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Mass Flux to and From a Single Drop

Rate of change of mass (g) of single pure liquid water drop

dm dry

= 17.1
at =4pR Dv iR (17.1)
Integrate from drop surface to infinity
dm
o = 4pDy(ry - ryr) (17.2)

Rate of change of heat energy at drop surface due to conduction

*

dQ dT
a%r _ . 17.
" ApRky — s (17.3)

Integrate from drop surface to infinity

%ﬂ 4prk g(Ty - T) (17.4)

Relationship between change in mass and heat energy at surface

(17.5)

Combine (17.4) and (17.5) and assume steady state

d
Lo~ = 4prk(Te - T) (17.6)



Mass Flux to and From a Single Drop

Combine equation of state at saturation
Pv,s=rvsRT

with Clausius Clapeyron equation

dpy s _ rvsle
dT T
to obtain

s Ly oT o7
rvs Ry T2 T

Integrate from infinity to drop surface

prus(®) _L(h-T) T

rvs(T) R TT; T

Simplify since T » Ty

rvs(Tr)-rvs() L (T -T) T-T

rvs(T) R T2 T

Substitute (17.6) into (17.9)

rv,s(Tr)' rvs(T) Lo &l ~0dm

- 1.
rys(T) 4prkgT &R,T g dt

(17.7)

(17.8)

(17.9)

(17.10)



Mass Flux to and From a Single Drop

Substitute (17.2) into (17.10)

rv-rvs(T) € L, e, 0 1 Udm
—a - 1

1.+ U
ry,s(T) é4prde8R,T g 4prQry s(T)gdt
(17.11)

Mass-flux form of growth equation

dm  4prDy(pv- pys) 1712
dt  Dylepyseel, O '
’ S L+RT
kaT &RT

Rewrite mass-flux form equation for trace gases and particle
sizes

dm; ____4PiDfi(pq - i) w3
dt  D§ileqPhsi adeqy ) 1(3_'_ R'T '
kgiT & RT g mq



Fluxesto and From a Single Drop

Change in mass as afunction of change in radius

dm; dr;
= = dpr i<k (17.14)
Radius-flux form of growth equation
: D&il Pg - P§s.i
dt D&,i %1qrpip&3’i ﬂ_e’anh _1(+)+ RTrE,i
kg;T & RT 3 my
Change in mass as a function of change in volume
dm; _, o duy
d P! ot
Volume-flux form of growth equation
13
. 48p2u; )" Dgi Py - P& <i
dul - ( I) &’I( q &!SI) (1716)

dt Dfileq’ piPdsiBeqmy 0O, RTp
kg T S RT o my




Gas Diffusion Coefficient

Molecular diffusion
Movement of molecules due to their kinetic energy, followed
by collision with other molecules and random redirection.

Uncorrected gas diffusion coefficient (cm? s1)

3 R'Tm, &g+ m, 0
Dq = gap 3¢ 9 4. (17.17)
8A §"a 2p & My 4
Example 17.1.

Calculate diffusion coefficient of carbon monoxide

T =288 K

Pa =1013 mb

la =0.00123 g cm3
My =28 gmolel

Dyq =0.12cm? sl



Corrected Gas Diffusion Coefficient

Corrected diffusion coefficient

Correction for collision geometry and sticking probability

b éas+071kngt  41-aq;)u
wWq, =i1+€ T+ Kng,iy (17.19)
i & 1+Kng; Agi § b

Knudsen number for condensing vapor

Kngj =— (17.20)
[
i0 as an i ® ¥ (small particles)
. ® 1 ’ ;
Wa,i ITl as Kng,i ® 0 (large particles)
(17.22)

Mass accommodation (sticking) coefficient, a

Fractional number of gas collisions with particles that results
In the gas sticking to the surface. From 0.01 - 1.0.



