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I—Time-continuous Formulation

LNonlinear High-Dimensional Model

dw

My = s, 1
y(t) = g(w(t)1)
w(0) = wp

m w € RN: Vector of state variables
m y € R9: Vector of output variables (typically g < N)

m f(-,-) € RV: completes the specification of the high-dimensional
system of equations
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I—Time-continuous Formulation
L POD Minimization Problem

m Consider a fixed initial condition wg € RV

m Denote the associated state trajectory in the time-interval [0, 7] by

Tw = {W(t)}ogth
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I—Time-continuous Formulation
L pPOD Minimization Problem

m Consider a fixed initial condition wg € RV
m Denote the associated state trajectory in the time-interval [0, 7] by

Tw = {W(t)}ogth

m The Proper Orthogonal Decomposition (POD) method seeks an
orthogonal projector My v of fixed rank k that minimizes the
integrated projection error

T T
/0 Iw(t) = Py,yw(2)]3 dt = /0 1= (D)]3dt = &y [* = J(Mv,v)
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I—Time-continuous Formulation

LSolution of the POD Minimization Problem

Theorem

)

Let K € RN*N pe the real, symmetric, positive, semi-definite matrix
defined as follows

.
A* w w 4
K_/O ()w(t)T dt

Eet 5\1 > 3\2 > - 3\ > 0 denote the ordered eigenvalues of K and
¢, RN = 1, , N, denote their associated eigenvectors which are
also referred to as th POD modes

~

k\(ll\si:}\\i(bh I:]-a 7N
The subspace V = range( ) of dimension k that minimizes J(My v) is

the invariant subspace of K associated with the eigenvalues
A>X> >N
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L Method of Snapshots for a Single-Parameter Configuration
L Discretization of POD by the Method of Snapshots

m Solving the eigenvalue problem K 3;,. =\ q?),- can be challenging

because: (1) the matrix K is infinite-dimensional; and (2) this
matrix is usually dense
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L Discretization of POD by the Method of Snapshots

m Solving the eigenvalue problem K 3;,. =\ q?),- can be challenging
because: (1) the matrix K is infinite-dimensional; and (2) this
matrix is usually dense

m However, the state data is typically available in the form of discrete
“snapshot” vectors

{w(t)} e
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L Method of Snapshots for a Single-Parameter Configuration
L Discretization of POD by the Method of Snapshots

m Solving the eigenvalue problem K 3;,. =\ q?),- can be challenging
because: (1) the matrix K is infinite-dimensional; and (2) this
matrix is usually dense

m However, the state data is typically available in the form of discrete
“snapshot” vectors

{w(t)} e
.

® In this case, K = w(t)w(t)" dt can be approximated using a

0
quadrature rule as follows

Nsnap
~

Ka~K= Z o w(t)w(t)"

i=1

where aj, i =1,---, Ngap are the quadrature weights
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L Method of Snapshots for a Single-Parameter Configuration
L Discretization of POD by the Method of Snapshots

m Let S € RVXNer denote the snapshot matrix defined as follows

S = [\/ole(tl) . aNsnapw(thnap)]

where K is still a large-scale (N x N) matrix for which computing
eigenvalues and eigenvectors can be computationally intractable

m [t follows that
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L Method of Snapshots for a Single-Parameter Configuration
L Discretization of POD by the Method of Snapshots

m Note that the non-zero eigenvalues of the matrix K = SST € RVxN
are the same as those of the matrix R = S7S € RNonap X Nonap

m Since usually Nenap < N, it is more economical to solve instead the
symmetric eigenvalue problem

R"/’i = /\/"l/",', =1, 7Nsnap (1)
where, due to the symmetry of R

Yl =06; and Y[Ry, =XNdy, i=1, Neap (2)
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L Method of Snapshots for a Single-Parameter Configuration
L Discretization of POD by the Method of Snapshots

m Note that the non-zero eigenvalues of the matrix K = SST € RVxN
are the same as those of the matrix R = S7S € RNonap X Nonap

m Since usually Nenap < N, it is more economical to solve instead the
symmetric eigenvalue problem

