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Abstract. Statistically modeling networks, across numerous disciplines and contexts, is
fundamentally challenging because of (often high-order) dependence between connections.
A common approach assigns each person in the graph to a position on a low-dimensional
manifold. Distance between individuals in this (latent) space is inversely proportional to the
likelihood of forming a connection. The choice of the latent geometry (the manifold class,
dimension, and curvature) has consequential impacts on the substantive conclusions of the
model. More positive curvature in the manifold, for example, encourages more and tighter
communities; negative curvature induces repulsion among nodes. Currently, however, the
choice of the latent geometry is an a priori modeling assumption and there is limited guid-
ance about how to make these choices in a data-driven way. In this work, we present a
method to consistently estimate the manifold type, dimension, and curvature from an em-
pirically relevant class of latent spaces: simply connected, complete Riemannian manifolds
of constant curvature. Our core insight comes by representing the graph as a noisy distance
matrix based on the ties between cliques. Leveraging results from statistical geometry, we
develop hypothesis tests to determine whether the observed distances could plausibly be
embedded isometrically in each of the candidate geometries. We explore the accuracy of our
approach with simulations and then apply our approach to data-sets from economics and
sociology as well as neuroscience.

1. Introduction

Social, economic, biological, and technological networks play a crucial role in a myriad
of environments. Job referrals (Granovetter, 1973; Calvo-Armengol, 2004; Beaman, 2012;
Heath, 2018), neurological function (Leung et al., 2008), epidemics (Hoff et al., 2002; Bansal
et al., 2010; Sewell and Chen, 2015), social media (Romero et al., 2011; Myers and Leskovec,
2014; Cho et al., 2016), informal insurance (Ambrus et al., 2014; Cai and Szeidl, 2017),
education decisions (Calvó-Armengol et al., 2009), sexual health (Handcock and Jones, 2004),
financial contagion (Gai and Kapadia, 2010; Elliott et al., 2014; Acemoglu et al., 2015),
international trade (Chaney, 2014), and politics (DiPrete et al., 2011) are among the many
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settings in which networks play a major role. Modeling network formation is, therefore,
essential for both descriptive and counterfactual analyses.

Constructing such models is, however, challenging from a statistical perspective since
networks typically feature higher-order dependence between the connections. Phenomena
such as transitivity and the tendency for a friend of a friend to be a friend are common
in networks and mean that standard statistical approaches, which assume independence
across connections, aren’t appropriate. One common approach for modeling this dependence
structure is the latent space model, introduced by (Hoff, Raftery, and Handcock, 2002). The
latent space model estimates a probability distribution over graphs that is consistent with
the single instance of the graph observed in practice. It assigns each actor in the network to a
position on a low-dimensional manifold. Likelihood of a connection is inversely proportional
to distance between actors on a manifold with a pre-specified dimension and geometry.
Connections are assumed independent conditional on the latent positions.

In this paper, we address the question of how to choose the type and dimension of the
manifold in latent space network models. We present a hypothesis testing framework which
connects distances in the latent space to feasible embeddings on simply connected, complete
Riemannian manifolds with constant curvature. The intuition is as follows. First, we must
characterize each graph in a manner that is agnostic to manifold type (otherwise we assume
the result), but is interpretable on each manifold (otherwise we cannot compare). Given
a way to characterize the graph, we can construct a test statistic and perform inference.
Distance is a natural candidate for such a characterization, particularly given the extensive
literature on representing distance matrices on manifolds. Distance is typically defined given
a particular geometry, however. Our solution is to define distance based on interactions
between cliques, or completely connected subgraphs. We define the distance between two
cliques as probability of interaction of a node in clique A with a node in clique B, which we
can define using the definition of the latent space model plus the observed fraction of realized
links between clique members out of the total possible. Given a distance matrix, we rely
on three main results from geometry. The first two results give conditions for embedding
distance matrices isometrically in a given manifold type and the third provides an estimator of
the smallest possible dimension for this embedding. To characterize uncertainty, we develop
hypothesis tests for candidate geometries. These tests describe how different we expect
contact patterns between cliques to be when seeing single draws from a probability model
based on the latent space. We show, theoretically, that our procedure consistently identifies
the latent manifold and, empirically, that the method has appealing properties in simulations
and consequential implications using two datasets.

The choice of latent manifold type and its curvature is consequential for both the inter-
pretation of the latent space model and its theoretical properties. First, the choice of the
geometry determines the nature of network structure captured by the latent space. For a
simple example, consider a two dimensional Euclidean space (a plane). Here it is not possible
to place four nodes in such a way that they are equidistant from one another, meaning that
it isn’t possible to represent groups of four such that, holding constant node effects, each
node has the same likelihood of interacting with any other. Another way to see the impact
of geometry is through triangles. Since a spherical space wraps, there is an upper bound
to how far apart nodes can be from one another before they start getting closer together.
Further, positive curvature encourages the formation of triangles and communities. Addi-
tionally, certain networks, such as a network of neurons or a network exchange built along
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a supply chain, may have a tree-like structure. Trees are difficult to embed in spherical or
Euclidean spaces—indeed infinite trees cannot be—but fit naturally in hyperbolic space. Re-
cent work in statistics has shown the importance of modeling networks using non-Euclidean
latent representations. For instance, McCormick and Zheng (2015) model latent space as a
sphere and Krioukov et al. (2010) and Asta and Shalizi (2015) use hyperbolic space. Smith
et al. (2019) provides a comprehensive review of the implications and consequences of the
choice of geometry.

A second consequence of the choice of geometry arises in the theoretical properties of
latent space model estimates. A question open until recently was on the consistency of
estimates of the individual locations on the unobserved manifold. This was addressed by
Shalizi and Asta (2017) for a general class of models who demonstrate that latent locations
are consistently estimated in the case where the researcher ex-ante assumes a manifold type
within a class of rigid manifolds and there are no fixed effects nor covariates. Breza et al.
(2019) extend this to the general case including fixed effects and covariates. However, since
the distribution of the network formation process depends on the manifold itself, the key
question is whether a researcher can consistently estimate the latent space. After all, the
network formation process is sensitive to the geometry of the latent space. We study and
prove consistent estimation of the latent space geometry in the present paper.

As previously mentioned, it is common practice to assume the latent dimension, the man-
ifold type, or both. We provide a data-driven alternative. It also contrasts with cross-
validation based selection procedures that are sometimes used, in particular to estimate the
manifold dimension. These approaches subsample connections and then use either model
fit diagnostics or out-of-sample prediction metrics. We avoid a critical issue with these
approaches, namely that subsampling can fundamentally alter graph properties in unpre-
dictable ways (Chandrasekhar and Lewis, 2016), calling into question the relevance of the
subsampled distribution.

We also approach the question from a fundamentally different perspective than currently
available alternatives that use the likelihood or penalized likelihood to estimate model fit.
First, rather than characterizing fit or predictive accuracy with a particular dataset, our
approach takes a more classical hypothesis testing perspective. Comparing (for example) an
information metric across a model fit with a spherical or hyperbolic latent space is funda-
mentally characterizing the congruence between the embedding for a given dataset and the
spaces under consideration. Uncertainty in this framework arises from sampling, but also
from potential model mis-specification. A likelihood based metric for a spherical space with
limited, but non-trivial, curvature may perform well for a graph generated from Euclidean
embeddings, but we can improve upon this. In our approach we isolate uncertainty to only
sampling error by using a test for isometric embeddings of distances into the space under
consideration. In our context we variability in the observed distance matrix as representing
expected noise due to sampling realizations of a graph of a given size. Second, we isolate
the test to study distance, rather than to the model as a whole, as would be the case with
a likelihood-based measure. A likelihood ratio test for whether or not the curvature of the
space is zero, for example, may seem to be an appealing alternative, to our approach. Such
a test would, however, confound changes in the latent geometry with changes in the fixed
effects. To see this, recall that the surface area of the sphere changes as a function of the
curvature. To preserve the overall density of the graph, therefore, the individual effects must
change when the curvature changes. In our framework we sidestep this issue by leveraging the
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structure of the network formation model to isolate the test as specific to the latent geometry.
Constructing an appropriate likelihood-based test, in contrast, would require marginalizing
over the individual effects, which would be computationally intensive and require specifying
distributions for the individual effects (which we do not require).

We close this section with a formal definition of the latent space model and an overview of
the structure of the remainder of the paper. Beginning with the latent space model, consider
the graph G = (V,E) where n = |V | are actors (also called individuals or nodes) and E
are edges (also called links or connections). For simplicity, we assume throughout that the
graph is un-directed (all connections are symmetric) and unweighted (all connections are
either present or absent). Our methods readily extend to the weighted and directed case,
though it increases the complexity in terms of both notation and exposition. We assume
that edges in G are drawn independently according to

(1) P (Gij = 1 | ν, z,Mp(κ)) = exp
(
νi + νj − dMp(κ)(zi, zj)

)
,

which is the probability model for the graph. In (1) we have Gij = 1 if there’s a connection
between i and j and 0 otherwise. We represent ν = (ν1, . . . , νn) as the vector of individual
effects, restricted to be negative to ensure Equation (1) is a probability. These are inde-
pendent effects (e.g., they can encode individual gregariousness) and are related to the total
number of connections Chatterjee et al. (2011); Graham (2017). The dMp(κ)(zi, zj) terms
represent the distance on the manifold Mp(κ), with dimension p and curvature κ, between
locations zi and zj. We assume that the space is a simply connected, complete Riemannian
manifold of constant curvature. By the Killing-Hoff theorem (Killing, 1891), there are only
three such manifolds: Euclidean space (Rp equipped with the usual inner product) with
κ = 0, the p-sphere (Sp (κ)) with strictly positive curvature, and hyperbolic space (Hp (κ))
with strictly negative curvature. We present additional background on these geometries in
Section 1.1. The propensity to form ties between pairs of individuals is assumed indepen-
dent conditional on the vector z = (z1, . . . , zn) of these positions on the manifold. Hoff
et al. (2002) present this model with a logit link and subsequent authors have extended the
mapping from latent space distances to probability using both univariate and multivariate
distributions (see Salter-Townshend and McCormick (2017) for example). We choose ex-
ponentiation to simplify the decomposition between the ν and z components, though our
results are robust to the choice of the link function. We assume the following throughout
the paper.

Assumption 1.1 means (by Killing (1891)) that the geometry must be Euclidean, spherical,
or hyperbolic with a bounded dimension and possible curvatures in some compact set. This
condition implies that, as we accumulate more data, the manifold must meaningfully curve
(in that it is not arbitrarily close to Euclidean).

Assumption 1.1. Mp(κ) is a simply connected, complete Riemannian manifold of constant
sectional curvature κ, with p ∈ Z with known upper bound and κ ∈ [−b,−a] ∪ {0} ∪ [a, b]
with a > 0, b > 0.

Assumption 1.2 ensures that (1) produces probabilities.

Assumption 1.2. Every node i has a fixed-effect νi i.i.d. from a distribution Fν on (−∞, 0].

Before we proceed, we use C` to denote an ` clique in G. That is, C` is a complete
subgraph on ` nodes. Our results relies on latent positions of nodes in completely connected
subgraphs, or cliques. Under any model for Fz, nodes in cliques will be close together in the
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latent space, since cliques are completely connected subgraphs and nodes close together in
the latent space are likely to connect.

Assumption 1.3 sets out a general requirement for Fz which makes explicit the condition
that is required for our proofs: proportionally most of the cliques in the graph are comprised
of nodes that are proximate in latent space. This assumption of local cliques captures a
typical feature of latent space models and empirical data.

Assumption 1.3. Every node i resides at a location zi that is drawn independently and
are identically distributed from a distribution Fz on manifold Mp(κ). The latent location
distribution must satisfy two properties:

(a) Identifiability: The support of Fz must consist of at least K > p distinct points that

uniquely identify the manifold, with 0 ≤ p < K · (1−
√

1+K
2K

).

(b) Local cliques: The distribution of locations should be such that the following is true.
For any collection of ` nodes with locations drawn i.i.d. from Fz we have ∀ δ > 0,

lim
n,`→∞

(
P(C` exists |maxi,j d(zi, zj) ≤ δ)

P(C` exists |maxi,j d(zi, zj) > δ)
× P(maxi,j d(zi, zj) ≤ δ)

P(maxi,j d(zi, zj) > δ)

)
=∞.

This provides an explicit condition for the rate at which nodes in a clique should near one
another as the size of the graph grows. Aside from this condition, we impose no restrictions
on the distribution of Fz. This general requirement allows for continuous, discrete, or mixed
distributions as well as dependence on n.

To give one expository example of a distribution that has this property and does not
depend on n, consider a sphere with K locations. Say these locations are distributed evenly
about sphere such that they satisfy part (a) of Assumption 1.3 and all nodes are sampled i.i.d.
uniformly distributed over these locations. With this distribution, nodes that are connected
in clique will, with high probability be placed at the same location relative to being at several
locations. When we consider a sufficiently large clique—in practice even as few as five nodes
works well as this yields ten rare events (potential links)—the overwhelming likelihood is
that we see nodes at a single location, rather than spread across several locations, which
is the requirement for Assumption 1.3. Thus, cross-clique links allow us to estimate cross-
location probabilities for these K locations, which play the major role in studying isometric
embedding conditions used to determine the geometry.

The remainder of the paper is organized as follows. In Section 1.1 we review key concepts
of curvature and embedding from geometry which are crucial for our testing procedure. We
present a strategy for creating distance matrices that are manifold-type agnostic in Section
2. Next, we present two uses for these distance matrices, estimating the minimal latent
dimension (Section 3) and testing for geometric class (Section 4) We also show that the
estimators for minimal dimension and the hypothesis tests are consistent. In Section 5 we
present simulation experiments that explore the efficacy of our approach. In Section 6, we
apply our results to two empirical examples. The first empirical example considers data from
Indian village social networks, comprised of informal finance, information, and social links
and also study how the introduction of microfinance impacts geometry. The second example
focuses on the neural network of a worm. Section 7 concludes. Code to reproduce our results
is available at github.com/slubold/LS_Geometry.

1.1. Preliminaries: A Review of Core Geometric Results.

github.com/slubold/LS_Geometry
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Figure 1. How curved geometries affect network embeddings (n = 36).

