
Exercises on Static Circuits

1. Modelling a compact disc player. The (left or right channel) output of a typical CD
player canbe modeledasa voltagesourcethat is able to producevoltagebetween� 5V
and +5V and currents between� 10mA and +10mA without distorting. The CD input
on a receiver can be modeledas a resistanceof R
 .

(a) For what valuesof R is the maximum output voltage of the CD player limited
by the � 5V voltage limit, and for what valuesof R is it limited by the � 10mA
current limit? (Typically, R exceeds10k
 .)

(b) For R = 10k
 , �nd the maximum power in Watts that can be transferred from
the CD player (say, from the Left channel output) into the receiver (via the Left
channel CD input).

Thesevaluesare typical of all consumerline-level audio electronics.

2. Connecting two diodes. Consider two diodescharacterizedby the exponential model
i = i 0(ev=vT � 1), with i 0 = 10� 14A and vT = 26mV.

(a) Supposewe form a two-terminal circuit element by connectingthe diodesin par-
allel but oppositely oriented, as shown below:

PSfrag replacementsv

i

Give the v { i relation for this element and sketch it, or plot it using Matlab.
What is the slope of this curve at v = i = 0? Can you think of any practical use
for this element?

(b) Supposewe form a two-terminal circuit element by connectingthe diodesin series
but oppositely oriented, as shown below:

PSfrag replacements
v

i

Give the v { i relation for this element and sketch it, or plot it using Matlab.
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3. A typical 10M
 1=8W resistoris 7mm long. As the voltageacrossit is increased,which
is likely to happen �rst:

(a) the 1=8W power rating is exceeded,or

(b) an arc forms from lead to lead?

4. Considerthe circuit below:

PSfrag replacements

1V

i in 1


2
 RL = 2


(a) Find i in .

(b) What fraction of the power deliveredby the voltagesourceis dissipatedin resistor
RL?

5. Deriving the v { i relation for a light bulb. Many circuit element models are derived
from physics, e.g., semiconductorphysics, E&M, etc. In this problem you use some
simple physicsto derive an electrical model of an ordinary light bulb.

An incandescent lamp works by heating up its �lament to a temperature at which the
net heat lost from the �lament equalsthe electrical power input pin = vi . The net heat
lost is a function of the �lament temperature T, say, f (T) (in units of Watts, with T
in degreesK). The function f increaseswith T and satis�es F (Tamb) = 0 whereTamb

is the ambient temperature (usually 300� K), i.e., at ambient temperature, no net heat
is lost from the �lament. The �lament temperature of a typical incandescent lamp
operating at its standard voltage is between2800� K and 3400� K.

A simple thermal model that includes only radiated heat is f (T) = � (T 4 � T4
amb)

where � > 0 is a constant that depends on the �lament (surface area, emissivity).
More complicatedthermal modelswould include terms for conductionand convection,
the e�ects of emissivity varying with temperature, and so on.

Electrically, the �lament is a resistor, i.e., v = Ri . Becauseof the extremevariation in
�lament temperature, however, we must take into account the variation in R with T.
it turns out that the �lament resistanceis accuratelymodeledby R = R0 + c(T � Tamb)
where R0 is the �lament resistanceat ambient temperature and c > 0 is a constant
called the resistance temperature coe�cient .

When you �rst turn on an incandescent lamp, its resistanceis R0 since its �lament
temperature starts at T = Tamb. This resistanceis lower than its steady-state or
equilibrium value (which it reachesin a fraction of a second,asthe �lament reachesits
operating temperature). Hencewhen you �rst turn on an incandescent lamp, a larger
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current 
o ws (for a short period) than you'd expect from the power rating of the lamp.
This is called the cold inrush current, and it is an important practical e�ect. The cold
inrush current is often a factor of eight or more times the steady-statecurrent.

From the relations given above we can derive the (steady-state) v { i relation for an
incandescent lamp. First verify that the relation is symmetric, i.e., if (v; i ) lies on the
curve, then so does(� v; � i ). So we will assumethat v and i are positive. Now show
that

i =

 
f (T)

R0 + c(T � Tamb)

! 1=2

; v = (f (T)(R0 + c(T � Tamb))) 1=2 :

These equationsparametrize the v{ i curve by the parameter T; by varying T from
Tamb to the maximum �lament temperature we can trace out the v{ i curve (by hand,
or using Matlab, etc.).

Now considera typical 125V/100W lamp that operatesat 3000� K (when v = 125V).
The cold inrush current is eight times the operating current. You canusethe simpli�ed
f described above.

(a) UseMatlab to plot the v{ i curve of this lamp. Verify that it hasthe generalshape
shown in the notes.

(b) What voltage results in a power that is one-half the rated power, i.e., 50W?
Comparethis with the voltage that yields half-power for a (linear) resistor that
dissipates100W at 125V.

(c) As we discussedin class,every model has limits of applicability. Brie
y decribe
someof the limits of applicability for the model of a 125V/100W lamp found
above. For example,do you think that the model predicts the current accurately
for v = 400V? Doesit accurately predict the current when the voltage is rapidly
varying? Roughly how accurately would you expect the model to predict i given
v, over the rangejvj � 125V? (i.e., 0.001%,1%, or 10%?) You can give educated
guessesas your answers.

6. Considerthe circuit below:

PSfrag replacements

2V � 1A20
 5


1


(a) Find the power pvs deliveredby the voltage source.

(b) Find the power pcs deliveredby the current source.
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7. Does current takesthe path of least resistance? The idea of the phrase\current takes
the path of least resistance" is essentially the approximation R1kR2 � minf R1; R2g,
i.e., the parallel connection of two resistors yields a resistanceabout equal to the
minimum of the two resistances.Of coursethis approximation is never exact. But how
far o� can it be?

(a) Show that whenever R1, R2 are positive we have

1
2

minf R1; R2g � R1kR2 � minf R1; R2g:

Thus, the approximation is never o� by more than 100%.

(b) Find an examplewherethe approximation yields a 100%error.

(c) Find the conditionsonR1 andR2 such that the approximation R1kR2 � minf R1; R2g
is accurateto 10%.

(d) Use Matlab to plot the relative error of the approximation as a function of the
resistanceratio R2=R1 (assumingboth are positive). The relative error is given
by

j minf R1; R2g � R1kR2j
jR1kR2j

:

8. Zener diodevoltageregulator. The circuit below showsa simplevoltageregulator based
on a zenerdiode with zenervoltage vz. In this circuit, the voltage acrossthe load, vL ,
is equal to vz over a rangeof input supply voltagevsupp and a rangeof load current i L .
Thus, the voltage vL has beenregulated against variations in supply voltage and load
current. The resistor Rser is called the seriesresistor.

PSfrag replacements
Rser

vsupp

i supp

vL

i L

In this problem you will explore the design of such a regulator. You are given a
maximum load current and a rangeof supply voltages,i.e., you know i max , vmin , and
vmax such that:

0 � i L � imax ; vmin � vsupp � vmax :

You may assumethat the zenerdiodeis describedby the idealzenerdiodecharacteristic
shown on page?? of the notes.

4



(a) First assumethe circuit is regulating, i.e., vL = vz. Find expressionsfor the power
dissipatedin the seriesresistance,the zenerdiode, and the load, in terms of Rser,
i L , vsupp, and vz. Given the voltagesourceand load current rangesabove, �nd the
maximum power that can be dissipatedin the zenerdiode. Repeat for the series
resistor.
Note: The answers to thesequestionsare used to properly size the diode and
the resistor. A component that can safelydissipatea large power (e.g., 1W) will
cost more and be larger than one that handlesa smaller power (say, 1/8W), so
it's desirableto �nd the smallestsafepower-rating for a component.

(b) Now we considerthe conditions under which vL = vz (which you assumedin part
(a)). Show that this happensprovided

vsupp � i LRser � vz:

What conditions on Rser guarantee that we will have vL = vz over the full range
of vsupp and i L given above?

(c) Design a zenerdiode voltage regulator that operates for load currents between
0 and 100mA at vL = 15V, for supply voltagesranging between 18V and 25V.
(By design,we mean: �nd Rser and say what power ratings the resistorand diode
must have.) Your designshould make the power rating of the seriesresistor and
diode as small as possible.
Note: thesevaluesare realistic.

In this problem, we investigatethe designof a proper voltage regulator using a zener
diode. The problem walks us though the designof a circuit that keepsthe voltage on
the load constant even while the sourcevoltageand load current change.Also, bounds
on the sourcevoltage and load current provide a meansto designthe circuit with the
least expensive seriesresistor and diode by sizing them appropriately.PSfrag replacements

Rser

vsupp

i supp

vL

i L

vd

i d

(a) First, we assumethe zenerdiode is operating at the zenervoltage, vd = vz, and
develop expressionsfor the power dissipation in the speci�ed circuit elements.

� SeriesResistor: The voltage acrossthe resistor is the sourcevoltage minus
the zener/load voltage. Using p = v2

R ,

pser =
(vsupp � vz)2

Rser
:
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� ZenerDiode: Let the voltage acrossthe diode be vz = vL and let the current
through the diode be i d = i supp � i L . i supp can be found by applying Ohm's
Law:

i supp =
vsupp � vz

Rser
;

so that,

pd = vz [i supp � i L ] = vz

� vsupp � vz

Rser
� i L

�

:

� Load: The power transferred to the load is simply:

pL = vzi L :

We can now �nd the maximum possiblepower dissipated in the diode and the
seriesresistanceby using the limits on load current and supply voltage given in
the problem description. The maximum power dissipatedin both devicesoccurs
when the supply voltage is at a maximum (vsupp = vmax ) and when the load
current is at a minimum (i L = 0).

max
vsupp ;i L

pser =
(vmax � vz)2

Rser
;

max
vsupp ;i L

pd = vz

� vmax � vz

Rser

�

:

(b) The v{ i curve of the ideal zenerdiode appearson page2-6 of the notes. The ref-
erencepolarity for the curve in the notesis not the sameasthe polarity de�nition
for the diode in this solution (i.e. vd and i d). With thesereferencepolarities, the
zenerdiode operatesat its zenervoltage when the voltage drop acrossthe diode
equalsvz and the current through the diode is positive:

vd = vz = vsupp � i suppRser;

i d � 0:

Since the current 
o wing down through the diode is positive, we can conclude
that i supp � i L , so that

vsupp � i LRser � vsupp � i suppRser = vz:

Hence,the load voltage is regulatedat vz when,

vsupp � i LRser � vz:

Solving for the seriesresistance,we determine an upper bound on the possible
valuesfor Rser such that the above equation holds:

Rser �
vsupp � vz

i L
:
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Given the variations in supplied voltage and load current, we need to �nd the
most conservative bound on Rser. This translates to �nding the smallest upper
bound:

Rser � min
� vsupp � vz

i L

�

=
vmin � vz

imax
:

In other words, for any variations in vsupp and i L , a seriesresistancethat holds
under the above condition will keepthe voltage regulator working.

(c) Given values for i max ,vmin , and vmax , we can �nd the range of possible series
resistancesusing the result in (b):

Rser �
18� 15

:1
= 30


Therefore, any resistanceless that 30
 will work. However, by examining the
results in part (a), one can seethat the maximum power dissipatedin the diode
and resistanceis lesswhenRser is large. Hence,we chooseRser = 30
 to minimize
the necessarypower rating:

maxpz = 5W

maxpser = 3:33W

9. An inverting ampli�er using an op-amp. This problem concernsthe two op-amp cir-
cuits shown below:

PSfrag replacements

vin

vout

i in 1k
 10k


1k


Circuit A

Vo

PSfrag replacements

vin
vout

i in 1k
 10k


1k


Circuit B
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The only di�erence is the orientation of the input terminals on the op-amp.

(a) Using the ideal op-amp model (page ?? of lectures notes), �nd i in and vout in
circuit (A).

(b) Repeat for circuit (B).

(c) A morerealistic model of an op-ampis a VCVS with a gain of 105, i.e., vout = 105~v
where~v is the voltagedi�erence acrossthe + and � input terminals of the op-amp.
Using this op-amp model, �nd i in and vout in the circuit (A).

(d) Repeat for circuit (B).

(e) With a real op-amp, the circuit (A) will work (meaning, i in and vout predicted by
the ideal op-amp model (a) will be very closeto the actual current and voltage
in the real circuit) while the circuit (B) won't. Do either of the op-amp models
consideredin this problem predict this?

10. Re
ected resistance seen througha transformer. Considerthe circuit shown below:
PSfrag replacements

v

i

R

A

B 1 : n

Show that v = iR e� for someappropriate Re� (the subscript standsfor \e�ectiv e").

This means that this circuit, from the point of view of the terminals A and B, is
electrically equivalent to a resistor of value Re� . Re� is often called the \re
ected
resistanceof R seenthrough the transformer."

11. Sketch the v { i characteristic of the two-terminal element below. The diode is char-
acterizedby the ideal diode model.

PSfrag replacements

v

i

1


1


12. The op-amp in the circuit below is characterizedby the ideal op-amp model. Find i 1,
i 2, and vout . What does this circuit do? Can you think of a practical application of
this circuit?
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v1 v2 vout

i 1

i 2

10k


5k

5k


10k


5k


13. This problem concernsthe two related circuits shown below.

(a) Find the Thevenin voltage vth and Thevenin resistanceRth of the circuit shown
below, with respect to the terminals A and B. (Your answersshouldbe asexplicit
as possible,but may contain the parametervsupp.)

PSfrag replacements

A

B

vsupp 5k


10k


2:5k


i d

vd

(b) Now considerthe circuit below. The vacuum tube recti�er is characterizedby

i d =

(
kv3=2

d vd � 0
0 vd < 0

where k = 0:3 mA=V3=2. (Pleasenote the units: i d is in milliamps and vd is in
volts.)
Find the value of vsupp that results in i d = 30mA.
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PSfrag replacementsvsupp 5k


10k


2:5k


i d

vd

(c) Let vsupp have the value you found in part (b), so that i d = 30mA. Find the
power pres dissipatedin the 2:5k
 resistor. and the power psupp delivered by the
voltage source.

(d) Supposethat vsupp is 5 volts less than the value you found in part (b). Give an
estimateof vd. Explain what you are doing.

14. Bias and small signal analysis of a MOS ampli�er. This problem concernsthe MOS
ampli�er circuit shown at the top of page?? of the notes, except we do not assume
that vin � 4V. The MOS transistor characteristic is given on page?? of the notes,
with parametersvth = 2V, � = 2mA=v2.

(a) Bias calculation. Determine what vin must be so that vout = 2V.

(b) Forming a linearized model. Determinethe linearizedmodel of the MOS transistor
accuratenear the bias condition found in part (a). Give equationsdescribingthe
approximation and alsoa circuit model of the approximation.

(c) Small signal analysis. Find an expressionfor vout in terms of vin that is accurate
for vin near the bias value found in part (a).

15. Ampli�ers. The schematic diagram below shows a generalmodel of an (ideal, linear)
ampli�er. The two terminals on the left arecalledthe input port and the two terminals
on the right are called the output port. An amplifer is characterized by its input
resistance Rin , its voltagegain a, and its output resistance Rout .

PSfrag replacements

vin voutRin avin
Rout
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Note that when Rout = 0 and Rin = 1 , the ampli�er reducesto a VCVS. Also note
that the voltage and current at the input port is completelyuna�ected by the voltage
and current at the output port.

Here are sometypical valuesfor ampli�ers:

� For a line-level audio ampli�er, we might have Rin � 10k
 , Rout � 100
 or less,
and a gain in the range1 to 10.

� For an audio power ampli�er (i.e., one that acceptsa line-level input and drives
a speaker), we might have Rin � 10k
 , Rout � 0:01
 , and a gain in the range10
to 100. Note: the output resistanceof an audio power amplifer is not 4
 or 8
 .

� For high-frequency(e.g., video) circuits, we might have R in = Rout = 50
 or 75

and a gain in the rangeof 1 to 10.