Corrected Gas Diffusion Coefficient

Mean free path of a gas molecule

PD,®e qm O 3D
3R a5 —1 (17.23)

| g= :
| 3pvq%ma+qu Vg

Ventilation factor
Corrects for increased rate of vapor transfer due to eddies

sweeping vapor to the surface of large particles

§1+0.108x; Xqi £14 -
i =1 .
i §0.78+0.308x | Xgi > 14 (17.24)
Xqi = Rejl © Sci® (17.24)
Particle Reynolds number
26 Vs
Rej = I VE,
Na
Gas Schmidt number
Sc., =a (17.25)
97D



Corrected Thermal Conductivity

Corrected thermal conductivity of dry air (Jecm® s1 K1)

k@i =k dwn,iFn;i (17.26)
Correction for collision geometry and sticking probability

f €1.33 +0.71Kn; "_1

N +U./71Kn 1-a

Whi =i1+8 — h WA h)LKnh.y (17.27)

8 1+Kny; A b
Knudsen number for heat
Knh; :—rh (17.28)

[

17.29
= (1729)



Corrected Thermal Conductivity

Thermal accommodation (sticking) coefficient, a;

Fraction of molecules bouncing off surface of a drop that
have acquired temperature of drop » 0.96 for water.

= 17.30
Ts- T (170

Ventilation factor
Corrects for increased rate of heat transfer due to eddies

s 2
. ||11+ 0.108xy; Xphi £14

(17.31)
§0.78 +0.308x, Xpi>14

xhi = Re 2 prY?

Prandtl number



Corrected Surface Vapor Pressure

Curvature (Kelvin) effect
Increases vapor pressure over small drops

Solute effect
Decreases vapor pressure over small drops

Radiative cooling effect
Decreases vapor pressure over large drops

Fig. 17.1. Curvature and solute effects.
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Curvatur e Effect

Saturation vapor pressure over curved, dilute surface relative to
that over aflat , dilute surface

Pgsi = ®2s,my O ZSD p

= eX T» 1+
pq,S F%nR Trp,|ﬂ r|R Trp’|

(17.33)

Note

exp(x)» 1+x for small values of x



Solute Effect

Vapor pressure over flat water surface with solute relative to that
without solute (Raoult's Law)

Pdsi _ _ny
Pgs Mwths

(17.34)

Relatively dilute solution ny, >>ng

Psi 1. s (17.35)
Pgs Ny

Number of moles of solute in solution
i::Ms
nS =

Mg

Number of moles of liquid water in adrop

Ny = » (17.36)

Combine terms --> solute effect

Phsi ;. Smyi Mg v M (17.37)
Pg s ApETTWMs




Kohler Equation

Combine curvature and solute effects --> Sat. ratio at equilibrium

- 2S M 3mi.M
S&,i — R?:S' » 1+ *p P _ rT{/IV S (1738)
Pq,s R Trp;j 4pri3r wiMs
Simplify Kéhler equation
b
S§i=1+=- — (17.40)
, ion
2s,m 3m.i.M
a=—— b=yl (17.40)
R Tr Di 4pr WMy

Set Kohler equation to zero -->
Critical radius for growth and critical saturation ratio

’ 433
- + —
S =1 >7h

Table 17.1. Critical radii / supersaturations for water drops
containing sodium chloride or ammonium sulfate at 275 K.

(17.41)

Sodium Chloride

Ammonium Sulfate

Solute Mass (g) r* S*-1 r* S*-1
(mm) (%) (mm) (%)
0 0 ¥ 0 ¥
1018 0.019 4.1 0.016 5.1
1016 0.19 0.41 0.16 0.51
1014 1.9 0.041 1.6 0.051
1012 19 0.0041 16 0.0051




Radiative Cooling Effect

Surface vapor pressure over curved, dilute surface relative to that
over aflat , dilute surface

SLoy 1+ Le’qqu s (17.42)
Pgs 4pr RTTK

Radiative cooling rate (W)

Hr =(pﬁ2)4p(‘§ Qa(m ,ai )y - B )d (17.43)



Overall Equilibrium Saturation Ratio

Overall equilibrium saturation ratio for liquid water

o REsi g, SpMp  3miyMs | LeqMglni
’ Pqg,s ROTr g 4pri3r ws 4priRT2kﬁ,i

(17.44)