1.1.1. Sectional Curvature. We will study geometries given by simply connected, complete
Riemannian manifolds of constant sectional curvature, defined formally below. Each of
these assumptions are ex ante parsimonious. Simple connectedness and completeness are
innocuous as well and constant curvature at least provides a place to start and nests all
manifolds used in the literature.

The Killing-Hoff theorem in Killing (1891) states that any simply connected complete
Riemannian manifold of constant sectional curvature is either Euclidean, spherical, or hy-
perbolic. This restricts our class to these manifolds. These three types of manifolds span
a large and usable set of empirically relevant networks. With zero curvature, we model
networks that allow for many paths where following them along nodes takes one increas-
ingly far from nodes in other directions, while preserving local clustering. So while there is
clustering, a flat space models a sort of vastness. Meanwhile, a sphere which has constant
positive curvature does force such behavior. Following friends of friends of friends and so
forth typically leads to encountering some distant friends in common at a much higher rate.
Therefore there is a sort of cloistering in addition to clustering. Finally, hyperbolic spaces in
contrast naturally embed trees or hierarchical networks or any context where expansiveness
is a key feature. Intuitively this is because any set of initially parallel lines spread apart.
Figure 1 presents intuitions.

1.1.2. Sectional Curvature Definitions. Some preliminary definitions are required. We review
these concepts in a self-contained way. The reader may look to O’Neill (1983) for a more
in-depth explanation. The tangent space at m ∈Mp is denoted Tm(Mp), defined as the set
of all tangent vectors to the manifold at m: that is, all real-valued functions v that map any
smooth function f :Mp → R to v(f(m)) ∈ R that is R-linear and Leibnizian.1

A Riemannian manifold (Mp, g) comes with a metric tensor g which at every point m ∈
Mp takes two vectors in the tangent space at m, u, v ∈ Tm(Mp), and maps it to a non-
negative number: gm(u, v) 7→ R≥0 and the map is symmetric, non-degenerate, and bilinear.
That is, g defines a scalar product over the manifold; on a smooth manifold the metric tensor
smoothly varies over the manifold.

To define curvature, we first need to define the Riemann curvature tensor, R evaluated
at point m ∈ Mp, which takes three tangent vectors in the tangent space at m—u, v, w ∈
Tm(Mp)—and returns Rm(u, v)w ∈ Tm(Mp)2

Rm(u, v)w := ∇[u,v]w − [∇u,∇v]w.

1An obvious tangent vector is the directional derivative at a point on the manifold: it maps a smooth
function to its derivative in that direction evaluated at that point.

2Here [., .] is the usual Lie bracket.
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Here is a simple intuition. Consider the vector w which is tangent to the manifold at m.
Consider the plane defined by u and v which are tangent at m as well. Now take w and
parallel transport it, meaning take it along the parallelogram in the u direction and then v
direction and compare that to taking the same w along the v direction and then u direction
to the same point. The returned vector has entries that describe how much w changes
relatively across the two paths. If this is identically zero, this means of course that there was
no change in this parallel transportation. Intuitively, if one does this on a flat manifold, for
instance R2 with the usual Euclidean metric, it is clear that the vector w does not change
whatsoever. But on a sphere, for instance, the reader can intuit that things change.

Then the sectional curvature at m, which we refer to simply as curvature for the remainder
of this paper, is given by

κm(u, v) :=
gm(Rm(u, v)v, u)

gm(u, u) · gm(v, v)− gm(u, v)2
.

This is independent of basis u, v whatsoever (see Lemma 39 in O’Neill (1983) for instance)
so we can simply write κm. That the manifold has constant sectional curvature means that
for all m ∈Mp, κm = κ and so we simply write Mp(κ).

1.1.3. Candidate Geometries. In order to study the candidate manifold Mp(κ), we embed
them in Rp+1. Clearly the Euclidean case is trivial. In the spherical case we embed it in
Euclidean space (Rp+1 with the usual metric) and in the hyperbolic case we use Minkowski
space (R1,p). Note that the only difference is that the bilinear form of the space, given by
Q, varies in signature described below.

The model for each is constructed by looking at a locus of points in the ambient space in
which it is embedded:3

Mp(κ) :=
{
x ∈ Rp+1 : Q(x, x) = κ−1

}
.

This implies a way of calculating distances between points on the manifold with

dMp (x, y) =
arccos (κQ (x, y))√

κ
.

Let us turn to our candidate cases. In the case of the sphere Sp, we have the usual Eu-
clidean inner product QRp+1 (x, y) :=

∑p+1
i=1 xiyi.

4 The locus of points and distances between
two points x, y ∈ Rp+1 for the embedding is

Sp (κ) :=
{
x ∈ Rp+1 : QRp+1 (x, x) = κ−1, κ > 0

}
and dSp (x, y) =

arccos (κQRp+1 (x, y))√
κ

.

Hyperboloic space Hp is embedded in Minkowski space, R1,p which is Rp+1 equipped with
the Minkowski pseudo-metric: QR1,p (x, y) := −x0y0 +

∑p
i=1 xiyi.

5 The important point is
that the signature is distinguished from the Euclidean space which will play a key role in

3For the hyperboloid x0 > 0 is an additional restriction.
4It can be checked that the metric tensor at a point x ∈ Sp is induced by the ambient Euclidean space:

gS
p

x := QRp+1 |Tx(Sp) or gS
p

x (u, v) =
∑
i uivi for u, v ∈ Tx (Sp).

5One can check that across the tangent bundle at all points this indefinite inner product in the ambient
space is positive definite, thereby defining a Riemannian metric: gH

p

x := QRp,1 |Tx(Hp) or gH
p

x (u, v) = −u0v0+∑p
i=1 uivi for u, v ∈ Tx (Hp).
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distinguishing the geometries. As a consequence the locus of points and distances are given
by

Hp (κ) :=
{
x = (x0, x1:p) ∈ R1,p : QR1,p (x, x) = κ−1, x0 > 0, κ < 0

}
and

dHp (x, y) =
arccos (κQR1,p (x, y))√

κ
.

1.1.4. Embedding Conditions. Let D be a known distance matrix from K points given by
Z = {z1, . . . , zK}. We say that Z can be isometrically embedded in manifoldMp(κ), written

as Z
isom→ M, if there exists an isometry φ such that for all l, l′, dM(φ(zl), φ(zl′)) = dll′ .

In our case, we want to study if Z can be isometrically embedded in some manifold
Mp(κ) satisfying Assumption 1.1 and, specifically, given the class of the manifold (Euclidean,
spherical, or hyperbolic), the minimal dimension required for the embedding. As such, we
review how one determines if it is possible to isometrically embed these points into Euclidean
space or any of the curved spaces.

We define the K ×K matrix corresponding to the bilinear form above,

Wκ(D) =
1

κ
cos(
√
κD) if κ 6= 0

where we apply the cosine operation element-wise, as before. We use the convention that
for κ = 0, W0(D) = −1

2
JD ◦ DJ , where J := IK − 1

K
1K1TK . By using a Taylor series of

Wκ(D) around κ = 0, one can see that there is a close relationship between the expression
of Wκ(D) for κ > 0 and W0(D).6 The motivation for these expressions is that the signatures
of these matrices will tell us whether such an isometric embedding is possible. We write
Wκ = Wκ(D), suppressing the dependency on D unless otherwise noted.

First we review the Euclidean case.

Proposition 1.1 (Schoenberg (1935), Theorem 1). Z
isom→ Rp for some p if and only if W0

is positive semi-definite. In addition, the smallest p such that Z
isom→ Rp is p = rank(W0).

Next we turn to the case of curved manifolds. Recall that the signature of a square matrix
A is a triple (a, b, c), where a, b, c are respectively the number of positive, zero, and negative
eigenvalues of A.

Returning to our general formulation above, we can write distance matrix among a vector
of points Z ∈Mp(κ) as

DMp(κ) =
arccos (κφ(Z)′ηφ(Z))√

κ

where we have written the general bilinear form as Q = φ(Z)′ηφ(Z). Notice that η =
diag(+1, . . . ,+1, 0, . . . , 0) in the case of spherical geometry and η = diag(−1, 0, . . . , 0 +
1, . . . ,+1) in the case of hyperbolic geometry. The logic of the approach is to identify the
signature which then tells us which geometry we are in and precisely why Wκ takes its form
for κ 6= 0.

Formally, the following result from Begelfor and Werman (2005) provides necessary and
sufficient conditions for points to be isometrically embedded in spherical and hyperbolic
space.

6We would like to thank Gabriel Caroll for pointing this out to us.
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Proposition 1.2 (Begelfor and Werman (2005), Theorem 1). Z
isom→ Sp(κ) if and only if

the signature of Wκ is (a, n− a, 0) for some a ≤ p + 1 and some κ > 0. Also, Z
isom→ Hp(κ)

if and only if the signature of Wκ is (1, n− a− 1, a) for some a ≤ p and some κ < 0.

We want the smallest dimension such that Z can be embedded isometrically in Mp(κ).
In the Euclidean case, the smallest dimension is rank(W0). For the spherical case, any
admissible dimension p must satisfy n+(Wκ) ≤ p + 1, where n+(Wκ) is the number of
positive eigenvalues of Wκ. So p must satisfy p ≥ n+(Wκ)− 1 and the smallest valid value of
p = n+(Wκ)− 1 for some κ > 0. Using a similar argument, one can show that the smallest

p such that Z
isom→ Hp(κ) is p = n−(Wκ) + 1 for some κ < 0 where n−(Wκ) is the number of

negative eigenvalues of Wκ.
Taken together, these two results allow us to determine when a collection of points can

be isometrically embedded in a Euclidean, spherical, or hyperbolic space. In addition, we
can determine the smallest possible dimension of the space. To preview how we will use the
results from this section, suppose for now that we have access to distances between points
onMp(κ), the latent space in (1). Our approach connects the eigenstructure of the distance
matrix to an underlying manifold, leveraging the results from this section which indicate
that only distance matrices with certain eigenstructure can be isometrically embedded on
a particular manifold. We care about positive definiteness for the Euclidean and spherical
cases (for W0 and Wκ for κ > 0 respectively). For the hyperbolic case we have a more
peculiar requirement: that the spectrum only has one positive eigenvalue and the remainder
are zero and negative. Further, in all cases we care about rank of Wκ, which indicates the
(smallest possible) dimension of Mp(κ).

In practice, of course, we must use the graph G to estimate a set of distances on Mp(κ).
Using this estimator, which we describe in the next section, we can then provide estimators of
the curvature of the space, provide a hypothesis testing framework to classify the geometry
(Euclidean, spherical, or hyperbolic), and provide an estimator of the dimension of the
manifold.

2. Mapping Graphs to Manifolds via Distance Matrices

We now move from a general discussion of a geometry in the previous section to the specific
case of the graph. We first show how we define a distance matrix based on connections
between cliques. With an appropriately defined distance matrix, the geometric results from
the prior section can be used to generate hypothesis tests for latent geometry type and
estimates for the dimension of this geometry. With sufficient data we could estimate the
distance matrix with arbitrarily small noise and apply the results from the previous section
directly. In practice, however, we see a fixed graph size and face sampling uncertainty about
the distance matrix.

With these assumptions in mind, we now move to defining the distance matrix, D and
its estimator, D̂. In the typical setup for the latent space model, D is only defined after
assuming a particular geometry. In this setting, the definition of D changes depending
on the presumed geometry (arc-length on a hyper sphere for example, Euclidean distance
on a plane). Since we do not want to take the geometry as given, the distance matrix
cannot use a metric that is specific to a single geometry. The distance matrix also must
be comparable across geometries, however, otherwise we will be performing different tests
in each geometry. Our solution is to use probabilities defined by the latent space model in
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(1). Rather that using distance on a given manifold as the input to these probabilities, as
would be typical in the latent space model, we use overlap between cliques. In particular,
we define the fraction of potential interactions between two clique members out of the total
possible interactions. A potential consideration with this approach is that it requires the
existence of cliques, a requirement not put forth in our assumptions. The existence of
cliques is guaranteed by the latent space model under our assumptions as the number of
nodes increases, however. In particular, the conditional independence relation that is key
to the latent space model requires an assumption of exchangeability. The Aldous-Hoover
Theorem implies that exchangeable sequences of nodes correspond to dense graphs in the
limit (Aldous, 1981; Orbanz and Roy, 2015), which implies that cliques are present in the
limit. We also examine the existence of cliques in practice using our empirical and simulated
examples. We find that, in general the number and size of cliques in our empirical examples
is sufficient to match settings in simulations where the method controls Type 1 error and
has high power.

To motivate our approach to constructing a distance matrix, we consider a simplification
of the main model in (1). We make two assumptions for illustration, which are subsequently
relaxed. First, suppose there are no individual effects (so νi = 0 ∀i). Second, suppose
that the distribution of node locations are degenerate distributions fixed at K locations
z1, . . . , zK on Mp(κ). That is, all nodes occupy one of K locations in the latent space.
Define Vk = {j ∈ {1, . . . , n} : zj = zk} to be the set of nodes at location zk. Under this
simplification, we can write the distance between points zk and zk′ using the definition of
the latent space model in (1) as

(2) dk,k′ = − log(pk,k′)

where pk,k′ := P (Gk,k′ = 1|z) is the probability that nodes at locations zk and zk′ connect
for any k, k′ ∈ {1, . . . , K}. Then, we can estimate the probability pk,k′ by

p̂k,k′ :=
1

|Vk||Vk′ |
∑

(i,j)∈Vk×Vk′

Gij .

In words, this estimator counts the number of observed edges between zk and zk′ and divides

by the number of possible edges, given by |Vk||Vk′|. Since Gij
i.i.d.∼ Bernoulli(pk,k′) for (i, j) ∈

Vk × Vk′ , this estimator is unbiased for pk,k′ . In addition, supposing that |Vi| → ∞ as

n → ∞, the weak law of large numbers implies that p̂k,k′
p→ pk,k′ . By (2), we can estimate

the distance between zk and zk′ by d̂k,k′ = − log(p̂k,k′). We can then apply the continuous

mapping theorem to show that d̂k,k′
p→ dk,k′ . To summarize, we have used the edges in G to

estimate the connections between locations on the unobserved latent spaceMp(κ) and then
used the graph model to estimate distances.