� A typical real op-amp is pretty well modeledby an ampli�er with R in � 100k
 ,
Rout � 100
 , and a gain of about 105. (This model gives better predictions
than the ideal op-amp model, but is considerablyharder to work with for hand
analysis.)

(a) Supposewe hook up two ampli�ers in cascade,as shown below.
PSfrag replacements

vin vout

Ampli�er 1 Ampli�er 2
inputinput outputoutput

Ampli�er 1 hasparametersR(1)
in , R(1)

out , and a(1) ; Ampli�er 2 hasparametersR(2)
in ,

R(2)
out , and a(2) .

Show that the resulting four-termimal element (enclosedby the dotted box) is
equivalent to a single amplifer. Find the parametersof the equivalent amplifer
(i.e., Rin , Rout and gain).

(b) Considera video ampli�er with Rin = Rout = 75
 and a voltage gain of 10. Sup-
posethe ampli�er is driven by a voltagesource(i.e., a voltagesourceis connected
acrossthe input terminals), and the output terminals are connectedto a load
resistor which is 75
 . Find the power gain of the ampli�er, which is de�ned as
the ratio of the power 
o wing out of the output port to the power 
o wing into
the input port.

(c) The power gain of an ampli�er dependson the load resistance.Find an expression
for the power gain of an ampli�er in terms of the parametersR in , Rout , a, and
the load resistanceRL . What load resistancemaximizes the power gain? The
resulting power gain is called the maximum power gain of the ampli�er. Give an
expressionfor maximum power gain in terms of Rin , Rout , and a.
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16. Grounded (single-ended) ampli�ers. In the ampli�er model described in problem 15,
no current can 
o w between the input terminals and the output terminals, i.e., the
input terminals and output terminals form two separate\p orts". Sometimesthis is
called a \
oating" or \isolating" ampli�er to emphasizethis fact.

Many real ampli�ers are better modeledby the circuit shown below:

PSfrag replacements

vin voutRin avin
Rout

Note that you can make a 
oating ampli�er into a single-endedor groundedampli�er
by connectingits input and output � terminals together.

Are 
oating and grounded ampli�ers electrically equivalent? If so, explain why. If
not, �nd a simple circuit that contains an ampli�er, and behavesdi�eren tly when the
ampli�er is 
oating or grounded.

17. (a) Find the Thevenin equivalent for the circuit below:

PSfrag replacements

1V

2
 1


2


2


(b) Find v and i in the circuit below. The diode is characterizedby the ideal diode
model. PSfrag replacements

1V v

i

2
 1


2


2


18. Maximum power from a source with nonlinear v { i characteristic. Supposethat the
v { i characteristic of a battery is given by v = 10� 5i � 5i 2 for 0 � i � 1, wherethe
current referencedirection for i is out of the positive battery terminal. (For batteries,
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power supplies,and the output of power ampli�ers, it is commonto usethesereference
polarities, which are opposite the normally usedones. In this casep = vi is the power
delivered by or drawn from the battery or power supply.)

(a) Sketch the v { i characteristic of this battery, or useMatlab to plot it.

(b) Give an approximation of the v { i characteristic valid for small currents. Show
a Thevenin circuit that has the samev { i characteristic as your approximation.

(c) If the battery is terminated in a resistancewhosevalue is equal to the Thevenin
resistancefound in part (b), what is the power drawn from the battery?

(d) Find the resistancevalue that maximizesthe power drawn from the battery. Find
the corresponding voltage, current, and power. Verify your answer by plotting
someconstant power curves(with dotted line type) on top of the v { i character-
istic.

(e) Find an approximate Thevenin equivalent of the battery that is valid near the
voltage and current found in part (d).

(f ) Conjecturea generalizationof the maximum power transfer theoremto nonlinear
v { i characteristics.

19. Find a value of vs such that the lamp in the circuit below dissipates1:5W. The lamp
characteristic is plotted at right. You can make reasonableestimatesfrom the plot.

PSfrag replacements

vs

2


vl

i l

PSfrag replacements

vl (volts)

i l (amps)

� 2 � 1 +1 +2

+2

+1

� 1

� 2

20. In the circuit below, vin can vary over the range� 5V.

What is the largest (magnitude) output current the op-amp must supply? I.e., what
is the maximum value of ji out j for � 5V � vin � 5V?

(This is an important practical question,sincereal op-ampshaveoutput current limits.
A typical value is � 10mA.)

You can usethe ideal op-amp model.
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vin

i out

1k


1k


1k


21. In the circuit shown below, the voltagesourcedeliverspower psrc and the load resistor
RL dissipatespower pL .

PSfrag replacements

10V

4
 4


10
 RL = 10


Find the power transfer e�ciency , i.e., pL=psrc.

22. The diodein the circuit below is characterizedby the exponential model i d = i 0(evd =vt �
1), with i 0 = 10� 14A and vt = 26mV.

You can usethe ideal model for the op-amp. The input voltage vin varies from 10mV
to 10V (always positive).

PSfrag replacements

vin vout

10k


vd
i d

Expressvout as an explicit function of vin .
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23. An NPN transistor is described by the model

i b = i 0evb e=vt ; i c = � (1 + vce=va)i b

where i 0 = 10� 14A, vt = 26mV, � = 100, and va = 50V, and the terminal currents
and voltagesare de�ned below. (This model captures the `Early e�ect', in which i c

dependsmore strongly on vce than the Ebers-Moll model predicts. The parameterva

is called the `Early voltage'.)

PSfrag replacements
c

b

e

vce

vbe

i b

i c

Find the linearized circuit model of this transistor at the bias condition vbias
be = 0:7V,

vbias
ce = 10V.

Expressthe linearizedmodel asa circuit. Your circuit may contain voltageand current
sources,resistors,and dependent sources.Be sure to clearly label the terminals c, b,
and e, and to indicate the values of elements (e.g., resistance,transconductance)in
your circuit.

24. The circuit below showsan ampli�er (in the dashed-linebox) with input resistance1k
 ,
output resistance0
 , and gain 10, connectedin a `negative feedback' con�guration
(sincethe output is connectedto the � input terminal).

PSfrag replacements
v 10v1k


A

B

Find the Thevenin resistanceRth looking into the terminals A and B.

25. Conservationof power. Considerthe circuit shown below.
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� 1V

2A

� 1A

1


3


Determine the power dissipatedin each element. Which elements are supplying (pos-
itiv e) power? Which elements are absorbing (positive) power? Verify that the total
power being supplied (by the elements supplying positive power) is equal to the total
power absorbed (by the elements absorbingpositive power).

You must explain the stepsin your circuit analysis.

26. v { i curve tracer. The following is a circuit usedfor curve tracing:

PSfrag replacements

vdriv e

vdev

vvert

vhoriz

i dev

1k


10k
 10k


10k


10k


The box is the deviceto be tested, sometimescalled the `deviceunder test' (D.U.T.).
The output voltagevvert is connectedto the vertical de
ection input of the oscilliscope,
and the output voltage vhoriz is connectedto the horizontal de
ection input of the
oscilliscope. The oscilliscope is set to 1V per division, horizontal and vertical. The
voltage sourcevdriv e is usedto sweepout the v { i curve. During the demoit had the
form vdriv e(t) = 10sin300t (approximately).

To analyzethis circuit you can assumethe op-ampsare ideal.

Expressthe output voltagesvvert and vhoriz in terms of the devicevoltage vdev, device
current i dev, drive voltage vdriv e, and any other relevant parameter. Describe the steps
in your analysisof this circuit.
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Explain how this circuit, connectedto the oscilliscope asdescribed, canbe usedto plot
the v | i curve of the device. What are the resulting axis sensitivities (in V and A
per oscilliscope division) and total range?

27. Extracting maximum power from a battery.

Considera battery that can be modeledusing a Thevenin equivalent.

When a 10
 load resistanceis connectedto the battery, as shown at left below, 10W
is dissipatedin the load resistor.

When the battery is connectedto a 100mA charger, as shown at right below, the
voltage acrossthe battery terminals is 13V.

PSfrag replacements

batterybattery charger10
 13V

100mA

A load resistanceR is connectedto the battery. Find the value of R that results in
maximum power dissipation in the load resistor.
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Exercises on Static Circuits: Part I I

1. This problemconcernsthe circuit shown below, with the branchesoriented and labeled
b1,.. . , b9, the nodeslabeled 1 , . . . , 5 , and the voltagesourcesgivenspeci�c numeric
values. In addition, the op-amphasbeenreplacedby a VCVS with a gain of � = 100,
with a sensebranch b6 and an output branch b7.
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10k


10k


5k
 5k


5k
 v6 � v6

3V � 5V

b1

b2

b3

b4

b5

b6

b7

b8

b9

1

2

3

4

5

(a) Find the reducedincidencematrix for this circuit.

(b) Write out KCL, KVL, and the branch relations for this circuit. Express these
circuit equationsin the form of a giant matrix equationF x = g whereF is a large
squarematrix and x is a big vector consistingof i 1; : : : ; i 9; v1; : : : ; v9; e1; : : : ; e5. In
writing down this big matrix, you don't need to explicitly write zeros. What
percentage of the entries in the big matrix F are zero?

(c) Solve the equationsyou found in part 1b, i.e., �nd the solution vectors i , v, and
e. You can do this by hand (it's not so bad!) or using Matlab.

(d) Verify that the matrix equations describing KCL and KVL hold: Ai = 0 and
v = AT e.

(e) Which branchesare dissipating (absorbing) power and which branchesare sup-
plying power?

(f ) Calculate the quantit y p = vT i . Can you explain the answer that you get?

2. The reducedincidencematrix of a circuit is:

A =

2

6
4

1 1 0 0 0
0 � 1 1 1 0
0 0 0 � 1 1

3

7
5 :
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The branch relations are
2

6
6
6
6
6
6
4

� 1 0 0 0 0
0 � 2 0 0 0
0 0 � 1 0 0
0 0 0 0 0
0 0 0 0 � 3

3

7
7
7
7
7
7
5

i +

2

6
6
6
6
6
6
4

0 0 0 0 0
0 1 0 0 0
0 0 2 0 0
0 0 0 1 0
0 0 0 0 1

3

7
7
7
7
7
7
5

v =

2

6
6
6
6
6
6
4

1
0
0
4
0

3

7
7
7
7
7
7
5

:

Draw a conventional schematic diagram of this circuit. Label the branchesand nodes,
and show the orientation of the branches. Give the numerical valuesof the elements,
e.g., give resistor valuesin ohms, the value in volts of any voltage source,etc.

3. Considerthe circuit below:
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(a) Label the nodes and branches and assignorientations. Find the reducednode
incidencematrix A.

(b) Write out the equationsthat describe this circuit. Give theseequationsin explicit
form, i.e., as a set of 12 equationsin 12 unknowns. Also give the equationsas
one large matrix equation, with a 12 � 12 matrix. You can leave entries in the
matrix that are zeroas blank.

(c) Formulate the node voltage equationsin the form Ye = ~i . Solve them.

(d) You know that if both of the current sourcesdouble in value, then all node
voltages, branch voltages and branch currents will also double. Suppose that
the three resistorsin this circuit double in value. What happens?

4. A generalization of power conservation. Consider a circuit with b branches and n
nodes, with associated referencedirections assigned. As in the notes, v denotesthe
vector of branch voltages,i denotesthe vector of branch currents, and e denotesthe
vector of node potentials (excluding the referencenode). We saw in the notesthat no
matter what the branch elements are, we always have vT i = 0, i.e., the total net power
dissipatedin the circuit is always zero.
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Now supposewechangeoneor moreof the elements in this circuit, but wedo not change
the topology (i.e., which branchesare connectedto which nodes,in what orientation).
For example, we might substitute a diode for a voltage source,change the value of
someresistors,and so on. We'll supposethat this modi�ed circuit has a solution; let
~v denote the branch voltages,~i denote the branch currents, and ~e denote the node
potentials in this modi�ed circuit. We know that ~vT~i = 0, i.e., the modi�ed circuit
alsosatis�es power conservation.

This modi�ed circuit can be quite di�eren t from the original circuit, so there is no
reasonto think there is any relation at all between the circuit variables in the �rst
circuit (v, i , and e) and the circuit variablesin the secondcircuit (~v, ~i , and ~e).

Remarkably, there is a relation, called Tellegen's theorem. It is: ~vT i = 0. Note that
~vT i looks very much like vT i and also ~vT~i , both of which we know to be zero by
power conservation. But Tellegen'stheoremrelatesthe voltagesin onecircuit with the
currents in another!

(a) Prove Tellegen'stheorem, i.e., explain why it is true.

(b) First, �nd the vector i of branch currents in the circuit of problem3. Now consider
the circuit below, which is the sameas the one problem 3 except that an ideal
diode is substituted for the 2
 resistor.
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 3


1A

� 2A

Find ~v, the vector of branch voltagesfor this modi�ed circuit. Usethe node and
branch labels and referencedirections that you usedin problem 3.
Verify that Tellegen'stheoremholds.

5. Newton-Raphsonprocedure for a resistor-diode circuit. Considerthe nonlinear circuit
shown below:
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The diode is given by the exponential model with i 0 = 10� 14A and vT = 26mV. We
will try to �nd v and i using the Newton-Raphsonmethod.

(a) Westart with the initial guessv(0) = 0:7V. Form the linearizedmodel of the diode
accurate near v � 0:7V, and show the circuit that results when you substitute
this linearizedmodel into the circuit above.

(b) Solve the resulting circuit, i.e., calculate the voltage that appears acrossthe
linearizedmodel of the diode. Call this voltagev(1) (the superscript standsfor \ v
after one iteration").

(c) Do onemore iteration of the Newton-Raphsonmethod to �nd v(2) .

(d) Do onemore iteration of the Newton-Raphsonmethod to �nd v(3) .

(e) Now let's seewhat happensif we start with a very bad initial guess.Repeat parts
(a-c) starting with the initial guessv(0) = � 1:0V. Note the valuesof current that
you encounter. Can you guesswhat will happen if you keepgoing?

6. A linear circuit solver. Describe, in rough outline form, the code neededto make a
versionof SPICE that analyzescircuits that contain linear elements and sources.You
may assumethat you have a function (subroutine) that computesthe solution x of the
linear equationF x = g. (Sincethis is a vagueproblem, answersranging from onepage
of verbal description to completeC sourcewill be accepted.)

7. Designa circuit with oneop-ampand �v e resistorsthat producesoutput voltagevout =
v1 + 2v2 � 3v3 at the output of the op-amp (with respect to the ground or reference
node, to which the bottom output terminal of the op-ampis connected).v1, v2, and v3

are the voltagesof three voltage sourcesthat have negative terminals grounded(i.e.,
connectedto the referencenode). You may usethe ideal op-amp model.

8. Sensitivity of load power to variations in load resistance. Suppose we have a load
resistor RL which we would like to dissipatepdes watts. (The load resistor might be a
heating element in someexperiment.) One simple way to do this is to connect it to a
current sourceof

q
pdes=RL amps.

We will consideran important practical consideration: variation in RL . Supposethat
RL varies� 10%,i.e., 0:9Rnom � RL � 1:1Rnom, whereRnom is the nominal valueof the
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load resistance.Such variation canarisein variousways. For example,whenmany load
resistorsare manufactured, the individual load resistorsmight have valuesthat vary
� 10% from the nominal value Rnom. As another example, the resistanceof the load
resistor might depend on someenvironmental variablessuch as ambient temperature
that we cannot control.

Now supposewe have a circuit consisting of linear elements, sources,and the load
resistorRL . Supposethat whenRL = Rnom, the desiredpower pdes is dissipatedin RL .
Of course,the power dissipated in the load resistor will depend on the value of RL ;
henceasRL varies� 10%,the power dissipatedin it will alsovary by someamount. As
an example,considerthe simple circuit described above, i.e., a current sourceof valueq

pdes=Rnom hooked up to the load resistor. In this circuit, as the load resistor varies
� 10%,the power dissipatedin it alsovaries � 10%(which is not too surprising!).