R"/’i = /\/"l/",', =1, 7Nsnap (1)
where, due to the symmetry of R

Yl =06; and Y[Ry, =XNdy, i=1, Neap (2)

m However, if S is ill-conditioned, R is worse conditioned

HQ(S) = HQ(STS) = HQ(R) = KZQ(S)2
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L Method of Snapshots for a Single-Parameter Configuration
L Discretization of POD by the Method of Snapshots

m From (1), the definition of K and its symmetry, and from (2), it
follows that if rank(R) = r, the first r POD modes ¢; are given by

qbi:\/%sw,-, =1 3)
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L Method of Snapshots for a Single-Parameter Configuration
L Discretization of POD by the Method of Snapshots

m From (1), the definition of K and its symmetry, and from (2), it
follows that if rank(R) = r, the first r POD modes ¢; are given by

qbi:\/%sw,-, =1 3)
lLetd):[qbl d),} andlllz[wl wr]withWTW:I,:

From (3), it follows that & = SWA~z, where A = diag(\;, ... A,)
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L Method of Snapshots for a Single-Parameter Configuration
LDiscretization of POD by the Method of Snapshots

m From (1), the definition of K and its symmetry, and from (2), it
follows that if rank(R) = r, the first r POD modes ¢; are given by

0= =Swi = Loer 3)
m Let ® = [qbl d),} and W = [wl wr] with WTw =1,
From (3), it follows that & = SWA~z, where A = diag(\;, ... A,)
m Ry, = \tp;, i=1,- Nepap = WRW =WTSTSW = A
m Hence, ®7K® = A—2WTSTSSTSWA—2 = A 2AWTWAA—z = A
Palrel
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L Method of Snapshots for a Single-Parameter Configuration
LDiscretization of POD by the Method of Snapshots

m From (1), the definition of K and its symmetry, and from (2), it
follows that if rank(R) = r, the first r POD modes ¢; are given by

0= =Swi = Loer 3)
m Let ® = [qbl d),} and W = [wl wr] with WTw =1,
From (3), it follows that & = SWA~z, where A = diag(\;, ... A,)
m Ry, = \tp;, i=1,- Nepap = WRW =WTSTSW = A
m Hence, ®7K® = A—2WTSTSSTSWA—2 = A 2AWTWAA—z = A
Palrel

m Since the columns of ® are the eigenvectors of K ordered by
decreasing eigenvalues, the optimal orthogonal basis of size k < r is

V= [0, o] ['Ok] _ o,
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|—The POD Method in the Frequency Domain
LFourier Analysis

m Parseval’s theorem! (the Fourier transform is a unitary operator —

that is, a surjective bounded operator on a Hilbert space preserving
the inner product)

T Q
1 [ 1
lim — Viw(t)|2dt= i —— FlVvTw 2
Tl—r>no<> T /_72’ ” (t)H2 dt T,YIZT)oo 27TT /_Q || [ (t)] ||2 dw

where F[w(t)] = W(w) is the Fourier transform of w(t)
m Consequence

v’ (Tlim % N w(t)w(t)Tdt> \

1 Q
T H *
=V (T,lflznloo w7 g W(w)W(w) dw) \"

(Proof: see Homework assignment #3)

1Rayleigh's energy theorem, Plancherel’s theorem
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|—The POD Method in the Frequency Domain
LSnapshots in the Frequency Domain
m Let K denote the analog to K in the frequency domain
/\IQ

snap

N Q
K = [ RUBIACORAE ;:_XN:c o W(wi )W (wi)

snap

where w_; = —wj is
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|—The POD Method in the Frequency Domain

LSnapshots in the Frequency Domain
m Let K denote the analog to K in the frequency domain

/\/Q

snap

Q
_ [ W) dos Y W ()’

j=—NC

snap

where w_; = —wj is
m The corresponding snapshot matrix is

§ = [VaW(uo) VERREOV(w) ... /2ang, Re (Wiens,))