We now return to the original model in (1) and relax the two simplifying assumptions made
above. The individual effects describe heterogeneity in the propensity for an individual to
form connections and are not directly related to which connections they will form, which
is what the latent space captures. We would prefer, therefore, to estimate the distances
used to test hypotheses about latent geometry without potential confounding by individual
effects not specifically related to the geometry. We accomplish this by marginalizing over
the individual effects in (1). Recalling that the support of νi is (−∞, 0], we integrate to find
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that

P (Gij = 1|z,Mp(κ)) =

∫ 0

−∞

∫ 0

−∞
P (Gij = 1|z, νi, νj,Mp(κ)) dF (νi) dF (νj)

=

∫ 0

−∞

∫ 0

−∞
exp (νi + νj − d(zi, zj)) dF (νi) dF (νj)

= exp(−d(zi, zj))

∫ 0

−∞

∫ 0

−∞
exp (νi + νj) dF (νi) dF (νj)

where the last line uses the fact that exp(x + y) = exp(x) exp(y). Since the fixed effects νi
are i.i.d., we simplify this last double integral so that∫ 0

−∞

∫ 0

−∞
exp (νi + νj) dF (νi) dF (νj) = E(exp(νi))

2 .

We therefore conclude that, after marginalizing the individual effects,

P (Gij = 1|z,Mp(κ)) = E(exp(νi))
2 exp(−d(zi, zj)) .

We now solve for the distance d(zi, zj) to conclude that

(3) dk,k′ = − log(pk,k′) + 2 log(E (exp(νi)) .

Note that if νi = 0 with probability 1, which we assumed in the simplified model above, then
E(exp(ν)) = 1, so that (3) becomes (2). We must now estimate (i) the term pk,k and (ii) the
term log(E (exp(ν)) .

We first discuss how to estimate the term pk,k. Under (1), individuals have distinct loca-
tions in the latent space and we only observe one instance of a connection (or lack thereof)
between individuals, so the strategy from the simplified model work with individual position.
Instead, we focus on cliques in the graph, G. An `-clique C of a graph G = (V,E) is a set of `
nodes such that all possible edges between pairs of nodes in C exist. That is, C is a complete
sub-graph of G consisting of ` nodes. In the formation model in (1), individuals who are
close together in the latent space are likely to form ties. Since cliques are connected we know
that these individuals have formed ties, and, thus, will have similar latent locations. More
formally, suppose that {z̃1, . . . , z̃`} are the latent space locations of ` points in an `-clique.
Then, it is likely that each d(z̃i, z̃j) is small. If this were not the case (meaning that the
locations of the nodes were far apart), then it is unlikely that we would observe such a clique.

Let C1, . . . , CK denote a collection of `-cliques. For each k, k′ ∈ {1, . . . , K}, compute the

K ×K matrix P̂ = {p̂k,k′} with

(4) p̂k,k′ =
1

`2

n∑
i,j=1

Gi,j1{i ∈ Ck, j ∈ Ck′} ,

In words, this estimator counts the number of edges between cliques Ck and Ck′ and divides
by the number of possible edges `2. As previously discussed, the existence of cliques arises
through the properties of the formation model in (1) as the number of nodes increases. Ideal
cliques would be distinct, meaning that any node in the graph belongs to at most one clique,
and complete `−cliques as described above. In practice, however, we require neither of these
and demonstrate empirically that the methods we propose maintain desirable properties with
cliques that are partially overlapping and are not complete (meaning that most but not all
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edges are realized).7 Further, for the convenience of notation we assume that all cliques are
of size `, though this is also not required.

We now discuss how to estimate the term log(E(exp(ν))2. To construct such an estimator
we focus on nodes that are close together in the latent space, since the distance term in such
cases will be (nearly) zero in (1) and thus won’t confound estimation of the individual effects.
Since we use cliques to estimate pk,k′ , we may consider using these nodes to also estimate
log(E(exp(ν))2. However, this fails as by definition all edges exist between nodes in the same
clique. Therefore, we define a closely related idea, which we call the “almost-clique.”

Fix an `-clique Ck and a number t < `. We define an “almost-clique” Ik(t) by Ik(t) :={
j : j 6∈ Ck, |Ck| >

∑
i∈Ck

Gi,j ≥ t
}

to be the set of nodes not in Ck that connect to at least
t nodes in Ck. The intuition behind this definition is that if t ≈ `, then the distance between
nodes in Ik(t) should be close to zero, but since they are not in the clique not all connections
will be realized.

We estimate the probability that nodes in Ik(t) connect by

Ê(t, k) =

(
|Ik(t)|

2

)−1 ∑
(i,j)∈Ik(t)×Ik(t)

Gi,j .

To estimate E(exp(ν)), we average the above term over all cliques, yielding

Ê(exp(ν)) :=
1

K

K∑
k=1

Êν(t, k) .

In practice, this approach will suffer from selection bias when the clique size is large. That
is, by Assumption 1.2 all individuals have independent and identically distributed vi terms.
Conditional on being part of a large clique, however, an individual is likely to be on the
right tail of the vi distribution. We could adjust for this bias by, for example, assuming a
parametric model for vi. If we made such an assumption we could compute a correction
for the selection bias based on the tail of the assumed distribution. In practice, we found
our non-parametric estimator worked sufficiently well without such a correction. We suggest
taking t to be large, for example t = `− 1 because our simulations suggest that large values
of t reduce the selection bias and therefore increases the accuracy of our method.

3. Estimating the Curvature and Minimal Latent Dimension

Having defined a consistent estimator of the distance matrix, D, we now explore how
to use this estimator in conjunction with the geometry results from Section 1.1. First, we
address the question of choosing the dimension of the latent space. We assume here that the
manifold type is given and present a test for manifold type in the next section. Propositions
1.1 and 1.2 show that the rank of Wκ tells us the dimension of the underlying space. Since
Wκ depends on the curvature of the space, we first present an estimator of the curvature of
the latent space and then discuss estimating the minimal dimension. Throughout we focus
on estimating the minimal dimension in which points can be embedded isometrically, since
points isometrically embedded in dimension p can be trivially embedded in dimension p′,
with p′ > p.

7Indeed, our argument extends to the case of subgraphs, where we are interested in cross-link probabilities
across structures that are clique-like but have missing links, provided they are more likely to occur locally
in the manifold.
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We use Proposition 1.2 to motivate our estimate of the curvature of Mp(κ), noting that
estimating curvature is required only for the spherical and hyperbolic cases. For illustration,
suppose that a set of points Z can be embedded in Sp(κ0) for some p. Suppose that the
value κ0 is unique. Then, for any κ 6= κ0, it follows that |λ1(Wκ)| > 0. This follows from
Proposition 1.1, which says that for any κ 6= κ0, it must be true that λ1(Wκ) 6= 0, but
λ1(Wκ0) = 0.

The true κ0, therefore, satisfies8

(5) κ0 = arg min
κ≥0

∣∣∣λ1(κWκ)
∣∣∣ .

In practice, we don’t know D but we do have access to D̂
p→ D, as described in the

previous section. We can therefore use D̂ in place of D to estimate κ. This approach leads
to the following estimator of the curvature:

κ̂S := arg min
κ∈[a,b]

∣∣∣λ1(κWκ(D̂))
∣∣∣, κ̂H := arg min

κ∈[−b,−a]

∣∣∣λK−1(κWκ(D̂))
∣∣∣

for some 0 < a < b.
As the graph size approaches infinity the estimates approach the true curvature, as the

following proposition shows, which we prove in Appendix A. In Appendix B, we discuss how
to pick a and b in practice.

Proposition 3.1. Suppose that Z contains K points in either Sp(κ) or Hp(κ). Suppose

also that D̂ is a K ×K matrix containing pairwise distances between points in Z such that

D̂
p→ D. Finally, suppose that either

(1) there is a unique κ ∈ [a, b] such that Z
isom→ Sp(κ) for some p. Our estimate of the

curvature is κ̂n := argminκ∈[a,b]

∣∣∣λ1 (κWκ(D̂)
) ∣∣∣,

(2) or there is a unique κ ∈ [−b,−a] such that Z
isom→ Hp(κ) for some p. Our estimate

of the curvature is κ̂n := argminκ∈[−b,−a]

∣∣∣λK−1 (κWκ(D̂)
)∣∣∣ .

In cases (1) and (2), κ̂n
p→ κ as n→∞.

The estimators we propose for curvature are similar to those proposed in Wilson et al.
(2014), though Wilson et al. (2014) does not prove that these estimators are consistent. Wil-
son et al. (2014) does, however, also note difficulties in finite samples with the hyperbolic
curvature estimates.

Given an estimate of the curvature, κ, we are now ready to compute Ŵκ̂ and, in doing so,
estimate the minimal latent dimension. We want to estimate the rank of Wκ (or W T

κ Wκ)
since, by Proposition 1.2, this gives the minimal latent dimension. Robin and Smith (2000)
provides a method to consistently estimate the dimension of the latent space, p, in our
framework. Robin and Smith (2000) shows that, under certain conditions on the population
matrix, the eigenvalues of the sampled version of the matrix converge to a weighted sum of
independent chi-square random variables. Robin and Smith (2000) uses this fact to propose
a consistent estimate of the matrix rank. This approach is appealing because it provides a
consistent estimator of the rank; when applied to our problem, we can recover consistent
estimates under our assumptions. Recent work, by Luo and Li (2016), has been shown to

8It is immaterial whether we rescale by κ.
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have more appealing finite sample performance and in Appendix C we provide the algorithm
to estimate the rank with this method.

4. Testing for Geometric Class

We now derive a formal test for the geometric class of the latent manifold. We do this
by leveraging the formation model and the graph to estimate a distance matrix D̂ with
estimated curvature κ̂, which we use to test hypotheses about the geometry of D. We first
present two consistent hypothesis tests. One is general to any distance matrix, whether
related to a social network or not, but requires an estimator of the distance matrix which
goes in probability to the true matrix. For the second, we present a consistent test which is
specific to the latent space model for networks. Rather than making any assumptions about
the distance matrix, we show the test is consistent based on properties of the graph and
latent space model.

To begin, consider the Euclidean case. We are interested in testing the following pair of
hypotheses:

H0,e = D is Euclidean, Ha,e = D is not Euclidean.

By the phrase “D is Euclidean” we mean that Z
isom→ Rp for some p. By Proposition 1.1, we

can write the above pair of hypotheses as the equivalent pair

(6) H0,e : λ1(W0) ≥ 0, Ha,e : λ1(W0) < 0.

Essentially, we use Proposition 1.1 to reframe the geometry requirement of isometric embed-
ding into a testable statement about the eigenstructure of a function of the distance matrix.
Using the same reasoning, we can use Proposition 1.2 to write the hypotheses that D is
spherical for some κ > 0 as

(7) H0,s : λ1(Wκ) ≥ 0, Ha,s : λ1(Wκ) < 0 .

Finally, to determine if D is hyperbolic for some κ < 0, we want to test

(8) H0,H : λK−1(Wκ) = 0, Ha,K : λK−1(Wκ) 6= 0 .

By Proposition 1.2, concluding that in the hyperbolic case λK−1(Wκ) = 0 is not enough
to conclude that D is hyperbolic, since we must test the first and smallest eigenvalues of
Wκ too. In practice, we found that testing only one eigenvalue was typically sufficient and,
thus, use this simpler test. It would also be possible to test all three eigenvalues using an
intersection test, which we leave to future work.

Given this general setup, we now move to the case where the distance matrix is observed
with noise and propose a series of tests for the hypotheses above. To test H0,e, first, define
a rejection region Rn = (−∞, δn] for some real-valued sequence δn ∈ (−∞, 0] and we define

our test φn(Ŵ0) ∈ {0, 1} as

(9) φn(Ŵ0) =

{
0, λ1(Ŵ0) ∈ Rn

1, λ1(Ŵ0) 6∈ Rn ,

where 0 indicates that we rejectH0,e and 1 indicates that we fail to rejectH0,e. The motivation

for this approach is that if λ1(Ŵ0) is sufficiently far enough away from 0, then we can
confidently say that λ1(W0) is not zero.
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When testing if D is spherical, let κ̂ denote an estimate of κ, as in Proposition 3.1. We
define our rejection region of H0,s as Rn = (−∞, δn] and our test as

(10) φn(Ŵκ̂) =

{
0, λ1(Ŵκ̂) ∈ Rn,

1, λ1(Ŵκ̂) 6∈ Rn ,

Finally, when testing if D is hyperbolic, let κ̂ denote an estimate of κ < 0, as in Proposition
3.1. Our rejection region of H0,h is Rn = [δn,∞) and our test is

(11) φn(Wκ̂) =

{
0, λ1(Ŵκ̂) ∈ Rn,

1, λ1(Ŵκ̂) 6∈ Rn ,

We now study what conditions must hold on this sequence δn in order for the three tests
to be consistent, by which we mean that the probability the test rejects the null goes to 1
under the alternative hypothesis and that the probability it fails to reject the null goes to 1
under the null.

Proposition 4.1. Let δn = oP (1) be a random or deterministic sequence.

(1) If δn ∈ (−∞, 0], δn = oP (1) and P
(
λ1(Ŵ0) ≤ δn

)
= 1 − o(1), then the test for H0,e

in (6) with rejection region Rn := (−∞, δn] is consistent.

(2) If δn ∈ (−∞, 0], δn = oP (1) and P
(
λ1(Ŵκ̂) ≤ δn

)
= 1 − o(1) with κ̂ ∈ (0,∞), then

the test for H0,s in (7) with rejection region Rn := (−∞, δn] is consistent.

(3) If δn ∈ [0,∞), δn = oP (1) and P
(
λ1(Ŵκ̂) ≥ δn

)
= 1− o(1), then the test for H0,h in

(8) with rejection region Rn := [δn,∞) is consistent.

We prove Proposition 4.1 in Appendix A. Intuitively, this Proposition shows that we
can use the observed distance matrix D̂ to test the hypotheses that the latent space is

Euclidean, spherical, or hyperbolic. From these tests we define M̂p̂(κ̂) as the intersection of

the three tests. That is, the estimated latent geometry based on D̂ is defined by the result
of three hypothesis tests in Equations (9), (10), and (11). More specifically, we can select
any estimator that preserves the consistency. For example, we can use an ordered test to
estimate the geometry type.

