10%,the power dissipatedin it will alsovary by someamourt. As
gn example,considerthe simple circuit described above, i.e., a current sourceof value

Pges=Rnom hooked up to the load resistor. In this circuit, asthe load resistor varies
10%, the power dissipatedin it alsovaries 10% (which is not too surprising!).

We'd like to designa circuit sud that the variation in power dissipated, as the load
resistancevaries 10%, is as small as possible. Thus, our circuit will have the nice
property of minimizing the e ect of 10% variations in load resistanceon the power
dissipatedin it.

The problemiis: designsud a linear circuit. Fully explain the reasoningbehind your
designand all stepsof your calculations. You do not have to nd the absolute best
circuit; a circuit that comesvery closewill do. Many circuits work well, sotry to nd

a simple one. For the circuit you design, give the percertage variation in the power
dissipated in the load resistor as the load resistor varies 10%. Sincel've already
described a circuit in which this variation is  10%, your circuit should have a smaler
varation. The valuesof elemerts in your circuit cannotdependon R, but candepend
on Rnom-

Note: this is not an easyproblem; you won't nd the answer (directly) in the notes.
For experts, we can posea further problem: can you designa circuit cortaining non-
linear elemerts that outperformsthe circuit you designedabove?

9. Superposition for powers? Considerthe circuit showvn below:

D

We want to nd the power p that will be dissipatedin the 1 resistorwith i; = 3A
andi, = 1A. Unfortunately we canonly nd two 1A current sourcesn the laboratory.
The resistorvaluesR4, R, and Rz are not known.
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Three experimerts are performed. In the rst experimen, the sourcei, is turned on
(iy. = 1A), i isturned o (i, = OA), and the power dissipatedin the 1 resistoris
measuredto be 0:25W. In the secondexperimert, i, is turned o, i, turned on, and
the power dissipatedin the 1 resistoris 0:25W. In the last experimert, i, is turned
on, i, is alsoturned on but in reversedirection (i, = 1A) and the power dissipated
in R is measuredto be OW. The following table summarizestheseexperimerts:

Pwr. diss.in 1 res.

Experimert i [

1 2
1 1 0 0.25
2 0 1 0.25
3 1 1 0.00
I 3 1 p

(The bottom line of the table shows the experiment we'd perform if we could nd a
3A current source.)

Can the power p be determined from these experimerts? If your answer is yes, nd
the power p. If your answer is no, then answer this further question: if we performed
a fourth experiment with i; = i, = 1A, could the power p be determined?

Note: Of coursethis problemis unlikely to arisein practice, but it doesinvolve some
important conceptsso understandingit is worthwhile.

10. Considerthe circuit below:

Vs

:,
2

M 1

O

1

WV

(a) Find an explicit expressionfor the power p supplial by the 2A current source. (is
and vs may appear in your answer.)

(b) Now supposethat you can adjust is over the range OA to 1A, and v over the
rangeQV to 5V. Find the settings of is and vs that maximize the power supplial
by the 2A current source.
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11. Find the power dissipatedin the 3 resistorin the circuit below:

1

AW
3

1A <> 2V ( { ) v G)

12. (a) Find the Thevenin equivalert of the circuit shovn below.

[ J
>

* B

(b) Find the power p dissipatedin the 3 resistor at the right in the circuit below:

(c) Find the voltage v, that appearsacrossthe zenerdiode in the circuit below.
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The zenerdiode characteristic is shovn below:
iz
-+ 1.0A
0:8v v,
| |
\ \
1.0V 1.0V
—+— 1.0A

13. Considerthe circuit below, which is called a following ampli er . The transconductance
is givenby g = 10mA=V.

1k gv

+
Vin (? R. Vout

(@) Find vt whenR_ = 1k .
(b) Find the value of R, that maximizesthe power dissipatedin it whenv;, = 3V.

——e
+
v
!

14. Find the voltage v shawn in the circuit below:
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(= D

15. The circuit showvn below is designedto operatewith i; = 1A andi, = 1A. We needto
determinethe power p supplied by the 2A current sourcein this operating condition,
but unfortunately we can nd only one 1A current sourcein our laboratory. The
resistorvaluesR, R,, R3, and R, are not known.

Three experimerts are performed. In the rst experimert, the sourcei, is turned o
(i1 = OA), i, isturned on (i, = 1A), and the power supplied by the 2A source,ps,
is measured. In the secondexperiment, i is turned on, i, turned o, and the power
supplied by the 2A source,p,, is measured.In the last experimert, both i; andi, are
turned o and the power supplied by the 2A source,ps, is measured. The following
table summarizestheseexperimerts:

[

Experimernt i Power supplied by 2A source

1 12
1 0 1 P
2 1 O P2
3 0 0 Ps
- 1 1 p

(The bottom line of the table shows the experimert we'd perform if we could nd the
other 1A current source.)

Which one of the following statemernts is true? Explain your choice.
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(@ p=pit p2

(b) p=pi+ P2+t ps

(© p=pi+tp2 Ps

(d) It is not possibleto determine p from theseexperimerts.

16. Considerthe circuit below.

The v{i characteristic of the neonlamp is shavn below.
i(mA)

250 +

200 +

150

100

50

\50 \25 | | | |

2‘5 Qo 7‘5 160 1‘25 v(volts)

50 —+
100

(a) For what valuesof vy doesthis circuit have multiple solutions?

(b) Supposethat vs = 0. In this casethere is only onesolution: every branch voltage
and current is zero. In particular, v = i = 0. Supposewe usethe Newton-Raphson
(N-R) method to try to nd this solution, using the initial guessv® = 100,
i© = 200mA. Which one of the following statemeris is correct:

i. N-R will not corverge becausethe initial guessand the solution are on dif-
ferert sidesof the kinks in the v-i curve.
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ii. N-R will corvergeto the solution in oneiteration.

iii. N-R will corvergeto a wrong solution.

Iv. N-R will convergeto the solution very slowly (after many iterations).
v. None of the above.

1A
/R
N
1 \Y
2V 1
(W

17.

Find the value of v that maximizesthe power dissipatedin (i.e., absorbed by) the
voltage sourcev.

18. Tunnel diode negative resistan@ ampli er.
Considerthe circuit shovn below.

500
VW J; (t)
+
Vin (t) <t> va(t)

fa(t)

Vpias

The voltage v, is with respectto ground. The v { i characteristic of the tunnel diode
is shavn below. In solving this problem you'll needto make estimatesfrom this plot.
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1mA

0:5mA

OmA Vd

ov 0:5v 1v

(a) Bias calculation. Supposethat vi,(t) = 0. Find the value of vyj;s SOthat the diode
voltage vq is 0:5V. We'll usethis value of vyj5s in the remainder of this problem.

(b) Find the linearizedmodel of the tunnel diode at the biaspoint vq4 = 0:5V. Express
the linearized model as a circuit. Clearly label the two terminals of the circuit.

(c) Supposethat vi,(t) = 0:03sin(40Qt). Give a (good) approximation of v (t).

19. Di er ential input pair.
The circuit shovn below is widely used,for example,asthe rst stageof an op-amp.

. +15V
s = s
Vout
1mA
15V
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20.

All voltagesshown are with respect to ground. The wire at top, which is connected
to a +15V sourcecalled the positive supply rail; the wire at bottom is connectedto
a 15V sourcecalled the negative supplyrail. The wires labeled v; and v, are the
input voltages They are connectedto voltage sourceswith valuesv; and v,. Note
that current can ow into any of thesewires;they are connectedto things that are not
shown in this sdhematic.

Vout (i.€., the voltageat the point marked with respectto ground) is the output voltage.

You can assumethat v; and v, are sud that the following simple transistor model is
accurate:

Ve =Vt - HE— H
ebe t’ IC_ Ib

ib = io
whereig = 10 A, v, = 26mV, and = 100. The currents and voltagesare de ned
in the standard way: vy is the voltage from baseto emitter, iy is current o wing into

the base,and i, is the current owing into the collector.

Derive an expressionfor vy, as a function of v; and v,. Simplify your expressionas
much as possible. Do not leave parameterslike in your answer: usethe numerical
valuesgiven.

Duplex transmission with mismathel resistanes. Considerthe duplex transmission
circuit describedin lecture 8. Our analysiswas basedon the assumptionthat the two
600 resistorsare exactly matched. What if one of them, say the left one, is actually
500 instead of 600 ? Analyze the circuit, expressingthe two output voltages vy
and v, in terms of the two input voltagesvi, and v,. Do you think it would still work
in practice, in a telephonecircuit?
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Exercises on Dynamic Circuits

1. Energy analysis of the charge/ r e circuit. Consider the circuit on pages11-17 and
11-180f the notes. Assumethat at t = 0 the capacitor is uncharged (v(0) = 0), and
at t = 1000the switch is thrown from \charge" to \re." For the questionsbelow, we
want numerical answers.

(a) Find the total energysupplied by the 100V source.

(b) Find the total energydissipatedin the 100k resistor.
(c) Find the total energystoredin the capacitorat t = 1000.
(d) Find the total energydissipatedin the 10 load resistor.

(e) What is the earliest time the switch could be thrown to \re" and still have a
peak power of 300W dissipatedin the load resistor?

2. Coasting through power interruptions. The circuit below is usedto maintain some
power supply voltage for brief periods during which the normal supply fails. In normal
operation, Vsypp(t) = Vour(t) = 15V. For periods up to 3 seconddong, with no warning,
Vsupp(t) = O (but thereafter returns to 15V). The current drawn by the critical circuit
varies between 0:3A and 1:5A. The critical circuit will work aslong as vqt 13V.
Find the smallestvalue of C that will allow the critical circuit to cortinue working
during a 3 secondlong power supply failure. You can assumethe diode is ideal, and
that the time betweenpower supply failuresis very long.

N
LT
critical

3. What doesthe following circuit do? Assumev;(0) = 0 and v,(0) = 1.
Hint: Show that d?v,(t)=df + ! ?v4(t) = 0, where! = 1510k 0:01 F).

10k +a(t) - Lova(t)

10k 01 F 01 F
o> 10k
AWV LW

f+ I MM_E; -
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4. A real probleminvolving inductors. This problemconcernghe magnetfor acommercial
magnetic resonanceimaging (MRI) madine. The magnet createsa strong magnetic
eld (about 0.4 Tesla) over a fairly large volume|v ery roughly, about 1m by 1m by
0.5m. The magnet consistsof about 100 turns of an aluminum conductor which is
about 1/8in thick and 11lin wide. The heat dissipatedin the conductoris carried away
by forcedwater cooling. The magnetand its steelhousingweighsabout 13 tons.

A good electrical model of the magnet is an inductance of 15mH in serieswith the
resistanceof the aluminum conductor and wires leading to the power supply, 0:012 .
The power supply that drivesthe magnet has a maximum output current of 2000A
and a maximum output voltage of 26V. The operating condition of the magnet is
1850A

Yes,someof thesenumbersare outside the rangeof typical electrical valuesthat | told
you we encourter. The wires hooking up the power supply to the magnet are gauge
0000 (twice asthick asyour thumb), with about 10 in parallel to carry the enormous
current. The AC input power to the power supply is about 69kW.

Note (for cultural enrichmert only): Many other MRI magnetsare superconducting,
sothe resistanceis essetially zero. After the initial currert is established,the magnet
terminals are shorted together, forming a superconductingloop. The power supply is
then disconnected. Provided the loop remains superconducting, the magnet current
will ow inde nitely .

(a) What is the total energyin Joulesstoredin the magnetic eld at operating con-
dition?

(b) How long doesit take for this amourt of energyto be dissipated as heat? The
ratio of stored energyto power dissipation givesa rough idea of a turn-over time,
relating the energystoredto the rate of energyturn-over.

(c) What is the voltage of the power supply at operating condition? What is the
power being suppliedto the magnet?

(d) Supposethat the power supply puts out its maximum voltage, and the inductor
currert isinitially zero. How long doesit take beforethe inductor currert reaces
the operating condition of 1850A?How much longerdoesit take beforethe power
supply maximum current (2000A) is readed?

(e) Do you think it's safeor wiseto suddenly reducethe power supply voltage from
its maximum, 26V, to the operating voltage found in part (c), when the magnet
currert rst hits 1850A?

(f) What would happenif the bolts clampingthe large wiresto the aluminum magnet
conductor becameloose,causinga bad connectionbetweenthe power supply and
the magnet?

