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Multiscale dynamics of semiflexible polymers from a universal coarse-graining procedure
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Simulating the dynamics of a semiflexible polymer across time and length scales that bridge the rigid and
flexible regimes requires a physically sound method for generating coarse-grained representations of the polymer.
Here, we study the dynamic behavior of the discrete stretchable, shearable wormlike chain model, which can be
used to coarse-grain a continuous semi-elastic chain at an arbitrary discretization. We show that the dynamics
of this universal model match those of the wormlike chain at length scales above the discretization length. The
evolution of the stress correlation, as probed through Brownian dynamics simulations, is found to reproduce
the predicted behavior in both the rigid and flexible regimes, spanning over six orders of magnitude in time
scales. The coarse-graining approach employed here thus enables dynamic simulation of semiflexible polymers
at lengths and times that were previously inaccessible with conventional methods.
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A large class of biological and synthetic polymers exhibit
semiflexible properties, transitioning from rigid to flexible
above a certain characteristic length scale. These polymers
are generally described using a continuous wormlike chain
(WLC) model [1,2] with a persistence length p setting the
scale of flexibility. Biopolymers, in particular, span a vast
range of persistence lengths, from a few nanometers for singlestranded nucleic acids [3] to millimeters for microtubules [4].
Modeling the physical properties of polymer systems thus
necessitates the ability to handle the full range of polymer
flexibilities.
Much interest has focused on the dynamics of semiflexible
polymers, including the viscoelastic properties of cytoskeletal
filaments and DNA, addressed using microrheological [5,6]
and single-molecule perturbation studies [7,8]. The dynamic
behavior of fully flexible and fully rigid polymers is well
characterized [9]. The viscoelastic scaling for semiflexible
chains has been more recently measured and theoretically
derived [10,11]. These scaling properties were confirmed and
extended with computational studies focusing on the stiff
regime [12,13].
Wormlike chain simulations are generally carried out using
the bead-rod model [14], wherein the chain is discretized
into a sequence of rigid segments with a quadratic bending
potential. Such simulations become computationally expensive for chains much longer than a persistence length, as
long length and time scales require correspondingly larger
numbers of beads and time steps. While other studies have
combined different fine and coarse-grained models to expand the accessible range [15], we present here a single
consistent model that can systematically and efficiently reconcile all time scales associated with the dynamics of long
chains.
In previous publications, we demonstrated that any locally
defined polymer chain can be coarse-grained by mapping to
a continuous stretchable, shearable, wormlike chain model
(ssWLC) [16] or its discrete analog (dssWLC) [17]. In these
models, each point along the polymer is described not only by
its position in space but also by an effective orientation vector. The polymer contour tends to follow this orientation
vector, with quadratic penalties for turning of the orientation,
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shearing of the contour away from the preferred orientation,
and stretching of the contour. Our approach, based on matching
components of low-order moments of the end-to-end distance,
allows for the systematic generation of coarse-grained models
with an arbitrary degree of discretization that could match
the statistical behavior of the canonical wormlike chain above
the discretization length. In this work, we demonstrate that the
dssWLC model can be employed in dynamic simulations
of semiflexible polymers to address previously inaccessible
length and time scales by adjusting the degree of coarsegraining to access different scales. To aid in the implementation of our model, we provide computer scripts on our
website [18] to determine the coarse-grained parameters for
our model.
The dssWLC model is defined by a sequence of beads
numbered from 0 to N , with positions ri and a unit vector
ui attached to each bead. The energy function for a particular
chain configuration is given by [17]
ui }) =
βE({Ri ,
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|
ui − ui−1 − ηRi⊥ |2
2
i=1

+


 
⊥  ⊥ 2
(Ri · ui−1 − γ )2 +
| Ri | ,
2
2
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where β = 1/(kB T ), kB is the Boltzmann constant, Ri = ri −
ri−1 , and Ri⊥ = Ri − (Ri · ui−1 )
ui−1 . Each segment of this
discrete model represents a continuous polymer contour length
of . The model parameters include the bend modulus b ,
stretch modulus  , shear modulus ⊥ , fractional ground-state
length γ , and bend-shear coupling η. These parameters can
be found for a wormlike chain with persistence length p
at any discretization length , as described in our previous
work [17].
For short discretization lengths   p , the bend and shear
moduli become very stiff, and the interbead separations tend to
ui ) as the discrete
align along the orientation vectors (Ri → 
chain more closely approximates the continuous WLC. With
segments increasingly coarse-grained up to a discretization of
 = p , the bend and shear moduli as well as the fractional
ground-state length of a segment γ decrease as thermal
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FIG. 1. (Color) Position and orientation fluctuations in the dssWLC model with discretization lengths (a)  = p , (b)  = 0.5p , and (c)
 = 0.25p , indicating the increased flexibility for more coarse-grained discretizations. Chain configurations are shown with every other bead
position and orientation fixed, while the remaining positions and orientations are sampled from the appropriate distribution. Transparency of the
beads is proportional to the partition function at that position, integrated over all u. Insets show distributions of orientation vectors u integrated
over all possible bead positions.