Thanks to Proposition 4.1, with sufficiently large n the probability that more than one
of these tests will fail to reject the null goes to zero. As the sample size becomes infinite,
therefore, we can define our estimated geometry as an indicator for whether each of the tests
fails to reject the null. Using this intuition, we can now show consistency for estimating the
latent geometry type in two settings. The first, Theorem 4.1, is a general setting which does
not rely on our context of graphs, but instead applies in any setting where there is a noisy
distance matrix from a manifold of unknown type and dimension. We leverage this more
general result to prove consistency for the network case in Theorem 4.2. Before stating this
result, we first state some technical conditions needed to verify our results.

Assumption 4.1. Suppose that D is a K × K distance matrix from K points on Mp(κ)
satisfying Assumption 1.1 such that Mp(κ) is uniquely identified. Assume that for any κ,

there exists D̂ and Ωκ such that Ŵκ̂ = Ŵκ̂(D̂) satisfies
√
n(Ŵκ̂−Wκ)

D→ N(0,Ωκ) , for some

covariance matrix Ω. Suppose there exists some estimator Ω̂ such that Ω̂
p→ Ω. Finally,

suppose that 0 ≤ p < K · (1−
√

1+K
2K

) .
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Theorem 4.1. Let Assumption 4.1 hold. Define the tests of manifold type as in (9), (10),
and (11). Further, let the real-valued sequence δn ∈ (−∞, 0] be consistent with Proposi-
tion 4.1. Define p̂ as the dimension estimate from Robin and Smith (2000) and let κ̂ denote

the curvature estimate from Proposition 3.1. Then, P(M̂p̂ 6=Mp) = o(1) and κ̂−κ = oP (1).

We provide a sketch of the proof here. The full proof is in Appendix A. The key ideas
come from Schoenberg (1935) and Begelfor and Werman (2005), which provide necessary and
sufficient conditions for a set of points to be embedded in Euclidean, spherical, and hyperbolic
spaces. With a sequence δn for each of the three spaces, we have consistent tests for each
geometry. Taking the intersection, we have the first result. In addition, Proposition 3.1
shows that κ̂ − κ = oP (1) under the stated conditions and the dimension estimator p̂ from
Robin and Smith (2000) is consistent for the true dimension.

The following proposition provides upper bounds on the Type 1 error α of a hypothesis
test for the geometry. The main idea is that we can control the deviation of the estimated
eigenvalue around the population eigenvalue by Weyl’s inequality.

Proposition 4.2. Suppose that D is a K × K distance matrix from K points on Mp(κ)
satisfying Assumption 1.1, with K chosen such that theMp(κ) is uniquely identified. Assume

further that D̂
p→ D. Let θα be defined as the αth quantile of the distribution of ‖Ŵκ̂−Wκ‖F .

Then,

(12) P
(
λk∗

(
Wκ̂(D̂)

)
< θα

)
≤ α .

We now move to our second result. Once we have a consistent estimate for the distance
matrix, D, we can use the same techniques used in the proof of Theorem 4.1 to prove the
following result. To introduce this result, recalling the graph model in Equation (1), the
likelihood L for observing the graph G is given by

L(G|z, ν,Mp(κ)) =
n∏
i<j

P (Gij = 1|ν, z,Mp(κ))

=
n∏
i<j

(exp(νi + νj − d(zi, zj))
Gij

n∏
i<j

(1− exp(νi + νj − d(zi, zj))
1−Gij

and by taking the log we see that the log-likelihood `(G|z, ν,Mp(κ)) is

`(G|z, ν,Mp(κ)) =
n∑
i<j

Gij(νi + νj − d(zi, zj)) +
n∑
i<j

(1−Gij) log(1− exp(νi + νj − d(zi, zj)) .

Our goal is to solve for the maximum likelihood estimators ν̂i and ẑi, which satisfy

(13) (ν̂, ẑ) ∈ arg max
(ν,z)∈(−∞,0]n×

∏n
i=1Mp(κ)

`(G|z, ν,Mp(κ)) .

Recall that once we have assumed a geometryMp(κ), we know the expression for d(zi, zj),
which allows us to evaluate the log-likelihood and solve for the maximum likelihood estima-
tors. It is challenging, however, to study the accuracy of these maximum likelihood estima-
tors since the number of parameters, which is 2n in our case, grows as the graph size grows.
Lemma A.1 of Breza et al. (2019) shows that, once we assume a latent space geometry, the
maximum likelihood estimators are consistent in the sense given in the following result.
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Theorem 4.2. Assume that Assumptions 1.1-1.3 hold, and that G is distributed as in (1).

Let M̂p̂(κ̂) denote the estimate of the geometry based on the tests from (9), (10), and (11)
with κ̂ and p̂ denoted the corresponding estimates of the curvature (from Proposition 3.1)
and dimension (from Robin and Smith (2000)). Let ẑi and ν̂i denote the manifold-specific
maximum likelihood estimator for zi and νi defined in (13), using the estimated latent space
type, dimension, and curvature. Finally, suppose that there exists a consistent estimator of
the mean of the individual effects distribution, E (exp(νi)). Then, the following three results
hold.

(1) We can consistently estimate the type, dimension and curvature of Mp(κ):

P(M̂p̂ 6=Mp) = o(1) and κ̂− k = oP (1).

(2) We can consistently estimate the model parameters (ν, z) in the following sense:

max
1≤i≤n

|νi − ν̂i| = oP (1) and inf
φ∈isom(M)

n∑
i=1

dMp(κ)(zi, φ(ẑi)) = oP (1)

where isom(M) denotes the set of isometries on Mp(κ).

Recall that an isometry defined on Mp(κ) is a function φ : Mp(κ) → Mp(κ) such that
dM(φ(x), φ(y)) = dM(x, y). In words, an isometry is a function that preserves the distance
between its arguments. We denote the set of isometries onMp(κ) by isom(M). For example,
isometries on Rp include rotations and translations. The result in Theorem 4.2 says that we
can estimate the locations z1, . . . , zn in the sense that there exists some isometry φ such that∑n

i=1 dMp(κ)(zi, φ(ẑi)) = oP (1).
We now outline the proof, with full details given in Appendix A. We first showed how to use

the geometry embedding theorems from Schoenberg (1935) and Begelfor and Werman (2005)
to conduct hypothesis tests about the geometry of the latent space model. We proposed three
tests, one for each geometry type (Euclidean, spherical, or hyperbolic). We showed that these
tests are consistent in the sense that, given an appropriate sequence of threshold values and
sufficiently large graph, we show that they will always fail to reject in cases where the null is
true and reject when the null is false. Finally, we combine our proposal with previous results
from Breza et al. (2019) to show that under the model in (1), we can consistently estimate
all of the parameters of interest: the type, dimension, and curvature of the latent space, as
well as the individual fixed effects and the latent space locations.

While the results from this section describe the behavior of our proposed methods as the
graph grows, we are also interested in how to implement these procedures for finite samples.
Classical bootstrap approaches fail in this context as we have a parameter-on-the-boundary
problem and also it is possible for there to be repeated eigenvalues. We rely instead on
a bootstrap that uses sub-sampling based on work by Politis and Romano (1994). We
provide full details, including specific algorithms and a discussion of theoretical properties,
in Appendix D.

5. Simulation evaluation

We now examine the performance of our method on simulated data from each of the
three candidate geometries. The goal is to understand how well the methods perform in a
setting where we know the (simulated) true geometry. We first examine the Type 1 error
and power of the proposed hypothesis tests and then show the performance of our algorithm
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Figure 2. Estimated type 1 error using 25 simulated latent space positions. For each
set of positions, we perform the test 100 times. Each box contains the 25 points, each
representing the fraction of rejections for a set of latent positions.

for estimating the latent dimension. Additional simulation results showing estimates of
curvature are in Appendix E.

We discuss the Type 1 error and power of our proposed tests under various values for the
clique size (`) and the number of cliques we select for our estimation (K). In all cases, we
simulate graphs in the following way. First, we generate a set of groups centers randomly in
the latent geometry and dimension to be tested. We generated 15 centers and a graph of size
n = 1200. We then spread points around these latent centers, with an equal number of points
at each center. We use this approach rather than (for example) assigning points uniformly
across the surface to mimic community structure in empirical networks (Newman et al., 2000;
Girvan and Newman, 2002; Jackson, 2008; Leskovec et al., 2008; Newman, 2010). We can,
of course, interpolate between a setting with extreme within-group homophily and uniform
latent positions by adjusting the spread of points around these centers. We generated 25 sets
of latent positions and then, for each set of latent positions, construct 100 graphs. When
comparing across values of K and `, we use the same graphs for all comparisons (e.g., when
comparing K = 10 vs K = 5, the cliques in the K = 5 set are randomly selected from among
those in K = 10). We provide specific values we used for simulations and additional results
in Appendix F.

Figures 2 and 3 show results for Type 1 error and power of the tests we propose using the
simulation procedure described above. Each point in the boxplot is the fraction of rejections
out of 250 graphs for a given set of latent space positions. The variation in the boxplot,
therefore, represents heterogeneity across latent space locations that are consistent with the
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Figure 3. Estimated power using 25 simulated latent space positions. For each set of
positions, we perform the test 100 times. Each box contains the 25 points, each representing
the fraction of rejections for a set of latent positions.

true underlying geometry and the simulation procedure we use. Figure 2 shows boxplots of
the Type 1 error for each of the three null hypotheses for three values of `. We focus on
variation in the Type 1 error across values of ` to demonstrate the impact of increasing the
clique size (and, in doing so, providing a more precise estimate of a distance matrix with a
fixed dimension). We see that, in all three cases, the Type 1 error decreases as the clique size
increases. Further, for the Euclidean and hyperbolic cases the Type 1 error tends to be below
the nominal level of five percent, but the spherical type 1 error is higher than five percent.
In Figure 3 we see that the power increases as we increase K for all three geometries. Recall
that all of our manifolds are locally Euclidean—indeed that is part of their definition. So, it
is unsurprising, if not expected, that power against Euclidean alternatives rises more slowly
than power against alternatives of the opposite curvature.

Moving now to the estimates of the minimal dimension, we consider p ≥ 2 and take
max(2, p̂) as our estimate of the dimension ofMp(κ). In Table 1 we give our estimates of the
dimension for the three geometries. Table 1 shows that our method is was always within one
dimension in the simulation experiments we conducted. For the curved space, the simulated
graph size was sufficient to achieve an accurate estimate of the minimal dimension in every
simulated graph.
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Table 1. Rank estimator performance with K = 5 and ` = 9. using simulated latent
spaces.

R3 S2(1) H2(−1)

P (p̂ = 2) 0.52 1.0 1.0
P (p̂ = 3) 0.48 0 0
P (p̂ > 3) 0 0 0

6. Examples from Economics and Biology

We now demonstrate the performance of our method in a setting with the complexity of
observed data. We show that in two vastly distinct contexts, our approach captures features
of the underlying geometry that provide contextually salient insights. We begin by offering
guidance on choices a practitioner would make when implementing the method, then provide
examples from two contexts: (a) 75 village social networks with fully observed graph data
from Banerjee et al. (2019) and (b) a neural network of a single Caenorhadbitis elegans worm
Kaiser and Hilgetag (2006).

6.1. Choices for Implementation. Since our method relies on distances between cliques,
a key decision is how to ascertain cliques for a given graph. Overall, there are a two key
considerations. First, we would like to take the number (K) and size (`) of cliques to be as

large as possible. As ` increases, the variance of estimates of D̂ decreases. The power of the
test increases as K increases, since we have more distances between points on the manifold.
Figure 3 from our simulations shows that the as K increases, the power of our tests increase.
Second, we need cliques that are well-separated on the manifold, but connected in the graph.
Since we use cliques as “points” on the manifold to measure distance, the cliques should not
overlap (have nodes in common), otherwise there is not a well-defined distance to measure
between them. If two cliques are fully disconnected, then the distance between them is not
defined.

In practice, our approach is to first select K and `, given the considerations described
above. Then, we want to find K cliques, each of size `, such that these cliques have a small
overlap. Written formally, our goal is to solve

(14)
Ĉ1, . . . , ĈK ∈ argmin

C1,...,Ck

K∑
i,j

|Ci ∩ Cj|

such that |Ci| = ` for each i and P̂ (C1, . . . , CK) does not contains a 0.

As discussed previously, we generally want K and ` to be as big as possible. In practice,
we set K and ` by first looking at the number of cliques of various sizes in the graph and
choosing and ` that is close to the size of the largest cliques in the graph, but where there
are still enough cliques of that size to find K and are well-separated. We then take random
draws from the (very large) set of possible cliques and evaluate the objective function in (14).
Searching over the set of possible cliques is a well-studied (NP-hard) problem, however, we
found that our relatively simple approach yielded high quality cliques after around 106 draws
from the clique distribution. We evaluate the quality of the cliques we select by running the
optimization independently several times. A stable objective function value across the runs
indicates high quality cliques. In the data from Banerjee et al. (2019), we take K as either 7
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or 10. The value we choose is based on how easy it is to find appropriate cliques in a given
network using the problem formulation in (14).

To select `, we use the size of the largest clique found in the graph minus one. In most of
the villages, choosing ` in this way resulted in dozens of possible cliques to choose from. We
present more details about cliques in the Banerjee et al. (2019) data in Appendix G. For the
C. Elegans data, we select K = 12 and set ` = 5, which is the size of the largest clique in
the graph.

6.2. Village Risk-sharing Networks and the Introduction of Microfinance. We be-
gin by studying the underlying geometries of Indian village networks. We use the Wave II
village network data of Banerjee et al. (2019) which is the sequel to the Wave I data in
Banerjee et al. (2013), both in part collected by one of the authors of the present paper.
This consists of a collection of graphs for each of 75 villages in Karnataka, India constructed
by surveying 89% of all households in each village, thereby generating a 99% edge sample for
the resulting undirected graph. There are 16,451 households in the sample. In every village
we have relationship data between households on each of 12 dimensions: 5 social dimensions,
4 financial dimensions, and 3 information sharing dimensions. See Banerjee et al. (2019) for
more details. The links across these dimensions mostly line up, consistent with a theory of
multiplexed incentives to form links, so we study the undirected, unweighted graph following
the prior literature using this data (Jackson and Lopez-Pintado, 2013; Banerjee et al., 2013;
Breza and Chandrasekhar, 2019; Banerjee et al., 2019).