5. Truncation stability of simulation methals. Considera simpleLC circuit with L = 1H
and C = 1F, with zeroinitial current and 1V acrossthe capacitorat t = 0. v(t) will
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denotethe voltage acrossthe capacitorandi(t) the current o wing out of the capacitor
(i.e., v andi are not asseiated references).

Of courseyou know the exact solution of this circuit. We'll study the simulation
method descrited in the notes.

(a) The voltage and current don't change too much in about 1msec,so it seems
reasonableo usea time step of Imsec.Shaw that the simulation method reduces
to the following recursion:

¢(0:001k + 1))
1(0:001k + 1))

¥((0:00k) 0:001(0:00XkK);
((0:00k) + 0:0020(0:001k);

with initialization

7(0) = 0; ¢(0) = 1
We use the hat on the symbols ¢ and T to emphasizethe fact that these are
approximationsto the true voltage v and currert i, respectively.

(b) We know that the total energyin this circuit is 0:5J and does not change with
time (pl2-4), but our simulation algorithm doesn't know this. So one ched on
the accuracyof the simulation is to keeptrack of the total energyin the circuit
accordingto the simulation; hopefully this number should remain closeto 0:5J.

Find a recursionfor E(kh), the energyin the circuit basedon the approximate
voltage and current from the simulation, i.e.,

0(kh)2 + f(kh)2

E(kh) = 5

Then give an explicit formula for E(kh). Is it constart? Doesit remain near
0:5J?

(c) Onestudert pointed out a potential aw in the philosophy behind the simulation
method: ead stepis an approximation, so future stepsare basedon appraxima-
tions of appraximations of approximations ...and there is no reasonto believe
that the error doesn't build up. The technical term for the build-up of error
IS truncation instability. Does this problem provide an example of truncation
instability?

6. In the circuit below, the capacitor voltage and the inductor currernt are zeroat t = 0.
The two switchesare in the \charge" (CHG) position fromt = O until t = T, (as
shown in the schematic) and are in the \oscillate" (OSC) position for t > Tg,. Thus,
Tsw denotesthe time at which the switchesare thrown from CHG to OSC.Fort > Ty,
the LC circuit simply oscillates,with constart total energyE.
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CHG CHG 1

T S WW—

0S 0SC

1IF—— 1H 1A <>

(@) Find Tg, sud that E = 8J.

(b) Assumethat the switch is thrown at the time T, found in part (a). What is the
earliest(i.e., smallest)time T;,q at which 8J is storedin the inductor?

7. An RCRC circuit.

Considerthe circuit shovn below. Fort < 0, v, (t) = 1V and the circuit wasin static
conditions. Fort 0, vij;(t) = OV.

1 1

WW———VW\

Vin(t) Cj) 1IF ==  O5F == Voul(t)

(a) Find vy at t = 0, immediately after vi, hasswitchedto 0OV.

(b) Find d\(;cf[“t at t = 0, immediately after vi, hasswitchedto OV.

(c) Find voue att = 1.

8. In the circuit below, the switch is closedfor t < 1secand openfort  1lsec The
voltage acrossthe capacitoris zeroat t = 0.

4

M ——"

1 2F—— 10V

(&) Find the maximum energystored in the capacitor over the time intervalt 0.
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(b) Find the maximum power dissipatedin the 4 resistor over the time interval
t O.

9. Considerthe circuit shovn below, in which i, (0) = 2A.

N

(a) Write out the equationsthat descrike this circuit.
(b) Find i(t).

(c) Supposethe 1A current sourcewerereplacedwith a OA current source.Find i (t)
in this case.

(d) Supposethat the initial inductor current were OA instead of 2A (the current
sourceis still 1A, howewer). Find i, (t) in this case.

(e) Verify that the solutionsfound in parts (c) and (d) add up to the solution found
in part (b).

(f) Usethe simulation method descriked in the notes, with a time step-sizeof h =
0:01lsec,to nd (approximations of) i (t) for t = 0;0:0L 0:02::: Comparethe
exact and (approximate) simulation valuesof the inductor currert at t = 1sec.

10. In the circuit below, v1(0) = 1,v,(0) = 1, andv3(0) = 1.

1 1

AW W

+ + +
vi(t) ——1F vo(t) ——1F va(t) —— 1F § 1

(a) Estimate v,(0:01), v»(0:01), and v3(0:01). Note: your estimate should be more
accuratethan v;(0:01) 1, v,(0:01) 1,v3(0:01) 1.

(b) Estimate the decreasean total stored energyover the time interval [0; 0:01], i.e.,
guartity E(0) E(0:01), whereE(t) denotesthe total energystoredin the circuit
at time t. Note: your estimateshouldbe moreaccuratethan E(0) E(0:01) O.

11. In the circuit below, vc(0) = 1V andi, (0) = 1A. Estimate vc(0:01se¢ andi (0:01seg.
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1
A
+ |
)y
iL(t)
+
1IF—— vc(t) 1H§
12. The voltage and current in the circuit at right are shown i(t)
in the plot below. Estimate both the inductanceL and +
the resistanceR. Make sure to give the units for your L S v(t)
answvers (e.g., ohmsor kilohms). > 3
SS* 5—1.5*
\-;’27 \? 2+
t (sec) t (sec)

13. The waveform shavn below is the current in a seriesRLC circuit. The value of the
resistoris 100 .
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-0.21- i

0.4 N

-0.6 N

-0.81- i

0 2 4 6 8 10 12 14 16
t (sec)
(a) Estimate L and C.
(b) About how long will it be before 99% of the initial stored energyin the circuit

has dissipated?

14. In the circuit shovn below, vi, switchesfrom 5to O volts at t = O:

(
51t<0
Vin(t): 0t 0

You may assumethat prior to t = 0, the circuit had reacedits steady-statecondition,
that is, ic(t) is zerofor t < 0.

Find the smallesttime T4 for which vc(Tq) = 3:5. (The subscript \d" stands for
\delay".)

100 ic(t)

— A

Vin (1) <f> 200pF——  v¢(t)

15. This problemconcernghe circuit shovn belowv. Let Ec(t) denotethe energy(in Joules)
storedin the capacitor at time t and let E| (t) denotethe energy(in Joules)storedin
the inductor at time t. The initial conditions are vc(0) = 4V and i (0) = 30mA.
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() Find E, (0).

ve(t)

iL(t)

—_—2F

(b) Isi_(t) increasingor decreasingat t = 0?

(c) Find %<(0).

20mH

(d) Find the maximum magnitude of the inductor currernt, that is, nd max; ji_(t)j.

16. This problem concernsthe circuit shovn belonv. The capacitor is initially uncharged
(that is, has no voltage acrossit at t = 0). The op-amp is descriked by the ideal
op-amp model. The voltage sourceis given by:

Vin (t)

10k

Vin (1) =

(

0 t<
5t

10k

0
0

WA

001 F

]

e

—

i out (t)

10k Vout (t)

(@) Find an explicit expressionfor vy (t) valid for t > 0.

(b) Find the maximum magnitude of the op-ampoutput current, that is, max; jigu (t)j.
(As you know, real op-ampshave limits on this quartity. Knowing this quartity
can help us determinethe type of op-amp necessaryor the application.)

17. Di er ential ampli er.

The circuit belonv shavs a di erential ampli er. You may usethe ideal static op-amp
model in your analysis. In the following questions,the input terminals A and B are
connectedin various ways to the circuit.
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001 F

10k | VVVY '

10k N

(a) Supposethat A and B are connectedto
grounded voltage sourcesv, and vg, re-
spectively, as showvn at right. Find an Va <J_r> <J_r> VB
expressionfor vy, assumingstatic condi-
tions.

(b) Westill assumestatic conditions. The resistanceseenlooking into the terminals A
and B in the di erential ampli er circuit isdenotedRy and calledthe di er ential
input resistan@. (Perhapsmore precisely Ry is the Thevenin resistanceof the
di erential amplifer circuit for the terminals A and B.) Find Ry; .

(c) We still assumestatic conditions. The re- A
sistance seenbetween ground and termi- C—<—B
nals A and B, tied together, is denoted
Rem and called the common-male input D —

resistane. (More precisely R¢y is the
Thevenin resistancefor the terminals C —
and D shawn at right, with A and B con-
nectedto the di erential amplier.) Find
Rem-

(d) We no longer assumestatic conditions. Supposethat A and B are connectedto
ground and v (0) = 2V. Find v (t).
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0:005 F

(e) Now assumethat the circuit is operating in }i A
sinusoidalsteady-stateand the terminals A
and B are connectedto the circuit shown v(t)

at right, where v(t) = 2cog10%). Find
the voltage vy (t). Expressyour answer in
the form vyu (t) = v, cog10% + ).

18. The RLRC circuit. In the seriesRLC circuit, current ow causespower to be dissi-
pated in the resistor as heat. In the parallel RLC circuit, voltage causespower to be
dissipated. In the RLRC circuit shavn below, power is dissipatedby both medanisms.

Rs 1.
. .
Vc _—C Rp L
(a) Find a dierential equation of the form
d’v, | dv,
+b—~-+c=0
dt2 at ~ %

that descrikesthis circuit.
(b) Find an expressionfor the rate of changeof the total stored energy i.e.,

d Li(t)? N CVC(t)Z! _

dt 2 2 ’

in terms of i (t) and v¢(t). Give one sertenceinterpreting your result.

19. Transition from overdamped to critically damped to undedamped.

Considerthree seriesRLC circuits with the sameinductanceand capacitanceL = 1H,
C = 1F, and the sameinitial conditions: 1V acrossthe capacitor and zero currert in
the circuit. The resistorsin the three circuits di er slightly: in the rst circuit we have
R = 1:99 ; in the secondcircuit we have R = 2 , and in the third circuit we have
R=201.

You know from lecture 12 that the formulas for the solution v(t) (the voltage across
the capacitor) of thesethree circuits are quite di erent: In the rst case,v(t) is an
exponertially decging sinusoid;in the secondjt is sumof an exponertial and a strange
term involving t times an exponertial; in the last case,v(t) is a sum of two decging
exponertials.

One studert says:
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20.

21.

The voltage responseis quite di erent in thesethree cases:in the rst case
the voltage crosseshe value zeroin nitely often; in the secondand third

casesjust onceor maybe twice. Sothe solutions of thesethree circuits are
indeedvery di erent, eventhough the three resistorvaluesare soclose. The
reasonis that the valueR = 2 isa\critical value" for this circuit, asseenin

the formulas for lecture 12. It's not surprising that the solution of a circuit

changesdrastically asthe resistancevariesnear a \critical value".

A secondstudert then responds:

Somethingis shy here. | don't seehow sud a miniscule changein the
resistorvalue can have sud a greate ect on the voltage acrossthe capacitor.
It just doesn't make physical senseto me.

Who is right? Discuss.

(At the very least, you shouldspend sometime thinking about this problem,and maybe
discusswhat you'd do to resolwe it. Feelfreeto give plots, examples,or mathematical

proofs that support your discussion.)

In the circuit below, vc(0) = O.

10k
A -
5V 01 F ——= vc(t) 5k
10k

Find an explicit expressionfor vc(t).

Dynamic madel of op-amp. The simplest model of a real op-amp s the ideal op-amp
model. The ideal op-ampmodel makeshand calculationsand circuit analysiseasy and
often givesgood predictions of what will happenin a circuit with a real op-amp. But
you already know that in somecasesthe ideal op-amp model makeswrong predictions
about real circuits cortaining op-amps. For example,the ideal op-amp model makes
no distinction betweenthe + and input terminals: accordingto the ideal op-amp
model you can swap them without a ecting the behavior of the circuit! In real circuits
cortaining op-amps,you can neverswap the + and input terminals (i.e., swapping
the + and terminals will always have a drastic e ect on the operation of the circuit).
As a speci ¢ examplewe consideredtwo inverting ampli er circuits labeled circuit A
and circuit B, which di er only in the + and input terminals beingswapped. Wetold
you then that circuit A works (with a real op-amp), i.e., resultsin vy (t) 10Vin (1),
but circuit B doesn't work with a real op-amp. In that problem you discovered that
a more complicated static model of a real op-amp (as a VCVS) still doesn't predict
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that circuit B won't work. In this problem we give a simple dynamic model of a real
op-amp, and onceagain analyzethe two circuits.