V2ailm W(wy)) ... \/%lm (W( )]
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|—The POD Method in the Frequency Domain
LSnapshots in the Frequency Domain

m Let K denote the analog to K in the frequency domain

NG,

o
K — [ W) do D a W) W)

j=—NC

snap
where w_; = —wj is
m The corresponding snapshot matrix is

S = [VaoW(wo) v2aiRe(W(wn)) ... \/2ang, Re (Wlwng,,))

V2ailm W(wy)) ... \/%lm (W( )]

m [t follows that
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|—The POD Method in the Frequency Domain

L Case of Linear-Time Invariant Systems

f(w(t),t) = Aw(t)+ Bu(t)
t) = Cw(t)+ Du(t)

m Single input case: in=1= B ¢ RV
m Time trajectory

ot
w(t) = erwyg +/ rt=TBu(r)dr
0

m Snapshots in the time-domain for an impulse input u(t) = 6(t) and
zero initial condition
w(t) =erB, ;>0
m In the frequency domain, the LTI system can be written as
JoW =AW +B, w; >0
and the associated snapshots are W(w;) = (jw/| —A)~'B

12/45



AA216/CME345: PMOR - POD
|—The POD Method in the Frequency Domain

L Case of Linear-Time Invariant Systems

m How to sample the frequency domain?

m approximate time trajectory for a zero initial condition
— "t
Ny gw(t) = VVT/ MIBu(r)dr
’ 0

m low-dimensional solution is accurate if the corresponding error is
small — that is

— t
Iw(e) = g gw()]| = (1~ W07) [ X Bu(r)ar]
0
is small, which depends on the frequency content of u(r)
—> the sampled frequency band should contain the dominant

frequencies of u(7)

m Application: flutter analysis of an aircraft
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|—Connection with SVD
L Definition

m Given A € RVXM there exist two orthogonal matrices U € RN*N

(UTU = 1y) and Z € RM*M (ZTZ = 1)) such that
A=Uxz’
where X € RV*M has diagonal entries
;=0

satisfying
012022 2 Onin(N,M) = 0
and zero entries everywhere else
m {0} "M are the singular values of A, and the columns of U
and Z are the left and right singular vectors of A, respectively

U=[u-uy], Z=[z1zum]
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|—Connection with SVD
LProperties

m The SVD of a matrix provides many useful information about it
(rank, range, null space, norm,...)

= {o 2}""" (VM) are the eigenvalues of the symmetric positive,
semi-definite matrices AA” and ATA

m Az; =ciu;, i=1,--- ,min(N, M)

m rank(A) = r, where r is the index of the smallest non-zero singular
value

mifU =[ur---u]and Z, = [z; - - - z,] denote the singular vectors
associated with the non-zero singular values and
Unv—r = [ur41---uny] and Zy_, = [z,+1 -+-zp], then

] A:Ululle—i- -+ oru ,z Za,uz

m range (A) = range (U,) range (AT) = range (Z,)
m null (A) = range(Zy—,) null (A7) = range (Uy_,)

15/45



AA216/CME345: PMOR - POD
|—Connection with SVD
LApplication of SVD to Optimality Problems

m Given A € RV*M with N > M and rank(A) = r < M, which matrix
X € RV*M with rank(X) = k < r < M minimizes ||A — X|»?

Theorem (Schmidt-Eckart-Young-Mirsky)

« amklp |A = X2 = os1(A), ifor(A) > orr1(A)

and X = Z oiu;z], where A=UZXZT, minimizes ||[A — X||2 (proof in
i=1
class)
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|—Connection with SVD
LApplicatitm of SVD to Optimality Problems

m Given A € RV*M with N > M and rank(A) = r < M, which matrix
X € RV*M with rank(X) = k < r < M minimizes ||A — X|»?

Theorem (Schmidt-Eckart-Young-Mirsky)

min HA X2 = okt1(A), if ok(A) > okr1(A)
X, rank(X)

and X = Z oiu;z], where A=UZXZT, minimizes ||[A — X||2 (proof in
i=1
class)

m The minimizer of the above problem is also solution of the related
problem (Eckart-Young theorem)

L min A= X]e
rn(X)k
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|—Connection with SVD
LApplicatitm of SVD to Optimality Problems

m Given A € RV*M with N > M and rank(A) = r < M, which matrix
X € RV*M with rank(X) = k < r < M minimizes ||A — X|»?

