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Altitude Coordinate

Fig. 5.1. Heights of altitude-coordinate surfaces.

& $D25
Z5
Z4
23
AN
22 \ / /




1t

5.

Equation for Nonhydrostatic Pressure

Decompose pressure into large-scale and perturbation term
Pa = Pa + P4 (5.1)
L arge-scale atmosphere in hydrostatic balance

1, -~ Tp
— _a - _a - -
I:\a 1z dg 1z g (52)

Decompose gravitational and pressure gradient terms

1
g+r—%—g+(aa+a@) (Pa+pg) »aq —f _g
a a
(5.3)

Substitute (5.3) into vertical momentum equation

dW-ﬂW+uM+vﬂW+w -aa—&: —gg (5.4)

d X% Ty Tz 4,

Take N - the sum of (5.4), (4.72), and (4.73)

(7o) R [Falv- RV =R (ke v)- KBPa - NZpwr gl 28



Equation for Nonhydrostatic Pressure

Note that
ag af CSvd pg (5:6)
aa  dy Cpd Pa
Remove local derivative from continuity equation
N-(vra)=0 (5.7)
Substitute (5.6) and (5.7) into (5.5)
Cvd T2 pgo_ . & S 8 g

N2 4. =N [ra(v-N)v|-N-|rafk” v

LTt L Lt Fa(v-N)V-R-[rafk” v

q % 9:0 ~ .
NZpg +gﬂ—g ==+ (N7 oK mN)v (5.8)
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Pressure Coordinate

Fig. 5.2. Heights of pressure-coordinate surfaces.
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Gradient Conversion From the
Altitudeto Pressure Coordinate

Change in mass mixing ratio over distance

d2-9d3 _G1-93 &~ p; 8y - CI2°

(5.9)
-Xp Xp- X %Xz X épl P2 o
Approximate differencesas xo- x ® 0, p1- p2® 0O
o _dz- d3 290 _ M- d3 (54
xg, Xo-X Txey, Xo- X '
&Pa0 _ P2- Py @90 _q;- 9
™o, Xo-Xx %‘ﬂpazx PL- P2

Gradient conversion from the altitude to pressure coordinate

g ad906 aeﬂpao &fq 0

(Q—:‘l]x 2, %ﬂxz g X @ %'ﬂpagx (®11)
General equations
210 270 adTIOa oe10 (5.12)

(Q—:‘l]xgz %ﬂxz "X @ %'ﬂpaz



Gradient Conversion From the
Altitudeto Pressure Coordinate

Substitute time for distance

te, Mo, &t 6,80, 5

(5.15)
Horizontal gradient operator in the altitude coordinate

.ael('j 270

R, =iEld , 219
z I%ﬂxrazﬂ%ﬂyﬂz

(4.80)

Horizontal gradient operator in the pressure coordinate

o .l | .eefo
Np= I%TR .gp + J%‘Hyiap (5.19)

Gradient conversion between the altitude and pressure coordinate

szmpmz(pa)% (5.13)
a




Geopotential Gradient

Take gradient conversion of geopotential

. . 3 qF

NF =R pF +N,(pa)=—
p '"pa

Note that

NF =0

- fog < g ¢ .
Nz(pa)=- <2 NgF =- g—ﬂngF =1 aNpF

(5.16)

(5.17)

(5.17)



Continuity Equation For Air in the
Pressure Coordinate

Continuity equation for air in the altitude coordinate

ﬂ;ﬁ =-rg(N-v)- (v:- N)rg (3.20)

Expand with horizontal operators

alr 50 Wwo < iIr 5
- =- . +—=- - - :
% Tt o, rafjlz Vh Py (vh Nz)r a- W 0z (5.18)
Gradient conversion of velocity
- ~ ~ Vi
Nz' Vh = Np . Vh +Nz(pa) . (519)

)[[

Substitute gradient conversion and hydrostatic equation

odlr g0 _ . Who_ (vp..R fwra)
%ﬂt (',;Z_ ragﬂp'vh""\'z(pa)'ﬂ_%*ﬂ (Vi Nz)ra +rag Py

(5.20)