A reasonabledynamic model of a real op-amp is that the current owing into the +
and terminals are both zero,and

dVout
Vour+t T—— =
out dt
whereg is the gain of the op-ampand T is its time constart. Typical valuesareg = 10°
and T = 1sec Note that under static conditions (i.e., currents and voltagesconstart)
this model reducedto a VCVS with gain g.

Assumethat v, = 1 for all t, and that v, (0) = 0 in circuits A and B of problem 9.
(Note that sinceour op-ampmodel is givenby a di erential equation,we haveto specify
an initial condition for it!) Find vy (t) for ead circuit, as predicted by this dynamic
model. Usethe typical valuesfor g and T mertioned above. Doesthis dynamic model
of an op-amp predict that somethingis shy with circuit B?

Note: we say that circuit A is stablewhereascircuit B is unstable. We'll seealot more
about this in EE102.

22. A simple nonlinear dynamic circuit. In classwe studied seeral simple circuits con-
taining capacitors,inductors, and resistors. For thesesimple circuits we found analytic
(\closed-form") solutions for the voltagesand currents as a function of time. In this
problem you study a simple dynamic circuit with a nonlinear elemenjan exponertial
diode.

The diode in the circuit below is characterizedby the exponertial diode model with
ls = 10 *2A and v, = 26mV. We have v(0) = 1V.

0001 F —— V() A

(a) Give an intuitiv e, qualitative analysisof what happens. Try to avoid using any
equations, and especially di erential equations,in your discussion. | will begin
the discussionfor you: \Initially , the diodeis reverse-biasedsoa current of about
10 A ows out of the capacitor. This leakschargeaway from the capacitor, so
the voltage acrossit initially decreasest a rate of 10 2A=0:001 F = 10V=sec
... You nish.

Comparewhat happensin this circuit to what happensin an RC circuit.
(b) Find a dierential equationthat v obeys.

(c) Solw it. Comparethe solution to your qualitative analysisin part (a). Hint for
solvingit: rst separatevariablesto write the di erential equationin the form
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23.

g(v)dv = dt where g is someappropriate function. Integrate to get f (v(t))

f (v(0)) = t wheref is the integral of g, i.e., f°= g. Now solwe the resulting
equationfor v(t). Youmay nd it usefulto recall that for x > 0O the derivative of
log(l e *)isl1=(e* 1).

Remark: Congratulations, you've just solved one of about three nonlinear dynamic
circuits (in the whole world) that has an analytic solution. And it was not a pretty
sight. Recall that most nonlinear static circuits do not have analytic solutions; well,
even fewer nonlinear dynamic circuits have analytic solutions! In practice, nonlinear
dynamic circuits (sudch asthis one) are \solved" by computer, and newer analytically.
We'll seelater how this is done.

The spark coil circuit. In the lectureswe studied a charge/ re circuit which is based
on the capacitor'sability to store energyover a long period and then releasethe stored
energyin a short time interval. We noted that the output current could be very large
comparedto the charging current. For example,using a small battery that can put
out, say, 100mA, we can charge a capacitor and then, for a brief period, put out a
currert of many amperes!

In this problemwe explorea similar circuit, showvn below, that usesan inductor instead
of a capacitor to store and then releaseenergy

1

S~

The inductor current is zeroat t = 0. The switch (which is shavn open) is closedfrom
t = O until t = 10, at which point it opens(and stays open).

(@) Find v (t), the voltage acrossR,. Of courseyou will have two di erent expres-
sions,onefor 0 t 10,and onefort > 10. Are you surprisedby your answer?

(b) Find the peak (i.e., maximum) power supplied by the battery. When doesthis
occur?

(c) Find the peak power dissipatedin R, . When doesthis occur?
(d) Find the peakenergystoredin the inductor. When doesthis occur?

You may usereasonableappraximations in this problem, but state what they are as
you usethem.

Remark: this is (roughly) how a 12V car battery can generatea 20kV pulserequired
for the spark plugs. There is a practical lessonin this problem: generally you would
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feelsafepoking your ngers aroundin a circuit poweredby a 1:5V battery; but if there
are inductors in the circuit you could get a big surprise.

24. An amplier (modeled as the voltage sourceshown at left) drives a 2F capacitive
load. The plot at right shows the ampli er output voltage as a function of time t, for
0 t 10. Let p(t) denotethe power supplial by the ampli er.

2V —+

Vout (t) <f> ——2F {

|
\

t = 5sec t = 10sec

Vout (t)

2V

(@) Find the maxim um power supplied by the amplier over the time interval
shown, i.e.,
Pmax = max p(t):
0O t 10

(b) Find the average power suppliedby the ampli er over the time interval shawvn,

i.e.,
Z 19

1
Pag = 75, POt

25. De bril lators.

A de brillator is usedto deliver a strong shock acrossthe chest of a personin cardiac
arrestor brillation. The shock contracts all the heart muscle,whereupn the normal
beating can (hopefully) start again. The rst de brillators usedthe simple circuit
shown below.

R4, = 10k
th 0 S D

A,

Vs <f> C=20 F— § Rehest = 500

With the switch in the standby mode, indicated as'S', the 20 F capacitoris chargedup
by a power supply represeted by a Thevenin voltagevs and Thevenin resistanceRy, =
10k . When the switch is thrown to "D (for "de brillate’), the capacitor discharges
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acrossthe patient's chest, which we represen (pretty roughly) asa resistanceof 500 .
(The connectionsare made by two “paddles'pushedagainstthe sidesof the chest.)

On most de brillators you can selectthe "dose,'i.e., total energyof the shock, which
is usually between100Jand 400J

(@) Find vg sothat the doseis 100J You can assumethe capacitor is fully charged
whenthe switch is thrown to "D'. We'll usethis value of vg in parts 1b, 1c,and 1d.

(b) How long after the switch is thrown to "D’ doesit take for the de brillator to
deliver 90% of its total dose,i.e., 90J?

(c) What is the maximum power pnax dissipatedin the patient's chest during de b-
rillation?

(d) Our model of the chest as a resistanceof 500 is pretty crude. In fact the
resistancevariesconsiderably dependingon, e.g, skinthickness.Supposethat the
chestresistanceis 1000 instead of 500 . What is the total energyE dissipated
in the patient during de brillation?

26. An improve de bril lator. One problem with the de brillator descrited in problem 1
is that the maximum power pnax (Which you found in part 1c) is large enoughto some-
times causetissue damage. An electrical engineersuggestedhe modi ed de brillator
circuit shavn below. The inductor is meart to 'smath out' the current through the
chestduring de brillation, and yield a lower value of pnax for a given dose.

Rth = 10k S D L

W

Vs <f> C=20 F— § Rehest = 500

(a) Find the value of L that yields critical damping. We'll use this value of L in
parts 2b and 2c.

(b) Find vs sothat the doseis 100J You can assumethe capacitor is fully charged
when the switch is thrown to "'D'.

(c) Supposevs is equalto the value found in part 2b. What is the maximum power
Pmax dissipatedin the patient's chest during de brillation?

27. The current i through the inductor is zeroat t = 0. Find i(t) fort 0.
Remenber to shav us what you are doing.
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1A <> 1H C_“) v

28. Shutting down an electromagnet.

An electromagnetis modeled as an inductance of 1H in serieswith a resistanceof
1. The electromagnetis driven by a programmable power supply (voltage source)
which is limited to 5V. The circuit is shavn below, with the dashedbox showing the
electromagnet.

i(t)
>

v (1)

For t < 0, the electromagnetis in static steady-statewith i(t) = 2A. The goalis to
turn the electromagneto, i.e., reducei(t) to 0, asrapidly aspossibleafter t = 0. This
is done using a voltage supply waveform of the form

(
0 t<T
= o ¢ 7

where 5 5and T > 0 are constarts.

Find the valuesof and T that result in i(t) being reducedto zero as rapidly as
possibleafter t = 0.
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Exercises on Sinusoidal Steady States

1.

Circuit equations for a SSScircuit. Write down a set of equationsthat completely
descrikes the circuit belown, which is operating in sinusoidal steady-state. You must
label the nodes and branches, nd the reducednode incidence matrix A, and nd
complexmatrices M, N, and a complexvector s sud that the branch equationsare
givenby M1+ NV = s,

10mH sint

3cost 4 —_— 5mF

Use Matlab to solwe this set of (complex, linear) equations.

. Sinusoidalsteady-stateversion of problem16. Considerthe circuit givenin problem 16

of Problemson dynamic circuits, with vi,(t) = acog! t). You may assumethe circuit
is operating in sinusoidal steady-state.
(a) Find an explicit expressionfor vy (t) in termsof aand! .

(b) Find the value of ! for which the amplitude of the output voltage is half the
amplitude of the input voltage.

(c) If the circuit is drivenat ! = 1, what is the maximum op-amp output currert,
l.e., max jiou (t)j? (Still assumingsinusoidal steady-state.)

. Maximum power transfer at two frequencies.This problem concernsthe circuit below:

30mH

10
AR08 ——

165cos! t Zu

(a) Supposethat the voltage source has a frequency of 50Hz. What value of Z,
maximizesthe averagepower dissipatedin it?

(b) Supposethat the voltage source has a frequency of 60Hz. What value of Z,
maximizesthe averagepower dissipatedin it?
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(c) Canyou designa simplecircuit with inductors, capacitors,and resistors,that has
an impedanceequalto the value found in part (a) at 50Hzand the value found in
part (b) at 60Hz? (Note that sud a circuit hasthe nice property of dissipating
maximum averagepower whether the frequencyis 50Hz or 60Hz.)

4. The output voltage of a CD player is sinusoidal, with amplitude 10V and frequency
20kHz. The CD player drivesa power ampli er through a shieldedcable that hasa
capacitanceof 50pF/ft. The input resistanceof the power ampli er is 10k . The CD
player can producecurrents of 10mA without distorting. (Thesevaluesare realistic.)

What is the maximum cablelength the CD player can drive without distorting?

5. The circuit below is operating in sinusoidal steady-state. Find vy (t). Expressyour
answer in the form vy, (t) = acoq! t+ ):

Vin(t) = cog2t) 3 Vout (t)

6. Impedance of an expnential diode. When the voltageacrossa linear elemen sud asan
inductor, capacitor, or resistor is sinusoidal, we can descrike the elemen by V = ZI,
whereV and | are the phasorscorrespnding to the voltage and current, respectively,
and Z is a complex number (the impedance)which dependson the type of elemen
and the frequency of the sinusoidal voltage. This description can be consideredas
a sort of extension of Ohm's law to cover dynamic elemeis (in sinusoidal steady-
state). The nice part about this descriptionis that many of the formulas you know for
resistorsand resistancesremain true for impedances. For example, the formulas for
seriesconnections,parallel connections,and Y transformations are the sameas
for resistanceqexceptthat the numbers can be complex).

Now supposea sinusoidal voltage with phasorV appearsacrossan exponertial diode
with characteristic i(t) = 15(e"®™ 1). It is reasonableto guessthat the currernt
o wing through the diode can be characterizedby the relation | = I¢(e'“% 1). In
words, we just plug in the appropriate phasorswherethe voltage and current appeared
in the static case.Of course,V canbe complex,but we know what the exponertial of
a complexnumber is, sothe formula above doesmake sense.

Is this true? Discussbriey .
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i(t)

7. The voltage and current in the circuit at right are shovn

in the plot below.
Estimate the voltage phasorV correspndingto v(t), the

of the shadeddevice,and the fregency! (in radians per

+
current phasorl correspnding to i(t), the impedanceZ v(t) —)
E—

second).
Your answers needto be accurateto only 20%, so a
calculator is unnecessary

v(t) (volts) and i(t) (amps)

t (sec)

8. The circuit below is operating in sinusoidal steady-state.

‘01F 100H

cost) Ve(t) 1

(a) What is the averagepower supplied by the voltage source?
(b) What is the averageenergystoredin the inductor?
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(c) What is the maximum value of jv.(t)j? (Real capacitorshave a maximum voltage
rating which should not be exceeded.Usually, a capacitor with a higher voltage
rating is larger and costs more than a capacitor with the samecapacitancebut
lower voltage rating.)

9. Considerthe circuit below, which is in sinusoidal steady-state. Find

(a) the maximum value of the currert, mtaxji(t)j, and

(b) the averagepower dissipatedin the resistor, Pg.
(c) the averageenergystoredin the capacitor.

i(t)

/\/\/\/\/ .