We'd like to designa circuit such that the variation in power dissipated,as the load
resistancevaries � 10%, is as small as possible. Thus, our circuit will have the nice
property of minimizing the e�ect of � 10% variations in load resistanceon the power
dissipatedin it.

The problem is: designsuch a linear circuit. Fully explain the reasoningbehind your
designand all stepsof your calculations. You do not have to �nd the absolute best
circuit; a circuit that comesvery closewill do. Many circuits work well, so try to �nd
a simple one. For the circuit you design,give the percentage variation in the power
dissipated in the load resistor as the load resistor varies � 10%. Since I'v e already
described a circuit in which this variation is � 10%,your circuit should have a smaller
varation. The valuesof elements in your circuit cannot depend on RL , but can depend
on Rnom.

Note: this is not an easyproblem; you won't �nd the answer (directly) in the notes.
For experts, we can posea further problem: can you designa circuit containing non-
linear elements that outperformsthe circuit you designedabove?

9. Superposition for powers?Considerthe circuit shown below:
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We want to �nd the power p that will be dissipated in the 1
 resistor with i 1 = 3A
and i 2 = 1A. Unfortunately we can only �nd two 1A current sourcesin the laboratory.
The resistor valuesR1, R2, and R3 are not known.

22



Three experiments are performed. In the �rst experiment, the sourcei 1 is turned on
(i 1 = 1A), i 2 is turned o� (i 2 = 0A), and the power dissipated in the 1
 resistor is
measuredto be 0:25W. In the secondexperiment, i 1 is turned o�, i 2 turned on, and
the power dissipatedin the 1
 resistor is 0:25W. In the last experiment, i 1 is turned
on, i 2 is also turned on but in reversedirection (i 2 = � 1A) and the power dissipated
in RL is measuredto be 0W. The following table summarizestheseexperiments:

Experiment i 1 i 2 Pwr. diss. in 1
 res.
1 1 0 0.25
2 0 1 0.25
3 1 � 1 0.00
| 3 1 p

(The bottom line of the table shows the experiment we'd perform if we could �nd a
3A current source.)

Can the power p be determined from theseexperiments? If your answer is yes, �nd
the power p. If your answer is no, then answer this further question: if we performed
a fourth experiment with i 1 = i 2 = 1A, could the power p be determined?

Note: Of coursethis problem is unlikely to arise in practice, but it doesinvolve some
important conceptsso understandingit is worthwhile.

10. Considerthe circuit below:
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(a) Find an explicit expressionfor the power p supplied by the 2A current source.(i s

and vs may appear in your answer.)

(b) Now supposethat you can adjust i s over the range 0A to 1A, and vs over the
range0V to 5V. Find the settings of i s and vs that maximize the power supplied
by the 2A current source.
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11. Find the power dissipatedin the 3
 resistor in the circuit below:

PSfrag replacements3
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2


� 1A 2V 1V

12. (a) Find the Thevenin equivalent of the circuit shown below.
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(b) Find the power p dissipatedin the 3
 resistor at the right in the circuit below:
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(c) Find the voltage vz that appearsacrossthe zenerdiode in the circuit below.

24



PSfrag replacements

1A

i z

1
 2


1
2


1


vz

The zenerdiode characteristic is shown below:
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13. Considerthe circuit below, which is calleda following ampli�er . The transconductance
is given by g = 10mA=V.
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RLvin vout

~v

(a) Find vout when RL = 1k
 .

(b) Find the value of RL that maximizesthe power dissipatedin it when vin = 3V.

14. Find the voltage v shown in the circuit below:
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15. The circuit shown below is designedto operate with i 1 = 1A and i 2 = 1A. We needto
determine the power p supplied by the 2A current sourcein this operating condition,
but unfortunately we can �nd only one 1A current source in our laboratory. The
resistor valuesR1, R2, R3, and R4 are not known.
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Three experiments are performed. In the �rst experiment, the sourcei 1 is turned o�
(i 1 = 0A), i 2 is turned on (i 2 = 1A), and the power supplied by the 2A source,p1,
is measured. In the secondexperiment, i 1 is turned on, i 2 turned o�, and the power
supplied by the 2A source,p2, is measured.In the last experiment, both i 1 and i 2 are
turned o� and the power supplied by the 2A source,p3, is measured. The following
table summarizestheseexperiments:

Experiment i 1 i 2 Power supplied by 2A source
1 0 1 p1

2 1 0 p2

3 0 0 p3

- 1 1 p

(The bottom line of the table shows the experiment we'd perform if we could �nd the
other 1A current source.)

Which oneof the following statements is true? Explain your choice.
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(a) p = p1 + p2

(b) p = p1 + p2 + p3

(c) p = p1 + p2 � p3

(d) It is not possibleto determinep from theseexperiments.

16. Considerthe circuit below.
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The v{ i characteristic of the neonlamp is shown below.PSfrag replacements
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(a) For what valuesof vs doesthis circuit have multiple solutions?

(b) Supposethat vs = 0. In this casethere is only onesolution: every branch voltage
and current is zero. In particular, v = i = 0. Supposeweusethe Newton-Raphson
(N-R) method to try to �nd this solution, using the initial guessv(0) = 100,
i (0) = 200mA. Which oneof the following statements is correct:

i. N-R will not convergebecausethe initial guessand the solution are on dif-
ferent sidesof the kinks in the v-i curve.
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ii. N-R will convergeto the solution in one iteration.
iii. N-R will convergeto a wrong solution.
iv. N-R will convergeto the solution very slowly (after many iterations).
v. Noneof the above.

17.
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Find the value of v that maximizes the power dissipated in (i.e., absorbed by) the
voltage sourcev.

18. Tunnel diode negative resistance ampli�er.

Considerthe circuit shown below.
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The voltagevout is with respect to ground. The v { i characteristic of the tunnel diode
is shown below. In solving this problem you'll needto make estimatesfrom this plot.
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(a) Bias calculation. Supposethat vin (t) = 0. Find the valueof vbias sothat the diode
voltage vd is 0:5V. We'll usethis value of vbias in the remainderof this problem.

(b) Find the linearizedmodel of the tunnel diodeat the biaspoint vd = 0:5V. Express
the linearizedmodel as a circuit. Clearly label the two terminals of the circuit.

(c) Supposethat vin (t) = 0:03sin(400t). Give a (good) approximation of vout (t).

19. Di�er ential input pair.

The circuit shown below is widely used,for example,as the �rst stageof an op-amp.
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All voltagesshown are with respect to ground. The wire at top, which is connected
to a +15V sourcecalled the positive supply rail ; the wire at bottom is connectedto
a � 15V sourcecalled the negative supply rail. The wires labeled v1 and v2 are the
input voltages. They are connectedto voltage sourceswith values v1 and v2. Note
that current can 
o w into any of thesewires; they are connectedto things that are not
shown in this schematic.

vout (i.e., the voltageat the point markedwith respect to ground) is the output voltage.

You can assumethat v1 and v2 are such that the following simple transistor model is
accurate:

i b = i 0evbe=vt ; i c = � i b

where i 0 = 10� 14A, vt = 26mV, and � = 100. The currents and voltagesare de�ned
in the standard way: vbe is the voltage from baseto emitter, i b is current 
o wing into
the base,and i c is the current 
o wing into the collector.

Derive an expressionfor vout as a function of v1 and v2. Simplify your expressionas
much as possible. Do not leave parameterslike � in your answer: use the numerical
valuesgiven.

20. Duplex transmission with mismathed resistances. Consider the duplex transmission
circuit described in lecture 8. Our analysiswas basedon the assumptionthat the two
600
 resistorsare exactly matched. What if oneof them, say the left one, is actually
500
 instead of 600
 ? Analyze the circuit, expressingthe two output voltagesvout

and ~vout in terms of the two input voltagesvin and ~vin . Do you think it would still work
in practice, in a telephonecircuit?
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Exercises on Dynamic Circuits

1. Energy analysis of the charge/�r e circuit. Consider the circuit on pages11-17 and
11-18of the notes. Assumethat at t = 0 the capacitor is uncharged(vc(0) = 0), and
at t = 1000the switch is thrown from \charge" to \�re." For the questionsbelow, we
want numerical answers.

(a) Find the total energysupplied by the 100V source.

(b) Find the total energydissipatedin the 100k
 resistor.

(c) Find the total energystored in the capacitor at t = 1000.

(d) Find the total energydissipatedin the 10
 load resistor.

(e) What is the earliest time the switch could be thrown to \�re" and still have a
peak power of 300W dissipatedin the load resistor?

2. Coasting through power interruptions. The circuit below is used to maintain some
power supply voltagefor brief periods during which the normal supply fails. In normal
operation, vsupp(t) = vout (t) = 15V. For periods up to 3 secondslong, with no warning,
vsupp(t) = 0 (but thereafter returns to 15V). The current drawn by the critical circuit
varies between 0:3A and 1:5A. The critical circuit will work as long as vout � 13V.
Find the smallest value of C that will allow the critical circuit to continue working
during a 3 secondlong power supply failure. You can assumethe diode is ideal, and
that the time betweenpower supply failures is very long.
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3. What doesthe following circuit do? Assumev1(0) = 0 and v2(0) = 1.

Hint: Show that d2v1(t)=dt2 + ! 2v1(t) = 0, where! = 1=(10k
 � 0:01� F).
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4. A real probleminvolving inductors. This problemconcernsthe magnetfor a commercial
magnetic resonanceimaging (MRI) machine. The magnet createsa strong magnetic
�eld (about 0.4 Tesla) over a fairly large volume|v ery roughly, about 1m by 1m by
0.5m. The magnet consistsof about 100 turns of an aluminum conductor which is
about 1/8in thick and 11in wide. The heat dissipatedin the conductor is carried away
by forcedwater cooling. The magnet and its steelhousingweighsabout 13 tons.

A good electrical model of the magnet is an inductance of 15mH in serieswith the
resistanceof the aluminum conductor and wires leading to the power supply, 0:012
 .
The power supply that drives the magnet has a maximum output current of 2000A,
and a maximum output voltage of 26V. The operating condition of the magnet is
1850A.

Yes,someof thesenumbersare outsidethe rangeof typical electrical valuesthat I told
you we encounter. The wires hooking up the power supply to the magnet are gauge
0000(twice as thick as your thumb), with about 10 in parallel to carry the enormous
current. The AC input power to the power supply is about 69kW.

Note (for cultural enrichment only): Many other MRI magnetsare superconducting,
sothe resistanceis essentially zero. After the initial current is established,the magnet
terminals are shorted together, forming a superconductingloop. The power supply is
then disconnected. Provided the loop remains superconducting, the magnet current
will 
o w inde�nitely .

(a) What is the total energyin Joulesstored in the magnetic �eld at operating con-
dition?

(b) How long does it take for this amount of energy to be dissipatedas heat? The
ratio of storedenergyto power dissipation givesa rough idea of a turn-over time,
relating the energystored to the rate of energyturn-over.

(c) What is the voltage of the power supply at operating condition? What is the
power being supplied to the magnet?

(d) Supposethat the power supply puts out its maximum voltage, and the inductor
current is initially zero. How long doesit take beforethe inductor current reaches
the operating condition of 1850A?How much longerdoesit take beforethe power
supply maximum current (2000A) is reached?

(e) Do you think it's safeor wise to suddenly reducethe power supply voltage from
its maximum, 26V, to the operating voltage found in part (c), when the magnet
current �rst hits 1850A?

(f ) What would happen if the bolts clampingthe largewiresto the aluminum magnet
conductor becameloose,causinga bad connectionbetweenthe power supply and
the magnet?

5. Truncation stability of simulation methods. Considera simpleLC circuit with L = 1H
and C = 1F, with zero initial current and 1V acrossthe capacitor at t = 0. v(t) will
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denotethe voltageacrossthe capacitorand i (t) the current 
o wing out of the capacitor
(i.e., v and i are not associated references).

Of courseyou know the exact solution of this circuit. We'll study the simulation
method described in the notes.

(a) The voltage and current don't change too much in about 1msec,so it seems
reasonableto usea time stepof 1msec.Show that the simulation method reduces
to the following recursion:

v̂(0:001(k + 1)) = v̂((0:001k) � 0:001̂i (0:001k);

î (0:001(k + 1)) = î ((0:001k) + 0:001̂v(0:001k);

with initialization
î (0)) = 0; v̂(0) = 1:

We use the hat on the symbols v̂ and î to emphasizethe fact that these are
approximations to the true voltage v and current i , respectively.

(b) We know that the total energy in this circuit is 0:5J and does not changewith
time (p12-4), but our simulation algorithm doesn't know this. So one check on
the accuracyof the simulation is to keeptrack of the total energyin the circuit
accordingto the simulation; hopefully this number should remain closeto 0:5J.
Find a recursion for Ê (kh), the energy in the circuit basedon the approximate
voltage and current from the simulation, i.e.,

Ê (kh) =
v̂(kh)2 + î (kh)2

2
:

Then give an explicit formula for Ê (kh). Is it constant? Does it remain near
0:5J?

(c) One student pointed out a potential 
a w in the philosophy behind the simulation
method: each step is an approximation, so future stepsare basedon approxima-
tions of approximations of approximations . . . and there is no reasonto believe
that the error doesn't build up. The technical term for the build-up of error
is truncation instability. Does this problem provide an example of truncation
instabilit y?

6. In the circuit below, the capacitor voltage and the inductor current are zeroat t = 0.
The two switches are in the \charge" (CHG) position from t = 0 until t = Tsw (as
shown in the schematic) and are in the \oscillate" (OSC) position for t > Tsw. Thus,
Tsw denotesthe time at which the switchesare thrown from CHG to OSC.For t > Tsw

the LC circuit simply oscillates,with constant total energyE.
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(a) Find Tsw such that E = 8J.

(b) Assumethat the switch is thrown at the time Tsw found in part (a). What is the
earliest (i.e., smallest) time Tind at which 8J is stored in the inductor?

7. An RCRC circuit.

Considerthe circuit shown below. For t < 0, vin (t) = 1V and the circuit was in static
conditions. For t � 0, vin (t) = 0V.
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(a) Find vout at t = 0, immediately after vin hasswitched to 0V.

(b) Find
dvout

dt
at t = 0, immediately after vin hasswitched to 0V.

(c) Find vout at t = 1.

8. In the circuit below, the switch is closedfor t < 1secand open for t � 1sec. The
voltage acrossthe capacitor is zeroat t = 0.
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(a) Find the maximum energystored in the capacitor over the time interval t � 0.
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(b) Find the maximum power dissipated in the 4
 resistor over the time interval
t � 0.

9. Considerthe circuit shown below, in which i L (0) = � 2A.
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(a) Write out the equationsthat describe this circuit.

(b) Find i L (t).

(c) Supposethe 1A current sourcewerereplacedwith a 0A current source.Find i L (t)
in this case.

(d) Supposethat the initial inductor current were 0A instead of � 2A (the current
sourceis still 1A, however). Find i L (t) in this case.

(e) Verify that the solutions found in parts (c) and (d) add up to the solution found
in part (b).

(f ) Use the simulation method described in the notes, with a time step-sizeof h =
0:01sec,to �nd (approximations of) i L (t) for t = 0; 0:01; 0:02; : : : Compare the
exact and (approximate) simulation valuesof the inductor current at t = 1sec.

10. In the circuit below, v1(0) = 1, v2(0) = � 1, and v3(0) = 1.
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(a) Estimate v1(0:01), v2(0:01), and v3(0:01). Note: your estimate should be more
accuratethan v1(0:01) � 1, v2(0:01) � � 1, v3(0:01) � 1.

(b) Estimate the decreasein total stored energyover the time interval [0; 0:01], i.e.,
quantit y E(0) � E(0:01), whereE(t) denotesthe total energystoredin the circuit
at time t. Note: your estimateshouldbemoreaccuratethan E(0) � E(0:01) � 0.