Theorem (Schmidt-Eckart-Young-Mirsky)

« amklp |A = X2 = os1(A), ifor(A) > orr1(A)

and X = Z oiu;z], where A=UZXZT, minimizes ||[A — X||2 (proof in
i=1
class)

m The minimizer of the above problem is also solution of the related
problem (Eckart-Young theorem)

L min A= X]e
rn(X)k

m These results explains the concept of “low-rank” approximation and
its connection with SVD
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|—Connection with SVD

|—Application to Image Compression

m Consider a color image in RGB representation made of M x N
pixels, where M < N (i.e., a landscape image)
m this image can be represented by an M x N x 3 real matrix A;
m A; can be converted to a 3N x M matrix Az as follows

- - _ -
A, € RMXNx3 A, € RMX(Nx3)

A; = AT ¢ RBMXM

m finally, A3 can be approximated using SVD as follows
r
A; = alulle + -+ U,u,z,T = Z UiuiZiT
i=1
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I—Connection with SVD

|—Applica\tion to Image Compression

m Example: Az € R1497%285

(a) rank 1 (b) rank 2 (c) rank 3

(d) rank 4 (e) rank 5
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I—Connection with SVD

|—Applica\tion to Image Compression

(j) rank 75 (k) rank 100 (1) rank 285

— SVD can be used for data compression
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L Connection with SVD
LDiscretization of POD by the Method of Snapshots and SVD

m The discretization of the POD by the method of snapshots requires
computing the eigenspectrum of K = SS7

KO =d'SSTd =N

corresponding to its non-zero eigenvalues
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L Connection with SVD
LDiscretization of POD by the Method of Snapshots and SVD

m The discretization of the POD by the method of snapshots requires
computing the eigenspectrum of K = SS7

®'Ke=0'SSTd =N
corresponding to its non-zero eigenvalues
m Link with the SVD of S
0 0
— K=UX?U" and U'KU = X2

—=[®=U,| and A" =%, & NA=32

S—USZ" = [U, Un_,] [ 0 } z7
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L Connection with SVD
LDiscretization of POD by the Method of Snapshots and SVD

m The discretization of the POD by the method of snapshots requires
computing the eigenspectrum of K = SS7

®'Ke=0'SSTd =N
corresponding to its non-zero eigenvalues
m Link with the SVD of S
0 0
— K=UX?U" and U'KU = X2

—=[®=U,| and A" =%, & NA=32

— | Ui € R s to be identified with X € RYM N > M > r

S—USZ" = [U, Un_,] [ 0 } z7

m Computing the SVD of S is usually preferred to computing the
eigendecomposition of R = STS because, as noted earlier

KQ(R) = H2(5)2
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|—Error Analysis
L Reduction Criterion
m How to choose the size k of the Reduced-Order Basis (ROB) V

obtained using the POD method
m start from the property of the Frobenius norm of S

ISlle = | 3= o%(S) (recall [S]lr = +/trace(STS) = v/trace(SST))
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obtained using the POD method
m start from the property of the Frobenius norm of S

ISlle = | 3= o%(S) (recall [S]lr = +/trace(STS) = v/trace(SST))

m consider the error measured with the Frobenius norm induced by the
truncation of the POD basis

I — WS | =

21/45



AA216/CME345: PMOR - POD

|—Error Analysis

L Reduction Criterion
m How to choose the size k of the Reduced-Order Basis (ROB) V

obtained using the POD method
m start from the property of the Frobenius norm of S

ISl = | > 02(S)  (vecallSir = v/trace(STS) = \/trace(SST))

m consider the error measured with the Frobenius norm induced by the

truncation of the POD basis

I — WS | =

m the square of the relative error gives an indication of the magnitude

of the “missing” information
k o,
> 07 (S) PIRAC))
Eron(k) = S—— =1 — Epop(k) =
> 0i(S) > 0i(S)
i=1 i=1
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|—Error Analysis

L Reduction Criterion

m How to choose the size k of the ROB V obtained using the POD
method (continue)