1H 1

2cog2t) C_f) 1H ——O05F

10. An electrical elemen that is described by an impedanceat 100rad/secis subjected
to four experimerts. In the rst experimert, the elemen is connectedto a voltage
sourceand the steady-statecurrent through the elemen is determined. In the second
experiment, the elemen is connectedto a current sourceand the averagepower o wing
into the elemen is determined. In the third experiment, the elemen is connectedto a
current sourceand the steady-statevoltage acrossthe elemen, and averagepower dis-
sipatedin the elemern are determined. In the last experimert, the elemen is connected
to the voltage sourceand the steady-statecurrent is determined. The experimertal
data is shovn below:

Experimert v(t) i(t) Pavg
1 10sin(10Qt) 1:414coq100x 45) |
2 | 2sin(10Q) 10
3 cos(100 45) cos(100) 2.5
4 cos(100) 0:1sin(10Qt) + O:1cog10Qx) | |

Here,v(t) andi(t) denotethe steady-statevoltage acrossthe elemen and current o w-
ing through the elemen, respectively, with standard assiated referencedirections.
Pag denotesthe averagepower dissipatedin the elemert.

One (and only one) of these experimerts was not conducted properly; the data from
that experimert is not correct.

(@) Find the impedanceZ of the elemen at 100rad/sec.
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11.

12.

13.

(b) Identify the bad experimert.

In the circuit below,

(
_ o cost t<O
VS(t) - 0 t 0

(You may assumethat the circuit wasin sinusoidal steady-statefort 0.)

1
— W N
Vs(t) @ § 1 1 2F == V(1)

Find an explicit expressionfor v¢(t) for t > 0.

The circuit below is operating in sinusoidal steady-state. Find the amplitude a and
phase of the current sourcethat minimizes the average power dissipated in the

resistor.
0:5F 0:5H
cos(2) @ ? 1 @ acos(2 + )
Mutual inductance and transformers. We encourtered the ideal (static) transformerin

lecture 4, wherewe noted that real transformersnever operate under static conditions,
i.e., constan voltagesand currents. In this problemwe'll seea much better model of a
real transformer asa pair of coupledinductors. The circuit variablesfor a transformer
are labeled in the schematic diagram belonv. We will refer to the left-hand pair of
terminals (i.e., port) as winding 1 or the primary winding and the right-hand port
aswinding 2 or the secondarywinding. (The term winding comesfrom the way real
transformers are made, i.e., by winding wire around a core, which is often made of
iron. Of course,which winding you call primary and which secondaryis just a matter
of labeling.)

i1(t) i2(t)
+ +
vi(t) Vo(t)
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The model is gi di di di
I I I2 I1
ty=Li—+ M —=; t)y=Lo,——+ M —=:
vi(t) L4t at Vo(t) 24t dt
L, is called the inductance of winding 1, and similarly for L,. M is called the mutual
inductance between the two windings. Note that when M = 0 this model reduces

to aqoair of independent inductors. The turns ratio of the transformer is de ned as

n= L,=L,, and the coupling coe cient isde ned ask = M P L.L,. Simple physics
argumeris can be usedto establishthat L, and L, are positive, and jkj 1.

(a) Find the stored energyin the transformer at time t as a function of i,(t) and
i»(t). The stored energyshould satisfy the following equation: the integral of the
total power entering the transformer (through both ports) over an arbitrary time
interval is equalto the increasein stored energyover the time interval. Doesyour
formula agreewith the stored energyin two inductors whenM = 0?

(b) Supposethat the voltagesand currents are sinusoidal, with V ; denoting the pha-
sorcorrespndingto v;(t), and soon. Derive expressiongor the secondaryvoltage
and current phasors(i.e., V, and|,) in terms of the primary voltage and current
phasors(i.e., V1 and I;). Comparethese expressionsto the equationsfor the
ideal static transformer model, i.e., Vo, = nV 4, |, = %Il. What happens as
k! land! becomedarge?

(c) The circuit below is operating in sinusoidalsteady-state,with v(t) = 165cos! (120 t).
Find the voltage acrossthe resistor.

v(t) 1k

The transformer has a primary inductance of 5H, a turns ratio n = 2, and a
coupling coe cien t of 0:95.

(d) Repeat the analysisof part (c), but assumethe transformer is descriked by the
ideal static model with a turns ratio of 2. Compare your answer to what you
obtainedin part (c).

14. Circuit with DC and sinusoidalsources. You may assumethe circuit below is in steady-
state.
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cost C_f) 1A 2 § v(t)

(a) Find the voltage v(t).
(b) Find the averagepower dissipatedin the 2 resistor.

15. The circuit below is operating in sinusoidal steady-state.

2H 3H
200 200

2coq3t) —_—1F —_—2F 3

In this problem:

Ps(t) is the power supplial by the voltage sourceat time t.
P, (t) is the power dissipated by the resistor at time t.
E (t) is the total energystoredin the inductors and capacitorsat time t.

For any periodic function f (t) we will use AVG(f) and max(f ) to denote the time
average value of f (t) and the maximum value of f (t), respectively. For example,
max(P,) is the maximum power dissipatedin the resistorand AVG(P,) is the average
power dissipatedin the resistor.

Considerthe following statemerts:

(@) AVG(Ps) = AVG(P,).

(b) max(Ps) = max(P,).

(c) max(Ps) max(dE=dt).
(d) max(dE=dt) 2! AVG(E).
(e) max(Ps) = 2AVG(Ps).

(f) max(P;) = 2AVG(P,).

53



16.

17.

Decidewhether eath statemern is TRUE or FALSE.

Considerthe circuit below:

X Y

——— e

+
Viine (1) 10

The box at left is an electrical model of a power generationand distribution system.
You can assumethat it consistsof inductors, capacitors, resistors, transformers, and
seeral sinusoidal voltage sourceswith a frequency of 60Hz. You do not know the
model.

When the nodes X and Y are not connectedwe nd that vjn(t) = 165c0g120 t).
When the nodes X and Y are connectedby a wire (of zeroresistance)we nd that

You are allowed to put either a capacitor or an inductor betweenthe nodesX and Y
(with positive capacitanceor inductance, respectively). Your goalis to maximize the
averagepower dissipatedin the 10 load.

Specify the type of elemen (inductor or capacitor) and its value (in Henrys or Farads,
respectively). Note that you cannot changethe 10 load resistor.

Designingan optimal shunt capacitance.

The voltage sourcephasor V. = 180V and resistanceRj,e = 0:8 in the circuit
below are the Thevenin equivalent of a power generationand distribution systemthat
is operating at 60Hz The load impedanceis Z, = (10+ 3j). It is commonpractice
to compensatefor the load reactanceby adding a capacitor acrossthe load, called
a shunt capacitor, as shown in the circuit below. If the shunt capacitor is properly
designed,the averagepower deliveredto the load will be larger than if there were no
shunt capacitor.

RIine

W |

Vv line <t> Cshunt S Z|
|

(a) Find the averagepower P deliveredto the loadimpedancewith no shunt capacitor,
i.e., Cshunt = O.
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(b) The load impedanceZ, can be represeted as a parallel connectionof a resistor
R and an inductor L (at 60H2. Find R and L.

Note: we really do meanparallel, not series!

(c) Find the value of the shunt capacitorthat maximizesthe averagepower delivered
to the load impedance.

Hin t: it may be usefulto transform to a Norton equivalert and usethe result of
part b.

18. Resonane in an active circuit. The circuit below is operating in sinusoidal steady-

state at a frequency! rad/sec. You can assumethe op-ampsare given by the ideal
static op-amp model.

0:001 F
[ 0:001 F
| [
10k I

10k
WA YAV

. 1 LV e

(a) Find the ratio of the output voltage phasorV o to the input voltage phasorV i,
as a function of frequency This ratio is called the transfer function from the
input voltage to the output voltage.

(b) Find the frequency! ( for which the magnitude of the transfer function is largest.

(c) Find the two frequengjesO < !'; < !, for which the magnitude of the transfer
function is a factor of = 2=2 times the magnitude at the frequency! o.

Hin t: if you're clever you can usesomeformulas from the notes.

R
19. The plot below showns the magnitude of the impedance
Z of a seriesconnectionof a resistanceR, an inductance
L, and a capacitanceC, as shown at right. Estimate R, Z! C L
L, and C. Note that frequencyand impedanceare given 4|
on a logarithmic scale.
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10 , TR TR

jZj (in ")

10 :
10° - 10 10°
I' (in rad/sec)

20. Six-phasepower. Somesystemsoperate on six power lines which are separatedby 60
phaseshifts:

Vo(t) = 170c0q120 t)

vi(t) = 170cog120 t+ 60)
Vo(t) = 170cog120 t+ 120)
v3(t) = 170coq120 t + 180)
V4(t) = 170c0g120 t+ 240)
v5(t) = 170cog120 t+ 300)

Find the amplitude and phaseof the voltagefrom ead legto leg0,i.e., vy Vo;:::;Vs
Vp.

Enter your answersin the table below. Expressthe phasesin degrees.
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21.

22.

23.

24,

voltage| amplitude| phase
Vi Vo
Vo V)
V3 Vp
Vg Vp
Vs Vo

The circuit below is operating in sinusoidal steady-state.

1H
700

25sin(2t) C_f) ——1F O5F—— 1 § Vout (1)

Find vy (t), expressedn the form vy, (t) = acog! t+ ), with in radians.

Seriesand parallel resistan@/r eactane representations.

Consideran impedanceZ = R+ j X. We can represen it asa resistancer in series
with a reactancej X. We can also represen it as a resistanceR in parallel with a
reactancej X'.

ExpressR and X in terms of R and X . Try to simplify your expressionsas much as
possible.

The function z(t) is sinusoidal with frequency?2 rad=se¢ and satis es the di erential
equation ,

dz dz . _

W+ a+ 2z + sin(2t) = O:
Find the amplitude of z, i.e., max; jz(t)].

In this problem we considera generatorthat drivesa load through a two-wire cable.
The generatoris modeled as a sinusoidal voltage source,vgen(t) = cost. The cableis
modeledasa resistanceof 0:5 in ead wire, and the load is modeledas a resistanceof
1 s serieswith aninductanceof 2H. The circuit, which is in sinusoidal steady-state,
is shavn below.
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Vgen(t) = cost

(@) Find the maximum current in the cable,i.e., max ji.(t)].
(b) Find the maximum current in the load, i.e., max; ji;(t)j.
(c) Find the averagepower pgen suppliel by the generator.

(d) Find the averagepower p, dissipated in the load (i.e., the load inductor and the
load resistor).

(e) What fraction of the time doesthe generatorabsorbenergy(i.e., dissipatepositive
power)? Expressyour answer as a percerage.

25. This problem cortinuesfrom the previousone. It is very commonin practice to add a
shunt capacitanceacrossthe load, as shovn below.

Vgen(t) = cost

(a) Find the value of C that resultsin the cable current i beingin phasewith the
generatorvoltage vgen(t). We will usethis value of C in the rest of this problem.

(b) Find the maximum currert in the cable,i.e., max jic(t)j.
(c) Find the maximum currert in the load, i.e., maxji(t)j.
(d) Find the averagepower pye, supplied by the generator.

(e) Find the averagepower p, dissimted in the load (i.e., the load inductor and the
load resistor).
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Exercises on Fourier Series

1. What is the fundamenal period and fundameral frequencyof the function f (t) =
j cos2 tj? Find its Fourier series.Expressthe answer in both sine/cosineand complex
exponertial form. This function is sometimescalled a full-waverecti e d sinusoid.

2. SCR and TRIA C dimmers. Dimmers for incandescan lights, power cortrollers for
heaters,and speedcortrollers for somemotors are all basedon circuits that usedevices
called SCRsor TRIA Cs. Thesecircuits work by varying the RMS value of the load
voltage, which in turn variesthe averagepower supplied.

TRIA Cs(which aremadefrom SCRsjsilicon cortrolled recti ers) are morecommonin
residertial light dimmersand speedcortrollers, sowe'll describe them. The schematic
symbol for a TRIA C is shavn below.