The social networks literature has long been interested in excess closure Coleman (1988).
Friends of friends tend to be friends more than one might expect and this is particularly true if
network relationships substitute for formal institutions. A literature focusing on equilibrium
informal financial networks, which facilities the sharing of risk between households in a
village, describes why the equilibrium network shapes exhibit excess closure (e.g., Ambrus
et al. (2014); Jackson (2013)). The basic idea is that in order to maintain cooperation,
when individuals can renege on their promises to aid each other in times of need, it is useful
to have friends in common to amplify punishment, thereby maintaining good behavior in
equilibrium.

From the perspective of a latent space model, we might expect excess closure in the village.
There are incentives by households to “curve” the space, so friends of friends and so on are
much more likely to themselves link, as discussed below. A natural hypothesis, therefore, is
that village networks for the most part not be hyperbolic. Rather, they may be more likely
to be spherical or, perhaps, Euclidean.9

9Common modeling assumptions in the socio-economic literature imply constant curvature from the per-
spective of our model (1), though certainly there are perspectives that would violate this and require future
work. To see this, consider two examples. First, imagine a model in which nodes have some random loca-
tions. They can choose their efforts to link and the value of their links depends on the number of their friends
who are themselves friends in expectation. There is a parameter that governs the value of closure among
one’s friends which can be positive, zero, or negative, which may depend on the socio-economic context. In
such a model, this parameter exactly maps to curvature. Second, imagine a model in which agents can take
an action to influence the extent to which their neighbors know each other. For instance, the action could
be imagined as throwing parties (selecting positive curvature) or the opposite and ensuring “worlds do not
collide” (selecting negative curvature) (David and Seinfeld, 1995). If we study the symmetric equilibrium,
then the equilibrium choice of the extent of forced socialization or barred socialization among one’s friend
exactly maps to constant curvature. Both of these examples also illustrate the limitations of such models.
While these examples demonstrate how conventional assumptions map to constant curvature, certainly more
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Table 2. Descriptive classification (using maximum p-value) for the 75 villages. Villages
classified as N/A had p-values less than .05 for all three tests.

Geometry Rp Sp Hp N/A

% Classification 26% 36% 12% 25%
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Figure 4. Predicted dimensions for the predicted geometries of the Indian village net-
works. Most predictions are low-dimensional, usually between 1 and 3. Some of the predic-
tions are higher. In these cases, our method is predicting that Wκ is full rank.

Our proposed method gives hypothesis tests (and corresponding p-values) for each of the
three candidate geometries. As a descriptive summary, we “classify” each of the villages into
one of the geometry types using the following procedure. For villages where at least one
village has a p-value over .05, we consider, for the purposes of summarizing our results, the
manifold type that has the largest p-value. If all three geometries reject the null at the .05
level, then we say that the village cannot be classified. This outcome could mean a number
of things, ranging from a false-rejection by chance to a village whose underlying geometry is
not captured by one of the three candidates (e.g., curvature may be nonconstant). Table 2
presents the results. We see that we are able to classify 75% of the villages. It is important to
note that the vast majority of empirical villages were able to be classified despite the fact that
N/A was a possibility—classification was not forced. Further, the results are consistent with
the socio-economic hypothesis on villages needing closure. 48% of the classified networks are
spherical, 35% are Euclidean, and only 16% are hyperbolic. Figure 4 presents the estimated
dimensions, which irrespective of curvature is important to know the minimal dimension of
the space required to model location decisions by agents.

We now explore the relationship between the latent geometry and socio-economic phenom-
ena. Note that these are observational, not causal, analyses. First, we look at how the volume
of informal financial transactions vary with network geometry. Specifically, we are interested
in how the volume of informal loans that a household has with network neighbors (e.g.,
friends or members of their rotating, savings, and credit associations) varies with geometry.
Both the theoretical and empirical economic literatures suggest that it is ex ante ambiguous
as to the relationship between the amount of network financial flows and curvature. For ex-
ample, Kinnan and Townsend (2012) study how informal financial flows efficiently allocate

complex models with heterogeneity would require modeling manifolds with non-constant curvature, which
we leave to future work.
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by latent geometry
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Figure 5. Regression coefficients showing the relationship between loans and geometry.
We plot the coefficient in a multivariate linear regression where the outcome is the average
amount of loans (in thousands of INR) and the predictors are geometry types (with spherical
as the reference). Wide bars correspond to one standard error and narrow bars represent
two. The reference value for spherical is 16.71 (in thousands of INR).

credit to households that experience negative shocks in the network. Theory suggests that
such flows are more efficient in more expansive networks, which require negative curvature
(Ambrus et al., 2014). At the same time, the ability to facilitate informal financial trans-
actions may increase in the importance of closure, and therefore require positive curvature.
Which force dominates is an empirical question.

To study this, we estimate the following regression:

Network Loan Amounti = α + βE1{M̂p̂
i = E}+ βH1{M̂p̂

i = H}+ βN1{N/Ai}+ εi

where i indexes the village. Network Loan Amounti is the average volume of loans from
either friends or rotating savings and credit association members that a household has in
the village. The loan amount is presented in INR (USD 1 ≈ INR 73.5). Here, the omitted
category (α) corresponds to the loan amount for a sphere.

Figure 5 presents the results. We find that a Euclidean village relative to a spherical one
has INR 3940 or 24% (p = 0.098) more informal network loans. Further decreasing curvature,
we compare hyperbolic villages to spherical ones and find that hyperbolic villages have INR
5865 or 35% (p = 0.034) more in network loans. These increases are extremely large in real
economic terms: the difference in credit between the hyperbolic and spherical geometries
corresponds to an individual in the hyperbolic geometry receiving additional credit worth
20 days of wages. So, we see greater financial flows precisely in geometries that permit more
expansive networks.

Second, we turn to determinants of geometry. Our primary interest is in whether the
introduction of a formal credit market (microfinance) to a setting otherwise dominated by
informal financial transactions changes the network structure by changing the latent geom-
etry. Microcredit was introduced to only some of the villages, allowing us to compare the
impact of access to microfinance on network structure.

In addition to microcredit access, we focus on three other determinants: wealth, inequality,
and caste fractionalization. It is ex ante not obvious as to how any of these might correlate
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with geometry and is therefore an important empirical question. For example, wealthier
villages may have a reduced need to sustain informal insurance—their worst case scenario
is better off than their poorer counterparts—and so may require less positive curvature.
Or, in contrast, wealthier villages may be able to take on greater entrepreneurial risk as
they can sustain losses, and such endeavors require group cooperation and therefore closure.
Similarly, within-village wealth inequality can change incentives for triadic closure, as can
ethnic fractionalization (Currarini et al., 2009). Ultimately, the empirical correlations are of
interest.

The most important relationship to study is how the introduction of formal credit to
villages that otherwise used informal network transactions affects geometry. From 2007, a
microfinance institution entered 43 of the 75 villages studied here and the network data we
utilize is taken after the intervention (Banerjee et al., 2013, 2020). This allows us to study the
effect of the introduction of microcredit on network geometry as a way to understand whether
credit access differentially changes the need for ones’ friends to maintain relationships with
each other. Note that this is different from clustering or other measures of closure per se,
which are also affected by the locations z and fixed effects ν. So we can specifically address
that, all things being equal, whether the demand for one’s friends to themselves be linked
increases, decreases, or is unchanged when the village now has access to formal financial
instruments. It is a priori not obvious. On the one hand, the new credit opportunity may
encourage re-lending or joint business ventures among clients of microcredit, increasing the
need for closure and generating positive curvature. On the other hand, the new credit
opportunity may reduce reliance on informal financial relationships with others and push
towards negative curvature. In either case, the answer as to how a large credit intervention
affects geometry is of empirical interest.

To study the determinants of geometry, we estimate a multinomial regression:

P(M̂p̂
i = E)

P(M̂p̂
i = S)

= exp(δ1 + βEMFIMFIi + βEWWealthi + βEI Inequalityi + βEF Fraci)

P(M̂p̂
i = H)

P(M̂p̂
i = S)

= exp(δ2 + βHMFIMFIi + βHW ·Wealthi + βHI Inequalityi + βHF Fraci)

P(M̂p̂
i = N/A)

P(M̂p̂
i = S)

= exp(δ3 + βNMFIMFIi + βNWWealthi + βNI Inequalityi + βNF Fraci) .

MFIi denotes whether the microfinance institution entered village i. Wealthi denotes a
wealth index measure.10 Inequalityi is within-village standard deviation of wealth. Finally,
Fraci = αU(1−αU) where αU is the share of households that are of upper caste. This is zero
if society is homogenous and 1/4 for an even split.

10The Banerjee et al. (2019) dataset does not have consumption nor expenditure measures. We utilize a
score constructed from the first principle component of a number of household features that correlate with
wealth: access to private electricity, home ownership, quality of roofing material, and number of rooms in
the house. For inequality, we take the score from the first principle component of the within-village standard
deviation of each of the constituent wealth measures.
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Figure 6. Regression coefficients showing the determinants of geometry. Plots show the
coefficients from a multinomial logistic regression where the outcome is the predicted geom-
etry type for each village. Each panel shows all coefficients for a particular geometry (with
spherical as the reference). Each line in the plot corresponds to an estimated coefficient.
Wide bars correspond to one standard error and narrow bars represent two.

Figure 6 presents the results. We begin by looking at microfinance. We estimate β̂HMFI =
−1.40 (p = 0.093). This means that when a village receives microcredit, there is a 8.8%
decline in the probability of being hyperbolic relative to spherical. In other work, (Banerjee
et al., 2020), we have shown that introducing microcredit has decreased density and also the
number of triads in the network. Our analysis here demonstrates that the fundamental value
of having friends in common itself increased suggesting that the effects documented in our
prior work came from shifts in node locations (zi) and efforts of socializing (νi) in the latent
space, rather than changes in the relative value of closure which appears to have increased.

We also find that wealthier villages are less likely to be hyperbolic relative to spherical:
β̂HW = −1.02 (p = 0.098). This corresponds to a 8.4% decline in the relative probability
of being hyperbolic as compared to spherical. We do not find any significant relationship
between inequality nor fractionalization and geometry.

We have shown the empirical content of the estimation of the latent geometry. We can
classify the vast majority of villages (despite allowing for N/A) and they are predominantly
spherical. Informal financial loans are higher in villages with negative curvature. Finally,
and importantly, introducing microcredit nudges villages to have more spherical structure.
This can perhaps be interepreted as showing that access to microcredit generates, ceteris
paribus, demand for greater triadic closure.

6.3. Network of Neurons. Our second setting looks at a network of neurons. There is a
neuroscience literature that is interested in documenting regularities in network structure as
well as modeling network structure through statistical network formation models.

The first strand of the literature looks at how patterns of the graph of neurons relate to
neurological mechanisms (Karwowski et al., 2019). For instance, these networks exhibit short
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path lengths–disparate regions of the human brain are connected by a few steps. Further,
the degree distribution has thick tails: certain nodes have numerous connections. Moreover,
the network is dynamic: early in age the it exhibits high amounts of homophily whereas as
the individual ages this declines.

The second strand attempts to develop a low dimensional statistical representation of the
neural networks since this allows for interpretability, counterfactuals, and deals with the
fact that otherwise there is a litany of statistics that can be used to simply correlated with
biological outcomes without any interpretable control (de Lange et al., 2014; Recanatesi et al.,
2019). To this end, conditional edge independence models, scale-free models, block models,
and latent space models have been explored (VanRullen and Reddy, 2019; Karwowski et al.,
2019).

Third, and particularly relevant for latent space models, is the concept of the functional
graph of neurons rather than the structural graph (Petersen and Sporns, 2015; Abdelnour
et al., 2018). The idea is that while a graph can be drawn of the phyiscal links between
all nodes, predominantly the graph that is able to be activated–the functional network–
is a network that is distinct. Much like individuals who reside in geographic space but
functionally interact in a network that can be thought of as in a latent space, the functional
network perspective presents an opportunity leverage latent space models.

Our specific application is to a network of neurons of Caenorhadbitis elegans, which are
soil-dwelling roundworms. There is a long history of using C. elegans as a model organism for
studying nervous systems of animals. In fact neurons of C. elegans are extremely similar to
that of humans Leung, Williams, Benedetto, Au, Helmcke, Aschner, and Meyer (2008). For
our example, we use the C. elegans neuron data of Kaiser and Hilgetag (2006), which has been
used a number of times in order to model neural network structure. There are several goals
in modeling neural network structure. For instance, the relative location distribution, how
distance affects linking rates, and the geometry all inform how signals could be passed across
nodes. Moreover, though beyond the scope of our knowledge, there may be interpretations
to the distribution of fixed effects—latent heterogeneity in the propensity for certain neurons
to systematically link to others.

A priori it is unclear what the right latent geometry ought to be. For instance, if the
network of neurons ought to have a high degree of expansiveness, it ought to be embedded in
hyperbolic space. In contrast, if it ought to reflect strong, localized redundancies, or a high
degree of homophily it may be better modeled as being embedded in a spherical geometry.

The dataset contains a neural network from a single C. elegans, consisting of a connected
graph of 131 neurons, with 764 edges, and a clustering coefficient of 0.245. The clique number
of this graph is 6, but it has only one clique of size 6, but it has 29 cliques of size 5, so we
use ` = 5. We find K = 12 cliques using the problem formulation in (14) and then take a
maximally disjoint clique set which is sufficient for our test. We compute the p values for
the geometries and find pE = .378, pS = 0.05, and pH = 0.267, so we reject the spherical
hypothesis (noting we can do so despite there being a high level of clustering). However, in
this data, we can only say that there is weakly negative curvature, but are not powered to
distinguish between hyperbolic nor Euclidean hypotheses.

Thus, we can strongly conclude that the C. elegans network of neurons is inconsistent with
a latent space with positive curvature, where neurons are excessively likely to exhibit triadic
closure relative a flat benchmark. We can only say that there is no or negative curvature,
but the data does not allow us to distinguish this.
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7. Conclusion

Latent space models are widely used in network analysis across numerous disciplines in-
cluding, but not limited to sociology, economics, biology, and computer science. The pre-
dominant approach is to assume a Euclidean space, though there is current discussion about
adopting a hyperbolic space in certain contexts. Nonetheless, current methods employed do
not provide a way to estimate the geometry. Unfortunately, incorrect embedding spaces can
deliver misleading results. While there may be convergence to pseudo-true values, counter-
factual analysis will be affected.