> 02()
Epop(k) = F——
;0,-2(5)

m Epop(k) represents the relative energy of the snapshots captured by
the k first POD basis vectors

m k is usually chosen as the minimum integer for which
1—Epop(k) <e€

for a given tolerance 0 < ¢ < 1 (for instance € = 0.1%)

22/45



AA216/CME345: PMOR - POD
|—Error Analysis

L Reduction Criterion

m How to choose the size k of the ROB V obtained using the POD
method (continue)

> a7(S)
Epop(k) = F——
;0,-2(5)

m Epop(k) represents the relative energy of the snapshots captured by
the k first POD basis vectors
m k is usually chosen as the minimum integer for which
1—E&pop(k) <€
for a given tolerance 0 < € < 1 (for instance € = 0.1%)

m this criterion originates from turbulence applications
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|—Error Analysis

L Reduction Criterion
m Recall the model reduction error components
Eprom(t) = Evi(t) +Ev(t)
= (Iy—Nvy)w(t) +V (VTw(t) — q(t))

m denote EFRSy = [Eprom(tt) -+ EPrOM(tNgmap)]
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L Reduction Criterion
m Recall the model reduction error components

Errom(t) = Eyi(t) +Ev(t)
= (Iv—Mvy)w(t) +V (V7 w(t) —q(t))

m denote EFRSy = [Eprom(tt) -+ EPrOM(tNgmap)]
w[[[Eve(t) oo Sy (tna)lllF = ,/,;10?(5)
i=k+
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|—Error Analysis

L Reduction Criterion

m Recall the model reduction error components

SPROM(t) = SVL(t) + gv(t)
= (Iv = Mvy)w(t) + V (VT w(t) - q(t))
m denote EFRSy = [Eprom(tt) -+ EPrOM(tNgmap)]
w[[[Eve(t) oo Sy (tna)lllF = ,/,;10?(5)
i=k+
® hence )
Evi(t s Gy (t
1 Eron(k) = l[[Ev (1) r v (Enena, )11
> 0i(S)
i=1
and snap 2
1 _gPOD(k) S ”‘C:’PROMHF
> 0%(S)
i=1
m note that the energy criterion is valid only for the sampled snapshots

23/45



AA216/CME345: PMOR - POD
I—Extension to Multi-Parameter Configurations
LThe Steady-State Case

m Consider the parametrized steady-state high-dimensional system
of equations

f(va’):Ov NEDCRP, l’l’:[“‘h 7/"’p]T
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m Consider the parametrized steady-state high-dimensional system
of equations

f(va’):Ov NEDCRP, l’l’:[“‘h 7/"’p]T

m Consider the goal of constructing a ROB and the associated
projection-based PROM for computing the approximate solution

w(p) =~ Va(p), peD
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I—Extension to Multi-Parameter Configurations
LThe Steady-State Case

m Consider the parametrized steady-state high-dimensional system
of equations

f(va’):Ov NEDCRP, l’l’:[“‘h 7/"’p]T

m Consider the goal of constructing a ROB and the associated
projection-based PROM for computing the approximate solution

w(p) =~ Va(p), peD

m Question: How do we build a global ROB V that can capture the
solution in the entire parameter domain D?
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I—Extension to Multi-Parameter Configurations
LChoice of Snapshots

m Lagrange basis

V C span {w (u(l)) g

0 (W)} M = s
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I—Extension to Multi-Parameter Configurations
L Choice of Snapshots

m Lagrange basis

V C span {w (u(l)) S W (u(s))} = Nenap = S

m Hermite basis

V C span {W () 75/‘:’1 (1®) .- ow () 75/‘2 (M(s>)}

= Nepap = s x (p+1)
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I—Extension to Multi-Parameter Configurations

L Choice of Snapshots

= Lagrange basis
V C span {W (u“’) W (u(s))} = Nopap =
= Hermite basis
V C span {W (u“)) 75/‘:’1 (Hm) w (“<s)) 73:; (M(s>)}