A

trigger
B

A simple model of a TRIA C is a switch that canbe controlled electronically by a third
terminal calledthe trigger input. Whenthe TRIA Cis\on" or\conducting" it behases
like a wire (closedswitch) connectedbetweenthe terminals A and B; whenit is\o "
or\open" it behareslike an open circuit betweenterminals A and B. If an appropriate
voltage is applied betweenthe trigger terminal and terminal B, the TRIA C will turn
on, and remain on until the magnitude of the current owing from A to B becomes
zero (even if the trigger voltage is removed). Thus a TRIA C can be turned on or
\triggered" by applying a pulseto the trigger terminal; it turns o (\extinguishes")
whene\er the current owing from A to B is zero. It's essetially a switch that canbe
turned on at any time, but only goeso by itself, whenthe current through it becomes
zero.

The circuit belov shavs a basic TRIAC dimmer circuit. The trigger circuit pro-

vides a pulse of voltage su cient to trigger the TRIA C on ead half-cycle, wheneer

cos(120t ) passeghrough zero. is calledthe ring angle,and can be adjusted

betweenzeroand 180 . Note that the TRIA C turns o whenewer 165c09120 t) passes
through zero,so =120 givesthe delay betweenthe TRIA C turning o (becausethe

load current becomeszero) and the TRIA C turning on again (becauseof the trigger

pulse). You canched that whenthe ring angleis very small and positive, the TRIAC

is on most of the time; whenthe ring angleis a little lessthan 180, the TRIAC is

o most of the time, and whenthe ring angleis 90, the TRIA C is on half the time

(for the secondhalf of eat half-cycle).
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L trigger

circuit +
165c0g120 t) <f>
R wi(t)

(a) Sketch the waveform of the load voltage v, for seweral di erent ring angles.(You
can useMatlab if you like.)

(b) Find the RMS value of v; as a function of the ring angle . Give a sketch of
RMS(v)) versus . (You canuseMatlab if you like.)

(c) Find the averagepower dissipatedin the TRIA C asa function of the ring angle
and load resistance(you can neglectthe power of the trigger pulses). Commert
brie y on the practical implications. (This partially explainswhy a dimmer that
can handle many hundreds of watts of lighting load can t inside a light switch
box without causinga re.)

(d) Find the Fourier seriesof v; for the ring angle = 90.

. The circuit below is operating in periodic steady-state. The voltage sourceis vs(t) =
sint + 2cos3t and the current sourceis is(t) = cost sin2t.

(a) Find the Fourier series(coe cien ts) of the voltagev.

(b) Find the averagepower o w from subcircuit A to subcircuit B at DC, the funda-
menal (wp = 1) and all higher harmonics.

(c) Find the total averagepower ow from subcircuit A to subcircuit B.
(d) Find the averageenergystoredin the inductor.

(e) Could you nd the maximum power o w from subcircuit A to subcircuit B? You
don't needto nd the speci c number, but explain how you would do it.
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4. The voltage acrossan exponertial diode is v(t) = 0:65+ 0:001cog2000 t). Estimate
the DC, fundamertal, and secondharmonic of the currert i. (Pleaseexplain your
estimate; zerois not an acceptableanswer.) You may usethe parametersVy = 26mV,
lo = 10 A for the diode.

5. Three-phaserecti e d power. The circuit below is often usedto connectthree-phase
AC power to a load that can only handle voltagesof one polarity. It is usedin X-ray
madinesand many electrachemicalindustrial processes.

Vin60
phaseA
+

E

V6120
phaseB
+

;

V6 120 n
phaseC
+ R § vi(t)

;

neutral

The line-to-line voltage is 208V RMS, soV,, = 2080I 2=3 = 170V. The line frequency
is 60Hz You can assumethe diodesare ideal. (By the way, when diodesare usedin
high power circuits sud asthis one, they are more commonly called recti ers. )

(a) Sketch the waveform of v;.

(b) What is the fundamertal frequencyof v,?

(c) Find the averagevalue and the RMS value of v;.

(d) The ripple of the voltage v, is de ned asv, minus its averagevalue. What is the
RMS value of the ripple of v;? Find the percent ripple, which is de ned as the
ratio of the RMS ripple to the RMS value of v;.

(e) What fraction of the total averageload power is cortained in the DC and funda-
mental componerts?

by; by;:::, and complexFourier coe cients cy; Cp;:::

(&) What is the Fourier seriesof the derivative of f? (You may assumethat the
derivative exists and has a Fourier series.) Give your answer in terms of both of
the sineand cosineFourier coe cien ts and alsothe complex Fourier coe cien ts.
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(b) Let g be the integral of f, i.e., g(t) = ,f( )d . Under what conditions on f
is the function g periodic? (i.e., always? newer?) When g is periodic, give its
Fourier series.

7. Considerthe circuit shovn belon. The voltage sourceis a savtooth waveform with
fundamenal frequency! , = 1lrad=secand maximum amplitude 1V. Find the ampli-
tude and phaseof the current sourcethat minimizesthe averagepower dissipatedin
the resistor. How much smalleris this minimum averagepower than the averagepower

dissipatedin the resistorwhenthe current sourceis turned o ? Explain what you are
doing.

Vs(t) <J_r> 1 1H <> Imcos(3+ )

+
1 ? Vout (t)

A
—T T

1F
| |
N

What is the averagevalue of v, ? Find the
fundamertal componert of vy, expressed
in the form V,, coq! ot + ).

8. The circuit at right is in periodic steady-
state. The voltage v(t) is plotted below. Vs (t)
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12 T T T T

101

Vs(t) (volts)

t (sec)

9. The circuit at right is in periodic steady-
state. vs(t)
Estimate the RMS values of vg and vg;.
An accuracyof 20%is su cien t.

1 Vout (1)

vs(t) (volts)

-4 | | | |

-0.5 0 05 1 15
t (sec)

10. Extracting maximum power from a periodic geneator. The power generator shovn
below can be modeled as a circuit that contains a periodic voltage source,inductors,
capacitors,and resistors. You do not know the circuit or any of the componert values.
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11.

Generator Voc(t)

You measurethe (periodic) voltage waveform vy(t), the open-circuit voltage that ap-
pearsat the generatoroutput with no load connected.You alsomeasurethe (periodic)
voltage waveform vi4(t), the \loaded" voltage that appearsat the generator output
with a 10 load connected. Roughly speaking, the loaded voltage waveform is a bit
smaller than the open-circuit voltage and has a bit of a di erent shape. You can as-
sumethat both waveformsare pretty well described by a partial Fourier serieswith
v e harmonics.

You are asked to designa seriescompensatingnetwork that resultsin maximizing the
total average power dissipatedin the 10 load resistor in the circuit shovn below.
Your compensatingnetwork can cortain inductors, capacitors,and resistors.

Compensation
Network

Generator 10

Carefully explain how you would solve this problem. Describe the major stepsand
reasoninginvolved. (Obviously you can't actually solvethe problem,i.e., nd aspecic
compensationnetwork, sincewe haven't given you the speci ¢ open-circuit and loaded
voltage waveforms.) Pleaseaddressthe following topics in your discussion: Do you
have enoughinformation to designsud a network? If not, what additional information
would you like to have? One simple compensation network is just a wire; hopefully
your network resultsin more averagepower being dissipatedin the 10 resistor. How
much more?

Note: This problemis a bit vaguebut very important. It requiresconbining seral
things you know from 101 and 102 along with somecareful thinking.

The circuit below is operating in periodic steady-state. The voltage sourceis vg(t) =
1+ cost.
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1H

Vs(t) C_f) 1IF—— 1 § Vout

() Find voy (t). Expressany sinusoidaltermsin your answer in the form V,, cog! t+
).

(b) Find E, the averageenergystoredin the inductor.

(c) Find the percent RMS ripple of vy, de ned as

RMS(Vour AVG(Vour)) .
RMS(Vout) .

12. The circuit below is operating in periodic steady-state. The voltage sourceis a savtooth
with period 2 and amplitude 1, i.e., vs(t) = t=(2 ) for 0 t < 2 . Sketch vou(t).
Your sketch doesnot have to be perfect, but the important featuresof v, should be
clear (e.g, approximate maximum and minimum values,approximate shape).

20

VWA

1F +

vs(t) <f> 20 § Vout

% ripple = 100

: . 1 X 1
You may needthe Fourier seriesof vs: vs(t) = 5 « sinkt.
k=1

13. The circuit below is operating in periodic steady-state. The voltage sourceis a square-
wave of frequencylHz betweenvaluesO and 1, i.e.,

1 k t k+1=2, k=0; 1, 2:::

0 k+1=2<t<k+1 k=0 1, 2:::
1 1

VW AW

Vin (1) C_r) 1IF—— 1IF == Vou(t)

Vin (t) =
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Find the Fourier seriesof vi, and vg.
Give a simple, approximate description of vg.

14. Numerical exgeriments with Fourier Series.

You'll needto useMatlab for the following problem. Matlab is installed on the work-
stations in Sweet Hall, aswell asthe Macintoshesin most public clusterson campus.
A studert versionof Matlab is available at the Stanford Bookstore for about the cost
of a textbook. For information on how to use Matlab, you can consult the Matlab
primer available from http://www-leland.stanford.edu/class/eel01/primer.ps

For this particular problem you'll needthree les: ekg.m fourier _coeff.m, and
fourier _.sum.m They are available at /afs/ir/usr/class/ee102/hw2/ from your
leland accourt (or any macdine with afs); you can copy them from there to your
working directory.

The rst le isaMatlab m-le, andthe latter two are Matlab functions (that we wrote
for you). A Matlab m-le is a sequenceof Matlab commandsin an ascii le (e.g,
createdusing a text editor) with a namethat endsin \.m" You can executean m- le
from within matlab by typing its name (without the \.m" extension)at the command
prompt. ' Matlab then executesthe commandswithin the m-le exactly asif they
were typed individually in the commandwindow. For instance,you cantype ekg to
run ekg.m

In this problemyouwill alsoneedthe two functionsfourier _coeff.m andfourier _sum.
which we wrote for you, and encourageyou to examine. You can invoke them ex-
actly like you would use built-in functions like sin or abs. You can even type help
fourier _coeff to seethe rst few lines of fourier_.coe .m, which explainsthe details
of how the function operates.

Matlab manipulates matrices and vectors: it cannot directly handle periodic signals.
In Matlab we can appraximately represem a periodic signal by giving a large vector
which is a \sampled version" of the periodic signal. To represen a periodic signal
f<(t), which hasperiod T, we usea Matlab vector f whosecoe cien ts are the values
of f. at equally spacedtime intervals:

f(k)=fc((k 21)T=N); k=1;:::;N;
whereN is the length of f, i.e., the number of time samples. For the problemswe!'ll
encourter in this class,we cantake N to be between100and 1000.

The time t in the periodic signal f .(t) that correspndsto the index k in the Matlab
vector f(k) isgivenby t= (k 1)T=N. As k rangesfrom 1to N, t rangesfrom 0O to
(N 1)T=N. We can make up a Matlab vector that givesthe sampletimes by

LActually, when a name is typed into Matlab, Matlab rst cheds to seeif it is a de ned variable in
memory, then cheds if it is a built-in function, then looksin the working directory (the directory whereyou
started Matlab) for an m-le of the samename, and nally looks in the Matlab path for an m-le of the
samename.
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t=0:T/N:T*(N-1)/N;  %vector of times of length N

Thento plot onecycleof the periodic function f ., you could usethe following command:
plot(t,f);

(If youtypejust plot(f) , you'll getthe wrong X-axis scale| it will usethe indexk.)

When working with periodic signalsin Matlab, we often have to ewvaluate integrals (in
RMS calculations, Fourier coe cien ts calculations, etc.). This is handled by simply
appraximating the integral asa sum: we usethe approximation

Z+ T W
fe()dt —  fo((k 21)T=N)
0 N o

which is accurateprovided N is big enoughthat f. doesn't changetoo much between
time samples. (If you examineour function fourier _coeff , you'll seethat we used
sud an approximation.)

Finally, we get to the problems:

(a) Generatea savtooth waveform in a Matlab vector called sawtooth with period
2secand amplitude 4. Your savtooth shouldbe storedin a row vector cortaining
one period of the waveform, as descriked above. Usea su cien tly large number
of samples,perhapsN = 200. Plot oneor two cyclesof your waveform.