Continuity Equation For Air in the
Pressure Coordinate

Define
_ dpg _&Pa 9 ) . = EPad N TPy
YPT T TE g iaz+(v N) P = & iaz+(vh Nz)pa + w 1z
(5.21)
Substitute dz = -dpg/r a0
& Y20 o
Wp=-4 agmzz +(vh- Rz)pa- wrag (5.22)

Differentiate vertical velocity with respect to atitude

Tw Al -0 -~ v ~\1p ﬂ(Wf )
-~ b__&la0 . h . a _ a
el e +N(pa) - +(vh-Ng) ol

(5.23)

Substitute dz = -dpg/r 20

a 11TTVF\1/ap :?;]ta%z +1aNZ{pa) :TT_;: +(vh - Rig)ra- rag%
(5.24)

Add (5.20) to (5.24) -->

Np-vh+M:O (5.25)

)[[




Continuity Equation For Air in the
Pressure Coordinate

Expanded continuity equation

?ﬂ R L R (5.26)
ix ‘Hyzp iPa
Example 5.1.
Dx =5km Dy =5km
Dpa = '10 mb
Up =-3 (west) Uy  =-1ms1(east)
V3 = +2 (south) va  =-2ms?(north)

Wps =+0.02mbs? (lower)

>
-1
(-1+3d ms?t (-2-2) mst (Wp,6'0-02) mb s
+ + =0
5000 m 5000 m -10 mb

> wpg =+0.016mb s1 (downward)



Total Derivative in the Pressure
Coordinate

Total derivative in Cartesian-altitude coordinate

d _gfo

- )l
" -%ﬂtb;(vh- NZ)+WﬂZ (5.27)

Substitute time and horizontal gradient conversions

d_glo &g 1 : TR TN PR |
5 %ﬂtbp ¢ Tt o, 7o, +(vh Np) + [(Vh Nz )pa s + Wﬂz
(5.28)
Vertical velocity in altitude coordinate from (5.21)
adIp4 0 N
%+ + (Vh ' Nz)pa - Wp
gZ
w = (5.29)
a9
Substitute (5.29) and hydrostatic equation into (5.28)
-->
d 276 - 1




Species Continuity Equation in the
Pressur e Coordinate

Species continuity equation in the altitude coordinate

~ & N
dg _ (N raKhN)q+ éi’th
dt la =1

Apply total derivative in Cartesian-pressure coordinates

~ ~ Ne ¢
dg _ a9 - Mg _ (N raKpN)jg &
— == +(vp - Nplg+wp o= = +a R
at Tt [vn -+ i) P 1pa ra ol
(5.31)
Convert mass mixing ratio to number concentration
q= m (5.32)

T A



Thermodynamic Energy Equation in
the Pressure Coordinate

Thermodynamic energy equation in the altitude coordinate

Ne,h

qu:(N-raKhN)qV+ Oy S dQp
dt s CpdTv =1 dt

Apply total derivative in Cartesian-pressure coordinates

Z

adldyo | cw oGy _ (N'raKhN)qv+ 4 s 4
%‘Ht ( )q, Pip, N Cpdlv 21 dt



Horizontal Momentum Equationsin
the Pressure Coordinate

Horizontal momentum equation in the altitude coordinate

Substitute
Nz(pa) =r aNpF
and apply total derivative in Cartesian-pressure coordinates -->

~

v

it 2, (Vh'Np)Vh+Wp_Vh:'“<'Vh'NpF+( .



Vertical Momentum Equation in the
Pressure Coordinate

Assume hydrostatic equilibrium

)

Substitute

g=1F/1z Pa =T aRey Ty =avP

Hydrostatic equation in the pressure coordinate

K
F_ RO, _ RyP_ RH/® p O

= -—— = + 5.37
Pa Pa Pa Pa %1000 mb g 537
Substitute k =R¢cp g
€ep, o<U
dF =-cpgad&—2-= (= -cpqqydP (5.38)
pdMV 10000 o P