= Nepap = s x (p+1)

m Taylor basis

V & span {w (w00, 2% (), i“%' (w0) e 2%1: (w0) . 6"’; (w0) o % (Hu))}

opy

(p+1) (p+q-1)! (p+i—1)!
2 (p—1)lq! *H; (p— 1)1l

= Nepap = 1+d+2
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I—Extension to Multi-Parameter Configurations

LDesign of Numerical Experiments

m How one chooses the s parameter samples u(l), u(s) where to
compute the snapshots {w () -+ w (p)}?
m the location of the samples in the parameter space will determine the

accuracy of the resulting global PROM in the entire parameter
domain D C RP

m Possible approaches

m uniform sampling for parameter spaces of moderate dimensions
(p < 5) and moderately computationally intensive High-Dimensional
Models (HDMs)

m Latin Hypercube Sampling (LHS) for higher-dimensional parameter
spaces and moderately computationally intensive HDMs

m adaptive, goal-oriented, greedy sampling that exploits an error
indicator to focus on the PROM accuracy, for higher-dimensional
parameter spaces and computationally intensive HDMs
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I—Extension to Multi-Parameter Configurations

LNon—adaptive Sampling: Latin Hypercube, Orthogonal, and Random Samplings

m Sampling methods grounded in statistics (generate a near random
sample of parameter values from a multidimensional distribution)
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I—Extension to Multi-Parameter Configurations

LNon-adaptive Sampling: Latin Hypercube, Orthogonal, and Random Samplings

m Sampling methods grounded in statistics (generate a near random
sample of parameter values from a multidimensional distribution)

m Latin Hypercube Sampling (LHS). In statistical sampling, a Latin
square contains only one sample in each row and each column; a
Latin hypercube is the generalisation of this concept to an arbitrary
number of dimensions, whereby each axis-aligned hyperplane
contains only one sample

B let p denote the dimension of the parameter space D C RP: divide
the range of each variable into m equally probable intervals

m sample m points in D as to satisfy the Latin hypercube requirements
(= same m for each variable and m points sampled in D = one
needs to know beforehand how many sample points are needed)

® main advantage: LHS does not require more samples (m) for more
dimensions (p) — in other words, m and p are independent
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LNon-adaptive Sampling: Latin Hypercube, Orthogonal, and Random Samplings

m Sampling methods grounded in statistics (generate a near random
sample of parameter values from a multidimensional distribution)

m Latin Hypercube Sampling (LHS). In statistical sampling, a Latin
square contains only one sample in each row and each column; a
Latin hypercube is the generalisation of this concept to an arbitrary
number of dimensions, whereby each axis-aligned hyperplane
contains only one sample

B let p denote the dimension of the parameter space D C RP: divide
the range of each variable into m equally probable intervals

m sample m points in D as to satisfy the Latin hypercube requirements
(= same m for each variable and m points sampled in D = one
needs to know beforehand how many sample points are needed)

® main advantage: LHS does not require more samples (m) for more
dimensions (p) — in other words, m and p are independent

m Orthogonal Sampling (OS). Divide the sample space into equally
probable subspaces, then choose simultaneously all sample points as
to ensure that the total set of sample points is a Latin Hypercube
sample and each subspace is sampled with the same density
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m Sampling methods grounded in statistics (generate a near random
sample of parameter values from a multidimensional distribution)

m Latin Hypercube Sampling (LHS). In statistical sampling, a Latin
square contains only one sample in each row and each column; a
Latin hypercube is the generalisation of this concept to an arbitrary
number of dimensions, whereby each axis-aligned hyperplane
contains only one sample

B let p denote the dimension of the parameter space D C RP: divide
the range of each variable into m equally probable intervals

m sample m points in D as to satisfy the Latin hypercube requirements
(= same m for each variable and m points sampled in D = one
needs to know beforehand how many sample points are needed)

® main advantage: LHS does not require more samples (m) for more
dimensions (p) — in other words, m and p are independent

m Orthogonal Sampling (OS). Divide the sample space into equally
probable subspaces, then choose simultaneously all sample points as
to ensure that the total set of sample points is a Latin Hypercube
sample and each subspace is sampled with the same density

m Random Sampling (RS). Generate new sample points without taking
into account previously generated ones = one does not necessarily
need to know beforehand how many sample points are needed
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LNon-adaptive Sampling: Latin Hypercube, Orthogonal, and Random Samplings

m Sampling methods grounded in statistics (continue)