(b) Usefourier _coeff to (approximately) computethe rst 30 Fourier coe cien ts
of your sawtooth signal. Chedk the computed coe cien ts againstthe coe cien ts
found analytically in the notes,and brie y explain any discrepancy

(c) Usefourier _sumto reconstructa waveformfrom the rst 30 Fourier coe cien ts.
Plot two cycles. Doesyour plot resenile your original savtooth waveform?

(d) Repeat steps2-3, this time using only 10 coe cien ts.

(e) For fun, changethe term % sin(3! t) into % cos(3 t), reconstruct,and plot. Does
the plot changealot or little?

(f) Now let's considera real periodic signal: Jon Carter's EKG. The m-le ekg.m
de nes a vector ekg and alsot which is a sampledversionof Jon's EKG and the
correspnding times, over one heartbeat period, which is one second. Plot two
cycles.

(g) Find the RMS value of Jon's EKG. You will have to approximate the integral as
asum.

(h) Find the rst 30 fourier coe cien ts of Jon's EKG.

() Plot the spectrum, up to the 30th coe cient. What fraction of the total energy
in Jon's EKG is contained in the rst 10terms? The rst 307
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() Reconstructthe partial Fourier seriesof Jon's EKG using 10 terms and also 30
terms. Plot theseand compareto the original EKG. For eat case, nd the RMS
value of the error function (as de ned in the classnotes), and expressit as a
fraction of the total RMS value. Is it consistem with your calculationsfrom the

spectrum?

15. Considerthe periodic function f with period T = 1, two cyclesof which are showvn
below. This function is sometimescalled a \25% duty cycle squarevave” sinceit is
\on" (i.e., assumests high value) 25% of the time.

10

Find its averagevalue ay, its fundamertal frequencycoe cients a; and by, and its
root-mean-squarevalue RMS(f ).

16. Supposef is periodic and satis es
f % 2f O+ f = qt);
whereq is a (periodic) ‘rewersetriangle wave' with frequency5Hz, i.e.,

qt)=1 5 for 0 t< 02

What is the averagevalue of f ?
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17. Output voltagewaveformas load resistane varies.
The generatorshavn at right can be mod-

eledasa circuit cortaining a DC (constart)
voltage source,a sinusoidal current source,
and seeral resistors, capacitors, and in-
ductors. You do not know the circuit.
Throughout this problem we assumepe-

Generator

riodic steady-state.

Ry

+
vi(t)

The two plots belowv shaw the load voltage waveform v, (t) for two di erent valuesof

load resistance,R, = 200 and R, = 100 .

Load voltage with R,

200

8 T T T T T

v (t)

t
Load voltage with R = 100

8 T T T T T

v (t)

(a) From the data given, canyou determinethe voltagewaveformfor aload resistance

R. = 50 ? If you can, do so. If not give \can't determine" asyour answer.

(b) Supposethe frequencyof the sinusoidal sourcein the generatorexactly doubles,
and the load resistanceis R, = 100 . From the data given above, can you
determine the load voltage waveform? If you can, do so. If not give \can't

determine" asyou answer.

18. Someproblemsinvolving RMS value of periodic signals.

(a) Supposef is a periodic function with period 2 . We know that RMS(f ) = 2, and
RMS(f + 1) = 1. (f + 1 denotesthe periodic function g givenby g(t) = f (t) + 1.)
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(b)

What is AVG(f )? Either nd (the speci c number) AVG(f) or state ‘cannotbe
determined'if it cannot be determinedfrom the information given.

Consider two functions p and g, with period 1, and RMS(p) = RMS(g) = 2.
Thesetwo functions are never “on' at the sametime, i.e., wheneer p(t) 6 0, we
have q(t) = 0.

Can you determine RMS(p  29) from the information given? Either give (the
speci ¢ number) RMS(p  2q), or state "‘cannot be determined' if it cannot be
determinedfrom the information given. (p 2qis the periodic function r de ned

by r(t) = p(t)  2q(t).)
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Exercises on Bode Plots
1. Draw a rough sketch of the Bode magnitude and phaseplot of the transfer function

2 Ols+ 4
s+ 0:1s+ 1

H(s) =

Use a magnitude range of 40dB to +40dB, and a phaserangeof 360 to +360 .
Don't worry about correctionson the order of a few dB or a few tens of degrees.

Label the key featuresof your plot. Ched your plot at a few obvious frequencies.

2. An amplier with a transfer function H has a DC gain H(0) = 10 polesat s =
100radssecand s = 1C°rad=sec,and a zeroat s = +10%rad=sec (Note the signsof
the polesand zeros!)

Sketch the Bode magnitude and phaseplots of H. Draw both a straight-line appraxi-
mation and a \smooth"curve.

3. This problem concernsthe circuit shovn below. You can assumethat the op-ampsis
ideal.

2k 2k

—A\MW >_.._ Vour (1)
Vin (1) —— 001 F g2

(&) Find the transfer function H from vi, t0 Voy.
(b) Plot the polesand zerosin the complexplane. Verify that this circuit is stable.

(c) Sketch the Bode plot of H. Label important features of the plots. Would you
descrike this systemas low-pass,band-pass,high-pass,or none of these?

(d) Assumethe capacitorsare initially uncharged. Supposethat fort 0, v, is a
sinusoid with amplitude 1V, frequency3kHz, and phase0 . You know that Vg
will approad the sinusoidal steady-stateresponseast ! 1 . But how long will
it take? Find atime T sudh that fort T the actual and steady-stateresponses
are within about 1% of the amplitude of the steady-stateresponse. Your number
T doesnot have to be the smallestpossiblesud T, just within a factor of two or
three.
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(e) Can you nd appropriate initial capacitor voltages sud that the systemis in
sinusoidal steady-stateimmediately, i.e., from t = 0 on?

4. A delay system. Considera systemwith input u and output y described by y(t) = 0
forO0 t<landy(t)=u(t 1)fort 1. Thusthe output isthe sameasthe input
but delayed one second.Find the transfer function H of this system. What is its DC
gain? Sketch the Bode plot of H. Can you sketch its polesand zerosin the complex
plane?

5. A systemwith undershat.

In this problem we considera systemdescriked by the transfer function
1 s )
1+ s)(1+ 29’

H(s) =
with input u and output vy.

(a) Sketch the Bode plot of H. Be careful with the phaseplot. Doesthe magnitude
plot look like the magnitude plot of a simpler transfer function? Can you explain
this?

(b) Sketch the step response. Make surethe nal value and the slopeat t = 0+ are
correct. The interesting e ect you seefor smallt is called undershot.

(c) Supposethat at t = 200the input switched from the value3to 1,i.e., u(t) =3
until t = 200;after that u(t) = 1. Sketch y(t) for t near200,say, seweral seconds
beforeto se\eral secondsafter. Systemswith undershat are sometimesdesciked
this way: \when you changethe input rapidly from oneconstart valueto another,
the output rst movesin the wrong direction". Doesthis make sense?

(d) Canyou nd usudithat y(t) = 1 e ¥2? Any commerns about the u you found?
Can you trace the interesting feature of u to somepatrticular property of H, e.g,
its DC gain, pole locations, etc.?

6. The impulse response of a system descrited by a transfer function H is measured
experimentally, and plotted below:

Measuredimpulse response
120 T T T T T T T T T

| | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

t (msegQ
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(a) Estimate H(0), i.e., the DC gain of this system.

(b) Estimate H(j!) for! = 2 500Hz! =2 b5kHz,! = 2 10kHz and! =
2 1MHz. Explain your appraximations. An answer of the form \small" is OK
provided you give somerough maximum asin \H (j ! ) is small, probably lessthan
10 4 or so".

(c) Sketch the step responseof this system.

(d) The (10%-90%jise-time of a systemis de ned asthe time elapsedbetweenthe
rst time the step responsereates 10% of its nal value and the last time the
step responseequals90% of its nal value. Estimate the (10%-90%)rise-time of
this system.

7. Using Matlab for impulse, step, and Bode plots.

In Matlab, it's very easyto plot the impulse response, step response, or frequency
responseof a transfer function H(s) = b(s)=a(s) when b and a are polynomials. We
will the two Matlab code examplesbelow for illustration:

num=1[ 0.3, 1] num2= 3 * poly( [ -3, +1] )
den=1] 1, 0.3, 1] den2 = poly( [ 1+3%,1-3%,-2 1)
impulse( num, den) bode( num2, den2 )

print print saveplot

step( num, den)

print

First, you have to know how to ernter polynomialsinto Matlab. Polynomials are rep-
resenied by a vector of their coe cien ts, stored in descendingorder of the exponert.
In other words, the polynomial

b(s) = bps™ + by 1s" T+ +bis+ by
is represeted by the row vector

[Bnbn s bibo]

in Matlab. Soin the above examples,num= [0.3,1] represems 0:3s+ 1, and den =
[1,0.3,1] represems s?>+ 0:3s+ 1.

You canalsocreatea polynomial from its roots usingthe poly command. To do so,you
simply supply poly with a vector of the roots, stored in any order. For example,the
line den = poly([1+3*},1-3%},-2]) above is equivalert to den = [1,0,6,20] (try
it and see!)Likewise,num= 3 * poly([-3,+1]) is equivalent to num= [3,6,-9]

It's quite easyto nd the roots of a polynomial in Matlab; just type roots( < poly>)
to get a vector that cortains the roots of the polynomial <poly>. In the rst example
above, typing roots(den) would produce
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ans = -0.1500 + 0.9887i -0.1500 - 0.9887i

Of course, for many polynomials you can nd the roots yourself. But Matlab can
computethe roots of a 20th order polynomial very quickly, and you can't.

Onceyou have constructedthe numerator and denominator polynomialsin the above
fashion, it is quite simpleto make someuseful plots with them. Above, we have used:

impulse(num,den) to generatean impulse responseplot,
step(num,den) to generatea step responseplot, and

bode(hum2,den2)to (you guessedt!) generatea Bode plot (both magnitude and
phase).

There is alsoan analogouscommandnyquist for making Nyquist plots.

To print the current plot, you canusually just type print . To choosea speci ¢ printer,
howeer, type print  -P<printername> instead. And to save a plot to the PostScript
le < lename>.ps to print later, type print < lename>.

If you want to explore Matlab a bit more, type demoat the prompt; for help on any
particular command,type help <command>.

Onceyou start using Matlab for these chores,you might resen the fact that we ask
you to know how to (approximately) sketch theseplots by hand. The important part
is that you understandthe plots, what they mean,and how they relate. (As far aswe
know, Matlab doesnot understandwhat the plots mean...)

Go aheadand run Matlab (on a UNIX workstation, typing matlab will do the trick).
Try out this examplesabove; but save a tree|don't print just yet! Onceyou get the
feel of it, move on to the problem:

(a) UseMatlab to plot the Bode plot of the transfer function of problems1 and 2, to
verify your sketches.

(b) Considerthe transfer function H(s) = (s+ 1)=(s®> + s+ 1). Find the polesand
zeros,and plot the impulseresponse,step response,and Bode plot using Matlab.

(c) Now considerthe transfer function

s+ 3
G(s) = H(s)S+ 31
Intuition suggeststhat G is not much dierent from H since we have added a
pole and a zero that almost cancelead other out. Before doing the next part,
guesshow the Bode plots of G and H will dier. Give a geometricexplanation.
Give the partial fraction expansionof H, and compareit to the partial fraction
expansionof G.

(d) Now useMatlab to plot the impulse response,step response,and Bode plot of G
using Matlab. Comparewith your prediction.
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8. Notch lter design. Find a transfer function H that has the Bode magnitude plot
showvn belown. Note that the vertical axis is givenin dB and the horizortal axis, which
is linear, is givenin Hz.

Expressyour answer as the ratio of two unfactored polynomials. Justify your choice
of polesand/or zeros.An accuracyof 10%for the coe cien ts is acceptable.

Oncethe designis complete,useMatlab to createa full (magnitude and phase)Bode
plot for the lIter.

15 T T T T T T T

JH(!)j (dB)

O | | | | | | |
800 850 900 950 1000 1050 1100 1150 1200
frequency(Hz)

9. The circuit below is a simple one-pole lowpass lter.

@

10k

R
W —
v\/\/\/ > Vout (t)
+

Vin (1) <t>

Find (positive) R and C sud that:

The (magnitude of the) DC gainis +12dB.

The magnitude of the transfer function at the frequency 1kHz is 3dB lessthan
the magnitude of the DC gain.
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You can assumethe op-ampis ideal. Give numerical valuesfor R and C. Sinceyou
can't usea calculator, an accuracyof 10%will su ce.