Equilibrium saturation ratio for gases other than liquid water
when surface vapor pressures computed separately

: 2s sM
S§i = REsi,p, 20T (17.45)




Flux to Drop With Multiple
Components

Volume of asingle particle in which one speciesis growing
Uit =Ugit tUjt-h - Ug,it-h (17.46)
Mass of asingle particle in which one speciesis growing

Mit =T p,i,tUit =p,qUq,it *1 p,i,t- hUit-h - p,gUq,,t-h

(17.47)
Time derivative of (17.47)
dmj ¢ dui ¢ dug; ¢
= fhit—— =T — 17.48
dt pJ.t dt P.q dt ( )
since

duit-h _ AUgit-h _
dt dt

0

Combine (17.48) and (17.46) with (17.16)
Rate of change in volume of one component in one
multicomponent particle

dug; ¢ _[48p2(uqi,t +Ujt - Uq,i,t-h)ljlsD&,i (Pq - PGsi)
dt Ddileqf pqPhsi @eqmg 0, RTrpg
kg iT § RT & mq
(17.49)




Flux to a Population of Drops

Volume as a function of volume concentration

Substitute volumes into (17.49)

dvgit _ nfﬁh[48p2(vq,i,t Vit h -~ Vo t- h)]:usD&,i(pq - p@i,s,i)

a DdiLlear paPdsi deqmq 0 R Trpg
ka,T & RT o mq
(17.50)

Partial pressure in terms of mole concentration
pg=CqR'T (17.51)
Vapor pressure in terms of mole concentration

Pgsi =C¢sjR'T (17.51)



Flux to a Population of Drops

Combine (17.50) with (17.51)

dvg ¢ 3 eff My
_jlt—_nn h[48p Vgit tVit-h- Vgi,t- h)];u Dq,i,t_hrpq(cq,t' Chsit- h)

(17.52)
Effective diffusion coefficient
D&-
eff i
D~ = . - 17.53
Git-h" mgDgiLeqClsi t- h ade,qmy _Piq ( )

kg,T § RT &

Simplify effective diffusion coefficient for gases other than water

Dy F
eff e CI Q.|
DQ| I- h > D&I Dqu’I Fq’l - e
133+o71|<nq. 41-aqi)!
c lan,
8 1+ an, %-q,| hl
(17.54)
Corresponding gas-conservation equation
d r NB dv,
9t __ Ipag g’ dVaid (17.55)
dt My . dt
=1




|ntegrate Growth Equations

Matrix of partial derivatives (17.73)
Vglt Vg2t Vg3t Caq,t
Vgt @1 hbg— Yl 0 0 - hpg—3=!
é vy, 1,1t Cq 1 Tt
; 2y 2y,
Va2t 4 0 1- hbyg Vg2 0 - hbsﬂ g2
€ v, 2,t Tt Cq 1 Tt
é
Vg3t : 0 0 1- b REY - b T4vg,3.
; Tvg,3,t Tt TCq; Tt
Ca,t : . 1°Cq,t - hbs 1°Cq,t - hbs 1°Cq,t 14Cq t
8 Vgt vg 2Tt ivg,3,t 1t ﬂCq,tﬂt
(17.56)
23
Vit 18¢.n0 Y3
qit _ t-h ( 2) eff My _
+ |48p Dgit-n— \Cqt- C&sit-h
ﬂVq i,tﬂt 3% Vait g Qi t-hy 0 ( q C& )
(17.57)
‘sz : Y3 m
—Lt [48 Vgit +Vi V, ] p&f 94
CqtT |t h|4oP \Vg,it TVit-h - Vg, t- h) q’l’t-hrp,q
(17.58)
2 2\ .
™Cqt _ pg Vit (17.59)
Tvg,i,t1t Mg gitTt’
ﬂZCq r Ng ﬂZV )
lt — p’q 2 q’l’t (17 60)
ﬂCq’t ﬂt mq i: 1ﬂcq tﬂt

[l N N e Y e e e Y el et e it el )



|ntegrated Solution to Growth

Equations

Table 17.2. Reduction in array space and in the number of
matrix operations before and after the use of sparse-matrix
techniques to solve growth ODEs. Ng + 1 = 17.