X X X

X X X

Latin Hypercube Sampling Orthogonal Sampling Random Sampling

m Properties
m LHS ensures that the set of random samples is representative of the
real variability of the variables of the model being analyzed
m OS ensures that the set of random samples is a very good
representative of the real variability of the variables of the model
being analyzed
m RS is just a set of random samples without any guarantees

m None of these methods knows anything about the HDM or PROM
to be constructed
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LAdaptive Sampling: Greedy Approach
m Ideally, one can build a PROM progressively and update it (increase
its dimension) by considering additional samples p) and
corresponding solution snapshots at the locations of the parameter
space where the current PROM is the most inaccurate — that is,

p) = argmax [|Eprom (p)[| = argmax |[w(p) — Va(p)||
neD neD

m q(p) can be efficiently computed
m but the cost of obtaining w(ut) can be high = eventually an

intractable approach
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its dimension) by considering additional samples p) and
corresponding solution snapshots at the locations of the parameter
space where the current PROM is the most inaccurate — that is,

p) = argmax [|Eprom (p)[| = argmax |[w(p) — Va(p)||
neD neD

m q(p) can be efficiently computed
m but the cost of obtaining w(ut) can be high = eventually an
intractable approach
m Idea: rely on an economical a posteriori error estimator /indicator
m option 1: error bound

[Eprom(p) || < A(p)

m option 2: error indicator based on the norm of the (affordable)

residual
Ir()[l = [If (Va(p): p) ||
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LAdaptive Sampling: Greedy Approach

m Ideally, one can build a PROM progressively and update it (increase

its dimension) by considering additional samples p) and

corresponding solution snapshots at the locations of the parameter

space where the current PROM is the most inaccurate — that is,

p) = argmax [|Eprom (p)[| = argmax |[w(p) — Va(p)||
neD neD

m q(p) can be efficiently computed
m but the cost of obtaining w(ut) can be high = eventually an
intractable approach
m Idea: rely on an economical a posteriori error estimator /indicator
m option 1: error bound

[Eprom(p) || < A(p)

m option 2: error indicator based on the norm of the (affordable)
residual

r(e)ll = [If (Va(p); 1) ||
m For this purpose, D is typically replaced by a large discrete set of

candidate parameters {N*U), o 7IJJ*(C)} cD
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LAdaptive Sampling: Greedy Approach

m Greedy procedure based on the norm of the residual as an error
indicator
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LAdaptive Sampling: Greedy Approach

m Greedy procedure based on the norm of the residual as an error

indicator
m Algorithm (given a termination criterion)

randomly select a first sample p®
solve the HDM-based problem

f (W(u(”); ”(1)) -0

build a corresponding ROB V
A fori=2---
B solve _
pO = argmax ()
HE{H*(U,--- 7H*(r)

[@ solve the HDM-based problem
F (w(u?):u?) =0
build a ROB V based on the snapshots (or in this case, samples)

{wlu®), - w(u}
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LThe Unsteady Case

m Parameterized HDM

dw

() = F(w(t; ). £ )

m Lagrange basis
V C span {w (tl;u(l)) s W (rNt;u(1)> s LW (tl‘p.(s)> s W <tNt;;L(5))} = Nsnap = s X Nt

m A posteriori error estimator /indicator
m option 1: error bound

1/2

feseontil = ( [ " leomon(t: )P at) < aw

m option 2: error indicator based on the norm of the (affordable)
residual
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LThe Unsteady Case

m Parameterized HDM

dw

o (Gp) =F(w(tip) tip)

m Lagrange basis

V C span {w (tl;u(l)) s W (rNt;u(1)> PR ,W(tl‘y.(s)> R ,w<tNt;u(5))} = Nsnap = s X Nt

m A posteriori error estimator /indicator
m option 1: error bound

feseontil = ( [ " leomon(t: )P o) " aw

m option 2: error indicator based on the norm of the (affordable)
residual

2

d(Vq)
(q o

(t; ) — f(Va(t; ), t; )