10. For parts (a){(e) you can assumethe circuit is initially relaxed, i.e., the capacitor
voltage and the inductor current are both zeroat t = 0.

(@)

(b)
(€)
(d)

(e)

()

0:1H 1F
| |
£ N

Vin (1) 1:1 Vout (1)

Find the transfer function H from v, to vqy. Pleaseched your answer carefully
since other parts of this problem may depend onit. Try to expressH in simple
form.

Find the poles,zeros,and DC gain of H.
Find the unit step responses(t) from vi, t0 Voy.

Sketch the Bode magnitude and phaseplot of H at the bottom of this page. Be
sureto clearly label the axesand key featuresof your plot.

Supposethat the input voltageis constrainedto have a peakvalue lessthan one,
l.e., jvin(t)] 1. How large cany(3) be? Briey give your reasoning.

Supposethat v, (t) is a periodic and the circuit isin periodic steady-state. (Weno
longer assumethat the capacitor voltage and inductor current are zeroat t = 0.)
Supposethat the RMS value of v, is lessthan one. How large canthe RMS value
of vout be? Briey give your reasoning.

11. The unit stepresponses(t) of a systemdescrited by a transfer function H, which has
three poles,is shavn in the two plots belon. The two plots have di erent ranges;the
secondplot allows you to seedetails for small t.
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t

(a) Estimate the poles. An accuracyof 20%is acceptable.

(b) At high frequenciesiH (j! )j becomessmall. From the data given, can you de-
termine the rate at which it decreasedor large frequency(e.g, 12 db/o ctave)?
Either give the rate (in dB/o ctave) or state \cannot determine" if the data given
is not su cien t to determinethe high-frequencyrollo rate.

12. An op-amp lter circuit.

This problem concernsthe lIter circuit shovn belonv. The voltagesvi, and vy are

with respectto ground, and the op-ampis ideal. The transfer function from v, to vy
will be denotedH.

2

C
I
|
R

3

WW—
Vin (t) I\/\/\/\/ - v (t)
JT;_ n out

(a) Find the DC gain, poles,and zerosof H. (Expressthemin terms of the componert
valuesR1, R,, R3, Cq, and C,.) If there are no zeros(or poles), give your answer
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as none'. Expressyour answersin a simple form, and ched them carefully, since
you may want to usethem in parts b and c.

(b) Supposethat R; = R, = Rz3=1 andC; = C, = 1F. Find the unit stepresponse
s(t) of the Iter. (Assumezeroinitial voltage acrossC; and C,.)

(c) A lIter synthesisproblem. For an audio application a Iter is required with the

magnitude Bode plot showvn below:
jHj

+20dB

10kHz

1 y ‘ ; 't (in Hz)
10Hz  100Hz 1kHz 100kHz

0dB

20dB

40dB

For this application, the phaseof H doesnot matter.

The resistorR3 is xed to be 10k . Find (numerical, explicit valuesfor) Ry, Ry,
C,, and C, sothat the magnitude Bode plot of H matches(at leastappraximately)
the required form showvn above. (Needlesgo say, you cannot use negative values
for Ri, Ry, Cyq, and Cz)
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Exercises on Laplace Transform
1. Find the Laplacetransform of the following functions.

(@) f(t) = 2(31+t t?)e .

> 00 t<1
b f)=, 11 t<2
12t

() f(t)=1 e ¥ whereT > 0.

2. The \raised cosinepulse” is a signal usedin applications sud asradar and comnuni-
cations. It is de ned by

1 cost O t 2
fm= 5 {> 2

and plotted below.

25 T T T

2F i

15F b

f(t)

1r i

0.5r i

o

Find F, the Laplacetransform of f .

3. Canyou nd the Laplacetransform of a function that is periodic fort 0, givenits
Fourier series?(The expressionyou write down should be explicit, if not easyto work
with or use...)

4. The plot below shows f (t). Its Laplacetransform, F, hasthree poles. Estimate the
speci ¢ numerical valuesof the poles. An accuracyof 30%is su cient.

Note: We arelooking for three speci ¢ complexnumbers, not just qualitativ e descrip-
tions of the pole locations! You do not have to estimate the residues.
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5. Solwe the following di erential equationsusing Laplace transforms. Verify that the
solution you nd satis es the initial conditions and the di erential equation.

(@) dv=dt= 2v+ 3,v(0)= 1.
(b) d?i=dt?+ 9i = 0,i(0) = 1, di=dt(0) = O.

6. Time sale property of Laplae transform. Let > Oanddene g by g(t) = f( t).

Pick someparticular waveform f , and plot it and the correspnding waveform g for

= 1=2. Repeatfor = 2. Returning to the generalcase, nd the Laplacetransform

of g in terms of the Laplacetransform of f . Ched your result by nding the Laplace
transform of cos! ot, using the Laplacetransform of cost derived in class.

7. Considerthe circuit showvn below.

1H

2+ 4cost C_f) 1IF—=—— 1 § Vout

(a) Supposethat the circuit is in periodic steady-state. Find voy (t).
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(b) Supposethat the inductor current and capacitor voltage at t = 0 are both zero.
Find vou (t). Doesvy,(t) corvergeto the periodic steady-statesolution you found
in part (a), ast! 1 ? What are the polesof the Laplacetransform of v ?

8. In the circuit shavn below, the op-ampis ideal and the initial capacitor voltage (i.e.,
att = 0) is zero.

VW AW

b 1 ~
Vin (t) 1F — Vour ()

1 1

(&) Find the transfer function H(s) from vi, t0 Voy.
(b) Now assumethat vi,(t) = e 2 fort 0. Find v (t).

9. Supposethat f satis es d*f =dt® = f, f (0) = 1, d =dt(0) = d?f =dt?(0) = 0. Find f (t).

10. Positivereal zelosand sign changesn f . Supposethat F(z) = 0for somereal, positive
z. You may assumethat z is sud that the de ning integral for the Laplacetransform
converges. Show that f must change sign, i.e., assumeboth negative and positive
valuesat various times. Another way to say this is, f cannot be nonnegatiwe for all
t Oornonpositiveforallt 0.

11. For ead of the following rational functions, nd the polesand zeros(giving multiplici-
ties of ead), the real factoredform, the partial fraction expansion,and inverselLaplace
transform. (In somecasesthe expressionmay already be in one of theseforms.)

(@) 1 N 1 N 1
s+1 s+2 s+ 3
2+ 1

(b) s s
s 2)(s 3)(s 4

@ & 26 A6 4

12. The circuit below is a small signal model of a typical transistor amplier. You can
assumezeroinitial voltage acrossthe capacitor.
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in(t) 1k 10pF
S
in(t)

Vin () <EE> 1K 50ip 10k %% Vout (t)

(a) Find the transfer function from vj, to Vo. (This is usually simply referedto as
the transfer function of the ampli er.) Find its polesand zeros.

(b) Find Zi,(s), the input impedanceof the ampli er, de ned asthe ratio of Vi, (s)
to lin(S). (Zin is the transfer function from i, to vi,.)

(c) Supposevj,(t) = 10mVfort O (i.e., the input is a 10mV stepat t = 0). Find
Vout (t). How long doesit take before vy, settlesto within 90% of its limiting
value?

13. The circuit below, called a Sallen-Key lter section,is widely used. You can assume
the op-ampis ideal, and both capacitorshave zeroinitial voltage. Note that there are
two free designparameters:the capacitanceC (which of coursemust be positive) and
the (gain) a, which is requiredto satisfya 1.

C
| |
I
10k 10k
() — WA >_._ e
¢ 10k g
MM ——

= (a 1)10k

(@) Find the transfer function from vj, to vo.
(b) Pick C and a to yield polesat ( 10* j10"rad=sec.

(c) Supposewe hook up two of the lters you designedn part (b) in cascadej.e., con-
nect vy, Of oneto v, of the other. Find the transfer function from the remaining
input to the remaining output.

(d) Continuing part (c), supposethat vi,(t) = 1V, i.e., a step of onevolt is applied
at t = 0to the (free) input. Find the output voltage.
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14. Stability analysisof a generl second order system. Considerthe transfer function

15.

H(s) = 2((3; b(s) = bis+ by, a(s) = as® + ays+ ao:

You can assumethat b and a have no commonroots and a, 6 0, sothe degreeof a
is two. What are the conditions on ag, a;, a, by, and by under which this systemis
stable? Try to expressyour answer in the simplestform. Hint 1: in your analysis
you'll have to considerthe casesa? 4apa, and a2 < 4apa, separately Hint 2: the
answver is very simple; it can expressedn one short serence.

Stability analysis of the Sallen-Key Iter. Considerthe Sallen-Key lter studied in
problem 13.

(a) Find the valuesof C and a that renderthe Iter stable. If all valuesof a and C

(b)

result in stability, say so. If not, nd the conditions that ensurestability. You
canassumethat C > Oanda 1.

The actual resistanceof a real (physical) resistorvariesa little bit from its stated

or nominal value. The maximum deviation is called the tolerance. Sometypical

tolerancesare 20%, 10%, 5%,and 1%. Componerts with small tolerances

are more expensiwe. For example,a (physical) 1k , 20%resistorcanhave areal

resistanceanywhere between800 and 1200 , but is lessexpensiwe than a 1k
1% resistor, which has a resistancebetween990 and 1010 .

Now supposeyou designa Sallen-Key Iter with polesat 100 10%. How
accurate(i.e., what tolerance)doesthe feedbak resistor (i.e., the onewith value
(a 1)10k ) haveto be ensurethat the real Iter remainsstable? Expressyour
answver as a percenage of its value. Any commens?

To simplify your analysis, you can assumethat all the other resistors(and the
capacitors) are perfect, i.e., have zerotolerance. It would be more di cult, but
more correct, to take into accourt the variations in all componert values;this is
what is donein practice.

How do you think this Iter would behave as the temperature varies between
10 C and +50 C? (The value 23 C is often usedas the nominal temperature,
I.e., the temperature at which a componert is supposedto have its nominal value.)
The temperature coe cient for a typical composition resistor is on the order of
0:15%= C. There are special (and more expensiwe) resistorsthat have a much
smaller temperature coe cien t.

16. What ise ! e #? (Thesesignalsare not de ned for t < 0.) Do this two ways: via
Laplace transforms and also via direct integration. Sketch the two signalsand their
convolution.

Repeatfore! (3 (t 1) 2 (t 3)).

17. The signalsf and g are plotted below. Plot f g.
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18. So,you thought problem 12 was safelybehind you ...

(a) Find the impulse responseof the ampli er in problem 12 (from vj, t0 Vo).

(b) Find the DC gain of the ampli er in problem 12 (from vi, t0 Vo). Verify that it
is consisten with the transfer function and the nal value of the responseto the
10mV step you found. Verify alsothat your DC gain is consisteh with a static
analysisof the ampli er circuit.

(c) Repeat parts (a) and (b) for the Sallen-Key lIter. (Just the single Iter, not the
cascadedversion.)

19. In the circuit shavn below you may assumethe op-ampis ideal, and the voltage across
ead of the capacitorsis zeroat t = 0.

2
| W > X
Vin (1) * Vout (1)
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(a) Find the transfer function H from vj, to voy. Try to expressH in simple form.
(b) Find the poles,zerosand DC gain of H.
(c) Supposethat vi,(t) = Lfort 0. Find vou (t).

20. The systemshawvn below is described by a transfer function G. The polesof G are at
s= lands= 4;G hasonly onezero,ats= 2. The DC gainof G is 1.

u(t) y(t)
G(s)

(a) Find the impulse responseg(t) of this system.
(b) Supposethat u(t) = e ? fort 0. Find y(t).

21. Consider the circuit shovn belov. You can assumethe capacitor voltage and the
inductor current are zeroatt = 0.

W , +
1H4L

0:25F

Vin (1) <f> %1 Vou (1)
I

Two plots are shavn below. The top plot shavs the unit step responsefrom vj, to
Vout, 1-€., Vout(t) with vi,(t) = 1. Note that it exhibits someringing, i.e., oscillation,
and settles (converges)in about 5secor so.

The bottom plot shaws the desired output voltage, which is vges(t) = 1 e 3. Note
that it exhibits no oscillation and settlesquite a bit faster than the stepresponse,i.e.,
in about 1sec
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22.