11. In the circuit below, vC(0) = 1V and i L (0) = 1A. Estimate vC(0:01sec) and i L (0:01sec).
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12. The voltageand current in the circuit at right are shown
in the plot below. Estimate both the inductance L and
the resistanceR. Make sure to give the units for your
answers (e.g., ohmsor kilohms).
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13. The waveform shown below is the current in a seriesRLC circuit. The value of the
resistor is 100
 .
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(a) Estimate L and C.

(b) About how long will it be before 99% of the initial stored energy in the circuit
hasdissipated?

14. In the circuit shown below, vin switchesfrom 5 to 0 volts at t = 0:

vin (t) =

(
5 t < 0
0 t � 0

You may assumethat prior to t = 0, the circuit had reached its steady-statecondition,
that is, i C(t) is zero for t < 0.

Find the smallest time Td for which vC(Td) = 3:5. (The subscript \d" stands for
\delay".)

PSfrag replacements
iC(t)100


200pFvin (t) vC(t)

15. This problemconcernsthe circuit shown below. Let EC(t) denotethe energy(in Joules)
stored in the capacitor at time t and let EL (t) denotethe energy(in Joules)stored in
the inductor at time t. The initial conditions are vC(0) = 4V and i L (0) = 30mA.
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vC(t) 2� F 20mH

(a) Find EL (0).

(b) Is i L (t) increasingor decreasingat t = 0?

(c) Find dEC
dt (0).

(d) Find the maximum magnitude of the inductor current, that is, �nd maxt ji L (t)j.

16. This problem concernsthe circuit shown below. The capacitor is initially uncharged
(that is, has no voltage acrossit at t = 0). The op-amp is described by the ideal
op-amp model. The voltage sourceis given by:

vin (t) =

(
0 t < 0
5 t � 0

PSfrag replacements

vin (t)
vout (t)

i out (t)

0:01� F

10k


10k


10k


(a) Find an explicit expressionfor vout (t) valid for t > 0.

(b) Find the maximum magnitudeof the op-ampoutput current, that is, maxt ji out (t)j.
(As you know, real op-ampshave limits on this quantit y. Knowing this quantit y
can help us determinethe type of op-amp necessaryfor the application.)

17. Di�er ential ampli�er.

The circuit below shows a di�eren tial ampli�er. You may usethe ideal static op-amp
model in your analysis. In the following questions,the input terminals A and B are
connectedin various ways to the circuit.
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10k


2k


0:01� F

vout (t)

(a) Suppose that A and B are connectedto
grounded voltage sourcesvA and vB , re-
spectively, as shown at right. Find an
expressionfor vout , assumingstatic condi-
tions.

PSfrag replacements

A

B

vA vB

(b) Westill assumestatic conditions. The resistanceseenlooking into the terminals A
and B in the di�eren tial ampli�er circuit is denotedRdi� and calledthe di�er ential
input resistance. (Perhapsmore precisely, Rdi� is the Thevenin resistanceof the
di�eren tial amplifer circuit for the terminals A and B.) Find Rdi� .

(c) We still assumestatic conditions. The re-
sistanceseenbetween ground and termi-
nals A and B, tied together, is denoted
Rcm and called the common-mode input
resistance. (More precisely, Rcm is the
Thevenin resistancefor the terminals C
and D shown at right, with A and B con-
nected to the di�eren tial ampli�er.) Find
Rcm.

PSfrag replacements

A

BC

D

(d) We no longer assumestatic conditions. Supposethat A and B are connectedto
ground and vout (0) = 2V. Find vout (t).
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(e) Now assumethat the circuit is operating in
sinusoidalsteady-stateand the terminalsA
and B are connectedto the circuit shown
at right, where v(t) = 2cos(104t). Find
the voltagevout (t). Expressyour answer in
the form vout (t) = vm cos(104t + � ).

PSfrag replacementsA

B

v(t)

0:005� F

18. The RLRC circuit. In the seriesRLC circuit, current 
o w causespower to be dissi-
pated in the resistor as heat. In the parallel RLC circuit, voltage causespower to be
dissipated. In the RLRC circuit shown below, power is dissipatedby both mechanisms.PSfrag replacements

Rp

Rs

CvC

i L

L

(a) Find a di�eren tial equation of the form

d2vc

dt2
+ b

dvc

dt
+ cvc = 0

that describesthis circuit.

(b) Find an expressionfor the rate of changeof the total stored energy, i.e.,

d
dt

 
Li L (t)2

2
+

CvC(t)2

2

!

;

in terms of i L (t) and vC(t). Give onesentenceinterpreting your result.

19. Transition from overdamped to critically damped to underdamped.

Considerthree seriesRLC circuits with the sameinductanceand capacitance,L = 1H,
C = 1F, and the sameinitial conditions: 1V acrossthe capacitor and zero current in
the circuit. The resistorsin the three circuits di�er slightly: in the �rst circuit we have
R = 1:99
 ; in the secondcircuit we have R = 2
 , and in the third circuit we have
R = 2:01
 .

You know from lecture 12 that the formulas for the solution v(t) (the voltage across
the capacitor) of these three circuits are quite di�eren t: In the �rst case,v(t) is an
exponentially decaying sinusoid; in the second,it is sumof an exponential and a strange
term involving t times an exponential; in the last case,v(t) is a sum of two decaying
exponentials.

One student says:
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The voltage responseis quite di�eren t in thesethree cases:in the �rst case
the voltage crossesthe value zero in�nitely often; in the secondand third
cases,just onceor maybe twice. So the solutions of thesethree circuits are
indeedvery di�eren t, even though the three resistorvaluesare soclose.The
reasonis that the valueR = 2
 is a \critical value" for this circuit, asseenin
the formulas for lecture 12. It's not surprising that the solution of a circuit
changesdrastically as the resistancevariesnear a \critical value".

A secondstudent then responds:

Something is �sh y here. I don't seehow such a miniscule change in the
resistorvaluecanhavesuch a great e�ect on the voltageacrossthe capacitor.
It just doesn't make physical senseto me.

Who is right? Discuss.

(At the very least,you shouldspendsometime thinking about this problem,andmaybe
discusswhat you'd do to resolve it. Feel free to give plots, examples,or mathematical
proofs that support your discussion.)

20. In the circuit below, vC(0) = 0.
PSfrag replacements

5V vC(t)

10k


10k


5k
0:1� F

Find an explicit expressionfor vC(t).

21. Dynamic model of op-amp. The simplest model of a real op-amp is the ideal op-amp
model. The ideal op-ampmodel makeshand calculationsand circuit analysiseasy, and
often givesgood predictions of what will happen in a circuit with a real op-amp. But
you alreadyknow that in somecases,the ideal op-ampmodel makeswrong predictions
about real circuits containing op-amps. For example,the ideal op-amp model makes
no distinction between the + and � input terminals: according to the ideal op-amp
model you can swap them without a�ecting the behavior of the circuit! In real circuits
containing op-amps,you can never swap the + and � input terminals (i.e., swapping
the + and � terminals will always have a drastic e�ect on the operation of the circuit).
As a speci�c examplewe consideredtwo inverting ampli�er circuits labeled circuit A
and circuit B, which di�er only in the + and � input terminals beingswapped. Wetold
you then that circuit A works (with a real op-amp), i.e., results in vout (t) � � 10Vin (t),
but circuit B doesn't work with a real op-amp. In that problem you discovered that
a more complicated static model of a real op-amp (as a VCVS) still doesn't predict
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that circuit B won't work. In this problem we give a simple dynamic model of a real
op-amp,and onceagain analyzethe two circuits.

A reasonabledynamic model of a real op-amp is that the current 
o wing into the +
and � terminals are both zero,and

vout + T
dvout

dt
= g~v

whereg is the gain of the op-ampand T is its time constant. Typical valuesareg = 105

and T = 1sec. Note that under static conditions (i.e., currents and voltagesconstant)
this model reducedto a VCVS with gain g.

Assumethat vin = 1 for all t, and that vout (0) = 0 in circuits A and B of problem 9.
(Note that sinceour op-ampmodel is givenby a di�eren tial equation,wehaveto specify
an initial condition for it!) Find vout (t) for each circuit, as predicted by this dynamic
model. Usethe typical valuesfor g and T mentioned above. Doesthis dynamic model
of an op-amp predict that somethingis �sh y with circuit B?

Note: we say that circuit A is stablewhereascircuit B is unstable.We'll seealot more
about this in EE102.

22. A simple nonlinear dynamic circuit. In classwe studied several simple circuits con-
taining capacitors,inductors, and resistors.For thesesimplecircuits we found analytic
(\closed-form") solutions for the voltagesand currents as a function of time. In this
problem you study a simpledynamic circuit with a nonlinear element|an exponential
diode.

The diode in the circuit below is characterizedby the exponential diode model with
I s = 10� 12A and vt = 26mV. We have v(0) = 1V.

PSfrag replacements
v(t)0:001� F

(a) Give an intuitiv e, qualitativ e analysisof what happens. Try to avoid using any
equations,and especially di�eren tial equations, in your discussion. I will begin
the discussionfor you: \Initially , the diode is reverse-biased,soa current of about
10� 12A 
o ws out of the capacitor. This leakschargeaway from the capacitor, so
the voltage acrossit initially decreasesat a rate of 10� 12A=0:001� F = 10V=sec
. . . You �nish.
Comparewhat happensin this circuit to what happensin an RC circuit.

(b) Find a di�eren tial equation that v obeys.

(c) Solve it. Comparethe solution to your qualitativ e analysisin part (a). Hint for
solving it: �rst separatevariables to write the di�eren tial equation in the form
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g(v)dv = dt where g is someappropriate function. Integrate to get f (v(t)) �
f (v(0)) = t where f is the integral of g, i.e., f 0 = g. Now solve the resulting
equation for v(t). You may �nd it useful to recall that for x > 0 the derivative of
log(1 � e� x ) is 1=(ex � 1).

Remark: Congratulations, you've just solved one of about three nonlinear dynamic
circuits (in the whole world) that has an analytic solution. And it was not a pretty
sight. Recall that most nonlinear static circuits do not have analytic solutions; well,
even fewer nonlinear dynamic circuits have analytic solutions! In practice, nonlinear
dynamic circuits (such as this one) are \solved" by computer, and never analytically.
We'll seelater how this is done.

23. The spark coil circuit. In the lectureswe studied a charge/�re circuit which is based
on the capacitor'sabilit y to storeenergyover a long period and then releasethe stored
energyin a short time interval. We noted that the output current could be very large
comparedto the charging current. For example,using a small battery that can put
out, say, 100mA, we can charge a capacitor and then, for a brief period, put out a
current of many amperes!

In this problemweexplorea similar circuit, shown below, that usesan inductor instead
of a capacitor to store and then releaseenergy.

PSfrag replacements

1V

1


1H RL = 1k


The inductor current is zeroat t = 0. The switch (which is shown open) is closedfrom
t = 0 until t = 10, at which point it opens(and stays open).

(a) Find vL (t), the voltage acrossRL . Of courseyou will have two di�eren t expres-
sions,one for 0 � t � 10, and one for t > 10. Are you surprisedby your answer?

(b) Find the peak (i.e., maximum) power supplied by the battery. When does this
occur?

(c) Find the peak power dissipatedin RL . When doesthis occur?

(d) Find the peak energystored in the inductor. When doesthis occur?

You may usereasonableapproximations in this problem, but state what they are as
you usethem.

Remark: this is (roughly) how a 12V car battery can generatea 20kV pulserequired
for the spark plugs. There is a practical lessonin this problem: generally, you would
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feelsafepoking your �ngers around in a circuit poweredby a 1:5V battery; but if there
are inductors in the circuit you could get a big surprise.

24. An ampli�er (modeled as the voltage sourceshown at left) drives a 2F capacitive
load. The plot at right shows the ampli�er output voltage as a function of time t, for
0 � t � 10. Let p(t) denotethe power supplied by the ampli�er.

PSfrag replacements

vout (t)

vout (t)

2F

2V

� 2V

t = 5sec t = 10sec

(a) Find the maxim um power supplied by the ampli�er over the time interval
shown, i.e.,

pmax = max
0 � t � 10

p(t):

(b) Find the average power suppliedby the ampli�er over the time interval shown,
i.e.,

pavg =
1
10

Z 10

0
p(t) dt:

25. De�bril lators.

A de�brillator is usedto deliver a strong shock acrossthe chest of a personin cardiac
arrest or �brillation. The shock contracts all the heart muscle,whereupon the normal
beating can (hopefully) start again. The �rst de�brillators used the simple circuit
shown below.

PSfrag replacements

vs

Rth = 10k


Rchest = 500
C = 20� F

S D

With the switch in the standby mode, indicated as`S', the 20� F capacitor is chargedup
by a power supply represented by a Thevenin voltagevs and Thevenin resistanceRth =
10k
 . When the switch is thrown to `D' (for `de�brillate'), the capacitor discharges
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acrossthe patient's chest, which we represent (prett y roughly) asa resistanceof 500
 .
(The connectionsare madeby two `paddles'pushedagainst the sidesof the chest.)

On most de�brillators you can selectthe `dose,'i.e., total energyof the shock, which
is usually between100Jand 400J.

(a) Find vs so that the doseis 100J. You can assumethe capacitor is fully charged
whenthe switch is thrown to `D'. We'll usethis valueof vs in parts 1b, 1c, and 1d.

(b) How long after the switch is thrown to `D' does it take for the de�brillator to
deliver 90%of its total dose,i.e., 90J?

(c) What is the maximum power pmax dissipatedin the patient's chest during de�b-
rillation?

(d) Our model of the chest as a resistanceof 500
 is pretty crude. In fact the
resistancevariesconsiderably, dependingon, e.g., skin thickness.Supposethat the
chest resistanceis 1000
 instead of 500
 . What is the total energyE dissipated
in the patient during de�brillation?

26. An improved de�bril lator. One problem with the de�brillator described in problem 1
is that the maximum power pmax (which you found in part 1c) is largeenoughto some-
times causetissuedamage.An electrical engineersuggestedthe modi�ed de�brillator
circuit shown below. The inductor is meant to `smooth out' the current through the
chest during de�brillation, and yield a lower value of pmax for a given dose.

PSfrag replacements

vs

Rth = 10k


Rchest = 500


L

C = 20� F

S D

(a) Find the value of L that yields critical damping. We'll use this value of L in
parts 2b and 2c.

(b) Find vs so that the doseis 100J. You can assumethe capacitor is fully charged
when the switch is thrown to `D'.

(c) Supposevs is equal to the value found in part 2b. What is the maximum power
pmax dissipatedin the patient's chest during de�brillation?

27. The current i through the inductor is zeroat t = 0. Find i (t) for t � 0.

Remember to show us what you are doing.
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1
 1


1H

i (t)

28. Shutting down an electromagnet.

An electromagnetis modeled as an inductance of 1H in serieswith a resistanceof
1
. The electromagnetis driven by a programmablepower supply (voltage source)
which is limited to � 5V. The circuit is shown below, with the dashedbox showing the
electromagnet.

PSfrag replacementsvs(t)

i (t)

1H

1


For t < 0, the electromagnetis in static steady-statewith i (t) = 2A. The goal is to
turn the electromagneto�, i.e., reducei (t) to 0, asrapidly aspossibleafter t = 0. This
is doneusing a voltage supply waveform of the form

vs(t) =

(
� 0 � t < T
0 t � T

where� 5 � � � 5 and T > 0 are constants.

Find the values of � and T that result in i (t) being reduced to zero as rapidly as
possibleafter t = 0.
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Exercises on Sinusoidal Steady States

1. Circuit equations for a SSScircuit. Write down a set of equations that completely
describes the circuit below, which is operating in sinusoidal steady-state. You must
label the nodes and branches, �nd the reduced node incidence matrix A, and �nd
complex matrices M , N , and a complex vector s such that the branch equationsare
given by M I + N V = s.

PSfrag replacements
� sint

3cost 4


10mH

5mF

UseMatlab to solve this set of (complex, linear) equations.

2. Sinusoidalsteady-stateversionof problem16. Considerthe circuit given in problem16
of Problemson dynamic circuits, with vin (t) = acos(! t). You may assumethe circuit
is operating in sinusoidal steady-state.