The observed network provides information about latent space distances between nodes.
A matrix of distances must be consistent with the geometry in which it is embedded; given
a collection of distances, this can be checked. A finite sample network corresponds to a
noisy set of distances; we develop a procedure to classify and estimate the geometry—
meaning manifold type, dimension, and curvature. We show this procedure is consistent as
the number of nodes tends to infinity.

An important advantage of our approach is that, unlike other strategies, we need not
estimate the fixed effects nor the locations in a candidate manifold (nor integrate them out)
in the estimation procedure. Instead, by focusing on a strategy that directly checks isometric
embeddings and exploiting cliques, we can estimate the geometry without ever estimating
the numerous other parameters and only move to them after having obtained the geometry.

We also demonstrate the the empirical content of estimating the latent geometry which
is novel in the literature. Strikingly, even though N/A is a possibility, we were able to
classify 75% of 75 villages. Consistent with theory we show Indian risk sharing villages
are often spherical. Additionally, villages that are more expansive are associated with a
greater flow of informal financial loans through the network. Finally, the introduction of
microcredit is associated with a shift to positive curvature: the relative value of having
triadic closure increases when villages have access to formal credit. These are interpretable
economic findings, consistent with theory, borne out of a geometric exercise. When we turn
to the structure of a network of neurons, despite the neural network having a high degree of
clustering, we are able to strongly reject positive curvature. We do are unable to distinguish
between hyperbolic and Euclidean geometries, and can only conclude that in this setting
curvature is weakly negative. This is consistent with a setting where there is at least limited
value for branching and expansion for rapid signal transmission.

Several next steps come to mind. First, in many contexts aggregate data, such as ag-
gregated relational data (ARD), rather than network data at the edge level is what the
researchers have at their disposal (McCormick and Zheng, 2015; Breza et al., Forthcom-
ing). An important avenue for future work is to extend methods to cases where different
samplings are involved rather than observing the network. Second, while our assumptions
on geometry—that it is a simply connected, complete Riemannian manifold of constant
curvature—are natural, they are also limited. Though it nests the current literature—we
know of no empirical research that assumes a torus of genus two for instance—it is still
lacking. We speculate that there may be strategies to use local structures in the network
to patch together more global structure. That is, for instance, if it can be arranged into a
pseudo-block diagonal structure, perhaps in each block there is room for a different geometry
and these can be stitched together. This is a loose and speculative discussion of course.
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Appendix A. Proofs

A.1. Proof of Proposition 3.1.

Proof of Proposition 3.1. We prove this proposition for the spherical case. The hyperbolic
case follows from a similar argument. By Theorem 2.1 in Newey and McFadden (1994), we
have consistency if (i) the limit objective function is uniquely maximized at the truth, (ii) the
parameter space is compact, (iii) the limit objective function is continuous in the parameter,
and (iv) there is uniform convergence of the empirical objective function to its limit. The
latter holds if there is point-wise convergence and stochastic equicontinuity. The parameter
space is compact and since under the null D is positive semi-definite, the minimum eigenvalue
is 0 as long as K > p. Identification comes from continuity of eigenvalues in parameters of
the matrix. Finally we check uniform convergence. First, note by hypothesis that D̂→pD as
n→∞. Since eigenvalues are continuous functions of their matrix arguments, we have by the

continuous mapping theorem that λ1

(
κWκ(D̂)

)
p→ λ1 (κWκ(D)) for every κ ∈ [a, b], and so

we have pointwise convergence. To complete the proof, we will show stochastic equicontinuity
to show uniform convergence. A sufficient condition is a Lipschitz condition (Lemma 2.9,

Newey and McFadden (1994)): that for any κ1, κ2, |λ1
(
κ1Wκ1(D̂)

)
− λ1

(
κ2Wκ2(D̂)

) ∣∣∣ ≤
Bn|κ1 − κ2| for some random variable Bn = Op(1). To do this, fix any κ1, κ2 ∈ [a, b]. By
Weyl’s inequality,∣∣∣λ1 (κ1Wκ1(D̂)

)
− λ1

(
κ2Wκ2(D̂)

) ∣∣∣ ≤ ||κ1Wκ1(D̂)− κ2Wκ2(D̂)||F

where ||A||F is the Frobenius norm of A, that is ||A||2F =
∑

l,l′ a
2
ll′ . Since κWκ(D) =

cos(
√
κD) and cos(·) is Lipschitz continuous with Lipschitz constant 1, we have for each

l, l′, ∣∣∣ cos(κ
1/2
1 d̂l,l′)− cos(κ

1/2
2 d̂l,l′)

∣∣∣ ≤ d̂l,l′ ·
∣∣∣κ1/21 − κ

1/2
2

∣∣∣ .
For κ ∈ [a, b],

|
√
κ1 −

√
κ2| =

∣∣∣ κ1 − κ2√
κ1 +

√
κ2

∣∣∣ ≤ 1

2
√
a
|κ1 − κ2| ,

so for any d̂i,j, ∣∣∣ cos(κ
1/2
1 d̂i,j)− cos(κ

1/2
2 d̂i,j)

∣∣∣ ≤ d̂i,j
2a1/2

∣∣∣κ1 − κ2∣∣∣.
Putting this all together, we see that∣∣∣λ1 (κ1Wκ1(D̂)

)
− λ1

(
κ2Wκ2(D̂)

) ∣∣∣ ≤√∑
i,j

(
κ1Wκ1(D̂)− κ2Wκ2(D̂)

)2
i,j

≤

√√√√∑
i,j

(
d̂i,j

2a3/2

∣∣∣κ1 − κ2∣∣∣)2

=

√√√√∑
i,j

(
d̂i,j

2a3/2

)2

|κ1 − κ2| .
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Since

√∑
i,j

(
d̂i,j
2a3/2

)2
= Op(1), the desired Lipschitz condition holds, which completes the

proof. The hyperbolic case is handled in a similar way. �

A.2. Proof of Propositions 4.1 and 4.2.

Proof of Proposition 4.1. We prove the Euclidean case (part a) and note that the proofs
of parts b and c (spherical and hyperbolic) are nearly identical. Define Rn = (−∞, δn].
Let P0(A) denote the probability of the event A under the null hypothesis that Mp(κ) is
Euclidean. By (9),

P0(λ1(Ŵ0) ∈ Rn) = P0(λ1(Ŵ0) ≤ δn) = o(1) ,

by assumption. Under H1, λ1(W0) < 0 by Proposition 1.1. Since δn = oP (1),

P1(λ1(Ŵ0) ∈ Rn) = P(λ1(Ŵ0) ≤ δn) = 1− P
(
λ1(Ŵ0) ≥ δn

)
= 1− o(1) .

This proves that the test for (6) is consistent, as claimed. �

Our second result constructs a sequence of cutoffs for the decision rule that is conservative
at an α-level that is known to the researcher.

Now we demonstrate that we can calculate a specific and conservative α-bound for the
decision rule. That is, we can specify an upper bound for the Type 1 error rate. The idea
is to use Weyl’s inequality: the eigenvalue of a perturbed matrix can only vary so much—
the extent of this depends on the size of the perturbation, which in our case has a known
distribution. This result is given in Proposition 4.2, which we now prove.

Proof of Proposition 4.2. We only prove this claim for the Euclidean case, but the same
argument proves the claim for the other two geometries. We have by Weyls’s inequality
that |λ1(Ŵ0) − λ1(W0)| ≤ ||Ŵ0 −W0||F . Then, we have that P(|λ1(Ŵ0) − λ1(W0)| < θ) ≤
P(||Ŵ0 −W0||F < θ) for all θ. Under H0,e, λ1(W0) = 0, so we have that P(|λ1(Ŵ0)| < θ) ≤
P(||Ŵ0 −W0||F < θ). By setting θ to be the α quantile of ||Ŵ0 −W0||F , we conclude (12).
This completes the proof.

�

Notice if we take a sequence of cutoffs θnα(n) with α(n)→ 0 then the decision rule has will
in the limit never falsely reject the null. To make this not vacuous it needs to be chosen
at any rate that θnα(n) → 0 as n→∞ which ensures that the thresholds themselves tend to

zero. To see how this can be done, see Section 5 of Robin and Smith (2000).

A.3. Proof of Theorem 4.1.

Proof of Theorem 4.1. By assumption, we know that D̂
p→ D, so by Proposition 3.1 we have

that κ̂
p→ κ. We will use Proposition 4.1 to argue that M̂p̂ is consistent for Mp(κ). To do

this, note that if Mp(κ) is Euclidean, then by Proposition 4.1, M̂p̂ is consistent. To prove

the claim for the spherical case, recall that we define φ(Ŵ0) = 1 to mean that we reject the

hypothesis thatMp(κ) is Euclidean. If φ(Ŵ0) = 0 then we fail to reject the hypothesis that
Mp(κ) is Euclidean. Similar definitions hold for the spherical and hyperbolic cases.
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If Mp(κ) is spherical, then we have that

PS(M̂p̂ = Sp(κ)) = PS(φ(Ŵ0) = 1, φ(Ŵκ̂) = 0)

= PS(φ(Ŵ0) = 1)PS(φ(Ŵκ̂) = 0)

→ 1 ,

where the notation PS indicates thatMp(κ) = Sp(κ) and the third line follows from Propo-

sition 4.1. A similar argument proves that M̂p̂ is consistent when Mp(κ) is hyperbolic.
We now prove that the estimate p̂ is consistent for p. To do this, we must verify the

assumptions of Theorem 5.2 of Robin and Smith (2000). Before continuing, we note that in
our discussion of Robin and Smith (2000), we keep the original notation given in that paper
for consistency. The goal of the Robin and Smith (2000) paper is to estimate the rank of a

matrix p × q matrix B using an estimate B̂. In practice, Robin and Smith (2000) tries to
estimate the rank of the matrix ΣBΨBT where B is a p × q matrix, Σ is a p × p positive
definite matrix and Ψ is a q× q positive definite matrix. Since Σ and Ψ are positive definite,
it follows that rank(ΣBΨBT ) = rank(B). In our work, we set both Σ = Ip and Ψ = Iq to be
the identity matrix. We now list the assumptions in Robin and Smith (2000).

Assumption A.1. The matrix B of interest has finite rank.

Assumption A.2. There is an estimator B̂ such that
√
T vec(B̂ −B)

d→ N(0,Ω)

as T →∞ for some covariance matrix Ω with rank(Ω) = s ∈ (0, pq].

Assumption A.3. There are estimators Σ̂ and Ψ̂ with Σ̂− Σ = oP (1) and Ψ̂−Ψ = oP (1).

Let C be a p × p matrix containing the eigenvectors of BBT . We order the entries of C
such that C = (Cr? , Cp−r?) such that the first r? columns correspond to the r? eigenvalues
of BBT and the remaining p − r? eigenvectors are in Cp−r? . Similarly, we define D to be
a q × q matrix containing the eigenvectors of BTB. We order the entries of D such that
D = (Dr? , Dq−r?) such that the first r? columns correspond to the r? eigenvalues of BTB
and the remaining q − r? eigenvectors are in Dq−r? .

Assumption A.4. If r? < q ≤ p (meaning that the matrix B is not full rank), then we
assume that the (p− r?)(q − r?)× (p− r?)(q − r?) matrix

(15) Ar := (Dq−r? ⊗Dp−r?)T Ω (Dq−r? ⊗ Cp−r?)

is non-zero.

The test-statistic based on the eigenvalues (or characteristic roots, as Robin and Smith
(2000) calls them) at an estimate r of the rank is given by

CRTr := T

q∑
i=r+1

h(λ̂i) ,

where h is an arbitrary function and λ̂i are the eigenvalues of the matrix Σ̂B̂Ψ̂B̂T . The
following assumption restricts the set of admissible functions h.

Assumption A.5. The function h is non-negative, finite and posses continuous derivatives
at least of order 1 with h(0) = 0 and h′(0) = 1.
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Some examples of admissible h functions include h(z) = z.

Assumption A.6. There is an estimator Ω̂ with Ω̂− Ω = oP (1).

We now define the estimator from Robin and Smith (2000). Let Z1, . . . , be i.i.d. standard

normal random variables and let {λri}
(p−r)(q−r)
i=1 be the ordered eigenvalues of the matrix

Ar = (Dq−r ⊗Dp−r)
T Ω̂ (Dq−r ⊗ Cp−r). Then, for α ∈ (0, 1), define cr1−α as the solution to

(16) P

(
r∑
i=1

λriZ
2
i ≥ c

)
= 1− α ,

where here the super-script r indicates that these eigenvalues come from the matrix Ar and
does not indicate that the eigenvalues are being raised to the power r. This is the notation
from Robin and Smith (2000), which we use in this section for consistency. Our estimate of
the rank is then

(17) r̂ = min
r∈{0,1,...,q−}

{r : CRTi ≥ ĉi1−αiT for i = 0, . . . , r − 1 and CRTr < ĉr1−αrT}

In words, the estimate r̂ is the first index r such that CRTr is smaller than the quantile ĉr

defined in (16).

Proposition A.1 (Theorem 5.2 of Robin and Smith (2000)). Suppose that r? < q and that
Assumptions A1-A6 hold. Then, the estimator r̂ defined in (17) is consistent for r?, provided
that αT = o(1) and −T log(αrT ) = o(1).

We now prove that these assumptions hold in our problem in order, returning to our
notation. First, the matrix B in our case is Wκ. The rank of Wκ is clearly finite, so
Assumption A.1 holds. By the assumptions in Theorem 4.1, we can use the delta method to
show that Assumption A.2 is satisfied, since in all cases, Wκ is a differentiable transformation
of D. Assumption A.3 since we set Σ = Ψ = I. We discuss Assumption A.4 at the end of
this proof. Assumption A.5 is satisfied by taking, say, h(x) = x. Assumption A.6 is satisfied
by the assumptions of Theorem 4.1, since if we have a consistent estimate of Ω, then we can
apply the delta method and obtain a consistent estimate of Wκ(D).

Finally, we show that Assumption A.4 is satisfied. To do this, note that the discussion
immediately after Assumption 2.4 in Robin and Smith (2000) says that this Assumption is
satisfied if

p ∈ [0, K − 1

2

√
4K2 − 4rank(Ωi)) .