fluctuations within the length scale of  are incorporated into
the model (illustrated in Fig. 1). The model can be further
applied to arbitrarily large discretizations, as described in
previous work [17].
Using our dssWLC model in dynamic simulations requires
both a verification that the model recapitulates the known
relaxation behavior of the WLC model as well as a procedure
for determining the dynamic simulation parameters. To explore
the dynamic behavior of this model, we begin by studying its
continuous analog [16], which can be obtained by replacing the
summation in Eq. (1) with an integral over the chain contour
s from 0 to L, replacing (
ui − ui−1 )/ with ∂s u and Ri /
with ∂s r.
We model the dynamic relaxation of the ssWLC near its
ground state by deriving and solving the relevant equations
of motion. We introduce an orthogonal triad of unit vectors
at each point along the chain e1 (s),e2 (s),e3 (s) = u(s) and
define the coordinates Xi = rs · ei for i = 1,2, representing
the local shear of the chain, X3 = rs · e3 − γ giving the
local stretch, and i representing the curvature such that
∂s ei =  × ei . Near the ground state, Xi and i should be
small, so we include only the lowest-order terms in our
equations.
We begin with the deterministic dynamic equations for a
ssWLC under the free-draining approximation
ζr
ζu

δE
d r
=− ,
dt
δr

δE
d u
=−
+
dt
δ u

(2)
u,

(3)

where ζr and ζu give the friction coefficients per unit length
for the chain position and orientation vectors, respectively.
The final term represents a tension force set to enforce the
constraint ddtu · u = 0, which maintains the vectors u to be of
unit magnitude. Re-expressing in terms of our newly defined
coordinates, in a manner analogous to the parallel development
for the canonical wormlike chain [19], yields the following set
of linearized dynamic equations:
1
dX1
= [−ηb 2ss + ˆ⊥ X1ss ]
dt
ζr
γ
+ [−γ ˆ⊥ X1 − b 2s + ηb X1s + ηb γ
ζu

2 ],

(4)

1
dX2
= [ηb 1ss + ˆ⊥ X2ss ]
dt
ζr
γ
+ [−γ ˆ⊥ X2 + b 1s + ηb X2s − ηb γ
ζu

1 ],

dX3

= X3ss ,
dt
ζr
d 1
1
= [−ˆ⊥ γ X2s + b
dt
ζu
d 2
1
= [ˆ⊥ γ X1s + b
dt
ζu

1ss

2ss

+ ηb (X2ss − γ

− ηb (X1ss + γ

(5)
(6)

1s )],

2s )],

(7)
(8)

where we define ˆ⊥ = ⊥ + η2 b , X1s = ∂s X1 , and so forth.
We note that all coordinates have been defined such that
they vanish in the ground-state configuration, so that for
small deformations we can drop all higher-order terms in the
dynamic equations to obtain the linearized forms in Eqs. (4)
to (8). For free ends, the associated boundary conditions
are Xi (0) = Xi (L) = i (0) = i (L) = 0. We note that the
dynamics of the stretch coordinate X3 exactly parallel those
of the Rouse chain [9], while the shear and bend dynamics
are coupled together. Equations (4) to (8) can be solved by
decomposing
each degree of freedom into normal modes
√
2/L sin(πps/L). The presence of first derivative
p =
terms results in dynamic coupling between different modes
for the bend and shear coordinates. The coupled dynamics
of X1 , 2 can then be expressed as a set of linear equations
whose eigenvalues determine the time scales of decay for the
bend and shear modes. We analytically solve this linearized
form of the model to facilitate a comparison to known
results for semiflexible chains and to aid in the selection of
dynamic parameters. Subsequently, we discuss simulations
of the discretized model employing these parameters which
can extend to nonlinear regimes so long as the discretization
length scale is kept relatively small compared to the local
deformation.
For the canonical WLC model with persistence length
p , the relaxation time of the most coarse-grained bending
mode is given by τbend = ζr L4 /[(3π/2)4 p ] [20]. In Fig. 2,
we plot the longest relaxation time versus chain length for the
continuous chain limit of our dssWLC models with different
discretizations. We note that for long lengths, the models
all approach a universal curve that coincides with the WLC
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We carry out a Brownian dynamics simulation of a
discretized wormlike chain of length L = 10p using the
aforementioned procedure for determining ζu . The dynamics
of the chain are evolved according to the overdamped Langevin
equations for each bead i,
∂E
d ri
=−
+ Fi(B,r) ,
dt
∂ ri
∂E
d ui
=−
ζub
+ Fi(B,u) ,
dt
∂ ui
ζrb