(a) Find an explicit expressionfor vout (t) in terms of a and ! .

(b) Find the value of ! for which the amplitude of the output voltage is half the
amplitude of the input voltage.

(c) If the circuit is driven at ! = 1, what is the maximum op-amp output current,
i.e., maxt ji out (t)j? (Still assumingsinusoidal steady-state.)

3. Maximum power transfer at two frequencies.This problem concernsthe circuit below:

PSfrag replacements

165cos! t

10
 30mH

ZL

(a) Suppose that the voltage sourcehas a frequency of 50Hz. What value of ZL

maximizesthe averagepower dissipatedin it?

(b) Suppose that the voltage sourcehas a frequency of 60Hz. What value of ZL

maximizesthe averagepower dissipatedin it?
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(c) Can you designa simplecircuit with inductors, capacitors,and resistors,that has
an impedanceequalto the value found in part (a) at 50Hzand the value found in
part (b) at 60Hz? (Note that such a circuit has the nice property of dissipating
maximum averagepower whether the frequencyis 50Hzor 60Hz.)

4. The output voltage of a CD player is sinusoidal, with amplitude 10V and frequency
20kHz. The CD player drives a power ampli�er through a shieldedcable that has a
capacitanceof 50pF/ft. The input resistanceof the power ampli�er is 10k
 . The CD
player canproducecurrents of � 10mA without distorting. (Thesevaluesare realistic.)

What is the maximum cable length the CD player can drive without distorting?

5. The circuit below is operating in sinusoidal steady-state. Find vout (t). Expressyour
answer in the form vout (t) = acos(! t + � ):

PSfrag replacements

vin (t) = cos(2t) vout (t)3


0:5F2H

6. Impedance of an exponential diode. When the voltageacrossa linear element such asan
inductor, capacitor, or resistor is sinusoidal, we can describe the element by V = ZI ,
whereV and I are the phasorscorresponding to the voltage and current, respectively,
and Z is a complex number (the impedance)which dependson the type of element
and the frequency of the sinusoidal voltage. This description can be consideredas
a sort of extension of Ohm's law to cover dynamic elements (in sinusoidal steady-
state). The nice part about this description is that many of the formulas you know for
resistorsand resistancesremain true for impedances.For example, the formulas for
seriesconnections,parallel connections,and � � Y transformations are the sameas
for resistances(except that the numberscan be complex).

Now supposea sinusoidal voltage with phasorV appearsacrossan exponential diode
with characteristic i (t) = I s(ev(t )=Vt � 1). It is reasonableto guessthat the current

o wing through the diode can be characterizedby the relation I = I s(eV =Vt � 1). In
words,we just plug in the appropriate phasorswherethe voltageand current appeared
in the static case.Of course,V can be complex,but we know what the exponential of
a complexnumber is, so the formula above doesmake sense.

Is this true? Discussbrie
y .
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7. The voltageand current in the circuit at right are shown
in the plot below.
Estimate the voltagephasorV corresponding to v(t), the
current phasorI corresponding to i (t), the impedanceZ
of the shadeddevice,and the freqency! (in radians per
second).
Your answers need to be accurate to only � 20%, so a
calculator is unnecessary.
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8. The circuit below is operating in sinusoidal steady-state.

PSfrag replacements

cos(t) vc(t) 1


:01F 100H

(a) What is the averagepower supplied by the voltage source?

(b) What is the averageenergystored in the inductor?
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(c) What is the maximum value of jvc(t)j? (Real capacitorshave a maximum voltage
rating which should not be exceeded.Usually, a capacitor with a higher voltage
rating is larger and costsmore than a capacitor with the samecapacitancebut
lower voltage rating.)

9. Considerthe circuit below, which is in sinusoidal steady-state.Find

(a) the maximum value of the current, max
t

ji (t)j, and

(b) the averagepower dissipatedin the resistor, PR.

(c) the averageenergystored in the capacitor.

PSfrag replacements
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10. An electrical element that is described by an impedanceat 100rad/secis subjected
to four experiments. In the �rst experiment, the element is connectedto a voltage
sourceand the steady-statecurrent through the element is determined. In the second
experiment, the element is connectedto a current sourceand the averagepower 
o wing
into the element is determined. In the third experiment, the element is connectedto a
current sourceand the steady-statevoltageacrossthe element, and averagepower dis-
sipatedin the element aredetermined. In the last experiment, the element is connected
to the voltage sourceand the steady-statecurrent is determined. The experimental
data is shown below:

Experiment v(t) i (t) Pavg

1 10sin(100t) 1:414cos(100t � 45� ) |
2 | 2sin(100t) 10
3 cos(100t � 45� ) cos(100t) 2.5
4 cos(100t) � 0:1sin(100t) + 0:1cos(100t) |

Here,v(t) and i (t) denotethe steady-statevoltageacrossthe element and current 
o w-
ing through the element, respectively, with standard associated referencedirections.
Pavg denotesthe averagepower dissipatedin the element.

One (and only one) of theseexperiments was not conductedproperly; the data from
that experiment is not correct.

(a) Find the impedanceZ of the element at 100rad/sec.
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(b) Identify the bad experiment.

11. In the circuit below,

vs(t) =

(
cost t < 0
0 t � 0

(You may assumethat the circuit was in sinusoidal steady-statefor t � 0.)
PSfrag replacements
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1


Find an explicit expressionfor vc(t) for t > 0.

12. The circuit below is operating in sinusoidal steady-state. Find the amplitude a and
phase � of the current source that minimizes the average power dissipated in the
resistor.
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13. Mutual inductance and transformers. We encountered the ideal (static) transformer in
lecture 4, wherewe noted that real transformersnever operateunder static conditions,
i.e., constant voltagesand currents. In this problem we'll seea much better model of a
real transformer asa pair of coupledinductors. The circuit variablesfor a transformer
are labeled in the schematic diagram below. We will refer to the left-hand pair of
terminals (i.e., port) as winding 1 or the primary winding and the right-hand port
as winding 2 or the secondarywinding. (The term winding comesfrom the way real
transformers are made, i.e., by winding wire around a core, which is often made of
iron. Of course,which winding you call primary and which secondaryis just a matter
of labeling.)

PSfrag replacements
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i 1(t) i 2(t)
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The model is

v1(t) = L 1
di1
dt

+ M
di2
dt

; v2(t) = L 2
di2
dt

+ M
di1
dt

:

L1 is called the inductanceof winding 1, and similarly for L 2. M is called the mutual
inductance between the two windings. Note that when M = 0 this model reduces
to a pair of independent inductors. The turns ratio of the transformer is de�ned as
n =

q
L2=L1, and the coupling coe�cient is de�ned ask = M =

p
L1L2. Simplephysics

arguments can be usedto establishthat L 1 and L2 are positive, and jkj � 1.

(a) Find the stored energy in the transformer at time t as a function of i 1(t) and
i 2(t). The stored energyshould satisfy the following equation: the integral of the
total power entering the transformer (through both ports) over an arbitrary time
interval is equalto the increasein storedenergyover the time interval. Doesyour
formula agreewith the stored energyin two inductors when M = 0?

(b) Supposethat the voltagesand currents are sinusoidal,with V 1 denoting the pha-
sorcorresponding to v1(t), and soon. Deriveexpressionsfor the secondaryvoltage
and current phasors(i.e., V 2 and I 2) in terms of the primary voltageand current
phasors(i.e., V 1 and I 1). Compare these expressionsto the equations for the
ideal static transformer model, i.e., V 2 = nV 1, I 2 = � 1

n I 1. What happens as
k ! 1 and ! becomeslarge?

(c) The circuit below is operating in sinusoidalsteady-state,with v(t) = 165cos! (120� t).
Find the voltage acrossthe resistor.

PSfrag replacementsv(t) 1k


The transformer has a primary inductance of 5H, a turns ratio n = 2, and a
coupling coe�cien t of 0:95.

(d) Repeat the analysisof part (c), but assumethe transformer is described by the
ideal static model with a turns ratio of 2. Compare your answer to what you
obtained in part (c).

14. Circuit with DC and sinusoidalsources. You may assumethe circuit below is in steady-
state.
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(a) Find the voltage v(t).

(b) Find the averagepower dissipatedin the 2
 resistor.

15. The circuit below is operating in sinusoidal steady-state.
PSfrag replacements
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In this problem:

� Ps(t) is the power supplied by the voltage sourceat time t.

� Pr(t) is the power dissipated by the resistor at time t.

� E(t) is the total energystored in the inductors and capacitorsat time t.

For any periodic function f (t) we will use AVG(f ) and max(f ) to denote the time
average value of f (t) and the maximum value of f (t), respectively. For example,
max(Pr) is the maximum power dissipatedin the resistor and AVG(Pr) is the average
power dissipatedin the resistor.

Considerthe following statements:

(a) AVG(Ps) = AVG(Pr).

(b) max(Ps) = max(Pr).

(c) max(Ps) � max(dE=dt).

(d) max(dE=dt) � 2! AVG(E).

(e) max(Ps) = 2AVG(Ps).

(f ) max(Pr) = 2AVG(Pr).
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Decidewhether each statement is TRUE or FALSE.

16. Considerthe circuit below:

PSfrag replacements

vline (t)

X Y

10


The box at left is an electrical model of a power generationand distribution system.
You can assumethat it consistsof inductors, capacitors, resistors,transformers,and
several sinusoidal voltage sourceswith a frequency of 60Hz. You do not know the
model.

When the nodes X and Y are not connectedwe �nd that vline (t) = 165cos(120� t).
When the nodes X and Y are connectedby a wire (of zero resistance)we �nd that
vline (t) = 155cos(120� t + 10� ).

You are allowed to put either a capacitor or an inductor betweenthe nodesX and Y
(with positive capacitanceor inductance, respectively). Your goal is to maximize the
averagepower dissipatedin the 10
 load.

Specify the type of element (inductor or capacitor) and its value (in Henrysor Farads,
respectively). Note that you cannot changethe 10
 load resistor.

17. Designingan optimal shunt capacitance.

The voltage sourcephasor V line = 180V and resistanceRline = 0:8
 in the circuit
below are the Thevenin equivalent of a power generationand distribution systemthat
is operating at 60Hz. The load impedanceis Z l = (10 + 3j )
. It is commonpractice
to compensatefor the load reactanceby adding a capacitor acrossthe load, called
a shunt capacitor, as shown in the circuit below. If the shunt capacitor is properly
designed,the averagepower delivered to the load will be larger than if there were no
shunt capacitor.
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V line

Rline

Cshunt Z l

(a) Find the averagepower P deliveredto the load impedancewith no shunt capacitor,
i.e., Cshunt = 0.
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(b) The load impedanceZ l can be represented as a parallel connectionof a resistor
R and an inductor L (at 60Hz). Find R and L.
Note: we really do meanparallel, not series!

(c) Find the valueof the shunt capacitor that maximizesthe averagepower delivered
to the load impedance.
Hin t: it may be useful to transform to a Norton equivalent and usethe result of
part b.

18. Resonance in an active circuit. The circuit below is operating in sinusoidal steady-
state at a frequency! rad/sec. You can assumethe op-ampsare given by the ideal
static op-amp model.
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(a) Find the ratio of the output voltage phasorV out to the input voltage phasorV in

as a function of frequency. This ratio is called the transfer function from the
input voltage to the output voltage.

(b) Find the frequency! 0 for which the magnitudeof the transfer function is largest.

(c) Find the two frequencies0 < ! 1 < ! 2 for which the magnitude of the transfer
function is a factor of

p
2=2 times the magnitude at the frequency! 0.

Hin t: if you're clever you can usesomeformulas from the notes.

19. The plot below shows the magnitude of the impedance
Z of a seriesconnectionof a resistanceR, an inductance
L, and a capacitanceC, as shown at right. Estimate R,
L, and C. Note that frequencyand impedanceare given
on a logarithmic scale.
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20. Six-phasepower. Somesystemsoperate on six power lines which are separatedby 60�

phaseshifts:

v0(t) = 170cos(120� t)

v1(t) = 170cos(120� t + 60� )

v2(t) = 170cos(120� t + 120� )

v3(t) = 170cos(120� t + 180� )

v4(t) = 170cos(120� t + 240� )

v5(t) = 170cos(120� t + 300� )

Find the amplitude and phaseof the voltagefrom each legto leg0, i.e., v1 � v0; : : : ; v5 �
v0.

Enter your answers in the table below. Expressthe phasesin degrees.
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voltage amplitude phase
v1 � v0

v2 � v0

v3 � v0

v4 � v0

v5 � v0

21. The circuit below is operating in sinusoidal steady-state.
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2sin(2t) vout (t)1F 0:5F
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Find vout (t), expressedin the form vout (t) = acos(! t + � ), with � in radians.

22. Seriesand parallel resistance/r eactance representations.

Consideran impedanceZ = R + j X . We can represent it as a resistanceR in series
with a reactancej X . We can also represent it as a resistance ~R in parallel with a
reactancej ~X .

Express ~R and ~X in terms of R and X . Try to simplify your expressionsas much as
possible.

23. The function z(t) is sinusoidal with frequency2 rad=sec, and satis�es the di�eren tial
equation

d2z
dt2

+
dz
dt

+ 2z + sin(2t) = 0:

Find the amplitude of z, i.e., maxt jz(t)j.

24. In this problem we considera generator that drivesa load through a two-wire cable.
The generator is modeled as a sinusoidal voltage source,vgen(t) = cost. The cable is
modeledasa resistanceof 0:5
 in each wire, and the load is modeledasa resistanceof
1
 is serieswith an inductanceof 2H. The circuit, which is in sinusoidal steady-state,
is shown below.

57



PSfrag replacements

vgen(t) = cost

i c(t) i l(t) 2H

1

0:5


0:5


loadcable

(a) Find the maximum current in the cable, i.e., maxt ji c(t)j.

(b) Find the maximum current in the load, i.e., maxt ji l(t)j.

(c) Find the averagepower pgen supplied by the generator.

(d) Find the averagepower pl dissipated in the load (i.e., the load inductor and the
load resistor).

(e) What fraction of the time doesthe generatorabsorbenergy(i.e., dissipatepositive
power)? Expressyour answer as a percentage.

25. This problem continuesfrom the previousone. It is very commonin practice to add a
shunt capacitanceacrossthe load, as shown below.PSfrag replacements

vgen(t) = cost

i c(t) i l(t) 2H

1

0:5


0:5


C

loadcable

(a) Find the value of C that results in the cable current i c being in phasewith the
generatorvoltage vgen(t). We will usethis value of C in the rest of this problem.

(b) Find the maximum current in the cable, i.e., maxt ji c(t)j.

(c) Find the maximum current in the load, i.e., maxt ji l(t)j.

(d) Find the averagepower pgen supplied by the generator.

(e) Find the averagepower pl dissipated in the load (i.e., the load inductor and the
load resistor).
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Exercises on Fourier Series

1. What is the fundamental period and fundamental frequencyof the function f (t) =
j cos2� tj? Find its Fourier series.Expressthe answer in both sine/cosineand complex
exponential form. This function is sometimescalled a full-waverecti�e d sinusoid.

2. SCR and TRIA C dimmers. Dimmers for incandescant lights, power controllers for
heaters,and speedcontrollers for somemotors areall basedon circuits that usedevices
called SCRsor TRIA Cs. Thesecircuits work by varying the RMS value of the load
voltage, which in turn varies the averagepower supplied.

TRIA Cs(which aremadefrom SCRs|silicon controlled recti�ers) aremorecommonin
residential light dimmersand speedcontrollers, sowe'll describe them. The schematic
symbol for a TRIA C is shown below.
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A

B

trigger

A simplemodel of a TRIA C is a switch that can be controlled electronicallyby a third
terminal calledthe trigger input. When the TRIA C is \on" or \conducting" it behaves
like a wire (closedswitch) connectedbetweenthe terminals A and B; when it is \o� "
or \op en" it behaveslike an open circuit betweenterminals A and B. If an appropriate
voltage is applied betweenthe trigger terminal and terminal B, the TRIA C will turn
on, and remain on until the magnitude of the current 
o wing from A to B becomes
zero (even if the trigger voltage is removed). Thus a TRIA C can be turned on or
\triggered" by applying a pulse to the trigger terminal; it turns o� (\extinguishes")
whenever the current 
o wing from A to B is zero. It's essentially a switch that can be
turned on at any time, but only goeso� by itself, whenthe current through it becomes
zero.