Geostrophic Wind in the Pressure

Coordinate
Substitute
into
vy- T1a ‘"1?x g = - Tla “—1';’5 (4.78)
--> Geostrophic wind in the pressure coordinate
vmd 351[; ;p g = - %g—i; (5.39)
Vector form
Vg=iug +jvg =- i i?‘l%% +j%§1ﬂ_l>:<% :%(k NpF)

(5.40)




Geostrophic Wind on a Constant

Pressure Surface
Fig. 5.4.
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The Sigma-Pressure Coordinate

Definition of asigmalevel

<= Pa " Patop _ Pa” Patop
Pasurf - Patop Pa

(5.41)

Pressure difference between column surface and top
Pa= Pasurf - Pa,top
Pressure at a given sigma level

Pa = Patop *SPa (5.42)

Fig. 5.5. Heights of sigma-pressure coordinate surfaces.
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| nter section of Sigma-Pressure and
Altitude Surfaces
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Gradient Conversion From the Altitude
to Sigma-Pressure Coordinate

Change in pressure per unit distance

P2-P3_Pi- Py 3®p-5;0%p- pyO

: : (5.43)
X2 - X1 Xo - X X2-X1Q%Sl-52g

Approximate differences

xo, Xo-X %ﬂx;as X - X1 '
adSso _Sp- S 2dPa0 _ P - &

X8, Xo- Xq &1l B, Si- S
Gradient conversion from zto s-p coordinate
allpad _adPad oS afpa (545
& 1x 2, & 1x 2 %ﬂxgzg'ﬂs 2, '
Conversion in gradient operator notation
& & « T
Nz(pa) = N (pa) +(Rzs) g2 (5.46)
where
~ 29706 *x190
Ng =¢i—=* +¢]j—= 5.47

S % X o | o (5.47)

S



Gradient Conversion From theAltitude

to Sigma-Pressure Coordinate

Generalize gradient operator

~ ~ ~ l
Nz=Ng+ Nz(S)E

Definition of sigma
S =(pa - pa,top)/pa

Gradient of sigma

(5.48)

g . &6 N N N

Nzs = (pa - pa,top)Nz%r)a?zj+ zé:a) =- ;a NApa) +Apa&)
(5.49)

Substitute into (5.48)

. . €s N u

Nz=Nsg éiNz(pa) - Ml{_ﬂ (5.50)




| nter section of Pressure, Altitude, and
Sigma-Pressur e Surfaces

Fig. 5.7.
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Gradient Conversion From the Pressure
to Sigma-Pressure Coordinate

Change in mixing ratio per unit distance

- 5,0 - (-0
&) - S0 - 40 (5.51)

Ji1- 03 _ do- 03
B +%X2'X1b351'52ia

Xp- X1 Xp- X

Gradient conversion from pto s-p coordinate

Aqo _adlgo | adso a0
%‘ﬂxg %ﬂxzs %ﬂxz &1s 2 @y (5:52)

Generdize
1 (5.53)

Np= s +Rip(s) o

Take gradient of sigma along surface of constant pressure

. @16 Nplpa- b S .
R p(s) =(pa - ptOD)Np%paB"' ol ?Ja ) =- pa'\'p(pa)
(5.54)

where Rp(pa)=0  Np(pop)=0

N p(pa) =Nsg (pa) = Iqz(pa)

Substitute (5.54) into (5.53)

\ 1 (5.55)

Np:NS- p_NS(pa)ﬂS
a




Continuity Equation For Air in the

Sigma-Pr essur e Coor dinatecontinuity

eguation for air in the pressure coordinate
w

N P _
Np:-Vh+——=0

Substitute gradient conversion and fipa/ s = pa

N S v, 1 Twy
Ng - vp- —N =0 =
s Vh Pa s(pa) s P, T

Vertical velocity in the pressure coordinate

Wp: dpa: Sdpa +d_Spa:Sd£a+épa

dt dt dt dt

where

Pa = Patop tPaS

Vertical velocity in the sigma-pressure coordinate

. ds
=— (557
s= 3

(5.56)

(5.58)



Continuity Equation For Air in the
Sigma-Pressure Coordinate

Material time derivative in the sigma-pressure coordinate

d _elo

N
" _(é'ntias +(vh -Ng) +s (5.59)

s

Substituting the total derivative of pg into (5.58)