Growth / Evaporation

Initial After Sparse Matrix
Reductions
Order of matrix 17 17
No. init. matrix spotsfilled 289 49
% of initial positions filled 100 17
No. fin. matrix spotsfilled 289 49
% of final positionsfilled 100 17
No. operations decomp. 1 1496 16
No. operations decomp. 2 136 16
No. operations backsub. 1 136 16
No. operations backsub. 2 136 16




Analytical Predictor of Condensation

Assume radius in growth term constant during time step

Change in particle volume concentration

dvy; 3
it _ 23 _ eff My .
= ni,t' h (48p 2V|,t' h)l/ Dql,t' h r p q (Cq’t - Cd:’s’l,t _ h)

dt
(17.61)

Define mass transfer coefficient

Kgit-h= niz,{?h(48p2Vi,t- h)JISDSTt_ h = Nit- h4prit- hDg,rif,t_ h
(17.62)
Effective surface vapor mole concentration
Chsit-h =Kit-nCqsit-h (17.63)
V olume concentration of a component
Vgit = MgCq,it /" p.q (17.64)

Uncorrected surface vapor mole concentration

Cq,si,t- h = Pqg,st - h/R T



Analytical Predictor of Condensation

Substitute conversions into (17.61) and (17.55)

o Kait- h(th - S§it-nCqsiit- h) (17.65)
dCqt Ng

a 4 [kq’i,t-h(cq,t - Hit- th,s,i,t)] (17.66)
i=1

Integrate (17.65) for final aerosol concentration

Cqi,t =Cqi t- h *hKg,jt- h(Cq,t - S§it- nGy,si, t- h) (17.67)

Mass bal ance equation

e e
Cgtt+a (Cq,i ,t):Cq,t- h+a (Cq,i t- h) = Got (17.68)
i=1 i=1

Substitute (17.67) into (17.68)

Ng

Cqt-h*+ha (kq,i,t— hit- hCy,sit- h)
Cqt = =l (17.69)

B
[e]
1+ha Kgit-h
i =1




APC Growth Simulation

Fig. 17.2. Comparison of APC solution, when h = 10 s, to an
exact solution of condensational growth. Both solutions lie
almost exactly on top of each other.
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Effect of Coagulation on Condensation

Figs. 17.3 a and b. Growth plus coagulation pushes particles to
larger sizes than does growth alone or coagulation alone.
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Moving-Center vs. Full-Moving Size
Structure

Fig. 17.4. Comparison of moving-center (MC) particle size
structure to full-moving (FM) size structure for the growth /
coagulation and growth-only cases shown in fig. (17.3 a).
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|ce Crystal Growth

Rate of mass growth of asingleice crysta

: 4pc; D | Py - -
am; _ 106 Py W' ) (17.72)
dt  DgiLspg,, Ly
- L+ RT
kg ;T &RT o
Electrical capacitance of crystal (cm)
}ac,i/ 2 sphere
: 3%,/ |’{(1+ec,i)ac,i / bc,i] prolate spheroid
I 3c,i6b,i/5in_ 1ec,i oblate spheroid
1.
Cj = iac,i/ln(4a§,i /béi ) needle
.
_'I!'ac,iec,i/"{(l’fec,i)/(l' ec,i)] column
Tagig,| / (23”1'190 i) hexagonal plate
| ’ ’ ’
taci/pP thin plate
(17.72)
ag,i = length of the major semi-axis (cm)
be,i = length of the minor semi-axis (cm)

€ci = |/1' bgi/ &;



|ce Crystal Growth

Effective saturation vapor pressure over ice

PEIi = i Py,

Ventilation factor for falling oblate spheroid crystals

11+0.14%°2 x <1.0
i Fni =i (17.73)
gl Fh 10.86 + 0.28x x 3 1.0

X = Xqj for ventilation of gas

X =Xpj for ventilation of heat