The circuit below shows a basic TRIA C dimmer circuit. The trigger circuit pro-
vides a pulse of voltage su�cien t to trigger the TRIA C on each half-cycle, whenever
cos(120� t � � ) passesthrough zero. � is called the �ring angle, and can be adjusted
betweenzeroand 180� . Note that the TRIA C turns o� whenever 165cos(120� t) passes
through zero, so � =120� givesthe delay betweenthe TRIA C turning o� (becausethe
load current becomeszero) and the TRIA C turning on again (becauseof the trigger
pulse). You cancheck that whenthe �ring angleis very small and positive, the TRIA C
is on most of the time; when the �ring angle is a little lessthan 180� , the TRIA C is
o� most of the time, and when the �ring angle is 90� , the TRIA C is on half the time
(for the secondhalf of each half-cycle).
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165cos(120� t)
vl(t)Rl

trigger
circuit

(a) Sketch the waveform of the load voltagevl for several di�eren t �ring angles.(You
can useMatlab if you like.)

(b) Find the RMS value of vl as a function of the �ring angle � . Give a sketch of
RMS(vl) versus� . (You can useMatlab if you like.)

(c) Find the averagepower dissipatedin the TRIA C asa function of the �ring angle
and load resistance(you can neglect the power of the trigger pulses). Comment
brie
y on the practical implications. (This partially explainswhy a dimmer that
can handle many hundredsof watts of lighting load can �t inside a light switch
box without causinga �re.)

(d) Find the Fourier seriesof vl for the �ring angle � = 90� .

3. The circuit below is operating in periodic steady-state. The voltage sourceis vs(t) =
sint + 2cos3t and the current sourceis i s(t) = cost � sin2t.
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vs(t) v i s(t)1
 1F

1HA B

(a) Find the Fourier series(coe�cien ts) of the voltage v.

(b) Find the averagepower 
o w from subcircuit A to subcircuit B at DC, the funda-
mental (w0 = 1) and all higher harmonics.

(c) Find the total averagepower 
o w from subcircuit A to subcircuit B.

(d) Find the averageenergystored in the inductor.

(e) Could you �nd the maximum power 
o w from subcircuit A to subcircuit B? You
don't needto �nd the speci�c number, but explain how you would do it.
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4. The voltage acrossan exponential diode is v(t) = 0:65+ 0:001cos(2000� t). Estimate
the DC, fundamental, and secondharmonic of the current i . (Pleaseexplain your
estimate;zerois not an acceptableanswer.) You may usethe parametersVT = 26mV,
I 0 = 10� 14A for the diode.

5. Three-phaserecti�e d power. The circuit below is often used to connect three-phase
AC power to a load that can only handle voltagesof one polarity. It is usedin X-ray
machinesand many electrochemical industrial processes.
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Vm 6 0�

Vm 6 120�

Vm 6 � 120�

phaseA

phaseB

phaseC

neutral

vl(t)Rl

The line-to-line voltage is 208V RMS, so Vm = 208
q

2=3 = 170V. The line frequency
is 60Hz. You can assumethe diodesare ideal. (By the way, when diodesare usedin
high power circuits such as this one, they are more commonly called recti�ers. )

(a) Sketch the waveform of vl .

(b) What is the fundamental frequencyof vl?

(c) Find the averagevalue and the RMS value of vl .

(d) The ripple of the voltage vl is de�ned as vl minus its averagevalue. What is the
RMS value of the ripple of vl? Find the percent ripple, which is de�ned as the
ratio of the RMS ripple to the RMS value of vl .

(e) What fraction of the total averageload power is contained in the DC and funda-
mental components?

6. Supposethat f is periodic with period T > 0 and has Fourier coe�cien ts a0; a1; : : : ;
b1; b2; : : :, and complexFourier coe�cien ts c0; c1; : : :

(a) What is the Fourier seriesof the derivative of f ? (You may assumethat the
derivative exists and has a Fourier series.) Give your answer in terms of both of
the sineand cosineFourier coe�cien ts and also the complexFourier coe�cien ts.
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(b) Let g be the integral of f , i.e., g(t) =
Rt

0 f (� )d� . Under what conditions on f
is the function g periodic? (i.e., always? never?) When g is periodic, give its
Fourier series.

7. Consider the circuit shown below. The voltage sourceis a sawtooth waveform with
fundamental frequency! o = 1rad=secand maximum amplitude 1V. Find the ampli-
tude and phaseof the current sourcethat minimizes the averagepower dissipated in
the resistor. How much smaller is this minimum averagepower than the averagepower
dissipatedin the resistor when the current sourceis turned o� ? Explain what you are
doing.
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 1H
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8. The circuit at right is in periodic steady-
state. The voltage vs(t) is plotted below.
What is the averagevalueof vout ? Find the
fundamental component of vout , expressed
in the form Vm cos(! 0t + � ).
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9. The circuit at right is in periodic steady-
state.
Estimate the RMS values of vs and vout .
An accuracyof � 20%is su�cien t.
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10. Extracting maximum power from a periodic generator. The power generator shown
below can be modeled as a circuit that contains a periodic voltage source,inductors,
capacitors,and resistors.You do not know the circuit or any of the component values.
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PSfrag replacementsGenerator voc(t)

You measurethe (periodic) voltage waveform voc(t), the open-circuit voltage that ap-
pearsat the generatoroutput with no load connected.You alsomeasurethe (periodic)
voltage waveform vld (t), the \loaded" voltage that appears at the generator output
with a 10
 load connected. Roughly speaking, the loaded voltage waveform is a bit
smaller than the open-circuit voltage and has a bit of a di�eren t shape. You can as-
sumethat both waveforms are pretty well described by a partial Fourier serieswith
�v e harmonics.

You are asked to designa seriescompensatingnetwork that results in maximizing the
total averagepower dissipated in the 10
 load resistor in the circuit shown below.
Your compensatingnetwork can contain inductors, capacitors,and resistors.
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Compensation
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Carefully explain how you would solve this problem. Describe the major steps and
reasoninginvolved. (Obviously you can't actually solve the problem, i.e., �nd a speci�c
compensationnetwork, sincewe haven't given you the speci�c open-circuit and loaded
voltage waveforms.) Pleaseaddressthe following topics in your discussion: Do you
haveenoughinformation to designsuch a network? If not, what additional information
would you like to have? One simple compensation network is just a wire; hopefully
your network results in more averagepower being dissipatedin the 10
 resistor. How
much more?

Note: This problem is a bit vaguebut very important. It requirescombining several
things you know from 101and 102along with somecareful thinking.

11. The circuit below is operating in periodic steady-state. The voltage sourceis vs(t) =
1 + cost.
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(a) Find vout (t). Expressany sinusoidal terms in your answer in the form Vm cos(! t +
� ).

(b) Find E, the averageenergystored in the inductor.

(c) Find the percent RMS ripple of vout , de�ned as

% ripple = 100
RMS(vout � AVG(vout ))

RMS(vout )
:

12. The circuit below is operating in periodic steady-state.The voltagesourceis a sawtooth
with period 2� and amplitude 1, i.e., vs(t) = t=(2� ) for 0 � t < 2� . Sketch vout (t).
Your sketch doesnot have to be perfect, but the important featuresof vout should be
clear (e.g., approximate maximum and minimum values,approximate shape).
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You may needthe Fourier seriesof vs: vs(t) =
1
2

�
1X

k=1

1
� k

sinkt.

13. The circuit below is operating in periodic steady-state.The voltagesourceis a square-
wave of frequency1Hz betweenvalues0 and 1, i.e.,

vin (t) =

(
1 k � t � k + 1=2; k = 0; � 1; � 2: : :
0 k + 1=2 < t < k + 1; k = 0; � 1; � 2: : :
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Find the Fourier seriesof vin and vout .

Give a simple, approximate description of vout .

14. Numerical experiments with Fourier Series.

You'll needto useMatlab for the following problem. Matlab is installed on the work-
stations in Sweet Hall, as well as the Macintoshesin most public clusterson campus.
A student versionof Matlab is available at the Stanford Bookstore for about the cost
of a textbook. For information on how to use Matlab, you can consult the Matlab
primer available from http://www-leland.stanford.edu/class/ee101/primer.ps .

For this particular problem you'll need three �les: ekg.m, fourier coeff.m , and
fourier sum.m. They are available at /afs/ir/usr/class/ee102/hw2/ from your
leland account (or any machine with afs ); you can copy them from there to your
working directory.

The �rst �le is a Matlab m-�le, and the latter two areMatlab functions (that we wrote
for you). A Matlab m-�le is a sequenceof Matlab commandsin an ascii �le (e.g.,
createdusing a text editor) with a namethat endsin \.m" You can executean m-�le
from within matlab by typing its name(without the \.m" extension)at the command
prompt. 1 Matlab then executesthe commandswithin the m-�le exactly as if they
were typed individually in the commandwindow. For instance,you can type ekg to
run ekg.m.

In this problemyouwill alsoneedthe two functionsfourier coeff.m and fourier sum.m,
which we wrote for you, and encourageyou to examine. You can invoke them ex-
actly like you would usebuilt-in functions like sin or abs. You can even type help
fourier coeff to seethe �rst few lines of fourier coe�.m, which explains the details
of how the function operates.

Matlab manipulates matrices and vectors: it cannot directly handle periodic signals.
In Matlab we can approximately represent a periodic signal by giving a large vector
which is a \sampled version" of the periodic signal. To represent a periodic signal
f c(t), which has period T, we usea Matlab vector f whosecoe�cien ts are the values
of f c at equally spacedtime intervals:

f (k) = f c((k � 1)T=N ); k = 1; : : : ; N;

whereN is the length of f , i.e., the number of time samples.For the problemswe'll
encounter in this class,we can take N to be between100and 1000.

The time t in the periodic signal f c(t) that corresponds to the index k in the Matlab
vector f(k) is given by t = (k � 1)T=N . As k rangesfrom 1 to N , t rangesfrom 0 to
(N � 1)T=N . We can make up a Matlab vector that givesthe sampletimes by

1Actually , when a name is typed into Matlab, Matlab �rst checks to seeif it is a de�ned variable in
memory, then checks if it is a built-in function, then looks in the working directory (the directory whereyou
started Matlab) for an m-�le of the samename, and �nally looks in the Matlab path for an m-�le of the
samename.
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t=0:T/N:T*(N-1)/N; % vector of times of length N

Then to plot onecycleof the periodic function f c, you couldusethe following command:

plot(t,f);

(If you type just plot(f) , you'll get the wrong X-axis scale| it will usethe index k.)

When working with periodic signalsin Matlab, we often have to evaluate integrals (in
RMS calculations, Fourier coe�cien ts calculations, etc.). This is handled by simply
approximating the integral as a sum: we usethe approximation

Z T

0
f c(t) dt �

T
N

NX

k=1

f c((k � 1)T=N )

which is accurateprovided N is big enoughthat f c doesn't changetoo much between
time samples. (If you examineour function fourier coeff , you'll seethat we used
such an approximation.)

Finally, we get to the problems:

(a) Generatea sawtooth waveform in a Matlab vector called sawtooth with period
2secand amplitude 4. Your sawtooth shouldbe stored in a row vector containing
one period of the waveform, as described above. Usea su�cien tly large number
of samples,perhapsN = 200. Plot oneor two cyclesof your waveform.

(b) Use fourier coeff to (approximately) compute the �rst 30 Fourier coe�cien ts
of your sawtooth signal. Check the computedcoe�cien ts against the coe�cien ts
found analytically in the notes,and brie
y explain any discrepancy.

(c) Usefourier sumto reconstruct a waveform from the �rst 30 Fourier coe�cien ts.
Plot two cycles.Doesyour plot resemble your original sawtooth waveform?

(d) Repeat steps2-3, this time using only 10 coe�cien ts.

(e) For fun, changethe term 1
� 3 sin(3! t) into 2

� 3 cos(3! t), reconstruct,and plot. Does
the plot changealot or little?

(f ) Now let's considera real periodic signal: Jon Carter's EKG. The m-�le ekg.m
de�nes a vector ekg and also t which is a sampledversionof Jon's EKG and the
corresponding times, over one heartbeat period, which is one second. Plot two
cycles.

(g) Find the RMS value of Jon's EKG. You will have to approximate the integral as
a sum.

(h) Find the �rst 30 fourier coe�cien ts of Jon's EKG.

(i) Plot the spectrum, up to the 30th coe�cien t. What fraction of the total energy
in Jon's EKG is contained in the �rst 10 terms? The �rst 30?
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(j) Reconstruct the partial Fourier seriesof Jon's EKG using 10 terms and also 30
terms. Plot theseand compareto the original EKG. For each case,�nd the RMS
value of the error function (as de�ned in the classnotes), and expressit as a
fraction of the total RMS value. Is it consistent with your calculations from the
spectrum?

15. Consider the periodic function f with period T = 1, two cyclesof which are shown
below. This function is sometimescalled a \25% duty cycle squarewave" since it is
\on" (i.e., assumesits high value) 25%of the time.
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�5
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Find its averagevalue a0, its fundamental frequency coe�cien ts a1 and b1, and its
root-mean-squarevalue RMS(f ).

16. Supposef is periodic and satis�es

f 00+ 2f 0+ f = q(t);

whereq is a (periodic) `reversetriangle wave' with frequency5Hz, i.e.,

q(t) = 1 � 5t for 0 � t < 0:2:

What is the averagevalue of f ?
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17. Output voltagewaveformas load resistance varies.
The generatorshown at right can be mod-
eledasa circuit containing a DC (constant)
voltagesource,a sinusoidalcurrent source,
and several resistors, capacitors, and in-
ductors. You do not know the circuit.
Throughout this problem we assumepe-
riodic steady-state.
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Generator RL vL (t)

The two plots below show the load voltage waveform vL (t) for two di�eren t valuesof
load resistance,RL = 200
 and RL = 100
 .
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(a) From the data given,canyou determinethe voltagewaveformfor a load resistance
RL = 50
 ? If you can, do so. If not give \can't determine" as your answer.

(b) Supposethe frequencyof the sinusoidal sourcein the generatorexactly doubles,
and the load resistanceis RL = 100
 . From the data given above, can you
determine the load voltage waveform? If you can, do so. If not give \can't
determine" as you answer.

18. Someproblemsinvolving RMS valueof periodic signals.

(a) Supposef is a periodic function with period 2� . We know that RMS(f ) = 2, and
RMS(f + 1) = 1. (f + 1 denotesthe periodic function g given by g(t) = f (t) + 1.)
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What is AVG(f )? Either �nd (the speci�c number) AVG(f ) or state `cannot be
determined' if it cannot be determinedfrom the information given.

(b) Consider two functions p and q, with period 1, and RMS(p) = RMS(q) = 2.
Thesetwo functions are never `on' at the sametime, i.e., whenever p(t) 6= 0, we
have q(t) = 0.
Can you determine RMS(p � 2q) from the information given? Either give (the
speci�c number) RMS(p � 2q), or state `cannot be determined' if it cannot be
determinedfrom the information given. (p � 2q is the periodic function r de�ned
by r (t) = p(t) � 2q(t).)
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Exercises on Bo de Plots

1. Draw a rough sketch of the Bode magnitude and phaseplot of the transfer function

H (s) =
s2 � 0:1s + 4
s2 + 0:1s + 1

:

Use a magnitude range of � 40dB to +40dB, and a phaserange of � 360� to +360� .
Don't worry about correctionson the order of a few dB or a few tens of degrees.

Label the key featuresof your plot. Check your plot at a few obvious frequencies.