“odipa O TR

WpZSSé Tt o, +(vh - Ns)paau+épa (5.60)

Take partial derivative

Wp P & N Vh Ts

s &1t o +(vh N )pa +sRs (pa) - s +pa‘ﬂs
(5.61)

Substitute into (5.56) -->

&Pad g, . Ts _

< T ﬁs +Ng (Vhpa)"'pa.ns =0 (5.62)

Convert to spherical-sigma-pressure coordinates

&lpao €1 Al -\ Is _
Ré cosj G0 . & e(u|an<’e)+ﬂj (VpaRe cosj )Hs +paR cosj (= =0

(5.63)



Column Pressure From the Continuity
Equation

Continuity equation for air

ol s
%%aé +Ng '(Vhpa)era."S =0 (5.62)
S

Rearrange and integrate

Jad o 0
G2 = G s
. - \1
c‘f%a% =-Ns - @(vhpa)ds (5.65)

Analogous equation in spherical-sigma-pressure coordinates

Py 6 Jdé 1 'H u

2 2ta? __

Rg cos| ¢ it o, Qeﬂl - (upaRe) + (Vpal%COSj )Us ds
(5.66)



Vertical Velocity From Continuity
Equation

Continuity equation for air

Ap,6 E
%%agﬂ +Ng '(Vhpa) +pa."_s =0 (5.62)
S

Rearrange and integrate

S - . S Sa&pa6
pa(a ds =-Ng - Q (vhp a)ds— Q %—ﬂptagg ds (5.67)
S
. . S D, 6
Spa =-Ng - (a (Vhpa)ds - S%—:;?Qg (5.68)
S

Analogous equation in spherical-sigma-pressure coordinates

7

S

D

)

spa RS cosj :-(‘a

D

e

il Y L oR2 cosi EPa0
(upaRe)+ 3~ (vPaRe cos] )'lf'g ds - sRE cos) L7

(5.69)



Species Continuity Equation in
Spherical-Sigma-Pressure Coordinates

Species continuity equation in Cartesian-altitude coordinates

q 1 Ne ¢
B (v R)g=—=(R 1K N)g+Q Ry (354)
Tt Ma n=1

Apply material time derivative is sigma-pressure coordinate

d
- Vh NS +S_ﬂ

_ 7o
" &ta s

--> Equation in Cartesian-sigma-pressure coordinates

N
dq _ adlge Tg _ (N- rgKpN)g g
dt &1t i Hvn- R )q+s'ns_ Ma +21P“
(5.70)

Combine with continuity equation for air
7 ~ R L~ ~ N L\J
Apaa)t 1(sq AN r K R)g 't Y
- ."ta u +Ns'(VhpaQ)+paS" )=paA 2 ) +a RU
e U S 8 M4

(5.72)

Apply spherical-coordinate transformations

o
R2 cosj & &t Ay aq) % gﬂ_(upaqRe) J (vpagRscosj )

Us

R AR KpR)g gt U

"'pa'%COSJE(SQ):pa'%COSJ? , +a Rt
& a n=1



Thermodynamic Energy Equation in
Spherical-Sigma-Pressure Coordinates

Therm. energy equation in Cartesian-altitude coordinates

N
9 - 1 d
By (v-R)gy == (K- r oK )y + 3 L (37
Tt r pdTn |

Apply the sigma-pressure coordinate material time derivative

~ ~ Ne 1

N 9 N- r,KnN)g s dQ

(Vh'Ns)CIv+S ﬂqV:( a )v+ Qy § —
S M4 cpdT\, 1 dt

ey 6
%ﬂtz

>

Combine with continuity equation for air

, 0 :
gﬂwﬂ +Ns '(Vhpaqv)"‘paﬂﬁ/2 (5.75)

e Tt o Ts
N AY
_ SN raKpRay g, 8" dQu!
= Pag r +c: T, a dt
& a pd'v p=1 E

Apply spherical-coordinate transformations

F%COSJ art (p aﬂv)gs T (UpaQV%) "‘l (VpaQVReCOSJ )

N U

K N-r KuN)a, &N dQ,

+paRs cosj —(sqy)= paReCOSJg Ny, _ay 4 —2d
Ts N CpdTv =1 dt !