One can show that rank(Ωi) =
(
K
2

)
By the assumption given in the theorem, K is chosen

such that the above statement is true. Therefore, we have that Assumption A.4 is satisfied.
We have shown that all of the assumptions in Theorem 5.2 of Robin and Smith (2000).
Therefore, we can conclude that p̂ is consistent for the true rank of Wκ. This completes the
proof.

�

A.4. Proof of Theorem 4.2.

Proof of Theorem 4.2. If we can show that D̂ − D p→, then we can use Proposition 3.1 to

conclude that κ̂
p→ κ. By using the same argument as that given in the proof of Theorem 4.1

to argue that p̂ is consistent for p. In addition, by Proposition 4.1 and Theorem 4.1 we have

that M̂p̂ is consistent, P(M̂p̂ 6=Mp(κ)) = o(1). Further, given a consistent estimator of M̂p̂,
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we can use results from Breza et al. (2019) to show consistency of the model parameters.
In constructing this proof, therefore, we first claim that it is possible to estimate a distance
matrix such that its deviation from the true distance matrix among a collection of points
converges in probability to zero using the properties of the model in (1). This construction,
along with Proposition 4.1 and Theorem 4.1, is sufficient for the first two statements in the
proof. We then turn to the third, consistency of the model parameters, and demonstrate
how it follows from the results in Breza et al. (2019).

We now seek to show that the deviation of a distance matrix estimated using cliques from
the true distance matrix converges in probability to zero. Recall from Section 2 that it is
possible to construct an estimator that converges in probability under a model with two
simplifying assumptions. Relaxing these assumptions, (1) yields, after marginalizing the
individual effects,

P (Gij = 1|z,Mp(κ)) = E(exp(νi))
2 exp(−d(zi, zj)) .

Solving for the distances d(zi, zj),

(18) dk,k′ = − log(pk,k′) + 2 log(E (exp(νi)) .

We assume the existence of a consistent estimator of E (exp(νi)). Though it works well in
practice, the estimator we present in Section 2 suffers from selection bias due to only using
nodes that have many connections (since they are part of near cliques). If we were to make
a distributional assumption on the vi’s we could correct for this selection bias by adjusting
the estimate using the tail probability of assumed distribution. We could also explore a
nonparametric estimate that is consistent by using subgraphs of different sizes in an attempt
to mitigate the selection bias. Since the approach from Section 2 works well in practice we
leave these as areas for future work and proceed here with the assumption that we have used
of the two methods described here to drive a consistent estimator.

Moving now to estimating the pk,k′ term, recall that in Section 2 we made the simplifying
assumption that all individuals had latent positions that were on one of a small number of
points. We now instead follow the full generality of (1) and allow each individual to have
their own latent position. We argue that, once the graph becomes sufficiently large, the
distances between nodes in completely connected cliques becomes negligible and, thus, we
can treat each clique as though it were a point in the simplified model presented in Section 2.

Lemma A.1. Take D as a K × K distance matrix of between-clique distances based on
the Fréchet mean of the latent space positions of the nodes in each clique. Assume that

Assumptions 1.1-1.3 hold, and that G is distributed as in (1). Let M̂p̂ denote the estimate

of the geometry based on the tests from (9), (10), and (11). Using M̂p̂, let κ̂ and p̂ denote
the estimates of the curvature and dimension. Let ẑi and ν̂i denote the manifold-specific
maximum likelihood estimator for zi and νi defined in (13), using the estimated latent space
type, dimension, and curvature. Finally, suppose that there exists a consistent estimator

of the mean of the individual effects distribution, γ̂, such that γ̂`
p→ E(exp(νi)). Let Ck =

(VCk
, ECk

) be a subgraph clique with |VCk
| = ` and let K be the number of such cliques. Under

these conditions,

lim
n→∞

P
(
||D̂ −D||F > ε

)
= 0
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Proof of Lemma A.1. There are two main points in the proof of Lemma A.1. First, unlike the
case in Theorem 4.1 where D is a (fixed) set of positions on the (unknown) manifold, there
is an additional layer of randomness in the case of the graph. Specifically, since distances
manifest as counts of links, the “true” distance matrix, D based on the Fréchet mean of the
latent space positions of the nodes in each clique, and calculate the distances between these
points, depends on the graph, which is a single draw from the network formation model in
(1). The first task in this proof, therefore, is to show that, for any realization from the graph
generating process (1), the observed counts are a sufficient approximation of the underlying
(random variable) D. Presented in more detail below, this argument uses the assumption
that we have a consistent estimator of the expectation of the individual effects and relies
heavily on the idea that, conditional on the latent positions the probabilities of forming ties
are independent, which allows us to treat links between cliques as a series of independent
Bernoulli trials.

The above argument establishes that the variation in the observed between-clique frequen-
cies vanishes sufficiently quickly as the size of the graph grows. The second issue we must
address for this result to hold arises in how we compute these cross-clique frequencies. In
contrast to the example we give in Section 2 where all latent positions have the same point
in the latent space, in estimating D̂ each person has their own latent position. Intuitively
people in cliques should be close together in the latent space (since if they weren’t close to-
gether they would be unlikely to be connected). To show convergence of the distance matrix,
we need to argue that the distances between people in the same clique become sufficiently
small as the size of the graph (and thus `) grows that any bias becomes negligible. To es-
tablish this result we use the model from (1) to compute the likelihood of observing a clique
under the assumption that all members of a clique are within an arbitrarily small distance,
δ, compared to the likelihood that one member of the clique is outside the δ-window. A
critical point for this logic is that the cliques are observed, so the computations are true
likelihood computations rather. That is, we ask, given a model, how likely are the data
we have already observed. Though straightforward algebra we show that the ratio of these
likelihoods diminishes as the size of graph (and thus cliques) move towards infinity.

We now move to the formal proof. First, consider the Frobenius (vector) norm of the

distance between D and D̂:

||D̂ −D||F =
∑
k,k′

∣∣∣− log(p̂k,k′) + 2 log(γ̂) + log(pk,k′)− 2 log(E(exp(νi))
∣∣∣

≤
∑
k,k′

∣∣∣ log(pk,k′)− log(p̂k,k′)
∣∣∣+ 2

∑
k,k′

∣∣∣ log(γ̂)− log(E(exp(νi))
∣∣∣ .

where the second line follows from the triangle inequality. By the continuous mapping

theorem, log(γ̂)
p→ log(E(exp(νi)). Thus, since K does not change with `, the second term

above goes to zero in probability. We now consider the first term in the second line.
We now recall the definition of p̂k,k′ ,

p̂k,k′ =
1

`2

∑
i∈Ck

∑
j∈Ck′

Gij .
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Each Gij is a Bernoulli trial, so Var(Gij) ≤ 1/4. In addition, the Gij are all mutually
independent, so

Var(p̂k,k′) =
1

`2

∑
i∈Ck

∑
j∈Ck′

Var(Gij) ≤
1

4`2
→ 0

as `→∞.
Given that the variance of p̂kk′ vanishes as the graph size increase based on the arguments

above, we now move to show that the estimate based on cross-clique interactions converges
to the correct point.

Recall from Section 2 that if the all points have the same latent position then p̂kk′ is
unbiased and the weak law of large numbers gives the desired result. Assumption 1.3 provides
the final step to show the result. That is, using Assumption 1.3 we show that indeed all
members of the clique are going to be located arbitrarily close together in the limit. To
see this, we can calculate the relative likelihood of nodes being within or outside a δ-ball as
n, `→∞. Specifically, observe that for any δ > 0, by Assumption 1.3,

P(maxi,j∈C`
d(zi, zj) ≤ δ|C` exists)

P(maxi,j∈C`
d(zi, zj) > δ|C` exists)

=
P(C` exists|maxi,j d(zi, zj) ≤ δ)

P(C` exists|maxi,j d(zi, zj) > δ)

× P(maxi,j d(zi, zj) ≤ δ)

P(maxi,j d(zi, zj) > δ)

→∞
from which the result follows.

�

Using Lemma A.1, we can now leverage the same estimator p̂kk′ as in Section 2 and apply
a similar logic, appealing to the weak law of large number and continuous mapping theorems,
to get the desired result. We move now to the final part of the proof, namely that, given
a consistent estimate of geometry type and dimension, we can consistently estimate the
remaining parameters using their maximum likelihood estimates. To prove this claim, we
apply the following result from Breza et al. (2019). We have slightly rewritten this result in
the notation of the current paper.

Lemma A.2 (Lemma A.1 from Breza et al. (2019)). Suppose that we observe complete graph
data generated from a formation model noted as a Continuous Latent Space (CLS) model
in Shalizi and Asta (2017). Specifically, let

P(gij = 1 | ν, z, β) ∝ exp{νi + νj + βTXij − dMp(zi, zj)}
where dMp(zi, zj) is the distance between the latent position of person i and person j on the
latent simply connected, complete Riemannian manifold of constant curvature κ, Mp(κ).
Our goal is to show that we can consistently estimate ν, z, β given Mp(κ). Let Xij ∈ Rh so
β ∈ Rh. Let V n ⊂ (−∞, 0]n a compact subset with (ν1, ...νn) ∈ V n. Then, under the same
conditions as Shalizi and Asta (2017), we have

max
1≤i≤n

(
| ν̂i − ν0i | +d(ẑ1:n, z1:n)+ | β̂ − β |

)
= oP (1)

as n→∞, where

d(z1:n, z
0
1:n) = inf

φ∈isom(M)

n∑
i=1

dMp(zi, φ(zi))
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where isom(M) is the set of isometries on Mp(κ) as in Shalizi and Asta (2017) and

(ν̂, ẑ, β̂) = argmax
ν,z,β∈V n×

∏n
i=1Mp×Rh

`(ν, z, β),

the maximum likelihood estimates.

Since we have that P (M̂p̂ =M) = 1− o(1), the result follows. �

Appendix B. Choosing Bounds for Curvature Estimate

We now discuss a way to pick a, the lower bound in the spherical method to pick κ. Note
that the maximum distance between any two points is rπ = π/

√
κ, which occurs when the

points are antipodal. This shows that for a distance matrix D = {dij}, which contains
distances between K points on Sp(κ), it must be that

max
1≤i,j≤K

di,j ≤
π√
κ
.

By solving for κ, we see that κ satisfies

κ ≤

 π

max
1≤i,j≤K

dij

2

:= b .

Based on the discussion in Wilson et al. (2014), we set

a :=

(
1

3 mini,j di,j

)2

.

The suggestion for a comes from Wilson et al. (2014), which says that for curvature values
less than a, the space is essentially Euclidean. We use the same bounds for the hyperbolic
case, but we flip the signs so that [a, b] ⊆ (−∞, 0]. Future work could more thoroughly
investigate how to pick the bounds for the hyperbolic case.

Figure 7 plots the function κ 7→
∣∣∣λ1 (κWκ)

∣∣∣ when D corresponds to K = 15 points drawn

randomly on S2(1). Figure 7 also plots the function κ 7→
∣∣∣λK−1 (κWκ)

∣∣∣ when D corresponds

to K = 15 points drawn randomly on H2(−1). The functions are both minimized at the
true curvature (κ0 = 1 for the spherical case and κ0 = −1 for the hyperbolic case), matching
the intuition from (5).

Appendix C. Rank Estimator

In Algorithm 1 we formally describe the algorithm and the estimate of the rank of Wκ. The
Luo and Li (2016) estimator uses two pieces of information. The first is the scree function,
which plots the sample eigenvalues in order from larges to smallest. In Figure 8 we plot the
scree function for a distance matrix computed between K = 15 points on a 3-dimensional
Euclidean latent space. We see that the scree plot is large but decreasing for the first three
eigenvalues but becomes flat after that point. The second piece of information this estimator
uses is the variability of the bootstrapped eigenvectors of the matrix Wκ, given in step (4)
of Algorithm 1. Luo and Li (2016) argues that the for j < r, the true rank of Wκ, there is
little variation in the term fn(j) in step (4) but for j ≥ r, this function increases. We see
this behavior in Figure 8: For j < 3, the bootstrap variability is lower than when j ≥ 3. See
Luo and Li (2016) for a more thorough explanation of why this phenomenon occurs. Based
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Figure 7. Plot of the objective function from (5) when D corresponds to 15 points in
S2(1) (left) and 15 points in H2(−1) (right). On the horizontal axis we plot the curvature

κ and on the vertical axis we plot the value of the function κ 7→
∣∣∣λ1 (cos(

√
κD))

∣∣∣. We see

that at the true κ, the objective function is minimized.

Algorithm 1: Estimating Rank of Wκ

(1) Compute the scree function φn(j) :=
λ̂K−j−1∑K

i=1 λ̂i
for j ∈ {0, 1, . . . , K − 1}.

(2) Sample B bootstrapped D?
1, . . . , D

?
B matrices from Algorithm 2 and use

them to compute W ?
1 , . . . ,W

?
B.

(3) For j ∈ {0, 1, . . . , K − 1},
(a) Define Âj ∈ RK×j with Âj = (v̂K−j+1, . . . , v̂K).
(b) Let v?1, . . . v

?
K denote the eigenvectors of W ?

i corresponding to its eigenvalues
λ?1 ≤ . . . ≤ λ?K .

(c) Set A?j,i ∈ RK×j with A?j,i = (v?K−j+1, . . . , v
?
K).

(4) Compute

f 0
n(j) = 1− 1

B

B∑
i=1

| det(ÂTj A
?
j,i)|

(5) Compute

fn(j) =
f 0
n(j)∑K−1

i=0 f 0
n(i)

.

(6) The estimate r̂ of the rank of Wκ is

r̂ = arg min
j∈{0,1,...,K−2}

(φn(j) + fn(j)) .

on these two pieces of information, Luo and Li (2016) suggests adding the two functions
together to produce a final objective function. They claim that this new function has a
“ladle” shape. The minimum of this new function is our estimate of the rank of Wκ.