2. An ampli�er with a transfer function H has a DC gain H (0) = 103, poles at s =
� 100rad=secand s = � 106rad=sec,and a zeroat s = +104rad=sec. (Note the signsof
the polesand zeros!)

Sketch the Bode magnitude and phaseplots of H . Draw both a straight-line approxi-
mation and a \smooth"curve.

3. This problem concernsthe circuit shown below. You can assumethat the op-ampsis
ideal.
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(a) Find the transfer function H from vin to vout .

(b) Plot the polesand zerosin the complexplane. Verify that this circuit is stable.

(c) Sketch the Bode plot of H . Label important featuresof the plots. Would you
describe this systemas low-pass,band-pass,high-pass,or noneof these?

(d) Assumethe capacitorsare initially uncharged. Supposethat for t � 0, vin is a
sinusoid with amplitude 1V, frequency3kHz, and phase0� . You know that vout

will approach the sinusoidal steady-stateresponseas t ! 1 . But how long will
it take? Find a time T such that for t � T the actual and steady-stateresponses
are within about 1% of the amplitude of the steady-stateresponse.Your number
T doesnot have to be the smallestpossiblesuch T, just within a factor of two or
three.
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(e) Can you �nd appropriate initial capacitor voltages such that the system is in
sinusoidal steady-stateimmediately, i.e., from t = 0 on?

4. A delay system. Considera systemwith input u and output y described by y(t) = 0
for 0 � t < 1 and y(t) = u(t � 1) for t � 1. Thus the output is the sameas the input
but delayed onesecond.Find the transfer function H of this system. What is its DC
gain? Sketch the Bode plot of H . Can you sketch its polesand zerosin the complex
plane?

5. A systemwith undershoot.

In this problem we considera systemdescribed by the transfer function

H (s) =
1 � s

(1 + s)(1 + 2s)
;

with input u and output y.

(a) Sketch the Bode plot of H . Be careful with the phaseplot. Doesthe magnitude
plot look like the magnitude plot of a simpler transfer function? Can you explain
this?

(b) Sketch the step response. Make sure the �nal value and the slope at t = 0+ are
correct. The interesting e�ect you seefor small t is called undershoot.

(c) Supposethat at t = 200the input switched from the value 3 to � 1, i.e., u(t) = 3
until t = 200;after that u(t) = � 1. Sketch y(t) for t near200,say, several seconds
beforeto several secondsafter. Systemswith undershoot are sometimesdescibed
this way: \when you changethe input rapidly from oneconstant valueto another,
the output �rst movesin the wrong direction". Doesthis make sense?

(d) Can you �nd u such that y(t) = 1� e� t=2? Any comments about the u you found?
Can you trace the interesting feature of u to someparticular property of H , e.g.,
its DC gain, pole locations, etc.?

6. The impulse response of a system described by a transfer function H is measured
experimentally, and plotted below:
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(a) Estimate H (0), i.e., the DC gain of this system.

(b) Estimate H (j ! ) for ! = 2� � 500Hz, ! = 2� � 5kHz, ! = 2� � 10kHz, and ! =
2� � 1MHz. Explain your approximations. An answer of the form \small" is OK
provided you give somerough maximum asin \ H (j ! ) is small, probably lessthan
10� 4 or so".

(c) Sketch the step responseof this system.

(d) The (10%-90%)rise-time of a systemis de�ned as the time elapsedbetweenthe
�rst time the step responsereaches10% of its �nal value and the last time the
step responseequals90%of its �nal value. Estimate the (10%-90%)rise-time of
this system.

7. Using Matlab for impulse, step, and Bode plots.

In Matlab, it's very easy to plot the impulse response, step response, or frequency
responseof a transfer function H (s) = b(s)=a(s) when b and a are polynomials. We
will the two Matlab code examplesbelow for illustration:

num= [ 0.3, 1 ] num2= 3 * poly( [ -3, +1 ] )
den = [ 1, 0.3, 1 ] den2 = poly( [ 1+3*j,1-3*j,-2 ] )
impulse( num, den ) bode( num2, den2 )
print print saveplot
step( num, den )
print

First, you have to know how to enter polynomials into Matlab. Polynomials are rep-
resented by a vector of their coe�cien ts, stored in descendingorder of the exponent.
In other words, the polynomial

b(s) = bmsm + bm� 1sm� 1 + � � � + b1s + b0

is represented by the row vector

[ bm bm� 1 � � � b1 b0 ]

in Matlab. So in the above examples,num= [0.3,1] represents 0:3s + 1, and den =
[1,0.3,1] represents s2 + 0:3s + 1.

You canalsocreatea polynomial from its roots usingthe poly command. To do so,you
simply supply poly with a vector of the roots, stored in any order. For example,the
line den = poly([1+3*j,1-3*j,-2]) above is equivalent to den = [1,0,6,20] (try
it and see!)Likewise,num= 3 * poly([-3,+1]) is equivalent to num= [3,6,-9] .

It's quite easyto �nd the roots of a polynomial in Matlab; just type roots( < poly> )
to get a vector that contains the roots of the polynomial < poly> . In the �rst example
above, typing roots(den) would produce
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ans = -0.1500 + 0.9887i -0.1500 - 0.9887i

Of course, for many polynomials you can �nd the roots yourself. But Matlab can
compute the roots of a 20th order polynomial very quickly, and you can't.

Onceyou have constructedthe numerator and denominator polynomials in the above
fashion, it is quite simple to make someusefulplots with them. Above, we have used:

� impulse(num,den) to generatean impulse responseplot,

� step(num,den) to generatea step responseplot, and

� bode(num2,den2)to (you guessedit!) generatea Bodeplot (both magnitudeand
phase).

There is alsoan analogouscommandnyquist for making Nyquist plots.

To print the current plot, you canusually just type print . To choosea speci�c printer,
however, type print -P< printername> instead. And to save a plot to the PostScript
�le < �lename> .ps to print later, type print < �lename> .

If you want to explore Matlab a bit more, type demoat the prompt; for help on any
particular command,type help < command> .

Once you start using Matlab for thesechores,you might resent the fact that we ask
you to know how to (approximately) sketch theseplots by hand. The important part
is that you understand the plots, what they mean,and how they relate. (As far aswe
know, Matlab doesnot understandwhat the plots mean. . . )

Go aheadand run Matlab (on a UNIX workstation, typing matlab will do the trick).
Try out this examplesabove; but save a tree|don't print just yet! Onceyou get the
feel of it, move on to the problem:

(a) UseMatlab to plot the Bode plot of the transfer function of problems1 and 2, to
verify your sketches.

(b) Consider the transfer function H (s) = (s + 1)=(s2 + s + 1). Find the polesand
zeros,and plot the impulse response,step response,and Bode plot using Matlab.

(c) Now considerthe transfer function

G(s) = H (s)
s + 3

s + 3:1
:

Intuition suggeststhat G is not much di�eren t from H since we have added a
pole and a zero that almost canceleach other out. Before doing the next part,
guesshow the Bode plots of G and H will di�er. Give a geometricexplanation.
Give the partial fraction expansionof H , and compareit to the partial fraction
expansionof G.

(d) Now useMatlab to plot the impulse response,step response,and Bode plot of G
using Matlab. Comparewith your prediction.
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8. Notch �lter design. Find a transfer function H that has the Bode magnitude plot
shown below. Note that the vertical axis is given in dB and the horizontal axis, which
is linear, is given in Hz.

Expressyour answer as the ratio of two unfactored polynomials. Justify your choice
of polesand/or zeros.An accuracyof � 10%for the coe�cien ts is acceptable.

Oncethe designis complete,useMatlab to createa full (magnitude and phase)Bode
plot for the �lter.
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9. The circuit below is a simple one-pole lowpass�lter.
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Find (positive) R and C such that:

� The (magnitude of the) DC gain is +12dB.

� The magnitude of the transfer function at the frequency1kHz is 3dB lessthan
the magnitude of the DC gain.
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You can assumethe op-amp is ideal. Give numerical valuesfor R and C. Sinceyou
can't usea calculator, an accuracyof 10%will su�ce.

10. For parts (a){(e) you can assumethe circuit is initially relaxed, i.e., the capacitor
voltage and the inductor current are both zeroat t = 0.
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(a) Find the transfer function H from vin to vout . Pleasecheck your answer carefully
sinceother parts of this problem may depend on it. Try to expressH in simple
form.

(b) Find the poles,zeros,and DC gain of H .

(c) Find the unit step responses(t) from vin to vout .

(d) Sketch the Bode magnitude and phaseplot of H at the bottom of this page. Be
sure to clearly label the axesand key featuresof your plot.

(e) Supposethat the input voltage is constrainedto have a peakvalue lessthan one,
i.e., jvin (t)j � 1. How large can y(3) be? Brie
y give your reasoning.

(f ) Supposethat vin (t) is a periodic and the circuit is in periodic steady-state.(Weno
longer assumethat the capacitor voltage and inductor current are zeroat t = 0.)
Supposethat the RMS valueof vin is lessthan one. How largecan the RMS value
of vout be? Brie
y give your reasoning.

11. The unit step responses(t) of a systemdescribed by a transfer function H , which has
three poles,is shown in the two plots below. The two plots have di�eren t ranges;the
secondplot allows you to seedetails for small t.
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(a) Estimate the poles. An accuracyof � 20%is acceptable.

(b) At high frequenciesjH (j ! )j becomessmall. From the data given, can you de-
termine the rate at which it decreasesfor large frequency(e.g., 12 db/o ctave)?
Either give the rate (in dB/o ctave) or state \cannot determine" if the data given
is not su�cien t to determinethe high-frequencyrollo� rate.

12. An op-amp�lter circuit.

This problem concernsthe �lter circuit shown below. The voltagesvin and vout are
with respect to ground, and the op-ampis ideal. The transfer function from vin to vout

will be denotedH .
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(a) Find the DC gain, poles,and zerosof H . (Expressthem in termsof the component
valuesR1, R2, R3, C1, and C2.) If there are no zeros(or poles),give your answer
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as`none'. Expressyour answers in a simple form, and check them carefully, since
you may want to usethem in parts b and c.

(b) Supposethat R1 = R2 = R3 = 1
 and C1 = C2 = 1F. Find the unit stepresponse
s(t) of the �lter. (Assumezero initial voltage acrossC1 and C2.)

(c) A �lter synthesisproblem. For an audio application a �lter is required with the
magnitude Bode plot shown below:
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For this application, the phaseof H doesnot matter.
The resistor R3 is �xed to be 10k
 . Find (numerical, explicit valuesfor) R1, R2,
C1, andC2 sothat the magnitudeBodeplot of H matches(at leastapproximately)
the required form shown above. (Needlessto say, you cannot usenegative values
for R1, R2, C1, and C2.)
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Exercises on Laplace Transform

1. Find the Laplacetransform of the following functions.

(a) f (t) = (1 + t � t2)e� 3t .

(b) f (t) =

8
><

>:

0 0 � t < 1
1 1 � t < 2

� 1 2 � t

(c) f (t) = 1 � e� t=T whereT > 0.

2. The \raised cosinepulse" is a signal usedin applications such as radar and communi-
cations. It is de�ned by

f (t) =

(
1 � cost 0 � t � 2�
0 t > 2�

and plotted below.
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Find F , the Laplacetransform of f .

3. Can you �nd the Laplace transform of a function that is periodic for t � 0, given its
Fourier series?(The expressionyou write down should be explicit, if not easyto work
with or use. . . )

4. The plot below shows f (t). Its Laplace transform, F , has three poles. Estimate the
speci�c numerical valuesof the poles. An accuracyof � 30%is su�cien t.

Note: We are looking for three speci�c complexnumbers,not just qualitativ e descrip-
tions of the pole locations! You do not have to estimate the residues.
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5. Solve the following di�eren tial equations using Laplace transforms. Verify that the
solution you �nd satis�es the initial conditions and the di�eren tial equation.

(a) dv=dt = � 2v + 3, v(0) = � 1.

(b) d2i=dt2 + 9i = 0, i (0) = 1, di=dt(0) = 0.

6. Time scale property of Laplace transform. Let � > 0 and de�ne g by g(t) = f (� t).
Pick someparticular waveform f , and plot it and the corresponding waveform g for
� = 1=2. Repeat for � = 2. Returning to the generalcase,�nd the Laplacetransform
of g in terms of the Laplacetransform of f . Check your result by �nding the Laplace
transform of cos! 0t, using the Laplacetransform of cost derived in class.

7. Considerthe circuit shown below.
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1F vout

(a) Supposethat the circuit is in periodic steady-state.Find vout (t).
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(b) Supposethat the inductor current and capacitor voltage at t = 0 are both zero.
Find vout (t). Doesvout (t) convergeto the periodic steady-statesolution you found
in part (a), as t ! 1 ? What are the polesof the Laplacetransform of vout ?

8. In the circuit shown below, the op-amp is ideal and the initial capacitor voltage (i.e.,
at t = 0) is zero.
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(a) Find the transfer function H (s) from vin to vout .

(b) Now assumethat vin (t) = e� 2t for t � 0. Find vout (t).

9. Supposethat f satis�es d3f =dt3 = f , f (0) = 1, df =dt(0) = d2f =dt2(0) = 0. Find f (t).

10. Positive real zerosand signchangesin f . Supposethat F (z) = 0 for somereal, positive
z. You may assumethat z is such that the de�ning integral for the Laplacetransform
converges. Show that f must change sign, i.e., assumeboth negative and positive
valuesat various times. Another way to say this is, f cannot be nonnegative for all
t � 0 or nonpositive for all t � 0.

11. For each of the following rational functions, �nd the polesand zeros(giving multiplici-
ties of each), the real factoredform, the partial fraction expansion,and inverseLaplace
transform. (In somecases,the expressionmay already be in oneof theseforms.)

(a)
1

s + 1
+

1
s + 2

+
1

s + 3

(b)
s2 + 1
s3 � s

(c)
(s � 2)(s � 3)(s � 4)

s4 � 1

12. The circuit below is a small signal model of a typical transistor ampli�er. You can
assumezero initial voltage acrossthe capacitor.
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(a) Find the transfer function from vin to vout . (This is usually simply referedto as
the transfer function of the ampli�er.) Find its polesand zeros.

(b) Find Z in (s), the input impedanceof the ampli�er, de�ned as the ratio of Vin (s)
to I in (s). (Z in is the transfer function from i in to vin .)

(c) Supposevin (t) = 10mV for t � 0 (i.e., the input is a 10mV step at t = 0). Find
vout (t). How long does it take before vout settles to within 90% of its limiting
value?

13. The circuit below, called a Sallen-Key �lter section, is widely used. You can assume
the op-amp is ideal, and both capacitorshave zero initial voltage. Note that there are
two freedesignparameters: the capacitanceC (which of coursemust be positive) and
the (gain) a, which is required to satisfy a � 1.
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(a) Find the transfer function from vin to vout .

(b) Pick C and a to yield polesat (� 104 � j 104)rad=sec.

(c) Supposewehook up two of the �lters you designedin part (b) in cascade,i.e., con-
nect vout of oneto vin of the other. Find the transfer function from the remaining
input to the remaining output.

(d) Continuing part (c), supposethat vin (t) = 1V, i.e., a step of one volt is applied
at t = 0 to the (free) input. Find the output voltage.
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14. Stability analysisof a general second order system.Considerthe transfer function

H (s) =
b(s)
a(s)

; b(s) = b1s + b0; a(s) = a2s2 + a1s + a0:

You can assumethat b and a have no commonroots and a2 6= 0, so the degreeof a
is two. What are the conditions on a0, a1, a2, b0, and b1 under which this systemis
stable? Try to expressyour answer in the simplest form. Hin t 1: in your analysis
you'll have to considerthe casesa2

1 � 4a0a2 and a2
1 < 4a0a2 separately. Hin t 2: the

answer is very simple; it can expressedin oneshort sentence.