Momentum Equation in the Sigma-
Pressure Coordinate

Horizontal momentum equation in Cartesian-altitude coordinates

1
Wk v- NP Ry + 28 K2+ = (-1 oK v
dt la I a la
(4.70)
Material time derivative of velocity
th ﬁvho ~ . ﬂ_Vh
—_ . N +
%'ﬂt ﬂs (Vh s)Vh S s
Apply to horizontal momentum equation
2dVy 0 J Vb L g 1z (N-r K i)
- + N + + fk =-—N +
%ﬂt a (Vh s)Vh S 7S Vh r z(pa)
(5.77)
Pressure gradient term
1 S - 1F
F =NgF - — Ng 5.78
ra (pa) Np S Pa (pa) s (5.78)
Substitute into momentum equation
~ +(vh- N + + 5.79
o o (vh - Ng)vp+s s Vh (5.79)




Coupling Horizontal and Vertical
Momentum Equations

Hydrostatic equation in the pressure coordinate

TF PaRAy _ Pa_

= - =- =-a 5.80
s O e aPa (5.80)
Re-derive specific density
RC, KCpqaP P Cpddy P
ag=—\= ba - Cpd Qv P _ patv 1P (5.82)
Pa Pa TPy Pg s

Combine terms above with momentum and continuity equations

&(v u . . .
P s (pa)+ palin Rl +pa L (6vi)
€ s

, : TP 5
=-pafk " vh- paNsF - SCp,dQvﬂ_ (pa)

N- r K ,N)v
+pa( ar miVh (5.83)
a

Expand advection terms

< eﬂ(”pa) Mvpa)U . €f(upa)  wa)l
N - '

VhiNg (Vhpa) qu ﬂ)( ﬂy [6+JVE ﬂx + ﬂy %

(5.84)

pa(Vh N )Vh—lpa(gaﬂ’“V%*o Jpagaﬂv V%*o (5.85)



Momentum Equation in Spherical-
Slama-Pressure Coordinates

Ré cos] g.Rl(lmaU)‘ gﬂ—( pau Ffs) - (PauvRe cosj )Lés +paRe cos| ﬂ—l(éU)

. . & Ik TP p, 0
= paWVResinj + pa VRS cosj - Re%paﬂl SCp,quﬂ ."T) o
e

+ R cosj rﬁa (N-r aKmN)u (5.86)
a

Beosi G g + G (panke) +:L (parecosi i +parBoosi L (59

U Iis

o _ & IF TP TP 0
= -pau2Rsinj - pafuRg cosj - Re cosj %paﬁ Cpdlv g s 15 g

+ R cosj rBa (N-r K mN)v (5.87)
a



The Sigma-Altitude Coordinate

Sigma-altitude value
- Z -z
5 = 0P _ Aop (5.89)
Ztop = Zsurf 4

Altitude difference between column top and surface
4 =Ztop - Zsurf
Altitude of asigma surface

Z= &op - ZtS (590)



Gradient Conversion From the
Altitude to Sigma-Altitude Coordinate

Gradient conversion between z and s-z coordinate

N, = NS+NZ(3)$S (5.91)

Horiz. gradient of sigmaaong const. altitude surface

NAzt) (5.92)

N2(Zt )+ (5.93)




Conversionsin the Sigma-Altitude
Coordinate

Time-derivative conversion between z and sz coordinate

ge—ﬂg =§ﬂ—9 (5.94)
te, eftag

Scalar velocity in the sigma-altitude coordinate

. ds - s - w
S:E:(Vh'NZ)SJrWﬂ_z:(Vh'NZ)S_Z (5.95)
where

Is__ 1

1z 4

Material time derivative in the sigma-altitude coordinate
O A A . (5.96)

dt Mt Ts




Continuity Equation For Air in the

Sigma-Altitude Coor dinatecontinuity

eguation for air in the z coordinate

&l 50 o :
Apply gradient conversion to horizontal velocity

- ~ ~ v
N,- vp = Ng- vp + NZ(S)TS

Apply gradient conversion to dry air density

N1 a) =s(ra) + No(9) 02

Substitute these two terms into continuity equation above

& ad _ . € e 4R (o)Nh , Iwa
T bs_ ra@Ns Vh +N z(s) 7S +ﬂz\3

AL ~ i 5 U qar
- Vh- é\ls(r a) +Nz(s)—ﬂsaa- WTZ&

(5.97)