()| = (/O Ie(t; u)\lzdf \//

31/45



AA216/CME345: PMOR - POD
I—Extension to Multi-Parameter Configurations
LThe Unsteady Case

m Greedy procedure based on the residual norm as an error indicator
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LThe Unsteady Case

m Greedy procedure based on the residual norm as an error indicator
m Algorithm (given a termination criterion)

randomly select a first sample u(l)

A solve the HDM-based problem

dw
I(t; pt) =f (w(t; pM), t; M(l))

H build a ROB V based on the snapshots

{W(tl; IJ’(I))7 e vw(tNt; /’L(l))}

A fori=2,---

H solve .
p? = argmax [lr(w)]

ue{u*(l),m ,u*(“’}

[@ solve the HDM-based problem
dw i i i
S En?) = (w(t;n®), & 1)
build a ROB V based on the snapshots

{w(tl;u(“), o w(t; 'u(i))}
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L Image Compression

m Recall 1 — Epop < ¢ O<exl1

(

(p) e <107* = rank 210  (q) € < 107° = rank 249 (r) e < 107°% = rank 269

33/45



AA216/CME345: PMOR - POD
I—Applications

L Image Compression

1-Epog)

4 I I I
0 50 100 150 200 250 300
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L Second-Order Dynamical System

751 Ya Yn,
k]_ kg ks kN.\_,_
—wﬁ my YAy WA M
ione il Millouoli: i Ech one

35/45



AA216/CME345: PMOR - POD

I—Applications

L Second-Order Dynamical System

751 Ya Yn,
kl kg ks kN'u.
—wﬁ my YAy WA M
ione il Millouoli: i Ech one

m LTI form

35/45



AA216/CME345: PMOR - POD
I—Applications
L Second-Order Dynamical System

n Ya

ky ko ks kn, F
—wﬁ my YAy WA M
ione il Millouoli: i Er:m one
m LTI form

m N, = 48 masses = N = 96 degrees of freedom in state space form
m Transfer function of the HDM (frequency domain, g = 1 = scalar)

H(s: 1) = () (st — A1) B(n) +D(u), seC
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L Second-Order Dynamical System

751 Ya Yn,
ky ko ks kn, F
A A WA A
ione il Millouoli: i Er:m one
m LTI form

m N, = 48 masses = N = 96 degrees of freedom in state space form
m Transfer function of the HDM (frequency domain, g = 1 = scalar)

H(s: 1) = () (st — A1) B(n) +D(u), seC

m Projection-based Model Order Reduction (PMOR) using POD in the
frequency domain

m Transfer function of the PROM (frequency domain, ¢ = 1 = scalar)

H,(s: ) = C() (<1 — A1) B() + Di(). s€C
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L Second-Order Dynamical System

m Nyquist plots

Hyquist Diagram
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= this leads to the choice of a PROM of size k = 18
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L Second-Order Dynamical System

m Bode diagram for a PROM of size k = 18
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L Fluid System - Advection-Diffusion

= HDM (N = 5402)
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L Fluid System - Advection-Diffusion

m POD modes
POD vector #1
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L Fluid System - Advection-Diffusion

m Projection error (singular values decay)
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L Fluid System - Advection-Diffusion

= POD-based PROM (k =1 and k = 2)

HDM, t =2 HDM, t = 4 HDM, t = 6 HDM, t = 8
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L Fluid System - Advection-Diffusion

m POD-based PROM (k =3 and k = 4)

HDM, t =2 HDM, t = 4 HDM, t = 6 HDM, t = 8
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= POD-based PROM (k =5 and k = 6)

HDM, t = 2 HDM, t = 4
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L Fluid System - Advection-Diffusion

m Model reduction error Eprom(t)
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L Fluid System - Advection-Diffusion

m Model reduction error Eprom(t) and projection error &y (t)

G T T :
—6—Projection error
—©—Total error
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= for this problem, &y (t) dominates Ey(t)
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