Appendix D. Bootstrap Procedure

D.1. A Bootstrap Test for Geometry. We now provide a bootstrapping method to test
the three hypotheses in (6), (7), and (8). Before we describe our bootstrapping method, we
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Figure 8. We generate a graph using a 3-dimensional Euclidean latent space with K =
10 cliques. We plot the scree function φ and the bootstrap variability function fn defined in
Algorithm 1. We also plot their sum, defined as the objective function. The horizontal axis
represents the possible ranks of the matrix. We see the objective function has a minimum
at 3, so we estimate the rank of the matrix to be 3, which is the true dimension of the latent
space.

describe two problems that make bootstrapping the eigenvalues of Wκ challenging. First,
W0 ∈ RK×K does not have full rank, because

rank(W0) = rank(JD ◦DJ) ≤ min(rank(J), rank(D)) ≤ K − 1

where we have used the fact that rank(J) = K−1. So λ1(W0) must lie in (−∞, 0] and under
H0,e, λ1(W0) lies on the boundary of the parameter space. Classical bootstrapping in such a
case is not valid (Andrews, 2000). The second problem is that Wκ have repeated eigenvalues
at zero. Again, classical bootstrapping also does not work in this case (Eaton and Taylor,
1991).

To address these problem and provide a bootstrapping method that delivers strong perfor-
mance, we will use the sub-sampling method from Politis and Romano (1994), which is valid
in a broader set of problems. In Politis and Romano (1994), the data are independent and
identically distributed. In our case, they are independent but not identically distributed,
therefore the coverage guarantees we present in Appendix D.2 are not expected to hold ex-
actly, though in practice these results do hold approximately. We break our method up into
two distinct algorithms. The first, Algorithm 2, provides a method to bootstrap the distance
matrix D. The second algorithm, Algorithm 3, uses the bootstrapped distance matrix to
test the three hypotheses about the underlying geometry. This second algorithm is based
on the methods in Politis and Romano (1994). The input to this algorithm is the adjacency
matrix G, the number of bootstrap samples B, the geometry under the null hypothesis, and
two parameters that appear in the Politis and Romano (1994) method.

D.2. Additional details on the bootstrap procedure. Given n independent and iden-
tically distributed data points X1, . . . , Xn drawn from a distribution H, we want to estimate
a parameter θ = θ(H) with an estimator θ̂n. We make the following assumption about θ̂n,
which appears in Politis and Romano (1994).
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Algorithm 2: Bootstrapping Distance Matrix. See Appendix D.2 for additional
details.
Input: adjacency matrix G, number of bootstrap samples B and sub-sample rate m

(1) Let I := I1, . . . , Im and J := J1, . . . , Jm denote two sets of m-length
integers drawn independently and uniformly from {1, . . . , `} with replacement.

(2) Compute the bootstrapped between-clique probability matrix P ? by first
estimating p?k,k′ where

p?k,k′ =
1

m

n∑
i,j=1

Gij1{i ∈ Ck[I], j ∈ Ck′ [J]}

where Ck[I] := Ck ∩ I and Ck′ [J] := Ck′ ∩ J where Ck is the set of nodes
in clique k. Then set P ?

k,k′ = max(1/`2, p?k,k′).

(3) Then set D?
b = − log(P ?/Êν) where the division is component-wise.

(4) return {D?
b}Bb=1

Algorithm 3: Hypothesis Testing Geometry via Bootstrapping

Input: adjacency matrix G, number of bootstrap samples B and sub-sample rate m

(1) Compute the observed eigenvalue λk?(Ŵ ),
(2) For b = 1, . . . , B, do the following:

(a) Sample D?
b from Algorithm 2 and compute W ?

b based on the null hypothesis.
(b) Compute the eigenvalue λk?(W ?

b )
(3) Compute

L̂n(x) =
1

B

B∑
i=1

1{m2α
(
λk?(W ?

i )− λk?(Ŵ )
)
≤ x}, for any x ∈ R .

(4) Compute cn(1− α) = inf{x : L̂n(x) ≥ 1− α} be the (1− α)% percentile

of m2
(
λk?(W ?

i )− λk?(Ŵ )
)

.

(5) Reject H0 when

`2αλk?(Ŵ ) < cn(α) if the null hypothesis is Euclidean or spherical

and we reject H0 when

`2αλk?(Ŵ ) > cn(1− α) if the null hypothesis is hyperbolic.

Assumption D.1. There exists a deterministic sequence τn such that τn(θ̂n − θ) converges
in distribution to some random variable L.

Suppose that the goal is to construct confidence intervals for θ using X1, . . . , Xn. To do
this, we select a sub-sample rate m = m(n), where m ≤ n. Then, let Y1, . . . , Y(n

b)
be all the

subsets of X of size b, and let θ̂n,i be the estimate of θ using the ith subset Yi. Using the
rate τn from Assumption D.1, with n replaced by the “sub-sample” size b, we can form the



IDENTIFYING LATENT GEOMETRY 43

empirical CDF of τb(θ̂n,i − θ̂n),

Ln(x) :=
1(
n
b

) (n
b)∑
i=1

1
{
τb(θ̂n,i − θ̂n) ≤ x

}
.

Intuitively, as n and b→∞, we expect that Ln converges to the CDF of τn(θ̂n− θ), denoted

by L. If this were true, then we could use the quantiles of τb(θ̂n,i − θ̂n) as estimates of the

quantiles of τn(θ̂n,i − θ̂n), which would allow us to compute confidence intervals for θ. The
following result shows when we can use Ln to construct asymptotically correct confidence
intervals for θ.

Proposition D.1 (Theorem 2, (iii) of Politis and Romano (1994)). Let cn(1−α) := inf{x :

L̂n(x) ≥ 1− α}. Similarly, let c(1− α) = inf{x : L(x) ≥ 1− α} where L is the CDF of X1.
If the CDF of X1 is continuous at c(1− α) and τb/τn → 0 and b/n→ 0 then

P
(
τn(θ̂n − θ) ≤ cn(1− α)

)
→ 1− α .

This proposition allows us to construction asymptotically correct confidence intervals for
θ from the sub-sampled data. Note that when n is large, computing all

(
n
b

)
subsets of X

is computationally infeasible, so we instead select a collection {Y1, . . . , Ys} for some integer
s ≤

(
n
b

)
, and compute

L̂n(x) :=
1

s

s∑
i=1

1
{
τb(θ̂n,i − θ̂n) ≤ x

}
.

According to Politis and Romano (1994), we have the following result:

Proposition D.2 (Theorem 2, (iii) of Politis and Romano (1994)). Let cn(1−α) := inf{x :

L̂n(x) ≥ 1− α}. Similarly, let c(1− α) = inf{x : L(x) ≥ 1− α} where L is the CDF of X1.
If the CDF of X1 is continuous at c(1− α) and τb/τn → 0 and b/n→ 0, then

P
(
τn(θ̂n − θ) ≤ ĉn(1− α)

)
→ 1− α .

This result allows us to construct confidence intervals for θ.
Having described the sub-sampling method from Politis and Romano (1994), we now

return to our original problem and show how to apply this method to our problem. The
parameter interest θ is the eigenvalue λk?(W ). To study this, we will show how to use the
Politis and Romano (1994) method to sub-sample the distance matrix D. Using this sub-
sampled distance matrix, we can then compute sub-sampled matrices Wκ and compute their
eigenvalues, since Wκ is just a simple transformation of D.

The data in our problem is the adjacency matrix G. More concretely, it is the adjacency
matrix for the subgraph with nodes

⋃K
k=1Ci, the union of all K cliques. We fix some sub-

sample rate m. In Section D, we describe how to do this. With the sub-sample rate, we then
want to re-sample the entries of D. To do this, we will focus on how to do this for the (k, k′)
entry of D. This process is repeated for all the entries of D. Let G̃k,k′ denote the adjacency
matrix corresponding to the sub-graph induced by the nodes in Ck ∪ Ck′ . For example, if
` = 3, then a potential Ỹk,k′ might take the form

G̃k,k′ =

1 0 0
1 1 0
0 1 0

 .
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This indicates that the first node in Ck connects to the first node in Ck,k′ but not to the
second or third nodes in Ck′ . We then sample two sets of integers of length m, denoted by Ik
and Ik′ , independently and uniformly from {1, . . . , `}, without replacement. These indices
will be the re-sampled nodes. We then compute

P ?
k,k′ =

1

m2

∑
[G̃k,k′ ]ij1{(i, j) ∈ Ik × Ik′} .

Since it is possible that P ?
k,k′ is zero (meaning that the re-sampled pairs of nodes do not

connect), we use P ?
k,k′ = max(1/`2, P ?

k,k′), since we observe at least one edge in G̃k,k′ . We
repeat this procedure for all pairs of edges (k, k′). We then compute D? using (1). We provide
a step-by-step implementation of the sub-sampling method in Algorithm 2.

Recalling that our parameter of interest is the eigenvalue λk?(W ), we use the above pro-
cedure to compute λk?(W ?

b ) for b = 1, . . . , B. We then compute

L̂n(x) =
1

B

B∑
i=1

1{m2α
(
λk?(W ?

i )− λk?(Ŵ )
)
≤ x}, for any x ∈ R .

We then perform hypothesis testing. To do this, we let cn(1−α) = inf{x : L̂n(x) ≥ 1−α}
be the (1 − α)% percentile of m2

(
λk?(W ?

i )− λk?(Ŵ )
)

. Then, from Proposition 4.2, we

know P(`2α(λk?(Ŵ ) − λk?(W )) ≤ cn(1 − α)) ≈ 1 − α + o(1) for large `. This motivates the
bootstrapping method we summarize in Algorithm 3.

Appendix E. Additional simulation results

We now give plot curvature estimates for 100 simulated graphs using cliques of size ` ∈
{5, 7, 9}. We see that as ` increases, the variance and bias of κ̂S decreases in the spherical
case (Figure ).

We now analyze the accuracy of the curvature methods for the spherical and hyperbolic
latent space models. The estimator in Proposition 3.1 minimizes κ 7→ λ1(κŴκ). But from

Proposition 1.2, we in fact know that the first few eigenvalues of cos(
√
κD̂) are zero, which

suggests that we can use the estimator

(19) κ̂(q) =
1

q

q∑
i=1

κ̂i, κ̂i = arg min
κ∈[a,b]

∣∣∣λi (κW (D̂)κ

) ∣∣∣
Assuming that q << K, we can reasonably believe that the first through qth eigenvalues
of cos(

√
κD) are zero. In fact, it is easy to modify the proof of Proposition 3.1 to show

that κ̂(q)
p→ κ, provided that t << K. Taking q > 1 does not always reduce the variance

of κ̂(t), which could be because the κ̂1, . . . , κ̂t are not necessarily independent. In Figure 9
we plot 250 estimates of κ whenMp(κ) = S2(1) and whenMp(κ) = H2(−1) using K = 10.
Although Proposition 3.1 says that the estimate is consistent as the sample size grows, we
see that in finite samples this estimator performs poorly. In the future we would like to
determine an estimator that performs better in finite samples.

Appendix F. Generating latent space points

We now describe how we generate our points in the three latent spaces. The basic idea is
to generate K group centers. we then call the first n/K nodes to be in group 1, the second
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Figure 9. Left: Curvature estimates for S2(1) using K = 10 cliques, with clique size
` = 4, 6, 8 on the horizontal axis. We use q = 1, 3, 5 where q is defined in (19). We plot the
true curvature κ = 1 in the black dashed line. Right: Curvature estimates for H2(−1) using
K = 10 cliques, with clique size ` = 4, 6, 8 on the horizontal axis.

n/K nodes to be in group 2, and so on. Let ci ∈ {1, . . . , K} denote the group membership
of node i. Finally, we distribute the node latent space positions centered at their group
locations according to some procedure that is unique for each of the three geometries. To
generate the LS positions in the Euclidean case, we do the following:

(1) Generate K group centers µ ∈ Rp distributed according to µ
i.i.d.∼ N(0p, σ

2Ip).

(2) Then simulate the positions of the nodes as zi|ci
i.i.d.∼ N

(
µci ,

σ2

K
Ip

)
.

To generate the latent space positions in the spherical case, we do the following:

(1) Generate K group centers µ ∈ S2(κ). To do this, we generate two angles: θ
i.i.d.∼

Unif(0, π) and φ
i.i.d.∼ Unif(0, 2π). Then compute

µi = κ−1/2 (sin(θi) cos(φi), sin(θi) sin(φi), cos(φi)) ∈ R3 .

(2) Then simulate the positions of the nodes. To do this, generate two angles θi ∼
Unif(θci − δ, θci + δ) and φi ∼ Unif(φci − δ, φci + δ) and compute

µi = κ−1/2 (sin(θi) cos(φi), sin(θi) sin(φi), cos(φi)) ∈ R3 .

To generate the latent space positions in the Hyperbolic case, we do the following:

(1) Generate K group centers µ ∈ H2(κ). To do this, we generate two locations xi
and yi distributed uniformly on [−s, s]× [−s, s] and select the third coordinate z =√

1/κ+ x2i + y2i so by construction (x, y, z) ∈ H2(κ).
(2) Then simulate the positions of the nodes. To do this, generate two coordinates xi

and yi distributed uniformly on [xci − δ, xci + δ] × [yci − δ, yci + δ] then set zi =√
1/κ+ x2i + y2i .

We next present the parameters used for the simulations in Section 5. In the table below,
κ is the curvature used for the Spherical geometry. The σ parameter determines the spread
of the points in the Euclidean geometry. For the Hyperbolic geometry the scale referrers to
the scale of the first two coordinates of the space. In all of these results, we use rate = 1/3.
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Table 3. The parameter values used to make the results in Section 5.

E S H
E σ = 0.5 σ = 0.8 σ = 0.8
S κ = 0.75 κ = 1 κ = 0.75
H scale = 2.5, κ = 0.75 scale = 2.5, κ = 0.75 scale = 2.5, κ = 1

Appendix G. Additional details for the Banerjee et al. (2019) data

In Figure 10 we give violinplots of the number of cliques of size ` ∈ {4, 5, 6} in the Indian
village data set. The median values are 132, 13, and 0, respectively. The variances are 14797,
703, and 12, respectively. We show commutative distribution plots of the number of cliques
across the 75 villages in Figure 11.
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Figure 10. Number of cliques of size ` ∈ {4, 5, 6} for the Indian village data set. The
median values for ` = 4, 5, and 6 are 132, 13, 0, respectively.
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Figure 11. CDF of number of cliques for clique sizes ` ∈ {4, 5, 6} for the 75 Indian
villages.
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