FIG. 2. (Color) Longest relaxation time for the linearized continuous analog of the dssWLC with different discretization lengths
(0.1p    p , in increments of 0.1p ), as a function of total chain
length L. Dashed line represents the canonical WLC solution.

result [20]. Thus, the dssWLC models accurately reproduce
the long length-scale dynamics of the wormlike chain.
To implement the dssWLC model in dynamic simulations,
we must select an appropriate value for the friction coefficient
ζu of the orientation vectors. This friction coefficient should
be sufficiently small to not affect the dynamic behavior on
length scales above a single segment. In Fig. 3, we plot the
longest relaxation time for a shearable chain of length  as
a function of ζu for increasingly coarse-grained values of .
For simulation purposes, selecting a larger friction coefficient
enables larger time steps and greater computational efficiency.
We thus chose ζu to be the cutoff value below which the
relaxation time is insensitive to this friction coefficient. A
tabulation of these values, as well as other model parameters, is
provided on our website [18]. We note that the selected friction
coefficient for each bead in a simulation [ζub = ζu L/(N + 1)]
scales approximately as 3 , as expected for the rotational
diffusive motion of a rigid rod [9].

(9)

where F (B,r) and F (B,u) are the Brownian forces for the bead
position and orientation, selected from a normal distribution
with zero mean and variance 2ζrb /δt and 2ζub /δt (for
discretized time step δt). To increase computational efficiency,
we employ a modified fourth-order Runge-Kutta formalism
to propagate the dynamic equations [21,22]. This method
resolves elastic forces to fourth order while maintaining a
constant Brownian force over the δt time step. In test runs of
particles in harmonic wells, this method allowed δt to increase
by more than an order of magnitude when elastic forces were
significantly stronger than Brownian forces (see Supplemental
Material) [23].
The translational friction coefficient is given by ζrb = ζr L/
(N + 1). For the orientation vectors, only the force perpendicular to u is employed, and the vectors are normalized at each
step to prevent accumulation of numerical errors. The time step
is chosen as δt = 0.5ζub /(⊥ γ 2 ). The starting configurations
are selected from an equilibrium distribution.

The polymer stress tensor σ = − (ri − rc )Fitotal (where
rc is the center of mass) is calculated periodically throughout
the simulation as described in previous works [13,24]. The
timecorrelation of the shear stress, defined as Cshear (t) =
1/6 i=j σij (t)σij (0) is used to track the dynamic behavior
of the polymer [12,13]. From the fluctuation-dissipation
theorem, the microscopically defined correlation function
Cshear (t) is related to the single polymer contribution of
the macroscopic shear stress response function via G(t) =
−βdCshear /dt [9,12]. This macroscopic response function has
been previously calculated for a canonical WLC under highfrequency oscillatory stresses by assuming affine longitudinal
deformation of the chain [10,11]. The resulting short-time
behavior of the shear stress correlation is given by
(2ζr )3/4 Lp β −5/4 −3/4
t
.
15(1/4)
5/4

wlc
(t) =
Cshear

(10)

At longer times, increasingly flexible length scales begin to
equilibrate. In particular, for times t τp , where τp = ζr 3p /
(3π/2)4 is the relaxation time for one persistence length, the
dynamics of the stress relaxation should approach those of
a Gaussian polymer with Kuhn length 2p . The shear stress
correlation function for such a polymer using the Rouse model
is given by [9]
FIG. 3. (Color) Relaxation time of a single discretization length
for the continuous analog of the dssWLC, as a function of the
orientational friction coefficient. Black crosses correspond to the
value of ζu selected for Brownian dynamics simulations.
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FIG. 4. (Color) Shear stress correlation function from Brownian
dynamics simulations of a semiflexible chain of length L = 10p ,
using the dssWLC model with different discretization lengths  =
L/N . Solid black lines show the predicted behavior for a stiff
wlc
rouse
) and a fully flexible Rouse chain (Cshear
). Dashed
WLC (Cshear
vertical line indicates time scale of relaxation for a single persistence
length τp .