23.

unit step response

_Desiredoutput response

Finally, the problem: canyou nd an appropriate vi,(t) sud that we have Vot = Vges?
If thereis no sud vi,, give your answer as\imp ossible". Otherwise, give v;, that yields
Vout = Vdes:

An engineeris looking for a function v that satis es

d*v . N
i v =0 v(0) = 2 tIlllm v(t) = O

What canyou say about sudh a v? If you believe no sud v exists, give your answer as
\imp ossible". If you cangivev expicitly, do so. If you cangive a qualitativ e description
of what sud a v would look like, do so. Give the most speci ¢ answer you can.

The top plot below shavsthe stepresponseof a systemdescrilked by a transfer function.
Below that is a plot of an input u(t) that we apply to this system. Sketch the response

(output) y(t).
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24.

25.

26.

15

0.5

s(t)

05 I I I I I I I I
0 3.5 4 4.5 5

15

0.5

u(t)

_05 1 1 1 1 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
t (nseQ

In the circuit at right, vy, (0) = 0 and
vin(t)=1 e ?fort O. 1
Find the Laplacetransform Vi, (s) of v, (t). WW +

Find the output voltage, vou (t), for t

0. e
(Not just its Laplacetransform.) Vin(t) 1F == Vou(t)

Considerthe L-C lIter circuit shovn below.
1H
SRLA +
Vin (t) 1IF—— Voul(t)

Part 1. Find the transfer function H (s) from v, to Vo.
Part 2. Find the unit step responses(t) from vj, t0 Voy.
Supposethat the raisedcosinepulsein problem 2 is applied asthe input to the system

of question 6. Discusswhat the output will look like, as a function of the parameter
T.

For example, for T large enough,y will also have a shape closeto a raised cosine
pulse. Give more details, e.g, how large doesT have to be? What is the appraximate
maximum amplitude of the output? At what time doesthis maximum occur?
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27.

28.

What happensif T is very small? What doesthe output look like then? Roughly how
small doesT have to be for your analysisto hold?

When you can, give your discussionin both the time and frequencydomain.

The plot below shaws the unit step responses(t) of a systemdescribed by a transfer
function.

15 T T T T T T T T T

_05 | | | | | | | | |

Supposethe input u(t) = sin(2 t) fort 0 is applied to this system. Sketch the
resulting output at the bottom of this page. Make sureyou clearly label the axesand
key featuresof your plot.

Transfer function from rainfall to river height.

The height of a certain river dependson the past rainfall in the region. Speci cally,
let u(t) denotethe rainfall rate, in inches-ger-hour, in a regionat time t, and let y(t)
denotethe river height, in feet, above a reference(dry period) level, at time t. The
time t is measuredin hours; we'll only considert 0.

Analysis of past data shaws that the relation betweenrainfall and river height can be
accurately descriked by a transfer function:

10
(3s+ 1)(30s+ 1)

Y(s) = H(s)U(s); H(s) =

(Youdon't needto know any hydrology to do this problem, but you might be interested
in the physical basisof this two-pole transfer function. The fast pole is due to runo
from surfacewater and small tributaries, which corntribute a relatively small amourt
of water relatively quickly. The slowv pole is due to ow from larger tributaries and
deeper ground water, which cortribute more water into the river, over a much longer
time scale.)

A brief but intense downpur. (Parts a and b.) Supposethat after a long dry spell
(i.e., norain) it rains intensely at 12 inches-ger-hour, for 5 minutes. This causesthe
river height to rise for a while, and then later recede.
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(a) How long doesit take, after the beginning of the brief downpour, for the river to
read its maximum height? We'll denotethis delay astnax (in hours).

(b) What is the maximum height of the river? We'll denotethis maximum height as
Ymax (In feet).
Note: you can make a reasonableapproximation provided you say what you are
doing.
A ocontinual rain. (Parts c and d.) Supposethat after a long dry spell it starts
raining cortinuously at a rate of 1 inch-per-hour (and doesn't stop). This causes
the river height to rise.

(c) What is the ultimate height of the river, i.e., yyt = limyy,  y(t)?

(d) A ood occurswhen the river height y(t) reades8 feet. How long will it take,
after the onsetof the steadyrain, to readh o od condition? We'll denotethis time
ast,oq. If the river never reathes8 feet, give your answer as ‘newer'.

Note: you can make a reasonableapproximation provided you say what you are
doing.

29. Reducing the rise-time of a signal.

In a certain digital systema voltagesignalshouldideally switch from OV to 5V in nitely
fast, i.e., with zerorise-time. But due to the nite bandwidth of the electronicsthat
generateghe signal, it hasthe form

vin()=51 e®"  fort O

whereT = 1 sec.Thus, the signal hasa rise-time around a few sec.

An engineerclaimsthat the circuit shovn below canbe usedto reducethe rise-time of
the signal, provided the componert valuesR and C are chosencorrectly. Speci cally,
the engineerclaimsthat by choosingR and C correctly, we can have

10t=T

Vout(t) =a 1 e fort O

wherea is somenonzeroconstart. Thus, the rise-time of v, is a factor of 10 smaller
than the rise-time of vi,, i.e., a few hundred nsec.

C
| |
]

W~ :
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Here is the problem: determine whether the engineer'sclaim is true or false. If the
claimis true, nd specic, numerical valuesof R and C that validate the claim. If the
claim is false,brie y explain why the engineer'sideawill not work.

(You canassumehe circuit starts in the relaxedstate, i.e., no chargeon the capacitor.
And no, you cannot usenegative R or C.)

30. A simple two-way crossovercircuit.

A typical high- delit y speaker has separatedriversfor low and high frequencies.(The
driver is the physical devicethat vibrates to createthe soundyou hear. The old terms
for the low and high frequencydrivers are woofer and tweeter, respectively.)

The circuit shovn below, calleda speaker crossovemetwork is usedto divide the audio
signal coming from the ampli er into a low frequencypart for the low frequencydriver
(LFD) and a high frequencypart for the high frequencydriver (HFD). Sincethe audio
spectrum is divided into two parts, this is called a two-way system(three-way are also
common).

The ampli er is modeledasa voltage source(which is a very good model), and the low
and high frequencydriversare modeledas 8 resistancegwhich is not a good model
of real drivers, but we will useit for this problem).

@)
| |
| ]
—

Vamp(t) <i> Zspeaker = i

The crosseer network is designedso that the transfer function from the ampli er to
eat driver has magnitude 3dB at a frequency! . called the crossoverfrequencyof
the spealer.

(a) ChooseC and L sothat the crosseer frequencyis 2kHz. Do this carefully asyou
will needyour answersin part b.

(b) Usingthe valuesfoundin a, nd Zgyeaker(S), the impedanceof the two-way speaker
seenby the ampli er (asindicated in the schematic).
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Exercises on Fourier Transform

1. Find the Fourier transform of the following signals. In ead casesketch a plot of the
signaland its spectrum, i.e., the magnitude-squaredf its Fourier transform. For eah
signal give a rough idea of its \time-width" and \bandwidth".

(a) f(t) = te! U, Hint: try to uselLaplacetransforms...

(b) The signal (
£ (1) = sinl0t 0 t 1
-0 t>1ort< 0

which is called a tone-burst.
(c) f(t) = e %3Ucos2 t.
(d) A raisedcosinepulseof duration T, i.e.,

f(t) = ( 1+ cos(2t=T) jtj T=2
-0 jtj>T=2

2. Find the inverseFourier transform of el ' 1!,

3. Two signalsu and y are related by
VA 1
ut) = y)+ 2 e ut )d:
0

(a) Expressthis relation in the frequencydomain.

(b) What canyou say about the two quartities
z 1 VA 1
= u(t)? dt; = y(t)2 dt ?
1 1

For example,is one always lessthan the other, no matter what u is?

4. Considerthe function (

fm= ¢

t O
t>0
(a) Find its Fourier transform, f

(b) Let g denotethe function

Z
g(t) = Zi sz“(! yettdr;

which can be consideredan approximation of the Fourier inversion formula in
which we integrate only over the frequencyband 2 ! 2 instead of all
frequencies.
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Let g(t) = f(t) g(t), i.e., e is the error betweenf and the appraximation g.
Find the total energyof the error, i.e.,

Is the function g a fairly good approximation of f ? Why or why not?

5. Fourier coe cients of convolution of periodic signals.

Supposef and g are both periodic signalswith period T. We de ne the convolution

off andgas 7

.
hty=" (ot )d:
The function h is also periodic with period T.

Let ¢« denote the kth complex Fourier coe cient of f (wherek = 0; 1, 2;:::).
Similarly, let d¢x denotethe kth complexFourier coe cient of g, and let e, denotethe
kth complexFourier coe cient of h.

How do you think e is related to ¢, and d¢? First guessthe relation, and then verify
your answer.
6. Fourier coe cients of product of periodic signals.

Hereis yet anothertime/frequency domain relation we haven't encounered, but won't
surpriseyou. Supposef and g are both periodic signalswith period T. Let h denote
the product of f and g, i.e.,

h(t) = f (t)g(t);
which is also periodic with period T.

Find an expressionfor the Fourier coe cien ts of h in terms of the Fourier coe cien ts
of f and g (which we'll call ¢, and dx, respectively).

Hint: If x, and y,x are both sequencesf real or complexnumbers, then we de ne the
convolution of the two sequencesgenotedz = x vy, as

ps
Z = XiYk i
i=1

(which shouldn't surpriseyou; it looksjust like our de nition of corvolution of cortin-
uoussignals,with summation substituted for integration).
7. Analysis of synchionousdemalulation including channeltransfer function.

In the lecture notes we analyzedsyndironous demadulation assumingthe local oscil-
lator signal was exactly the sameasthe carrier signal, cos! .t. We also assumedthat
the channel was just a wire, i.e., the modulated signal was available directly to the
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demadulator. In this problem we (that is to say, you) analyze what happenswhen
theseassumptionsdon't hold.

As in the notes, x(t) will denotethe signal, which is bandlimited to W. The modulated
signal will be y(t) = x(t) cos! .t, where! . > W. The modulated signal then passes
through the channel, which hastransfer function H,,,. This signalis demadulated by

multiplication by cog! .t + ), then lowpass ltering through Hioupass. This is shavn
in the block diagram below.

X(t) y(t) z(t) u(t)
% H chan (S) % Iowpass(S f————=
cos! ct cof! t+ )

For this problem we will make two simplifying assumptions. You can assumethat
Howpass IS a perfect lowpass lter:

( o
ol = 5 00
(although a more realistic analysisincludesa non-ideal lowpass Iter ...). You may
alsoassumethat over the band of frequenciedetween! . W and! .+ W, the channel
transfer is appraximately constart, and equal to Hehannet(j! ¢) (Which is a complex
number!). This secondassumptionis often realistic, if W I ., and the channel
transfer function doesn't changetoo much with frequency

(a) Find anexpressiorfor Z(! ) andU(! ). Your answer will involvethe local oscillator
phaseangle and alsothe complexconstart Hannel(j ! o).

(b) Give an interpretation of what you found in (a). For example,how is u(t) related
to the input signal x(t), and what e ect doesthe phaseangle have?

(c) Find the "best' phaseangle for the demadulator. You will have to rst think
about, decide,and explain what “best' meanshere, and then solwe the problem.

(d) Considerthe casewherethe channelis awire, i.e., Hchannel(S) = 1. What happens
if the local oscillator is 90 out of phasewith the carrier,i.e., = 907?

8. Time and frequencywidths of a signal.

One speci ¢ de nition of the time-width of a signalf is the smallestnumber T sudt
that 90%of the total energyin the signalis cortained in the time interval [ T;T], i.e.,

y Z,
f(t)2dt= 090  f(t)?dt:
T 1
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In a similar way we cande ne the frequencywidth asthe smallestnumber W sud that
90% of the total energyin the signalis cortained in the frequencyinterval [ W; W],

ie., . .

W 1
1 if (1)j2dl = 0:901 if' (1)j2 dt;
2 w 2 1

wheref" denotesthe Fourier transform of f .
Using thesede nitions, nd the time width T and frequencywidth W for the signal

(ea‘t 0

fO= o t<o

wherea > 0 is a (constart) parameter. (Obviously, your answer will depend on a.)

Hin t: you may needthe following inde nite integral:

z

m dx = arctanx
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