Continuity Equation For Air in the

Sigma-Altitude Coordinate

Rewrite vertical velocity equation

w=Zi[vh- Ny(s)- §

Differentiate with respect to altitude

w vy Ts 9su
E_Zté\l (9 Iz +{vn N )‘Hz qz4

Substitute s/z=-1/ %4

‘HW ‘ﬂs ~ ‘ﬂv
79 - Rz ()2 % +Zt(

(5.98)

(5.99)

Substitute w = Zi[vp - Nz(s)- 4§, (5.99) and 15/Yz = -/ % into (5.97)

2 s 1 -\, U - _
= :-ragNS-vh +—S+—(vh- NZ)Ztg-(vh-Ns)ra-sﬂ—ra

s
(5.100)



Continuity Equation For Air in the
Slqma-AItltude Coordinate

Substitute N,(Z;) =Ng(Z;) and compress -->

adrao _ 1o i
%ﬂt o, = Zth (Vhr azt) ."S(Sra)

1 &M(uraz)  (w oZe)t T(Sra)

=-—4a b - —t 5.101
ZS ™y o TS (5-101)

_ 19p% 1 Tpg
=- - = 5.102
& g9z 49 Ts ( )

Substitute into (5.101) --> Hydrostatic continuity equation

T80 & T e T0g0

t&gsg s g'h %g1& s o (5.103)




Species Continuity Equation in the
Slqma-AItltude Coordinate

Apply material derivative in the sz coordinate to the continuity
eguation for atrace species in the z coordinate

o N
qO g[qg m (N- raKhN)q oe’t
dt o, %ﬂtfas-l-(vh SJa+sye = r +213"

(5.104)



Thermodynamic Energy Equation in
the Slqma-AItltude Coordinate

Apply material derivative in the sz coordinate to the
thermodynamic energy equation in the z coordinate

Ne n
2dlqy 6 1 N- r,KupN)ay s dQ
%‘l?t _0 +(vh - Ns)ay +s 1?5\/_( r ! +chT a dtn
a pd'v =1

(5.106)



Horizontal M omentum Equation in
the Sigma-Altitude Coordinate

Horizontal equation in the z coordinate

dvp . . _1 (N-raKmN)vh
= kv Nalpa )+ 5

Apply material time derivative of velocity

dvpo vy 1 - (N1 aKnNp)vh
+ +(vp: NgJvh+s +fk™ vp =-—Ngzlpa )+
%ﬂtﬂs + ) s g 2(Pa) Mg
(5.107)
Gradient conversion of pressure
~ ~ S .
Nz(pa) = Ns(pa) - = Nz(zt)% (5.108)
t
Substitute gradient conversion
&Vno N IV
o BS+(vh- Ng)vh+s - (5.109)

= Ile(zt).”TpSa' (R rakmN)vh

u



Vertical Momentum Equation in the
Sigma-Altitude Coordinate

Substitute §s/Y1z = -1/ 4 into vertica momentum eq. in z coordinate

G N- r KN
W, W, Iwo +éﬂ—W:-g+ 1 ‘Hpa+( oK )W
&M x Tyg T Zr, s s
(5.113)
Substitute

W= Zt[vh - N4(s) - é]
Another form of vertical momentum equation

A o . iy Ué . . N
%ejg +u«(§§el*0 il +élﬂgtu§LS+O +ZtvaeLS+O - ZtsU=-g+ L Ip
&t o o, &ya, g

xos &fye,  Tsgé g Zir 5 T

1 ,- _\€ SQ SO u
+—=(N-r oK mN)é;tugfiQ +Ztv§1—+ - 240 (5.114)
Ma & &Mxg, e, g