15. Stability analysis of the Sallen-Key �lter. Consider the Sallen-Key �lter studied in
problem 13.

(a) Find the valuesof C and a that render the �lter stable. If all valuesof a and C
result in stabilit y, say so. If not, �nd the conditions that ensurestabilit y. You
can assumethat C > 0 and a � 1.

(b) The actual resistanceof a real (physical) resistorvariesa little bit from its stated
or nominal value. The maximum deviation is called the tolerance. Sometypical
tolerancesare � 20%,� 10%,� 5%, and � 1%. Components with small tolerances
aremoreexpensive. For example,a (physical) 1k
 , � 20%resistorcanhave a real
resistanceanywherebetween800
 and 1200
 , but is lessexpensive than a 1k
 ,
� 1% resistor, which hasa resistancebetween990
 and 1010
 .
Now suppose you design a Sallen-Key �lter with poles at � 100� 104j . How
accurate(i.e., what tolerance)doesthe feedback resistor (i.e., the onewith value
(a � 1)10k
 ) have to be ensurethat the real �lter remainsstable? Expressyour
answer as a percentage of its value. Any comments?
To simplify your analysis, you can assumethat all the other resistors(and the
capacitors) are perfect, i.e., have zero tolerance. It would be more di�cult, but
more correct, to take into account the variations in all component values;this is
what is donein practice.
How do you think this �lter would behave as the temperature varies between
� 10� C and +50� C? (The value 23� C is often usedas the nominal temperature,
i.e., the temperatureat which a component is supposedto have its nominal value.)
The temperature coe�cien t for a typical composition resistor is on the order of
� 0:15%=� C. There are special (and more expensive) resistorsthat have a much
smaller temperature coe�cien t.

16. What is e� t � e� 2t? (These signalsare not de�ned for t < 0.) Do this two ways: via
Laplace transforms and also via direct integration. Sketch the two signalsand their
convolution.

Repeat for e� t � (3� (t � 1) � 2� (t � 3)).

17. The signalsf and g are plotted below. Plot f � g.
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18. So,you thought problem 12 was safelybehind you . . .

(a) Find the impulse responseof the ampli�er in problem 12 (from vin to vout ).

(b) Find the DC gain of the ampli�er in problem 12 (from vin to vout ). Verify that it
is consistent with the transfer function and the �nal value of the responseto the
10mV step you found. Verify also that your DC gain is consistent with a static
analysisof the ampli�er circuit.

(c) Repeat parts (a) and (b) for the Sallen-Key�lter. (Just the single �lter, not the
cascadedversion.)

19. In the circuit shown below you may assumethe op-ampis ideal, and the voltageacross
each of the capacitorsis zeroat t = 0.
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(a) Find the transfer function H from vin to vout . Try to expressH in simple form.

(b) Find the poles,zerosand DC gain of H .

(c) Supposethat vin (t) = 1 for t � 0. Find vout (t).

20. The systemshown below is described by a transfer function G. The polesof G are at
s = � 1 and s = � 4; G hasonly onezero,at s = � 2. The DC gain of G is 1.

PSfrag replacementsu(t) y(t)
G(s)

(a) Find the impulse responseg(t) of this system.

(b) Supposethat u(t) = e� 2t for t � 0. Find y(t).

21. Consider the circuit shown below. You can assumethe capacitor voltage and the
inductor current are zeroat t = 0.
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1
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vout (t)

Two plots are shown below. The top plot shows the unit step responsefrom vin to
vout , i.e., vout (t) with vin (t) = 1. Note that it exhibits someringing, i.e., oscillation,
and settles(converges)in about 5secor so.

The bottom plot shows the desired output voltage, which is vdes(t) = 1 � e� 3t . Note
that it exhibits no oscillation and settlesquite a bit faster than the step response,i.e.,
in about 1sec.
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Finally, the problem: can you �nd an appropriate vin (t) such that we have vout = vdes?

If there is no such vin , give your answer as\imp ossible". Otherwise,give vin that yields
vout = vdes.

22. An engineeris looking for a function v that satis�es

d4v
dt4

� v = 0; v(0) = 2; lim
t !1

v(t) = 0:

What can you say about such a v? If you believe no such v exists,give your answer as
\imp ossible". If you cangivev expicitly, do so. If you cangivea qualitativ edescription
of what such a v would look like, do so. Give the most speci�c answer you can.

23. The top plot below showsthe stepresponseof a systemdescribedby a transfer function.
Below that is a plot of an input u(t) that we apply to this system. Sketch the response
(output) y(t).
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24. In the circuit at right, vout (0) = 0 and
vin (t) = 1 � e� 2t for t � 0.
Find the Laplacetransform Vin (s) of vin (t).
Find the output voltage, vout (t), for t � 0.
(Not just its Laplacetransform.)
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25. Considerthe L-C �lter circuit shown below.
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Part 1. Find the transfer function H (s) from vin to vout .

Part 2. Find the unit step responses(t) from vin to vout .

26. Supposethat the raisedcosinepulsein problem 2 is applied asthe input to the system
of question 6. Discusswhat the output will look like, as a function of the parameter
T.

For example, for T large enough, y will also have a shape close to a raised cosine
pulse. Give more details, e.g., how large doesT have to be? What is the approximate
maximum amplitude of the output? At what time doesthis maximum occur?
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What happensif T is very small? What doesthe output look like then? Roughly how
small doesT have to be for your analysisto hold?

When you can, give your discussionin both the time and frequencydomain.

27. The plot below shows the unit step responses(t) of a systemdescribed by a transfer
function.
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Suppose the input u(t) = sin(2� t) for t � 0 is applied to this system. Sketch the
resulting output at the bottom of this page. Make sureyou clearly label the axesand
key featuresof your plot.

28. Transfer function from rainfall to river height.

The height of a certain river dependson the past rainfall in the region. Speci�cally,
let u(t) denotethe rainfall rate, in inches-per-hour, in a region at time t, and let y(t)
denote the river height, in feet, above a reference(dry period) level, at time t. The
time t is measuredin hours; we'll only considert � 0.

Analysis of past data shows that the relation betweenrainfall and river height can be
accurately described by a transfer function:

Y(s) = H (s)U(s); H (s) =
10

(3s + 1)(30s + 1)

(You don't needto know any hydrology to do this problem,but you might be interested
in the physical basisof this two-pole transfer function. The fast pole is due to runo�
from surfacewater and small tributaries, which contribute a relatively small amount
of water relatively quickly. The slow pole is due to 
o w from larger tributaries and
deeper ground water, which contribute more water into the river, over a much longer
time scale.)

A brief but intense downpour. (Parts a and b.) Supposethat after a long dry spell
(i.e., no rain) it rains intensely at 12 inches-per-hour, for 5 minutes. This causesthe
river height to rise for a while, and then later recede.
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(a) How long doesit take, after the beginningof the brief downpour, for the river to
reach its maximum height? We'll denotethis delay as tmax (in hours).

(b) What is the maximum height of the river? We'll denotethis maximum height as
ymax (in feet).
Note: you can make a reasonableapproximation provided you say what you are
doing.
A continual rain. (Parts c and d.) Supposethat after a long dry spell it starts
raining continuously at a rate of 1 inch-per-hour (and doesn't stop). This causes
the river height to rise.

(c) What is the ultimate height of the river, i.e., yult = lim t !1 y(t)?

(d) A 
o od occurs when the river height y(t) reaches8 feet. How long will it take,
after the onsetof the steadyrain, to reach 
o od condition? We'll denotethis time
as t 
o od. If the river never reaches8 feet, give your answer as `never'.
Note: you can make a reasonableapproximation provided you say what you are
doing.

29. Reducing the rise-time of a signal.

In a certain digital systema voltagesignalshouldideally switch from 0V to 5V in�nitely
fast, i.e., with zero rise-time. But due to the �nite bandwidth of the electronicsthat
generatesthe signal, it has the form

vin (t) = 5
�
1 � e� t=T

�
for t � 0

whereT = 1� sec.Thus, the signal hasa rise-time around a few � sec.

An engineerclaims that the circuit shown below can be usedto reducethe rise-time of
the signal, provided the component valuesR and C are chosencorrectly. Speci�cally,
the engineerclaims that by choosingR and C correctly, we can have

vout (t) = a
�
1 � e� 10t=T

�
for t � 0

wherea is somenonzeroconstant. Thus, the rise-time of vout is a factor of 10 smaller
than the rise-time of vin , i.e., a few hundred nsec.

PSfrag replacements

vin (t) vout (t)R

C
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Here is the problem: determine whether the engineer'sclaim is true or false. If the
claim is true, �nd speci�c, numerical valuesof R and C that validate the claim. If the
claim is false,brie
y explain why the engineer'sidea will not work.

(You canassumethe circuit starts in the relaxedstate, i.e., no chargeon the capacitor.
And no, you cannot usenegative R or C.)

30. A simple two-waycrossovercircuit.

A typical high-�delit y speaker hasseparatedrivers for low and high frequencies.(The
driver is the physical devicethat vibrates to createthe soundyou hear. The old terms
for the low and high frequencydriversare woofer and tweeter, respectively.)

The circuit shown below, calleda speaker crossovernetwork, is usedto divide the audio
signalcomingfrom the ampli�er into a low frequencypart for the low frequencydriver
(LFD) and a high frequencypart for the high frequencydriver (HFD). Sincethe audio
spectrum is divided into two parts, this is calleda two-way system(three-way are also
common).

The ampli�er is modeledasa voltagesource(which is a very good model), and the low
and high frequencydrivers are modeledas 8
 resistances(which is not a good model
of real drivers,but we will useit for this problem).

PSfrag replacements

vamp(t)

8
 8


C L

speaker

HFD LFD

Zspeaker

The crossover network is designedso that the transfer function from the ampli�er to
each driver has magnitude � 3dB at a frequency! c called the crossoverfrequencyof
the speaker.

(a) ChooseC and L sothat the crossover frequencyis 2kHz. Do this carefully asyou
will needyour answers in part b.

(b) Usingthe valuesfound in a, �nd Zspeaker(s), the impedanceof the two-way speaker
seenby the ampli�er (as indicated in the schematic).
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Exercises on Fourier Transform

1. Find the Fourier transform of the following signals. In each casesketch a plot of the
signaland its spectrum, i.e., the magnitude-squaredof its Fourier transform. For each
signal give a rough idea of its \time-width" and \bandwidth".

(a) f (t) = te�j t j . Hint: try to useLaplacetransforms . . .

(b) The signal

f (t) =

(
sin10� t 0 � t � 1
0 t > 1 or t < 0

which is called a tone-burst.

(c) f (t) = e� 0:2jt j cos2� t.

(d) A raisedcosinepulseof duration T, i.e.,

f (t) =

(
1 + cos(2� t=T) jtj � T=2
0 jtj > T=2

2. Find the inverseFourier transform of e�j ! j� j ! .

3. Two signalsu and y are related by

u(t) = � y(t) + 2
Z 1

0
e� � u(t � � ) d� :

(a) Expressthis relation in the frequencydomain.

(b) What can you say about the two quantities

� =
Z 1

�1
u(t)2 dt; � =

Z 1

�1
y(t)2 dt ?

For example,is onealways lessthan the other, no matter what u is?

4. Considerthe function

f (t) =

(
et t � 0
0 t > 0

(a) Find its Fourier transform, f̂ .

(b) Let g denotethe function

g(t) =
1

2�

Z 2

� 2
f̂ (! )ej ! t d! ;

which can be consideredan approximation of the Fourier inversion formula in
which we integrate only over the frequency band � 2 � ! � 2 instead of all
frequencies.
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Let e(t) = f (t) � g(t), i.e., e is the error between f and the approximation g.
Find the total energyof the error, i.e.,

Eerr =
Z + 1

�1
e(t)2dt:

Is the function g a fairly good approximation of f ? Why or why not?

5. Fourier coe�cients of convolution of periodic signals.

Supposef and g are both periodic signalswith period T. We de�ne the convolution
of f and g as

h(t) =
Z T

0
f (� )g(t � � ) d� :

The function h is alsoperiodic with period T.

Let ck denote the kth complex Fourier coe�cien t of f (where k = 0; � 1; � 2; : : :).
Similarly, let dk denotethe kth complexFourier coe�cien t of g, and let ek denotethe
kth complexFourier coe�cien t of h.

How do you think ek is related to ck and dk? First guessthe relation, and then verify
your answer.

6. Fourier coe�cients of product of periodic signals.

Hereis yet another time/frequency domain relation we haven't encountered, but won't
surpriseyou. Supposef and g are both periodic signalswith period T. Let h denote
the product of f and g, i.e.,

h(t) = f (t)g(t);

which is alsoperiodic with period T.

Find an expressionfor the Fourier coe�cien ts of h in terms of the Fourier coe�cien ts
of f and g (which we'll call ck and dk , respectively).

Hint: If xk and yk are both sequencesof real or complexnumbers, then we de�ne the
convolution of the two sequences,denotedz = x � y, as

zk =
1X

i = �1

x i yk� i

(which shouldn't surpriseyou; it looks just like our de�nition of convolution of contin-
uoussignals,with summation substituted for integration).

7. Analysis of synchronousdemodulation including channeltransfer function.

In the lecture notes we analyzedsynchronousdemodulation assumingthe local oscil-
lator signal was exactly the sameas the carrier signal, cos! ct. We also assumedthat
the channel was just a wire, i.e., the modulated signal was available directly to the

92



demodulator. In this problem we (that is to say, you) analyze what happens when
theseassumptionsdon't hold.

As in the notes,x(t) will denotethe signal,which is bandlimited to W. The modulated
signal will be y(t) = x(t) cos! ct, where ! c > W. The modulated signal then passes
through the channel,which hastransfer function H chan. This signal is demodulated by
multiplication by cos(! ct + � ), then lowpass�ltering through H lowpass. This is shown
in the block diagram below.

PSfrag replacements

x(t) y(t) z(t) u(t)

cos! ct cos(! ct + � )

Hchan(s) H lowpass(s)

For this problem we will make two simplifying assumptions. You can assumethat
H lowpass is a perfect lowpass�lter:

H lowpass(j ! ) =

(
1 jwj � W
0 jwj > W

(although a more realistic analysis includes a non-ideal lowpass�lter . . . ). You may
alsoassumethat over the band of frequenciesbetween! c � W and ! c + W, the channel
transfer is approximately constant, and equal to H channel(j ! c) (which is a complex
number!). This secondassumption is often realistic, if W � ! c, and the channel
transfer function doesn't changetoo much with frequency.

(a) Find an expressionfor Z (! ) andU(! ). Your answer will involvethe local oscillator
phaseangle � and also the complexconstant H channel(j ! c).

(b) Give an interpretation of what you found in (a). For example,how is u(t) related
to the input signal x(t), and what e�ect doesthe phaseangle � have?

(c) Find the `best' phaseangle � for the demodulator. You will have to �rst think
about, decide,and explain what `best' meanshere,and then solve the problem.

(d) Considerthe casewherethe channelis a wire, i.e., H channel(s) = 1. What happens
if the local oscillator is 90� out of phasewith the carrier, i.e., � = � 90� ?

8. Time and frequencywidths of a signal.

One speci�c de�nition of the time-width of a signal f is the smallestnumber T such
that 90%of the total energyin the signal is contained in the time interval [� T; T], i.e.,

Z T

� T
f (t)2 dt = 0:90

Z 1

�1
f (t)2 dt:
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In a similar way wecande�ne the frequencywidth asthe smallestnumber W such that
90% of the total energyin the signal is contained in the frequencyinterval [� W; W],
i.e.,

1
2�

Z W

� W
j f̂ (! )j2 d! = 0:90

1
2�

Z 1

�1
j f̂ (! )j2 d! ;

where f̂ denotesthe Fourier transform of f .

Using thesede�nitions, �nd the time width T and frequencywidth W for the signal

f (t) =

(
e� at t � 0
0 t < 0

wherea > 0 is a (constant) parameter. (Obviously, your answer will depend on a.)

Hin t: you may needthe following inde�nite integral:
Z 1

1 + x2
dx = arctanx
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