This scaling is valid only for times τp  t  τR , where τR =
2p ζr L2 /(3π 2 β 3 ) is the relaxation time for the entire chain. At
longer times, the shear correlation for the Rouse chain should
fall off exponentially.
The decay of the shear stress correlation Cshear (t) is plotted
in Fig. 4 as calculated from a series of Brownian dynamics
simulations using the dssWLC model with discretization
lengths  = 0.02p (N = 500) to  = 2p (N = 5). At the
shortest time scales, the dynamics of each simulated chain are
dependent on the discretization length. However, at longer
times, all of the simulated correlation functions fall on a
universal curve that matches the predicted dynamic behavior,
wlc
rouse
decaying as Cshear
for t  τp , Cshear
for τp  t  τR and
showing an exponential dropoff near t  τR .
We note that not only the scaling exponents but the exact
forms of these theoretical correlation functions are matched
by our simulations on time scales above those required
to equilibrate individual segments. Interestingly, our results
indicate that even a chain of moderate length (L = 10p )
exhibits flexible chain dynamics at long time scales. As
this behavior arises from a summation over many modes
shorter than the chain length [9], this finding emphasizes the
significance of bend fluctuations on lengths comparable to p ,
which are excluded in studies that coarse-grain long chains
using bead-rod models [13]. Overall, we demonstrate that the
dssWLC model can be employed to simulate the dynamics of
an intermediate length semiflexible polymer across time scales
spanning six orders of magnitude, including both the rigid and
flexible regimes.
Previous simulations of semiflexible polymer dynamics
using the bead-rod model have been limited to very short,
nearly rigid chains [12,13,25]. This limitation arises from the
fact that the discretization length of such chains must be much
less than the persistence length to accurately reproduce the
physics of the continuous chain. Thus increasing chain length
requires increasing the number of beads in the simulation.

Furthermore, the relaxation time for the tension forces required
to maintain constant segment lengths in such a model scales
as N −2 , where N is the number of beads [25]. The maximal
time step in a Brownian dynamics simulation must decrease
accordingly to accurately reproduce the dynamics. Given that
a chain length longer than p equilibrates on a time scale
of τR ∼ L2 , the computational effort required to simulate
the full range of dynamic behavior in such a chain scales
as L5 .
Using the dssWLC model, however, the discretization
length can be extended to accommodate longer time scales, so
that the entire range of dynamic behavior can be spanned by
a sequence of simulations with different discretizations, as in
Fig. 4. We note that for the chain length used here, limiting the
discretization to  < 0.1 as would be required if employing
the bead-rod model would require increasing the number of
time steps by a factor of about 104 to reach the terminal
relaxation time. While other studies have targeted a wide range
of time scales by joining together different models to represent
fine and coarse-grained behavior [15,26], our model presents
an alternative unified approach that can be used to span over
the full range of scales while assuring the correct statistics and
dynamics at long lengths.
The dssWLC model provides a versatile approach for simulating semiflexible dynamics by adjusting the discretization to
suit the time and length scale of interest. Short time-scale
phenomena can be modeled using fine-grained simulated
chains while longer time scales can be accessed by more
coarse-grained versions of the model. Efficient methods for
combining different levels of coarse-graining by dynamic
rediscretization within a single simulation will be addressed
in future work. This approach opens up the possibility of
simulating much larger systems than has previously proved
feasible. Of particular interest are the dynamics of linked
or entangled networks of semiflexible chains, which could
in principle be simulated using a discretization scale not
much smaller than the interlink separation. Potential biological applications include modeling the multiscale packaging of genomic DNA and the dynamic properties of the
cytoskeleton.
In this work we focus specifically on freely draining
polymer chains. In principle, hydrodynamic interactions could
be included in this model using some of the same approximations that have been employed in other coarse-grained
simulations [27,28]. While complications inevitably arise in
representing the hydrodynamics of a coarse-grained segment,
the dssWLC model can be treated analogously to other
bead-spring chains in this regard.
Finally, we note that the dssWLC is not limited to
discretizing the classic wormlike chain and can be employed
for generating coarse-grained representations for studying the
large-scale dynamics of any microscopic polymer model [17].
The model presented here thus has a wide range of applications
in the field of polymer dynamics.
We are grateful for helpful discussions with Ekaterina
Pilyugina, Jay Schieber, and Panagiotis Dimitrakopoulos.
Funding for this project was provided by the NSF CAREER
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